
Ñïèñîê ôîðìóë ç êóðñó "Ðiâíÿííÿ ìàòôiçèêè", ÿêi ñòóäåíò ìà¹ çíàòè íàïàì'ÿòü
1) Îïåðàòîð Ëàïëàñà â îðòîãîíàëüíèõ ñèñòåìàõ êîîðäèíàò:

a) Âèãëÿä îïåðàòîðà Ëàïëàñà â ñôåðè÷íèõ êîîðäèíàòàõ:

∆ = ∆(3)
r +

1
r2

∆θϕ

äå ðàäiàëüíà ÷àñòèíà îïåðàòîðà Ëàïëàñà:

∆(3)
r =

1
r2
· ∂

∂r

(
r2 ∂

∂r

)
=

∂2

∂r2
+

2
r
· ∂

∂r

êóòîâà ÷àñòèíà îïåðàòîðà Ëàïëàñà (îïåðàòîð Ëàïëàñà íà îäèíè÷íié ñôåði, àáî îïåðàòîð Áåëüòðàìi)

∆θϕ =
1

sin θ
· ∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

· ∂2

∂ϕ2

b) Âèãëÿä îïåðàòîðà Ëàïëàñà â öèëiíäðè÷íèõ êîîðäèíàòàõ:

∆ = ∆(2)
ρ +

1
ρ2
· ∂2

∂ϕ2
+

∂2

∂z2

äå ðàäiàëüíà ÷àñòèíà îïåðàòîðà Ëàïëàñà:

∆(2)
ρ =

1
ρ
· ∂

∂ρ

(
ρ

∂

∂ρ

)
=

∂2

∂ρ2
+

1
ρ
· ∂

∂ρ

c) Çàãàëüíèé âèãëÿä ðàäiàëüíî¨ ÷àñòèíè îïåðàòîðà Ëàïëàñà â d�âèìiðíèõ ñôåðè÷íèõ êîîðäèíàòàõ:

∆(d)
r =

1
rd−1

· ∂

∂r

(
rd−1 ∂

∂r

)

2) Çàãàëüíèé âèãëÿä ðîçâ'ÿçêó ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó ìåòîäîì âiäîêðåìëåííÿ çìiííèõ:
a) îäíîâèìiðíå ðiâíÿííÿ äèôóçi¨ ut − a2uxx = 0:

u(x, t) =
∑

n

[An cos λnx + Bn sin λnx] · e−a2λ2
nt

b) îäíîâèìiðíå õâèëüîâîãî ðiâíÿííÿ utt − a2uxx = 0:

u(x, t) =
∑

n

[An cos λnx + Bn sin λnx] · [Cn cos(aλnt) + Dn sin(aλnt)]

c) ðiâíÿííÿ Ëàïëàñà íà ïëîùèíi â äåêàðòîâèõ êîîðäèíàòàõ uxx + uyy = 0:

u(x, y) =
∑

n

[An cosλnx + Bn sin λnx] · [Cn ch(λny) + Dn sh(λny)]

d) ðiâíÿííÿ Ëàïëàñà íà ïëîùèíi â ïîëÿðíèõ êîîðäèíàòàõ uρρ + 1
ρuρ + 1

ρ2 uϕϕ = 0:

u(ρ, ϕ) = A0 + B0 ln ρ +
∑

ν

ρ|ν| [Aν cos(νϕ) + Bν sin(νϕ)] +
∑

ν

ρ−|ν| [Cν cos(νϕ) + Dν sin(νϕ)]

3) Ãiïåðãåîìåòðè÷íi ôóíêöi¨
a) Çàãàëüíèé âèãëÿä ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨

pFq(α1, . . . , αp; β1, . . . , βq|z) =
∞∑

n=0

(α1, n) · · · (αp, n)
(β1, n) · · · (βq, n)

· zn

n!
, (α, n) ≡ Γ(α + n)

Γ(α)
.

b) Çàãàëüíèé âèãëÿä ãiïåðãåîìåòðè÷íîãî ðiâíÿííÿ:

[zPp(δ)−Qq+1(δ − 1)]p Fq(z) = 0, δ ≡ z
d

dz

c) Çàãàëüíèé âèãëÿä ðiâíÿííÿ Ãàóñà äëÿ ôóíêöi¨ u =2 F1(α1, α2; β|z):
z(1− z)u′′ + [β − (α1 + α2 + 1)z] u′ − α1α2u = 0.

d) Çàãàëüíèé âèãëÿä ðiâíÿííÿ ðiâíÿííÿ Êóìåðà äëÿ ôóíêöi¨ u =1 F1(α;β|z):
zu′′ + [β − z]u′ − αu = 0.

4) Ñôåðè÷íi ôóíêöi¨:
a) Ôîðìóëà Ëàïëàñà äëÿ ñôåðè÷íèõ ôóíêöié:

Ylm(θϕ) = Nlmeimϕ

∫ 2π

0

dψ [cos θ + i sin θ cos ψ]l eimψ

1



2

b) Ñôåðè÷íi ôóíêöi¨ ïîðÿäêó l = 0, 1, 2:
Y00 = const Y10 = const · cos θ Y1,±1 = ±const · sin θe±iϕ

Y20 = const · (3 cos2 θ − 1) Y2,±1 = ±const · sin θ cos θe±iϕ Y2,±2 = const · sin2 θe±2iϕ.

c) Äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ ñôåðè÷íèõ ôóíêöié:
∆θϕYlm(θ, ϕ) + l(l + 1)Ylm(θ, ϕ) = 0

d) Çàãàëüíèé âèãëÿä ðîçâ'ÿçêó ðiâíÿííÿ Ëàïëàñà â ñôåðè÷íèõ êîîðäèíàòàõ:

u(r, θ, ϕ) =
∞∑

l=0

l∑

m=−l

[
Almrl + Blmr−(l+1)

]
Ylm(θ, ϕ).

e) Ðîçêëàä ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ðiâíÿííÿ Ëàïëàñà â ðÿä ïî ñôåðè÷íèõ ôóíêöiÿõ:

1
|~r − ~a| =

{
1
a

∑∞
l=0(r/a)lPl(cos θ) r < a,

1
r

∑∞
l=0(a/r)lPl(cos θ) r > a.

5) Öèëiíäðè÷íi ôóíêöi¨:
a) Ôîðìóëè Øëåôôëi òà Çîììåðôåëüä äëÿ öèëiíäðè÷íèõ ôóíêöié:

Zν(z) = C

∫

Γ

dζeizζ sin ζ−iνζ

b) Ñïiââiäíîøåííÿ ìiæ ôóíêöiÿìè Áåññåëÿ, Íåéìàíà òà Ãàíêåëÿ 1-ãî òà 2-ãî ðîäó:
H(1,2)

ν (z) = Jν(z)± iNν(z)

c) Àñèìïòîòè÷íà ïîâåäiíêà öèëiíäðè÷íèõ ôóíêöié ó âèïàäêó, êîëè íåçàëåæíà çìiííà ïðÿìó¹ äî íóëÿ
J0(0) = 1, Jν(z) ∝ zν , N0(z) ∝ ln z, Nν(z) ∝ z−ν

d) Àñèìïòîòè÷íà ïîâåäiíêà öèëiíäðè÷íèõ ôóíêöié ó âèïàäêó, êîëè íåçàëåæíà çìiííà ïðÿìó¹ äî íåñêií÷åíîñòi

Jν(z) ∼
√

2
πz

cos(z − νπ/2− π/4), Nν(z) ∼
√

2
πz

sin(z − νπ/2− π/4), H(1,2)
ν (z) ∼

√
2
πz

exp [±(z − νπ/2− π/4)]

e) Äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ öèëiíäðè÷íèõ ôóíêöié u ≡ Zν(kρ):

u′′ +
u′

ρ2
+

(
k2 − ν2

ρ2

)
u = 0

f) Íîðìóâàííÿ öèëiíäðè÷íèõ ôóíêöié:
∫ b

a

Zν(k(ν)
1 ρ)Zν(k(ν)

2 ρ)ρdρ = δ
k
(ν)
1 k

(ν)
2

d2(k(ν)
1 )

Íîðìà d(k) âèçíà÷à¹òüñÿ ÿê:

d2(k) =
ρ

2k

[
∂Zν(kρ)

∂ρ

∂Zν(kρ)
∂k

− Zν(kρ)
∂2Zν(kρ)

∂k∂ρ

]∣∣∣∣∣

b

a

g) Çàãàëüíèé âèãëÿä ðîçâ'ÿçêó ðiâíÿííÿ Ëàïëàñà â öèëiíäðè÷íèõ êîîðäèíàòàõ:
u(ρ, ϕ, z) =

∑

k,ν

(AkνJν(kρ) + BkνNν(kρ)) · (Ckν cos νϕ + Dkν sin νϕ) · (Ekνekz + Fkνe−kz
)

6) Óçàãàëüíåíi ôóíêöi¨:
a) Âëàñòèâîñòi óçàãàëüíåíèõ ôóíêöié:

(af, φ) = (f, aφ), (f(y(x)), φ(x)) =
(

f(y)
|det|dy/dx|| , φ(x(y))

)
, (Dαf, φ) = (−1)|α| (f, Dαφ) , f ′ = {f ′}+ [f ]x0δ(x− x0),

(f × g, φ) = (f, (g, φ)) , Dα[f × g] = [Dαf × g], (f ? g, φ) = (f(x)× g(y), φ(x + y)), Dα(f ? g) = Dαf ? g = f ? Dαg,

(F [f ], φ) = (f, F [φ]), F−1[f ] =
1

(2π)d
F [f(−ξ)], DαF [f ] = F [(ix)αf ], F [Dαf ] = (−iξ)αF [f ], F [f ? g] = F [g]F [f ]

b) Âëàñòèâîñòi äåëüòà�ôóíêöi¨ Äiðàêà:

(δ, φ) ≡ φ(0), a(x)δ(x) = a(0)δ(x), δ(y(x)) =
∑

xk:y(xk)=0

δ(x− xk)∣∣∣ dy
dx

∣∣∣
xk

,

(δ′, φ) = −φ′(0), θ′(x) = δ(x), δ ? f = f, F [δ] = 1, F [1] = (2π)dδ(ξ).
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c) Ôîðìóëà Ñîõîöüêîãî:
1

x− i0
= P 1

x
+ iπδ(x).

7) Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ iç ñòàëèìè êîåôiöi¹íòàìè ÷åðåç ôóíäàìåíòàëüíèé ðîç-
â'ÿçîê En = θ(t)T (t):

LT (t) = 0, T ′(0) = · · ·T (n−2)(0) = 0, T (n−1)(0) = 1.

8) Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ äèôóçi¨:
a) Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ äèôóçi¨ â d�âèìiðíîìó ïðîñòîði:

Ed(x, t) =
θ(t)

(
2a
√

πt
)d

exp
[
− |x|

2

4a2t

]

b) Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ äèôóçi¨ â d-âèìiðíîìó ïðîñòîði (ôîðìóëà Ïóàññîíà):
ut − a2∆(d)u = f(x, t), u(x, 0) = u0(x)

u(x, t) =
∫ t

0

ds

∫

Rd

dyEd(x− y, t− s)f(y, s) +
∫

Rd

dyEd(x− y, t)u0(y)dy

9) Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê õâèëüîâîãî ðiâíÿííÿ:
a) Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê õâèëüîâîãî ðiâíÿííÿ â îäíî� äâîõ� i òðüîõ�âèìiðíîìó ïðîñòîði:

E1(x, t) =
1
2a
· θ(t)θ(at− |x|) E2(x, t) =

1
2πa

· θ(t)θ(at− |x|)√
a2t2 − |x|2 E3(x, t) =

1
4πa|x| · θ(t)θ(at− |x|)

b) Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ â d-âèìiðíîìó ïðîñòîði (ôîðìóëà Ïóàññîíà):
utt − a2∆(d)u = f(x, t), u(x, 0) = u0(x), ut(x, 0) = u1(x)

u(x, t) =
∫ t

0

ds

∫

Rd

dyEd(x− y, t− s)f(y, s) + ∂t

∫

Rd

dyEd(x− y, t)u0(y)dy +
∫

Rd

dyEd(x− y, t)u1(y)dy

10) Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ðiâíÿíü Ëàïëàñà òà Ïóàññîíà:
a) Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ Ëàïëàñà òà Ïóàññîíà â d�âèìiðíîìó ïðîñòîði:

E2(x) =
1
2π

ln |x|, Ed(x) = − 1
(d− 2)σd

· 1
|x|d−2

σd =
2πd/2

Γ(d/2)
b) Ðîçâ'çîê çàäà÷i Äiðiõëå ðiâíÿííÿ Ïóàññîíà çà äîïîìîãîþ ôóíêöi¨ Ãðiíà:

∆u(x) = f(x), u
∣∣∣
x∈∂D

= u0(x),

u(x) =
∫

D

f(y)G(x, y)dy +
∫

∂D

u0(y)
∂G(x, y)

∂ny
dSy.

c) Ôóíêöiÿ Ãðiíà äëÿ d�âèìiðíîãî ïiâïðîñòîðó D = {x ∈ Rd : xd > 0}:
G(x, y) = Ed(|x− y|)− Ed(|x∗ − y|), x∗ = {x1, . . . , xd−1,−xd}

d) Ðîçâ'çîê çàäà÷i Äiðiõëå ðiâíÿííÿ Ïóàññîíà äëÿ ïiâïðîñòîðà D = {x ∈ Rd : xd > 0} (ôîðìóëà Ïóàññîíà):

∆u(x) = f(x), u
∣∣∣
xd=0

= u0(x),

u(x) =
∫

D

f(y) [Ed(|x− y|)− Ed(|x∗ − y|)] dy +
2xn

σd

∫

∂D

u0(y)
|x− y|d dSy.

e) Ôóíêöiÿ Ãðiíà äëÿ d�âèìiðíîãî ïiâïðîñòîðó d�âèìiðíî¨ êóëi |x| < a:

G(x, y) = Ed(|x− y|)− Ed

( |x|
a
· |x∗ − y|

)
, x∗ =

a2

|x|2 · x

f) Ðîçâ'çîê çàäà÷i Äiðiõëå ðiâíÿííÿ Ïóàññîíà äëÿ êóëi |x| < a (ôîðìóëà Ïóàññîíà):

∆u(x) = f(x), u
∣∣∣
|x|=a

= u0(x),

u(x) =
∫

D

f(y)
[
Ed(|x− y|)− Ed

( |x|
a
· |x∗ − y|

)]
dy +

1
aσd

∫

∂D

u0(y)
a2 − |x|2
|x− y|d dSy.


