
28.1) Êëàñèôiêàöiÿ äèôåðåíöiàëüíèõ ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿäêó.
Âèçíà÷èòè òèï ðiâíÿííÿ

uxx − 2 sinxuxt + (2− cos2 x)utt + x5ux + sin tut + 3x2u = cos t (1)

Ðîçãëÿäà¹ìî çàãàëüíèé âèãëÿä ðiâíÿííÿ äðóãîãî ïîðÿäêó äëÿ äâóõ êîîðäèíàò (x, y)

a(x, y)uxx + 2b(x, y)uxy + c(x, y)uyy = Φ(x, y, u, ux, uy) (2)

Ò.1 Äëÿ ðiâíÿííÿ (2) âåëè÷èíà sign∆ = sign(b2−ac) iíâàðiàò ïåðåòâîðåíü çìiííèõ (x, y)→
(ξ, η)

� Çàäàìî ïåðåòâîðåííÿ (x, y)→ (ξ, η) ÿê{
ξ = ξ(x, y)
η = η(x, y)

(3)

Ïðè÷îìó áóäåìî âèìàãàòè âiä ïåðåòâîðåííÿ (3) òå ùîá ÿêîáiàí ïåðåòâîðåííÿ íå áóâ ðiâíèé
íóëþ, ùî îçíà÷à¹ ùî ïåðåòâîðåííÿ äîïóñêà¹ çâîðîòí¹

J =

∣∣∣∣ ξx ξy
ηx ηy

∣∣∣∣ 6= 0

çâiäêè çà ïðàâèëàìè äèôôåðåíöiþâàííÿ îòðìà¹ìî ïðàâèëà ïåðåòâîðåííÿ ïîõiäíèõ

ux = (u(ξ, η))x = uξξx + uηηx
uy = (u(ξ, η))y = uξξy + uηηy
uxx = (ux)x = (uξξx + uηηx)x =

= uξξξ
2
x + 2uξηξxηx + uξξxx + uηηη

2
x + uηηxx

uyy = uξξξ
2
y + 2uξηξyηy + uξξyy + uηηη

2
y + uηηyy

uxy = uyx = (ux)y = (uξξx + uηηx)y = uξyξx + uξξxy + uηyηx + uηηxy =
= uηηxy + uξξxy + ξx(uξξξy + uξηηy) + ηx(uηξξy + uηηηy) =
= uξξξxξy + uξη(ξxηy + ξyηx) + uηηηxηy + uξξxy + uηηxy


(4)

ïiñëÿ ïiäñòàíîâêè (4) äî (2) òà ïîñëiäóþ÷îãî ãðóïóâàííÿ ìîæíà îòðèìàòè ðiâíÿííÿ â íîâèõ
êîîðäèíàòàõ

a1(ξ, η)uξξ + 2b1(ξ, η)uξη + c1(ξ, η)uηη = Φ(ξ, η, u, uξ, uη) (5)
a1 = aξ2x + 2bξxξy + cξ2y
c1 = aη2x + 2bηxηy + cη2y
b1 = aξxηx + b(ξxηy + ξyηx) + cξyηy

(6)

Çàóâàæåííÿ 1 âñi êîåôiöi¹íòè (6) â ÿâíîìó âèãëÿäi çàëåæàòü âiä (x, y) àëå îñêiëüêè ïåðå-
òâîðåííÿ ìà¹ îáåðíåíå òî ∃φ(ξ, η), ψ(ξ, η) : (ξ, η)→ (x, y)

Çàóâàæåííÿ 2 ÿêùî ôóíêöiÿ Φ áóëà ëiíiéíîþ âiäíîñíî ux, uy, u òî âîíà i çàëèøèòüñÿ
òàêîþ ç-çà ëiíiéíîñòi ïåðåòâîðåíü (4)

Íåâàæêî ïîìiòèòè ùî ðiâíÿííÿ (6) âiäïîâiäàþòü ðiâíÿííÿì ïåðåòâîðåííÿ áiêâàäðàòíî¨
ôîðìè a(x, y)x′2 + c(x, y)y′2 + 2b(x, y)x′y′. Òîìó, ÿêùî ââåñòè ìàòðèöi

A =

(
a b
b c

)
, A1 =

(
a1 b1
b1 c1

)
, U =

(
ξx ηx
ξy ηy

)
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ìîæíà îòðèìàòè åêâiâàëåíòíó äî (6) ìàòðè÷íó ðiâíiñòü

A1 = UAUT (7)

Çíàéäåìî âèçíà÷íèê (7) detA1 = detU detA detUT = J2 detA, à îñêiëüêè J ∈ R ∧ J 6= 0 ⇒
J2 > 0⇒ sign(b2 − ac) = sign(b21 − a1c1) �

Îçíà÷åííÿ Â çàëåæíîñòi âiä âåëè÷èíè ∆ = sign(b2 − ac) ðiâíÿííÿ (2) ïîäiëÿþòü íà òàêi
êàòåãîði¨:
∆ > 0 � ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó;
∆ < 0 � ðiâíÿííÿ åëiïòè÷íîãî òèïó;
∆ = 0 � ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó;

Â ðiâíÿííi (1) â öèõ ïîçíà÷åííÿõ a = 1, b = sinx, c = 2 − cos2 x, òîäi ∆ = b2 − ac =
sin2 x− 2 + cos2 x = −2 < 0 � ðiâíÿííÿ åëiïòè÷íîãî òèïó.

28.2) Ðîçâ'ÿçàòè ìiøàíó êðàéîâó çàäà÷ó äëÿ ðiâíÿííÿ äèôóçi¨ íà âiäðiçêó∥∥∥∥∥∥
ut = uxx − ux − 1/a, x ∈ (0, a), t ∈ R+

u(0, t) = 1, u(a, t) = 0, t ∈ R+

u(x, 0) = 2 sin2(4πx/a), x ∈ (0, a)
(8)

Çàäà÷à íåîäíîðiäíà ïî êðà¹âèì óìîâàì, ïîòðiáíî øóêàòè êîìïåíñàòîð w(x, t) = P (t) +
Q(t)x òàêèé, ùî w(0, t) = 1, w(a, t) = 0. Íå âàæêî ïåðåêîíàòèñÿ, ùî òàêîþ ôóíêöi¹þ ¹

w(x, t) = 1− x/a (9)

òîäi ìîæíà ç-çà ëiíiéíîñòi ðiâíÿííÿ øóêàòè ðîçâÿçîê ó âèãëÿäi u = v + w, äëÿ ôóíêöi¨ v
çàäà÷à ìàòèìå òàêèé âèãëÿä∥∥∥∥∥∥

vt = vxx − vx, x ∈ (0, a), t ∈ R+

v(0, t) = 0, v(a, t) = 0, t ∈ R+

v(x, 0) = x/a− 1 + 2 sin2(4πx/a) = x/a− cos(8πx) = ν(x), x ∈ (0, a)
(10)

Øóêà¹ìî ðîçâÿçîê çàäà÷i ó âèãëÿäi ðîçêëàäó ïî âëàñíèì ôóíêöiÿì

v(x, t) =
∑
λ

Xλ(x)Tλ(t) (11)

òîäi ðiâíÿííÿ ïåðåòâîðþ¹òñÿ íà∑
λ

T ′λXλ =
∑
λ

(TλX
′′
λ − TλX ′λ) (12)

ïiñëÿ äiëåííÿ íà XλTλ çàäà÷ äëÿ ÷àñòèííîãî ðîçâÿçêó vλ òà ãðóïóâàííÿ ïî àðãóìåíòó îòðìà-
¹ìî ôîðìóëó äëÿ ðîçäiëåííÿ

X ′′λ −X ′λ
Xλ

=
T ′

Tλ
= −λ2 (13)

ç ðiâíÿííÿ âèùå òà êðàéîâèõ óìîâ îòðèìà¹ìî çàäà÷ó Ø.-Ë.∥∥∥∥∥∥
X ′′λ −X ′λ + λ2X = 0
Xλ(0) = 0
Xλ(a) = 0

(14)
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Õ. ð-íÿ
k2 − k + λ2 = 0 (15)

ðîçâÿçêîìè ÿêîãî ¹ k = 1/2± i
√
λ2 − 1/4 = 1/2± iω Òîäi çàãàëüíèì ðîçâÿçêîì ¹

X = ex/2(A sinωx+B cosωx) (16)

ïiäñòàâëÿþ÷è X(0) = 0 îòðèìà¹ìî ùî B = 0, ïiäñòàíîâêîþ iíøî¨ êðàéîâî¨ óìîâè îòðèìà¹ìî

X(a) = Aex/2 sinωa = 0

ωa = πn, n ∈ Z

ωn =
πn

a
, n ∈ Z+ (17)

çâiäêè −λ2 = −1/4− ω2
n, êîåôiöi¹íò An îáåðåìî ç óìîâè |X|2 = 1

|Xn|2 = A2
n

∫ a

0

ex sin2(πnx/a)dx = A2
n

2 (−1 + ea)n2π2

a2 + 4n2π2
= 1

An =

√
a2 + 4n2π2

2 (−1 + ea)n2π2
(18)

ðîçêëàäåìî ν(x) â ðÿä ïî âëàñíèì ôóíêöiÿì, òîäi

νn = An

∫ a

0

(x/a− cos(8πx))ex/2 sin(πnx/a)dx (19)

òîäi äëÿ Tn ìîæíà çàïèñàòè òàêó êðàéîâó çàäà÷ó∥∥∥∥ T ′n + λ2nT = 0
T (0) = νn

(20)

ðîçâÿçêîì ÿêîãî ¹
Tn = νne

−λ2t (21)

Âiäïîâiäü:

u = 1− x/a+
∞∑
n=1

Anνne
x/2−(1/2+ω2

n)t sin
nπx

a
(22)

28.3) Çíàéòè ôóíäàìåíòàëüíèé ðîçâÿçîê E(x) îïåðàòîðà L = d3

dx3
− 21 d

dx
+ 20. Ðîçâÿçàòè

ðiâíÿííÿ d3y
dx3
− 21 dy

dx
+ 20y = Θ(x) [(x+ 1)3 − x] + δ(n)(x)

E(x) = Θ(x)Z(x) (23)∥∥∥∥∥∥∥∥
LZ = 0
Z(0) = 0
Z ′(0) = 0
Z ′′(0) = 1

(24)

Õ. ð-íÿ îïåðàòîðà
λ3 − 21λ+ 20 = 0 (25)
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ìà¹ ðîç-îê λ1 = 4 (ïiäáîðîì ) ïîäiëèâøè ðiâíÿííÿ íà (λ− 4) îòðèìà¹ìî

λ2 + 4λ− 5 = 0 (26)

çâiäêè λ2 = −5, λ3 = 1 òîìó ðîçâÿçêîì çàäà÷i ¹

Z(x) = Aex +Be4x + Ce−5x (27)

Z ′(x) = Aex + 4Be4x − 5Ce−5x (28)

Z ′′(x) = Aex + 16Be4x + 25Ce−5x (29)

Ïiäñòàíîâêîþ îòðèìà¹ìî ñèñòåìó ðiâíÿíü âiäíîñíî íåâiäîìèõ êîåôiöi¹íòiâ
A+B + C = 0
A+ 4B − 5C = 0
A+ 16B + 25C = 1

(30)

Ðîçâÿçîê çíàéäåìî ìåòîäîì Êðîíåêåðà

∆ =

∣∣∣∣∣∣
1 1 1
1 4 −5
1 16 25

∣∣∣∣∣∣ = 162 (31)

∆A =

∣∣∣∣∣∣
0 1 1
0 4 −5
1 16 25

∣∣∣∣∣∣ = −9 (32)

∆B =

∣∣∣∣∣∣
1 0 1
1 0 −5
1 1 25

∣∣∣∣∣∣ = 6 (33)

∆C =

∣∣∣∣∣∣
1 1 0
1 4 0
1 16 1

∣∣∣∣∣∣ = 3 (34)

çâiäêè

A = − 1

18
B =

1

27
C =

1

54
(35)

òîìó çàãàëüíèé ðîçâÿçîê

E(x) = Θ(x)

(
1

27
e4x +

1

54
e−5x − 1

18
ex
)

(36)

Ðîçâÿçîê çàäà÷i çíàõîäèòüñÿ ó âèãëÿäi

y(x) = (f ∗ E) =

∫ ∞
−∞

f(S)E(x− S)dS (37)
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