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INPEAUCJIOBHUE K IIATOMY U3JAHUIO

Hacrosamee naToe n3gaHme OTINIAETCA OT IPEIBIAYIIET0 I€TBED-
TOr0 UCIPABIEHUEM PAJA MOTPEUIHOCTEN U ONEYATOK.

Asrop OGaaromapur B.IO.PaguonoBa m pezakTopa KHUI'HM
B. B. flimenko 3a more3Hble 3aMeIAHNA.

Cenrabps 1998 r. H. Ieavpand

IMPEANCJIOBUE K 9YETBEPTOMY U31AHUIO

B macrosmee 4deTBepToe wm3gaHuME MNOGABICH HOBBIA Hapa-
rpad «Temsoproe mpomssegenme»r (§25), HAIMCAHHBIL COBMECTHO C
M. U. I'paeseim. Jo6aBaeHBl Takxke 1. 6 B § 9 1 TeKCT, HaeIaTaAHHBIA
MeakuM mpudToM, B KOHIE 1. 2 § 23.

Asrop Gmarogapur umrareren A.D. Kapuosckoro (r.Kaynac) u
1O.T. IlImerakoBa (r. MockBa) 3a 3aMedaHWs, IO3BOIUBLIZE KCIIPa-
BUTDH PAJ OMEIATOK U IOTPEITHOCTEN.

Nexa6ps 1970 r. . T'eavgano

INPEAUCJIOBUE K TPETBEMY U31AHNIO

Hacrosamee TpeThe n3ganme 0TINIa€TCA OT BTOPOTO PAJOM IIepe-
IETOK U JOOABIECHUN B PA3IUIHBIX MECTaX KHUTU.

Hawubonee cymecTBeHHOE n06aBIeHNE — HOBOE A0KA3ATEIHCTBO
TEOPEMBI O IPUBEJAEHUN MATPULBI K XKOPJAHOBOU HOPMAJILHOU (HOpPME
(§19).

3a moMoms B nepepaboTke KHuru i 6maronapio B.Ilomomapesa u
3. 5. lamupo.

Brarogapro Takxke pemakropa kuuru H. . Burenkuna 3a pazg
LIEHHBIX COBETOB.

Nexabpe 1965 r. . T'eavgano



6 NPEANC/IOBUE KO BTOPOMY W3JAHWIO
NPEANCJIOBUE KO BTOPOMY U3AHUIO

BTopoe m3gaHme OTIMIAETCA OT MEPBOrO PAAOM CYIIECTBEHHBIX
W3MEHEHUN u AomnoaHeHud. Hambomee KPyNHBIMA W3 HUX ABIAIOTCA
caegylomme: BKIOYEHBI IBa NOOABICHNA, IIOMEIEHHEIE B KOHIE KHU-
M O BHIMUCIATEILHBIX METOAaX JUHEXHON AIre6phl U O TEOPUU BO3-
MyIIeHuH, 1o06aBIeH maparpad, IOCBAMEHHBIN SKCTPEMATIbLHLIM CBOM-
CcTBaM COGCTBEHHBIX 3Ha4YeHUU, u maparpad o A-marpmmax (§§17 m
22), 3aHOBO HANIXCAHA IMIABA O XKOPAAHOBOU HOPMAIBHOU ¢opme Jwm-
HEMHOTO Hmpeobpa3oBaHuA, mepepaboTana YeTBepTad riasa. Kpowme
TOro, CAeJaHO MHOTO 0ojee Meakux noOaBreHWE u usmeHeHun. Ho-
BBIM TEKCT HAMUCAH MHOK cOBMeCTHO ¢ 3. fI. llanupo.

Breipaxawo 6Gxarogapuocts A.I'.Kypoury, mpenocraBusiiemMy B
MO€ PACIOPAXKEHNE 3AIMMCA CBOMX JEKIUU MO TE€H30PHOH airebpe. 3a
pAn ueHHbIX 3amedanun Omarogapo C.B. PomuHa.

Bararogapro Taxxe M. JI. IleTauna 3a moMomb mpu 0dpOpPMICHUHI
DPYKOIWCHA U PAJ COBETOB.

Cenrabps 1950 r. H. Teavpand

INPEAUCJIOBUE K ITEPBOMY U31AHUIO

B 0CHOBY HACTOALIEN KHUTHW MOJOXKEH KyPC JUHEMHOU AIre6phI,
YUTAHHBIA ABTOPOM HA MEXaHUKO-MATEMATHIECKOM (dakyabTeTe Mo-
CKOBCKOI'O T'OCYJapCTBEHHOI'O yHUBEpcUTeTa U B BemopycckoM rocy-
JAPCTBEHHOM YHUBEPCUTETE.

B HanwcaHum 5TOM KHUI'M NPUHAT 3HaYUTEIbHOE yaacTue Cepren
Bacunberudy @omuu. Ero nomorns 6b11a HACTOIHKO CYIIECTBEHHA, ITO
6e3 Hee >Ta KHUATA BPAJ JU MOIVIA OBITH HANWMCAHA.

AsTop BBIpaxaer GaarogapuHocTh gouenty BI'Y A.E. Typemnko-
My, IpeJOCTABUBIIEMY B €r'0 pacHopsAxeHne 0OpabOTaHHBIEC 3aMUCKU
JIEKINY, YUTAHHBIX aBTOpoM B 1945 1., a Ttakxke [I. A. PaukoBy, BHEU-
MaTEeIbHO IPOYUTABIIEMY DYKOINCH W CAEMABIIEMY DAL LEHHBIX 3a-
MEJaHUMN.

HekoToprie MecTa B TEKCTEe HAMEYaTAHBI MEAKUM MIPUGTOM. JTHU
Pa3eisl He UCIOAb3YIOTCA B OCHOBHOM TEKCTE U IIPU IePBOM ITOBEDPX-
HOCTHOM YTEHUM MOT'YT OBITH NPOILYIIEHHI.

AuBaps 1948 r. H. Ieavpand



'TABA 1

n-MEPHOE IIPOCTPAHCTBO. JINUHENHEBIE
A BUWINHENHBIE ®OPMEI

§ 1. JIunennoe (adpunHOE) N-MEPHOE MPOCTPAHCTBO

1. OnpeaeneHue JMHEMHOTO IPOCTPAHCTBA. 1acTO mpu-
XOMUTCSA BCTPEYIATHCA C 0OBEKTAMU, HAJI KOTOPBIMA IPO-
W3BOMASATCA OMEPAIAN CJIOXKEHUS W YMHOXEHUSA HA <GUCIA.
[IpuBegem HECKOIBKO TPUMEPOB.

1. B reomerpunm oO6BEKTAMEH TAKOTO POJA, ABJISI-
IOTCSI BEKTOPHI B TPEXMEPHOM IPOCTPAHCTBE, T.€. HAIpa-
BIeHHBIE oTpe3Kku. [Ipu pTOM, eciu 1Ba HATPABIEHHBIX OT-
pe3Ka MOXHO COBMECTUTH MAapAJIETbHBIM IEPEHOCOM, TO
CUUTAETCA, ITO OHU ONPENENTIOT OAWH U TOT XK€ BEKTOP.
[TosToMy ya06HO BCe 5TH OTPE3KM OTKJIALBIBATEL OT OTHOU
KAKOU-TNO0 TOYKH, KOTOPYIO MBI OyIeM Ha3BIBATEH HAYAIOM
xoopauaaT. Ouepanusa CIOXeHns BEKTOPOB, KAK U3BECTHO,
OTIpeNeNaeTCA CIeAYIOMMUM 00Pa30OM: CyMMOU BEKTOPOB T U
4 MBI CINTAEM IUATOHAJIL IaPAJJIENOI PAMMA, CO CTOPOHAMH
z u y. sBecTHBIM 06pa30M BBOAUTCSA TAKXKE YMHOXEHWE
Ha 49Yucjaa.

2. B anre6pe MBI BCTpEYaeMCsA C CUCTEMAMU T
aucen 1 = (£1,&2,...,&,) (HampuMep, CTPOKM MaTpPWIIHL,
COBOKYITHOCTBH KO2(h(PUIMEHTOB JMHENHON (GOPMBL U T. 1.).
,[[Jlﬂ TaKUX CUCTEM onepannum CI0OXKEHUA U YMHOXECHUSA
Ha, YUCAa OOBIYHO ONPENENAITCSA TaK: CYMMOU CHUCTEM

x = (&,8,....6) my = (n,M2,...,N,) HA3BIBAETCA
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cucrema  +y = (&1 +11,&2 4+ 12, -+, §n +1n). Mpomssese-
uuem cuctemsr & = (£1,&2,...,&,) HA 9UCAO \ MBI cCaUTaEM
cucremy Az = (A1, Ao, ..., AEp).

3.B amanum3e ompenerdaioTCa OMEPAIAN CIOXKEHUI
(YHKIMEA ¥ YMHOXEHUA UX HA FYUCIA. B MATbHEUIIEM MBI
[ULS OTIpefieJIeHHOCTH 6y eM PacCMaTPUBATHL COBOKYIIHOCTh
BCEX HEIPEePHIBHBIX (DYHKIUN, 33 JaHHBIX HA CECMEHTe [a, b].

B mpuBegeHHBIX TPUMEPAX OJHU U T€ XK€ ONEePAINN CJIO-
KEHUA W YMHOXEHUA HA UUCIa MPOU3BOAATCA HAJ COBEP-
[IIEHHO Pa3HbIMU 00beKTaMu. [ TOro ITo6kI U3y IUTH BCE
TaKWe TPUMEPHI C eIUHOU TOYKU 3PEHUs, MBI BBEIEM II0-
HATUE JUHENHOTO, win apUHHOTO, MPOCTPAHCTBRA.

Onpenpmeaenue 1. Munomeecmso R saemenmos
T,Y, 2, ... Hasvisaemes aunetinvin (aPdumnvim) npocm-
PAHCTNBOM, ECAU:

a) KANCOLIM 0BYM IAEMEHMAM T U Y NOCTNABAEH 8 COOM-
8EMCMBUE IACMENM Z, HA3LIBAEMBIT CYMMOU IAEMEHMOE T
U Y; CYMMG IAEMERHMOB T U Y 0003HaGUGEMCA Uepe3 T + Y,

b) kasxcdomy saemenmy T u KaHIOMY wUCAY A U3 HEKO-
MOP020 NOAA NOCMABAEH 8 COOMBEMCINBUE IACMENM AT,
HaA3bI8AEMBIT NPOU3BEIEHUCM IAEMENMA T HA UUCAO .

OTHU Omepaluy MOJXKHBI YAOBIETBOPATDH CJIEAYIOUAM
TpeGOBaHUAM (AKCHOMAM ):

L I°z+y=y+z (KOMMYTATUBHOCTD).
2° (z+y)+z=2+(y+2) (accommaTmuBHOCTS).
3° Cywecmsyem aaemenm 0 maxot, umo x+0 = x
das #100020 . daemenT () HABBIBAETCA HYAEBbLIM IAEMEH-
mos.
4°  Mlasn waxcdozo T cywecmsyem aaemenm, 060-
anauaemvili wepea —x, makot, umo x + (—x) = 0.

II. 1°1-z ==,
2° a(fz) = af(x).
III. 1° (e + B)x = az + Pz,
2° a(z +y) = az + ay.
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Mbi He caydallHO He CKAa3aiu, KaK MMEHHO ONpeness-
I0OTCAa omepanuy CJIOXKEHUA W YyMHOXEHUA Ha “IUCIA. OT
DTUX omepanui TpebyeTca TOJILKO, ITOOBI OLLIN BBIIOJIHE-
HBI C(POPMYIUPOBAHHBIE BBINIE AKCUOMBIL. [103TOMY BCAKMM
pa3, KOrja MBI BCTPEYaeMCs C OlepAlUsIMU, YIOBIETBOPSA-
IOIIMMY TEPETUCAEHHBIM BBIIIE YCAOBUAM, MBI BIPABE CUIU-
TAaTh WX OMEPANAAMU CJIOXKEHWS U YMHOXEHWS HA “IUCTIA,
a COBOKYIIHOCTH DJIEMEHTOB, MJIA KOTOPHIX DTU ONEPAIUN
YCTAHOBIEHBI, — JUHEUHBIM IIPOCTPAHCTBOM.

[IpenocTaBrgeM IrTATENIO IPOBEPUTD, ITO B IPUBENEH-
HBIX mpuMepax 1-3 5Tu akCMOMBI BBHITOMHEHHI. [losTOMY
1-3 ABAAIOTCA MPUMEPAMU JUHENHBIX TPOCTPAHCTB.

PaccmoTpuwm erie HECKOIBKO IPUMEPOB.

4. COBOKYITHOCTb BCEX MHOIOWIEHOB CTEIEHW, HE Tpe-
BBIMIAMOMEN HATYPAIBHOTO YUCAA 7, C OOBITHBIMU OMEPA-
OUAMU CI0KECHUA MHOT'OICHOB M YMHOXEHUA UX HA TUCIA
obpasyer JUHENHOE IPOCTPAHCTBO.

SaMeTI/IM, 9TO MHOXECTBO MHOI'O'WJIEHOB CTEIIEHU 71 HE
o6pasyeT JUHEUHOT'O MPOCTPAHCTBA, TAK KAK CYMMa NBYX
MHOT'OWIEHOB CTEMEeHW 7T MOXET OKa3aThCsA MHOTOYIEHOM
60Je€ HU3KOW CTEMEH!: HAIIPUMED

(" + 1) + (—t" + 1) = 2t.

5. DiIeMeHTaM: IPOCTPAHCTBA R ABIAIOTCA MaTPUIEL
nopazxa n. Cymmoit MaTpu [|aik || 1 ||bix|| HasBIBacTCA Ma-
Tpuna ||a;; + bix||, npousBegerneM MaTpuubL ||| Ha UB-
cio A— marpuna ||Aaig||. HyreBsim saemenToM mpu sToMm
OyeT MaTpUIlA, COCTOANAA U3 OqHUX HyJerd. MOXHO mpo-
BEPUTH, ITO BCE AKCHOMBI JIUHEMHOI'O IPOCTPAHCTBA 34€Ch
BBIIIOTHEHEL.

6. COBOKYIIHOCTH BCEX MHOI'OYWIEHOB CTEIEHW, HE IIpe-
BBIIIAIONIEN HATYPAILHOTO UUCIA 7, ¥ UMEIOINAX HOI0K Y-
TelbHbIE KOD(PUIMEHTH, He 00pa3yeT JUHEHHOr'O MPOC-
TPaHCTBA: eciu MHOrowieH P(z) BXoauT B 5Ty COBOKym-
HOCTB, TO —P(1) B HEe He BxOWT.
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7. He obpasyeT JUHEUHOTO NPOCTPAHCTBA W COBOKYII-
HOCTb HENPEePHIBHBIX (DYHKIWN HAa cerMeHTe [a,b] Takwx,
aro |f(x)| < 1: w3 Toro, uro |fi(z)] < 1 u |fo(z)| < 1, me
crenyer |f1(x) + fa(e)| < 1.

DJIEMEHTHI JUHEHHOT'O TPOCTPAHCTBA MBI OyeM HA3bI-
BaTh 8exkmopamu. To 06CTOATETHCTBO, ITO DTO CIOBO Ha-
cro ymorpebaserca B 6Goaee y3KOM CMBICIE (Tak, KaK B
npuMepe 1), He TOIKHO HAC CMyIIATh. ['eoMerpuueckue
TIpeCTABIEHNS, CBA3AHHBIE C DTUM CIOBOM, IOMOT'YT HAM
VACHUTD, a MHOTA U NPEIBUAETD, PAL PE3YILTATOB.

Ecau amcaa A, p, ..., yIacTByoOImNe B OMPEICICHAN JIU-
HEWHOI'0 MPOCTPAHCTBA, BEIIECTBEHHBI, TO MPOCTPAHCTBO
HA3BIBAETCA BEUECMNEEHHIM AUHETHBIM NPOCNPAHCNEOM.
Ecau xe sTu wucma A, i, . .. 6€pyTCS U3 MOJIA KOMILIEKCHBIX
4qucen, To R Ha3BIBAETCA KOMNAECKCHBIM AUHETHBIM NPOCT-
PAHCMBOM.

Bouee 06110, MBI MOXEM IpeANOIAraTh, ITO A, i, . . . — DJIEMEHTBI
npowusBoasroro nois K. Torga R HaseBaeTcsa aunelinbim npocmpamc-
meom nad nosem K. MHOrHE IOHATUA 1 TEOPEMEL, M3/IaraeMble HIXKE,
B 9YaCTHOCTH, BCE COAEPKAHME DTOr0 nmaparpada, aBToOMaTUIECKU IIe-
pPeHoCATCAaA Ha JIHHeﬁHLIe IPOCTPAHCTBA Ha JTIOOBIM IIOJIEM. OAHZ‘LKO

B naBe I MbI OyaeM 0OBIYHO mpeAmoJaraTh, 4To R — BemecTBeHHOE
JIXHEHTHOE IPOCTPAHCTBO.

2. YUncro m3Mmepenuy (pa3sMEpPHOCTH) NPOCTPAHCTBA.
Baxuyio poab B gaibHenieMm OyJeT UrPaTh MOHATHE JIU-
HEMHOU 3aBUCUMOCTYU W JUHEUHOU HE3ABUCUMOCTU BEKTO-
POB.

Onpemeanenune 2. Ilyemv R — aunetinoe npoc-
mpancmao. Bexmopvt x,y,z,...,U HO3LIBAIOMCA  AU-
HEUHO 3QBUCUMBIMU, ECAU CYUWECMBYIOM MOKUE UYUCA
a, B,7,-..,0, uz Komopwix xoms 6bl 00HO OMAUUHO 0T, HY-
AR, U0

ar+ Py +vyz+...+60v=0. (1)

BekTopsl, He ABIAIONIUEC JUHETHO 3aBUCUMBIMU, HA3bI-
BAIOTCA JUHENHO He3aBucUMbIMU. [[pyruMu croBaMu,
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BEKMOPBL T, Y, 2, - - . , U HA3BIBGIOMCA AUHETHO HE3ABUCU-
MBIMU, ECAU PGBEHCMBO

ar+pPy+vyz+...+60v=0

803MONHCHO Moavko npu o = =y =...=60=0.

[IycTs BEKTODHL Z,Y, 2, ...,V JAHEUHO 3aBUCHAMBI, T.e€.
MyCTh OHU CBS3aHBI COOTHOIIEHWeM Buaa (1), B koTopoMm
XOTs Obl OAWH U3 KO>(HPUIMEHTOB, HAIPAMED (v, OTIAXIECH
ot myad. Torma

ar =—Py—vyz—...—0v
7, Pa3eJuB HA ( U TOJOKUB
B8 0
A N LA
a ? a /"I” ? C’
TIOJLY IUM:
r=Ay+pz+...+ (v (2)
Ecau BeKTOp T BBIPAX)aeTCA WYepe3 BEKTOPHL ¥, 2, ...,V
B BHUJeE (2), TO MBI Oyf€M TOBOPHUTD, ITO & €CTh AUHEHAA
KOMOUHGUUSA BEKTOPOB ¥, 2, . .., V.
Takum 06pa3oOM, e€cat BEKMOPbL T, Y, 2, ...,V AUHETHO

3a68UCUMDbL, MO TOMA Obl 00UH U3 HUT ABAAEMCA AUHEUHOU
Kombunayuet ocmaabmubiz. MBI TpegoCTaBIAEM YUTATENIO
IIPOBEPUTH, YTO BEPHO M OOpATHOE, T.€. YTO BEKMOPbI,
00un u3 romopwvixr ecmbv AUHEUHAA Hom&mauun ocmadsab-
HbILT, AUHEUHO 306UCUMDL.

Yunpaxuenusa 1. Ilposepurb, 4TO ecim cpeiu BEKTOPOB
TyY,Z, ...,V UMEETCA HYJEBOU BEKTOP, TO 3TU BEKTOPHI 00A3aTEIb-

HO JIMHEUHO 3aBUCHUMEL.
2. Tloxa3aTh, YTO €CIU K IUHEUHO 3aBUCUMBIM BEKTOPAM T, Y, Z, - - -

IOGABUTE €Ie TPOM3BOJIbHEIE BEKTODHL U, v, . .., TO BCE DTU BEKTODPLI
BMeCTe TakXke OyAyT JMHENHO 3aBACUMEL.
3. [JoxasaTb, ITO €CIW BEKTODPHL Y, 2, . . .,V JTAHENHO HE3ABUCUMBI
7 BEKTODP T €CTh UX JUHENHAA KOMOUHAIWA
r=ay+Pz+...+dv, (3)

TO mpeacTasiaeHue (3) eIMHCTBEHHO.
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Yxkasanue. IlpeinoroxuTs, 9TO eCTb APYTOe TpeACTABICHAE:
r=airy+Ffiz+...+d0iv, (4)

7 BBIMECTH PABEHCTBO (4) m3 paseHcTBa (3).

[lepengem Temepsb K OMpPENETCHUIO TIOHATHA YUCAG U3-
mepenuti (pasmeprocmu) TPOCTPAHCTBA.

B coBOKymHOCTM BEKTOPOB Ha TPAMOU BCAKWUE [BA
BEKTOPA MPOMOPIMOHAIBLHEL, T. €. JUHEHHO 3aBUCUMBI. Ha
IIOCKOCTY MOXHO HAWTH [Ba JUHEMHO HE3ABUCUMBIX BEK-
TOpa, HO YK€ BCAKUE TPU BEKTOPA JUHENHO 3aBUCAMBI. Fc-
az R — COBOKYIHOCTH BEKTOPOB TPEXMEPHOI'O MPOCTPAaH-
CTBa, TO TPH JUMHENHO HE3aBUCUMBIX BEKTOpa B R HauTn
MOXHO, HO BCAKUE YETHIPE BEKTOPA, JUHEHHO 3ABUCUMEI.

Mubi BUAUM, 9TO MAKCUMAIBHOE YUCIO JUHEWHO HE3ABU-
CUMBIX BEKTOPOB HA, MPAMOU, INIOCKOCTU, B TPEXMEPHOM
MPOCTPAHCTBE COBIAAAET C TEM, IYTO B I€OMETPUU IPUHSI-
TO HA3BIBATH IUCJIOM M3MEPEHUM IPAMOM, IIOCKOCTH, IIPO-
crpaucTBa. EcTecTBeHHO mosTOMYy caemyiomiee oburee

Onpemenenune 3. Jluneinoe npocmpancmeo R
HA3LIBAETNCA T-MEPHLIM, ECAU 6 HEM CYWECMBYem 1 AU-
HEUHO HE3ABUCUMBIT BEKMOPOS U Hem OOAbULEZO YWUCAL AU-
HEUHO HE3ABUCUMBIE BEKMOPOS.

Ecir B mpocTpancTtBe R MOXHO HAaUTH J0O60€ THUCIO
JWHEVHO HE3aBUCUMBIX BEKTOPOB, TO R HaswIBaeTca Oec-
KOHEUHOMEDHDIM.

BeckonevynoMmepHbie TPOCTPAHCTBA COCTABIAIOT IPE/-
MET CHEIUATLHOTO u3ydenua. Mul OyieM B 3TOU KHUTE 3a-
HUMATBHCA B OCHOBHOM MPOCTPAHCTBAMHU KOHETHOI'O GMCIA
M3MEPEHUN.

Hamgem B kax 10M U3 PaCCMOTPEHHBIX BHINIE TPUMEPOB
1-5 pa3aMepHOCTB COOTBETCTBYIOMIETO IPOCTPAHCTBA.

1. Kak mb1 yxe ykasaau, B npocTpancTse R npumepa 1
MMEeTCs TPU JUHEHHO HE3ABUCUMBIX BEKTOPA, & BCAKUE
YeThIpE BEKTOPA JUHENHO 3aBucuMbl. [looTomy R Tpex-
MEpPHO.
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2. R—mpoCTpaHCTBO, BEKTOPAMHA KOTOPOT'O SABIAIOTCS
CUCTEMBI 7, TEUCTBUTEILHBIX TUCEI.

B sToM mpocTpaHCTBE MOXHO YKA3aTh 1 JUHEMHO HE3a-
BHUCHMBIX BEKTOPOB, HaAIIpUMep

Ty = (1707 70)7

T2 = (031,"'30)3

Zn = (0,0,...,1)
(MBI IpEOCTABIAEM IUTATENO JOKA3ATH, ITO STU BEKTO-
PBI I€UCTBUATEIBHO IUHEUHO HE3ABUCUMEBI).

Yupaxuenne. Ilokazars, 4T0 BEKTOPBI

T = (7711’77127 777111):
x2 = (0, 22, ... n2n),
T3 = (Oa 0: e 777311):
n=1(0, 0, ...,7%nn)

B npocTpancTse R Takxke JuHENHO HE3aBUCUMEL (711122 - . . Man 7 0).

3. R— mpoCTpaHCTBO HEmpepuIBHLIX GyHKIUU. [IycTh
N — npousBoasHOe nenoe wucao. Torga dyukuuu fi(t) =
=1, fot) =t, ..., fn(t) = " ~! obpasyor coBokymHOCTD
N IuHENHO He3aBUCHMBIX BEKTOPOB (0KA3aTEIbCTBO Mpe-
JDOCTaBAsgeM 9YuTaTexio). Mbl BUAUM, ITO B DTOM MIPOCT-
PAHCTBE UMEETCA MPOU3BOILHOE TUCIO JUHEMHO HE3ABUCH-
MBIX (DYHKIWH, T. €. R 6eCKOHETHOMEPHO.

4. R—mpoCTPaHCTBO MHOTOWIEHOB cTermeHn < n — 1.
B mem n mMuOrOwIeHOB 1,%,...,1" ! IMHEAHO HE3ABUCHMEL

5. B mpocTpancTBe kBaapaTHBIX MAaTpUIL ||aik || mopsa-
Ka 7, BCE MATPUILI, Y KOTOPHIX HA OJHOM KAaKOM-Iu0O Me-
CTe CTOUT EIUHUIA, & HA OCTAILHBIX MECTaX HyJIU, JUHEH-
HO HE3ABUCUMEI.

B mpumepax 1, 2, 4 u 5 MBI HalLIX CHCTEMY TaKUX
JUHETHO HE3aBUCUMBIX BEKTOPOB f1,..., fn, 9TO KaX BN
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BEKTOD ¢ €CTh UX JUHEUHAA KOMOWHAINUA. 1TOOBI yCTaHO-
BATH, 9TO Pa3MEPHOCTH KaXAOTO M3 DTUX IPOCTPAHCTB
PaBHA 9IMCIY BEKTOPOB f1,..., fn, HAM OCTaeTCA JOKA3aTh,
ITO B DTUX IPOCTPAHCTBAX HENb3A HAUTH IPYT'OU CUCTEMBI
JUHENHO HE3aBUCUMBIX BEKTOPOB (1, ...,J; B KOIXTIECTBE,
IPEeBOCXOAANEM 7. DTOT (PAKT MOXKHO BHIBECTU U3 CIEAY-
OIIEN MMOJE3HON JEMMBbI, KOTOPOU MBI HEOJHOKPATHO Oy aeM
MOJIB30BATHCA U B AAJLHEUIIEM.

Jlemwma. Iycmo 6 aunetinom npocmpancmae 3adana
cucmema u3 6eKmMopos

fla SRR fk:
ITycmy, daaee, Kanxcovild uz sexmopos
gis---591
eCb AUHETHGA KOMOUNHGYUS 8exkmopos fi, ..., fr. Toeda,
ECAU BEKMOPYL g1, - - . , G| AUNEUHO Hezasucumbl, mo | < k.
[pyrumu ciaoBaMu, Cpequ JUHEUHBIX KoMOumHamuu k
BEKTOPOB [1, ..., [r HE MOXeT OBITH OOJbIIE YeM k TMHENHO

HE3aBUCUMBIX.
[loka3aTeabCTBO JEMMBI IPOBEIEM IO HHAYK-
uun. [Ipu k = 1 ona oueBmaua. I[Ipeamomoxum, 9T0 JeMMa
Bepua i k — 1 BekTopoB fi,..., fr_1, U DOKaXeM IIpU
DTOM, ITO OHA BEpPHA i k BEKTOPOB.
Urak, mycTs cpequ JUHEMHBIX KOMOUHAIIMNA BEKTOPOB

Jroeos B

€CThb JTUHENHO He3aBUCUMBIE BEKTOPHI §1, - - - , §I:

g1 =i fi + ...+ o fr,
g2 = a1 f1 + ... + ag fr,
(5)

g =anfi+ ...+ aufi

Ham mamo mokasars, uto | < k. Ecam Bce xooddunmen-
THI IPU f}, PABHBI HYJIIO, JEMMA JOKA3aHA, TaK KaK B DTOM
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ciiydae, IO MPEIIOJOXKEHUIO0 WHIYKIAN, UMEET MECTO Pa-
BercTBo [ < k — 1, a 3mauwmT, m mogasuo, | < k. Ilycre
X0TA ObI OWH U3 KO3 PUIMEHTOB mpu fi, HAIpUMED i,
He paBeH HyI0. ITO6H IPOBECTU WHAYKIUIO, MBI TOCTPO-
M [ — | HOBBIX JUHENHO HE3ABUCUMBIX BEKTOPOB, KOTOPHIE
OyIyT JUHEUHBIMEA KOMOWHAIUAME BEKTOPOB f1,..., fr 1.
151 5TOr0 U3 MOCIeaHEr0 PaBeHCTBA BHIPA3UM fi:

1
fr-1.

g k1
g - _
Qi

QK

75t
fe = —fi—...
Qi
OTO BHIpaXeHWe I fj MOACTABUM Temepb B KaXI0€ W3
nepBbix | — 1 pasencts (5) u cobepeM mOAOGHBIE LIEHEL.
MBI moTymM paBeHCTBA CIEAYIOMETO BUIA:

(0%
g1 — Jlll:gl =Bufi+...+Bik-1fe-1,

gr— kg — By fi 4. + Bok-1 k-1,
Alf (6)

a1k
o 9= Biaafi+...+ 61k 1fe1-

OTHU PABEHCTBA O3HAYAIOT, YTO KAX AU u3 [ — 1 BEKTOpOB

r _ Oélk ! _ _ al*l,k
91 g1 Uk g, -5 g1 gi—1 K aqi
€CTh JWHEeNHas KOMOWHAIMA BEKTOPOB f1,...,fr_1. Ec-

JU MBI JAOKAXEM, 9TO OHU JUHEHHO HE3ABUCHUMBEI, TO, TIO
MIPEIIOIOXKEHUIO NHYKIINY, OTCI0Aa OyIeT ciemoBaTh, ITO
I—1<k—-1,T.e. Il <k

Takum 006pa3oM, HaAM OCTAJIOCH MOKAa3aTh, YTO BEKTO-
pHL gi,...,9, ; IMHENHO He3aBucuMbL. Ho 510 mouru ode-
BUAHO. [[eACTBUTENBHO, MPENIOMOKAM, UTO AL, ..., A\j—] —
TaKWe “UCIA, ITO

>\1g11 +...+ )\l_1gf_1 =0,
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T.€. ITO

a A1k
A1 (91 - ﬁm) +.ooo 4+ N (gl—1 - a—lkgl> =0.

PackpeiBas cKOOKH, ITOMyIaeM:
A1g1 4+ Xago + .o+ N—1gi—1 —

—(Alalk +>\_1 1k>gl:0‘
e e

Tak KaK BEKTOPHI g1, ..., JUHEHHO HE3ABUCUMEI, TO BCE
K03 PUIUEHTH B MOCTETHEM PABEHCTBE PAaBHBI HYJI. B
9aCTHOCTH, A\] = Ay = ... = A;_1 = 0, a T0 03HaIaET, ITO
BEKTODHI g}, .. ., §,_; JAHEMHO HE3aBUCHUMEL. JleMMa moHo-
CTBIO TOKA3aHA.

U3 mokaszaHHOUW JeMMBI BBITEKAET CJAEAYIOIIMUA, IACTO
OKa3BbIBAIOIIUUCS MOJE3HBIM PE3YIABTAT: €CAU 8 NPOCMPGH-
cmee R cywecmeyiom k aumnetino ne3asucumbls 8eKmopos
fiy -y [ maxuz, wmo xaxcdvild sexmop u3z R ecmv ux au-
Helnas Kombunayus, mo npocmpancmseo R k-mepno.

[lokazaTeabCTBO 2TOr0 (PaKTa BBUAY €0 TPOCTOTHI MbI
OCTABIAEM YUTATEIIO.

B xaxmom u3 npumepos 2, 4 u 5 Takas cucrema ObLIA
BeIOpaHa. TakuMm 06pa3oM IIOKa3aHO, YTO B MpPUMeEpax 2
7 4 pa3sMepHOCTH MPOCTPAHCTBA PaBHA N, a B IPUMepe D
Pa3MepHOCTDb IPOCTPAHCTBA paBHA 1°.

YupaxHuHenue. Ilokasars, 4T0 eciu BeKTOpHL fi,. . ., fi, BXO-

OAIME B yCIOBUE JEMMBI, JUHEMHO 3aBUCUMEL, TO | < k (a He TOIbKO

1< k).

3. Bazuc 1 KOOPAUHATHI B 71-MEPHOM IIPOCTPAHCTBE.

Onpemeanenue 4. Cosokynnocms n auHeliHO He-
3QBUCUMBIT 6EKMOPOB €1,€2, .. .,En N-MEPHO20 NPOCPAH-
cmea R wasvieaemces 6a3ucom ¢ R.

Hampumep, B mnpocrpamcTBe R, paccCMOTPEHHOM B
npumepe 1 (TpexmepHOM mpocTpaHCTBE), Gazmc o6pa-
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3yloT Ji00ble TpM BEKTOpPa, HE JexXalue B OJHOU
IIOCKOCTH.

[To ompeneneHuo n-MepHOr0 MPOCTPAHCTBA B HEM CY-
MIECTBYET 7, JUHEWHO HE3ABUCUMBIX BEKTOPOB, T.€. CyIIe-
cTByeT 6a3uc.

Hoxancem, umo npouszsosbuyto cucmemy u3 k aumneti-
HO HE3a68UCUMBIE 8ekmopos f1,..., fr, 2de k < n, momxcno
donoanumsv do 6a3uca 6 n-meprom npocmpancmee R.

[lycts eq,...,e, —xakou-mmbo Gasuc B R. Ecim 6w
KaX B U3 BEKTOPOB €1,..., €, OBLI JUHEMHON KOMOMHA-
IMer BEKTOPOB f;, TO, CONIACHO JeMMe, MbI UMeIn Obl, 9TO
n < k, B TO BpeMa Kak, 10 HPEAIOJIOXEeHnI0, k < n. 3Ha-
9UT, CPEIU BEKTOPOB €1, . . . , €y €CTb XOTA ObI OJIVH, HAIIPU-
Mep €p, , He ABIAIOIMNACA THHEMHON KOMOUHATIIEN BEKTOPOB
fi,..., fr. JobGaBuB BeKTOp €p, X f1,..., fx, MBI DOXYTIM
cucremy u3 k+ 1 BEKTOPOB, KOTOPBIE TO-TIPEXHEMY JUHEH-
HO He3aBUCUMBbI (ouemy?).

Ecaz k + 1 < n, TO cpemu BEKTOPOB €1, ..., €, CHOBA
€CTb BEKTOD €),, He ABIAIOIMNACA IUHENHON KOMOMHAIIEH
BEKTOPOB f1, ..., fk,€p,. [lo6aBUM 1 5TOT BEKTOpP K CHCTe-
Me. DTOT MPOIECC MOXHO IMPOJOIXKUTL A0 TEX MOp, MOKa
MBI TOUAEM IO 7, JUHEUHO HE3aBUCUMBIX BEKTOPOB, T.e.
oo 6asuca. IToT 6a3uUC CONEPXKUT f1,..., fr, 1 TEM CAMBIM
HaIlle YyTBEPXKACHNE MTOKA3AHO.

Teopema 1. Kaowduii eexmop T u3 n-meprozo
npocmpancmaa R moxcno npedemasums, u npu mom edum-
CMBEHHBIM 00PA30M, KAK AUHETHYIO KOMOUHAUUIO 8EKMO-
pos 6a3uca.

HdoxaszaTeasncTso. IlycTs BekTOpHI €1, €9,. .., €,
ob6pazyroT 6asuc B R. [lpucoequaum Kk HUM TIPOU3BOIBHBIN
BekTOp x u3 R. BekTopoB z, €1, €9, ..., e, yxe n+1. [losro-
My O ONPEIEJEHUIO N-MEPHOT'0 MPOCTPAHCTBA OHU TOJXK-
HBI OBITH JTUHEAHO 3aBUCUMBI, T. €.

opx + are; + azeg + ...+ ape, =0, (7)
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rie He BCE (v; PABHBI HYJIIO. 1UCIO ( 3aBELOMO OTIMIHO
OT Hy&A, TakK Kak mHade w3 dopmyasr (7) cremoBana Obr
JWHENHAS 3aBUCAMOCTE BEKTOPOB €1, €3, .. ., Ep.

Bripasum u3 (7) BekTOp

xr = —ﬂel— %62—...—a—n€n.
e ag e

Mbr gokazamm, 9TO Kaxaelil BEKTOp - € R *) ecTh nunen-
Hajd KOMOWHAIUA BEKTOPOB €1,€2,. .., €Ex.

[lokaxeMm Ternepb eIUHCTBEHHOCTH MOMYYEHHOTO PA3JI0-
xeHus. [Ipeanono)um, 9TO CyMeCTBYIOT [Ba PA3JIOXKECHU:

$25161+5262+...+§n6n

x==E&e +&er+...+& e

Brrauras, momyauwm:

0= (& —&er+ (o —&)ea+ ...+ (6n — &) en.

Tak xak eq,es,...,e, IJAHEHHO HE3ABUCUMEI, TO DTO BO3-
MOXHO JINIIb, €CIN
! _ ! _ !
-8=80-"§8G=...=6,-§ =0,
T.e
_ ¢! _ ¢! _ ¢!
51_517 52_527 R §n_§n
EauHCTBEHHOCTD pa3/IoXeHua JOKA3AHA.
Ounpegpgeanenue 5. FEcauey,eo,...,e, ecmv 6a3uc
8 N-MEPHOM NPOCMPEHCMEE U
$:§161+§262+...+§n6n, (8)
mo wucaa &1,&, ..., & HA3LIBAIOMCA KOOPIUHAMAMY BEK-
mopa T 8 6a3uce €1,€ea,...,ey.
Teopema, 1 osmagaeT, 9TO nNpu 3adanmom Oa3uce ei,
€2y . - . 5 En KANHCOLIT BEKMODP UMEET KOOPIUHGNBL U NPUMOM

00H03HAUNO Onpedesennble.

") Bamucwk x € R o3HavaeT, 9TO T NpUHALIEKUT R.
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Ecnu BexTop = mmeer B 6asuce e, o, ..., €, KOODAUHA-
oI £1,&2,...,&,, & BEKTOD Y — KOOPJAUHATHI 11,12, - - - 5 s
T.e. ecin

T =&1e +&ex + ...+ Epep,
Yy =mner+ne2+ ...+ Npen,

TO

r+y= (& +mer + (&2 +m)ex + ...+ (§n + 70 )en,

T.e. BEKTOD T + Y uMeeT KoopauHaTel &1 + 11,&2 + 12, . ..
& + nn. BexkTop Az mmeer koopaumHATHEL A1, Ao, ...
cey A

Takum 06pa3oM, nNPU CAOHCEHUU BEKMOPOS T U Y UL
Koopdunambl craadvisaromes. Ipu ymmoxcenuu sexmopa
Ha YUCAO A €20 KOOPOUHAMBL YMHONCAIOMCA KA IMO YUCAO.

AcHo Takxke, ITO HyJIEBOU BEKTOP, U TOJIHKO OH, UMEET
BCE KOOPAWHATHI PABHBIMU HY.JIIO.

[Ipumepsl. 1. [laga caydasa TpexMepHOrO MPOCTPAH-
CTBa HAllle OIpeeleHnue KOOPIUHAT BEKTOPA COBIALAET C
AMEOMAMCA B aHAIATAIECKOU T'€OMETPUM ONPENeIeHUEeM
KOOPIWMHAT BEKTOPA B HEKOTOPOU (BOOOIIE TOBOPA, HE IPA-
MOYTOJBHOM) CHCTEME KOODIUHAT.

2. Ilycte R—mupoCTpaHCTBO, BEKTOpPaAMé KOTOPOI'O
asastoTca cucrembl £ = (&1,&9,...,&,) w3 n aucen. Bosb-
mMeM Gasuc (CM. ynmpaxueHue Ha ¢Tp. 13)

61:(131,13"'31)a
e =(0,1,1,...,1),

Hamgem xoopammATBHI 7)1,72,...,7, BEKTOpa % =
= (&1,&,...,&,) B oTOM Gasuce. 1o onpegenennio

T =1mn1er +ne2 + ...+ Npen,
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T. €.

+1(0,0,...,1) = (n,m +m2, .-, 02+ o).
Takum 06pa3zoM, ducaa 101,12, . . . , Ny HAXOJATCA U3 CIELY-
IOLIEN CUCTEMBI yPABHEHUN:

m = 517
n +n2 = o,

m+m2+ ...+ 0 =&,

OTKYZa

m=%&, m=&—&, ..., Mh=%& —&—1.

Paccmorpum Temeps B R 6a3uc, B KOTOPOM CBSI3b MeX-
oy xkoopaumHartamu BekTopa = (&1,&9,...,&,) U ducia-
mu &1, &o,. .., &y, OIIPENENAIONIIME 3TOT BEKTOP, Hanbosee
npocTta. [lycTs

Torga

z=(£,8,...,6) =
=£1(1,0,...,0) + &(0,1,...,0) + ... +&,(0,0,...,1) =
=&er +&e+ ...+ Epen.
Takum obpazom, 6 npocmpancmee R, 2de xasxcdviti sex-

mop onpedeasemca xax cucmema n wucea (E1,&2,...,&n),
MU WUCAQ MOHCHO MPAKMOBAMb KAK KOOPIUHAMbL BEK-
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mopa . = (&1,&2,...,&,) 68 6asuce e; = (1,0,...,0), ex =
=(0,1,...,0), ..., e, = (0,0,...,1).
Yupaxueunue. [lokaszarb, 4To B 11060M Hasuce
e1 = (ai1,a12,...,a1n),
es = (a21,a22,...,a2,),

en = (An1,an2,...,0nn)
KOODAWHATEL 11,172, . . . ,n BekTOpa T = (£1,&2,...,&n) CyTH auHEN-
Hele kKoMOuHauwm qucen €1,&2,...,&n.

3. R—1mpoCTpaHCTBO, BEKTOPAMU KOTOPOT'O ABJIAIOT-
ca MHOrOWIeHB cTemenn < n — 1. IIpocrenmmmM Gasmcom
ABIAETCS COBOKYIHOCTL BEKTOPOB €1 = 1, ex = ¢, ...,
en = t" 1. Koopgumaramu mmorowrena P(t) = aot" ! +
+ alt”*2 + ...+ ayp_1 B oTOM Oasuce ABIAAIOTCA, KAK JETKO

BHUETH, ero KOdMMUIUEHTHI a(, (41, ..., 0p_1-
Bribepem Temneps apyrou 6asuc:
! ! ! 2 ! n—1
ep=1,e5=t—a, es=(t—a) ..., e, =(t—a)" .

Kaxabin muorowren P(t) moxer 6uiTh 10 dopmyne Ten-
JOpa NpPeJCTABICH B BAJE:

P(=1)(g)
(n—1)! (t =

Takum o6pasom, B oM Gasuce P(t) umeeT KOOpAUHATHI

P (q)
(n—1)! "

4. Uzomopdu3M n-MepHEIX IPOCTPAHCTB. B paszobpan-
HBIX BBIIIE IIPUMEPAX HEKOTOPHIE IPOCTPAHCTBA, C TOYKU
3PEHUA PACCMATPUBAEMBIX 3[€CH CBOUCTB HE OTIUYIAIOTCS
IPYT OT apyra. TakoBel, HATpUMeED, OOBIYHOE TPEXMEPHOE
npocrparcTso R mpumepa 1 u mpoctpancTso R', B KoTO-
POM BEKTODPHI OIIPEAEIAIOTCA KAK TPOUKN JeACTBATEALHBIX
qucesa. B camom mene, Bei6pas B R onpegeneHHyo CUCTeMY

P(t) = P(a) + P'(a)(t —a) + ...+ )t

P(a), P'(a),...,
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KOOPIWHAT, MBI MOXEM KX IOMY BeKTOpPY m3 R mocraButh
B COOTBETCTBHME COBOKYIHOCTH TPEX €ro KOOPJIWHAT, T.e€.
BeKTOp mpocTpancTsa R'. Ilpu clioxeHnn BEKTOPOB KOOP-
OAHATH UX CKJIAABIBAIOTCA, & MPU YMHOXEHWUW HA HUCIO
BCE KOOPIUHATHI BEKTOPA YMHOXAIOTCA Ha 3T0 yucao. Ilo-
DTOMY reoMeTpudecKue (PaKThI, BEITEKAOIINE U3 OIpeje-
JIEHUA JUHEHHOTO MPOCTPAHCTBA, KOTOPHIE UMEIOT MECTO
B R, MBI MOXeM IapajlIelbHO M3IOXUTL KakK B R, Tak u B
npoctpancTee R Tpoek [umcer.

[TockonbKy €IUHCTBEHHBIMY OTIEPAIIAAMEU, KOTOPHIE BBE-
OEHbI B JWHEWHBIX MPOCTPAHCTBAX, SABIAIOTCA OMEPAIUI
CIOXKEHUA BEKTOPOB W YMHOXEHUs BEKTOPA HA, IUCIO, TO
€CTECTBEHHO BBECTH CJIEAYIOIIEe

Onpegpgeanenue 6. Junetinvie npocmpancmsa R u
R’ nasvisaromca uzomopPruvimu, ecau mexrcoy 6exmopami
z € R u eexmopamu ' € R' moxcno ycmanosumsv 63a-
umMHo 00HO3NHaAUNOE coomeemcemeue *) x <+ ' max, umo
ecau 6eKmopy T coomeemcmeyem eexmop ', a eexmopy
y coomeemcmeyem eexmop y', mo

1° eexmopy x +y coomeemcmeyem eexmop x' + v,

2° sexkmopy \x coomeemcmeyem sexkmop AT’

W3 ompemenenus wusomopdusMa CcireqyeT, UTO eCau

z,Yy,... —BeKTOpu w3 R, a z',y,... — cooTBeTCTBYyIOmME
uM BeKTOpH w3 R, To pasencTtBo Ax + py + ... = 0 pas-
HOCHIBHO paBeHCTBY Az’ + py' + ... = 0. CregoBaTensHo,

JWHENHO HE3ABUCUMBIM BEKTOpaM u3 R cOOTBETCTBYIOT 1u-
HEWHO He3aBUCUMEIE BEKTOpHL 13 R, m 06paTHO.

Bosuukaer Bompoc, Kakue MPOCTPAHCTBA M30MOPQHBI
Mexay coOO0U U KaKue HeT.

*) CooTBercTBHe, yCTAHOBICHHOE MEX Y IEMEHTAMYA ABYX MHO-
xects R u R', Ha3bIBaeTCA B3AMMHO OJHO3HATHEIM, CCJIM:

1° xaxgoMy saeMeHTy u3 R COOTBETCTBYET OQUH U TOABLKO OIWH
saemenT u3 R,

2° KaKIBIM dIeMeHT m3 R COOTBETCTBYeT IpH DTOM OJHOMY I
TOJBKO OJHOMY dJIeMeHTy u3 R.
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Asa npocmparcmea padauunot pasmeprocmu 3a8edo-
MO He uzomopPubl dpye dpyay.

B camom gere, mycts R m R mzomopdusr. U3 caenan-
HOT'O BBIIIIE 3aAMEYAHUSA CAEIYET, ITO MAKCUMAIHLHOE TUCIO
JWHEMHO HEe3aBUCUMBIX BEKTOpoB B R m R’ omHo m To Xe,
T.e. pasmepHOCTE mpocTpancTB R u R' pasun. Crenosa-
TEIBLHO, TIPOCTPAHCTBA PABIUIHON PA3MEPHOCTH HE MOTYT
OBITH MEXIY COO0U M30MOP(QHEL.

Teopewma 2. Bcenpocmpancmea, umerowue 00ny u
My e PasmepHocmsv m, uzomopdnve dpye dpyey.

NDoxaszaTeabcTso. [Ilyctrb R u R'— gBa n-mep-
HBIX IpocTpaHcTBa. Bribepem B R 6as3uc e1,e2,...,6, U B
R' xaxon-mm6o 6asuc €),¢€),. .., el loctaBum B cooTBeT-
CTBUE BEKTODY

z=2£&e +&e+ ...+ &, (9)

BEKTOP
o' = E1e] + &en + ..+ ey,

T. €. IMHENHY0 KOMOMHAIINIO BEKTOPOB € C TEMHU Xe K0ad-
dunuertamu, 9To u B (9).

OTO COOTBETCTBUE B3aMMHO OJHO3HAYHO. B camom me-
Jie, KaX B BEKTOP I MOXET OLITH OJHO3HAYHO MPENCTAa-
Bred B Buge (9). [losTomy 4ucaa &;, a 3HaduT, u BEKTOp ',
OIIPENeNAI0TCA IO BEKTOPY & ONHO3HAYHO. BBUIY paBHO-
OpaBHOCTH, B HAIIEM IIOCTPOEHUH, MPOCTPaHCTB R m R/,
KaXxJI0My Z' OTBEYaeT bIeMeHT m3 R U IpuTOM TOJBKO
ONTVH.

W3 ycTaHOBIEHHOrO 3aKOHA COOTBETCTBUA CPA3y CIELy-
er,9roectu T <> ' my <>y, rox+y < o' +y' u dx < A\’
Nzomopdusm npoctpancts R u R, Takum o6paszom, goka-
3aH.

Urak, equHCTBEHHOU CYIIECTBEHHOW XaPAKTEPUCTUKON
KOHEYHOMEPHOI'0 JUHENHOrO MPOCTPAHCTBA ABIAETCA €ro
Pa3MEepPHOCTb.
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B §3 MBI eme BepHEMCA K TMOHATHUIO U30MOP(PU3MA, IO
APyroMy IOBOZY.

5. IloampocTpaHCTBa JUHEMHOT'O IPOCTPAHCTBA.

Ounpegenenue 7. Ilodnpocmpancmeom R npo-
cmpanemsa R nasvieaemcs cosoxynnocms saemenmos
u3 R maxuz, umo onu camu o6pa3yiom aukretnoe npoc-
MPOAHCMBO OMHOCUMERbHO Ydce seedennbir 6 R onepayut
CAOHCEHUA U YMHOHCEHUA HA UUCAG.

Nuase rosops, coBOKynHOCTL R’ saemenTos ,y, ... u3
R o6pasyeT auHETHOE TOAIPOCTPAHCTBO TPOCTPAHCTBA R,
ecmus z € R,y € R crenyer z +y € R, \x € R.

[Ipumeps. 1. HyreBoe moampocTpaHCTBO, T.e.
OTIPOCTPAHCTBO, COCTOSAIIEE U3 €IUHCTBEHHOTO DJIEMEH-
Ta — HYyJIA.

2. Bce mpoctpanctso R.

HyneBoe moampocTpaHCTBO U BCe IPOCTPAHCTBO HA3BI-
BAalOTCA OOBIYHO HeCOOCMEEHHbIMY TOAIPOCTPAHCTBAMHA.
[IpuBegem HeckonabkO 6Gosee COAEPKATEIBLHBIX IPUMEPOB
MOAMPOCTPAHCTB.

3. R— TpexmepHoe mpocTpaHcTBO. PaccmoTpum Ka-
Ky10-1u00 IOCKOCTh B R, MPOXOAAIIyI0 w€pe3 HAMAJIO KO-
opaunat. CoBokynHOCTh R’ BCex BEKTOPOB, JeXalluxX B
DTOU ILIOCKOCTH, €CTh IMOANPOCTPAHCTBO.

4. B mpocTpaHCTBE, BEKTOPAMHU KOTOPOIrO SABIAIOTCSI
cucremsr n wmcen L = (£1,&2,...,&,), COBOKYyITHOCTb BCEX
Tex BeKTOpoB = = (&1,&9,...,&,), Ausa koropeix & = 0,
o6pasyeT TOAMPOCTPAHCTBO. Bomee 06110 COBOKYIHOCTD
BeKTOpPOB & = (£1,&9,...,&,), YAOBIETBOPSIOMIAX YCIOBUIO

a1é1 + aée + ... +anéy, =0,

rae ai,ag,..., G0, — KaKue-TO (PMKCUPOBAHHBIE YUCIA, 00-
pa3yeT moAIpoCTPaHCTBO.

5. B mpocTpaHCTBe BCex HENMPEPHIBHBIX (PYHKIIMUA COBO-
KYIHOCTHh MHOT'OYWIEHOB CTENEHW < N ABIAETCA IMOAIPO-
CTPAHCTBOM.
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O4eBmrIHO, 9TO BO BCAKOM IMOANPOCcTpancTBe R Kakoro-
Jaub0 MPOCTPAHCTBA R CONEPKUTCA HYIEBOU DIEMEHT IIPO-
crpaucTBa R.

[TockoabKy mai060€ TOATIPOCTPAHCTBO caMo 1O cebe
SABIAETCA JUHEUHBIM MPOCTPAHCTBOM, TO BCE TAKUE MOHI-
TUA, KAK 0A3UC, UUCIO M3MEPEHUU MPOCTPAHCTBA U T. A.,
KOTOpBIE MBI BBEIU BBIIIE, TPUMEHUMBI U K MOATIPOCTPAH-
crBaM. Tak Kak B MOJIPOCTPAHCTBE HE MOXET OBITH HOIb-
1€ JIMHENHO HE3aBUCUMBIX BEKTOPOB, U€M BO BCEM TIPOCT-
PAHCTBE, TO PA3MEPHOCTb 4100020 NMOONPOCMPAHCMEAE He
nPesOCTOIUM PA3MEPHOCMU BCE20 NPOCMPAHCMBA.

Yonpaxuenua 1. [JokazaTs, ITO eCIu IOAIPOCTPAHCTBO R’
npocTpaHCcTBa R mMeeT Ty xke pa3aMepHOCTH, YTO U BCe IPOCTPAHCTBO
R, To oHO coBnagaer c R.

2. HoxasaTb, 4T0 eci Ri u R — moAnpOCTpPaHCTBA IPOCTPAH-
crBa R, u ectu Ri C R> u pasmeprHocTu R; u R> coBmamamoT, TO
R, = R».

B kxaxmgom mpoctpamcTBe R MOXHO CTPOUTBH IMOIIPO-
CTPAHCTBA CICAYIOMKUM OOIAM NPUEMOM: BO3bMeM B R
IPOU3BOJIbHOE (KOHEYHOE WM GECKOHETHOE) MHOXKECTBO
BEKTOPOB ¢, f,(,...; Toraa cosoxynnocmy R ecex aumneri-
HOIE KOMOUHAYUL BbIOPAHHBIT 8exmopos e, f,g,... ecmb
nodnpocmparncmso npocmparcmea R. [lercTBuTensHo,
CKIabIBasg MeXJy COOOM M yMHOXAad Ha YUCAa JAHEH-
Hble KOMOWHAIIMKM BEKTOPOB €, f,g,..., MBI CHOBa TOIY-
UM JUHEHHBIE KOMOUHAIIMY BEKTOPOB €, f, g, ..., T.€. die-
meHTH 13 R'. [lomydernoe TakuM 06pa3oM MOANPOCTPAH-
ctBo R’ mazwBaeTca nodnpocmpancmeom, nopoxrcoenmbim
sexmopamu e, f,g,... OHO ABIACTCA HAUMEHBIIUM JTUHEN-
HBIM IOAIPOCTPAHCTBOM, COAEPXKAIIAM JaHHBIE BEKTOPBI
e’ f’ g’ tee

Iloonpocmpancmeo R, noposcdennoe aunetino ne3asu-
CUMBIMU BEKMOPAMU €1, €2, . .., €k, ABAAELMCA k-MePHBIM U
8EKMOPLL €1, €3, ..., e, 00pa3yom 6 nem Oasuc. [lercTBu-
TeapbHO, B R’ mmeerca cucrema k IMHEHHO HE3aBUCHMBIX
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BEKTOPOB, UMEHHO, CAMU BEKTOPHI €1, €3, ..., €. C apyroun
CTOPOHBI, €CIU L1, L2, . . , L] — IPOU3BOIbHBIE TUHETHO HE-
3aBUCHAMBIEC BEKTOPH U3 R/, TO Tak Kak OHUW ABIAIOTCA JA-
HEUHBIMU KOMOWHAIUAMYA BEKTOPOB €1,€3,...,€L, TO, CO-
raacuo aemme 1.2, | < k. Cremosarersro, R’ k-meprO
7 HAGOP BEKTOPOB €1, €3, .. ., €, €CTh OMUH U3 BO3MOKHBIX
6a3mcos B R’

Yupaxueunune. [lokazars, 4TO B N-MEpPHOM IPOCTPAHCTBE
CyIEeCTBYIOT IOAIPOCTPAHCTBA BCEX MEHBIIUX PA3MEPHOCTEH.

Ecau uckaiounTs 13 pacCMOTpEHUS HE IPEACTABIAIONICE
WHTEepeca HyleBOoe IOAIPOCTPAHCTBO, TO CAMBIMYU IPOCTHI-
MU SABIAIOTCA OJHOMEDHBIE TMOAIPOCTPAHCTBA. ba3uc BCs-
KOr'0 TaKOI'0 HOAIPOCTPAHCTBA COCTOUT W3 OTHOI'O BEK-
Topa e;. TakuMm 06pa3oM, OZHOMEPHOE MOAIPOCTPAHCTBO
COCTOUT U3 BEKTOPOB BUJA (€1, I'ie (« — IIPOU3BOJbHOE IU-
CJIo.

[IpubaBuM K KaxXAOMY U3 BEKTOPOB (] ONWH U TOT
XKe BEKTOP Zo. MBI IOIYyINM COBOKYITHOCTH BEKTOPOB BHIA
T = g+ ey, e « mpoberaeT Bce THUCIa, a €] U Tg — PUK-
CHUPOBAaHHBIE BEKTOPHI. JTY COBOKYIHOCTH BEKTOPOB €CTe-
CTBE€HHO, II0 aHAJI0TUU C TPEXMEPHBIM IDOCTPAHCTBOM, Ha-
3BATb NPAMOTL B JUHEHHOM MPOCTPAHCTBE R.

Awnanoruvno, BekTOpH Buga ey + fes, vae ep u eg —
(PUKCUPOBAHHBIE JUHENHO HE3ABUCUMBIE BEKTOPBI, a
u (3 — IpPOU3BOJIBHBIE YUCAA, 00Pa3ylOT ABYMEPHOE MOj-
npocTpancTBo. COBOKYIHOCTbL BEKTOPOB

x = g + aer + Pey,
rae o) — PUKCUPOBAHHBIA BEKTOD, MBI HA3BIBAEM N.40CKO-
cmuv1o (AByMEDPHOMN).

Yupaxueunusa 1. Ilokazars, 4T0 B IpOCTPAHCTBE, I'Je BEK-
TOPaMu ABIAIOTCA CUCTEMBL 1 AeUCTBUTEIbHBIX ducert (£1,€2,...,&n),
COBOKYITHOCTH BEKTOPOB, yAOBIETBOPAIOUMX COOTHOIIECHUIO

ar&1+ a2+ ... +anén =0
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(a1,az2,...,an — GQUKCHPOBAHHEBIE IUCTA, HE BCE PABHBIE HYJIO), 00pa-
3yeT MOANPOCTPAHCTBO pasMepHocTH 1t — 1.

2. IloxazaTp, 4TO eciu qBa MOAIpPOCTpAaHCTBA K1 u R2 mpocTpan-
crBa R mMenT 06LIMM NI HYJIEBOU BEKTOD, TO CyMMa HUX pas3Mep-
HOCTEH He IPEBOCXOAUT pasMepHocTH R.

3. IlokasaThb, YTO pa3MEpPHOCTH MOANPOCTPAHCTBA, IOPOXK NEHHOT'0
BEKTOpaMu ¢, f, g, ..., PABHA MAKCAMAJIbLHOMY YUCIY JUHEWHO HE3ABU-
CHUMBIX BEKTOPOB Cpequ HUX.

6. Pa3moxenue npocrpancTBa R B mpaMyio cymMMy moj-
npoctparcTs. CymMmMa M mepecedeHue IIOAIPOCTPAHCTB.
[IycTh 3amaHBl ABa MOAIPOCTPAHCTBA 7-MEPHOI'O IPOCT-
pamcTBa R. O6o3naxum nx Ry u Ro.

Ounpenmeanenue 8. FEcau xaxcdvid eexmop T npoc-
mparcmas R moaxcro, u npumom eduncmeenmnbim 06pason,
npedcmasums Kak Cymmy 08Yxr 8eKmMopos

T =21+ X9,

2de T € Rl, a Ty € RQ, mo 2080pAM, YMO NPOCMPAHCM-
60 R pPa3aoHcerHo 6 NPAMYNO CYMMY no&npocmpaucme R1
U RZ.

ITO OOBIYHO 3aUCHIBAIOT TaK:
R =R; ® R.

Teopewma 3. Jas mo2o umobvr npocmpancmseo R
PABAG2AAOCH 8 NPAMYIO cYymmy nodnpocmparcme Ry u Ra,
docmamouno, 4moobbi:

1. ITodnpocmpancmea Ry u Ry umeau moavko odun 06-
wut sexmop = 0 (nyaesoti sexmop).

2. Cymma pasmeprocmets ImMuz noonpocmpaHcms 6viia
PaBHA paszmepHocmu npocmpancmsa R.

JokaszaTeabcTBo. BufepeM HEKOTODPBIM 0a3UC
€1,...,€r B mognpocrpaucTee Ry u 6a3uc fi,..., f; B mog-
npoctpaucTBe Ry. [Tockombky cymma pasmepuocTen Ry u
Ry ecTh m, TO 00LIEE YUCIO DTUX BEKTOPOB k + [ = n.

[ToxaxeM, ITO BEKTODHI

€ly...,CL, fl,---afl
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JUMHEWHO HE3ABUCUAMEIL, T. €. 06pa3yioT 6a3uc mpoCTPAHCTBA,
R. [leicTBATENBHO, IYCTH

Arer + .o+ Ageg +pafr o+ fi = 0;
OTCIOa

Ater + ..o+ Ageg = —pifi — oo — i fi

JleBas 9acTb 5TOr0 PaBEHCTBA €CTh BEKTOP u3 R, a mpasas
u3 Ry. Tak kak, 110 yCI0BUIO, e IMHCTBEHHBIN OOIIAYA BEKTOD
R u Ry ecTb HyI€BOU BEKTOD, TO

el + ...+ e =0,
prfi+ ...+ fi=0.

Ho xaxawii u3 HabOpOB €1,...,e; u f1,..., fi cocTouT
n3 JIHHeﬁHO HE3aBUCUMBIX BEKTOPOB, TaK KaK 3TO 6a3HCBI
B Ry u Ry. llosTomy u3 mepsoro pasenctsa (10) crexgyer,
9TO

(10)

AM=...= =0,
a U3 BTOPOTO CIEAyeT, ITO
w1 =...=p; =0.
CrenoBaTeabHO, CUCTEMA, €1, ...,€Ek, f1,..., fi cocTomT

73 1 JUHEAHO HE3ABUCUMBIX BEKTOPOB, T. €. 3TO €CTh 0a3uC
B mpocTpancTse R.

Mubi 1oKa3aau, YTO NPU BHINOJHEHUU YCIOBUU TEOPEMBI
cymecTByeT 6asuc, mepBbie k BEKTOPOB KOTOPOT'0o 06pasy-
oT 6asuc B Ry, a mocrequne | — 6asuc B Ro.

[TpowsBonbHBEIM BEKTOP T M3 R MOXHO PasIoOXuUThH IO
BEKTOpaM >TOro 6asumca

r=aie;+...+tagep + L1 f1+ ...+ Bifi-

[Ipu sTom
1 = a1e1 + ...+ agep € Ry

o= PBi1fi+... +Bifi € Rs.
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Takum ob6paszom,
T =1+ T2,

rae 1 € R; u xo € Ry. IlokaxeMm, 9TO 3TO pa3joxeHUE
€IMHCTBEHHO. [Ipeamomoxum, ITo CymeCTBYIOT Ba PAa3Jo-
KEeHN:

r=11+2z2, rae z1 € Ry, 3 € Ry,

n
/ / / /
T =T + To, roe Iy € Rl, To S RQ.
BorauTas BTOpOe paBeHCTBO M3 IEPBOrO, IMOJY IAEM:
! /
0=x1 — 2] + 22 — 7y,
OTKYyZa

(II1—(II’1 21512—(1)2.

Tak xkak BEKTOpP, CTOAIUUA B JEBOU YACTU PABEHCTBA,
npuHAMLIEXUT Rj, a BEKTOP, CTOAIMU B MPABOU YACTH,
npuHALIeXUT Ro, TO KaXIbI M3 >TUX BEKTOPOB PABEH
HYJIIO, T.e€.

113,1 =1,
(IIIQ = 9.

EauHCTBEHHOCTD PA3IOXKEHU JOKAZAHA.

[lomycTuM, 9T0 HAM 33,JaHO ABA TPOU3BOJBHBIX TOAIPO-
crpancTBa Ry u R muHenHOrO mpocTpancTsa R.

Jlerko mpoBepuTh, UTO COBOKYIHOCTH BEKTOPOB, MpHU-
HaIIeXAIUX 060UM 3TUM TOAIPOCTPAHCTBAM, TAKKE €CTh
nognpocTpancTBo Ry nmpocrpancTsa R.

ITO MOANPOCTPAHCTBO HA3BIBACTCA nepeceuenuem Ry u
Ry u o6o3Ha1aeTcs

Ry = Ry N Ry.

Hanpuwmep, ecim Ry m Ry — nBa ABYMEPHBIX MOAIPO-
CTPAHCTBA TPEXMEDPHOr'O MPOCTPAHCTBA (ABE ILIOCKOCTH,
OPOXOAIIME YePe3 HAIanI0 KoopauHat), To Ry N Ry ecThb



30 n-MEPHOE IIPOCTPAHCTBO [C. 1

ONHOMEDHOE MOAIPOCTPAHCTBO (OpAMAasd, MO KOTOPOU IIe-
PECeKaTCs STY IIOCKOCTH).

IIo gBym mommpocrpancTBaM R; m Ry MOXHO IOCTPO-
WTh €llle OJHO HOANPOCTPAHCTBO, KOTOPOE HA3BIBAETCA UX
cymmoti. OHO ompeaenaeTca CIeAYIOMUM 06pPa3oM.

BexTopamu 5TOro mognpoCcTpaHCTBA ABIAIOTCI BCEBO3-
MOXHBIE CyMMBI BUIA,

T =21+ 2, (11)

rae x1 € Ry, T2 € Rs.

Jlerko mpoBepuTsh, u4TO daeMeHTH Buga (11) obpasyior
IOAIPOCTPAHCTBO. DTO MOAIPOCTPAHCTBO R HA3BIBACTCA
cyMMOU moanpocTparcTB Ry u Ry u o603HadaeTcs

R =R, + Ry.

3aMeTuM, 9TO, B OTIMYHE OT TPAMOU CyMMBI ABYX HO/-
OPOCTPAHCTB, 3aMuCh >1eMeHTa u3 R B Buge (11) moxer
OLITH HEOJHO3HAIHOM.

Yupaxueunune. [lokazars, 4T0 cyMMa IBYX Pa3IMIHBIX ABY-

MEepPHBIX HOAIPOCTPAHCTB TPEXMEPHOro mpocTpaHcTBa R ecThp Bce
5TO IPOCTPAHCTBO.

Nwmeer mecTo caegyromas TeopemMa;

Teopewma 4. Ilycmv 3adansbl dea nodnpocmpan-
cmea Ri u Ro npocmpancmea R. Tozda cymma pasmepro-
cmeti Ry u Ry pasna pasmeprocmu ux cymmbl Naoc pas-
MEPHOCTMD NEPeceydeHus.

HJokxaszaTenbcTBo. BuibepeM B mepecedeHUn
Ry = Ry N Ry 6asuc

€l s Ehe (12)
[omomauM >TOT 6A3KC ¢ OJHOU CTOPOHEI 40 Oasuca B Ry:
61,...,€k,f1,...,fl (13)

7 C IpyTrou CTOPOHBI 10 Gasmca B Ra:

€1y---5€ky 915 --,9m- (14)
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[Mokaxem, 9T0 BEKTOPHI

fla"'7fl7617"'7ek:agla"'7gm (15)

o6pasytor 6asuc B cymme R = Ry + Ro.
Cuauala MOKaXeM, 9TO DTU BEKTOPHI JUHENHO HE3ABU-
cuMbl. [[eNCTBUTEIHHO, TYCTh

Mfi+. A Nfitmer+. o pger+rigr o+ Vmgm = 0.
Toraa
M+ Nfitpier 4. F pger = =191 — - - - — VmGm.-

JleBasg wacTh ®TOrO PaBEHCTBA €CTh BEKTOp u3 R, mpa-
Bag — u3 Ry. Takum o6pasom, Ta mpaBas IacTb €CTh OJI-
HOBPEMEHHO BeKTOp u3 R u u3 Ry, T.e. npunamiexut Ry
U, 3HAYUT, BEIPAKAETCA KaK JUHENHAS KOMOUHAMA 6a3uca
e1,...,e, moaupocTpancTsa Ry:

—V1g1 — ... — VUm@Gm = C1€1 + ... + cgek.

B cuny awmennou HesasucmmocTm BeKTOPOB (14) 5T0
BO3MOXHO TOJBKO, KOU'[a BCE KO UImeHTH — Hyan. B
Y9aCTHOCTH, V| = ... = Uy, = 0, T. €.

Mfi+. o+ Nfi+per + ..o+ prex = 0.

W3 nunennou HesaBucuMOCTH BeKTOPOB (13) momydaem,
9TO U BCE KODMPOPUIUEHTHI A, ..., AL, [i1,-- -, [bf PABHBI Hy-
ato. Takum o6pasoM, JMMHENHAA HE3aBUCUMOCTH CHUCTEMBI
(15) moxaszama.

TlokaxeM Temepb, 9TO BCAKUN BEKTOP & € R BhIpaxka-
eTCsa KaK JTUHeWHag KOMOMHAIINA BEKTOPOB DTOM CHCTEMBI.
ITo onpenenenuto R BEKTOp £ MOXHO IPEACTABUTEH B BUIE:

T =21+ X9,

roe 1 € Ry, 9 € Ry. Tak xak 1 € Ry, TO ero MOXHO
OPEeACTaBUTh KAK JUHENHYI0 KOMOMHAIMIO BEKTOPOB (13).
Ananoruvso o € Ry 1 29 MOXHO NPENCTABATH KAK JUHEH-
Hyl0 koMOuHanmio BekTopoB (14). CkuagbiBas, moxy<auM,
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9TO BEKTOD I NPEJCTABUM KaK JUHENHAs KOMOWHALWA CH-
cremsl (15).
UTak MBI OXYYIWIN, ITO BEKTOPLI

fh"')fla €1y--5€ky Gly---5,9m,

C OJHOM CTODPOHHI, IMHEMHO HE3aBUCHMBI U, C APYI'OM CTO-
POHBI, BCAKAY BEKTOP U3 R eCTh UX TUHEeNHAA KOMOUHAIINS.
B cumny samedanusa Ha cTp.16 oTcioma cregyer, UTO 3TH
BeKTOPHI 00pa3yioT 6asuc B R. tak, MmbI umeem k BEKTO-
pos (12), obpasytommx Gasuc B Ry, k + [ BekTopos (13),
obpasytomux 6azuc B Ry, k+ m BekTopos (14), o6pasyio-
mux Gasuc B Ry, u k + [ + m BexTopos (15), o6pasyrommx
6asmc B R = R+ Ry. YTBepx aeHune TeopeMbl 00paIaeTcs,
TaKuM 00pPa3oOM, B TOXIECTBO

(k+D)+(k+m)=(k+1+m)+k.
Teopema mokasama.

Yunpaxuenue. [IpoBepurs Teopemy amda ciydad, xorga I
u R> — gByMepHBIE IIOATIPOCTPAHCTBA TPEXMEPHOI'O IPOCTPAHCTBA.

W3 noxazaHHOU TEOpEMBI CIEAyeT, HAIPUMED, 9TO IBYM
15-MepHBIM TOATIPOCTPAHCTBAM «TECHO» B 28-MEPHOM IIPO-
CTPAHCTBE — OHU MEPECEKAIOTCA TI0 KPAWHEN Mepe Mo JABY-
MEPHOMY HOTIPOCTPAHCTBY (MIOCKOCTH). [[elcTBUTENbHO,
cymMMa ux pasmepHocTen pasaa 30, a pasMepHOCTH CyM-
MBI HE MOXET, KOHEIHO, IPEBOCXOIUTEH PA3MEPHOCTH BCETO
IIPOCTPAHCTBA, T.e. 28.

Yonpaxueununsa 1. KakoBo HamMmeHblllee GUCIO W3MEDPEHUU
OpPOCTPaHCTBa, B KOTOPOM AB€ IIIOCKOCTH MOI'yT IepeCcedbCAa B TOY-
xe?

2. [lokasaTpk, uTo eciu R1 N R2 ecTh HyIeBOoe MOAIPOCTPAHCTBO,
To R = R1 + R> ects npamas cymma Ry u Ra, T.e. R= Ry ® R>.

U3 pesyabTaTa >TOr0 ynpaXHEHUs BUIHO, YTO TEOPE-
Ma 3 DTOr0 MYyHKTA €CTh YACTHBIA CIydYall TeopeMbl 4.
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Yunpaxuenue. Ilokazars, 94T0 ecau umeeTca pas3noxenue R
B IIPAMYIO CyMMY
R=R: & R»,

TO mepecedenne Ry u Ry paBHO HYTIO U, CIeJOBATEILHO, CYMMa Da3-
MEPHOCTEN 3TUX HOAIPOCTPAHCTB PABHA 7.

7. Ilpeo6pa3oBanue KOOPAUMHAT IIPU U3MeHEHUN 6a3uca.
[IycTs €1, e2,...,e, me), eh, ... el — nBa 6asuca n-mepHO-
ro npocrpagcTsa. [lycTs, galee, KaxAbI BEKTOP €, BhIpa-
KAETCA Iepe3 BEKTOPHI mepBoro 6asuca ¢opMmyiaMu

€1 =ai1€e] +azie2 + ...+ apieép,

€y = a12€] + age2 + ... + ap2ey, (16)

€, = G1p€] + a2p€2 + ... + aApntn.

Torma mepexoq oT mepBOro 6a3MCa KO BTOPOMY 3aMaeTCA
marpunen A = ||a;k||, ompegeauTens KOTOPOU OTIUIEH OT
HyJ1q *).

O6o03nauM gepes &; KOOPAMHATH BEKTOPA & B IIEPBOM
Gasuce, a depes &, — ero KOOPAUHATEL BO BTOPOM (Gasmce.
HamgeM, Kak BBIDaXaloTCA KOOPAMHATHL &, depes ;.

Msr umeem:

! 1 ! 1 AN}
x=Ee +&es+ ...+ e, =81 F &6y + ..o+ e,
[loACTABUB B HTO PABEHCTBO BMECTO €, UX BHIPAKCHUA te-
pe3 e;, TOXyduM:
!
r=&e1+86ea+. . HEnen = (a1161 +az1e2+. . . +apien) +
!
+52 (a1261 +a2262+. . .+an2€n)+

+ &p(ainer +agnea+. .. +annen).

Tak kak e; TMHENHO HE3ABUCUMBI, TO KOX(PPUIUEHTHI IPU
HUX B TPABOU U JEBOU YACTAX PABEHCTBA OJUHAKOBHI.

*) Ecmm 6b1 onpeneanTess MaTpunsl A OBLUI DABEH HYJIIO, TO BEK-
TOPHI €], €5, ..., e, ObLLIM ObI TUHEHHO 3aBUCUMEL.
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IMTonyaaem:
& = an&l +ads + ... +an,
£9 = anll + anéh + ...+ anl), (17)

fn = anlfll + an?fé +...+ annf;z

CpaBuum ¢opmyast (16) u (17). Mexay HuMu ectsb aBa
CYIIECTBEHHBIX OTIUYUA: BO-IIEPBHIX, IOMEHAINACH MECTAMMI
[ITPAXOBAHHBIE W HEIITPUXOBAHHBIE OYKBBI U, BO-BTOPBIX,
B dopmyrax (16) mpm CyMMUPOBAHWUU MEHAETCA IEPBHIN
uHIEKC, a B popmyaax (17) sropon.

Taxkum o6pasom, kKoopduwamur & eexkmopa x 6 nep-
80M 6a3uce BHIPANCAIOMCA Yepe3 KoOPIUHAMBL MO20 HCE
sexmopa T 60 emopom bazuce ¢ nomowpro mampuysvt A',
mpancnonuposannot x A.

IDTOT PE3yAbTAT MOXHO MPENCTABUTH U B APyrou Gpop-
me. Pemmwm ypasrerus (17) ormocmremsno &1, ... &).
[Toxymm:

€ =b1i&r + bk + ..+ binén,
&y = boar&h + bala + ... + bapén,

57,1 = bnlfl + bn2§2 +...+ bnnfna

rae b, ABIAIOTCA IEMEHTAME MATPHIIBI, OOPATHON K Ma-
rpune A’. Takum 06pa3oM, MBI BHAUM, UTO K00POUHG-
mbl 6EKMOPA NPEOOPA3YIOMCA € NOMOUBIO Mampuybt B =
= ||bix ||, asamrowetica obpammnoti k A, 2de A" — mampuya,
mpancnoruposannas K mampuye A, 3adaroweti npeobpa-
308anue 6a3uca.

§ 2. EBKIMI0BO IIPOCTPAHCTBO

1. Ompejaenenne eBKIMAOBA IPOCTPAaHCTBA. B mpensr-
aymeM maparpade auaenHoe (ad@UHHOE) TPOCTPAHCTBO
OBLIO OMPENESeHO KAK MHOXECTBO DJIEMEHTOB (BEKTODPOB)
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C 3aJaHHBIMU B HEM OICPAIUAMU YMHOXEHUA Ha TUCIA U
CJIOXKEHUA.

C moOMOIIBIO HTUX OMEPAIIN MOXKHO CPOPMYIUPOBATH,
9Td TAKOE MPAMAA, TIOCKOCTh, YUCI0 M3MEPEHUU TPOCT-
PAHCTBa, 9TO TAKOe MAPALIEIbHLIE IPAMBIE U T. II.

O gHAKO DTUX MOHATUYN HEJOCTATOYTHO, ITOOL OXBATATH
BCe MHOr0oOpasume (HPaKTOB, COCTABIAIIMX COMECPKAHUE
TaK HA3BLIBAEMOU €BKJIUJOBOU reoMeTpun. Hampumep, B 011-
HAX TEPMUHAX CIOXKEHUSA W YMHOXEHUA HA UUCIO MBI HE
CMOXEM JaTh ONpeleJeHre JJIUHBI BEKTOPA, YIVIa MEXIy
BEKTOPAMU, CKAJIAPHOTO TMPOW3BEAEHUA BEKTOPOB W T. 1.
BsecTu 5Ty mousTUs mpoie BCEro caeayiommM 00pas3oM.

BribepeMm B KadecTBe OCHOBHOI'O TOHATHUE CKAIAPHOTO
POU3BENEHUA, KOTOPOE OMPEACTAM AKCUOMATHIECKH.

B TEPMUHAX CIOXKECHUA BEKTOPOB, YMHOXECHUA UX HA TU-
CIa W CKAIAPHOTO MPOM3BENEHUA BEKTOPOB MBI CMOXEM
Pa3BUTH BCIO €BKANOOBY I'€OMETPUIO.

Onpemeanenue 1. Bydem 2o6opumbv, umo 8 ee-
wecmaennom npocmpancmee R onpedeseno crassproe
npoussedenue, ecau KaHIol nape eexkmopos x,y € R
nOCMABAEHO 8 COOMBEMCMEue AetcmseumesbHoe UUCAO,
Komopoe 0003navum uepes (T,y) npuuem Mo coomeem-
cmeue obaadaem caedyowumy céoticmseamu (yIOBIETBO-
PAET CIAeAYIOMUM AKCHOMAM):

1° (z,y) = (y,z), m. e. ckaaaproe npoudsedenue cum-
MEMPUUHO.

2° (Az,y) = Mz, y), ede X — deticmsumeavroe uucao.

3° (z1 4+ z2,y) = (z1,y) + (z2,y) (ducmpubymusnocmo
CRAAAPHO20 NPOU3EEIEHUA).

4° Crassproe npouzsedenue 8eKmMopa ¢ camum cobot
neompuyameavrno: (x,z) > 0, u obpawaemcs 8 Hyab, UL
ecau x = 0.

AdPunnoe npocmparcmso, 6 Komopom onpedeseno
craasproe npouseedenue, YI08AEMBOPAIOULELE YCAOBUAM
1°-4°, mbr nasvisaem €8KAUIOBBIM.
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Ipuwmepsmn. 1.IloxBekTopamu npocrpancTsa R Mb
Oy/ZieM TOHMMATH BEKTODPHI U3Yy9YaeMOTr'0 B DJIEMEHTAPHOU
FeOMEeTPUU TPEXMEPHOro mpocTpancTsa (mpumep 1 §1).
CralapHOe IMPOU3BEeHNe BEKTOPOB OIMpPeNeIuM KaK Mpo-
U3BeNeHre UX [IWH HA KOCHHYC YIVIa MeX Iy HuMEA. MOXHO
MPOBEPUTH, 9TO AKCUOMBI 1°—4° MeMCTBUTEILHO BHIOIHE-
Hbl. MBI IPENOCTABIAEM 3Ty MPOBEPKY IUTATENIO.

2. BexTopamu nnpocTtpancTBa R MBI HA30BEM BCAKYIO CHU-
cTeMy m IeUCTBUTENbHBIX uucen = (&1,&2,...,&,). Cio-
XeHWEe BEKTOPOB 1 YMHOXEHNE UX Ha, IUCJAO OIPEIeIM TaK

(mpumep 2 §1):
T+y= (51 +n1,€2+7]2a"'a£n+nn)a
Az = (A1, A, ..., AER),
rge
17:(517527"'7571)7 y:(n177727"'a77n)-
CkanAapHOe IpOu3BeIeHne BEKTOPOB T U Y OmpeaeauM pop-
MYyJIOu
(z,y) = &m +&ma + - + Enlin

Jlerko mpoBepuThb, 9TO akcmoMmbl 1°-3° mercTBHTENb-
HO BHITIOMHEHBI. Akcuoma 4° TakXe CIpaBeNInBa, TaK Kak
(z,2) = > > 0= (z,2) = Y& = 0 Torbko npm
Li=&=...=§ =0.

3. Paccmorpum npumep Gosee obimmi, 1eMm npumep 2.

BekTop mo-npexnaeMy onpeaeanM Kak COBOKYTTHOCTB 7
MEeNCTBUTEIbHBIX [ncen. ClIoxeHue BEKTOPOB M YMHOXKE-
HUEe WX HA, YUCIA ONPENeNUM TaK ke, KAK B IpuMepe 2.

3aganumcs HekoTopou Marpuuen |aix|. Cxamaproe
MPOU3BEeHNe BEKTOPOB & U Yy OMpPeAeInM (pOpMyJIon

(z,y) = ann&im + a2éing + ... + anéann +
+anlom + axbane + ... + a2 &onn +

+ an1énm + a2z + . .. + ann&nnin. (1)
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HOCMOTPHM, KaKWe yCJIOBUA HYXHO HAJOXUTH Ha Ma-
tpuny ||a;k||, 9TOGBI BEIpaxkenue, ompemensemMoe GHOPMy-
aou (1), HEUCTBUTENBLHO YAOBIETBOPSIO BCEM AKCHOMAM
CKaJIAPHOTr'O MPOU3BEICHUA.

HemmocpeacTeerHON TpOBEPKON YOEXK TAEMCA B TOM, YITO
aKCHOMBI 2° U 3° BBINOJHEHBI 1JIS BCAKOM MATPHIEL ||aik .
[aa Toro ITo6bI 6BLIA BHIIOJIHEHA aKCHOMA 1°, T.e. ITOOBI
BhIpaxkeHue (z,y) ObLIO CHMMETDPUIHBIM OTHOCUTEILHO &
” Yy, HeOOXOIMMO U JOCTATOTHO, ITOOBI

aik, = i, (2)

T.e. 9T00BI MaTpuULA ||| ObLIa CUMMETPUIHON.
Axkcuoma 4° TpebyeT, 9TOOBI BRIpAKEHUE

n
(z,2) = Y airbilk (3)
i k=1
OBbLIO0 HEOTPUIATENBHO IJIA JIOOBIX &£1,&0, ..., &, 1 o6pala-
JOCh B HYJIb, quilb eciu £ =&y = ... =&, = 0.

OaHOpOAHBIM MHOrOWIEH («KBagpaTwdHas G(opMay),
ompeeaseMbint hopMyaon (3), HA3BIBAETCA NOAOHCUMEADHO
onpedesennbimM, €CIU OH IPUHAMAET JUIIb HEOTPUIATENb-
Hble 3HAYEHWA U OOpAIIaeTCA B HYyJb, JUIIbL KOTAa Bce &;
paBHH Hya0. Akcuoma 4° Tpebyer, CIieqoBaTeIbHO, ITOOBI
kBagpaTudHasg Gopma (3) ObLIA MOIOKUTEILHO OINPEeNeH-
HOM.

Nrax, Beakas maTpuna ||a;|| 3amaer ckansproe mpo-
u3BeeHue, onpepeasemoe dpopmyaon (1), ecam TOaBKO 3Ta
MaTPHUIA CUMMETPUYHA [ycioBue (2)] u cooTBeTCTBYOIAL
el KBaapaTuIHaa (HOPMa — MOIOKUTENLHO OPETETCHHAS.

Ecin B xkagecrBe MaTpunst ||a;|| B3aTH equENYHY0 Ma-
TPUILy, T.€. MOJOXUTH G; = 1 m a;, = 0 (i # k), To cka-
JAAPHOE pom3Benenue (,y) IPUMET BU/

=1
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¥ MBI TOJYYUM €BKJINI0BO IIPOCTPAHCTBO, ONPEIETICHHOE B
npumepe 2.

01
Yunpaxuenue. [lokazars, ¥To MaTpuua 1 () Hempuroa-

Ha, A MOCTPOEHUs CKAIAPHOr0 IPOM3BeAeHNA (COOTBETCTBYOIIAS el
KBagpaTwIHAA (HPOPMa HE ABIACTCA MOJOKUTEIBHO ONPEAEACHHON), a

MaTpuna <1 ;) onpegerseT CKaJIAPDHOe IPOM3BEJeHHe, YAOBJIETBO-

pamomiee akcmomam 1°—4°.

B mamprenmewm (§6) OyayT ykasaHbI IPOCTHIE YCJAOBUA,
JAIOMME BO3MOXHOCTH IPOBEPUTH, OyAeT JU JaHHAS KBa-
apaTuaHas GOPMa TOJOKUTETHHO OMPENETCHHON.

4. BexkTopamu npocrpaacTBa R Mb1 OyqeM Ha3bIBATH He-
npepeBHBIE QYHKIUY, 33 IaHHbIE HA WHTEpBate (a,b); cka-
JAPHOE MPOU3BEIeHNe TAKUX (DYHKIUH ONPEIeINM KaK WH-
Terpaa ux IpOU3BeIeHUA

b
/ f(t)g(t) d.

MOXHO IPOBEPUTDH, ITO IPHU TAKOM OIIPEIETCHAN CKAJIAP-
HOT'O TPOM3BENEHUA AKCUOMBI 1°—4° BHITIOJHEHHI.

5. Bymem camTaTh BeKTOpaMM MHOTOWIEHHI OT f CTere-
uu He Bhime 1 — 1. CkanrapHOe nIpousBeeHne IBYyX MHOTO-
JIEHOB OIIPENeJUM KAK U B MPEILIAYIIEM IPUMEpE:

b
(P,Q) = / P(t)Q(t) dt.

Axcmomsr 1°—4° mposepsoTca Kak u B npumepe 4.

2. [nvua BekTOpa. Yroa mMexjay BekTopamu. Oupene-
JUM ¢ TOMOIIBI0 BBEIEHHOrO MOHATHUA CKAJIAPHOTO TPOU3-
BEACHUA OJIVNHY BEKTOPA U YI'OJ MEXIYy BEKTOPDaMMU.

Onpemenenue 2. faunot sexmopa T 6 €8Kaudo-
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BOM NPOCMPAHCINBE HA3bIBAETNCA YUCAO

(z,2). (4)

[auny BekTOpa x GyneM 0003HAYATH Uepes |z|.

EcrecTBerHO MOXETATH, YTOGH YTOJI MEXIY BEKTODA-
MU, JJIMHA BEKTOPA U CKAIAPHOE IIPOU3BEACHUE OBLIA CBA-
3aHBI OOBLIIHEIM COOTHOLICHMEM: CKAJIAPHOE IPOM3BEICHNIE
BEKTOPOB PABHO IPOW3BECHUIO WX MJIMH HA KOCHHYC yTIa
Mex a1y HuMu. Tak Kak B 3TOU ¢pase CMBICT BCEX CIOB, KPO-
Me CJIOB «yTOJ MEXJIy BEKTOPAMW», HAM y2K€ W3BECTEH, TO
STHUM NPEIIACHIBACTCA CICAYIONICe

Onpemenenue 3. Yeaom mencdy 6eKmopamy & u
Y Mbl HA308EM YUCAO

(z,y)
= arccos
4 EIRk
T. €. IIOJOXKHNM
x,y
cosp=Z8, 0<p<n (5)

BexTophl £ u y HA3BIBAIOTCA 0PMO20HAALHBIMU, ECIA YTOI
™

MEX 1y HUMU PDABEH T.€. eClin

(:E, y) =0.

C moMOIIbi0 BBEIEHHBIX TMOHATAN MOXHO MEPEHECTH HA
eBKJINIOBLI TPOCTPAHCTBA PAJ TEOPEM DIEMEHTAPHOU T'eO-
mMeTpuu ¥).

Paccmorpum oxuu npumep. Eciu ¢ # y — opTOroHaIb-
HBIE BEKTOPHI, TO Z + 4 €CTECTBEHHO CUNTATH AUATOHAIBIO
IPAMOYTOJIBHUKA CO CTOpPOHAME T # Y. [okaxem, ITO

|z +y|* = |z|* + |yl

5)

*) MoxHO 6bLIO ObI, KOHEYHO, OIIPEAEIUTh eBKINI0BO IIPOCTPAHC-
TBO XHA'E, YeM B II. ]., BBE€AA aKCHUOMATHUIECCKU IIOHATHUA AJINHBI BEKTO-
pa u yraa Mexay BeKTopamu (a He CKaTapHoe npomssegenue). O 1Haxo
COOTBETCTBYIOIIAA CUCTEMa aKCUOM ObLIa OBI 60Iee CI0KHOU.
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T.e. K8adpam Jaunbl JUGZOHGAU NPAMOY20AbHUKG DPGBEH
cymme K8adpamos aum 08YT €20 HENAPAAAEADHBIL CMOPOH
(Teopema I[Tudaropa).

HoxaszaTensbcTBso. [lo onmpererennio KBagapaTa
IMIMHEL BEKTOPA,

o+ yl* = (z +y,x +y).
B cuny aucTpuby TUBHOCTY CKAIAPHOTO IIPOM3BEJeHUA (aK-
cuoma 3°)
(z+y,z+y) = (z.3)+ (z.y) + (y,2) + (4, 9)

B cuny opTOroHaILHOCTH BEKTOPOB T U Y

(z,y) = (y,%) = 0.
CuemoBaTeabHO,
j +y? = (z,2) + (y,9) = 2> + y[*,

9T0 ¥ TPeOOBAIOCH JOKA3AThH.
OJTy TeopeMy MOXHO OO6OOIKTB: ecat B8eKmMopyl
T,Y,2,... NONAPHO OPMO20HAALHDL, MO

lz+y+z+... 2=z +y+2)? +...

3. HepaBenctBo Komm-BynsakoBckoro. B npegbigymem
IyHKTE y HAC ocTajica npober. Mbr ompemeamau yroa ¢
MEX Yy BEKTOpaMu T u Y HOPMYJIOn

(z,9)
|lz|ly|”

[asa Toro 9T00BI MOXHO OBLIO ONPEENUTH (P U3 DTOTO
PaBEHCTBa, HYXHO MOKa3aTb, ITO

cos p =

~ ~
|||y
WM, 9TO TO Xe CaMoe, ITO
(z,y)?
22y "
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(#,9)? < (z,2)(y,y)- (6)
OJTO HEPABEHCTBO HA3BIBAETCA Hepadencmseom Kowu—DBy-
HAKOBCKO20.

Urak, das mo2o umobbl umemov npaso onpedeaumo y2oa
meancdy dsyma sexmopamu Gopmyaot (5), mvr doasxrcnvy do-
Kazamv nepaserncmseo Kowu—-Bynarxosckozo *).

YT0o6BI JOKA3aTh €ro, pACCMOTPUM BEKTOp & — ty, Tae
t — IpOM3BOJBHOE AEUCTBUTEIbHOE Inca0. COTIACHO aKCH-
oMe 4° CKaJIApHOTro MpOU3BeIeHUA

(Jj —ty,x _ty) > 07
T.e. 0 aoboro t
*(y,y) — 2t(z,y) + (z,2) > 0.

Mubl BUAUM, 9TO CTOSIIANA CIEBA KBAAPATHBIA OTHOCH-
TEIbHO | TPEeXWieH MPUHUMAET JUIIL HEOTPUIATETHLHBIE
suadenus. CreqoBaTelbHO, TUCKPUMUHAHT YPABHEHU

*(y,y) — 2t(x,y) + (z,7) =0
HE MOXeT 6I)ITI) HOJIO)KHTeJIBHBIM, T. €.

(fL‘,y)2 - (fL‘,fL‘)(y,y) < 0,
9T0 U TPeOHOBAJIOCH MOKA3ATh.

Yupaxuenue. [oxkazaTb, 4TO 3HAK PaBeHCTBA B (6) mmeer
MECTO TOT[a U TOIBKO TOTAA, KOTJa BEKTOPHI T U Y JIAHEUHO 3aBUCH-
MEL

IIpumepsn. Ms goxasam HepaBeHCTBO (6) A1A akCHmOMaTHIE-
CKW 33JaHHOT'O €BKAMJ0BA IPOCTPAHCTBA. PasbepeM, KaK BBITVIAIAT

*) B mpumepe 1 m.1 sroro maparpada HeT HAZOOHOCTH IOKa-
3BIBATH 3TO HEPABEHCTBO. [leMCTBUTEILHO, TaM B CUIY IPUHATOTO B
BEKTOPHOM HCYUCICHUU OIPEICTEHUA CKAJAPHOIO IIPOU3BEICHUA Be-

(z,y)

|z ly]
yIUIa MEX/Jy BEKTOPAMU U IOITOMY OHA IO a0COMIOTHOM BEIUIMHE HE

npeBocxoauT 1.

AUINHA, €CTh KOCHHYC HEKOTOPOT'0 YKe 3apaHee OpeJeJeHHOrO
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9TO HEPABEHCTBO B IIPDUBEACHHBIX BBIIIE (H. 1) npuMepax €BKJINTOBBIX
TIPOCTPAHCTB.

1. B npumepe 1 mepasencTso (6) He 0O3HATAET HUIETO HOBOTO (CM.
CHOCKy Ha cTp.41).

2. Tax xax B mpuMepe 2 CKaIApHOe IpOou3BeqeHue 3a1aeTca Ghop-
MyIou

(@,y) = &m,
i=1
TO

(z,7) ZZ&Z, (yy) 2277?;

mo>TOMY HepaBeHCTBO (6) mmeeT 31eCh BUL:

n 2 n n
Zﬁmi < Zﬁf an
i=1 i=1 i=1

3. B nmpumepe 3 ckanapHOe MpOM3BeAeHIE IMEEeT BUL:
n
(x,9) = Y amlim,
i,k=1
rae
Qik = Qi 2)

n
> " airbilk 20 3)
i,k=1
pas mo6bix &;. Ilosromy HepaBeHCTBO (6) O3HAvaer:
Ecau wucaa ai, ydosaemsopatom ycaosuam (2) u (3), mo umeem
MECTNO HEPABEHCMEO
2

n n n
g airbine | < E air&ik @ik NNk
k=1 i k=1 k=1

Yupaxmueunune. [lokaszars, 4T0 eciam 4uciaa a;; yIOBIETBOPSI-
for yeaosmsam (2) u (3), To a?, < aziag,. (Y xa3auue. Bubpars B
TOJBKO UTO BBIBEJEHHOM HEPABEHCTBE CIEIUAJIbHBIM 00Pa3oM 4uCIa
51)"')571 H7717772)---777n')

4. B mpumepe 4 ckaaApHOE IPOU3BEIEHUE 330aeTCA UHTErPAJOM
b

/f(t)g(t) dt, mosromy HepaBeHCTBO (6) mmeer BuA:

a
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/bf(t)g(t)dt 2 </bf2(t)dt~/bg2(t)dt.

DTO HEPABEHCTBO UI'PAET BaXKHYIO POJb B PA3HBIX BOIPOCAX AHAIMU3A.

[IpuBegeM mpuMep HEPABEHCTBA, ABIAIOUIETOCA CIE-
cTBUeM HepaBeHcTBa Komu—ByHAKOBCKOTO.

Aas m06biz 6eKMOPO6 T U Y 8 €8KAUIOBOM NPOCTNPAH-
cmee R umeem mecmo Hepasencmeo

|z +y| < |=| + |yl (7)
IJoxkaszaTeabCTBO.
z+y)* = (= +y,z+y) = (z,2) +2(,9) + (y,9);

Tak kak (B cumry HepaBeHcTBa Komu-ByHAKOBCKOTO)
2(2,y) < 2fxllyl, mo

lz+y* = (x+y, z4y) < (z,2)+2)z|ly|+(y,y) = ([z|+|y])?,

T.e. |z +y| < |z|+ |y|, 9T0 u TpebGoBamoCch HOoKazaThH. (CM.
rakxke § 3, cTp. 63.)

Yunpaxueunune. Hanucars HepaseHCTBO (7) B KaX I0M U3 IIPHU-
MEpOB eBKIMJOBBIX IIPOCTPAHCTB, PA300PAHHBIX B HaJale HTOrO Ia-

parpada.

B reomerpum paccrosHue Mexgy AByMs TOYKAMU L
u y*) onpeneraeTca Kak JIMHA BEKTOPA T — Y. B obmem
CIydae M-MEPHOrO €BK/IWAOBA IIPOCTPAHCTBA 0npedestm
PACCMOARUE MENCIY T U Y POPMYA0T

d=|z—yl|

*) Mser 6ygem 0603HAIATE OGHOKN U TOU K€ GyKBOU BEKTOD M TOU-
KY, ABJAIOMIYIOCA €r0 KOHIOM (BEKTODHI MBI IPOBOJUM M3 HAMAIA KO-
OpAWHAT, CM. CTP. 7).
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§ 3. OpToronaibHbIM Ga3uc.
N3oMopdusM eBKAMIOBBIX IPOCTPAHCTB

1. Oproronampuein Gasmc. B §1 MBI BBeIM mOHATHE
6asuca (cucreMbl KOOpauHAT) adPUHHOIO IPOCTPAHCTBA.
B addurHOM DpOCTpAHCTBE Yy HAC HET OCHOBAHUU IIpPE.-
MOYUTATH OAHU 0A3UCHI APYTUM — TaM Bce 6A3UCHI PABHO-
OpaBHHL *).

B eBkiummoBOM TpPOCTPAHCTBE CYIIECTBYIOT HambOIee
yao6HbIE 6A3KUCHI, & UMEHHO OPTOTrOHANbHbIE 6asuckl. OHu
UI'PAIOT 31eCh Ty XK€ POIb, ITO ¥ IPAMOYTOJbHBIC CUCTEMBI
KOOPJUHAT B AHAJUTUICCKON MeOMETPUM.

Onpemeanenue 1. Bydem 2080pums, umo n 6ek-
MOPO8 €1,€3,...,6En, HU 00UH U3 KOMOPHIL He PABEH HY.A10,
00Pa3yom 0PMO20HAALHBIT 6G3UC 8 N-MEPHOM EBKAUIOBOM
npocmpancmee R, ecau onu nonapro opmoz2onasvhui. Bek-
mopbvl €1,€2,...,6e, 00paA3yOM 0PMO20HAAbHBIT HOPMUPO-
8aHHBIY 6G3UC, ECAU OHU NONGPHO OPMO2OHAALHBL U UMEIOM
Kxaxcdvili dauny 1, m. e. ecau

1 ompm =k,

0 mpm i #k. (1)

(eirer) =

Hasa Toro 4TobOBl NaHHOE HAMU OIpeReJeHWe OpPTOIro-
HaJBHOTO 6a3uca OBLIO KOPPEKTHBIM, HEOOXOMUMO MTOKAa-
3aThb, ITO BXOJAIINE B ONpeIeNeHne BEKTOPEL €1, €3, . .., €y

*) TOYHBIU CMBICK 5TOrO yTBEDPK eHAI TAKOB. EC/m BHIMATEIBHO
OCMOTPETh IpUBEAEeHHOE B §1 mokazarTerbcTBO m3oMmopduaMa ad-
(GUHHBIX IPOCTPAHCTB, TO JEr'KO 3aMETUTDL, ITO TaM [JOKA3aHO He-
CKOJBKO Ooublie, YeM CHOPMYJIUPOBAHO, & MMEHHO, NOKA3aHO, UTO
MEXAYy ABYMA N-MEPHBIMU IPOCTPAHCTBAMYU MOXHO YCTAHOBUTDH U30-
MOpP(HOE COOTBETCTBHME TaK, YTOOLI 33 JaHHBLIN 0A3MC OJHOT'O IPOCT-
PAHCTBA IepeIen B 3aJaHHBIU 6a3UC APYTOro MIPOCTPAHCTBA. B gacT-
HOCTH, eciu B R 3amaHel aBa 0asmca e1,€2,...,en U €1,eh,..., e,
TO CyLIECTBYyeT m30MopdHOe oToOpaxeHue npocTpancTea R Ha cebs,
IpU KOTOPOM IEPBBIN 6A3UC MEPEXOAUT BO BTOPOM.
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JEUCTBATEILHO 00pa3yioT 0a3ucC, T.e. JUHENHO HEe3aBUCH-
MBI.
[lokaxeM 3TO, T.e. TOKAXEM, ITO PABEHCTBO

)\161 +>\262+...+>\n6n =0 (2)

BO3MOXHO JIAIIb, €CIA A\] = Ao = ... = A\, = 0. YMHOXUM
o6e gacTu paBeHCTBA (2) cKaJaapHO Ha e. [lomyanm:

Ai(er,er) + Aa(er,e2) + ...+ Ap(er,en) =0.

Ho no onpepgenenuio opToronasbHOro 6asuca

(e1,e1) #0, (e, ex) =0 mnpm £k #1.

CrenoBarensro, A\; = 0. Amamorumvno, ymHOXas (2) cka-
JAPHO HA €9, TOAydIuM, 9T0 Ao = 0 um T. 1. MbI mokasanu,
TaKuM 06pa3oM, 4TO €1, €9, ..., €, JAHENHO HE3ABUCUMEL.

YT106BI MOKA3aTh CYHIECTBOBAHUE OPTOTOHAJILHBIX Oa-
3UCOB, BOCIOIb3YEMCA TAK HA3BLIBAEMBIM NPOUECCOM OPMO-
20HAAUZAYUU, KOTOPHIA IACTO BCTPEIALTCA B TEOMETPUM.
OH cOCTOUT B TOM, UTO U3 AAHHBIX JUHEUHO HE3ABUCUMBIX
BEKTOPOB f1, ..., fin CTPOATCA T MOMAPHO OPTOTOHAIBHBIX
BEKTOPOB €1, ..., Em.

Omnummem sToT mpomnece. [lycrs maHer m JuHENHO He3a-
BUCUMBIX BEKTOPOB f1,..., fim.

[To »Tum BekTOpPaM MBI MOCTPOUM IIPOIECCOM OPTOrO-
HAJU3AIUA 17} TIOMAPHO OPTOrOHAIBHBIX BEKTOPOB.

[Monoxum e; = fi. Bekrop ey Gymem uckarhb B Buje:
€2 = fo+ aey. Yucao a mogbepem Tax, aTobs (€9,€1) = 0,
T.e. (fo + aep,e1) = 0. Orcoga

(f2,€1)
(e1,e1)
[Ipeanonoxum, 9T0 MONAPHO OPTOrOHAILHBIE W OTANY-

HBIE OT HYJSI BEKTOPHBI €1,€9,...,€k_] YK€ IMOCTPOEHHI.
BekTop e mimem B BUIE:

er = fr +Ae1 + ...+ Ap_1ep_1, (3)
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T.e. BEKTODP €} MBI IIOMYYIaeM U3 BEKTOPA fi «ACIPABICHU-
eM» ero ¢ MOMOIIBIO JUHEHHOU KOMOMHAIIMU YXKE TMOCTPO-
€HHEBIX BEKTODPOB €1, €2,...,€EL 1.
Koo unmernTsr Ai, Ao,..., Ay 1 HAXOOAUM U3 YCJIOBUI
OPTOrOHAJILHOCTH BEKTODA,
er = fr +Arer + ...+ Ap_1ep—1

K BEKTOpaM €1,€2,...,€L_1:

(fk+)\161+...+>\k,16k,1, 61) =0,

(fk +Mer + ...+ Xg—1ep—1, e2) =0,

(fx +Xer + ...+ Ap_1ek-1, ex—1) = 0.

Tak Kak BEKTODHI €1, €2, . . . , €k—] TOMAPHO OPTOTOHAJIHHHI,
TO 3TU PABEHCTBA 3AIMCHIBAIOTCA B BHUJE!

(fka 61) + >\1(617 61) = 07
(fka 62) + >\2(627 62) = 07

(feser—1) + Ap—1(ex—1,ex-1) =0.

Orcoga
A= ke oy (Frie2)
(e1,e1)’ (e2,€2)’ ’
(4)
Ny = _Umer—1)
k-1=—7— .
(ek—1,€k—1)
Mo cux mop He OBLIO MCIOAB30BAHO TO, UTO BEKTO-
pet f1, fo,..., fm JuHENHO He3aBUCUMBI. MBI HMCHONB3Y-

€M DTO IpPHU [JOKA3aTEIbLCTBE TOI'0, YTO HOCTPOCHHBLIN
BEKTOD €} OTJIUYEH OT HYJd. 3aMeTUM MPEeIBAPUTENb-
HO, 9TO BEKTOP €} €CTb JUMHEUHAA KOMOWHAIMA BEKTO-
pOB e1,€9,...,€k_1, [k HO BekTOp er_1 MOXHO 3ame-
HUTH JUHEWHOW KOMOWMHAIMEN BEKTOPA fr_1 U BEKTOPOB
€1,€9,...,€ep_9 u T.a. OKOHYIATENALHO MBI MOJY9aEM, UTO
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BEKTOD €f 3allUCBIBACTCA B BUIEC

e =arfi+asfo+ ... +akp_1fr—1+ fi. (5)

Teneps scuo, aTo e # 0. [leNcTBUTENBLHO, B TPOTHUB-
HOM CIydae IpaBas dacThb paBeHCTBa (D) ObLia ObI Hy-
JIeM, 9TO IPOTUBOPEYIUT JUHEMHON HE3ABUCUMOCTY BEKTO-

poB f1, fo,..., fr, Tak Kak KO>(pduimenT upu fr pased 1.
Urax, nokazano, 9to ey # 0.

Mgl MOCTpPOWIN IO BEKTOPAM €1,€2, ..., 1 U fi BEK-
Top e. Takum xe oOpa3oM MO e1,€s,...,€p A fri1 MBI

TOCTPOUM €] U T. [I.
[Tpomoaxas »ToT mpomecc A0 TeX MOp, MOKa He OyayT
MCYEPIaHbl 33 aHHBIE BEKTOPHI f1, fo,. .., fm, TOIydaeM m
OTJIUYIHBIX OT HYJA U IIOIIAPDHO OPTOT'OHAJBHBIX BEKTOPOB
€1,€9,...,¢en. [lokaxem Teneps CAEIYIOIIYIO TEOPEMY.

Teopewma 1. Bo 8caxom n-mepHom npocmparcmee
CYWECMBYIOM OPMO2OHAALHBIE OA3UCHE.

HdoxaszaTeasncTso. [lo oupenerernio n-mepHOro
npocTpancTBa (§ 1, m. 2) B HEM CymIECTBYeT KaKOU-TO Oa-
3uc fi,..., fr. C moMoOuB0 Tpoecca OpTOrOHAIN3AINY U3
HEr0 MOXHO MOCTPOUTH OPTOTOHAJILHBIN GA3UC €1, . . ., €y,
9TO U JOKA3BIBAET TEOPEMY.

Ecaum 3aMeHUTH BEKTOPH € BEKTOpPaMU
Kk
lex|’

TO 3TO OyAyT, KaK HETPYAHO BHUAETH, HONAPHO OPTOrO-
HAJBbHBIE BEKTOPHI AJIWHHL 1, T. €. MBI IOy YAM OPTOrOHAIb-
HBIA HOPMUPOBAHHBIU GA3UC.

Herpyauo Bugers, 4TO Takumx O6a3UCOB CYyHUECTBYET
MHOrO. [lefCTBUTEILHO, yKe U3 aHHOrO 6asuca fi,..., fn
MOXHO MOCTPOUTDH PA3HBIE OPTOTOHAJILHBIE OABUCHI, €CIU
HaUYMHATH MOCTPOEHWE C PA3HBIX BeKTOPOB fi. [lo3auee, B
ri. 11, MBI paccMOTpUM BOIIPOC O TOM, KAK CBI3AHBI MEX Ty
o060 Pa3InIHbIE OPTOrOHAALHEIE OA3UCHI.

€ =
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IIpumeps oprorormaaxum3zanuu 1. Ilycte R— Tpex-
MepHOe mpocTpaHcTBO. IIpomecc opToroHammsamuu B HEM O3HAYA-
eT ciaefywollee: MyCThb JAaHBI TPU JUHEMHO HE3ABUCUMBIX BEKTODA
f1, f2, f3. Homoxum e; = fi. IIpoBogum 3aTeM ILIOCKOCTBH depe3
e1 = fi u fo U B DTOM IIOCKOCTU BHIOMPAEM BEKTOD €2, OPTOrO-
HAJIBHBIX K €;. HakOHel, BO BCEM HPOCTPAHCTBE HAXOAWM BEKTOD,
OPTOTOHATBHBIN K €1 U K €2 (T. €. K HOCTPOEHHOU PAHEE IIOCKOCTH]).

2. ITycts R — TpexMepHOe IPOCTPAHCTBO, BEKTOPAMU B KOTOPOM
MBI CIATAEM MHOT'OYJIEHBI CTEIeHN He Bhie BTopou. CKalApHOE mMpo-
U3BeJEHUE 338 aUM (HOPMYJION

/ PHQ() dt.

Bexroper 1,t,t> 06pasyior 6asuc B R. [IpuMennnM K 5ToMy 6a3ucy
IpoIeCcC OPTOrOHAMM3ALNN: €1 = 1; BEKTOp e mIieM B Buge: t + a - 1;
M3 YCIOBUS OPTOrOHAILHOCTHU

1
0:(t+a-1,1):/(t+a)dt:2a

-1

noxysaem o = (. 3HaxuT, e2 = t. BexTop e3 umiem B Buge: t2+Bt+v-1.

. 1
13 ycaoBun oproronassHOoCcTH motydaeM 3 = 0, vy = -3 T-e €3 =
. 1 o 1
=t2— 3 OKOHYATEIBHO OLyYaeM OPTOrOHAIBHBIN Gasuc 1,t, I 3

Ecin paziennTs Kax b BEKTOP HA €0 JIUHY, TO IOLYINM OPTOrO-
HAJBbHBIU HOPMUPOBAHHBIA 6a3MUC.

3. Ilycts R — npoCTpaHCTBO MHOT'OYJIEHOB CTEIEHU HE BBHIIIE IeM
n — 1. CkanrapHOe Npou3BeeHNEe OMPEeIeINM TaK XK€, KAaK U B IIPebl-
AyLIEM IIpUMepe.

Bossmenm Gasuc 1,¢,¢%,...,¢t" "', Ilpomecc OpTOroHAIM3AIMY IpPH-
BOJAUT HAC, KaK U B IpUMepe 2, K IOCIeIOBATEIbHOCTH MHOT'OYICHOB

2 1 .3 3
1, ¢, t —§,t _3t’

9TI/I MHOT'OYJIEHBI C TOYHOCTBIO O0 MHO)KI/ITQJIQI;'I COBIaJaOT C MHOI'O-
YICHaAMN
1 dF(2 — 1)k
2k gt dtk
KOTODBIE HA3BIBAIOTCSA MHOrowreHamu Jlexanapa. Muorounensr Jle-
XKaHApa 06pPa3yiT OPTONOHAIBHBLIN, HO HE HOPMUPOBAHHBIN (A3UC
B R. YMHOXasA KaXJbIM U3 DTUX MHOIOWIEHOB HA COOTBETCTBYIOIIAU
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MHOXWUTEJIb, MBI MOX€EM IIOCTPOUTH OpTOr‘OHaJIBHBIﬁ 1 HOpMUPOBAH-
HBIZ GA3UC; €0 DJIEMEHTHI OyaeM 0603Ha1aTh 1epes Py (t).

Mycrs eq,e9,...,€, —OPTOrOHAIBHBIA HOPMUPOBAH-
HBIA 6A3UC eBKINA0BA mpocTpancTBa R. Hangem, kak BbI-
paxaeTcs CKaJIIPHOE IIPOM3BEJEHNE [BYX BEKTOPOB 4Yepe3
X KoOpaumHATH B >ToM basuce. Ilycts &1, &9, ..., &, — KO-
OPJUHATEL BEKTOPA Ly & 1)1,7)2, - - - » T — KOOPJUHATHI BEK-
TOpa Yy B 3TOM Oasuce, T.e.

T = 5161 +£2€2 + ... +£nen,
Yy =mnie1r +1n2e2 + ... + Npen.
Torga

(z,y) = (&1e1 +Eea + ... +E&nen, mer +1mpea+... +1npey),

7 TaK KakK
( ) 1 opm =k,
€y €L) = .
ok 0 mpm i #k,
TO

(z,y) =&m +&m+ ..o+ &, (6)

T.€. 8 HOPMUPOBAHHOM OPIMO2O0HAADHOM 6(13’(1,06 CRAAAPHOE

npoussedenue J8YL 6EKMOPOB PABHO CYMMe NPoudsedenul

ux coomeememsywus Koopounam (cp. npumep 2 § 2).
Yupaxueunus 1. Iloxkazare, 4T0 B nmpomsBoipHOM OGasuce

fi, f2, ..., fn cCKaMAPHOE mMpOM3BEAEHUE 3a0aETCA (POPMYJION

n

(x,9) = Y amlim,

i,k=1

rae a;r = Gki, a £1,€2,...,&n W1, 72, . .., Jp — KOOPAUHATEI BEKTO-
POB & M COOTBETCTBEHHO Y.
2. Ilokaszarsb, 4TO ecau B HeKOTOpOM 6asuce f1, fo,. .., fn ckaIAp-

HO€ IPOM3BEJEHUE 3a0aeTCA (POPMYION

(z,y) =&m +Em+ ...+ &,

rae £1,&€2,...,&n X M1, 72, ..., Jn — KOOPAUHATHEL BEKTOPOB T U Y, TO
5TOT 6A3UC ABIAETCA OPTOTOHAIHLHBIM M HOPMUPOBAHHBIM.
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Hamgem koopauHATH BEKTOPA £ B HODMUPOBAHHOM Op-
TOTOHAJBHOM Oas3uce e, e, ..., ey.
[IycTs

x=2£&e +&ex+ ...+ Eep.

YMHOXUB 06€ JaCTH STOr0 PABEHCTBA CKAJIAPHO HA €7, I0-
JIy UM

(z,e1) = &iler, e1) +&a(eg,e1) + ... +&nlen, e1) =&

n, aHAJOTUIHO,

52 = (:E,GQ), ey fn = ((I,‘,en). (7)

Nrakx: xoopdurnambl 6eKmopa 6 0PmMo20HaALHOM HOPMUPO-
B8aHHOM ba3uce CYymbvb CRAAAPHDIE TLpOUSBeaeHUJl 2M020 6€EK-
mopa Ha coomeemcmeyrouue ba3ucHbvie BEKMMOPbI.

CkanfpHOe MPOU3BEIECHNE BEKTOPA T HA BEKTOP € -
HBbI €IMHNIIa €CTE€CTBEHHO Ha3BaTb npoenuueﬁ BEKTOpa T
Ha BekTOp e. [lokaszaHHOEe yTBEepXKOEHHE O03HAYMAET, |UTO,
KaK U B AaHAJIUTUIECKOU FeOMETPHH, K00PIUHAMbL 6EKMOPA
6 0PMO20HAABHOM HOPMUPOBAHHOM basuce CYymb NpPoexyuu
21020 8EKMOPA HA ba3ucHbvle BEKMOPbL (Ha. OCH’ KOOpom-
HAT).

Opumepn. 1. Iycts Po(t), Pi(t),..., Py(t) — sHOpMEUpPOBaAH-
Hble MHOTOWIEHHI JlexXaHIpa HYJIeBOU, MEPBOH, ..., N-U CTEIEHN.
IIycrs, namee, Q(t) — MPOW3BOIBLHBIN MHOTOYWIEH CTEHEHHW 7. llpea-
crasuM ((t) B BUE TUHEHHON KOMOMHAIIMY MHOTOWICHOB Jlexanapa.
COBOKYTIIHOCTE MHOTOWICHOB CTemeHu < n obpasyoor (n + 1)-mep-
HOE JuHEenHOe TpOCTPAHCTBO, Py(t), Pi(t),. .., Py (t) o6pasyioT opTo-
TOHATBHBIA 6a3uC B HeM. 1103TOMY BCAKMII MHOTOWIEH CTEHEHA < 7
TIpEICTaBUM B BUE

Q) =coPo(t) +c1Pi(t) + ...+ cu Pu(2).

KosddunmenTsr c;, kak 310 caeayeT u3 (7), BEIMACIAIOTCA 00 (HOP-
MyJTaM

o = / Q) Pi(t) dt.
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2. Paccmorpum Ha maTepBate (0,27) cucremy dyHKIUR
1, cost, sint, cos2t, sin2t, ..., cosnt, sinnt. (8)
Ix muHenHAa KOMOWHAIIIA

P(t) = 1%0 +ajcost+bysint +azcos2t + ...+ b, sinnt

Ha3bIBa€TCA TPUTIOHOMETPUIECCKUM MHOTI'OWIEHOM 7-I'0 IMOPAAKA. CO—
BOKYIIHOCTH TPUIOHOMETPUYECKNX MHOTOWIEHOB 7-I'0 MOPAAKa oOpa-
syer (2n+ 1)-meproe npocrpanctso Ri. Oupegernm B R1 ckaxapHOe
pom3BeJeHne, KaK OOBITHO, T.e. MOJIOXKIM

2m

(P,Q) = / P()Q(t) dt.

Jlerxo nposeputs, 4TO cucteMa (8) GyaeT OPTOrOHATBHBIM (A3MCOM.
[lenCTBUTEILHO,

2m

/cos kt cosltdt =0, ecmm k#I,
0

27

/sin kt cosltdt =0,

0

27

/sink't sinltdt =0, ecmm k#IL
0

Tak kak
27 27 27
/sin2 ktdt:/cos2 ktdt =m, a /1dt:271'7
0 0 0

TO GYyHKIAN

1 1 1 . ’
cost, sint, ..., —=cosnt, —sinnt 8
\ﬁ f VT r VT T VT (8)

06pa3yoT B Ri OPTOTOHAILHBIN HOPMHUPOBAHHBIA 6A3MUC.
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2. IlepneHguKyasap U3 TOYKM HA IOANPOCTPAHCTBO.
KpaTuaumee paccTosHME OT TOYKM JO MOZIPOCTPAH-
cTBa ™).

Onpemgenenume 2. Ilyemv Ry —nodnpocmpan-
cmeo esraudosa npocmpancmaa R. Mu1 6ymeM roBopuTh,
9T0 BeKTOp h € R opToronaneH moAnpocTpaHcTBy R,
€Ccu OH OPTOTOHAJEH JTI060My BEKTOpPY & u3 Rj.

Ecau BekTOp h OpTOrOHAJIEH BEKTOPAM €1,€9,...,Em,
TO OH OPTOT'OHAJEH 000K UX JUHEMHON KoMOuHauu. [len-
CTBUTEJILHO, U3 PABEHCTB

(ha ei) =0
clemyeT, ITO [JIA JIOOBIX THUCET A1, A2, ..., Am
(h, Are1 + Ageg + ...+ )\mem) = (.

[TosTomy, s Toro ITo6bl BeKTOp h OBLI OPTOrOHAJEH
M-MEePHOMY HOATPOCTPAHCTBY R, 10cTaTOYHO, YTOOHI OH
OBLT OPTOTOHAJEH 1M JUHEUHO HE3ABUCUMBIM BEKTOPAM U3
R, (6asucy B Ry **)).

Yunpaxuenue. [lokazaTs, 4T0 COBOKYIHOCTEH BCEX BEKTODOB
y € R, OopTOroHATBHBIX K IOANPOCTPAHCTBY [, Takxke oOpasyer
MOAIPOCTPAHCTBO MPOCTPAHCTBA K. DTO MOANPOCTPAHCTBO HA3BIBA-
€TCA 0PMO2OHAILHLIM JOTOAKEHUEM K TIOAIPOCTPAHCTBY R1 B mpoc-
TpaHcTBe R.

Paccmorpum B mpocTpancTBe R HEKOTOpPOE m-MepHOE
noanpocrpancTeo Ry ***) m BekTop f, He mpumammexa-
mun Ry. [TocTaBum 3amady: OMyCTUTH MEPITEH TUKYJIAD U3
Touku f HA Ry, m.e. natimu eexmop fo u3z Ry maxod,
umobv, eexkmop h = f — fo 6bia opmozonasen R;. Bek-
TOp fo HA3BIBAETCA TPHU DTOM OPMOZOHAALHOU Npoekyuet

*) DTOT mYHKT MOXHO IPU HEPBOM ITEHAU HPOILYCTUTH.

**)  [Masa caygas, korga Ri €CTh IOCKOCTD, 3Ta TEOPEMa B DIEMEH-
TApPHOU MeOMETPHUY HA3BIBAETCA TEOPEMOU O NBYX MEPIEHIUKYIAPAX.

***) Pa3MepHOCTB €aMOro NpPOCTPAHCTBA R m1a HAC Hecyule-
crBeHHa. OHO MOXeT OBITH Jake OECKOHEIHOMEDHBIM.
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gexmopa f wa nodnpocmpancmso Ry. Heckonrbko mosxe
MBI YBUUM, 9TO ITa 334aa BCEr A UMEET PEIIeHUEe, IPHU-
ToM enumuCcTBeHHOE. Cervac MBI MOKAXeM, UTO, KaK U B
DIEMEHTAPHON TeOMETPUH, IEPIEHAUKYIAP €CTh KPATIa-
1lee pacCTOSHUE OT TOYKY M0 MOAIPOCTPAHCTBA. [Ipyrumu
CIOBaMMU, TMOKAXEM, 9TO ecau fi ecmb omauunblii om fo
sexmop u3 Ry, mo

\f = fil > |f = fol.
[lenrcTBUTEABLHO, BEKTOP fo — f1, KAK Pa3sHOCTH ABYX BEK-

TOpoB 3 R, npunangiexur R u, cieqoBaTeIbHO, OPTOTO-
manen BekTopy h = f — fp. Ilo Teopeme [ludaropa nmeem:

If = fol>+1fo— AP =If = fo+ fo— AP =If — A
W, 3HAYWT,
|f = ful > |f = fol-
[lokaxeMm Temepsb, Kak (haKTHIECKM BBHIYACAUTH IO f

€r0 OPTOrOHANBHY O IPOEKIAIO f( HA MIOANPOCTPAHCTBO Ry
(T.e. onmycruTh nepuenaukysap us f wa Ry). [lycrs 6asuc

IoAIPOCTPaHCTBA R1 COCTOUT M3 BEKTOPOB €1,€2,...,Epy.
Bymem uckars BexkTOp fy B Buge
fo =c1e1 +coe2 + ...+ Cm€m, (9)

rae KopPUIUEHTHI ¢, HAWIEM U3 YCIOBUA OPTOTOHAIBHO-
cru f — fo x Ry. s Toro 9To6bl 5Ta OPTOrOHAIBLHOCTD
UMeIa MeCTO, He0OOXOUMO M TOCTATOYHO, YTOOBI BHITIOJ-
uanuch m pasencts (f — fo,ex) =0 (k=1,2,...,m), T.e.

(fo,ex) = (f,ex)- (10)

[Moacrasnsas cioga BMecTo fj ero Beipaxenue (9), moryda-
€M CHCTEeMY 1 ypaBHEHUN

ci(er,ex) +calez, ex) + ... + cmlem, ex) = (f, ex)
(k=1,2,...,m) (11)

OTHOCHUTEJIBbHO YUCETI C;.
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PaccmoTpuM cHadana OTAEABHO 9aCTO BCTPEYAIOUIAN-
cA caydail, korga 6a3uc ej, ey, . .., €, — OPTOTOHATLHBIA 1
HOPMUPOBAHHBIA. B 5TOM CiIydae 3aJada PeraeTcsa 0CO-
6enno mpocro. [leucrBurensuo, cucrema (11) mpespamia-
eTCA B TAKOM 0a3uce B CUCTEMY PABEHCTB

¢ = (fa ei)a (12)

Ccpa3y onpejersdilInx HyXHbIe KO(D(OUAIUCHTEHL.

Tak Kak B KaX0M 77.-MEPHOM MO AITPOCTPAHCTBE MOXKHO
BHIOPATH OPTOrOHAJIBLHBIA HOPMUPOBAHHBIU 0A3UC, TO MBI
IOKA3AIMU, TAKUM 006pa3oM, 4TO ¥ Kaxdo20 sexmopa f cy-
wecmseyem, u NPUMOM MOAbKO 00HA, OPMO2OHAALHAL NPO-
exyus fo na nodnpocmpancmeo Ry.

Bepremcs Temepp K Ciaydai OPOM3BOJILHOrO 0Oasumca.
B sTom caygae cucrema (11) Takxke mOmKHA UMETH €UH-
CTBEHHOE perienne. [[eNcTBUTENbHO, BEKTOp fo, IO MOKa-
3aHHOMY, CYIIECTBYeT W NMPUTOM TOJBLKO OoauwH. B Gasuce
€1,€2,...,€y, BEKTOp fy MMeeT BIIOJHE OIpeIeJeHHbIE KO-
OPAWHATHL C1,C3,. .. ,Cn. LaK KaK DTU UUCIA YIOBICTBO-
pator cucreme (11), To »ra cucrema mMeer, CIeLOBATENb-
HO, equHCTBeHHOE pemmenue. CucTeMa m ypaBHEHUU C He-
M3BECTHBIMU MOXET UMETh eJUHCTBEHHOE PeIleHue, JUIIb
ecaIn ee OMpefeIuTeNb OTanYeH oT Hyaa. OTcooma caeayer,
9T0 onpegeanTens cucremsl (11)

(e1,e1) (eg,e1) ... (em,e1)
(e1,e2) (eg,e2) ... (em,e2)

OTJIUYEH OT HYJA. DTOT ONPEIEJUTENh HABBIBACTCA ONpe-
deaumenem I'pama 6eKmMopos e, €, ..., Em.

Hmax, nycmov 3adano nodnpocmpancmaso Ry ¢ 6azucom
€1y.--,Em U NPOU3BOALHBLIL 6ekmop f npocmpancmea R.
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Opmozonaavras npoexyus fo sexmopa f mno Ry umeem
eud
fo=cer+ ...+ cpenm.

IIpu smom, ecau 6a3uc ey, €a, ..., ey OPMOZOHAAEH, O
G = (f7 ei)'
Ecau ace 6asuc ey, ..., e, npoussosen, mo xoddPuyuen-

mbui ¢; onpedeastomca Kok pewenue cucmempi (11).

Mpumep 1. Cnoco6 HAaUMEHBIMIUX KBa-
aApaTos. llpeanosoxum, 9TO BEIUYUHA, i €CTb JUHEH-
Hasg PYHKOUAA BEIUIUH L1, ..., Ly, T.€. 9TO

Yo =C1Z1 + ... + CnTm,

rmge ci,...,Cy — IODOCTOAHHBIE, HEM3BECTHBIE HAM K03 (du-
nueHTH. JacTo K03 PUIUEHTHI C1, . . . , Cy ONPENeNII0TCA
DKCIEPUMEHTANBHO. [[JIg 5>TOr0 IpPOM3BOAUTCA PAL U3Me-
PEHUU BEIUYUH L1,..., T, U Y. OC03HAUMM pe3yabTaThI
k-ro waMmepeHus 1e€pes ik, . .. , Tymk 4, COOTBETCTBEHHO, Uk.
KoappunuenTsr cy,...,c, MOXHO 6BLIO ObI MONBITATHCA
onpeneanuTs U3 CUCTEMBI YDABHCHUN

Ir11C1 + I9o1C9 + ...+ Tm1Cm = Y1,

T12€C1 + Z22C2 + ... + Tm2aCm = Y2, (13)

TipCl + TonC2 + ... + TiynCm = Yn-

3IeCh YUCIO0 YPABHEHWM 7 PABHO YUCIY MIPOU3BEIEHHBIX
U3MEPEHUN U OOBITHO TPEBOCXOAUT HUCIO HEU3BECTHBIX
(n > m). Tax Kax U3MEPEHUE BEIWHUH L1, ..., Ly, Y HE-
n30€XHO CBA3AHO C IOIPENIHOCTAMH, TO cucrema (13), Bo-
0011e rOBOPA, MPOTUBOPEYUBA U O €€ TOTHOM PEIIeHUN T'O-
BopuTh GeccmbicnenHo. [losTromy ypasrerusam (13) mox-
HO yJOBJETBOPUTH JUIIL MpuOimxkeHHO. TakuM o6pas3om,
CTAaBUTCA 3a]a9a Pa3bICKATH TAKWE 3HAYCHWUA HEU3BECT-
HBIX Cl, . . . , Cpy, TIPA KOTOPBIX J€BbIe 9acTh ypasHeHus (13)
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ObLT OB BO3MOXHO Oosiee OIU3KM K COOTBETCTBYIOIINM
mpaBbeIM YacTAM. B kadecTBe «Mmepol O6am3ocTtm» Gepercs
TaK HA3BIBAEMOE K8aJPAMUUHOE YKAOHEHUE JEBLIX IaCTEen
YPABHEHUHU OT CBOOOMHBIX LIEHOB, T.€. BEIMINHA

n

} : 2
(J?lkcl + ZogCo + ... + Tk Cm — yk) . (14)
k=1
Ham mHyX)HO HAWTH 9UCHA, C1, €, . - - , Cyp, TPU KOTOPHIX KBa-

IPATUYHOE YKIOHEHWE MMEET HAWMEHbIIee 3HAYCHUE. DTy
3a7aTy HA MUHAMYM MOXHO PENINTh HENOCPEeNCTBEHHO.
OnmHako ee pelleHHE MOXHO CpPa3y MOIYYUTH U3 PE3yJb-
TATOB, M3JIOXKEHHBIX BBIIIIE.

B camom gerne, paccCMOTPUM Nn-MePHOE €BKJINIOBO IPO-

CTPAHCTBO W B HEM BEKTODHL €] = (L11,L12,...,%1n),
€3 = (Batre 1 Tm)s s Em = (TmlreoorTm) W f =
= (y1,.--,Yn). lIpaBeie wacTu ypaBHeHuu cucremsr (13)

ABISAIOTCA KOMIOHEHTAMY BEKTOpA f, JE€BBIE TACTHU — BEK-
TOpa

cie1 +coeg + ...+ Clm-

Bripaxenwue (14) ecTb, creqoBaTeIbHO, KBAIPAT PACCTOA-
HUA BEKTOPA c1e1+ ez +. ..+ ¢y oT BekTopa f. Takum
obpa3oM, yciaoBre, ITOOBI KBAJAPATUIHOE YKJIOHEHWE ObI-
JIO MUHUMAJIHHBIM, PABHOCWILHO CIEAYIOMIEH 3aJa4Te: BHI-
6paThb IHUCaA C1,C3, - . . , Cy TAK, ITOOBI PACCTOSHUE OT BEK-
Topa [ mo BekTopa fo = cie1 + caeg + ... + Cp€yy OBLIO
HanmMenbuM. Ecam obosnaauTs Yepe3 Ry mognpocTpas-
CTBO 7-MEPHOTO MPOCTPAHCTBA, COCTOAINIEE U3 JUHEUHBIX
KOMOWHAIIUY BEKTOPOB €1, €9, . . . , €y *), TO 33,1898 COCTOUT
B HAXOX IEHWUU MPOEKIINY BEKTOPa f HA DTO MOATPOCTPAH-
ctBo. Kak mer Bugenu (popmyaa (11)), aucna ¢1, co, . . . , Cpy,

*) Msr npegmomaraeM,1To paHr MaTpunsl cucteMms (13) paser m
7, CIeI0BATEIbHO, BEKTODHL €1, €2, . . . , €y JAHEMHO HE3ABUCUMBL.
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pelIaome 3Ty 33429y, HAX0AATCA U3 CUCTEMBI yPABHEHUT

(e1,e1)c1+(e2,e1)ca+. ..+ (em, e1)em = (f,e1),
(e1,e2)c1 +(ez,e2)ca+. . .4 (em,e2)em = (f, e2),
(61, em)01+(62, 6m)CQ‘f’- . -+(6m7 em)cm = (fa em)a

rae

(15)

n
(f,ex) = § TkjYy; %%)ZE TijThj.
i=1

Cucrema (15) HasbBIBaeTCA B DTOM CIydae Cucmemot
HOPMAAbHBIL YpasHenuti. VTak, npubimkeHHOe peleHue
cucremsl (13) cocrouT B 3aMeHe ee HODMATBLHOM CHCTe-
mou (15) m ypaBHeHmME ¢ m HEM3BeCTHBHIMU. V310XKeEeHHBIT
METOJ HA3BIBACTCIA CNOCOGOM HAUMEHDWUL KEAIPAMOSE.

YunpaxuHeHnue. PemwmTs mo cnoco6y HAaMMEHBIINX KBAIPATOB
CHCTEMY ypaBHEHUAU

2¢c =3,
3c =4,
4c =5.
Pewmenmne. e; = (2,3,4), f = (3,4,5). Hopmanpras cucrema

CBOAUTCA B 3TOM ClIy9ae K OOJHOMY YPaBHEHUIO:

(e1,e1)e = (e1, f),

40

29¢ = 40; =

[as cryqas, korga cucrema (13) ecTb cucrema n ypas-
HEHUU C OJHUM HEX3BECTHBIM

1€ = Y1,
T2C = Y2, (13,)
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peleHue 3aIuIeTCsa creayoumM 06pa3oM:

n
Y TRk
_ (LE,y) _ k=1
‘Tl &
2
) Z mk;
k=1

[Ipubnuxennoe peuterue cucreMmsl (13') MoxeT GbITH HC-
TOJKOBAHO I€OMETPUYIECKN KAK MIPOBEJeHrE Uepe3 HAYIAIO0
KOODPAMHAT MPAMOU, IPOXOAAIIEN «BO3MOXHO Gosee Gam3-
KO» OT COBOKYIIHOCTH TOY€K (Z1,Y1), (T2,92),- -, (Tn,Yn)-
Yucno ¢ mpeacTaBiaseT TOrga yriaoBou KodpPUIUEHT Ta-
KOU TIPAMOU.

MIpumep 2. IIpubaumxeHnume GYHKOIUUX TPUTLO-
HOMETDPHUIYECKUMHU MHOTOUYAeHAMHZ llycts f(t) — mHe-
KOTOpas HeNpephIBHAA GyHKIWA, 3adaHHaa Ha uaTepBate (0, 27). Ya-
CcTO OBIBAET HYXHO HOJIOﬁpaTB TpI/IFOHOMeTpI/I‘{eCKI/IIU/I MHOI'OY1JIEeH P(t)
JAHHOTO MOPAAKA, BO3ZMOXHO MeHbIIe oramdarommics ot f(¢). B ka-

gecTBe Mepel OTKIOHeHUs P(t) or f(¢) MBI BO3bMEM KBaAPATUIHOE
YKIOHEHMe, KOTOpOe 3a13eTC GOpMyIon

/ [£(t) — P dt. (16)

Wrak, TOIHAS OCTAHOBKA PACCMATPUBAEMON 3aJadU TAKOBa: cpedy
8CET MPUZOHOMEMPUUECKUT MHO20UAEHOE NOPAIKG N

P(t) = %0 + a1 cost+bisint + ...+ ay cosnt + by, sin nt (17)

natimu mom, £6adpamuunoe YKAOHEHUE KOMOPO20 0 3a0anHoT Hym-
wyuu f(t) MuruMaabro.

Beenem B paccMOTpeHUME TPOCTPAHCTBO R HEmpEpEIBHBIX (DYHK-
muu Ha orpeske (0, 27). CxalipHOe IPOU3BEIEHUE B DTOM IPOCTPAH-
CTBe 33aJUM, KaK OOGBITHO, MHTErDAJIOM

27
(f.9) = / F(Dg(t) dt.
0]
[lmmaa BEeKTOpa BRIPAKAETCA TOrAa (GOPMYION

Ifl =
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7 CIeI0BATEIbHO, KBAIPATUIHOE yKIOHeHUE (16) ecTs B HameM mpo-
CTPAHCTBE TPOCTO KBaapaT paccroaausa ot f(t) mo P(t). Tpurouno-
MeTpuieckue MHOrowreHsl Buga (17) obpasyror B R moampocTpan-
ctBO R pasmepuoctu 2n + 1. HaMm HyxHO HanTu sreMeHT u3 Ri, Ha-
XOJAMUACA HQ MUHUMATLHOM paccToaumu oT f(t). DTa 3a1ada CHOBaA
PEIIaeTCa OMyCKAHWEM MEepIeHAuKYyIApa u3 Toukm f(t) Ha moampo-
cTpaHcTBo R;.
Tak xak GyHKIUIN

on — 1 o = cost 0y — sint e __cosnt 0o — sin nt
0= —F7=—, 61 = ——=, €2 = ——, ..., €2p—1 = , €2n =

Vor VT VT VT VT
06pa3y0T OPTOTOHAILHBIA M HOPMUPOBAHHBIA Ga3UC B 3TOM IOAMPO-

crpancTse (CM. IpEMep 2 IPeABIAYIIEro MyHKTA), TO PELICHIEM >TOU
3a0a9U CIyXUT JIUHENHAA KOMOMHAIIMA GA3MCHBEIX BEKTOPOB

P(t) = chkek, (18)
k=0

rae
Ck = (f, ek),

T. €., BCOOMUHasA OnpeneaeHrne CKaaapHOr0 IPOU3BEACHUA, UMEEeM:

27 2w
_ 1 o _ 1 )
co = m/f(t)dt, Cop 1 = ﬁ/f(t)cosktdt,
0 0

27
CZkzﬁ/f(t)sinktdt (k=1,...,n).
0

Toacrasaaa ¢, mer (k =1,...,n) B dopmyry (18), MbI mpuxogmM,
TakuM 00pa30M, K CIEAYIOIEMY PEe3yIbTaTy: 044 mo2o wmolbbl onpe-
deaums MPu2oHOMEMPUUECKUT, MHOZOUAEH

P(t) =+ (axcoskt + by sin kt),
k=1

K6a0PAMUUHOE YKAOHEHUE KOMOP020 om 3adannoti Pynwkyuy f(t) mu-
HUMAALHO, Hado onpedesumdb koddduyuenmol ax,br no Gopmysam

27 27 27
ao = %/f(t)dt, ar = %/f(t) coskt dt, by = %/f(t) sin kt dt.
0 0 0

Tax onpefereHHBIE YUCIA Af,b) HasbIBaIOTCA KodPPuyuenmamny
Dypve byuxnuu f(t).
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3. Usomopdu3M eBKIUJOBHIX MPOCTPAHCTB. M&uI pac-
CMOTpEeNn Pl IPUMEDPOB N-MEPHBIX EBKIMAOBBIX IIPO-
CTPAHCTB. DTHU MPOCTPAHCTBA OTIUIAIUCH OMHO OT APY-
rOro BO BCAKOM CIydae CIIOCOOG0M 3aJaHUsI BEKTOPOB (Tak,
B mpuMmepe 2 §2 BEKTOpP €CThb COBOKYIIHOCTH 7. “IICEN, B
npumMepe 5 § 2 — MHOTOWIEH U T. 1.).

BosaukaeT BOIpOC: KakuWe W3 STUX MPOCTPAHCTB IEU-
CTBATEJIbHO PA3AAYHBI U A KAKUX PA3JIUINE SBIACTCA
JUIIb 9ACTO BHEIIHUM, T.€. PA3IAYHBI JUIIb CIOCOOHI 3a-
JAHUA STUX IPOCTPAHCTB?

Huas Toro 9Tobbr BOIPOC OBLT TOYHO MOCTABICH, HYX-
HO OIPENEINTh, KAKWE ABA €BKINJIOBBIX IPOCTPAHCTBA, MBI
OygeM CYUTATDH JUIIb HECYUIECTBEHHO Pa3MAIAIOUIAMUCST
(n30MOpGhHBIME).

Onpenpmeaenue 3. /Jsa esrxaudosviz nmpocmparc-
mea R u Ry nasvigatomcesa usdomop@Puvimu, ecat mercdy ux
IACMEHMAMU MONCHO YCMAHOBUMD 63QUMHO 00HOBHAUHOE
coomeememeue x < x' (¢ € R, ©’ € R') mak, umo:

1° Bcaux < ' vy <y, moz+y < 2’ +y, m.e
ecau eexmopy T € R coomeemcmeyem eexmop ' € R,
a eexmopy y € R coomsemcmeyem eexmop y' € R', mo
cymme T + 1y coomeememeyem cymma ' +y'.

2° Ecau x < z', mo Az <> \x'.

3° Ecauzx < ' uy <y, mo (z,y) = (2',y'), m. e. cka-
AAPHBIE NPOU3BEIEHUSA COOMBEMCMEYOUUT NAP BEKMOPOS
PasHbL MeHCY cOBOT.

Taxum o6pa3oM, eBKAWAOBHI HpocTpaHcTBa R um Ry
“30MOP(MHBI, €CIU OHU W30MOP(MHBLI KAK JUHENHBIE MPOC-
TPAHCTBA U DTOT U30MOP(U3M TAKOB, ITO OH COXPAHAET
CKAJSIDHOE IIPOM3BEJIEHNE COOTBETCTBYIOMIAX BEKTOPOB.

Ecaz B kxakom-HuOynb M-MEPHOM €BKIWIOBOM IIPOCT-
pancTBe R pokasana Teopema, c(pOpMyIrpOBaHHAA B TEP-
MWHAX CJIOXKEHUA, YMHOXEHUSA HA, IUCJIA U CKALIPHOTO IIPO-
73BeJeHuA BEKTOPOB, TO 3Ta XK€ TeOpPeMa BEPHA U B JTI0O00M
n30MOpGHOM eMy mpOoCTpaHcTBe. B camom gemre, ecim Kax
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B GOPMYJIUPOBKE, TAK U B JOKA3ATEILCTBE TAKOU TEOPEMBI
3aMEHUTDb BEKTOPHI U3 K COOTBETCTBYIOIUMY UM BEKTOPA-
vu m3 R, To B cmry coucts 1°, 2°, 3° ompenenenus m3o-
MOp(du3Ma BCE PACCYXKIEHUA OCTAHYTCA CIPABENJIUBHIMU,
T. €. COOTBETCTBYIOIIAA TeopeMa BepHa n B R,

Bepuemcs k Bonpocy, nocraBreHHOMY patee. OKa3biBa-
€TCA, 9TO UMEeeT MECTO CJIEYIOUas

Teopewma 2. Bce eskaudosvr npocmpancmea daw-
ROt Pa3MEPHOCTU U30MOPPHBL MeHcDY cOO0T.

HdoxaszaTenscTso. /[lokaxeMm, 4TO BCe nN-Mep-
HBIE EBKJUIOBHI MPOCTPAHCTBA U30MOPQHBI CHEIUATBLHO
BBIODAHHOMY «CTAaHIAPTHOMY» N-MEPHOMY MPOCTPAHCTBY.
Tem cambiM OygeT JOKA3aHO, YTO BCE 7-MEPHBIE €BKJINI0-
BBI IPOCTPAHCTBA, U30MOPMHBI MEX Iy COOOU.

B kadecTBe Takoro CTaHZAPTHOO N-MEPHOT'O MPOCT-
pancTBa R’ MBI Bo3BMEM paccMOTpeHHOE B § 2 (mpumep 2)
IPOCTPAHCTBO, B KOTOPOM BEKTOD OIPEAEIAETCA KAaK CO-
BOKYIHOCTE J€UCTBUTEAbHBIX aucer 7' = (£1,&,...,&,), a
CKAIApHOE mpou3sBenenune BeKTopos =’ = (£1,89,...,&,) 1

vy = (m1,7m2,--.,Mn) 3aKaeTca HoOpMyION

() =&m+Em+ ...+ &

[IycTs HAM gaHO Kakoe-TtuHO N-MEepHOE €BKIMIOBO IIPO-
cTpaHcTBO R; BbhiGepeM B HEM HOPMUPOBAHHBIA OPTOTO-
HAJIBHBIN 0A3UC €1, €2, ..., €, (MBI JOKA3aIu paHee, ITO BO
BCAKOM €BKJIWJIOBOM MTPOCTPAHCTBE TAKOU HA3UC CYIIECTBY-
er). [locTaBuM B COOTBETCTBUE BEKTOPY

r=2E&e +&ex+...+Een,

COBOKYIHOCTB 7, sucen £1,&,...,&,, T.€. BEKTOP

= (&,6,...,6)
u3 R'.

[Tokaxem, 9TO yCTAHOBIEHHOE COOTBETCTBUE €CTH W30~
MOpGhuU3M.
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IDTO COOTBETCTBUE B3AUMHO OJHO3HAYHO. HyXHO mpO-
BEPUTH, ITO BHINOJIHEHHI ycaoBusa 1°—3° ompenenenus u3o-
MopdusMa.

Csouctsa 1° u 2° OYEBUIHEL.

[Iposepum cBoucTBO 3°, T.€. PABEHCTBO CKAJIAPHBIX
MPOU3BEEHUN COOTBETCTBYIOUIUX APYr APYry Tap BeK-
TopoB. [loab3ysacs BeiBegennou Beime (cTp.49) dopmyaon
IS CKAJIAPHOTO IPOW3BEAEHNA B OPTOTOHAILHOM HOPMU-
poBaHHOM Oa3mce, MMeeM:

(z,y) =&m +&n + ...+ .

C mpyrou CTOPOHHI, MO ONPEIEICHUIO CKAIAPHOTO IIPOU3-
BefeHus B npoctpancTse R’ (mpumep 2 §2) umeewm:

(wl,yl) =&m+Em+ .+ .
Takum ob6paszom,
(z,y) = («',y),
T. €. PABEHCTBO CKAJAPHBLIX ITPOU3BEICHUN TOKA3AHO.
Teopema MOTHOCTBHIO AOKa3aHA.

Yupaxueunune. [Jokasars 3Ty TeOpeMy MeETOLOM, AHAJIOTUI-
HBIM J0Ka3aTelbcTBy B .4 § 1.

N3 Teopemsr 06 m3omopdu3Me MOXKHO BBIBECTH HHTE-
pecHoe creAcTBUE: TI000€ TeOMEeTPUIECKOe YTBEDPXKJeHUE
0 IBYX WIN TPEX BEKTOPaX AOCTATOYHO IIPOBEPUTH B W3-
BECTHOM W3 DJIEMEHTAPHOU MeOMETPUU TPEXMEPHOM IIPOC-
rpancTee *). B camom nene, mmHENHAA KOMOWHALIUA DTHUX
BEKTOPOB 00pa3yeT HMOAIPOCTPAHCTBO HAIIETO IMIPOCTPAH-
cTBa He 60Jee TpeX M3MEpeHuu. B CHIy TeopeMBl O M30-
Mopdu3Me 3TO HOAIPOCTPAHCTBO M3OMOPQHHO OOBITHOMY
TPEXMEPHOMY IPOCTPAHCTBY (1u60 ero moAIpOCTPAHCTBY )

*) Teomerpmaeckon TeopeMou MbI OyA€M HA3bIBATH YTBEDXK[e-
HHUE 0 BEKTOPaxX, KOTOPOE MOXeT OBITH COPMYIUPOBAHO B TEPMUHAX
CTOYXKEHUA BEKTOPOB, YMHOXEHUA UX HA UNUCIA U CKATAPHOTO ITPOU3-
BEJCHUA.
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", CIe[OBATENBHO, HAIIE YTBEPXK JEHUE TOCTATOYHO POBE-
PUTH B IOCJIEeTHEM IIPOCTPAHCTBE.

B wacTHOCTH, CcHOpaBeIIMBOCTL HepaBeHCTBa Kommm—
ByHAKOBCKOrO (ABIAIOMIErOCS yTBEPXKACHAEM O Hape BeK-
TOPOB) CIEAYET W3 TOrO, ITO OHO BEPHO B DIEMEHTAPHOU
reomerpun (cm. mpumep 1, crp. 42). Mb1 moxydaem, Ta-
KuM 00pa3oM, HOBOE [OKA3aTeIbCTBO HepaBeHCTBa Komu—
Bynakosckoro.

Eme ogun npumep. B § 2 Mb1 tokasanu HepaseHCTBO (7)

|z +y| < |z| + |yl

B saeMeHTapHOU reOMETpHUEM 3TO HEPABEHCTBO O3HAYAET,
qTO AJWHA AUArOHAJIU MapaJjilelorpaMMa He IPEeBOCXOIUT
CYMMBI OIWH IBYX CMEXHBIX CTODOH, U TOKAa3bIBAETCA B
M060M yueOHUKe dreMeHTapaoun reomerpun. CirenoBaTens-
HO, B CAJIY CKa3aHHOI'O paHee, 3TO HEPaBEHCTBO CIIpaBel-
JUBO B JI060M €BKINJOBOM IIpOCTpaHCcTBe. Teopema o u3o-
MopdusMe gaeT HaM, TaKUM 00pa3oM, BO3MOXHOCTD IIOIY-
9UThH, HAIIpUMeD, HEPABEHCTBO

b b

b
/ (F(5) + g(t)? dt < / F2(t) dt + / g2(t) dt,

a a

Asasgromeecs wepasencTsoM (7) §2 B mpocTpancTBe QyH-
kuin (npumep 4 §2) Kak HEMOCPEACTBEHHOE CJEACTBUE
TOJBKO 9TO C(POPMYIUPOBAHHON TEOPEMBI U3 DIEMEHTAP-
HOHU Ie€OMETPHM.

§ 4. BumHenHbIE M KBaJpaTUIHbIE ()OPMBI

B sTom maparpade mbr Gygem omsaTh 3aHUMATHCA ad-
(UHHBIM TPOCTPAHCTBOM, & UMEHHO, OylIeM u3ydaThb IPO-
CTEUIINe YUCAOBBIE (PYHKIUU OT BEKTOPOB B adHUHHOM
OPOCTPAHCTBE.
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1. JIuneunaa ¢pyukuma. [Ipocrenmen pynkmuen B ad-
(pUHHOM MPOCTPAHCTBE ABIACTCA JUHEUHAA PYHKIIAS.

Onpemenenune 1. I'ogopam, umo 6 apdunnom
npocmpancmee 3adana aurelinas @Gynkyus (aunetnan
Popma), ecau wancdomy 6eKMOPY T NOCMABAEHO 6 COOM-
sememeue uucao f(), max wmo npu IMom BbINOAHEHD
YCAOBUA:

1° f(z+y) = f(z) + f(y)

2 F(Az) = Mf().

Bri6epem B n-MepHOM MPOCTPAHCTBE MPOU3BOILHBIN Ha-
3UC €1, €9, .. .,E,. TaK KaK KaX LI BEKTOP £ MOXHO MPEJ-
CTABUTDH B BUJIE

T = 5161 + 5262 +...+ fnen,
TO B CAJIY CBOUCTB JMHEUHOU (PYHKIUU UMEEM:
flz) = f(&rer +&ea+... + &nen) =
=&if(er) +&af(e2) + ... +&nflen).

Urax: B n-meprom npocmpancmee ¢ 3a0anHbiM OG3UCOM
aunetinad Pynryus moxcem 6vimv npedcmagaena 8 sude

f(z) =a1&i + a2 + ... + anép, (1)
ede a; = f(e;) —nocmoannvie, 3a8uciuue AUWD OM Bbi-
bopa 6asuca, a £1,%,...,&, —Koopdunamvl eexmopa 6

amom ba3uce.

Taxum 06pa3oM, JaHHOE BHILIE OIpeAeJeHNe JUHEXHON
(pyHKIUU COBIIAAET, O CYIIECTRY, C IPUHATHIM B aarebpe
ompeeeHreM TMHEVHON (DyHKImY (TMHENHON (hDOPMBI); Ha-
IO JIUIIb UMETh B BHAJY, 9TO B HallleM CIydae Koadduim-
€HTHI 3aBUCAT OT BbIOOpa Haswuca.

BoiacauM, kak MEHAIOTCA KOI(PPUIMEHTHI JUHEHHOU
pyHKIUE IpU 3aMeHe OAHOrO HA3UCA, APYTUM.

[ycts e1,ea,...,e, u €),€5, ... e — nBa Gasuca B R.
[IycTs, gamee, BEKTOPHL €, BBIPAXKAIOTCA Uepe3 Gasuc e,
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€2, ..., e, hopMyraMu
€1 = 011€1 + a91€2 + ...+ p1€n,

€y = 1261 + (g2€2 + ... + Qpaén,

€, = Qipel + Qopea + ... + appeéy.

[MycTs B Gasuce ey, €3, ..., e, TUHENHAA QYHKIUA BHIPAKA-
eTca GopMyIon

f(#) = a1 +ada + ... + ankn,
a B Gasuce €}, ¢, ..., e, — dopmyaon
fz) =al&] +asés+ ... +ang),.

Tak xax a; = f(e;), a aj, = f(e,), To

ay, = flager + agkez + ... + appey) =

= alkf(el) + OéQkf(@Q) + ...+ Olnkf(en) =
= Q101 + Q202 + ... + QpQp.

Mge1 BUAMM, CIENOBATEIBLHO, ITO K02 PPUyUenmbl AuHetin ot
Popmvr npeobpasyromes npu neperode x dpyz2omy basucy
max sce, Kax 6exmopul 6a3uca (WM, KAK THOTAA TOBOPAT,
Koepeduenmno BeKTOpaM Gasmca).

IIpumep 1. B npocrparncTse, BEeKTOpaMu KOTOPOI'O
ABIIOTCS HempephIBHBIE QYHKIMA ¢(t), 3a aHHBIE HA OT-
peske [a, b], paccmorpuM dyuKumio f(y), 3agannyo Gop-
MYJIOn

Idra QYHKIUA JUHENHA, TaK KAK BHIMTOJHAITCA ycaoBusa 1°
u 2°.

JercTBATEIbHO, MEPBOE M3 HUX O3HAYAET, 9TO MHTE-
rpaj CyMMBbI PABEH CyMMe MHTErPaJoB, a BTOPOE O3HAYA-
€T, 9TO MOCTOAHHBIA MHOXUTEIb MOXHO BHIHOCUTD 33, 3HAK
MHTErPaJIa.
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MIpumep 2. B ToMm ke mpocTpaHCTBE PaCCMOTPUAM
byuknuio f(¢), onpenerernyio crenyomuM 06pa3oM. Boi-
6epem Ha oTpeske [a,b] HekoTOpOE 3HAYEHHUE t = t) U TO-

f(p) = p(to).

[IposepbTe, aTO dTa DyHKumA f(p) Takxke JMHENHA.

2. Bwmneunsie ¢popmel. CyIIeCTBEHHYIO POJIb B NATb-
HeumeM 6y Iy T UrpaTh OWINHENHBIE U KBAJPATUIHBIE (Y H-
kruu (Gopmel).

Oupepgenenune 2. Mu zosopum, umo A(z;y)
ecmy buaunetinas Pynryus (Ouaunetdnas gopma) om eex-
Mopos & u Y, ecau:

1° npu purcuposanmom y A(z;y) ecmov aunetdnas Pyn-
KYUs om x,

2° npu Purcuposannom r A(x;y) ecmo aunetinas Pym-
KYus om y.

WNubivu cioBamu, B CHLy ONPEEICHUA TUHENHON (DYHK-
nuu ycaoBus 1° m 2° 03HAMAIOT COOTBETCTBEHHO

1° A(zy + z2;y) = Az13y) + A(z2;9),
A(Az;y) = AA(z;y).
2° A(z;y1 +y2) = Alzsy1) + Az y2),

Az; py) = pA(z; y).
[Ipumepsl. 1. PaccMoTpuM n-MepHOE TIPOCTPAHCT-

BO, B KOTOPOM BEKTOP €CTh COBOKYIHOCTEL 1 wucel. [lomo-
XKUM

A(z;y) = annéaim + aeéima + ... + a1néinn +
+ an1éom1 + axnéong + ...+ azan, +

+ anlfnnl + an2§n772 +...+ annfnnna (2)

rae 2z ectb BekTop (&1,&2,...,&n), a y—BEKTOp
(mym2, -+ ,mn). DPopmyna (2) onpenerser OuruHen-
Hyio Qyskowio. B camom jgeme, eciau 3apuKCUpPOBATH Y,
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n
T.€. CIATATD 11,72, . ., Ty MOCTOSHHBIMUA, TO Y, Gikéink
3aBUCAT OT §; JUHEWHO, T.€. €CThb JIHHeﬁHa:fkq)lyHKuHﬂ
or z = (&,&,...,&,), a npu mOCTOAHHBIX £1,&9,...,&,
dbopma A(z;y) — auHenHAA QYHKIUA OT Y.

2. B mpocTpaHCTBe, B KOTOPOM BEKTOPAMU ABIAIOT-
ca HempepsiBHBIE GyHKIuU f(t), pACCMOTPUM CJIELYIOLIAN
npumMep Owmiamuennou ¢yukuuu. [lycrs K (s,t) — HEKOTO-
pas HempepbIBHAA (HYHKIWA IepeMeHHbIX § u t. [lomoxum

b b
AmwszK@wmmwwﬁ

A(f;g) ectb GunmuerHAA QYHKOUA BEKTOPOB f U g.
[lencTBuTenbHo, yeaosusa 1° u 2° npoOBEPSIOTCA TAK XKe,
KaK U B mpuMepe | mpeasiymero myHKTa.
Ecau K(s,t) =1, To
b b

Ammzjjﬂwwwﬁzfﬂ@@/mmm

r.e. A(f,g) ecTb mnpomsBegeHWEe JWHEWHBIX QYHKIUN

/b £(s)ds m /b g(t) dt.

Yunpaxueunune. Ilokasars, aro ecin f(z) u g(y) — auHennbe
¢yuxuun, To nx npoussegenue f(x)-g(y) ecTs OmiuHenHas QyHKIAL.

Ounpengexennme 3. Buaunetnas @Pynryus (pop-
Ma) HO3bIBAEMCA CUMMEMPUUECKOT, €Cal Oast A0ObIT BEK-
MOPO8 T U Y UMEEM MECMO PABEHCMEBO

Alz;y) = Aly; ).
B npusenerrom Bhime npumepe 1 onpenenerras Gpopmy-
nou (2) 6wmmaennaas popma A(z;y) cuMmerpmaHa TOTAA U
TOJBKO TOT[A, KOTAA Gf = Gf; AJA JIOObIX ¢ u k.
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Ckaasproe npouzeedenue (r,y) 6 e6KAuI080M NPOCM-
PAHCMBE ABAACMCA NPUMEPOM CUMMEMPUUECKOT OUAUHEL-
noti opmut.

B camom merne, akcumombr 1°, 2°, 3° CKAIAPHOTO MIPOU3-
BefieHnA (§2) Kak pa3 W 03HAYAIOT, ITO CKAIAPHOE IIPOU3-
BeJIEHNE eCTh CUMMETPUIeCKasA OUIMHERHAA (PopMa.

3. Marpuna 6uiuaenHon ¢popmbl. Mer onpegenunu 6u-
JUHETHYIO (POPMY aKCHmOMaTUdecKu. BribepeMm Temneph B
7-MEPHOM IIPOCTPAHCTBE KAKOU-I1O0 6a3uc €1, €e9,...,e, I
BhIpasuM OwimHenHyo Gopmy A(z;y) depes KOOpAMHATEL
£,6, ..., un,n2,. ..,y BEKTOPOB £ U Y B 3TOM Oa3uce.
Mer umeem:

A(zyy) = A(Srey+&oea+. . A-Enens mer+neat. .. +nney).

B cuny csoucTs 1° u 2° GunuaenHOU (HOPMBI

A(&rer +&ea + ...+ &pen; mer +mex + ..+ npep) =
=&mA(erser) + &mpAler;er) + ...+ &mnAlersen) +
+ &omAes;er) + EampAles;es) + ... + EannAles; en) +
+ fnnlA(en; 61) + fnn2A(6n; 62) +...+ fnnnA(en; en)a

UIu, KOpodie

Az, y) = Y Ales; er)&ing

ik=1

O6o3uaaum nmocrosuuse A(e;; ex) 1epes a;x. Torga nmeem:

npu 3adannom 6a3uce e1,€s, ..., e, BCAKGA OUsUHETHAA
Gopma 8 n-mepHoOM NPOCMPAHCMEE MONCEM, OBIMb 3ANUCA-
Ha 68 8ude

n
A(zsy) = Y anbing, (3)
ik=1
2de £1,&, ..., &, — KoOpIUHGMBL BEKMOPA T, G 11,72, - - -

.y — KoOpJuHAMBL 8eKkMoOpa Yy 8 JdanHom basuce.
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Hucaa a;p, 308ucam om 6bibopa 6G3UCH U BLIUUCAAIOMCA
no dopmyaam

air = A(eg; eg). (4)
Marpuna A = ||| HasBIBaeTCI Mampuuet busuneti-
noti gopmvr A(x;y) 6 6asuce ey, es, ..., ep.

Takum o06paszom, B Kax oM Gasuce OunuHenHas Gopma
A(z;y) onpenenserca coen marpunen A = ||a;i||.
IIpumep. Ilycte R— TpexmepHOe MPOCTPAHCTBO, BEKTOPAMMU
KOTOPOro ABmaoTca Tpoukm uucer (€1,&2,&3). 3aganguv B R Guam-
mennyio popmy A(z;y) dopmymon
A(z;y) = &um + 262m2 + 363ns.
Bospmem B R B xauecTBe 6a3mca TpuU BEKTOPA
€1 :(17171): €2 = (1,1,_1): €3 = (1,_1,_1)'
Hanpgem marpuny A Gurumnennou dhopmer A(x;y) B aTOM Gasuce.
B cuny (4) moxyamm:
ai1=1-14+2-1-14+3-1-1=6,
a12:a21:11+211+31(—1):0,
ax=1-1+2-1-14+3-(-1)-(-1) =6,
a1z =as =1-142-1-(=1)+3-1-(=1) = —4,
a3 =azo=1-14+2-1- 1)+3~(—1)'(—1):2,
azgz3=1-14+2- (—1) . (—1)+3~(—1)~ (—1) =6,

6
A= 0
—4

N OO

—4
2
6

Taxwum o6pazom, ecrm 0603HaMTE Yepes (€1, £y, £3) u Ny, 75, N3 KOOp-

IMHATHL BEKTOPOB T 1 Y B 6a3uce e, €2, €3, TO

A(z;y) = 6€1m1 — 4€1m5 + 663m5 + 2E5m3 — 4€511 + 26515 + 6573,
4. IlpeoGpa3oBanue MATPUILI GUIMHENHON (POPMBI IPU
usMeHeHuu Gaszuca. [lycThb JaHBI B -MEPHOM MPOCTPAHCT-

Be aBa Oasuca: eq,€3,...,en U f1, fo,..., fn. IlycTs Bek-
TOpHL f1, fo, ..., fn BBIpAXAIOTCA Yepe3 BEKTOPHI Oasmca
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e1,€2,...,e, dopMyraMu

fi =crel +caex+ ...+ cpiep,
f2 = cioe1 + canez + ... + cp2ep,

(5)

Takum 06pa3om, cik, Cok, - - - , Cpk — KOOPJAUHATHI BEKTO-
pa fr B Gasuce e, e, ...,e,. Marpuiy
Ci1 €12 ... Cip
Co1 C29 ... C
C— | c2 2n
Cnl Cn2 Cnn
Ha30BEM MaTpUIEH Imepexona oT 6a3uca e, ey, ..., e, K ba-
3ucy f17f27"' 7fn-
[Iycte A = ||ajk|| ecTs MaTpuna GuinaenHOU GHOPMBI
A(z;y) B Gasuce e, es,...,e,, a B = ||bj|| —marpuna
TOU Xe OmInHenHou GopMHL B 6asuce f1, fo,..., fr,. Hama

3a/a9a COCTOMT B TOM, YTOOBI IO MaTpuue ||a;;| HanTH
marpuy ||big.

IIo ompegenenmio [popmyra (4)] by = A(fp; fq), T.e.
b,q — 3Hadenwe OmiuaenHou dopmer A(z;y) npu z = fp,
Yy = fq ATA TOro 9YTOOBI HAUTU €ro, BOCIOIb3YeMCA
dbopmyaon (3), moacraBus B Hee BMecTO &1,&9,...,&, U
1,72y - ,7y KOODAMHATHI BEKTOPOB f, um f, B Gasuce
€1,€2,...,€En, T.€. IUCIA Clp,C2p,...,Cnp U C1q,C2q,---,Cngq-
Moy uanm:

bpg = Alfp: fo) = Z ik CipChq- (6)

i,k=1

ITO eCTh UCKOMas (popMya.
Sanuimem ee B MaTpudHou ¢dopwme. [ag s>Toro moJo-

ro_ L. /
KUM Cp; = Cip; TAKAM obpa3zowm, Cpi ABIAIOTCS DIEMEHTAMI
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! o
vaTpunsl C', Tpaacnoruposanson Kk maTpuine C. Torga

n
/
bpg = g Cpi®ikChg-
ik=1

B maTpuuHOU ¢popme 5TO 03HATALT *):
B =C'AC. (7)

Urak: ecau A u B cymb mampuybt Ouaunetinot gop-
mvl A(z;y) coomsememeenno 6 0a3ucar €1,€a,...,en U
fi,f2s--+ fn, mo B = C'AC, 2de C — mampuya nepexo-
da om 6asuca e, e, ..., e, K 6asucy f1, fa,..., fn, a C' —
MaMPuUYa, mparcnonuposannas x mampuye C.

5. KBagpaTuunsie ¢opMEI.

Ounpengexennme 4. Ilyemv A(z;y) — cummempu-
ueckasn Ouaunetinas gopma. Dynwrkyus A(x;z), Komopas
noayuwaemes uz A(x;y), ecaw nosoxrcums y = T, HA3bIGA-
emesa xeadpamuunoti gopmoi.

*) IlpomsBenenme AByX MATPHUI ONPEIEIICTCI, KAK W3BECTHO,
TAK: DIEMEHT NMPOW3BEJCHUA MATPHUI, CTOAIMNA HA MEPECEedIeHU: i-1
cTpoku u k-To cToabma, paBeH CyMMe IPOM3BEIEHUU DJIEMEHTOB i-
U CTPOKH HEePBOM MATPHUIBI HA COOTBETCTBYIOIIUE 3JIEMEHTHI K-TO
CTO6Ia BTOPOU MATPHUIEL. Y 100HEe 3TO IPABUIO 3AIUCHIBATL B BUIE

bopMyIBI
n
Cik = g aiabak,
a=1

III€ Qo — DIEMEHTHI IIEPBOM MATPHUIILL, & by, — 3JIEMEHTHI BTOPOH Ma-
Tpunsl. OTCIOAa, IPUMEHAS STO MIPABWIO JBAaXK AbI, MOXKHO IIOLYIATh,
9TO MPOMW3BENEHNE TPEX MATPUIll Beraucaserca Tak: ecmu D = ABC,

TO
n

dir = Z GiabagCak.

a,f=1
Ecmn A’ — marpuna, TpaECTIOHUpOBaHHAA K MaTpuie A, TO dIeMeH-
n

THI MATPULBL A'BC umeroT Bujg Z Gaibagcpr-
a,B=1
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A(z;y) maseiBaeTca OuauHENHON GOPMOU, NOAAPHOT K
kBagpaTwaHou dpopme A(z;x).

Tpe6osanue cummerpudaocTu ¢bopmbl A(z;y) B ompe-
IeJeHUY KBAJAPATUIHON (HOPMBI ONPABIBIBAETCA CAETYIO-
UM TpeIoXeHneM, KOTopoe 6e3 3Toro 66110 6B HEBEPHO.

Hoaspuasn gopma A(x;y) odnoznauno onpedeasemcs
ceoeti keadpamuunoti gopmoti A(x;x).

JokaszaTeabcTBso. 3onpenerenns OCUINHENHOR
(OPMBI JIETKO CJAEAYET, ITO

Alz +y;z +y) = Alz;z) + Az y) + Aly;2) + A(y; v)-

Orcioga B cury cummerpuu (T.e. pasencrBa A(r;y) =
= A(y; z)) noxyaaem:

Alzy) = g[Ale +y:a +y) — Al ) — Aly:y))

B nmpaBoit 9acTm 3TOr0 paBeHCTBA CTOAT 3HAYCHUAA KBAAPA-
TUIHOU (POPMBI; CIEAOBATEIBHO, MBI JOKA3AIM, ITO OWIU-
nernasa popma A(x;y) onpeenaeTca cBOeN KBaIPaTHTHON
dbopmon *).

Brime MBI yXe JOKa3aam, ITO BCAKAA CHMMETPUICCKAS
6ununennas ¢dopma A(x;y) 3anmMCBIBACTCA Yepe3 KOOPAU-

*) Pymkuma A(z;r), momryueHHas m3 mpom3BOABHOU (HE 00A3a-
TEIBHO CUMMETDPUIeCKOn) 6mmuenHou Gopmbl A(z;y), MOXeT OBITH
MOJIyYeHA U U3 CUMMETPUYEeCKON OUINHENHOU (HOpMOH. [encTBUTE b~
HO, mycTs A(r;y) — mpomsBoabHAA OuamHEenHAA HOpPMA; TOTAA

Ai(wy) = 5[A(w39) + Aly; 2)]

€CTh CHOBa OmaumHenHasd HOpMa U IPUTOM, KAK MOXKHO BUIETH, CHM-
merpudeckas. Ho

Ai(;2) = L[A(wi2) + Alws0)] = A3 ),

N | —

r.e. Ai(z;y) mpusoawT Hac (mpm y = T) K TOU K€ KBAJPATUIHON
dbopwme, aro u A(z;y).



§4} BUJIMHENHBLIE U KBAIPATUYHBLIE &OPMbL 73

HATHI BEKTOPOB & U Yy B BUIE

n
Alwiy) = > ambing,
ik=1
re a;, = k. llosTomy:
seakrasn keadpamuunas Popma A(x;xz) npu 3adanmom
basuce BbIPGHCAEMCA POPMYAOT

n
Alw;z) = Y awlibs,
ik=1
rIe G;; = Qk;- BBeJeM ele OJHO BajXXHOE
Ounpengexennme 5. Keadpamuunas gopma A(x;x)
HA3bIBACMCA NOAONCUMEALHO ONpedescHnot, ecau 0 A10-
6020 sexmopa x # 0

A(z;z) > 0.

Opuwmep. A(r;z) =E2+€2+...+ &2 apnaerca, oue-
BUIHO, MOJOXUTEIHHO OMPENEIeHHON KBAPATUIHON (DOP-
MOH.

[Iycts A(x; ) — HOJOXKUTEILHO OMpEeIeHHAA KBAJPa-
tuanas ¢opma u A(z;y) —ee momspuas dopma. B cumiry
cHOPMYIMPOBAHHBIX BHIIIE ONPENEJEHUN DTO O3HAIAET:

1° A(z;y) = A(y; z).

2° A(z1 + zo3y) = A(z13y) + Az23y).

3% A(Az;y) = AA(z;y).

4° A(z;z) 2 0m A(z;z) > 0 opu = # 0.

Mbl BEAUM, YTO DTU YCJIOBHUA COBIAJAIOT C AKCHOMa-
MU CKAJISAPHOTO MPOU3BEAEHUA, C(DOPMYIUDPOBAHHBIMU B § 2.
CrenoBaTeabHoO,

cKaaapHoe npoudsedenue ecmob busunelinas gopma, co-
0MBEMCMBYIWAL NOAOHCUMEALHO Onpedeernoti Keadpa-
muunot gopme, u a00aa Mmaras Gopma moxrcem Ovimb
NPUHAMG 30 CKAAAPHOE NPOU3BEIEHUE.

[TosTOMYy MBI MOXEM ONPENEAATH EBKINIOBO IPOCTPAH-
CTBO CJAemyIomuM 00pa3oM.
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Egxaudosvim npocmpancmeom mnasvieaemcs ap@umnnoe
nPOCMPAHCMBO, 8 KOMOPOM BbIOPAHG KAKAA-HUOYIL Purk-
CUPOBARHAA NOAOHCUMEABHO ONPEICACHHAA KBAOPATNUUH AL
dopma A(x;z). 3nauenue A(zx;y) coomsememsyrowet )
etl buaunetinot Gopmvl CuUMaemca NPu IMoM CKAAAPHBIM
npouseedenuem **) 6exmopos T u y.

§ 5. IlpuBeaenne KBagpaTUIHON POPMBL
K CyMMe KBaJpaToB

Mpui 3HAEM yXKe, YTO BHIPAXKEHUE KBAAPATUIHON (DOPMBI
A(x; x) 9epe3 KOOPAMHATEI BEKTOPA I 3aBUCUT OT BHIOOPA
6asuca. B aTom naparpade OyneT mokasaHo, KaK IPUBECTHU
KBaAPATUIHYIO POPMY K CyMMe KBaIPaTOB, T.€. BEIOPATH
Takon 6asuc (CuCTeMy KOOPAWHAT), B KOTOPOM KBaJpa-
TuaHasg GOpMa UMEET TPOCTOU BUJ

A(m;8) = MED + Dol + ...+ A2, (1)
[Iycts B HEKOTOpOM Gasuce f1, fo,. .., [, IMeeM paBeH-
CTBO
n
Az, m) = ) amnimg, (2)
i k=1
Tae 171,12, - - - , n — KOOPAWHATHL BEKTOPA T B 5TOM 0a3u-

ce. Bymem mocTeneHHO Mpeo6pa3oBHIBATL 0A3UC TaK, ITO-
661 B dopmyre (2) mpomaganm MpOU3BEJEHUS KOOPAUHAT
C pasIWYHbBIMU WHAeKCaMu. Tak Kak KaxJaoMmy mpeobpa-
30BaHUIO 6A3MCA OTBEYAET ONPENEICHHOE IPe0Opa3OBaHIe
koopauHAT (CM. § 1, . 6) 1 06PATHO, TO MBI MOXEM MUCATH
hopMyIBI IPEOOPA3OBAHUA KOOPAWMHAT.

[ns npusemerma popmer A(r;2) K cymMMe KBanpaToB
HAM HYXHO OyAeT, 9TOOBI XOTh OAUH U3 KO2(hPUIMEHTOB

*) Mser yxe gokasamm, 9To 6mamHenHaA hopma A(x;y) oaHO3HAY-
HO ONpEAeMAeTCA CBOeU KBaapaTtwanou dhopmou A(x;x).
**) Bsmme onO 0603Ha9AI0CH (T,Y), a He A(T;Y).
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akk (kooddunmenT mpu 7)?7) GBI OTIMYEH OT HyIA. DTOTO
BCEr/la MOXHO AOOUTHCA. [[eMCTBATENBHO, TTPEATION0XKIM,
110 popma A(x; ), He paBHAS TOXJECTBEHHO HYJIIO, HE CO-
JEepXKUT HA OJHOTO KBAAPATA IIEPEMEHHOT0; TOTAa OHA CO-
IepXKAT XOTA ObI OMHO IIPOU3BENEHAE, HAIIPAMED, 2a127)17)2.
3aMeHUM KOOPAUHATHL 7] U 7)2 TO GHOPMYIaM

m = ni +n,

2 =11 = 7,
HE U3MEHAA OCTAJbHBIX IIEpEeMEHHBIX. [Ipu 5ToM mpeobpa-
30BAHUE “LTeH 2a1o7172 Tepeiget B 2aio(n? — ni2), m Tax
KAK, [T0 MPEAIONOXKEHNIO, 1] = 9 = 0, TO OH HE C Ie€M He
MOXET COKPATHTLCA, T.e. KodhduIuenT mpu 7} oramen
OT HyJIA.

Byaem Teneps cumrarh, uTo yxke B dopmyrne (2) ko-

sddunuent a1y # 0 *). Beigeanm B Hamen KBaapaTHTHON
(hOpMe WIEHBI, COAECPKAIIHAE 7)1 :

2
a1y + 2ai2mnz + ...+ 2a1,m0.
[omonrauM 5Ty CyMMy [0 ITOMHOTO KBAAPATA, T. €. 3AIMUIIEM

ee B BUJe

aunf + 2a1o0mm2 + ...+ 2a1,m0, =
1
= a(anm +...+ alnnn)2 - B, (3)

rae gepes B Mbl 0603HAMMIN <WIEHBI, CONEPKAIINE JIAIIH
KBAJPATHl U TONADHBIE NPOU3BENECHWUA IECHOB (1271)2, . . .
.+, G1pTy- Ilocae nogcranosku Beipaxenus (3) B (2) pac-
cMaTpuBaeMas KBaJpATUIHAA (GOPMA IPUMET BUJ

A(z;z) = (aam + ...+ alnnn)2 +...,

ail

") Ecmm ai1 = 0, HO oTamaen oT Hyas k0>hQPUUMEHT IpU KBa-
apare Kakou-HuOyAb OIPYTOU KOOPAWHATHL, TO K PACCMATPUBAEMOMY
CIy9ai0 MOXHO IPUUTHU, MHAYE 3aHYMEPOBAB BEKTODEL €1,€2,. .., €En,
YTO TaKXe ABIAETCA HEKOTOPHIM IpeoOpa3oBaHUEM HTOro 6a3uca.
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I'I€ HEBBINMCAHHBIC WICHBI COAEPXKAT TOJBKO IIEPEMEHHBIC

n2’ e ’nn'
Ilomoxum

7]1‘ =anm +ai2n + ...+ aiphn,

*

2 = 12,

Torpga xBagpaTuvHas ¢popMa IpUMET BUT

n
L)
Alws) = =i + _;2 as i -
i,k=

n
Bripaxenue ) aj.ni7; BIOIHE AaHAJTOIMYIHO IPABOK
ik=1

qacTu GOpMYasl (2) ¢ TOU TOIBLKO PA3HUIEU, ITO OHO HE
COZIEPXKUT MEPBOU KOOPAMHATHL. IIpeamonoxum, 910 Koap-
dunuenT a3, 7 0 (9TOro, KaK MbI BHIEIN, BCErLa MOXKHO
NOOUTHCA MPOCTBIMEA BCIOMOTaTEIbHBIMI MTPEOOPA30BAHN-
amu). Torga MOXHO IPOM3BECTH HOBOE, AHAJIOTUIHOE Hep-
BOMY, IPe0Opa30BaHUe MEPEMEHHBIX M0 (hOPMYyIaM

skosk *
m =",
Xk * * * * * *
Ny = Q9979 + Qo3M3 + ... + Gop Ty,
ok *
n3 = URY
Xk *
M = U

B HOBBIX mEpeMeHHBIX HOPMA IPUMET BU[
1 1 -
. _ *%2 *%2 kk ok kk
Alzyz) = —m™ + " + Z Qi M M -
il 22 ik=3

[Ipomonxas >TOT TPOIECC, MBI MMOCJIE KOHEYHOT'O <HCJIA
mwaroB mpujgeM K nepemeHHbM 1,8, ...,&,, B KOTOPBIX
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dopma A(z;x) Oymer umeTsb B
Az z) = &+ X8 + .+ Anéh,

npuieM m < n.

Msr mpemocTaBiaseM UUTATENIO BBHIIACATH MPeoOpaso-
BaHuWe 0a3mca, OTBEIAIOIMIEE KAXKAOMY W3 IIPOU3BEIEHHBIX
npeobpasoBanui koopauHaT (cM. m.6 §1), m ybegurnes,
ITO HAIIK MPEeO6PA3OBAHUA AEUCTBATEILHO MEPEBOAAT Ha-
3uC CHOBa B 6a3mc, T.e. IYTO HMOXyIeHHBIE W3 Oa3umca B pe-
3yJbTATE MPEe0OPA3OBAHUA BEKTOPHI CHOBA JUHEHHO HE3a-
BUCHMBI.

[Monaras B caygae m < n, 9T0 App1 = ... = Ay = 0,
MBI TIPUXOTUM, TAKUM OOpPa30M, K CIEAVIOIIEN TeopeMe:

Teopewma. Ilycmv 6 n-meprom npocmpancmee 3a-
dana npoudsoavrai keadpamuunas gopma A(x;xz). Tozda
8 R cywecmeyem 6a3uc e1,ea,...,en, 6 KOMOPOM IMA
Keadpamuunas Gopma umeem 6ud

Az m) = ME + Ml + ...+ A&,
2de &1,&,...,& —Koopdunamuvr eexmopa T 6 6azuce
€1,€25...,€En.

TlpuBegem mpumep TPUBEAEHUA KBAAPATUIHOU (HOPMBI K CyMMe
KBa/JpaTOB II0 OnKUCaHHOMY MeToay. IlycTh B TpexMepHOM ImpOCTpaH-
CTBE C HEKOTOPBIM 6asucoM fi, f2, f3 3amana kBagpaTtudHas ¢opMa

Az;x) = 2mine + 4mns — 5 — 83

TTomoxum ,
m =12,
2 = 77;,
N3 = 1;-

Torga momy4amm:
Alw; o) = —n)” + 20} + s — 8173
[amsmre, moxaras

no=—n1+ 0,
n = s,

UK 773 )
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MBI TIOJIYYUM HOBOE BBIDAXKEHUE IJA KBAAPATUIHOUN (POPMBIL:

Alw;z) = =i +05° + dnsms — 83

IIpeobpaszoBanue
&1 =1,
2= 3 +2m3,
€s = 3

BBIJCINT M3 Halell KBaAPATUIHOW (POPMBI elle OAUH IOJTHBIA KBa-
aparT, mocae 1ero hbopMa IPUMET KaHOHWYECKUN BUI:

A(zyz) = —& + & — 1265,

Nmes popmy.ibl, BeIpaXKalomme 0y, 15, ..., 1, Iepe3 1,
12,...,0p, 3aTeM N, ..., N5 gepe3 n},n5, ..., N, * T.I.,
MBI MOXEM ITONYIUTh BhIpaXkKeHue KoopauaarT 1,82, ...,&,
Yepe3 MePBOHAYAIBLHBIE KOOPIUHATHL 11,72, - - - 5 N

§1=cum +cieme + ... + Ciptn,
§2 = ca1m1 + co2m2 + ...+ Conlin,
§n =cCp1m +Cp2m2 + ...+ Cuntin.

Tak, B mpuBegeHHOM BbIIIE IpUMepPe 3TU POPMYILI UMEIOT BUL

§1=m — 12,
&2=m + 2ms,
53 = ns.

Benomwmnas (§ 1, m. 6), wTo marpuna, gaomas npeodpa-
30BaHME KOOPAUHAT, ABIACTCA OOPATHOW M TPAHCIIOHUPO-
BAHHOW K MaTpuie npeobpa3oBaHmA 6a3mca, MBI MOXEM
BBIPA3UTH BEKTOPHI HOBOT'O DA3UCA €1, €2, . . . , €, T€PE3 BEK-
TOPHI cTAaporo Gasuca fi, fo, ..., fn:

er = di1f1 +diafo+ ... +dinfa,
ex = do1 f1 +daafo+ ...+ day fr,

€n = dnlfl +dn2f2 + ... +dnnfn-
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Ecau B nporecce npuBeeHns HaM HI Pa3y HE TPUXOTUIOCH
IIPOU3BOUTE MPE0OPA3OBAHNA, MEHAIOIIETO CPA3Y ABE KO-
OpAMHATH (Takoe Npeobpa3oBaHue, KAK MbI IOMHUM, IIPU-
XOJUTCA COBEPIIATDH, KOrAa B mpeoOpasyeMon (popme OT-
CyTCTBYIOT KBapaThl KOOPAUHAT, 1100 €CIU IPUXO JUIOCH
MEHATH HyMepanui), To (GopMyIbl IpeoGpa3OBAHUA MMe-
0T BU[

§1 =cum +ciam + ...+ Cipfn,
§o = C2M2 + ...+ Conn,

fn = CnnTln,

T. e. MATPUIA TPe0OPABOBAHUS ABIAETCA TAK HAZBIBAEMOU
TPEyroJbHOU MaTpuien. JIerko mpoBepuTh, YTO MATPHUIA,
npeobpa3oBanua 6a3uca OyJeT B 3TOM CIydae TaKXke Tpe-
YTOMBHOU MATPUIEH BUIA

e1 = di1 fi,
eg = da1 f1 + daa fo,

€n = dnlfl +dn2f2 + ... +dnnfn-

3aeck dop — anrebpamdeckoe JONOIHEHME SIEMEHTA Cqp
MaTpunsl ||cik||, mereHHOE HA OMpemenruTeNs STON MaTpHU-
IBL

§ 6. IlpuBeaeHue KBaAPATUIHON POPMBI K CyMMe
KBaPaTOB TPEYTrOILHLEIM IpPeoO6pa3oBaHUEM

1. BoTom naparpade MbI yKaxeM eIrle OuH CIrocob mo-
cTpoeHusa 6a3uca, B KOTOPOM KBaAPATUIHAA (HPOPMa IPU-
BOAUTCA K CyMMe KBaApaTOB. B oTimtiue OT mIpeabIIyero
maparpada Mbel gaguM GOPMYJIBL, BHIPAXKAIOIINE UCKOMBIT
6asuc ey, e, ..., e, HEMOCPEAICTBEHHO Yepe3 UCXOMHBIN Oa-
3uC (a HE B HECKONBKO MIATOB, KAK B § 5).
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I[Ipu >ToM, omHAKO, MBI [OJXKHBI Oymem Ha GOpPMY

A(z;y) m ucxogubi 6asuc f1, fo,. .., fr HATOXWUTH Cremy-
I0lllee OTPAHUYIEHUE: MyCTh ||a;|| — MaTpuna GuinHenHON
dopmbr A(z;y) B 6asuce f1, fo, ..., frn. MbI npegnonoxum,

YTO CAEAYIONMEe MUHODPHI MATPUIHI ||a;k|| BCe OTIMYHBL OT
HyJIq *):

) ail @12 i )
Alzall#oa Ag = #07 )
az1 G2
ail 012 ... G (1)
ag1 @22 ... G
A, = |21 922 | £
an1 Gn2 Qnn
B kaxmom 6asuce f1, fo,..., fn KBagpaTudHas ¢opma

A(z; x) umeer Bujg

Az, z) = Y andibe, tae an = A(fi, fr)-

ik=1

Hama neab — onmpeneauTs BEKTOPH €1, €2,...,€, TakK,
9T00OBI

Alejier) =0 mpu i#k (i,k=1,2,...,n). (2)

[Tpomnece, ¢ MOMOUIBIO KOTOPOTO 3TO OyAET CAETAHO, CO-
BIIAAET C IPOIECCOM OPTOTOHATA3AIMY, OMMACAHHBIM B 1I. 1
§ 3, ecii 3aMEHNTD B 3TOM IPOLECCE CKATAPHOE TP OU3BEIe-
HUE BEKTOPOB NPOM3BOMLHON Omnmuernnou dhopmon A(z;y),
ynoBaeTBopsomen ycaosuaM (1).

*) MoxHO mOKa3aTh, ITO 3TO TPEeOOBAaHME PABHOCWIBHO TOMY,
9TO HpPY IPUBEJEHUM KBAJPATUIHON POPMBI K CyMMe KBaAPATOB MO
METO/Y, OMUCAHHOMY B §5, a11 Z 0, azy #0 u T. 1.
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Byaem uckath BeKTOpHI €1, €9, ..., €, B BAIE

er = a11 f1,
ex = a1 f1 + a2 fo,

(3)

€n = anlfl +an2f2 + ... +annfn-

Koo dpuumeHTsl o) MOXHO OBLIO OBl HAUTHU U3 yCIOBUHI

(2), mOACTABUB B 5TU YCIOBUI BMECTO €1, €2, . . . , €, UX BbI-

paxenusa u3 (3). OgHAKO 5TO HEYZOOHO NI BHIYUCICHUM,

TaK KaK MPUILIOCH Obl PEIIaTh yPABHEHUA BTOPOU CTENEHN

OTHOCHUTEJIBHO Q4. HOCTyHI/IM IO3TOMY HECKOJIBKO WHA'IE.
Ecan

Aleg; fi) =0 nmnma 1=1,2,...,k—1,
TO 1

Alex;e;)) =0 mma i=1,2,...,k—1.
ﬂeﬁCTBHTeﬂbHO, HOACTa.BJIﬂH BMECTO ei Bpra)KeHHe

;i fi + ainfo + ..o+ i fi,

Oy IAEM:
Alersei) = Aleg; ainfr +ainfo+ ... +aiifi) =

= ajAler; f1) + ainAler; fo) + ... + aiiAlex; fi)-

Taxum o6pasom, ectu A(ey; f;) = 0 gaa moboro k u mas
ao6oro i < k, rom A(ex;e;) =0 mua i < k, u cnegoBarens-
HO, B CWJIy CUMMeTpuu OWIWHENHOU (POPMBI U i ¢ > K,

T.e. e1,€9,...,e, — Tpebyembin Hasuc. Hama 3amaga cse-
IeHA, TAKUM 00pa3oM, K CAeqYIONIen:
onpeneanTb KOdQPUIUEHTHL (1, k2, - - - , Xk TAK, ITO-

OBI BEKTOP
er = a1 f1 + onafo + .. 4 apkfr
YIOBJAETBOPAJI YCIOBUAM

Aleg; fi) =0, i=1,2,..., k-1 (4)
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OTUMU YCIOBUAMU BEKTOP €f ONPENeIseTcsa ¢ TOYHO-
CTBIO O TOCTOAHHOIO MHOXUTENA. 3aPUKCUPYEM DTOT
MHOXUTENb ¢ IIOMOIIbI0 TpeboBaHUA

Aler; fr) = 1. (5)

Mu yBugum cenvac, aro ycrosuamu (4) m (5) BexkTop eg
OTIpE/IesIeH yXKe OHO3HATHO.

[Moacrasus B (4) u (5) BEIpaXkXeHWE 1A €f, MBI TIOLY TUM
CIEAVIOUIYIO CUCTEMY yPABHEHUU IIEPBOU CTEMEHU OTHOCHU-
TETBHO (g

art A(f1; f1) + areA(f1; f2) +. .+ arp A(f1; fr) = 0,)
a1 A(f2; f1) + ar2A(f2; f2) +. . .+ areA(fo; fr) = 0,

apt A(fe—1; f1) + a2 A(fr—1; f2) + ...
oo+ apA(fr—1; fr) =0,
a1 A(fes; f1) + an2 A(fr; f2) +. . A A frs fx) = 1. )

Onpenenurens >TOU CUCTEMBI YPABHEHUN PABEH

A(frs f1) A(fis f2) - A(frs f)
Ay = A(fa; 1) A(fai f2) - A(f2 fr) (7)

A(fes f1) A(fe; fo) oo A(frs fr)

u 1o ycaosuio (1) orimaen ot myus. [losTomy pemenue cu-
crembl (6) cymecrByer u eamHCTBEeHHO. TakuMm 06pasom,
3a/1a9a HAXOXKIEHUS BEKTOPA € HAMU DEIIEHA I JH00-
ro k.

Hagem meneps koadpduumeHTh bj), KBaIPATUIHON
dbopmer A(z;x) B Gasuce ey, €9, ..., e,. Kak HamM yxe u3-
BECTHO,

bir = Ale;;ek).

[To mocrpoenmto sroro Gasmca, A(e;;er) = 0 npm 7 # k,
T.e. bjp = 0 npm 1 # k.
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Boramennm by, = A(ek; ex):
Alegser) = Aler; o fi +akafo+ ...+ cawrfi) =
= a1 A(er; f1) + apaAler; fo) + ... + appAler; fr) ¥)
u B cury ycaosun (4) u (5)
Alex;er) = agg.

Yucno g MOXHO HaUTH U3 cuctemsbl (6); cormacHO mpa-

Buny Kpamepa
Aj_

rae Aj_i-— OUpeIenuTeNb, AHATOrUIHBI (7) TOPAIKA
k — 1, m rage momoxeno Ay = 1.
Takum ob6paszom,
Ag—1
A

bk = Aler;er) =

NTak, mokasaHa ClIenymomas
Teopewma 1. Ilyecmw 6 6asuce f1, fa,..., fn xK6adpa-
muunas Gopma umeem 6ud

A(z;z) = apming,  TAe ik = A(fi; fr)-

IIycmy, daaee, onpedeaumenu

Ar=an, Ap= |t M2
a1 a22
ailp a1 ... aip
An _ agl ag ... 4op
an1 Gn2 Qnn

omauunbt, om wyas. Toeda cywecmsyem 6a3uc eq,ea,. ..
..y€n, 6 Komopom A(x;x) 3anucwieaemca 6 ude cymmbl

*) BeIkmanka CHIBHO yCIOXKHUATACH ObI, €CIu ObI MBI 3AMEHUIN €
€ro BBIpAXKEHUEM 4uepe3 f; M Ha MepBOM, X HA BTOPOM MECTe.
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K8adpamos caedyuum 00pa3om:

A A Ap_q
Awsz) = T+ TE+- -+ 3G

2de & — Koopdunamuvl 8eKMOPa T 68 OA3UCE €1,€2,. .. ,Ex.
ITOoT crocob NPUBENEHUA KBAIPATUIHON POPMBL K CyM-
M€ KBapPaTOB OOBIYHO HA3BIBAETCA Memodom Arxobu.
3dameganue. B mpomecce mokasareirbCcTBa Teope-
MBI MBI IIPUILTYA K HEKOTOPOMY BIIOJHE OIpeneJeHHOMY Oa-
3UCY €1,€3,...,6n. DTO, KOHETHO, HE O3HATAET, ITO Oa-
3UC, B KOTOPOM KBAJPATUIHASA (POPMA MIPUBOJUTCA K CyM-
Me KBaJpaToB, BOOOIIE eIUHCTBEH. [[eNCTBUTENBLHO, €CIn
B3ATH APYrOM UCXOAHBIN 6asuc fi, fa,..., fn (maxe mpo-
CTO, €CJIIV 3aHYMEPOBATH €r0 BEKTOPHI B PYTOM MOPALKE),
TO ONMUCAHHBLIN BHIIIE MPOIECC MPUBEIET HAC, BOOOIIE T'O-

BOpA, K ApyroMmy 0asucy ej,es,...,e, (He FOBOpA yxke O
TOM, 4TO 6a3uc ey, €y, ..., e, He 00A3aTETHHO NCKATH B BU-
ze (3)).

IIpuwmep. Paccmorpum xBagparuanyo dpopmy
267 + 36160 + 46163 + €3 + €3
B TPEXMEPHOM IIPOCTPAHCTBE C 6a3uCcoM
fi=1(1,0,0), f2=1(0,1,0), fs=1(0,0,1).

CooTBeTcTByOIIAA ey OUInHENHAA (HOPMa UMEeT BUJ
3 3
Az;y) =26m + S€1m2 + 2613 + S&em + Eam2 + 26371 + Ean.

Berauncaus onpegemuremu Aj, A u Ag, momryduMm, 9YTO OHM PABHEI
COOTBETCTBEHHO 2, —i u —4%, T.e. HU OAVH U3 HUAX HE HYJb. Y CIOBUS
TEOpEeMBI, TAKUM 00Pa30M, BBIIOMHEHBI. [10M0%uM

er =aifi = (@11,0,0),

e2 = a2 f1 +axnf = (a21, @22,0),

es = as1f1 + asa fo + assfz = (as1, a3z, ass).

Kosddumnuenr 11 Haxoaum u3 ycaopus

A(el;fl) =1,
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1
T.e. 211 = 1, wm an = 5 U, 3HAYIUT,

1= %f1 = (%,0,0).

[t a1 1 g2 UMeeM ypaBHEHUs

Afe2; f1) =0 m  Ales; fo) =1,
wim 3 3
2001 + 5022 = 0; 5021 +az = 1,
OTKyZa
a1 =6, ap = —S§,
T.e. e2 = 6f1 —8f>» = (6,—8,0).

Haxonen, ams asi, 32, 33 IMEEM CUCTEMY yDPaBHEHUN

Ales; f1) =0, Ales; f2) =0, Ales; f3) =1,

T.e 5

20031 + FQs2 + 20i33 = 0,

3

5031 + a2 =0,

2031 + a3z =1,
OTKyna . - )

Q31 = 775 82 = T ms 483 = o

T.e

8 12 1, (8 12 1
7 h 17f2+17f3_(17’ 17’17)'
Ksagparuunas ¢popma B H6asuce 61, €2, €3 UMEeT BU

2 1 .2
Alz;z) = _Cl +— 5 +— 3= Cl 8¢z +ﬁC3:
rae (1, (2, (3 — KOOpAWHATHI BEKTOPa & B Oa3uce €1, €2, €3.

2. Buimie npu 10Ka3aTeabCTBE T€OPEMBI 1 MBI HE TOJIb-
KO mocTpomnu 6a3mc, B KOTOPOM [MaHHAA KBAaAPATAIHAA
¢ opMa 3amKUCHIBAETCSA KAaK CYMMa KBaIpPaTOB KOODAWHAT,
HO ¥ IOJYYWIN BIOJHE ONIpPeIeleHHbBIe BRIPAXKEHUI I KO-
3¢ GPUNNIEHTOB OpHU STUX KBaJpaTaX, & UMEHHO:

1 Aq Ap_1
Al b A2 79 Tt An b
TaK 9TO KBaApATUIHAL (pOPMA UMEET BH/

19 Ay Ap_i .2
IR e R (8)
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BTO Aa€T HaM BO3MOXHOCTBH HaﬁTH INCJIO ITOJOXKXUTEIBbHBIX
7 OTPUIATEIbHBIX KO PUIreHToB npu KBaaparax. men-
HO, ecad A; 1 1 AA; IMEIOT OAUHAKOBLIE 3HAKH, TO KOdDhu-
IWEeHT IIpu 51'2 TIOJOXUTENEeH, eCIU XKe UX 3HAKW PA3INIHbI,
TO 3TOT KOX(P(PUIMEHT OTPULIATENEH, T.€. IUCIO OTPHUILA-
TeJbHBIX KO3(pPUIMEHTOB IIPU KBAIPATAX PABHO IUCLY IIe-
peMeH 3Haka B pALY

1,A A, ..., Ay

Urak, gokasaHa Cregyiomas Teopema.

Teopewma 2. Hucao ompuyamesvnbiz x03Pduyuen-
moe npu Keadpamaz Koopouram 6 Kanonuueckom sude (8)
K8aIpaMUUKOl GOPMbL PABHO YUCAY NEPEMEN 3HAKA 6 NO-
caedosameavrocmu onpedesumenct

I,AhAQ,-"aAn *)

[IycTs, B wactHOCTH, A > 0, Ag >0, ..., Ay > 0. To-
rga cymecTByeT 0Oasuc ep,es,..., ey, B KOTOPOM KBaapa-
TU9IHaA popMa mMeeT BUJ

Az z) = MEE+ Moo 4 ... + M2,

npudeM Bce \; > 0. CaegoBarensuo, A(x;z) > 0 pua Bes-
KOTO T, ¥ IPUTOM PABEHCTBO

Alz;z) =Y Mgl =0

BO3MOXHO, JUIIb €CIn

L=6&E=...=§&, =0.
Nuage rosops:
Ecau A1 >0, Ay >0, ..., A, >0, mo xksadpamuunas
Popma A(x; ) — noaorumesbho ONPEIEACHHAA.

*) Mer mokasamu, KaKk HAUTU IUCIO IOIOKUTEILHBIX U OTPHULA-
TeIbHBIX KBAaJPAaTOB IIPU OIPEIEIeHHOM CIOCO0e IpUBEJeHUs KBa-
apatwaHON (HOPMEI K CyMMe KBaapaToB. B caegyromem maparpade
OyaeT ImOKa3aHO, ITO dTO YUCIO — OJHO M TO XK€ IPHU BCeX crocobax
npuBeAeHUsa (pOpMBI K CyMMe KBaIPaTOB.
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O6patro, mycTs A(Z; %) — MOJOKUTETHHO ONPEHENEH-
Hasa KBagpaTudHaa popma. [lokaxeM, 9TO B 5TOM CIydae

Apr>0 (k=1,2,...,n);

UL 3TOTO TOKaxeM pambine, 9To Ay # 0. [Ipegmomoxum
MPOTUBHOE, T. €. 9TO

A(fr; f1) Alfrsf2) - A(f1; fr)
Ay = A(fas 1) A(fas fo) oo A(f2s fr) 0;

A(fes f1) A(fk; fo) oo A(frs fr)

TOT/Ia, OMHA U3 CTPOK DTOrO ONPEAETUTENI €CTh JUHETHASL
KOMOUWHAIAA OCTAJBHBIX, T. €.

P A(f1; fi) + paA(fa; fi) + o + pA(fis fi) = 0,

t=1,2,...,k, rae He Bce uj; paBHE Hymo. Ho Torga
A(pfr+pafo+ .o+ pefes fi) =0 (i=1,2,...,k),

a ClIe[0BATENbHO,

A(pr fr +pafo+ oo+ prfres pfi +pafo+. oo+ pefe) =0,

B TO BpeMia KaK

pifi + pofo+ .o+ prfr #0,

9TO MIPOTUBOPEYUT ONPEIENCHUIO MMOJOKUTEABHO OMpeie-
JIEHHOU KBAIPATUIHON (DOPMHBI.

Crenosareasno, cormacuo teopeme 1, A(z;x) mMoxnO
MPUBECTHU K BULY

Alz;x) = ME 4+ ..+ M2,
rue
Ap_q
Ay
Tak Kak I MOMOKUTEIBLHO ONPENEIeHHON KB IPATU Y-

HOU opmbl Bee A > 0, To m Bce Ay > 0. (Hamomuum, 1o
Ap=1.)




88 n-MEPHOE IIPOCTPAHCTBO [C. 1

Urak, mamu mokasaua

Teopewma 3. Ilyemv  A(z;y) — cummempuueckasn
busunetinas gopma u f1, fo,..., fn — 0a3uc 8 n-meprom
npocmpancmee R. /as mozo umobvi keadpamuunas
gopma  A(z;x) Obiaa noaoxcumesvro onpedesennot,
HEe06L0dUMO U doCcmamouno, umobvl

A1 >0, Ay>0, ..., A,>0.

JTa TeopeMa Ha3bIBaeTCA ycaosuem Cuab8ecmpa mOJIO-
KATEILHOU OMPEASTeHHOCTY KBAAPATUIHON (HOPMBI.

Mer Morum GBI B3ATH BMeCTO fi, fo,...,fn Kakow-im6o APYyrou
6a3UC W HANWCATH YCIOBUA MOJOXWTEILHOU OMPEAEJCHHOCTH (HOP-
bt A(x; ) 9epe3 BEKTOPBI 3TOr0 HOBOrO 6Gasmca. B wacTHOCTH, €c-
JM MBI B KQ9€CTBE HOBOTO 0a3mCa BO3bBMEM T€ K€ CAMBIE BEKTODHI
fi, f2,..., fn, HO TOIBKO B OPYrOM HOPAJKE, TO HOBBIMU MIHODA-
vz A1, As, ..., A, GyAyT pa3awIHBIE TJIABHBIE MUHOPHI ) MATPHUIBI
[laik||. OTcroma BEITEKAET METEPECHOE

CanenxmcrBue. FEcau 6ce 2aasuvie munopvr A1, Aa, ... Ay ma-
mpuybvt ||air|| Keadpamuunot gopmwr A(z;x) 6 dannom 6asuce noao-
AHCUMEADHBL, THO B006WE 6CE 2AGBHBIE MUHOPLL IMOT MATMPUUDL NOAO-
HCUNEADHBL.

B camom pneme, ecium Bce MuHOPHL Aj MaTpuusl ||a;r| momoxun-
TeabHbl, TO GopMma A(r; r) mosoxurensHo onpenerensas. [lycts A —
KAKOU-IM60 TIABHBI MUHOD MATpPULUH! ||a;;|| @ mycTsb p1,p2, ..., Pk —
HOMEpa BXOJAMNX B HErO CTPOK W CTOIOLOB TOU MaTPUOBI (TaK
KaK MEHODP — [VIABHBIA, TO TH HOMEPA MJIA CTPOK U CTOXOIOB Of-
HE u Te xke). llepecTaBuB B UCXOAHOM 6A3WMCE BEKTODPHI C HOMEPAMU
P1,P2,- .-, Pk HA MEPBOE, BTOPOE U T. ., k-¢ MECTO U 3aIKCAB B DTOM
HOBOM 6a3uCe YCIOBUA MOMOKATEIHHOU OIPEIETEHHOCTH (hOPMBI, TIO-
ayamm A > 0.

3. Onpepesmremn I'pama. PesyiabTaTer 5TOro maparpa-
(ba MBI MBIOKUM CERYIAC A CIyasd, KOTIA B KAYeCTBE KBa-
IpaTUIHON (POPMBI BHIOPAHO CKAJIAPHOE MPOU3BEICHUE B
€BKJHU/OBOM NIPOCTPAHCTBE, T. €.

A(z;x) = (z,2).

*) TIaBHBIMM MEHOPAMU HA3BIBAIOTCA TE, IPU COCTABICHUA KOTO-
PBIX BBIJEIAIOTCA CTOJXOIBI C TeMU Xe HOMepaMH, ITO U CTPOKMU.
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Mgl 3HaEM, 9TO CKAIAPHOE IMIPOU3BEAEHNE BEKTOPA C COO0M
€CThb MOJOXUTENbHO OUpeneJeHHasa KBaApaTudHasa (popMma,
1 00paTHO, KaXJad CHUMMeTpHUYecKasa OmIumHenHas Gop-
Ma, KOTOPOU COOTBETCTBYET MOJOXUTEIHHO OMPEIeTeHHAA
KBagpaTudHasg GpopMa, MOXeT OBITh MPUHATA 33 CKAJAP-
HOoe mpousBeaenue. I[lopToMy BecsAKag TeopeMa O MOJOXU-
TEIbHO OIMpENETeHHBIX KBAJPATAIHBIX (POpPMAX SABIAECTCA
OTHOBPEMEHHO HEKOTOPOU TEOPEMOU O BEKTOPAX B €BKIIU-
TOBOM TIPOCTPAHCTBE.

IIycTh e1,€9,...,€; — BEKTOPHL B €BKJIMJOBOM IIPOCT-
paHCcTBe.
Ounpegerurens
(61,61) (61,62) (el,ek)
(e2,€1) (e2,€2) ... (€2, ek)

HA3BEIBACTCA onpedeaumenem I'pama 3TOU CHCTEMBI BEKTO-
POB.

Teopewma 4. Onpedeaumenv I'pama a10601 cucme-
Mbl 8EKMOPO6 6ce2da 60abwe uay pasen wyato. On pa-
8eH HYA0 mo2da u Moavbko moz2da, Ko2da BeKmopbl

€1,€2,...,CL AUHEUHO 3ABUCUMDL.
HoxasaTeasncTso. IlycTs BekTOpHI €1, €9, . . ., €k
JUHETHO HE3AaBUCUMBI. PaccMOTpuM OUIMHENHYIO (OPMY
A(z;y) = (z,y),

rae (z,y) — CKaIapHOE MPOU3BEeHUE BEKTOPOB & u Y. To-
rga omnpeerATenb l'pama ecTh onmpemeruTenb Ag, pac-
cMOTpeHHBIN B oToM maparpade [cMm. dopmyay (7)]. Tax
Kak A(Z;r)— MOMOKUTETLHO ONPEIENTeHHAS KBAIPATHI-
Hasg ¢popma, TO, B cuiry Teopemsr 3, Ag > 0.

[lokaxeM, 9TO B CIydae JUHETHO 3aBUCUMBIX BEKTOPOB
ompegeauTent ['pama paBeH Hymdo. [lelCTBUTENIBHO, €CIn
€1,€9, ..., € JAHCNHO 3aBUCUMBI, TO XOTh OJVH N3 HUX, HA-
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IpUMED €, eCTh JUHENHAA KOMOUHAINA OCTAIBHBIX:
€ = )\161 + )\262 + ...+ Akflek:fl-

[MosTomy mocmemusas cTpoka B onpegeruTene ['pama ecTb
JUHETHAA KOMOWHAIMAA OCTAJBHBIX. SHAYAT, OH PABEH HYy-
ai0. TeopemMa MOTHOCTHIO MOKA3AHA.

B xatecTBe npumepa paccMoTpuM onpeaennTens I pama,
IBYX BEKTOPOB L U ¥:

_ |(z,7) (z,9)
B2 =\, 3) ()

YrBepxaenue, 910 Ay > (), IpeBpAIIAETCSA B 9TOM CILy4Iae
B HepaBeHCTBO Komu-ByHakoBckoro.

IIpumepsn. 1. B eBkaInaoBOM TpeXMepHOM HPOCTPAHCTBE (Wam
Ha IUIOCKOCTH) ONpeJeInTelhb

Ay =

(z,z) (x,y)‘
(y,z) (¥,9)

“MeeT CIeLyIOUMI FeOMEeTPUIECKUN CMBICT: Ay PABHO KBAJPATY ILJIO-
aau mapaLIeorpaMMa, ITIOCTPOEHHOIO Ha BEKTOPAaxX & ! Y. B camoMm
Jiele, IO OMpPENeIeHNI0 CKAIAPHOrO IPOM3BEeeHUs

(z,y) = (y,z) = |z||y| cos ¢,
e p — yrox Mexay BeKTopamu T 1 Y. IlosTomy
As = |z]*yl* — &’ [y|* cos® o = |z|*|y|* (1 — cos® p) = |x|*|y|* sin” p,

T.e. Ay PABHO KBaApaTy ILIOUALU TAPALIETOrPAMMA, HTOCTPOEHHOTO
Ha BEKTODAX T U Y.

2. B TpexMepHOM IPOCTPAHCTBE OOBEM MMapalelelunend, Io-
CTPOEHHOI'0 HA BEKTOPAX &, Y, Z, KAK IOKA3BIBAETCA B AHATUTAIECKON
reoMeTpHUH, PABEH abCOMIOTHOU BEJIMYNHE OIPEIeINT el

r1 T2 I3

v=1Y1 Y2 Y31,
Z1 Z2 Z3

rae T;,Yi,%i — KOODAMHATHI BEKTOPOB I, Y,z B OPTOTOHAIHLHOM Oa-
3uce. BeraucanM kBaApaT 3TOr0 OINpegeIUTeNd, YMHOXAA CTPOKHU Ha
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CTPOKMU. Masr IOy IUM:

24ai+ad miyHToyetasys T1z1+Taza+Tszs
v = Y1T1+y2T2+Ysrs y%-i—yg—f-yg y121+y2za+yazs | =
21T1+2202+23%3  21Y1+22y2+23Ys3 Zi+25+23

(z,z) (z,y) (z,2)
=|(y,2) (v,9) (y,2)|.
(z,2) (2,9) (2,2)

Taxum o6paszomM, onpeaeruTens ['pamMa BEKTOPOB T, Y, 2 PABEH KBa-
apaTy o0beMa mapasIerenunena, TOCTPOSHHOT0 HA DTUX BEKTOPAX.
AHaIOrIYHO MOXHO TOKA3aTh, 9TO onpeaeanTens ['pama k BeKTO-

OB T ...,w B k-MepHOM HpPOCTPaHCTBE * AaBE€H KBa aTy oIpe-
) ) )
IeIuTeNsI
r1 T2 ... Tk
Yyi Y2 ... Yk
: 9)
w1 W2 Wi

rae T, COOTBETCTBEHHO ¥; ¥ T. .. — KOOPAWHATEI BEKTODPA T, COOT-
BETCTBEHHO Y U T. 1. B KAKOM-HMOYIb OPTOrOHAILHOM 6asuce.

ITo amamorum ¢ TPEXMEPHBIM IIPOCTPAHCTBOM MOMYJEL OIPEIEId-
reas (9) HA3BIBAIOT 00BEMOM k-MEPHOrO mapaJlerenunena, ompeme-
JIAEMOT'O BEKTOPAMH T, ¥, . . ., W.

3. B npocrpancrse dpyrkumu (npumep 4 § 2) onpegernrers ['pama
MUINEeTCA TaK:

/bff(t)dt /fl )f2(t /fl ) fu(t

/fk )fi(t)dt /fk ) fa(t --~/f1?(t)dt

*) na HAC, KOHETHO, HECYLIECTBEHHO, ITO Pa3MEPHOCTH IPOC-
TpaHcTBa paBHa k. B meMCTBUTEILHOCTH MPOCTPAHCTBO R MOXeT
AMETh NPOm3BOABHOE (gaxke OGECKOHETHOE) YUCIO W3MEPEHHHU, II0-
CKOJIbKY HAIA PACCY XK JAEHUA MOT'YT OBITH OTHECEHBI K TOAIPOCTPAH-
CTBY, IOPOX AEHHOMY BEKTOPAMU T, Y, . . ., W.
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¥ IOKA3aHHAA HAMU TEOPEMa O3HAIAET:

Onpedeaumenv I'pama cucmemor Gynryut > 0. Aaa aunetnot 3a-
sucumocmu cucmemvs Gynkyul Heo0Lodumo v Jocmamouro, umoosl
uz onpedeaumenv I'pama 6bia pasen HYyLH0.

§ 7. 3akoH MHEpUMHI

1. 3akon wmuepumu. [IpuBons kBagpaTwdHyio GopMmy
A(z; ) x cyMMe KBaAPaTOB, MOXKHO [O-PA3HOMY BBIOMPATH
ToT 6a3uc, B KOTOPOM dTa (GhopMa IPUBOAUTCA K CyMMe
KBaIpaToOB, T.€. K BUIAY

Alyz) =) N (1)
1=1

Bce Te )\, K0oTOpBIE OTIAWYHBI OT HYJsA, MOXHO, 3aMe-
HAA BEKTOPHL 0asmWca WM IPOIOPUMOHAIHHBIMU, CIEIATH
paBapiME t1. TakuMm 06pasoM, KAaHOHUYIECKHN BUA (HOp-
Mbl A(Z; %) B HEKOTOPOM COOTBETCTBYIOIUM O6GPA30M IIO-
mobpaHHOM 6a3MCe BIIOJHE MOXHO XapaKTepPU30BaATH KOJIU-
9eCTBOM KOX(P(PUIIMEHTOB, PABHLIX COOTBETCTBEHHO HYJIIO,
+1 m —1. Tak KaK MBI MOXeM IIO-pPa3HOMY BHIOMPATH TOT
6a3uc, B KOTOPOM KBaAPATUIHAI (HPOPMA 3AMUCHIBACTCSA B
BH e CyMMBI KBaIPATOB, TO BOBHHKAECT BOIPOC, 3ABUCUT JIX
KOIM4IeCTBO KO (PUIMEHTOB, PABHLIX HyJII0, +1 m —1, oT
BBIOOpA 6a3mca WMau Xe DTU 9UCIa 3aBUCAT JUIIb OT KBa-
apatmaaon Gpopmer A(x;2) (ABAAIOTCA €€ MHBApUAHTAMMT).

Hanpuwmep, ecimu kBagparuanas gopma A(z;z) B HEKO-
TopoMm ba3uce €i,€s, ..., e, UIMEET MATPHUIY

i,
rge a;; = A(e;;ex) u Bce onpeaenrurenn

a1l 612 ... Qlp

air ai2 a1 Q22 ... Q2n
Alzau, AQZ ,...,An:
ag1 a22° 7T e e e e e e
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OTIUYIHBI OT HYJf, TO, KAK MBI TIOKa3add B M. 2 MPeAbIay-
mero maparpada, Bce A; B popmyae (1) oTamaHB OT HyIsa
u npu npusenennu A(zr;r) K cymMMe KBAJADATOB MO OMH-
CAaHHOMY TaM CIOCO0Y THMCJIO0 OTPUIATEILHBIX KO3(huUIn-
€HTOB PaBHO IMCIy IepeMeH 3HaKa B PALY ONpeaequTeen
1L,A Ag, . Ay

Ho MBI MOIIH B3ATH APYTOM MCXOAHBIN Oasuc €}, e, ...
., €}, (Hampumep, X0Ta GBI B3ATH T€ K€e CAMBIE BEKTODHI,
HO B IPYTOM MOPAAKE); TIPW 3TOM MOMYIAETCA APYTad Ma-

Tpuna ||a},|| ¥ Apyrue ompexermTenn
!/ !/ !/
1» 2y Ana

7 3apaHee COBEPIIEHHO HEACHO, MOYEMY IUCIO epeMeH 3HAa-
Ka B 000MX CIydasX MOJXKHO OBITH OMHO U TO XKe€.

B sTom maparpade OygeT mokasama ciaeqyomas Teope-
Ma, HA3bIBAEMAA 3GKOHOM UHEPYUU K8aIPaAMUuHOL Hopmbl:

Teopewma 1. Ecau ksadpamuunas gopma npusede-
Ha JBYMA PABAUUHBIMY CNOCOOamU (M. €. 6 JBYT PABAUUHDIL
6a3ucar) K CYymme K6aOPaAMOs, Mo YUCAO NOAOHCUTNEALHBIL
KOIPPUYUEHMOB, MAK HCE KAK U YUCAO OMPUYGMEAbHBIL,
8 060UT CAYUOAT 00HO U MO dHce.

Tak xak obiree IUCIO KOIPPUIMEHTOB \; B KAHOHUAIE-
CKOM BU[[€ KBAIPATUIHOU (POPMBI PABHO 7, TO OTCIOMA He-
MIOCPEACTBEHHO CIEAYET, UMo UucCA0 KodPduyuenmos \;,
PABHBIL HYA10, TAKHCE €CMb UHBAPUAHM, KEGIPAMUUHOT
dopmbi.

HdoxaszaTenscTso. IlycTs B 6a3uce ey, ea,..., e,
kBagpaTtudHas popma A(z;x) umeer Bug *)

Amz)=8+8&+.. +& -1 —... &y (2

") Koadpdumnenter A\; B popmyae (1) MOxKHO, KaK MBI 3HAEM, CIe-
aatb paBHbiMu +1 mam 0. Te wnensr, guas xoropeix A\; = 0, MBI B
dbopmyarax (2) u (3) omyckaewm.
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upu stom &1, &9, . .., &, — KOOPAUHATHL BEKTOPA &, T. €.

z=~E&e +&er+ ...+ ey +Epriepr -
- + §p+q6p+q + - + fnen.

[Iycts B 6asuce f1, fo,. .., fn 9Ta xe kBagpaTuIHas Gpopma
“MeeT BU[

Almsz) =mi + 05+ — 1 — - — s (3)

rae 11,72, --.,N, — KOOPAWMHATHEI BEKTOpa B Oaszuce
fi,f2y-+-y fn. Ham myxmO gmokasarh, aro p = p' u
q = ¢'. Tlpegnonoxum, 9TO 3TO He TaK, HAIPUMED, MTyCTh
p>p.

Pacemorpum moampoctparcTtBo R/, cocrosmee m3 Jm-
HEeIHBIX KOMOMHAIIMUA BEKTOPOB €1, €2,...,€e,. OHO mMeeT
p mamepenui. [loampocrpancteo R, cocroamee m3 im-
HEHBIX KOMOWHAIIMA BEKTOPOB fyii1, fpr42,-. -, fn, WMe-
er n — p' msmepenuit. Tak kak n — p' + p > n (ubo
MBI [IPEIIOIOXUAIA, ITO p > p'), TO CymeCTByeT BEKTOD
z # 0, rexammin Ha mepecedenmu R mw R”) T.e. Takonm,
qaTo

$:§161+§262+...+§p€p

n

T=Ny1fpr1t ot Mprg forrg +ooo F Mfne
B 6asuce eq,es,...,€, DTOT BEKTOD HMEET KOODPIWHATHI
£1,82,...,&,0,...,0, B 6asuce f1, fo,..., fn OB EMeeT KO-
opauaaTsl 0,0,...,0,7,41,...,7n,. llogcTapraa st Koop-

OUHATHL B GopMyas (2) u (3), MBI IOLYIUM, C OJHOU CTO-
POHBI,

Alzz) =G +&+...+6 >0 (4)
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(Tak kak He Bce uncaa 1,&s, . .., &) PABHBI HYIIO), & C APY-
TOU CTOPOHBHI,

A(z;x) = —ngfﬂ - 77;2:’+2 — = 772/+q, <0%. (5

Mgl mpunuIim K TPOTUBOPETMIO, CAEIOBATEILHO, HEPABEH-
cTtBO p > p' HeBO3sMOXHO. TOYHO Tak Xe MOKA3LIBACTCA
HEBO3MOXHOCTL HepaBeHCTB p < p', ¢ > ¢ m q < ¢'. Ta-
KM 06pa3oM, 3aKOH WHEPIHU A KBAIPATUIHLIX (POpM
MOKA3AH.

2. Panr xBagpaTuaHou ¢)OPMEL.

Onpegenenune 1. Hucao omavunbiz om uyss Ko-
afPuyuenmos \; 8 Kanmonuueckom sude Keadpamuunot
Popmbl HA3BIBAEMCA PAH2ZOM KEAOPAMUUKOT HOPMbL.

Kak yxe 6bL10 yKa3aHO BBHIIE, W3 AOKA3AHHOTO HAMU
3aKOHA WHEPIINY HETIOCPEACTBEHHO CASAYET, ITO PAHT KBA-
OPATUYIHON (POPMBI 3aBHUCUT TOJLKO OT CaMOU (POPMEI, &
HE OT CHocoba ee MPUBENEHUA K KAHOHUIECKOMY BHUIY.
[MocmoTpum, Kak paKTUIECKN HAUTH PAHT KBAIPATUIHON
¢opmbr. [l 3TOrO MBI ONPEIESUM PAHT KBAIPATUIHON
¢dopwmel, He npuberas K ee KaHOHWIECKOMY Buay. llomyT-
HO MBI HOJYYAM ONpEeIeHrne OMHOTO IIOAIPOCTPAHCTBA,
TECHO CBA3AHHOT'O C JaHHOW OMIMHENHOU (HOPMOM.

Onpemenenue 2. Hyaesvim nodnpocmpancmeom
dannoti ouaunetinot gopmvr A(r;y) Mmbl Ha3vI6GEM COBO-
Kynwocmv Ry 8exkmopos y, ydos.iemsopaowuus ycao6uo
A(z;y) =0 dan arbozo sexmopa = € R.

Jlerko BugeTsh, uTO Ry MENCTBUTEILHO €CTh IOAIPO-
crpaHcTBO. B camom gmeme, mycThb yi,Y¥2 € Ry, T.e.
A(z;y1) = 0 m A(z;y2) = 0 gaa moboro z € R. Torga
A(z;y1 +y2) = 0 mw A(z; Ay1) = 0 mus mobbix x U A, T.e.
y=1y1+1y2 € Rp mw \y; € Ryp.

") B dopmyxe (5) Heab3a BMECTO 3HaKa & IOCTABUThH 3HAK <,
TaK KaK, XOTA CPEAN IUCEI 1)p/ 41, . ., fln €CTh OTIMIHBIE OT HYJS, HO
BO3MOXKHO, ITO Tjp' 41 = Np/42 = ... = Npr 4 = 0.



96 n-MEPHOE IIPOCTPAHCTBO [C. 1

[MocTaBuMm BOmpoOC: KAk HAUTHU MOATPOCTPAHCTBO Ry?
Mycrs fi1, fo, ..., fn— xakou-mu6o Gasuc B R. [lxa Toro
9TOOBI BEKTOP

y=mnufi+nefo+...+fn (6)

NIpUHAIEXKAJI HYJEBOMY IOANPOCTPAHCTBY, AOCTATOTHO,

9T00OBI
A(fi;9) =0 mua i=1,2,...,n. (7)

[lerCcTBATENBHO, €CIN DT PABEHCTBA BHITIOIHEHBI, TO U /A
ao6oro  umeeMm A(z;y) = 0, Tak KaK BCAKAU BEKTOD T
€CThb JUHENHaA KOMOUHAINA GA3MCHBIX BEKTOPOB.

[logcrasuas B (7) BmecTo y ero Bhipaxenue (6), MbI
IPUXOAUM K CIEAVIOUEN CUCTEMe ypPaBHEHUN:

A(fi; mfh+mfo+...+0afn) =0,
A(fe; mfir+mfo+ ...+ n0ufn) =0,

A(fu; mfi+mafo+ ... +00fn) =0,

i, ecam oaoxuthb A(fi; fi) = ak, ¥ cucreme

aim +aing + ... + aipfn =0,
as1m + ageng + ...+ agpn, =0,

a1 + anan2 + ... + appnn = 0.

COBOKYIIHOCTB BEKTOPOB Y, KOOPAUHATEL 7)1, 7)2, - - « 5 Ty, KO-
TOPBIX ABIAIOTCA PEIMICHUAMHE DTOU CHCTEMBI, U 00pa3yeT
HyJeBoe moampocTpancTBo Ry. Kak w3BecTtHO m3 Teopum
JUHEUHBIX YPABHEHUN, PA3MEPHOCTD 3TOrO MOAIPOCTPAH-
CTBa paBHA N — T, TJe T — PAHT MATPUIH ||aik]|.

Mub1 MOXeM Tenephb CAenaTh CAeAYIOUUU BEIBOI:

Pane mampuywt ||a;i|| 6usunetinot gopmwr A(z;y) 6 ne-
Komopom 6a3uce me 3a8ucum om 6wvibopa 3moz20 0a3uca
(xors cama maTpuna ||a;k||, kak Mbr 3HAEeM u3 § 5, 3aBuCHT
oT BEIGOpa Gasmca).
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B camom gmene, paHT 5>TOU MaTPUILI PABEH N — T, TAE
79 — Pa3MEpPHOCTH HYJEBOTO MOANPOCTPAHCTBA. Hymesoe
®Ke MOANPOCTPAHCTBO HU OT KAKOU CUCTEMBI KOOPIUHAT
BOOOIIIe HE 3aBUCHUT.

CsikeM paHT MATPUIBI KBAIPATAIHON POPMBI C PAH-
COM CaMOM KBaApATUIHOU (pOpMEL. PaHroM KBaapaTUIHOR
(bOPMBI MBI HA3BAIM UUCAO OTIWIHHIX OT HYJA KBAJPATOB
B KQHOHUIECKOM BUje KBaapaTuduou ¢popmbl. Ho B kamo-
HAYECKOM 0a3uce MATPHUIA KBAAPATUIHON (POPMBI UMEET
BU/]I

A0 ... 0
0 A2 0
0 0 An

¥ PAHT DTOU MATPHUIBI PABEH T, TAe T — YUCIO KOdPhu-
[MEHTOB, OTIAUYHBIX OT HYJsA, T.€. PABEH PAHTYy KBaIpa-
TUIHOU (POpMBI. Tak Kak paHr MaTPUILI KBAIPATUIHON
(OpMBI, KaK MBI JOKA3AJIW, HE 3ABUCUT OT CUCTEMBI KO-
OPJMHAT, TO U B JIOOOU APYTrOU CUCTEME KOOPJAUHAT PAHT
MATPUIBI KBAIPATHIHON (POPMBI PABEH PAHTYy CAMOU KBa-
OpaTUIHON GOPMBIL ¥).

Wrak, HamMu noKa3aHA CIETYIOUAA

Teopema 2. Mampuyvr keadpamuunoli @Gopmvi 6
POABAUUHBLE CUCTIEMAT KOOPIUHAM, UMEIOM, 00UH U MOM, HCEe
pamne r. IMom pamn2 pPaser UucAy K6adpamos 8 KAHOHUuUE-
ckom sude Gopmbl, K0IPPUYUEHMBL NPU KOMOPBIL OMAUY-
Hbl O, HYAL.

Takum 06pazoM, Iasa TOro 9TOOLI HAUTU PAHT KBAIAPa-
TUYIHOU (POPMBI, HYXKHO BBHIYUCIUTH PAHT €€ MATPUIILI B
KaKOU-HUOY b OJHOU CUCTEME KOOPIUHAT.

*) Ioap3ysach TeM M3BECTHBIM W3 TEOPHE MATPHUL (HAKTOM, ITO
PAHT MATPULUBI HE MEHAETCA IPU YMHOXEHIU €€ Ha JI00YI0 He0COOeH-
HyIO MATPHUILY, STOT PE3YJbTAT MOXKHO IIOLYyIUTh ¥ HEIOCPEICTBEHHO
73 BBIBEJEHHOU B §4 (HOPMYyJIBI IPeoOPa30BAHUA MATDHUIBI OUIAHEN-
HOM (popMBI TIpU M3MeHeHUw Gasuca B = C'AC.
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§ 8. KoMIuiekcHO€ 71-MepHOE IPOCTPAHCTBO

Bo Bcex mpenprgymmx maparpadax MBI BCIOLY, KPOMeE
TeX CIy9aeB, KOTAa 5TO 0CO60 OrOBAPUBAJIOCH, MMEIA JEI0
C TPOCTPAHCTBOM HAJ IOJEM BENIECTBEHHBIX YHCET. Papn
M3J0XKEHHBIX BHIIE PE3yJbTATOB CIPABEIIUB A JTHOOO-
ro oCHOBHOTO moaa. [lna mampHEUmero ocob6oe 3HAYMEHUE,
KPOMe IPOCTPAHCTBA HAJ IIOJEM BEIIECTBEHHBIX Iuces, Oy-
€T UMETh IIPOCTPAHCTBO Had IIOJEM KOMIIJICKCHBIX “TMCEJI.
Pazbepem comepxanue mpeabIymmx maparpados mpuMe-
HUTEIHHO K DTOMY CJIy9alo.

1. KommwiekcHOe JuHEMHOE mMpocTpancTBo. Kak ykaswl-
BATOCh B § 1, BCE MBJIOXKEHHBIE TAM PE3YJIbTATHI CIPABE.-
JUBHI [JI TPOCTPAHCTBA, HAJ JIOOBIM TMOJEM U, 3HAYWT,
B 9aCTHOCTHX M1 IPOCTPAHCTBA Had IIOJEM KOMIIJICKCHBIX
quceJI.

2. KoMmuiekcHOe €BKJIMA0BO IPOCTPaHCTBO. Kowmruiekc-
HBIM €BKJNOBLIM MPOCTPAHCTBOM HA3BIBACTCA KOMILIEKC-
HOE JIMHEWHOE MIPOCTPAHCTBO, B KOTOPOM BBEIEHO CKAJIAP-
HOE MIPOM3BENCHNE, T. €. KaXIO0U Iape BEKTOPOB T U Y TO-
CTABJIECHO B COOTBETCTBUE KOMILIEKCHOE 9ucao (,Yy), mpu-
€M BBITIOTHEHBI CACAYIOINNE aKCUOMBI:

1° (z,y) = (y,z) (mox (y,x) Mbl HOHUMAEM <HCIO, KOM-
IUIEKCHO COIIPSAXEHHOe ¢ (y, T));

2° (Az,y) = Mz, y);

3° (21 4+ 22,y) = (21,9) + (32, 9);

4° (z,r) ecTh BEIECTBEHHOE HEOTPULATEILHOE THCIO,
paBHOe Hy.JII0 Jumb npu 2 = 0.

U3 axcmom 1° m 2° cregyer, aro (z, \y) = Az, y). dei-
CTBUTEJBHO,

(z,\y) = (O, ) = Xy, z) = Az, y).

[Manee, cupaBemmmso paseHcTBO (%,y1 + y2) = (z,y1) +
+ (z,y2). B camom neue,

(z,y1+y2) = (1 +y2,7) = (y1,2)+ (Y2, 2) = (z,y1)+(z,y2)-
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Axcmoma 1° oTamIaeTCA OT COOTBETCTBYIOWIEN AKCHOMBI 1° misa
BEIIECTBEHHOT0 €BKJIN0BA IPOCTPAHCTBA; IIPHU MEPEX01E K KOMILIEKC-
HOMY IPOCTPAHCTBY MBI HE MOTVIK OBl COXPAHUTBL aKCWOMBI 1°, 2°, 4°
BEIIECTBEHHOT'0 €BKJIMI0BA NMPOCTPAHCTBA 6€3 m3MeHeHuWu. B camom
nexe, ecau ObI

(z,y) = (y, @),
TO
(a:’ )‘y) = )\(ﬁ, y)
Ho Toraza
Az, Az) = )\2(13,13);
ClIe0BaTeIbHO, B IACTHOCTH
(iz,iz) = —(z, ),

r.e. aucaa (z,z) u (y,y), rae y = ix, O6bLIU OBl PA3HBIX 3HAKOB, ITO
TPOTHUBOPEYUT aKcuome 4°.

IpumMeps KOMOAEKCHBIX €BKJIMJOBBIX
npocTtpaucTB. 1. BekTopoMm mpocTpancTBa R MBI
Ha30BEM CHCTEMY 7. KOMILUIEKCHBIX uucena. CroxeHue Bek-
TOPOB ¥ yMHOXEHWE UX HA HUMCIA ONPENeIuM OOBITHBIM
ob6paszom. CkalsgpHOe Npou3BeqeHuE BEKTOPOB

$:(§17§27“‘7§n) n y:(771,7727---777n)
3aganuM ¢hOpPMYJIOn

(,y) =&y + &y + ... + &7,
MeI IpeOCTABAAEM FIUTATENO MPOBEPUTH, ITO AKCUOMEI

1°—4° BrimosHEHEBI. B 9acTHOCTH, CKAIAPHOE IPOU3BEICHIE
BEKTOpa C CaMUM COOOM 3adaeTcsa GhopMyIon

7 r 7 2 2 2
(@,2) =&&6 + L&+ + & = G+ 16+ + &l

2. BexTopsr B mpocTpancTBe R onpeneanM, Kak U B IIPU-
mepe 1. CkauaapHoe mpousBeenue 3aaaeM hOpMyIon

n
(37,:1/) = Z aik§iﬁk7
ik=1

e O, — 3aJaHHBIE KOMILIEKCHBIE TUCIA, YIOBIETBOPSIIO-
[[ue yCJIOBUIM:
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@) @i = Ay,

B) > aix&i€y, = 0 mgusa mobwix &1,&s, ..., &, n obpamaer-
csa B Hyab jumb npu & =& = ... =&, =0.

3. BekrTopamm mnpocrpamcTBa R mbl Oygem cumTaTh
dbyHKIMu or t, 3aJaHHBIE HA OTpe3Ke [a,b] m npuHUMA-
folue KOMIUIeKCHbIe 3HadeHusa. CKaIapHOe MpOu3BeJeHUe
OBYX TaKNX (PYHKIUHU OIpemeauM (popMyIon

b
(f () g(t)) = / FeE dt

MoxHO TpOBEpPUTH, ITO BCE AKCMOMBI CKAJIAPHOI'O IIPOU3-
BEEHUs IIPU DTOM BBHIIOJHEHHI.

Aaunoti eexmopa = HazoseM V(z,z). U3 akcumomsbr 4°
crefyeT, ITO [INHA BEKTOpPA HEOTPHUIATEIbHA U oOpaia-
€TCA B HyJb JUIIb [IJd HyJeBOro BeKTOpa. Tak Kak CKaJsap-
HOE TPOUW3BEJEeHNE NBYX BEKTOPOB, BOOOIIE T'OBOps, KOM-
IJIEKCHO, TO MBI He OyJeM ONmpeaeisiTh yria MeXIy Bek-
TOpaMu, a BBEAEM JWIIb IMOHATUE OPTOTOHAILHOCTH ABYX
BEKTOPOB.

Bexmopvl £ u Yy Ha3b18G10MCA OPTNO2OHAALHBIMY, E€CAU
(z,y) =0.

3. Oproronaneaem Gasuc. M3omMopdu3M KOMILIEKCHBIX
€BKIUJIOBEIX npocTpaHcTB. OpTOroHATHHBIM 6a3sucoM B
7-MEPHOM KOMILIEKCHOM €BKJIUIOBOM IPOCTPAHCTBE HA3HI-
BAaETCA COBOKYIHOCTDH 7 TMOMAPHO OPTOTOHAJBHBIX HE PaB-
HBIX HYJIIO BEKTOPOB €1,€9,...,€,. 1aK Xe, Kak B § 3, mo-
Ka3BIBAETCA, ITO BEKTOPHI €1, €9, ..., €, JUHEUHO HE3aBU-
CHUMBEI, T. €. 00pa3yoT 6a3uc.

CymecTBOBaHEE OPTOrOHAJIBHOIO 0a3MCA B KOMILIEKC-
HOM N-MEPHOM €BKJIMOBOM IIPOCTPAHCTBE [OKA3bIBAETCH
IIPOIIECCOM OPTOTOHANM3AINYN, B TOYHOCTHU COBIAAAIOIINM
C IPUBEJEHHBIM B § 3.

Bripa3uMm ckanrgpHOe IPOU3BEJEHUE [BYX BEKTOPOB T
u y depe3 ux xoopaumHaTe &1,8€2,...,&, W N1, M2, ..,y B
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OPTOrOHAJIBLHOM HOPMUPOBaHHOM Oasuce. Mbr umeem:
z=¢&re1+&eat.. . +pen | Yy =mregt+neat...+pen.
Toraa

(z,y) = (&re1+E&ea+. .. +E&nen, mer+mes+...+npe,) =
=& + &My + oo+ EnTly,

(Cp. mpumep 1 sToro naparpada.)

Bripasum xoopauHATH £; BEKTOPa I B OPTOTOHAJIBHOM
HOPMUPOBAHHOM 0a3mce depe3 BEKTOPHI 0A3Mca U CaM BEK-
Top z. Umeewm:

x=2£&e +&ex+ ...+ Eep.

YMHOXAA CKAJIAPHO 00€ aCTU PABEHCTBA, HA €j, Oy IUM:

(z,e:) = &1(e1, e)+Ea(ez, €) +. . . +E&ilei, €) +. . . +Enlen, €)
nJjan
(fII,@Z') = 51

Tak xe, Kak u B § 3, TOKA3bIBAETCS, ITO BCE KOMILIEKC-
HBIE EBKJUIOBHI MIPOCTPAHCTBA MAAHHOTO YUCIA U3MeEpe-
HUU N ©30MOPQPHBI MEXAY COOOH.

4. Bununennsie u kBajgpaTuiHeie ¢opmel. Bee ompe-
neneHusa (MMHEMHOUW (DYHKIUUW, KBAAPATATHON (DOPMBI
u T.1.), BBeJeHHbIE B §4 (32 MCKIIOYEHWEM NOHATHA TO-
JOXUTETLHOU ONPENEJEHHOCTH ), UMEIOT CMBICH [ JTUHEH-
HOT'O TPOCTPAHCTBA HA JIOOLIM MOJEM, B TOM YUCIE U HA
mosieM KOMILIEKCHBIX ducen. O IHAKO B CIydae KOMILIEKCHO-
O JUHEAHOT'O MPOCTPAHCTBA MOXHO €Ile MO-APYyrOMYy BBe-
CTH 5TU TOHATHUA; A HAC UMEHHO >TOT BTOPOU CIOCOH
OyneT maxe 6osee CyIeCTBEHHBIM.

JlJunHevHB e PYHKIUU MEPBOrO U BTO-
poro poga. DyHknusa, craBamas B COOTBETCTBUE Ka-
KJAOMY BEKTOPY KOMILIEKCHOE YUCIO, HABBIBAETCA AUMEL-
notli Pymryuetd nepsozo poda, ecaum OHA YIAOBIETBOPIAET
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caenyromuM yCJIOBUAM:

1° flz+y) = f(z) + f(y),
2 ) = Af (o).
OTO COBHAMAET C OIpPEeTeHNeM JIUHEHHON PyHKInn B § 4.

Junetinoti pynrxyuet 8mopoz0o poda Has3wBIBACTCA PYyHK-
I¥A, YAOBICTBOPAIONIAA YCIOBUAM

1° fl@+y) = flz)+ f(y),

2 f(Az) = Xf(a).

Tak xe, Kak u B §4, MOXHO HOKA3aTh, ITO BCAKAA JIU-
HenHaA (PYHKIUA MEPBOTO POMA MOXKET OBIThH 3aMUCAHA B
BUEC

f(z) =a1&1 + a2 + ... + anép,

rae £ — KOOpAWHATHI BEKTOpa & B Oasuce e1,€2,...,6n, &
a; — MOCTOAHHEIE, a; = f(e;).

Beakan xe auHenHas (QYHKIUA BTOPOTO POAA MOXKET
OBITH 3aMIMCAHA B BHIE

f(@) =b1&) +bado + ... + bpé,.

OueBugno, aro ecim f(x)— auHenHAA (HYHKIUA TEPBOTO

poxa, To f(x) — muHeuHAs HYHKIUA BTOPOTO POJA.

Kak 6vuto ompegeneno Beime (1.2, §4), GuimHenHON
byHKIUEeN Ha3BIBAeTCA (QYHKIUMA ABYX BeKTOpOB A(z;y),
JAVHETHAA [0 KaXJIOMy U3 apryMeHToB. Hamudume B KOM-
IUIEKCHOM TIPOCTPAHCTBE ABYX TUIIOB JUHEUHBIX (DYHKIUK
MPUBOAUT K CYNIECTBOBAHUIO IEIBIX YETHIPEX TUIIOB OH-
JUHEUHBIX (PYHKIUY — JIMHEUHBIX IEPBOrO POAa U MO T U
o Y, MepBOro poAa MO & W BTOPOrO poaa IO Y, BTOPO-
ro pojia 1o & W MEepPBOro IO Y U BTOPOrO poja 1mo oGoum
aprymedtam. Ho TpeTuwt u 4eTBEPTHIN TUILI KOMILIEKC-
HO COIIPAXEHBI COOTBETCTBEHHO KO BTOPDOMY M IIEPBOMY, a
OunrHerHbBIEe (DYHKIUY TEPBOrO TUIA OMPEIEAAIOTCA B KOM-
IVNIEKCHOM HIPOCTPAaHCTBE 6yKBa.JH)HO TaK XK€, KaK U B BE-
mecTBeHHOM. [loaTOMY MBI OCTaHOBHMCS TOAPOOHEE MU
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Ha OmiamHENHbIX (opMax BTOporo tuma. [lmxa kparkocTu
Oy/ZleM Ha3bIBATHL MX NPOCTO OmnuHenHbMU. U Tak, BBEIEM
cIenyrouee OmpeeieHue:

Oupepgenenune 1. Bydem 2cosopums, umo A(z;y)
ecmy busunetinas Gynrxyua (Popma) om eexmopos x u y,
ecau

1° npu gurcuposannom y A(z;y) ecmov aunetdnas Pym-
Kyus nepeozo poda om T;

2° npu gurcuposannom r A(x;y) ecmv aunetinas Gym-
Kyus 6mopozo poda om y. Vlmm, unaqe:

1° Ay + z23y) = A(331 y) + A(z2;y),

Az y) = AA(z;y),
2° A(z;y1 +y2) = Az y1) + A(z;92),
A(z; py) = A(z; y).

[Mpumepom OGuamHENHON (DYHKIUU ABIAETCA CKAIIPHOE
Ipom3BenCeHNEe B KOMINVICKCHOM €BKJAXIOBOM IIPDOCTPAHCTBE

A(zsy) = (z,y),
paccMaTpuBaeMoe KakK (pyHKIUA BEKTOPOB & 1 Y. Apyrum
IpUMEPOM OMINHENHON (POPMBI B KOMILIEKCHOM IPOCTPAH-
CTBe ABJAETCA Bpra}I(eHI/Ie
n
Alzsy) = > aiwkiy,
ik=1

paccMaTpuBaeMoe KaK (PyHKIHA BEKTOPOB
r=&e1+&eat. . e, Wy =mer+nest. . e,
Jlerko mpoBepuTh, UTO YCIOBUA, ONPENEIAIONne OUInHen-
HYI0 (DYHKIUIO, IIPA 3TOM BHIITOJHEHEL.

IIycts ey, e9,...,e, —HEKOTOPHIX 0A3UC B N-MEPHOM
KOMILIEKCHOM IpocTpancTse. [Iycts A(z;y) — Omimnennas
dopmMa, £ 1 Yy MOXKHO 3aIIMCATL B BUIE

z=¢&1er+&ex+ ...+, Y =mer+nes+...+npen.
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Toraa
Az y) = A(Srer+&aeat. . +&nen; Mmertnert. . . Ammen) =

=) &mpAlei; er).

ik=1
Marpuna ||a;|| u3 aucen
air = Alei; ex)

HA3BIBAETCA Mampuyel busunetinot gopmvr A(x;y) B Oa-
3uce €1,€92,...,€n.

Ecan B Gununennon dpopme A(x;y) moaoxurs y = x,
TO moryanTca pyakuma A(x; ), Ha3BIBAEMAA K6aA0PAMUY-
noti gopmoti (B kommaekcaom npocrpanctse). Cupasenin-
BO CJAEAYIOIIEE YTBEPXKICHUE:

Beakas 6uaunetinas Gopma 00no3nauno onpedeaiemcs
ceoeti keadpamuunoti gopmot *).

NoxaszareasctTso. llycts A(z;x) —xkBagparu-
gHasg (HopMa, a T W Y — NPOU3BOJIbHBIE BEKTOPHI. JIerko
IPOBEPUTH, UTO UMEET MECTO TOXIeCTBO *¥)

Az;y) = i{A(x +y;z+y) +iAx + iy +iy) —

— Az —y;z —y) —iA(z —iy;z —ay) ). (1)
Bripaxenwue, crosamee cupasa B dopmyae (1), npencrasmis-
eT cOO0U KOMOWHALVIO 3HAYEHUU KBAAPATUIHOU (POPMBI
I BEKTOPOB & + y, £ — y, £ + 1y u & — 1y. CreBa cTout
3HaMEeHNe OUIMHENHOW (HOPMBI I MPOU3BOJILHBIX BEKTO-
poB z u y. Takum o6pazoM, GmimHenHAA HOPMA, OTHOZHAY-
HO OIpeJenaeTcs CBOe KBaAPATUIHON (hOPMOM.

*) B orimume ot onpeaereHHBX B §4 HOPM B BEIECTBEHHOM IIPO-
CTPAHCTBE, 1A KOTOPLIX COOTBETCTBYIOIIEE YTBEDPKICHUE CIPABEI-
JWBO JIUIIb IJIA CAMMETPUYECKUX OMIMHENHEIX (hOpM.

**) Ywrareab nomxeH mOMHUTH, IT0 A(z;Ay) = MNA(zx;y) n, cae-

oBaTesbHO, B YacTHOCTH, A(x;iy) = —iA(2;Y).
) ) ) )
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Onpemenenue 2. Buaunetnas @Gopma Ha3vi6a-
emcs IPMUMOoB0t, ecau

A(z;y) = A(y; o).

ITO NOHATHUE ABIACTCA AHAJOTOM IOHATHUA CUMMETDU-
9eCKOU OMIMHENHOU (POPMBI B BEIIECTBEHHOM €BKJIUJOBOM
IPOCTPAHCTBE.

[lns Toro aTober popma A(x;y) GeLIa 5PMUATOBOU, HEOD-
XOJUMO U NOCTATOYHO, IYTOOBI €6 MATPHULA ||| B KakoM-
aub60 6a3mce yIOBIETBOPSAIA YCIOBUIO

Gik = Of;-
[eucrBurensuo, ecan dopma A(z;y) spMuUTOBa, TO
aik = Aleis er) = Aler; €;) = Gpi-

O6parHo, ecau a;; = Gg;, TO

Alz;y) =Y andily = Y arimil; = A(y; ).

damMmedaHnue. Ecm B kakomM-1mb0 6a3uce MaTpUIa,
OUIMHENHOU (POPMBI YIOBICTBOPAET YCJIOBUIO Gk = Gj, TO
DTO XK€ YCJIOBUE BBIMOJIHEHO IS MATPUIILI DTOU OUIMHEN-
HOU HOpMEI 1 B 1I060M apyrom Hasuce. B camom gene, ecian
B KaKOM-TuO0 6a3mce paBeHCTBO a;; = Gf; AMeeT MeCTO, TO
A(z;y) ABaseTca 5pMUTOBOU OuaMHENHOU POPMOU; HO TO-
raa 1 B II000M Apyrom 6asuce a;r = G-

Ecau 6unmnuennas ¢gopma 5pMATOBA, TO COOTBETCTBYIO-
mas e KBaJApaTUIHAd (POpMa TOXKE HA3LIBACTCA SPMUTO-
BOM.

Aasn mozo umobvr 6uaunetinas gopma A(z;y) 6viaa sp-
Mmumosot, neobrodumo u docmamouno, umobvr A(z;x) vi-
A0 BEUWECMBEHHO 0As 4106020 8EKMOPA T .

NDoxaszarTeasnctso. [Iycrs popma A(z;y) spmu-

toBa, T.e. A(z;y) = A(y; z). Torga, nonaras = y, nory-
qaeM:

A(z;x) = A(x; ),
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T.e. wucno A(z;x) PaBHO CBOEMY CONPAXKEHHOMY W,
suauuT, BemecTtBenHo. O6patHo, mycts A(r;x) Beme-
CTBEHHO mia moboro BekTopa z. Torma A(z + y;x +y),
Az +iy;z +iy), Az —y;2 — y), Az —iy;z — iy) Beme-
CTBEHHBI, ¥ MOdTOMY u3 dopmyasl (1) HEmocpeacTBEHHO
BUHO, 9TO BhipaxeHusa A(z;y) u A(y;z) ABIAIOTCA KOM-
IIEKCHO COTPAXEHHBIMU.

CrencrtBue. Ksadpamuunas gopma spmumosa 6
MOM U MOALKO 6 MOM CAYuae, K020a OHA NPUHUMGEN,
MOALKO BEULECTNBEHHBIE 3HAUEHUS.

[lelCcTBUTEIBHO, TOABKO 9TO OBLIO JOKA3aHO, ITO A
spMuToBOCTH GunuaenHOU Gopmbr A(z;y) HEOOXOAUMO M
DOCTATOIHO, 9TO0BI A(2; ) ObLIA BEIECTBEHHA, IJIA BCEX .

[TpumepoM 5pMUTOBON KBAIPATUIHON (DOPMBI ABIAETCS
dopwma

A(z;z) = (3,2),

rae (z,x) O3HAYAET CKAJIAPHOE MPOM3BENEHUE BEKTOPA I C
camuMm cobou. JlerncTBUTENbHO, AaKCHOMBI 1°—3° CKAIAPHOTO
NPOW3BENCHUA B KOMILIEKCHOM E€BKJIMAOBOM IMPOCTPAHCTBE
03HAYAIOT, 9TO (,Y) €CTh SPMUTOBA, OuamHENHAA HOPMA,
u no>TOMY (I, L) €CTh DPMUTOBA KBAAPATUIHAA (HOPMA.
Ecaun, kak n B §4, Ha3BATh MOJOKUTEJLHO OIPENETEH-
HOU KBaAPATUIHYIO (POPMY, YAOBICTBOPAIOILYIO YCJIOBUIO

A(z;z) >0 mpm z #0,

TO KOMILUIEKCHOE €BKJII0BO TPOCTPAHCTBO MOXHO ONPEe-
JUTH KaK KOMILUIEKCHOE JUHENHOE MPOCTPAHCTBO, B KOTO-
POM 3aTaHa MOJOXUTEILHO ONPENeNeHHAS SPMUATOBA KBA-
ApaTuvIHaa popMa.

AmamoruyHo TOMYy, KaK 3TO CAEIAHO B BEIMECTBEHHOM
MPOCTPAHCTBE, MOXHO TMOKa3aTh, 9To eciu A u B cyTb
MaTpuisl ouwimaenHon GopMmbl A(Z;Yy) COOTBETCTBEHHO B
6asucax ei,es,...,ey 1 f1, fo,..., fn, TO

B = C*AC,
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rae C' — maTpuna nepexoga ot 6asuca e, e, ..., e, K Oa-
sucy f1, fay---, fn, a C* —maTpuna, TpaHCIOHUPOBAHHAA
U KOMILIEKCHO-COnpsaxenHas K marpure C.

5. IlpuBegenue KBagpaTUIHOU GOPMEI K CyMMe KBaApa-
TOB.

Teopewma 1. Ilyemv A(x;x) — apmumosa keadpa-
MUYHGS POPME 8 KOMNAEKCHOM aPPUHHOM NPOCPAHCM-
ge R. Toeda 8 R cywecmsyem 6asuc €1,€a,...,€n, 68 KO-
mopom 3ma Keadpamuunas Gopma umeem sud

A(z;z) = MEEL + Aaboly + ... + Ak,

2de \j — sew,ecmeenmbl.

r[[ OKa3aTeEeabCTBO MOXHO IIOIYyYIUTH, IEPEHOCA
MOYTHU JOCIOBHO A0KA3ATEIbCTBO COOTBETCTBYIOMEH TEO-
PEMHEI B BEIIECTBECHHOM IIDOCTPAaHCTBE.

OnxHako BBHUAY TOTO, 9TO B § 5 DTO MOKA3ATEIBLCTBO W3-
JIOXEHO 0e3 yACHEHUA €ro reOMEeTPUIECKOU CTOPOHBI, MBI
3/1eCh BKPATIIE IOBTOPUAM DTO JOKA3ATEIBCTBO B WHOM, 0O-
Jee reoMeTPUYecKoM, m3moxeHuwu. [lias dToro mbr Oymem
OJIMH 33 IPYTUM BLIOMPATH BEKTOPHI TOrO 6Aa3Uca, B KOTO-
poM ($hOpMa MPUBOAUTCA K CyMMe KBAJAPATOB.

Bribepem BeKkTOD €; Tak, 9T0 A(eq;e1) # 0; 3T0 BO3ZMOXK-
HO, TAaK KaK B IPOTUBHOM CJIydae Mbl uMenu 6u1 A(z; ) = 0
s 1060ro T, a CIegoBaTelnbHO, B cuay dopmyast (1),
u A(z;y) = 0. B (n — 1)-meprom mpocrpancte R,
COCTOAIIEM W3 BEKTOPOB , yAOBIETBOPSAIOUIMX YCIOBUIO
A(er;z) = 0, BeIOEpeM BEKTOP ey Takom, 9To A(eg; es) # 0,
7 T. . DTOT TPOIECC TPOJOIKUAM O TEX MOP, MOKA MBI HE
upugem  nognpocrparctey R, B koropom A(z;y) =0
(R(") MoxeT okazaThCa COCTOAWEM IMb w3 Hyis). Ecin
R ormmano or HYJIsI, TO BHIOEPEM B HEM ITPOU3BOJBHBIN
6A3UC €r11,€r12,-..,6En. BMECTE C MOCTPOECHHBIMU BEKTO-
pamu ey, é€s,...,e, OHE 006pa3yioT 6a3uc ei,eo,. .., e, BCe-
ro R.
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ITo mocTpoenuto
Alejer) =0 mma i <k,
a 3HAYUT, B cury 3pMuToBocTH Gopmbl A(z;y),

Ale;er) =0 mpmna i >k,

Alejex) =0 mna i # k.
[TosTomy, ecan
x=~E&e +&ey+ ...+ &ep
— OPOM3BOILHBEIN BEKTOP, TO
A(z;7) = L&, Aler; en) +6a8r Alea; e2) +. . . +&n&n Alens en).

[Ipm sTom wumcna A(e;;e;) BEWECTBEHHBI, KAK 3HAYEHUA
spMuToBOU KBanpatwaHou ¢opmber. O6ozmavas A(e;;e;)
qepes \;, IMeeM:

Az ) = M &L+ Aobao + ... + Méné, =
= >‘1|§1|2 + >‘2|§2|2 +...+ >\n|§n|2

6. IlpuBegeHme OPMHUTOBOM KBaJPATHIHOM (POPMEI
K CyMMe KBajpaTOB TPEYrOJIbHBIM IPeoGpa3oBaHMEM.
[Iycts A(x;z) —ospMuToBa KBagpaTwdHas HopMa B KOM-
IIEKCHOM JIMHEMHOM HPOCTPAHCTBE WM €1,€3,...,6E, — Da-
3uc. MuI Oy1eM OpeanoaaraTh, 9TO OIPEIeTuTe

ailr a12 ... Ain
ail @12 a1 a22 G2n
A1:a11, AQZ > aAn_ >
a1 a22|1° 7 e e e
anl n2 Gnn

rae a;; = A(e;;ex), ormmaner oT Hyara. Torga, Tak ke Kak
m B §6, MBI MOXeM HamMCATb (POPMYJIY AIA HAXOX ACHUA
6a3uCoOB, B KOTOPBHIX KBagpaTuIHas GOopMa MPUBOJUTCA K
CyMMe KBaJpPaTOB. DTU (POPMYJIbI B TOTHOCTH COBIAIAIOT
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¢ dopmyaamu (3) u (6) §6. IIpu sToM cama KBagpaTUIHAL
dopma B HOBOM Ha3uce MMeeT BU[

Alwio) = R + SL6l + .+ 2206 (2)
rae Ay = 1. Orcona, B 9aCTHOCTH, CASAYET, ITO OMpPeEe-
aurenun Aq, Ag, ..., A\, BEUIECTBEHHBI; JeACTBUTEILHO, €C-
J7 DPMUTOBA KBAaAPATHIHAA (POPMA IPUBEIEHA K KAHOHU-
qeckomy Buay (2), To koappuuuenTor \; paBubt A(e;;e;) n
BEIIECTBEHHEI.

Yupaxueunune. [JoxkaszaThb HEIOCPEJCTBEHHO, YTO €CAU KBa-
aparmanas popma A(z;x) spmumrosa, To ompesemmremn A, As, ...
..., /A, BEIIECTBEHHBI.

Tak xe, kak @ B §6, MBI MOIy9IaeM, GTO Oaf MO-
20 umobvl spmumosa Keadpamuunas Gopma A(x;z) Obi-
AG  NOAOHCUMEALHO Oonpedeacnnoti, HeobTodumMo u 0o-
CAMOYuH0, 4mobbl nocmpoenubie no Het onpedesument
Ay, Agy .. Ay OBLAU TOAKOHCUMEALHDL.

Hucao ompuyamenvubir xodPduyuenmos npu Keadpa-
Max 6 KAHONUUECKOM BUJE IPMUMOB0T KEaIPAMUUHOT
POPMbL PABHO UUCAY NEPEMEN 3HAKAE 8 NOCACIOBAMEALHO-
cmu onpedeaumeneti

1, Ay, Ao, oot A,

7. 3akoH uHepnuu. meeT MecTo TeOpeMa, OKA3ATEIb-
CTBO KOTOPOUW HUYEM HE OTIUIAETCA OT JOKAZATEIHCTBA
COOTBETCTBYIOIIEN TEOPEMEI B § 7.

Teopewma 2. Ecau spmumosa ksadpamuuras @op-
MG uMeem 6 08Yxr 0a3UCALT KAHOHUUECKUT 8Ud, MO YUCAO
NOAOHCUTNEALHBIL, OMPUYAMEALHBIT U HYAEBBIT KOIPPHUyU-
enmos 8 060UT CAYUAAT 00HO U MO dHce.

[louaTue panra KBagpaTUIHON (POPMBI, BBEIEHHOE Ha-
MUZ B §7 I CIydas BEIIECTBEHHOT'O MPOCTPAHCTBA, Mepe-
HOCUTCA 6e3 M3MEHEHNN M Ha, KOMILIEKCHBIN CJLYIal.



TABA II
JIMHENHBIE IPEOBPA30BAHMA

§ 9. JIunennsie npeo6pa3oBaHUA U ONEPALMM HAJ HUMMA

1. OcuoBHBIE ompegeneHus. B npeabiayien riase Mbl
u3ydaiu GYHKIUA B N-MEPHOM JUHENHOM MPOCTPAHCTBE,
IPUHAMAIOLIVE TACACHHBIE 3HAYCHUA (ITUHENHbIe ()YHKIUH,
KBaApaTW4HBIe U T.n.). Ho B page ciIydaeB BO3HUKAeT
moTpe6HOCTh PAcCMATPUBATH (DYHKIUU APYTOTO BUAA, a
MMEHHO, (PyHKIUU, KOTOPbIE TOYKAM IPOCTPAHCTBA CTAa-
BAT B COOTBETCTBUE CHOBA TOYKHU TOrO K€ IMIPOCTPAHCTBA
(a me ymcaa). [Ipocrenmumu cpenu GyHKIUN TAKOTO POAA
SABJISAIOTCSA JUHEUHBIE TTPE0OPa30BAHMA.

Onpenmenenue 1. Ilycmv wancdomy eexmopy x
N-MEPHO20 NPOCMPAHCMEE NOCMABAEH 8 COOMBEEMCMBUE
gexmop y amozo e npocmpancmsa. Pynryuro y = A(x)
Mbl Ha308em npeobpasosaruem npocmpancmea K.

IIpeobpaszosanue A Ha3vigaemces AUHEUHbIM, €CAU Bbi-
NOAHEHBL CACIYIOUUE YCAOBUA:

1° A(zy + z2) = A(z1) + A(z2),
2° A(Az) = MA(x).

Tam, rge 5TO HE CMOXET MPUBECTU K HENOPA3YMEHUAM,
Bmecto A(z) mbt Gygem mucats Az.

Ipuwmepn. 1. PaccmoTpum TpexmepHOE €BKJIUIOBO
npocTpancTBO R u B HeM npeobpa3oBaHue, COCTOSAIIEE B
moBopoTe R BOKPYr Kakou-imbO OCH, MPOXOAAIIEH 4Yepe3
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uyJb. Kax oMy BeKTOPy Z CTaBATCI B COOTBETCTBUE BEK-
TOp Az, MONYyYEeHHBIN U3 HETO NAHHBIM MOBOPOTOM. Y CJIO-
Bua 1° m 2° mpoepsiorca 6e3 Tpyga. [Iposepum, mHampu-
Mep, ycaosue 1°. A(zy + x2) O3HAYAET, ITO BEKTOPHI ]
7 Zo CHAYAJA CKIAJBIBAIOTCA, & 3aTeM TONYyIeHHBIN BEK-
Top moBopauumBaeTca. Ari + Axg 0O3HATAET, ITO BEKTOPHI
1 U To CIEPBA MOBOPAUMBAIOTCA, a 3aTEM CKJAABIBAIOTCA.
SAcHo, ¥T0 B 060UX CIydasx pe3yJbTaT OAUH U TOT XKe.

2. Ilycte R’/ — HeKOTOpas ILIOCKOCTb B TPEXMEPHOM
npocTpaHcTBe R, mpoxoaamas depe3 Hyab. [locTaBuMm B co-
OTBETCTBUE KaXJIOMy BEKTODPY I ero mpoekmuioo ' = Az
Ha 3Ty ILIOCKOCTb. YcaoBusa 1° m 2° omATh JIErKo IpOBe-
psatorcsa. Hanpumep, 1° o3HagaeT, 9TO HPOEKNIWSA CyMMBbI
paBHA CyMMe TPOEKIINHN.

3. Paccmorpum adduaHOE N-MEPHOE TPOCTPAHCTBO, B
KOTOPOM BEKTOD OIpeeeH KaK COBOKYIHOCTH 7 UHCEI.

[Iycts ||ai;|| — mexoropas marpuna. ITocraBum B coor-
BETCTBHE KaXJOMY BEKTODY
T = (€1a€2,"' agn)
BEKTOD

y:Ax: (7]137727"'a7]n)a

rje 7); BEIIUCIAIOTCA 110 HOPMYIaM

n
ni=Y ik
k=1

YcaoBus 1° u 2°, onpegensiomue TuHENHOE Tpeobpa3o-
BaHUE, IPOBePAIOTCA 6€3 TpyIa.

4. PaccmoTpuM n-mMepHOE TPOCTPAHCTBO, DJIEMEHTAME
KOTOPOr'0 ABIAIOTCA MHOTOWIEHBI cTeneHn < 1 — 1.

[Tomoxum

AP(t) = P'(t),

rpe P'(t) — npomssoauas muorownena P(t).
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IT1o npeobpaszoBanue — auHenHoe. [lencTBATEIBHO,

1° (Pi(t) + P2 (1) = Pi(t) + P5(t),
90 (AP(1)) = AP'(t).

5. PaccMoTpuM mpOCTPAaHCTBO, B KOTOPOM BEKTODAMU
asasoTcsa Henpepoisable Gyukuun f(t), 0 < ¢ < 1. Homo-

:/tf(T)dT
0

IIpeo6pasosaune A — nunennoe. [lencTBUTEILHO,

t
A(fi+ f2) = 7) + fo(7)]dT =
e

t
/fl(T)dT—i-/fQ(T)dT:Af1+Af2,
0 0

t

t
2° A(Nf) = /)\f(r)dT = )\/f(T)dT = MAf.
0 0
6. PaccMoTpuM TO Xe MpOCTPAHCTBO, YTO U B IIPUME-
pe 5. Ilycts k(t,s) — menpepwiBHAA GyHKOUA, 33 IaHHAA B
kBagpare 0 <t <1, 0< s < 1. Toaoxum
1

o) = A1) = [ K(t.5)1()ds.
0
[IposepbTe camu, 9TO 5TO IPEOOPA3OBAHKUE JUHEUHO.
Cpenu JuHenHBIX TPeo0pa3oBaHU 0COOYIO POIb UTrDa-
0T CIeAYIONe TPOCThie MPpeobpa3OBaAHUS:
edunuunoe npeobpasosanue F, crasamee B cooTseT-
CTBUE KaXJOMY BEKTOPY 3TOT XK€ CAMBIM BEKTOP, T. €.

FEx = x;
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nyaesoe npeobpazosanue O, cTaBAlEe B COOTBETCTBUE
KaXOMy BEKTOPY & HYJEBOU BEKTOP:

Oz = 0.

2. CBa3b MeX/Jy MATPHMLAMM ¥ JAHEMHBLIMH IpeoGpa-
soBanmamu. [lycts ep,e9,...,6€, —HEKOTOPBHIA 0a3uc B
n-MepHOM NpocTpancTBe R m A —aunennoe mpeobpaso-
BaHue B R.

s #0601 1 BEKMOPOS g1, G2, - - -, Jn CYUWELCMBYEM 00-
HO U MOALKO 00HO aunelinoe npeodpazosanue A, maroe
umo

Aer = g1, Aes=go, ..., Ae,=gn.

Hokaxem »T0. [Tokaxem cHadama, 9TO mpeobpaszoBa-
Hre A omgHO3HAYHO ompenerseTcsa BekTopamu Aep, Aes, ...
..., Ae,. [lencTBUTEILHO, IyCTh

z=¢&1er +&ex+ ...+ nep (1)
— mpou3BOIbHBIN BeKTOp U3 R. Torma

Az = A(§161 + 5262 +...+ fnen) =
= §1Aer +&Aer + ...+ EpAey, (2)

U, CIeJOBATENLHO, AT OTHO3HAYHO ompeaeaseTca mo Aeq,
Aes, ..., Ae,.

Temeps mOKaxkeM, YTO A BCAKAX BEKTOPOB (1,
92,--.,0n CyUIECTByeT JIuHenHOEe mpeobpasoBanme A, Ta-
koe, a¥ro Ae; = g¢;. [aa >TOro mocTaBUM B COOTBET-
CTBUE BEKTOPaM €; BEKTOPHI ¢;; MTPOU3BOJIBLHOMY XK€ BEK-
Topy * = &1e; + ... + &6, TMOCTABEM B COOTBETCTBHUE
BeKTOp £191 + ... + &ngn- Tak Kax BeKTOp T BbIpaXxaeT-
€S 9epe3 €] OJHO3HAYHO, TO €My CTABUTCA B COOTBETCTBUE
BIIOJIHE onpefaeaeHubin BekTop Az. Jlerko mposepuThb, 9T0
TaK OmpejeJeHHoe TpeobpasoBanue A JTUHENTHO.
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O6o3HAIMM KOOPAMHATHI BEKTOpa (r B Oasuce ep,
€2,...,€p TEPE3 A1k, A2ky .- . Ak, T.€. IIOJOXKUM
n
gk = Aep = § Qik€;- (3)
i=1
Cosokynuocts wmcen a;, (i,k = 1,2,...,n) o6pasyer ma-
TpuUITy
A = |ail],

KOTODYIO MBI HA30BEM MaAMpuyel Aunetino2o npeobpazosa-
nua A 6 6azuce ey, ea,. .., ey,

Wrak, MBI [JOKasaaw, <YTO TpPHA 3adannom 6Oa3uce
€1,€9,...,e, Kaxcdomy aunetinomy npeobpaszosanuio A 00-
HO3HAUNO cOOMBEMEMEyem mampuya ||a;k||, u, obparHo,
Karcdoti mampuuye ||a;i| odnosnauno omeewaem aunetinoe
npeobpazosanue, onpedeasemoe Popmyaanu (3), (1), (2).

Mui BuguM, TakuM 06pa3oM, 9TO JUHEUHbIE Mpeodpa-
30BaHUA MOXHO OIIUCBHIBATH C MOMOIIBIO MaTPpULl X1 MaTpPU-
OBl ABAAIOTCA TEM QHAJIATUICCKUM allllapaTOM, C TIOMOIIBIO
KOTOPOTO M3Yy9IalOTCA JUHEUHbIE MTPEeOOPa30BAHUA B KOHEY-
HOMEDPHBIX TPOCTPAHCTBAX.

3aMeTuM, 9TO IpU M3MEHEeHuUu 6a3uca MaTPHUIA, COOT-
BETCTBYIOIIAA JaHHOMY JUHEMHOMY MPe0o6pPa30BaAHUIO, BO-
ob111e TOBOPA, U3MEHUTCA.

Ipumepmn. 1. llycte R— TpexmepHOe IPOCTPAHC-
TBO, A — InHEnHOE MpeoOpa3oBaHMe, COCTOAIIEE B IMIPOEK-
TUPOBAHUU KaXIOT'O BEKTOPA HA MIOCKOCTL XY . [Ipumem
3a 6a3UC eIUHUIHBIE BEKTOPHI €1, €2, €3, HAIIPABIEHHBIE 10
ocaM KoopaumHAT. Torga

A61 = €1, A62 = €9, A63 == 0,

T. e. MATPUIA Ipeobpas3oBanua A B 5ToM Ha3uce UMeeT BU
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Yunpaxuenue Hauru marpuny TOro xe mpeo6pa3oBaHuiI B
6asuce e, e, ek, rae

! ! !
e} =e1, ey;=e2, e3=c¢e1+e2+tes.

2. llycre F —enuau4anoe npeobpa3oBaHue u €1, €2, . . .
.ep, —6asuc B R. Toraa

Aei:ei (i:1,2,...,n),

T.€. MATPUIA €IUHUIHOTO Ipeobpa3oBaHud B JII0O0M Oa-
3UCe UMeeT BU[

10...0
01...0
00...1

Jlerko Taxxe BUAETH, ITO MATPHUIA HYJIEBOTO Ipeobpas3o-
BaHUA B JI0OOM 0a3Mce COCTOUT CILIOIIL W3 HYJEH.

3. Ilycte R-—mpoCTpaHCTBO MHOT'OWIEHOB CTEIEeHN
< n — 1. [Ipeo6pazosanne A — quddepeHnupoBaHme, T. €.

AP(t) = P'(t).

Bribepem B R 6a3uc caenyomuMm 06pa3oM:

t2 tn—l
61 :17 62 :t7 63: 57 bl en_ (n_].)'
Toraa
, , t2 /
A61:1 :0, A€2—t :1, A€3:(5> —t—62,

Takum ob6paszom, maTpurna npeobpasoBanus A B dTOM
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06a3uce MMeeT BUT

010...0
001...0
000...1
000...0
[Iycts A — muHEeNHOE IPEOOPA3OBAHUE, €1, €3, ..., En —
6asuc B R u ||a;|| — maTpuna npeobpasosanus A B sTOM
6as3uce. IlycTn
$25161+5262+...+§n6n, (4)
Az =mer +m2ea + ... + pee. (4"
Hangem BeIpaxkenue KOOPAUHAT 11,72, - - - , ) BEKTOpA Az
gepe3 koopauHaTH &1, &9, . .., &, BekTOpa . UMmeem:

Az = A(&rer +&eea + ... +&pep) =
=&1(ar1er + asrea + ...+ anren) +
+ & (arzer + agzes + ...+ anzen) +
+ &n(aper + agnes + ...+ apnen) =
= (ané1 +a2éo + ... +aép)er +
+ (a21&1 +aée + ... +azpén)es +

+ (ani&r + a2l + ... + annén)en.
CaenoBareasno, cpasamBas ¢ (4'), momygaem:

m = a11é1 +a12éo + ... + a1ép,

N2 = a21&1 + a2 + ...+ aéy,

M = ap1&1 + an2éo + ... + annén,
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W KOPOYe:
n

ni =Y ik (5)

k=1
Takum 00pasom: ecau aunetinoe npeobpazosanue A
umeem 8 dannom 6azuce €1, €, ..., e, mampuyy ||aix|, mo

O0a3ucHble 8EeKMOPLL NPE0OPA3YIOMCA € NOMOUDBIO CMOAD-
yo6 amoti mampuywt [Popmyaa (3)], a Koopdunamer npous-
804bHO20 BEKMOPA — € NOMOWBIO ee cmpok [Popmyaa (5)].

3. CroxeHue ¥ yMHOX€EHUE JMHEAHBIX IIPe0Opa3oBaHum.
JluHenHbie TPEOOPA30OBAHUA MOXHO CKIANBIBATH U yMHO-
2KaTh.

Onpemeanenue 2. Ilpouzsedenuem AUHETHBIL
npeobpazosanuti A u B naszvieaemea npeobpasosanue C,
cocmoawee 6 NocAed08AMEALHOM BLINOAHEHUYU CHAYAAG
npeobpazosanus B, a z3amem npeobpazosanus A.

Npyrumu cnoBamu: C' = AB o3HavaeT, 9T0 s Jr060-
roz Czx = A(Bz).

[IpousBeneHne IMHENHBIX IPEO0OPA3OBAHNN €CTh JUHEN-
HOe MpeoOpa3oBaHME, T.e. YAOBIETBOPAET YCIOBHAM 1°
u 2° ompenenennsa 1. [[erCTBUTEILHO,

C(:L‘l + ZL‘Q) = A[B(:L‘l + 272)] = A(BJ?l + B:L‘Q) =
= ABzxy + ABxy = Cz1 + Cxo.
[TepBoe paBeHCTBO HANMCAHO HA OCHOBAHUU OIPEIETCHIUS
[IPOU3BEJEHNA, BTOPOE HA OCHOBAHUU CBOMCTBa 1° miaa B,
TPEThE B CUIy TOTO XK€ CBOUCTBA maA A u, HAKOHEI[, JeT-
BEPTOE ONATL-TAKU B CHIY OMPEIENCHUS TPOU3BEICHU.
Ananormuno nokaseBaercs, aro C(Az) = ACz.

Ecmm F — eguauvHoe mpeobpasoBanme, a A —mpouns-
BOJIBHOE, TO JIET'KO IMPOBEPUTH, ITO

AE=FA=A.
Kaxk o0br41HO, onpepenseM CTemeHn npeobpa3oBannsa A:

A2=A-A, A3=A%. A, ... ur.n
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Kak u gusa «mcen, momaraem, mo onpegereruio, A' = E.
OdeBugHO, UTO
AT — AT AT
[Ipumep. R—upocrpancTBo MHOrowieHoB P(t)
crenenu He Boime 1 — 1. Onpeneaum B HeM TmpeoOpa3oBa-
mne D popmyaon

DP(t) = P'(t),

rae P'(t) — npoussoanas muorowiena P(t). Torga nus ro-
6oro P(t)

D?P(t) = D(DP(t)) = (P'(t)) = P"(¢).

DTO paBeHCTBO ompegerseT mpeobpasosamme D?. Ama-
JOTWYHO MOXKHO ONpEIeTuTh mpeobpasopanume D3P(t) =
= P"'(t),... 3amernm, 9To B fanuoM ciaydae D" = 0. [eu-
CTBUTEIBHO, TAK KAK BEKTOPAMU IIPOCTPAHCTBA ABJIAIOTCA
MHOTOYIEHBI CTeIeHn < 7 — 1, TO

D"P(t) = PM(t) = 0.

Yupaxueunue. Bribepem B 1poCTpaHCTBE MHOT'OYIEHOB CTe-
LeHU He BBIIe, 9eM N — 1, 6a3uC, yKasaHHBIXL B IpuMepe 3 IL 2
aroro maparpadga. Hanitu B 3TOM 6asuce MaTpUILL IPeo6pa3OBaHUL
D,D?,D?,. ..

Mgz1 3HAEM, 9TO IpU 3aJAHHOM Ga3mce €1, €y, ..., e, Ka-
KAOMY JUHEHHOMY TPe0OPa30BAHUIO OTBEYAET MATPHUIIA.
[IycTs npeoGpasosanuio A orsedaer marpuna ||a||, mpe-
obpazoBarmio B — marpuna ||b||; mangem marpumy |cix ||,
oTBeuaomyio npeobpazosanuio C' = AB. B cuny onpene-
JeHus MaTpullsl npeobpaszoanua C' MBI ©MeeM:

Cep = Zcikei- (6)
7

Hanee,

n
ABep = A ijkej = Z bjrAe; = Z bjkaiei-  (7)
j=1 J 3
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CpasuuBas xoaddunuents npu e; B paseactsax (6) u (7),
MOy 9a€eM:
Cik =Y aijbjk. (8)
J

MeuI BUAUM, 9TO DJIEMEHT C;; MAaTpuisl C' eCTh CyMMa Mpo-
U3BENEHNN SJIEMEHTOB (- CTPOKM MaTpuubel A Ha COOT-
BETCTBYIOIIME dJeMeHTHI k-ro crosnbma marpuns B. Tak
Olpe/IeNieHHAs MATPUIA HA3BIBAETCA HPOU3BEJCHUEM Ma-
Tpunsl A Ha Marpurly B. UTtak, eciu npeobpasoBanuio A
oTBevaeT MaTpuna |||, a mpeobpaszosarmio B — maTpu-
ua ||bi||, To mpomssenenno >TUX TMPEOOPAZOBAHUEN OTBE-
qaeT maTpuna ||ck||, ABasromanca npoussenennem maTpuir
lair|| 7 ||bik||- [IpowsBenenne MaTpun BoraucaseTCs 10 GOP-
myaze (8).

Onpemenenue 3. Cymmot sunetinuiz npeobpas3o-
sanuti A u B nasvisaemcs maxoe npeobpazosanue C, Ko-
mopoe Ka#cdomy 6eKmopy T CMABUM 6 COOMBEMCMBEUE
gexmop Az + Bx; mnade rosopa, C = A + B osnadaer,
aro Cx = Ax + Bz mis ao6oro .

[TycTs mpeo6pasosanue C ecTb CyMMa Ipeo6pA30OBAHNN
A u B. Torga, 3uas MmaTpuisl npeobpaszopannn A u B, jger-
KO HauTm MaTpuily npeobpasosanusa C. [lencTBATENLHO,
nycTh ||a;kl|, coorBercTBenHo ||bik||, cyTs MaTpuusl mpe-
o6pasoBanusa A, cOOTBETCTBEHHO B, T.e.

Aep =Y aike;, Bep =Y biei,
i i
u ||cik|| — maTpuna mpeoGpasosanus C, T.e.
Cey, = Zcikei.
i
Tax xkak C' = A+ B, T0o
Cep = Aey + Bey, = Z(aik + bix)e;

i
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W, CJIEIOBATEIHHO,
Cik = ik + big.

Matpuna ||a;, + bix| maseBaeTca cymmon marpurn ||agl|
u ||bi||. Urax: mampuya cymmvr aunelinbiz npeobpasosa-
Hull PasHa Cymme MaAmpuy, COOMBEMCMBYOUUL 0MIeb-
HOIM CAGRAEMBIM.

Oneparuu CrIoXeHus u yMHOXEHU JUHENHBIX peodpa-
30BAHUU yIOBJIETBOPAIOT OOBIYHBIM [JISA CAOXKEHUS U yMHO-
KEHUA yCJIOBI/IHM, a UMEHHO:

1° A+B=DB+A
90 (A+B)+C = A+ (B+C);
3° A(BC) = (AB)C;

4 {(A+B)C:AC+BC,

C(A+B)=CA+ CB.

3aMeTuM, ITO YMHOXEHUE JUHEUHBIX TPe06pa3OBAHNN,
BOOOIIE TOBOPA, HEKOMMYTATUBHO. [[€MCTBUTEIBLHO, BO3b-

MeM JUHENHOe peobpas3oBanne A ¢ MaTpuIen U Ju-

11
01

HeWHOe npeobpas3oBanue B ¢ MmaTpuien

111 o] |2 1
0 1|1 1]~ |11

Lol | 1
11 ]jo 1] T |1 2

AB # BA.

1
1 IH Tak kax

)

b

TO

Mgar morsnm 661 6€3 6OJBIIOrO TPyAa AOKA3aTh PABEHCTBA
1°—4° memocpeacrserno. Ho B sToM HeT HEOOXOAUMOCTH.
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B camom mene, Mexay JUHEAHBIMEU TPEOOPA3OBAHUAMU U
MATPUIAMYU YCTAHOBIEHO B3aMMHO OJHO3HAIHOE COOTBET-
CTBUE, IPUIEM CyMMe COOTBETCTBYET CyMMa, a IIPOU3Be/e-
Huio — npousBegenne. g maTpun popmyasr 1°—4° moka-
3BIBAIOTCA B KypCe AIreOphl; B CAIY YCTAHOBIEHHOTO COOT-
BETCTBUA OHU ABTOMATHUYIECKU MEPEHOCATCA HA JTUHEMHbIE
mpeobpa3oBaHUA.

Onpegenum emie MpOU3BEIEHNE JTUHEMHOTO IPEOOpa3o-
BaHuA A Ha 4mcao A; mog nmpeobpasoBanneM AA MBI Oyaem
MOHUMATE MPEOOPA30BaAHUE, KOTOPOE KAXKIOMY BEKTODY &
crasuT B coorBeTcTBHE BeKTOP A\(AZ). fcHOo, 9T0 ecan au-
HerHOMY npeobpasoBarmio A orBewaer marpuna ||ag||, To
npeobpazoBanmio AA orsevaer marpuna ||Aak||-

Ynpaxuenne. IIpoBepuTh, 9TO MHOKECTBO BCEX JUHETHBIX
npeo6pa3zoBaHUU MPOCTPAHCTBA R ¢ BBEIEHHBIMU 34€Ch ONEPAUAMEA
CIOXKEHUA U yMHOXKEHUA Ha, 9UCAO0 06Pa3y0T JMHETHOE IPOCTPAHCTEO.
Kaxkosa ero pasmeprocTh?

YMes HaXOQUTh CYMMY ¥ IIPOU3BENeHNE THHENHBIX TIpe-
00pa30BaHUM, MOXHO Teleph HAUTH JIOO0UM MHOTOWIEH OT
npeo6pasosanua A. Ilycts P(t) = aot™ + art™ ' + ...
...+, — npomsBoabHbI MEHOrOUIeH. Torga nox P(A) Mbr
MIOHUMAEM JUHENHOEe Mpeo6pa3oBaHue, ONpeaeIeHHoe (hop-
MYyJIOu

P(A) = agA™ + 0, A" + ... +a,E.

IIpuwmep. PaccmorpuMm nmpocTpancTBo R, dreMeHETaMu KOTOPO-
0 ABIAIOTCA (DYHKIUM, ONpEAeIeHHBIE Ha mHTepBate (a,b) m mme-
Iollle IPOM3BOJHBIE BCEX HMOPAAKOB. B 3TOM IpOCTpaHCTBE paccMo-
TPUM JUHENHOe IpeobpasoBanue D, KOTOpoe Kaxgou GyHKIUK CTa-
BHT B COOTBETCTBHUE €€ IPOU3BOJHYIO, T. €.

Df(t) = £ (t).
MycTs Temeps HaM 3a4a8 MEOTOWICH P(t) = agt™ +ait™ ' +.. . +am.
Tormga P(D) ects auuenHOe NpeoOpa30OBaHME, KOTOPOE IEPEBOAUT
dbyukuuo f(t) B

PD)f(t) = aof™ ) +ar f" V() + ...+ am f(2).
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B COOTBETCTBMM C BBEACHHBIMUW BHIIIEC OIIPEaCJICHUAMN
CI0OXKEHUA W YMHOXEHUA MATPUL MHOT'OWIEH OT MaTpH-
ubl A MBI 3a0aeM GOPMYJION

P(A) = apA™ + a; A™ ' + ... + a, E.

IIpumep. Ipegmomoxum, uTo A — Tax Ha3BIBAEMasd JUArO-
HATbHAA MATPUIA, T.€. MATPHUNA, Yy KOTOPOU HA BCEX MECTaX, KPOMe
rIaBHOU gmaroHamu, cToaT myau. Hamgem p(A). Mo umeem

At 0 0 ... 0
A= 0 X0 ... 0 :
0 0 0 ... A\
TOor DA
A0 0 HE(| 0
A2_ | 0N 0 om0 0
00 ..... )\i 0 i
Orcona caeayer, aro ecmu P(t) = agt™ + ... + am—1t + am, TO
P()\1) 0 0
P(A) = 0 P(r)... 0
0 0 . P(\n)
Yupaxuenue. Ilycts marpuna A umeer Bup
0100...0
0010 ...0
0001...0
0000 1
0000 0

Hanru P(A).

MoxHO OnpeenuTs HE TONBKO MHOTOWIEH OT MATPUIIHL,
HO 7 BOOOIIE (DYHKIIMIO OT MATPHIEL, HAIpIMED e, sin A,
uT. .

CoBOKyIHOCTH MaTpUIl N-I'0 HOPsAAKa 00pasyeT, Kak
MBI yx)e ynomuHaam B §1 (cTp. 9, mpumep 5), mmHEnHOE
OPOCTPAHCTBO, €CAM ONPENEIUTh CyMMY W IIPOU3BEICHUE
MaTPHUI[ Ha, IUCIO0, KAK OOBITHO. DTO IPOCTPAHCTBO UMEET



§9} JIMHEAHBIE IPEOBPA3OBAHUSA U ONEPAIIMM HAJ HUMUA 123

n? umamepenmit (KaxXJas MaTPUIA 3aJaeTCA CUCTEMOH 7

qucen); MOdTOMY BCAKEe n? 4 1 MaTpHIl IMHEHHO 3aBUCH-
MbI. PaccMOTpUM TOCIE0BATEILHOCTD CTEIeHel HEKOTO-
por MaTpuis A:

2

2

E, A, A% ..., A"
Tak xak ux n? + 1, TO OHE JTUHEHHO 3ABUCHMEIL, T. €. CyIIe-
CTBYIOT YIUCIA Gg, A1, 02, ..., 0,2 TAKUE, ITO

aE +aA+ayA% +... + anaAn2 =0.

Mgl moxy4dmnu cAeqyoumil WHTEPECHBIW BBIBOM: IS Ka-
KOIOU MATPUIBI MOPALKA 7 CYIIECTBYET MHOTOWIEH CTe-
memn n? Taxow, uto P(A) = 0. YKa3aHHBEIA 371eChb OYCHB
IPOCTOU BBIBOJ CYIIECTBOBaHUA MHOrOWIeHA P(t), mus Ko-
toporo P(A) = 0, obnagaer aBymsa HegocTaTkamu. Bo-
MEPBHIX, HE YKA3aH CIOCO0 BBITUCICHUA TAKOT'O MHOT'OMWIE-
HA U, BO-BTOPHIX, CTENEHb TAKOT'0 MHOT'OWIEHA 3aBHINICHA.
B 1eicTBUTEIEHOCTH MBI HECKOMBKO MO3XKe MOKAXKEM, ITO
IUIA KaXTOU MATpPUIBl A CyIIEeCTBYeT MHOTOWIEH CTere-
HU 7, OY€HBb IIPOCTO CBA3AHHBIM C MATPHUIEH U OOpPAaIIaio-
IUUCA B HYJb [IPU MOJACTAHOBKE B HEO DTOU MATPUIIHL.

4. O6parHoe npeoGpasosanue. fIgpo u o6pa3 npeobpa-
30BaHM.

Onpemeneunune 4. Ilpeobpazosanue B mnasvisa-
emesa obpammuvim ® A, ecau AB = BA = E, 2de E —
edunuunoe npeobpasosanue.

B cuny ompemenenus FE 5To 03HAYaeT, 9TO AJIA JHOOO-
ro x B(Axz) =z, T.e. ecim A nepesoaut x B BeKTOp A€,
TO oOpaTHOe npeobpaszoBanme B mepeBoguT BEeKTOp AL
ob6paTHO B BekTOp z. [IpeobpaszoBanue, obpaTHoe mpeobpa-
soBarmio A, o6o3nagaerca AL

He pnsa Bcsakoro mpeo6pasoBanus cymecTByeT obpat-
rmoe. Hampuwmep, npeoOpa3oBanue, COCTOAMIEE B MPOEKTH-
POBaHMM TPEXMEPHOI'0 MPOCTPAHCTBA HA ILIOCKOCTH XY
(cm. mpumep 1 m. 1), oueBraHO, HE MMeeT 0OPATHOTO.



124 JIMHEJHBIE NPEOBPA3OBAHUS [ra. 1

C nouarureMm o6paTHOrO Ipeobpa30BaHUA CBA3AHO IIOHA-
Tre oO6paTHOU MaTpulbl. Kak M3BECTHO, M KaXJI0U Ma-
Tpuisl A, ynosrersopsomen ycaosuio Det(A) # 0, MOXHO
ompegemnTs MaTpuIy A !, yIOBIETBOPAIONIYIO yCIOBHIO

AA'=A"'A=E. (9)

Dra marpuna A ! maswBaeTca o6paTHON K MaTpmie A.
Ee MoXHO HauTH, pellas CUCTeMY JUHEUHLIX YPaBHEHWH,
SKBUBAJICHTHYIO MATPUIHOMY PABEHCTBY (9). DIeMeHTH ee
k-ro cToabIa OKAXyTCA PABHLIMM MHUHOPaM k- CTPOKH
MaTpuibl A, IeleHHBIM Ha, ee ompeenuTens. Jlerko mpo-
BEPUTH, ITO TaK COCTABICHHAA MATPHUIA A7t yIOBJIETBO-
psieT ycaoBuaMm (9).

Tak kak mpu 3aJaHHOM 0a3uce MEX Ty MATPUIIAMU U JIU-
HEUHBIMY NTPE06PA3OBAHUAMY UMEETCA B3AMMHO O JHO3HAT-
HOE€ COOTBETCTBHUE, COXPAHSAIOIIEE OMEPAIUIO YMHOXEHUS,
TO, das Mmo20o umobbr npeobpazosanue A umeso obpam-
Hoe, He0OLOJUMO U AOCMAMOUHO, UMOObL €20 MAMPUYG
8 KAKOM-HUOYIb 6a3uce UMesa onpedesumend, OMAUUHbL
om Hyas, m.e. umesa 6v pane n. IIpeobpasoBanue, ume-
olee 06paTHOE, HABLIBAIOT HEBbLPONCIEHHBIM.

C mpom3BOJBHBIM JUHENHBIM NpeobpasoBanueM A cBs-
3aHBI [BA BAXHBIX MOAIPOCTPAHCTBA — AJP0 U 06pPa3 DTO-
ro Ipeobpa3oBaHUA.

Onpemenenue 5. Cosoxynnocms M eexmopos
suda Ax, 2de x© npobeeaem ece R, wasvigaemcsa o006pasom
npocmpancmaa R npu npeobpazosanuu A.

[pyrumum croBamu, 06pa3 TPOCTPAHCTBA, — 3TO MHOXE-
CTBO TE€X BEKTOPOB Y, Mg KOTOPHIX ypaBHeHume Ar = y
mmeeT x0TA Ob1 OgHO pemrenume. fIcHO, 9TO y 06paTmMOro
npeobpa3oBanusa 06pa3 eCTh BCE IMTPOCTPAHCTBO.

[Moxaxem, aro M ecmb nodnpocmpancmso npocmpan-
cmea R. [lencTBurensno, nycts Yy € M un ys € M.

OTO 3HAYUT, ITO CYWIECTBYIOT L1 U T2 TaKHUE, UTO Y =
= Az u yg = Azs. Ho Torga y1 + yo = Az + Azy =
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= A(z1 + x2) u, 3HaqwmT, y; + yo € M. Amanormano, ecan
y = Ax, To Ay = AMx = Adz, T.e. \y € M.

CuemoBaTeasno, M aBasgeTcsa moampocTpancTBoM. Pas-
MEPHOCTH 3TOr0 MOAIPOCTPAHCTBA HA3BIBAETCA PAHTOM
npeobpasoBanus A.

[Ipuwmep. Paccmorpum mpeobpasoBanme A, cOCTOA-
ee B IPOEKTUPOBAHUY TPEXMEPHOT'O MpPOCTpaHCTBA R B
mrockocTh XY (mpumep 1, m. 2). O4eBugHO, 9T0 06pa3 5T0-
ro npeo6pa3oBaHUA €CTh MIOCKOCTh XY .

Yunpaxuenue. Hanmmcare MaTpuiy IpOU3BOJIBLHOTO IIpe-
obpasoBanua A B 6asuce, mepsble k BEKTOPOB KOTOPOT'O SBIAIOTCA
6a3mcoM B ob6pase MPOCTPAHCTBA IIPU 3TOM IIPe0oO6pPa30OBAHUM.

[IpyruM BaXXKHBIM TOANPOCTPAHCTBOM ABIACTCA AAPO
npeobpasosanusa A, cocTosmee m3 BCEX BEKTOPOB, MEpe-
XOJAMMX TIPU DTOM TPEOOPa30OBAHUY B HyJIb.

Onpemeanenue 6. Cosoxynnocmv N 8exmopos &
maxuz, wmo Axr = 0, naswieaemca adpom mpeobpaszosa-
nua A.

SIcHO, 9TO AAPO TakXke €CTh MOAIPOCTPAHCTBO IPOCT-
paucTBa R. [euctBurensuo, eciu Az; = 0 u Azy = 0, TO
A(z1 +x9) = Azy + Azg = 0. Touno Tak xe, eciu Az = 0,
To AAx = Mz =0, T.e. N ecTb MOANPOCTPAHCTBO.

OugeBngHO, 9TO ecau A— HEBBLIPOX JEHHOE IIPEo6pas3o-
BaHUe, TO €ro AAPO COCTOUT U3 Hysd (T.e. CUCTeMa OJHO-
POOHBIX ypaBHeHHﬁ C OTJIMYHBIM OT HYJIA OIIpeaeanTe/naeM
UMEET TOJIBKO HYJIEBOE PELICHIUE).

Yupaxueunue. Hamucars marpuily npeobpasosauua A B 6a-
3uce, mepBble kK BEKTOPOB KOTOPOr'O €CTh 6a3uc AApa.

Hpuwmep. Ilyctre R—mOpocTpaHCTBO MHOTOWICHOB
crenenu < n — 1 u mpeobpasosanue A — guddepennupo-
BaHue, T.e€.

AP(t) = P'(t).
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Axapo sToro npeo6pasoBaHus COCTOUT U3 MHOIOUIEHOB
P(t), nna xoropeix P'(t) = 0, T.e. u3 xoucrant. Takum
o6pasoM, aapo N 31ech OJHOMEPHO.

O6pas A cocrout u3 mEOrowienos suga P'(t), rae P(t)
uMeeT cTeneHb < n — 1, T.e. M cocTOUT M3 BCEX MHOTO-
WIeHOB cTeneHu < n — 2. Pasamepnocts M paBHa n — 1.

PaccmoTpuM Temeps mpeo6pasoBanue A2, koTopoe 3a-
maercsa ¢GOpMYJIOn

A?P(t) = P"(t).

Il npeo6pasosanua A2 agpo N cocTouT m3 BCEX MHOTO-
WIEHOB HE BBIINIE IIEPBOU CTENneHu, a 00pa3 M3 BCEX MHOLO-
wieHoB crenenn < n — 3 (mposepwre!), T.e. N aBymepHoO,
a M mmeet pasmMepHOCTH N — 2.

Amanormaro y npeobpasosarus A3 aipo TpexmepHo, a
00pa3 mMeeT pa3sMepHOCTb N — 3 U T. .

Haxomnern, mpeo6pasosarue A" B 3TOM (iIydae eCThb HY-
neBoe nmpeobpasoBanue. Ero aagpo N = R, a 06pa3s cocTouT
TOJBKO W3 HYJIA.

Ha »ToM mpummepe BUAHO, 9TO HpPU BO3BEIEHWUM IIPeE-
06pa30BaHUA B CTEIEHb €r0 AP0 pacmmpseTca, a o0pas,
HaobopoT, ymenbmaerca. llpm »ToM pasmepHOCTH AApa
KakK Obl XapaKTepu3yeT CTeleHb BBIPOXKAEHHOCTH IIpe-
ob6pasoBanua. Yem OGoiablile AApo, TeM MeHbIe 00pa3 u
TeM «0oJee BBIPOXKICHHBIM» SBIAETCA IIPeoOpPa3OBaHMUE.
Kpaaumu caydasmu SBISiOTCA HYJIeBOE TpeoOpa3OBaHUe,
AIPOM KOTOpOrO sABIseTca Bce R, a o6pa3 paBeH HYIIO,
u, C APYTrOou CTOPOHBI, 00paTuMoe npeobpa3oBanue, 06pa-
30M KOTOPOI'0 ABJSIETCA BCE MPOCTPAHCTBO, a AAPO PABHO
HYJIO.

[Tpm sTOM cymma paszMepHOCTER AApa U 00pa3a BCEraa
OCTAETCA PABHOU PA3MEPHOCTH BCET'O MPOCTPAHCTBRA.

Nmeer mecTo obmas Teopema.

Teopewma. Ilyemv A —npoussoavroe aunetinoe
npeobpasosarue n-mepnoco npocmpancmsa R. Cymma
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pasmeprocmeti adpa u 06pasa npeobpazosanus A pasna
Pa3mMepPHOCU 8CE20 NPOCMPAHCTNEL.

HoxaszaTenscTso. llpegmoroxum, aTo aagpo N
npeobpasopanns A mMeer pasmepHOCTb k. Bribepem B N
6a3uc m3 BEKTOPOB €,...,€; W IOMOTHUM ero mao 6a3mca
€1,.--5€k,€k+1,---,6En BO BCEM mpocTpaHcTBe K.

Paccmorpum BekTOpHr A€k, .- .., Ae,. MHOXeCTBO J1-
HEUHBIX KOMOWHAIIMU STUX BEKTOPOB 00pasyeT MOAIpPO-
CTPaAHCTBO, KOTOpOe coBmaxaeT ¢ M — o6pa3om mpeobpa-
3oBamma A.

[lencTBUTENIbHO, MYyCTh § — NPOU3BOJILHBIM BEKTOD
n3 M. Torpga, mo onpejeneHnio, CymecTByeT BEKTOD & Ta-

kou, uro y = Az. Tak kak eq,...,e, —0asuc B R, TO
T = yi1e1 + ... + Ypen. Ho Tak xax Ae; = ... = Aex, =0
(e1,...,ex — Gaszuc B Agpe), T0 y = Ax = Ypr1Aeki1 + ...
coo T+ YnAen.

[Moxaxewm, a0 n — k BeKTOPOB A€k41, ..., Ae, TuHERHO
HE3aBUCUMBI.

[leACTBATENBHO, MyCTh CYMEeCTBYIOT THCIA (), HE PaB-
HbIE OJHOBPEMEHHO HYMI0 W Takue, IT0 «aiAepy; + ...
...+ oy Ae, = 0. PaccMmoTpuMm BeKTOp T = a1€p41 + - .
coo+ ap_gen. Torga Az = A(arep1 + ... + ap_pen) =
= a1Aegi1+. . .oy, _rAe, =0, T.e. x IPUHAIIEKUAT AAPY.
MBI OpHILIT K IPOTHABOPEYINIO, IIOCKOILKY, C OQHON CTOPO-
HEBI, £ KaK DJIEMEHT AApPa IPEeNCTABUM KaK JUHENHAA KOM-
OMHAIIMA HEPBHIX k Ga3MCHBIX BEKTOPOB, a, C JPYTOU CTO-
POHBI, & = 1€k11 + . ..+ g€, OBLT 3a0aH KAK JUHENHAS
KOMOWHAIAA €fy1,...,€En. DTO IPOTUBOPEUNAT €[AHCTBEH-
HOCTU IPEACTABICHAA BEKTOPA T YePe3 BEKTOPHI 06a3uca.
CaenoBaTensHO, BEKTOPHL A€kt 1, .. . , Aey IJUHEMHO HE3ABU-
CUMBI.

Mgzr nokasanu, 9TO CymecTByeT 1 — k TMHENHO He3aBU-
CUMBIX BEKTOPOB TaKWUX, YTO JIO00U BEKTOp 06pa3a ecTh
VX JIUHENHAA KOMOMHAINA, T. €. Pa3MEPHOCTb 00pa3a paBHA
n — k, 9T0 1 TpeOGOBATOCH JOKA3ATD.
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5. CBaA3b MeX/y MaTPHUIIAMM JUHEMHOTO Mpeobpa3oBa-
HUA B pa3auvHbIX Gasucax. OOHO U TO XKe JIUHEWHOE Mpe-
00pa3oBaHMe MOXKET B PA3IUIHLIX 6A3MCAX UMETH Pa3and-
HBIE MATPUIHL (CM., HAIPUMED, yIpaXHeHue K npumepy 1
. 3 sToro maparpada). BelacHIM, KAK U3MEHAETCS MATPU-
113, JUHEXHOT'O MPeo0pas3oBanuia A mpu mepexoae OT OJHOIO
6a3mca K Apyromy.

[Iycts B R gambl gBa 6aswmca: ej,€s,...,e, U f1, fo, ...

., fn- MaTpury mepexoma otr 6asumca eq,eo,...,e, K Oa-
sucy fi, fo,..., fn 0603HAUUM Uepe3 C, T.e. TOJOXKUM

f1 = C11€1 + C91€2 + ...+ Cn1€n,

= c19€1 + C29€9 + ... + Cp2ep,
f2 12€1 2262 n2€n (10)

Beemem BcmomorarenbHoe JuHEenHOE mpeobpasosanue C
TIOJIOXKUB

Ce; = fi.

Ero marpuna B 6aswmce e, e, ...,€, COrMacHO GOpMyIaM
(2) u (3) u.3 6yger C.
O6o3Ha4UMM MaTpUIly JUHEWHOrO npeobpasoBanus A B
6asuce ey, €9, ..., e, epe3 A = ||a;||, a B 6azuce fi, fo,. ..
.y fn aepe3 B = ||bj||. Umage rosops,

n

Aer, = aiei, (10"
i=1

Afp = birfs. (10)

=1

Hama nens — Buipasuts maTpuny B depes marpunsr A
u C. 3aMeHUM [Jis DTOTrO B MPABOU M JEBOU 4YacTAX (POP-
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myaet (10"”) fr gepes Cey u f; gepes Ce;. Mu1 Gy nem umeTs:
n
ACe, =Y biCe;.
i=1

[IpumenumM K 06GeumM dYACTAM SDTOCO DPABEHCTBA IIpe-
obpazoBarme C~! (OHO cymecTByeT, Tak KaK BEKTODHI
f1, f2y- .., fn muHenHO HE3aBUCHMBL). MbI mOTyIHM:

n
C'ACer =) bies.
i=1
Mb1 Buamm, 4TO wHTEpecyoomas HAC MaTpuma || bl
ecTh Takxke marpuna mpeobpasosamus C'AC B 6Gasu-

ce e1,e9,...,e,. lIpu nepeMHOXEeHUU PEOOPA3OBAHUN UX
MaTPUILI B faHHOM b6aswuce e, e, ..., e, MePEMHOXAIOTCI.
IToaromy

B=C"'AC. (11)

Marpuust A u B, cBa3annbie cooTHomenueM (11), Ha3bI-
BAIOTCA 1100DP0OHIMU.
Urax, mampuuya B npeobpazosanus A 6 6asuce

fi, fo, .-, fn noayuaemcsa us mampuyvs A npeobpazosa-
nus A 6 6asuce ey, ea,... e, no gopmyae (11), 2de C —
MOMPUYG neperods om 6a3uca €i1,€s,...,e, K 6a3ucy

fl, fZa R fn ((,ﬁopMme (10))

6. JIuneunoe npeoGpa3oanue npocrpancrsa R; B npo-
crpaucTBo Ro. Omnpenensas auuenHoe mpeobpasoBanue A,
MBI (PAKTUIECKY HUT € HE TIOIH30BAIUCEH TE€M, ITO BEKTOPHI
2z n Ar UpUHANIEKAT OJHOMY M TOMY XK€ IPOCTPAHCTBY.
[MosToMmy, moBTOpsia gocaoBHO ompemerenue 1 m. 1, MOXHO
OIpeIeNUTh TAKXKe JUHENHOE TPe0Opa3oBaHue MTPOCTPAH-
crBa R; B npyroe nmpocrpauctso Rs.

Bce ckasannoe B aTom maparpade 6e3 kakux-tubo cy-
IIECTBEHHBIX U3MEHEHUN MEPEHOCUTCA HA Takue mpeobpa-
soBaHuA. OCTAHOBUMCA HA ONEPAIUAX CJAOKEHUA U yMHO-
XKEHUS JUHENHBIX TPe0oOpa3OBaAHUN.
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[Myctes A u B — nunennbie npeobpa3oBaHusa MPOCTPAH-
crBa R; B nmpocrpancTBo Ry. Torga, kak u B m. 3, MOXHO
omnpenenuTh ux cymmy A + B: C = A + B osmauaer, 9TO
Czx = Az 4+ Bz ana mo6oro x € R;.

[Ipoussenenne AB B 5TOM CiIydae CMEBICIA yXe HE IMe-
er. OIHAKO MBI MOXEM ONpenenuTh mpousBenerne ADB B
TOM CIyd4ae, Korjga B —auaenHnoe mpeoGpasoBaHMe MPOC-
TpaucTBa Ry B Ry, a A— nunennoe mpeoGpasoBaHme Mpo-
crpaucTBa Ry B R3. B sTom caywsae AB ectTh, o onpene-
JIEHUIO, THHETHOE TIPe0oOpa3oBaHue MpOCTPancTBa Ry B R3,
COCTOAIIEE B TIOCIEJOBATEIHLHOM BHITOIHEHUN CHAYAIA, TIPe-
obpaszoBanusa B, oro6paxatmero Ry B Ry, a 3aTem mpe-
o6pasoBanusa A, oro6paxaromero Ro B R3.

BBerlIeHHbIe onepanmuun CJI0XKEHUSA U YMHOXCHUA JII/IHGI?I—
HBIX TPEe00PA30BAHUN YAOBICTBOPAIOT ACCOIUATUBHOMY U
IUCTPUOYTUBHOMY 3aKOHAM.

3amadva. YCTaAaHOBUTH, KAK U3MEHAETCI MATPUILA, JU-
HEeUHOro npeobpasoBanus Ry B Ry npu 3amene 6a3sucoB B

R1 n RQ.

§ 10. uBapuaHTHEIE IIOAIPOCTPAHCTBA,
co6CTBEHHBIE BEKTOPHI M COOCTBEHHbBIE 3HAYECHUS
JMHEMHOr 0 Npeobpa3oBaHus

1. NuBapuanTHBIe OATIPOCTPaHCcTBa. [lycTts R — mog-
MPOCTPAHCTBO MPOCTPaHCTBA, R um A—aunendHoe mpe-
o6pasoBanme B R. BooOme roBops, 41a OpOW3BOJLHOTO
x € Ry, Az ¢ Ry *). Hampumep, ecim R — eBKIu0Ba
IIOCKOCTh, R — IpOM3BOMbHASA MpAMasa 1 A — MOBOPOT HA

™
Yron ¢ = &, TO OIEBUAHO, ITO A1 mo6oro z # 0 u npu-

Hagrexamero Ry, Az ¢ R;. OfHAKO MOXeT CILyIuThCA,

") Bamucs Az ¢ Ri o3Ha4aer, 4TO BeKTOp Az He IPUHALIEKUT
IO AIPOCTPAHCTBY .
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9TO HEKOTOPBIE TMOAMPOCTPAHCTBA IMEPEXOMAT CAMU B Ce-
0s1 pu uHEeHOM TpeobpasoBanuu A. Beegem caemyronue
OTIpeneNeH .

Onpenenenue 1. IIyemv A — aunetinoe npeot-
pazoganue npocmpancmaa R. Jlunetinoe nodnpocmpan-
cmeo Ry wasvisaemca umsapuanmmuvim omuocumesbro A,
ecau Oasn KaxHcdozo sexmopa x u3 Ry sexmop Az maxoace
npunadaexcum Ry.

[Ipy m3yvenuu auHEMHOrO mpeobpasoBaHusa A B uHBa-
PUAHTHOM TOAMPOCTPAHCTBE R MOXHO, TakuM 06pas3oM,
paccMaTpuBaTh DTO Ipeobpa3oBaHME TOILKO B Ry .

TpuBraIbHEIME WHBAPUAHTHBIMYU MOAIPOCTPAHCTBAMU
ABIAIOTCA TOANPOCTPAHCTBO, COCTOAIIEE JUIIL U3 HYJIA, U
BCE MPOCTPAHCTBO.

Hpuwmepmn. 1. Ilycrs R— TpexmepHOE IPOCTPAHCT-
BO 1 A — MOBOPOT BOKPYT HEKOTOPOU OCH, IIPOXOJAIIEN e-
pes Hyab. UHBapuaHTHBIMEY IO AIPOCTPAHCTBAME IIPU STOM
ABIAIOTCA: &) OCh BpAlleHWA (OJHOMEPHOE WHBAPUAHTHOE
HOJIIPOCTPAHCTBO), 6) IIOCKOCTD, IPOXOASANIAA Ie€pe3 Ha-
YAJ0 KOOPAUHAT U OPTOrOHAIBHASA K DTOU OCH (JABYMEpHOE
UHBAPUAHTHOE IOANPOCTPAHCTBO).

2. R—miockocTs. [IpeobpasoBanme A 3akimodaeTcs B
PACTAXEHNH ILIOCKOCTH B A| Pa3 BAOAb ocu X M B Ag
pa3 Bmoab ocu Y. VMHade roBopsA, eCau BEKTOD Z PaBeH
§re1 + ez, To Az = Ai&1e1 + Aaéoea, Tae e1,e3 —enu-
HUYHBIE BEKTOpPHI Ha ocax. KoopauwHaTuble ocu X um Y
ABIAIOTCA B 3TOM CIydae OJHOMEPHBIMU WHBAPUAHTHLIMUA
nognpocTpancTBamu. BEcam A\; = Ao = A\, T0 A sABaseTcs
npeobpazoBanremM mon00ua ¢ KodhGUIMEHTOM OO0 A.
B sToM cayuae kaxgas npAMas, TPOXOAAIIAA Yepe3 Ha-
9aJ10 KOOPAWHAT, ABIAETCSA WHBAPUAHTHBIM MOAIIPOCTPAaH-
CTBOM.

Yupaxuenue. [lokazars, 470 ecaiz A1 # A2, TO B mpumepe 2

HeT HUKAKMUX JPYTUX OJHOMEDHBIX MHBAPUAHTHBIX IOAMPOCTPAHCTB,
KpOMe yKa3aHHBIX BBIIIE.
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3. RiCOBOKyHHOCTB MHOI'OYJIEHOB CTEII€CHU HE BBLIIIE
n — 1. Jlunennoe npeobpaszoBanue A — quddepeHnupona-
HUe, T.e.

AP(t) = P'(t).

COBOKYIHOCTh MHOT'OWIEHOB, CTENEeHb KOTOPBIX MEHbIIIE
niau paBHa k, roe k < n — 1, obpasyeT mHBApUAHTHOE IO~
IpPOCTPAHCTBO. [lencTBUTENbHO, AUGEPEHINPYA MHOTO-
wWieH cTerneHd < Kk, MBI MOMY<IUM MHOTOWIEH, CTEIEeHb KO-
TOpPOT'O CHOBA, HE MPEBOCXOAUT k.

Yunpaxuenue. [JokaszaTs, 4TO B IpuMepe 3 HUKAKUX MHBA-
PUAHTHBIX HOANPOCTPAHCTB, KDOME YKa3aHHBIX, HET.

4. R — npou3BOJIBHOE N-MEPHOE IPOCTPAHCTBO. JIuuen-
HOe mpeobpasoBanme A 3aJaeTCA B HEKOTOPOM 0asmce
€1,€9,...,€, MATPULEH BAIA,

ail a1 a1 k+1 A1n
g1 ... Gkl  Qkk+1  ---  Okn
0 ... 0 Gk4+1,k+1 --- Ak4+1n
0 ... 0 a@pky1 --- Gnn
B sToMm crydae moanpocTpaHCTBO R, MOPOX IeHHOE BEKTO-
paMmu e, €y, ..., €L, THBAPUAHTHO. [[0Ka3aTEILCTBO 3TOTO
MBI IIpefocTaBageM dnTaTenao. Ecau, kpome Toro,
ai,kH:...:am:O (lglgk),

TO TOANPOCTPAHCTBO, MOPOXICHHOE BEKTOPAMU €fy],
€k+2,- - -, €p, TaKXKe OyJeT WHBADUAHTHEBIM.

5. R— mpou3BOJIBHOE 7N-MEPHOE MNPOCTPAHCTBO, A —
MPOU3BOJBHOE JUHENHOE MPEOOPaA3OBAHUE B 3TOM MPOCT-
paHCTBE.

Torga o6pasz M u adpo N npeobpazosanus A asasom-
CA UHBGPUGHMHBIMYU NoINpocmpancmeamy. [lercTBuTenH-
Ho, myctb y € M. Torga Ay € M B cuny oupegererus M.
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Touno Tak xe, eciu z € N, o Az =0 € N.

ItoT mpocTon GpakT OyaeT UCIOAb30BAH B AAJILHENIIEM
[IpU TIPUBEJEHUN MPOW3BOJILHOTO MpPeo6pa30oBaHUA K IIPO-
CTEHUIIeMY BUAY.

[IycTs mano mpocTpancTBO R 1 tuHerHOE Tpeobpas3oBa-
mre A B »TOM mpocTpancTse. [Ipenmonmoxum, aTo R pas-
JOXHUMO B MIPAMYI0O CYMMY ABYX WHBAPUAHTHBIX MOAIPO-
crpancTB R; pasmepuoctu k u Ry pasmeprocTu n — k (M.
crp. 27). Torga B 6asuce ey, .. ., e,, NepBbie k BEKTOPOB KO-
Toporo Jexar B R, a mocreguue (n — k) —B Ry, MaTpu-
na npeobpasoBanus A COCTOUT U3 IBYX KJIETOK PA3MEPHO-
cred k u n — k, CTOAIMX HA AUATOHAIA, & HA OCTAIHHBIX
MeCTax CTOAT HYJaIU, T. €.

aiyp ... aig 0 e 0
a1 ... agk 0 N 0
akl --- G 0 .. 0
A= k1l kk
0 0 Gk+1,k+1 Ok+1,n
0 0 On,k+1 Gn,n

2. CoGCTBEHHEIE BEKTOPHI M COGCTBEHHBIE 3HAYECHWUA.
Ocob6yio poab B gaibHenIeM OyAyT UIPATh OJHOMEPHBIE
VHBAapPUAHTHBIE TOAIPOCTPAHCTBA.

I[Iycte R; —omHOMEpPHOE MOATIPOCTPAHCTBO, IIOPO-
XKJIeHHOe BeKTOPOM Z # 0 (T.e. COBOKYIHOCTH BEKTODPOB
Buga ax). flcHo, 9TO AIA TOro 4ToGHl R OBIIO MHBADU-
AHTHBIM, HEOGXOAUMO ¥ JOCTATOTHO, ITOOBI BEKTOp AT
Jexan B Ry, T.e. ObL1 KpaTeH BEKTODPY Z:

Az = \x.

Onpemeanenue 2. Bexkmop © # 0, ydosaemso-
parowut coommwowenuo Ar = Ax, wa3wsaemcs cob-
CMBEHHBIM BEKMOPOM, G COOMBEMCMBYIOULEE YUCAO N —
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cobecmeennbim  3navenuem  (TapaKMEPUCNUYECKUM YU~
caom) aunetinoz2o npeodpaszosanus A.

Urak, ecim £ — cOGCTBEHHBIN BEKTOP, TO BEKTOPHI (T
006pa3yoT OJHOMEPHOE UHBAPUAHTHOE MTOAIPOCTPAHCTBO.

O6paTHO, BCe OTIWYHBIE OT HYJISA BEKTOPHI OTHOMEDHO-
0 MHBAPUAHTHOTO MO JIPOCTPAHCTBA ABIAIOTCA COOCTBEH-
HBIMH.

Teopewma 1. B xomnaexcrom npocmpancmee *) R
gcakoe aunetinoe npeobpazosanue A umeem Toms 6vi 00uH
cobcmeenublll 86eKmop.

NokaszaTenbcTso. Bubepem B R kakon-mmbo
6asuc eq,es,...,e,. Jlunernnomy mnpeobpaszosanuio A B
»TOM 0a3mce COOTBETCTBYET HEKOTODPas MAaTpuua ||a|.

ITycts

r=E&er +&ex+ ... +&pey

— OpOW3BOMbHBEIM BekTop m3 R. Torma koopaumHATHL 7)1,
N2, ..., Nn BEKTOpa Ax BRIpax)aoTca crenyomuMu hpopMy-
aamu (cM. m. 2 §9):

m = a1 +a2éo + ... + a1pén,
N2 = a21&1 + a2 + ...+ aéy,

n = anlfl + an2§2 +...+ anngn-

YcaoBue TOro, 9TO BEKTOP COGCTBEHHBIN, T.€. PABEHCTBO

Axr = )z,

*) [JoxazaTeabcTBO TEOPEMBI HIPUTOAHO AJIA IPOCTPAHCTBA HAT
JFOOBIM AAre6parmIecKuM 3aMKHYTBIM HOIEM, TaK KAaK UCHOIb3YEeTCA
JIWIIb CYyIIECTBOBAHUE DEIICHUA y ypaBHeHUA (2).
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3aIKUCHIBAETCA B CAETYIOUIEM BUIE:

a11é1 + a12és + ... + a1pén = AN,
a21&1 + axés + ... + a2,y = Ao,

a1 + an2éo + ... + anpén = A,
nJaIn
(a11 — )\)fl 4+ a19és + ...+ a1pné, =0,
ag1&1 + (a2 — A& + ... + aznén =0, (1)

anlé’l + angfg + ...+ (a,m — )\)fn =0.

[l1A 1OKa3aTeIbCTBA TEOPEMBI HY XKHO NOKA3aTh, TAKUM
06pa3oM, ITO CYMECTBYIOT IUCAO A U Iuciaa &£1,&q,...,&,,
HE BCe paBHBIE HYIIIO, yAOBIeTBOpAlomue cucreme (1).

YcemoBueM CymiecTBOBAHUA HEHYJIEBOTO PEIIEHUA OTHO-
poxHOu cucTeMbl (1) ABIAETCA PABEHCTBO HYJIIO €€ OIpe-
JeTATEA

a1l — A a19 e a1p
agy agy — AL aon =0. (2)
an1 an?2 app — A

Mgl oy 9wy ypaBHEHNE CTEIEHN 7 OTHOCUTEIBHO . DTO
ypaBHEHME UMeeT XOTA Obl OauH (BOOOLIE TOBOPs, KOM-
IUIEKCHBIN) KOPEHb Ag.

[Moacrasus B cucremy (1) BMECTO A KOpEHB Ao, MBI TTO-
JyYUM OJHOPOTHYIO CUCTEMY JIWHEUHBIX YPABHEHUH, OIpe-
METATENs KOTOPOU PABEH HYJIIO, M MMEIOULY 0, CJIE0BATENb-

HO, HEHYJIEBOE DeIlIeHne 5%0),59)), .- ,&(10)‘ Torga BekTOpP
2@ =01+ eV + ... +¢Dey

6ymeT COOGCTBEHHBIM BEKTOPOM, & A — COOCTBEHHLIM 3Ha-
YCHUEM, TaK KaK

Az®) = )\Ow(o).

Teopema mokasana.
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dameuanue Tak kKak [JOKa3aTEILCTBO TEOPEMBI
0CTaeTCA B cuie, ecau npeobpasoBanume A paccMaTpUBATH
HE BO BCEM MPOCTPAHCTBE, & B JMIOO0OM €ro WHBAPUAHT-
HOM TOAIPOCTPAHCTBE, TO 6 A1000M UHBAPUGHMHOM N00-
npocmpancmaee cywecmayem Toms vl 00un cobcmeenHbit
gexmop npeobpazosanui A.

MHoOrowien, CTOAMUN B JEBOU HACTH ypaBHeHUA (2),
Ha3BIBAETCA TAPAKMEPUCTNUUECKUM MHOZOUAEHOM MATPU-
el mpeobpasoBanusa A, a camo ypasHeHume (2) zaparme-
PUCTNUUECKUM WIA BEKOBbIM YPABHEHUEM DTOU MATPUIIHL.
B mpomecce mokasaTeabcTBa TEOPEMBI MBI MOKA3AJIU, ITO
KOPHU XaPaKTEPUCTAIECKOrO0 MHOIOWICHA, CyTh COOCTBEH-
Hble 3HaUYeHUA npeobpasosanua A u, o6paTHO, COOCTBEH-
HBIE 3HAYeHUs npeobpas3oBanus A CyTh KOPHE XapaKTepu-
CTUYIECKOI'O MHOI'OYJIEHA..

Tak kak cOOCTBEHHbBIE 3HAYEHUA TTPEOOPABOBAHUS OITPe-
JIeJIEHBI HE3aBUCUMO OT BhIOOpPa 6as3uca, To, CAeq0BATETHHO,
7 KOPHU XaPaKTEPUCTUIECKOrO MHOTOWICHA TaKXKe He 3a-
BUCAT OT BBIOOpa 6asuca. MBI MOKaXxeM gajiee HeCKOIBKO
6oublie *), a UMEHHO, 9TO CaM LaPAKMEPUCTNUYECKUT MHO-
2ouaen He 3asucum om 6blbopa 6a3uca, U TOITOMY MBI B
JaJgbHEenmeM OyeM HA3BIBATH €U0 IaPAKMEPUCTNUUECKUM
MHO20UAEHOM npeobpasosanus A (a HE XapaKTepucTude-
CKAM MHOT'OWIEHOM MATPUIBI IpeobpasoBanus A).

3. Cpemnu amHenHBLIX TPeOOPA3OBAHUA B WM3BECTHOM
CMBICJIE TIPOCTEUNIMMY ABIAIOTCA T€, KOTOPBIE UMEIOT 7, JIA-
HEUHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB.

[Iycts A—Takoe mpeoGpa3oBaHme, a €1,€s,...,E, —
€ro JUHEUHO HE3aBUCUMBIE COOCTBEHHBIE BEKTOPHI, T. €.

Aej =Ne; (1=1,2,...,n).

*) U3 Toro, 94T0 KOPHM XapaKTEPUCTUIECKOrO MHOTOWICHA OJHI
7 Te Xe g PAa3HbIX 6A3MCOB, €lle He CIefyeT, ITO CaM MHOI'OWICH
He 3aBUCUT OT BbIOOpa 0a3mca; ampuopU BO3MOXKHO, YTO B Pa3HBIX
6a3mcax KPaTHOCTY DTUX KOPHEU DAa3IWIHBL.
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[Ipumewm ey, e2,...,e, 3a 6a3uc B8 R. Pasencrsa
A61 = )\161,
A62 = )\262,
Ae, = \e,

03HAYAIOT, 9TO MaTPUIla TpeobpasoBanus A B aToM Gasuce
uMeeT BUJ

A1 0. 0
0 A 0
0 0 An

(aBasercs Juazonaavnot mampuuyet). Taxkum o6pazoM,
UMeeT MECTO

Teopema 2. Ecau aunetinoe npeobpazosanue A
uMeem n AUHEUHO He3ABUCUMBIL COOCMBEHHBIL B8EKMOPOS,
mo, 8biOPas UL 36 OA3UC, Mbl NPUBEJEM MAMPUYY NPEOOPa-
so08anus A ® dugeonaavnoti Gopme. Obpammo, ecau 8 He-
KOMOPOM OA3UCE MAMPUUL NPE0OPA308aHUSL JUA2OHAALHA,
Mo 8ce BEKMOPLL IM020 OA3UCE ABAAIOMCS COOCNEEHHBIMU
BEKMOPAMU.

SamMedanue OTMETUM OIVH BAXHBIN CIy4ad, KO-
rIa JMHEUHOE MPeoOpa3OBaAHUE 3aBEIOMO UMEET 7, JIUHEU-
HO HE3AaBUCHUMBIX COOCTBEHHBIX BEKTOPOB. lIpenBapurens-
HO 3aMEeTHUM CIeIyIOIIee:

Ecau ey, e, ..., e — cobcmeennbie 8eKmopvl npeobpa-
308anuis A u coomeemcmsaywue UM cobcmeennbie 3Ha-
YEHUS A1, A2, - -y Ak, THONAPHO PABAUUHBL, MO €1,€9, ... ,CL

AUHETHO HE3ABUCUMDL.

Hua k = 1 yrBepx geane odeBuguo. IlycTs Hame yrsep-
X AeHue BepHO musA k—1 BEKTOpPOB; TOKAXKeM ero I k Bek-
TopoB. [Ipennonoxum TpoTUBHOE, T. €. IPEAIOIOKUM, ITO

arel + ases + ...+ ager =0, (3)
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npudeM XOTsa Obl OfMH W3 KOX(PPUIMEHTOB (v, HAIPpUMEDP
(1, OTIMYEH OT HYJIA.

[Ipumenum K 06euM gacTaM paBeHCTBa (3) mpeobpaso-
aune A. Iloxyaum

A(aje; + ageg + ... + agei) =0,

aiAie; + agdges + ...+ apiger = 0.

Borauras u3 mociegHero paBeHCTBA PABEHCTBO (3), YMHO-
XKEHHOE Ha A\, MBI IOTYyIMM BBIPAXKEHUE

al()\l — )\k)el + a2(>\2 — )xk)eQ +...
coot a1 (Ap—1 — Ap)eg—1 = 0,

rae mepBhIi KO3hPUIUEHT MO-MTPEXHEMY OTJIUYEH OT HYJIA
(Tak xax mo ycaoBmio \; # A\ npu ¢ # k). Mb1 npumum
NPOTUBOPEYMIO, TAK KAK 110 WHAYKTUBHOMY ITPEATIONOKE-
HUIO BEKTOPHI €1,€9,...,€,_1 JAHEHHO He3aBucuMbl. OT-
CIOJIa, HETTOCPENCTBEHHO CJAEYET, ITO:

Ecau zapaxmepucmuueckuli mmuo2ousen npeobpa3osa-
Hus A umeem n Pa3AUNHBIE KOPHEl, MO MAMPUYa npe-
obpazosanus A mosxcem ovimb npusedena ¥ JUG2OHAALHOT
dopnue.

[leNCTBUTEIBLHO, KAXKIOMY KOPHIO A XapaKTePUCTUIE-
CKOT'O YPABHEHWA OTBEIAET XOTA OBl OJAWH COOCTBEHHBIN
BeKTOpP. Tak Kak COOTBETCTBYIOIINE STUM BEKTOPaAM COO-
CTBEHHbIE 3HAYCHUA (KOPHU XaPAKTEPUCTUIECKOr'O ypPaB-
HEHUs) BCE PA3JIMYHBL, TO, COMVIACHO JOKA3AHHOMY BHIIIE,
MBI IMEEM 7, JUHEUHO HE3ABUCUMBIX COOCTBEHHBIX BEKTO-
pPOB €1, €9,...,€e,. Ecau BeKTOpHI €1, €9, . .., €, TIPUHATD 33,
6asuc, To MaTpulla npeobpaszoBanus A OygeT IUATOHATbL-
HOM.

Eciu xapakTepucTuyeCKIi MEOTOWICH IMEET KpPaTHbIE KOPHIU, TO
IUCIO JII/IHefIHO HE3aBUCHUMBIX COOCTBEHHBIX BEKTOPOB MOXKET OBITH

MeHbIne, 4eM n. Hanpumep, npeo6pasoBanne A B IPOCTPAHCTBE MHO-
TOYJIEHOB CTEIeHU He BHIIIE 1 — 1, CTaBAIIee B COOTBETCTBHE KaX JOMY
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MHOTOUJIEHY €0 IPOU3BOJHYI0, UMeeT JIUIIb OJHO COGCTBEHHOE 3HATe-
gue A = 0 u oguH (C TOTHOCTBHIO 10 MPOMOPIMOHATLHOCTH) COOCTBEH-
Hed BekTOp P(t) = const. B camom gene, gusa 1060ro MHOTOUIEHA
P(t) crenenu k > 0 mmorounen P'(t) umeer crenens k — 1, u moTomy
paserctso P’'(t) = AP(t) Boamoxuo ymms, ecmu A = 0 u P(t) = const.
CrenoBaTensHO, 4 3TOrO IPeO6pa30BAaHUA HE CYLIECTBYeT 0a3uca,
B KOTOPOM €My COOTBETCTBOBAIA Obl AMArOHAIBHAA MATDPULA.

B rmase III 6yger mokasaHO, ITO €CIM A €CThb M-KpPaT-
HBI KOPEHBb XapPAKTEePUCTUIECKOTO YPABHEHUA, TO €My OT-
BedaeT He Holee YeM 1m JUHEMHO HE3aBUCUMBIX COOCTBEH-
HBIX BEKTOPOB.

Huxe (8 §§ 12 m 13) MbI ykaxkeM HEKOTOPBIE KJIACCHI JIH-
HEUHBIX MPeoOpa30OBAHUN, MPUBOJAUMBIX K IUATOHAIBLHOU
¢opme. Borpocy 0 ToM, K KAaKOMY TPOCTENIIEMY BAIY MO-
*KeT ObITh TPUBEIEHO IPOU3BOILHOE JUHENHOE TPpeobpa3o-
Bauwue, OygeT mocesmieHa raasa [11.

4. XapakTepuCTHIECKMA MHOTOWIeH. B 1.2 MBI yxXe
OIIpeNeNMIN XaPAKTEPUCTAICCKUN MHOTOWIEH TPpeobpa3o-
Bauua A xkak onpegenuTens marpunbl A — AE, rqpe A—
MaTpuia npeobpaszosanus A, a E —enguauvHas MaTpu-
na. [Jokaxem, 9TO XapaKTEPUCTUIECKUN MHOTOWIEH HE 3a-
BucuT OT BhIOOpa Gasuca. [[erCTBUTEIBLHO, IIPU MEPEXOE
K apyromy Gasucy Mmarpuna A npeobpaszoBanus A npu-
mnmaer Bug C 'AC, rge C ecTh MATpHUIA IMEPEXOfa K
HOBOMY 6asucy. Takum obpa3zoMm, B HOBOM Oa3mce Xapak-
TEPUCTUIECKUA MHOTOWIEH €CTh ONPEIEIUTENb MATPUIBI

C'AC - \E. Ho
|C 'AC-\E| = |C'AC-\C 'EC| = |C {A-)\E)C|,

7 TaK KaK ONPENeIuTeNb MPOU3BENECHUA PABEH IIPOU3BEIE-
HUIO OIPEIeIuTENer, TO

|IC'AC — \E|=|C'||A - \E||C| = |A - \E|,

¥ yTBEPXKIEHUE N0Ka3aHO. TakuM 06pa3oM, MbI B JaJbHEU-
IeM MOXEM I'OBOPUTH O XaPAKTEPUCTUIECKOM MHOIOWIEHE
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npeobpasoBanma A (a HE 0 XapaKTEPUCTUIECKOM MHOTO-
“wIieHe MaTpuisl npeobpaszoBanus A).

Yuonpaxuenusa 1. Hautum xapakTepuCTUYECKUN MHOT'OYICH
MaTPHIIBI

Xo 0 0 .00
1 X 0 .00
0 1 X ...00
0 0 0 1 Ao

a; a2 asz ... AGn—-1 Qp

1 0 0 ... O 0

0 1 0 ... O 0

0 0 O 1 0
Omsem. (—1)"(A\" — a1 A" —ax A" 2 — ... —an).

BrIpasuM XapaKTepUCTHIECKUM MHOTOWIEH SBHO de-
pes3 dIeMeHTH MaTpunbl A npeobpasoBanus A. Boraucinm
cHavama Gojee OOUMU OIpefeauTenb (KOTOPHIU IO3XKe B
§12 mam Toxe BcTperurcs): |A — AB|, rze A u B — nBe
3aJaHHbIe MATPUIBL. HaM HYXHO, CI€IOBATEILHO, BHIYU-
CIUTH CJIerZIyIOIlH/II‘/)I MHOI'OYWJIEH OTHOCHUTEIBHO )\:

ajp — Abi1 aiz — Abig ... a, — Aby,
ao1 — A\ba1 agg — Aboo ... a9, — Aba,
Q= T TR T
ap1 — Abp1 a2 — Abpo ... apy — Abpy,

Tak Kak B 5TOM ONPEJEIUTENe KAXK AbIA CTOJIOEI €CTh CyM-
Ma ABYX CTOXOIOB, TO ONPENEIATENb MOXET OBITH Pa3io-
®eH Ha cymmy onpegernrener. CBoGoaub wied B ()
eCTh

ailr a2 ... Qaip

azr a9 ... a2n ) (4)
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fcno, aro koafPuyuenm npu (—N)* 6 Q(N\) pasen cymme
onpedeaumenets, KaAcobl U3 KOMOPLIT NOAYUAEMCA 3aME-
noti 6 (4) kakuz-aubo k cmoabyos mampuywt ||aix|| coom-
sememeyowumy cmoasbyamu mampuyvt ||bik||.

[lepengem Teneps k Beraucieruioo |A — AE|. [asa BvI-
amcrenna kodddumuenta mpu (—A)F MBIl mOmKHBI B3ATH
CYMMy OIpeAEeIATENeH, KaX bl U3 KOTOPBIX IIOIY9aeTCA
3aMeHOU k cToabmoB MaTpuubl |ai| k crombuamum exu-
HUYIHOX MATPHUILL. Ho KaX LI TaKOU OMpeNelInTelb €CTh
TIABHBIM MEUHODP (n — k)-ro mopsaka mMaTpunsl ||a;|. Ta-
KuM 00pa3oM, OKOHYATEIbHO, LapaKmepucmuieckuti muo-
eouaen P(N) mampuyvt A umeem 6ud

P) = (=1)"\" =pr A" pd™ T — ),

2de p1 ecmpb cymma OUAZOHAALHBIT IACMEHMOB, Do — CYM-
MG 2AGBHBIE MUKOPOB 86MOPO20 NOPAIKG U M. 0.; HAKOHEY
Pn ecmob onpedeaumend mampuybl A.

Yucaa p1,ps,-- - , Pn, TOCTPOEHHBIE TIO MaTpuIle A mpe-
00pas3oBaHuA A, 3aBUCAT JHUIIL OT CAMOIO IPEeoOpas3oBa-
HUA, TOCKOABKY DTUM CBOUCTBOM, KAK MBI TOKA3aJIA, O6JIa-
IaeT XxapakTepucTudecku MHoro<wien. Cpenu koadduim-
€HTOB p; HAWOOJBIIYIO POJb UTPAIOT Py — OUPEAESIUTEND
MaTpuibl A u p; — CyMMa AUATOHAILHBIX DIEMEHTOB Ma-
Tpunsl A. Cymma Jua2onasbHblE dAEMERMOE MEGMPUYDL Ha-
avisaemcs caedom mampuuybt A. Cren maTpunsr A 0603Ha-
qaerca tr A (oT amrmmuckoro caosa trace — caen). flcHo,
9TO CJe[l MATPUIBI PABEH CyMME BCEX KOPHEU XapaKTe-
PUCTHYECKOrO MHOTOWIEHA (COOCTBEHHBIX 3HAYEHWN ), IPU-
9eM KaX b KOPEHb CUMTAETCA C TOU KPATHOCTBHIO, ¢ KO-
TOPOU OH BXOAWUT B XapPaKTEPUCTUIECKUU MHOTOWIEH.

Yupaxuenusa 1. Ilokaszars, uro ecim A u B — maTpunst
N-r0 TOPAAKA, TO

tr AB = tr BA.

2. Ilokazare, 4T0 ecim C — HEBBIPOXK JEHHAA MATPUIBI N-I'0 IO-
PAAKA, TO A4 JTIOO00M MAaTPUIBl A N-TO MOPALKA IMEEM:

trC7'AC = tr A.
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Boranciaenne coO6CTBEHHBIX BEKTOPOB JMHEUMHOT'O IIpe-
oOpasoBanusa TpebyeT 3HAHUA COOCTBEHHBIX 3HAYEHUU U,
CIeIOBATENBLHO, PENIeHWA YPABHEHUA T-U CTENEeHU — Xa-
PAKTEPUCTUIECKOTO ypaBHEHUA. B OJHOM BaXHOM <acT-
HOM ClIydae KOPHU XapPaKTEPUCTUIECKOTO MHOTOWIEHA
MOXHO HAUTY HEMOCPECTBEHHO.

Ecau mampuya npeobpasosanus A mpeyzosvnan, m. e.
umeem 6ud

a11 @12 @13 ... Aip
0 ag2o 423 ... a2p
0 0 ass ... agp ) (5)
0 0 0 ...ann
mo coOOCMBEHRHBIMU 3HAUEHUAMU 6y0ym wyucaa, cmoauue
Ha (?uaaona./m, m.e. a11,022,...,0nn-

B camom meme, XapaKTepUCTUIECKAU MHOTOWIEH TAH-
HOU MATPUIH BEITUCIAETCA HEMOCPENCTBEHHO U €CTh

P()\) = (an — )\)(GQQ — )\) e (ann — )\),
n CJIeqOBaTECIbHO, €0 KOPDHU — A11,d22,. .., Ann-

Ynpaxuenune. Hautu cO6CTBEHHBIE BEKTODPHI, OTBEYAIOIINE
COOGCTBEHHBIM 3HAMEHUAM (11, 422, A33 TPEYTOIbHON MaTpuubl (5).

B 3akaroueHme 3TOr0 MyHKTA YKAXKEM OJHO HHTEPECHOE CBOMCTBO
XapaKTePUCTUIECKOTO0 MHOTOWIeHA. Kak MBI yXke yKa3blBaau B I 3
mpegslymero naparpadga, CymecTByeT Takou MHOrowieH P(t), €To
€CIM B HEro MOACTAaBUTH BMECTO ¢ MaTpumy A, TO OH 0OGpaTHTCA
B Hyab. MBI IOKaXeM CEMIac, ITO OTHAM U3 TAKUX MHOTOWICHOB
ABIAETCA XapPaKTE€PUCTUIECKAN MHOTOWIEH. [[OKaXeM IpeIBapUATEIb-
HO JeMMY:

Jemwma. Iycmv muozousen

P =aoA™ +aA™ 4+ ..+ am
U Mampuya A CB8A3GHbBL COOMHOWEHUEM
P(\)E = (A - AE)C()), (6)

2de C(X) — mmnozouaen om X, KosPPuyuenmot Komopo2o A6AL0MCA
MAUMPUYAMU, T. €.

CAN=CoA\" " +CI\N" > +... +C1, Ci— mampuypi
Toeda P(A) = 0.
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3aMeTuM, ITO >Ta JEeMMa ABIACTCA 0000IIEHNEM HA MHOT'OUIEHBI
C MaTPUYHBIME KodddunueHTamMu TeopeMsl Besy.
HoxasaTeascTsBo. Mul umeem:

(A—AE)C(\) = AC,, 1+ (AC, 35— Cr )X +
+(ACp—3—Cr )N +... = CoA™. (7)

CpaBauBaa Mexay co60l KO>(pPUIMEHTHI NPU OJWHAKOBLIX CTeEIle-
HAX A B 06enx dacTax paseHcTsa (6), MBI HOLIydIaeM HOCIEZOBATEIb-
HOCTHh PDABEHCTB:

ACmfl = amEa
ACm—2 - Cm—l = am—1E7
AC, 3—Chp 2= a/mf?Ey

AC() — Cl = a1E,
— C() = aoE.

YMHOXUM Temephb ClIeBa IepBoe paBeHCTBO Ha [, Bropoe Ha A,
rperne Ha A2, ..., mocregHee Ha A™ w crOXMM mX. MBI HOIydIMM
cupasa P(A) = amE + am-14A + ... + a0A™, a caeBa 0. Taxum
obpaszom, P(A) = 0 u zeMMa gokasaHa *).

Teopema 3. Ecau P(\) — zapaxmepucmuueckutl, mmo20uieh
mampuyst A, mo P(A) = 0.

NoxaszareascrTso. Paccmorpum marpumy, o6paTHyio Ma-
rpune A —AE. Mot umeem (A—AE)(A—AE) ™! = E. Kak u3BecrHo,
obOpaTHas MAaTpUIla MOXeT ObITH 3aIIMCAaHA B BUIE

1

(A-)\E)™' =
rae C(\) —wmarpuna w3 MumHOpOB (n — 1)-r0 mopsagka MaTpumbr
A — M\E, a P(\) — onpegemnrens marpunst A — AE, T.e. xapakTe-
puctudeckun MEOrowreH marpuusl A. Orciooga

(A — AE)C(\) = P(\)E.

*) B amre6pe Teopema Besy mokxasemBaeTca Tem, 9TO B DaBEH-
ctBO (6) moacrasaaerca A BMecTo \. 31€Ch, KOHETHO, MBI HE BIPABE
DTOr0 CAEIATh HENOCPEIACTBEHHO, TaK KaK A €CTh 4ucio, a A — ma-
rpuna. OgHAKO, IO CYIIECTBY, MBI CAEIAIA TO Xe camoe. [lencrau-
TeabHO, k-¢ m3 paseHCTB (8) momyummock cpaBHeHumeM B (6) KOad-
¢ummentos mpu \°. Ymmoxas ero ma AF u ckmaspmas 3arem Bce
PaBEHCTBA, MBI, IO CYIIECTBY, HOACTaBIAeM A BMECTO .
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Tak xak »memenTamu MaTpunbl C(\) ABIAIOTCA MUHOPBI MATPUIIBI
A — A\E, T.e. MHOTOWIEHBI CTEIEHN HE BHIIIE 72 — 1 OTHOCATEIBHO A,
TO COTVIACHO NOKA3AHHOU JEeMMe

P(A) =0,

U TeopeMa JOKa3aHa.

3aMeTHuM, 9TO €CIN Yy XapAKTePUCTUIECKOI'0 MHOIOYICHa MaTPHU-
bl A HET KPaTHBIX KOPHEU, TO He CyLECTBYET MHOI'OY/ICHA CTEIEeHN
HUXKeE N, 00PAIIAoeroca B HYJIb IDU IOJACTAHOBKE B HEIO MaTpHU-
el A (CM. cregyomee yupakKHEHNE).

Yupaxueunwue. [lycte A — amaronambHas MaTPULA BUIA

A1 0 ... 0
A= 0 X ... 0 ,
0 0 An

rae Bce umcaa A; pasmmaabl. Hautu muorowren P(t) Bo3amMoxHO Goxee
Huskon crenenu, g koroporo P(A) = 0. (Cu. npumep B §9, m. 3.)

§ 11. JIunennoe npeoGpa3oBanmue,
CONPAXEHHOE K JaHHOMY

1. CBa3b MeX/y JMHEMHBIMM IIPE06PA3OBAHUAMM U OU-
JUHEMHBIMU (POPMaMU B €BKJIMJ0BOM IPOCTPaHCTBE. MbI
paccMaTpuBaau paHee B adpPUHHOM OIPOCTPAHCTBE OT JeIb-
HO JWHEWHBIE MPeoOpa3OBAHUA W OTAEILHO OUIMHENHBIE
¢dopmel. B caydae eBkammoBa mpOCTPAHCTBA MeXIy Ou-
JUHEVMHBEIME HOPMAMU W JUHEUHBIMU IIPE0GpPA3OBAHUAMMI
CYyIIECTBYET TeCHAs CBA3b *).

Besxomy aunetinomy npeobpazosanuio A omeeuaem 8
eskaudosom npocmpancmee Ouaunetinas gopma A(x;y),

") Tax xak B gaHHOM 6aswWce KakK JWHEUHBIE HPEOGPa30BaHUA,
Tak u OmIuHenHble (HOPMBI 3a4AIOTCA MATPHUIAMHA, TO MOXKHO OBLIO
6Bl MONBITATHCA B adPUHHOM IPOCTPAHCTBE INOCTABUTHL APYT APYTY
B COOTBETCTBHE JUHEMHOE NMPeOo6pa3oBaHWe W OWIMHEHHYIO (OpMY,
3aJaBaeMble OqHOU U TOH ke marpuner. O THAKO 3TO COOTBETCTBUE
6BLTO GBI CTyIalHBIM. [[eNCTBUTEIBLHO, €CJAH B OQHOM 6A3MCe MATPUIIHI
O6unuHenHOU (GOPMBI U JIUHEAHOTO MPe0Opa30BaHUA COBIAIAIOT, TO B
apyrom 6asmce oHE OyayT yxKe, BOOOIIe TOBOPA, PA3JIMYHBI, TaK KaK
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3ada8aemas Gopmysot
A(z;y) = (Az,y).

[eucreurensuo, byuxuusa A(z;y) = (Az,y) ygosreTBops-
eT yCIOBHUAM, OIpeneIaromuM omtaHenHyo popmy. Mmeem:

1° (A(zi1+z2),y) = (Az1+ Az, y) = (Az1, y)+(Az2,v),
(Adz,y) = (Mz,y) = AM(Az,y).

2° (2, A(y1+y2)) = (z, Ay1 + Ays) = (2, Ay1) +(z, Ay),
(z, Apy) = (z, nAy) = i(z, Ay).

[Tokaxem, 9To mpeobpa3oBanue A ompenenseTca cooT-
BercTByomen Guruaenron ¢hopmon A(x;y) OAHO3ZHATHO.
IIycTs

A((L‘; y) = (A:E, y)

u
A(z;y) = (Bw,y).
Torga
(Az,y) = (Bz,y),
T.e

(Az — Bz,y) =0

mpu mepexoge K Apyromy 6asucy Marpuna A OuimHETHON (hOPMBI
nepexogut 8 C'AC (C' — maTpuna, TPAaHCTIOHUPOBAHHASL K MATDH-
me C) (cm. §4), a marpuna mure#HOro npeobpasosanus — B C~'AC
(cm. §9).

BHUMATEILHEI IUTATETb CMOXKET 3aMETUTh, YTO YCTAHABIABAE-
MO€ HIMXKE COOTBETCTBME MEX Ty OUIUHENHBIMY (GOpMaMU U TUHEHHbI-
MU TPeo6pa3oBaHUAMU B €BKJIMIOBOM IIPOCTPAHCTBE COCTOUT B TOM,
YTO COMOCTABAAIOTCA APYT APYTY JAMHEUHBIE MTPE0Opa30BaHUA 1 OUIA-
HerHbIe GOPMEBI, MATPHUIBI KOTOPEIX B HODMUPOBAHHOM OPTOTOHAE-
HOM 6a3mce MOMyYaloTCA ONHA W3 APYIOUM TPAHCIOHMPOBAHUEM; DTO
COOTBETCTBUE, KAK CACAYET U3 AATLHEHIIEr0, YKe HE 3aBUCUT OT BBI-
60pa 6a3uca.
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s TI060r0 BEKTOPa Y; HO »T0 3HaunuT, 40 Arx — Br = 0.
Takum obpaszom, Ax = Bz mia moboro z, T.e. A = B.
OIHO3HAMHOCTD HOKa3aHA.

NmeeT mecTo m obpaTHOE.

[Iycte R— KOMILIEKCHOE €BKJINJOBO IPOCTPAHCTBO U
nycts A(z;y) — Oununaennas ¢popma B HeM. Bribepem B R
KaKOU-In00 OPTOrOHAJLHBIM HOPMHUPOBAHHBIN 0Oasuc eq,
€,...,e,. Ecan
z=¢&e1+8ert.. . Hnen Uy =mertnest... ey,

To A(Z;y) MOXHO 3anUcaTh B BUIE

A(zyy) = an&iy + 0126179 + ... + a1,617, +
+ a2182My + a2282o7)y + ... + aopéo?, +
+ an1&n + an2énTa + - - + annénTy,- (1)

ITocTapaemcs mpeacTaBUThH DTO BhIPpAXKEHNE B BUE He-
KOTOPOI'0 CKAaJSIPHOrO mpowm3Benenus. [is Toro mepenu-
meM ero caeayomuM 00pa3oM:

Az;y) = (ané +a21éo + ... 4+ an1&)Ty +
+ (a12&1 + a2éo + ... + an2én)iy +
+ (a1né1 + améa + ... + annén)T,.

Bsemem B paccMoTpeHme BEKTODP 2 ¢ KOODAUHATAME

G =ané +anle + ...+ anién,
G2 = a12€1 + a2l + ... + an2én,

Cn = a1,€1 + a2péo + ... + ann&y.

BexTop 2z momydaercsa m3 BeKTOpa & JIMHEHHBIM IpPeo6pa-
30BaHUEM C MATPUIEN, TPAHCIOHUPOBAHHOW K MATPHUIE
|laik|| 6wimuennon dopmer A(x;y). dTo npeobpasoBanue
MBI 0603Ha4uuM OykBou A, T.e. momoxum 2z = Azx. Mur
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noay4vaeM, CJIeLOBATENIbHO, ITO
Alz;y) = QT+ Qlp + -+ - + Gl = (2,y) = (Az, ).

Urax, ecaroti busunetinot gopme A(x;y) 8 esraudosom
npocmpancmee omeeuaem maxoe aunetdnoe npeobpasosa-
nue A, umo

A(z;y) = (Az,y).

Takum 06paszoM, MBI JOKA3aJIu CIEAYIOUIYI0 TEOPEMY.
Teopema 1. Dopmyasa

A(zyy) = (Az,y) (2)

YCManasAUBaem 6 e8KAUIOBOM NPOCMPIHCMEE B3AUMHO
odno3nauHoEe coomeemcemaue mexcdy Ouiunetinbimy Gop-
MAMU U AUHETHBIMU NPEOOPa306aHUAMU.

W3 OMHO3HAYMHOCTU COOTBETCTBUA, yCTAHABIXBAEMOTO
dbopmyaon (2), cregyer, 9TO OHO HE 3aBUCAT OT BHIOOpA
6asuca.

Cea3b MeX1y OWIMHENHBIMA (POPMAME U JUHEUHBIMU
MpeoOpPa3OBAHUAME MOXHO YCTAHOBATL W NPYTUM CIIOCO-
60M. A UMEHHO, KaX [YI0 OMIUHENHYIO (OPMY MOXHO TIPEJI-
CTaBUTH TAKXE B BUIE

A(z;y) = (7, Ay).
[as sroro B dopmyue (1)
Az;y) = ann&ify + @126y + ... + a1,617, +
+ a2182My + a228o7)y + .. . + aopéo?, +

+ anl§nﬁ1 + an2§nﬁ2 +...+ annfnﬁn

MBI OyJ€M BBIHOCHATH 3a CKOOKU KOoOpAuHATH 1,82, ...,&,
BekTopa . lloBTOpssA CHOBa HpeXHUE PACCYXKIECHUI, MBI
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IOy 9aeM:

A(z;y) = &1(en1my + a2y + ... + a1,7,) +
+ &2(a21my + azofly + ... + a2n?,) +

+&n (anlﬁl +ap2my+...+ annﬁn) =
=& (aum +aen + ... + @) +
+ & (anm + axne + ... + G2pnp) +

+ &n(@n1nt + Gnane + ..+ Guniin) = (2, A*y)-

[Tpu aTom maTpuna npeobpaszoBanus A* moayvaercsa us
MaTpuIs IpeobpaszoBanusa A B 1r060M 0pmMo20HaAbHOM Oa-
3UCE TEPEXOA0M K TPAHCIIOHUPOBAHHOUW U 3aMEHOU ee DJe-
MEHTOB KOMIIVIECKCHO CONIPDAXCHHBIMMU.

3aMeTuM, IYTO B HEOPTOTOHAJLHOM GA3UCe CBIA3bL MEXK Y
MaTpuIaMmu npeobpasosanuu A u A* Golee cloxHAa.

2. Onepamusa mepexoga oT npeobpazosanua A K comps-
XKEeHHOMY (omepamms *).

Onpemeanenune 1. Ilycmv A — aunetinoe npeot-
PA306AHUE KOMNAECKCHO20 €6KAUIOBA NPOCMPAHCMEA.
IIpeobpasosanue A*, onpedeaennoe ycaosuem

(Az,y) = (z, A%y),

HA3bIBAEMCA CONPANCEHHBIM K A.

Teopewma 2. B eskaudogom npocmpancmee Kamnic-
QoMY AUHETHOMY NPEOOPA30BAHUI0 OMBEUAGEM CONPANCEH-
Hoe NPeobPa306arUE U NPUMOM MOALKO 00HO.

NokxaszaTensbcTso. Jlunennomy mnpeobpasosa-
HUIO A OJHO3HAYHO COOTBETCTBYET COIVIACHO Teopeme 1
sroro maparpada Ommmuennas dopma A(z;y) = (Az,y).
OTy 6miuHENHYI0 (POPMY COTIACHO CKA3aHHOMY B KOHIIE
m. 1 MOXHO IpPEACTAaBUTH, U IPUTOM OMXHO3HAYHO, B BUJE
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(z, A*y). OkOHYIATETBHO MBI UMEEM:
(Az,y) = A(z;y) = (2, A"y).

Mampuya conpaxcennozo npeobpasosanus A* noayua-
emea u3 Mampuybl npeobpasosanus A 8 opmo20naibHOM
ba3uce neperodom K MPAHCTIOHUPOBAHHOT U KOMNAEKCHO
CONPAHCEHNHOT, MAMPUYE, KAK DTO NOKA3AHO B 1.1 3TOro
naparpada.

IMepexon ot A x A* MOXHO BHIPA3UTL B BUIE TPABUIA:
ecau B Boipaxenun (Ax,y) mbl xeraem A nepe6pocuTsb Ha
BTOPOE MECTO, TO K HEMY HYXXHO IPUIKCATH *.

Onepanusa mepexoga or npeobpasoBanua A K comps-
XKeHHOMY Tpeobpaszosanuio A* («wnepamma *») cBazama ¢
ompeeseHHBIME BhIIE (§ 9) onepanuamu CI0XKeHUsa 1 yMHO-
KEHUSA JUHEUHBIX MPe0oOpa30BAHUN CAEAYIOMUMEA COOTHO-
MICHAAMMY:

1° (AB)* = B*A*.

20 (A% = A
3° (A+ B)* = A* + B*.

4° (MA)* = N\A*.

5° E* =E.

[lokaxeM, HAIpUMED, ABA HEPBLHIX U3 DTUX CBOUCTB.
1° (ABz,y) = (Bz, A*y) = (z, B*A™y).

Ho, ¢ apyrou croponsr, mo onpeneneanto (AB)* nmeem:
(ABz,y) = (z,(AB)"y).

CpaBHuBas MpaBble YACTH DTUX JABYX PABEHCTB W BCIIO-
MHUB, 9TO JUHEXHOE MPeoOpa3OBaHUE OMHO3HATHO OIpe-
IEIIeTCA COOTBETCTBYIOIIEN OWIMHEXHOU (POPMOMU, IIOLY-
qaeM:
(AB)* = B*A™.
2° Ilo oupemenennio A* mmeem:

(vay) = ((II, A*y)'
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O6o3uauum Bpemenno A* wepes C. Toraa

(Az,y) = (z, Cy),
OTKYZa

(yv A(I;) = (Cyv (II)

3aMeHUB Y Yepe3 T, a & Yepe3 Y U MOMEHIB MeCTAMU IIPa-
BYIO U JIEBYIO YACTH DTOT'0 PABEHCTBA, IIOTIYINM:

(Cz,y) = (z, Ay).

Ho »To paBercTBo m oszmadaer, uro C* = A, m Tak Kak
C = A*, To
(A4*)* = A.
Ynpaxuennmsa 1. [oka3aTe TakuM ke CIOCOO0M CBOHCTBA
3°-5°
2. Mokaszars ceoucTBa 1°—5°, MOIBL3yACH TeM, YTO MATPHUIA TIPe-
obpasoBanus A™ momydaercs m3 MaTpuubl npeobpasoBanus A B op-

TOrOHAJIBLHOM Oas3mce TPAaHCIIOHUPDOBAHNEM U 3aMEHOH BCeX 3JIeMEHTOB
KOMILJIEKCHO COIIPAXKEHHBbIMU.

3. CamoconpsX€eHHEIE, YHUTAPHEIE U HOPMAJILHEIE JIV-
HeuHble npeoGpasoBanua. Onepanua * B U3BECTHOU Mepe
AHAJOTMYHA OMEPAIMY TIEPEXOaa OT JAHHOT'O KOMILIEKCHO-
rO 9UCIA (0 K COMPAKEHHOMY &. DTa AHAJOTHUA HE CIyIau-
Ha. [[eNCTBUTENBHO, NJIA MATPUI MEPBOTO MOPAMKA HAJ
KOMILIEKCHBIM TIOJEM, T.€. A KOMILIEKCHBIX HMCEN, OIle-
panus * Kak pas m COCTOUT B 3aMEHE JAHHOT'O UUCAA KOM-
IVIEKCHO COIIPAXKEHHBIM.

Cpe,zu/I BCEX KOMILVIEKCHBIX YHCEJ r[Iel‘/)IC'I"BI/ITeJH)HI:;Ie qan-
ClIa, XapaKTePU3YITCA TEeM CBOMCTBOM, 49TO & = «. [las
JUHETHBIX Pe00PA30BAHUNA AHAJOTUIHOE TTOHATHE ABJIACT-
CA BECHMA CYMECTBEHHBIM.

Onpemeanenue 2. Jlunetinoe npeobpasoganue A
HA3bIBAETNCA CAMOCONPANCENHBIM (UAU IPMUNOBBIM), ECAU

A* = A
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[Mokaxem, 910 das moz20, umobwvl aunetinoe npeobpaso-
sanue A ObLIO CAMOCONPANCERHBIM, HEOOTOJUMO U docma-
mouno, umobvl duaunetinas Gopma (Ax,y) Oviaa spmumo-
601.

B camom gese, spmuroBocTh dopmel (Az,y) o3HadaeT,
9TO

(Az,y) = (Ay, z). (a)
CamocompaxeHHOCTh TpeobpasoBanua A o3HAYAET, ITO
(Az,y) = (z, Ay). (6)

Jlerko BuzeThb, uTO paBeHcTBa (a) u (0) SKBUBATCHTHBHI.
Beakoe koMmmmekcHoe Iucao ¢ mpeacTaBuMoO B Buge ( =
= a+1if, rae a u f— DeNCTBUTEIbHBIE TUCAa. AHAIOTHY-
HO:
Beaxroe aunetinoe npeobpazosanue A moxrcem bvimov 3a-
nucaro 6 sude

A= Al + Z'A2 (3)5

2de A1 u Ay — camoconpascennbie npeobPa30s6anus.
[lenCTBUTEILHO,

A+ AT A A
A= 5 +1 5

Baegem o6o3navdenns

A+ A* A— A*
2

1:<7> = S(A+A) = (4" + A7) =

= %(A*JFA) =4
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n
* A— A *_ 1 * ) * 1 * kk)
2= \Tm ) T AN =g oA =
1, .. B
= 5 (A" = A) = A,

T.e. Ay 1 Ay — caMOCOIpAXEHHLIE IPe00Pa30BAHNA.

TakuMm 06pa3zoM, CaMOCOIpIXKEHHBIE TpeoOpa3OBaHUA
UTPAIOT CPEIU BCEX JUHEUHBIX TPeOOPA3OBAHUNA POJIb, aHA-
JOTUIHYIO POJU JEUCTBUTEILHBIX TIUCEN CPEIU KOMILIEKC-
HBIX.

Yupaxueunusa 1. Joka3aThb eIMHCTBEHHOCTH IIpeNCTaBIE-
Hua npeobpaszosanua A B suge (3).

2. [Toka3aTh, YTO JUHENHAA KOMOUHAIUA C JEUCTBUTEILHBIMUA KO-
>hdUureHTaMI CAaMOCOIPAKEHHBIX NPEOO6PA30BAHNN €CTh CHOBA Ca-
MOCOIIPAXKEHHOE NPeoGpa3oBaHue.

3. oka3aTk, 4TO eciu A — IPOU3BOIBLHOE JUHENHOE TPeobpa3o-
BaHue, TO mpeobpasoBanua AA™ u A"A — camoconpaKeHHBIE.

MDpumeuanue. B oriuune o xoMmmiekcuerx aucea, AA™, Bo-
o011e ToBOps, HEe paBHO A"A.

[IpousBenenne AByX caMOCONPAXKEHHBIX JUHENHLIX IIPe-
00pas30BaHUN HE €CTh, BOOOIIE IOBOPA, CAMOCOIPAKEHHOE
npeobpasoBanue. imeeT MecTO CiIemyromas

Teopewma 3. IIyemv A u B — camoconpaxrcennvie
auretinbie npeodpadosanud. s mozo umobvl npeobpaso-
sanue AB 6Ovii0 maxoce camoconpARCceHHbiM, Heobxodumo
u docmamouno, umobvr AB = BA, m. e. umobwvl npeobpa-
so6anus A u B 6biau nepecmanosourb.

HoxaszaTteasncTso. Ham gamo, aro

A*=A u B*=DB.

Mbr ummeMm HEOOXOAMMOE W MOCTATOYHOE YCJIOBHE TOTO,
9T00BI BHIIOJIHAIOCH PABEHCTBO

(AB)* = AB. (4)
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Ho
(AB)* = B*A* = BA.

CrenoBaTeasHO, paBeHCTBO (4) IMEET MECTO TOTAA U TOMb-
KO TOTJa, KOTIa

AB = BA.

Teopema mokasana.

Yupaxuenue. [oxkaszars, uro eciu A m B — camoconps-
JKeHHBbIe IPeoOpPa30BaHuA, TO CAMOCOIPMXKEHHBIMU Oy Ay T u npeobpa-

soBauus AB + BAu i(AB — BA).

AHanmOroM KOMILIEKCHBIX 9HCEN, PABHBIX IO MOYJIIO
eUHUIE, T.e. TAKUX, ITO zZ = 1, ABIAIOTCSA YHUTAPHBIE

mpeobpa3oBaHUA.
Onpemenenune 3. Jlunetinoe npeobpazoganue U
nasvieaemcsa ynumapuoim, ecau UU* = UU = E ¥).

Apyeumy  caosamu, 0aid YHUMOPHO20 NPEOOPA30BAHUA
U* = Ufl

B § 13 MBI MO3BHAKOMUMCSA C BECHMA IPOCTOU MEOMETPH-
YECKOU MHTEPIPETANNEN YHUTAPHBIX IPEOOPa30BAHUN.

Yunpaxuenusa 1. Joka3zaTrb, YTO IPOM3BEJEHUE IBYX YHHU-
TApHBIX MPEOOPA3OBAHNN €CThH CHOBA YHUTAPHOE Ipe0o6pa30BaHue.

2. TlokazaTb, uTo ecau U — yHuTapHOe mpeobpasoBanue, a A —
camocompmkenHoe mpeoGpaszosanme, To U~ ' AU — rakke camoco-
IPAXEHHOE.

Huxe (B § 15) MBI gOKax)eM, 9TO BCAKOE JMHEMHOE IIpe-
06pa3oBaHUE MOXHO IPEICTABUTH KaK IPOU3BEIEHUE Ca-
MOCOIIPAXEHHOT'0 Ha, YHUTAPHOE. ITY TEOPEMY MOXKHO PaC-
CMATpPUBATH KaK 0000IIeHre 3annCy KOMILIEKCHOTO UMCIa
B TPUT'OHOMETPUIECKOU (POpPME.

BBemewm ermme ogHO ompemeneHue.

*) B n-mepmom mpocrpanctse ycaosua U'U = E u UU* = E
SKBUBAJIEHTHBL. B 6€CKOHETHOMEPHOM MPOCTPAHCTBE 3TO — ABa Pas-
JUIHBIX YCIOBUA.
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Onpemeanenue 4. Jlunetinoe npeobpasoganue A
HA3bIBACTNCA HOPMasbHbIM, ecau AA® = A*A.

[IJ1s1 KOMIUIEKCHBIX STUCEJ HET HAJAOOHOCTU B AHAJIOTUI-
HOM TOHATHUM, TAK KAK YMHOXEHWE KOMILUIEKCHBIX TUCEN
KOMMYTAaTUBHO M, 3HQYUT, O/(x BCET'Ja PaBHO /(M.

Herpyamo ybequTbes, ITO KaK CAMOCOMPAKEHHBIE, TaK
¥ YHUTAPHBIE TPEOOPA3OBAHUA ABIAIOTCA TACTHBHIMA CIY-
YaAMM HOPMAJIbHBIX MPe0Opa3OoBaHUN.

Bonee meTasbHOMY M3y4UeHUIO OTAEILHBIX KIACCOB JIH-
HEUHBIX TPEOOPA3OBAHUY B €BKIANIOBOM ITPOCTPAHCTBE OY-
YT MOCBAIIEHBI JaJbHEUe maparpadbl 3Tou raassl. [Tpu
DTOM MBI TOJIY9UM [ PA3IATIHBIX TUOB TPEe0Opa3OBaHUT
BECHMA, TIPOCTYIO TEOMETPUIECKYI0 XaPAKTEPUCTUKY.

§ 12. CamoconpsixeHHsIe (3pPMUTOBBI) MPe06pa3OBaHUs.
OHOBpEMEHHOE MPUBEJEHUE MAPHI KBAJPATHIHBIX
¢opM K cymMMe KBaJpaToB

1. Camoconpsaxenusie npeo6pa3oBanua. B oTom mapa-
rpade MBI 60Iee TOAPOOHO U3YIUM KJIACC CAMOCOIPIXKEH-
HBIX TIPEOOPA3OBAHUN N-MEPHOT'O €BKJIUI0BA MPOCTPAHCT-
Ba. JTu mpeobpa3oBaHUA YACTO BCTPEUAIOTCA B Pa3add-
HBIX npwiokeHuaX. (CylmecTBEHHYO POIb CAMOCOIPSKEH-
HBIE IPe0Opa30BaHMsA, TPABAa B OECKOHETHOMEPHOM TIPOC-
TPAHCTBE, UTPAIOT B KBAHTOBOM MEXAHUKE).

Jlemma 1. Cobcmeennvie 3naueHus camoconpaticen-
HO20 NPeodPA308aAHUA BEUECTILE CHHDBL.

HJokaszareanscTso. [lycts 2 —cobcTBeHHBIN Be-
KTOP CaMOCONPSXEHHOro npeobpaszoBarma A m A — coor-
BETCTBYIOIIee COOCTBEHHOE 3HAYEHNUE, T. €.

Ax =Xz; x=#0.
Tak xkak A* = A, To

(Az,z) = (x, Ax),
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T. €.

Az, z) = (x, A\z).
BerHOCA A 32 CKOOKM, MOLYIHM:
Mz, 7) = Nz, 2),

u Tak Kak (z,z) # 0, To A\ = \, 9T0 1 Tpe6oBaIOCh JOKa-
3aTh.

JJemma 2. Ilyemv A — camoconpasrcennoe aunetinoe
npeobpazosanue 8 n-meprHom npocmpancmee R u e —ezo
cobemsennnviti sexmop. Cosokynwocms Ry eexmopos z,
opmozonasbruir K e, ecmb (n — 1)-meproe nodnpocmpan-
CMBO, UHBAPUAHMHOE OMHOCUMEAbHO Npeobpadosanus A.

HJoxasaTreuascTso. CoBokynHOCTE R| BEKTOPOB
2, ODTOTOHAIBHBIX K €, 00pasyeT (n — 1)-mepHOE moampo-
CTPAHCTRO.

IMokaxem, uro R| WHBAPpUAHTHO OTHOCUTENLHO A.
[Iycts & € Ry. Drto 3maumr, aro (z,e) = 0. Torma m
(Az,e) =0, T.e. Az € Ry. [lencTBUTEnHHO,

(Az,e) = (z,A%e) = (x, Ae) = (z, \e) = A(z,e) = 0.

Mgzr mokazanu, ITO mpeobpa3oBaHue A He BRIBOJUT BEK-
TOpPHL, TpuHaAIexamue R, u3 R, T.e. 10Ka3adu, ITO TOJ-
MPOCTPAHCTBO R MHBAPUAHTHO OTHOCUTEIHHO A.

Teopewma 1. Ilyemv A — camoconpasxcenmnoe npe-
00pa308aHUE 8 N-MEPHOM €68KAUIOBOM Npocmpancmse R.
Tozda cywecmeyem n NONAPHO OPMO2OHAALHBIT COO-
cmeenubir s6exmopos npeobpazosanus A. Coomsememaey-
oUUe UM COOCNBEHHBIE 3HAUEHUA 8ECULECTNEEHHDL.

HJoxasaTreuascTso. Cormacao Teopeme 1 §108 R
CyLIeCTBYeT XOTsA OBl OAWH COOCTBEHHBIA BEKTOP €1 Ipe-
obpasoBanus A. B cury remmbl 2 COBOKYIHOCTE BEKTOPOB,
OPTOrOHATBHBIX K €1, oOpasyer (n — 1)-mepHoe mHBapu-
anTHOE moxmpocTpancTBo R;. Bymem manee paccmarpu-
BaTh Haule npeobpaszosanue A s B Ry. B Ry cymectsy-
eT cOOCTBEHHBIN BEKTOD e (CM. 3aMedaHme K Teopeme 1
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§10). CoBOKymHOCTE BEKTOPOB 3 R, OPTOrOHAMBHBEIX K
€2, obpasyet (n — 2)-MepHOE MHBAPUAHTHOE TIOANPOCTPAH-
ctBO Ry. B Hem cymecTByeT COGCTBEHHBIN BEKTOP €3 U T. .

Msr moaydaeMm, TakuM O6pasoM, 7 MOMAPHO OPTOTrO-
HaJbHBIX COOCTBEHHBIX BEKTODOB €1, €3, ..., e,. COrIacHo
JemMe 1 cOOTBeTCTBYyIOIIKE UM COGCTBEHHBIE 3HAMEHUS Be-
IEeCTBEHHBI. TeopeMa moKa3aHAa.

Tak kak mpousBeneHue COOGCTBEHHOIO BEKTOPA HA JIO-
00€e OTIMIHOE OT HYJIA UNCIO €CTh CHOBA COOCTBEHHBIN BEK-
TOP, TO BEKTOPHI €; MOXKHO BEIOPATH TaK, YTOOBI UX [IUHBI
PaBHAJIUCH €AUHUIE.

Teopewma 2. IIycmv A — camoconpasxicennoe npe-
obpazosanue 6 n-meprom npocmpancmae. Toeda cyue-
cmeyem o0pmo2oHasbHbit 6a3uc, 6 KOMOPOM MEMPUYA
npeobpa30sarus OJua2onaAbKa U Bewecmeenna. Bepno
maxxce u 06pamuoe.

HdoxaszaTeuasncTso. Bubepem B kauecTBe 6asuca
IIOCTPOEHHBIE B TeopeMe | MOMapHO OPTOrOHAJIbHBEIE COO-

CTBEHHBLIE BEKTODEL €1, €2, . . . , €.
Torga

Ae; = Meq,
Aey = Aaea,
Ae, = \pep,

T.e. B 3TOM bOazmce MaTpuna Ipeobpasosanus A umeeT Bu
A 0 ... 0
0 Ao 0

; (1)
0 0 ... M\

e BCEe \; BEIeCTBEHHHI.

O6paTHO, nmycTs MaTpuila npeobpasosanus A B opTo-
rouatbHOM Gasuce umeet Bug (1). B oproromamsroM HOP-
MUPOBAHHOM 0a3mCe MATPUIA COMPAXKEHHOTO TPeodpaso-
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Bauua A* moaydaeTca u3 maTpunbl npeobpasoBanusa A
TPAaHCIIOHUPDOBAHUEM 1 BaMeHOfI KaX aoro sJeMeHTa KOM-
mIeKcHO conpsixkeHHbiM (cM. § 11). [Iponenas sTu oneparum
Han MaTpunen Buga (1) (rge Bce \; BEIIECTBEHHBI), MBI IO~
aygaMm Ty ®e camyio Marpuiy. CregoBaTenbHo, mpeobpa-
3oBaHUAM A 1 A* COOTBETCTBYET ONHA U Ta XK€ MATPUIA,
T.e. A = A*. Teopema MOIHOCTBHIO NJOKA3aHA.

OTmMeTuM eme CIeAyOIEee CBOMCTBO COOCTBEHHBIX BEK-
TOPOB CAMOCOIIPSKEHHOTO TIPE0OPA3OBAHUA: COOCMEEHHBLE
BEKMOPYL, COOMBEMCMBYOUUE PABAUUHBIM COOCNEEHHBIM
BHAUEHUAM, B3AUMHO OPMO2OHAALHDBL.

JlencTBUTENBLHO, MTYCTh

A61 = )\161, ABQ = )\262, )\1 75 )\2.

Nmeem:
(Ae,e9) = (e1, A%eg) = (e1, Aey),
T.e
At(e1,e2) = Az(er, e2)
nJian

()\1 - )\2)(61, 62) = 0.

Tak xKak A1 # Ao, TO

(61, 62) = 0

3amevanue. U3 n0Ka3aHHOU TEOPEMBI CIEAYET, IYTO HATJIAI-
HO-T€OMETPUIECKUN CMBICA IPOM3BOILHOIO CAMOCOIPAKEHHOTO Mpe-
00pa30BaHUA TAKOB; B MPOCTPAHCTBE BBIAEMAETCA 71 MOMAPHO OPTO-
TOHATBHBIX HATpaBaeHWI (COOCTBEHHBIX HampasaeHmir). Kaxnomy m3
ITUX HaHpaBJIeHI/II.;I CTAaBUTCsA B COOTBETCTBUE AeﬁCTBHTeﬂBHOe IUCIO
(co6¢cTBennOE 3HAMEHUE). [10 KaXXAOMY M3 DTUX HANPABICHUN IIPOU3-
BOQUTCSA pacTsKeHue (CKaTue) MPOCTPAHCTBA B |A\;| pas u, kpome
TOr0, 3ePKAIbHOE OTPAKEHUE B IIOCKOCTH, OPTOTOHAILHON K JAHHO-
MY HaAIPaBJICHUIO, €CJIN COOTBETCTBYIOIIEE Al OTpULIATEIBbHO.

[TapaarersHO ¢ MOHATUEM CAMOCOTPAXEHHOr0 Ipeobpa-
30BaHUA BBOAUTCA IIOHATHUEC SPMHTOBOfI MaTPpULHL.
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Marpuna ||a;;|| HasbBaeTca spmumosgot, ecam a; =
= G-

Acwmo, a0 g Toro 4To6HI MpeobpaszoBanue A OBLIO Ca-
MOCOIPSXEHHBIM, HE0OX0IUMO U JOCTATOTHO, ITOOHI €ro
MAaTpUIA B KAKOM-HIOY b OPTOTOHAJBHOM Ha3mce ObLIa 3p-
MUTOBOH.

Yupaxueunue. Boseectu marpumy

(2 %)

B 28-10 crenenb. Y Kk a3 auue. [IpuBectu Ty Marpuny k amaro-
HAJIBHOH (POPMeE, 3aTeM BO3BECTH €€ B YKa3aHHYIO CTEIIeHb 1, HAKOHEII,
BEPHYTBHCA K IPEXHEMY 6asucy.

2. [IpuBegenue k rmasHeIM ocaM. O fHOBpeMeHHOE IpH-
Be[[EHHME IMaphl KBaAPAaTHIHLIX GOPM K CyMMe KBaJpaToB.
[IpuMeHUM mOdydYeHHBIE B II. 1 pe3yabTaThl K KBaAPaTHY-
HBIM (OpMaM.

Mpubi 3HAEM, 9TO BCAKOU DPMUTOBOU OUIMHENHOU (POpME
COOTBETCTBYET CAMOCOIPSKEHHOE JUHENHOE TPe0bpa3oBa-
mme. M3 Teopemnr 2 aToro naparpada BBHITEKAET BaXHAA

Teopewma 3. Ilyemv R — eskaudoso n-meproe
npocmpancmeo u nycmo A(x;y) — apmumosa Gusunetnan
gopma 6 R. Toeda 6 R cywecmeyem opmo2onaabHbil
HOPMUPOBANHBIT 0A3UC, 8 KOMOPOM COOMBEMCMEYOULGA
A(z;y) weadpamuunas @Popma 3anucvieaemcs 6 sude
CYMMBL KBAIPAMOs:

Alw;z) =Y Mil&l,

ede \; sewecmeenubl, a & — Koopdunamul éexmopa T *).

*) B §8 mbr nokasamu, 9TO B affunnom IPOCTPAHCTBE MOKHO
BCAKYIO KBaAPATHIHYIO (MIN, ITO TO XK€ CaMoOe, BCAKYIO DPMHUTOBY
6mmuHenny0) ¢bOpMy NPUBECTH K CyMMeE KBAJPATOB. 3AECH MBI [JLI
€6KAuJ06a TPOCTPAHCTBA JOKA3BIBAEM 604€e CUAbHOe YTBEPKIEHUE,
MMEHHO CYIIECTBOBAHUE HOPMUPOBAHHKOZO 0PMO20HALHO20 6a3uca, B
KOTOPOM JaHHAsfA dPMUTOBA (POPMa MIPUBOJAUTCA K CyMME KBAJPATOB.
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Hoxasarensctso. Ecm A(x;y) —ospMurosa 6u-
auHenHas GopMma, T. e.

A(z;y) = Aly; z),
To (cM. § 11) cymecTByeT Takoe caMOCONPAKEHHOE JTUHEH-
HOe mpeobpasoBanue A, 94TO

A(z;y) = (A, y).

Bri6epem B R B KadecTBe BEKTOPOB OPTOTOHAJIBHOI'O HOP-
MUPOBAHHOrO 0a3mca CUCTEMY MOMAPHO OPTOrOHATHLHBIX
COOCTBEHHBIX BEKTOPOB CAMOCOIIPIXKEHHOTO mpeobpa3oBa-
Hua A (970 Bo3amoxHO B cmry Teopemsr 1). Toraa

Aep = Mer, Aes = Ageg, ..., Ae, = A\qep,.
ITycts
x=~E&e +&ea+...+&en, y=mer+nes+...+1nmen.
Tak xak
1 opm =k,
(cirex) = {0 npu i #k,
TO

A(z;y) = (Az,y) =
= (§1der +62Aea+. . .+ Aen, mer+meat. ..+ nue,) =
= ()‘151614_)\25262"‘- . -+)\n€n€n, nie1+nzea+. . -+7]nen) =
= M&M + ATy + o+ ATy
B wacTrOCTH,
A(z;z) = (Az,2) = M|&])* + X&) + ..+ Mal&al®.

Teopema moka3ana.

Haxox renue B eBKIMIOBOM IPOCTPAHCTBE OPTOrOHAIb-
HOI'O HOPMHUPOBAHHOTO 0a3mca, B KOTOPOM JAaHHAA KBa,APa-
TU9HadA HOpMa IPUBOAUTCA K CyMMe KBaJPAaTOB, HA3BIBA-
eTCA MpUBEIEHNEM DTOU POPMBI K TIABHBIM OCSM.
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Teopewma 4. Ilyecmv R — addunnoe n-meprnoe npo-
cmpanemso u A(x; ) u B(x;z) — dee apmumossr keadpa-
muunbie Gopmvl, npuuem gopma B(x; x) — nososrcumenvro
onpedeaennas. Tozda cywecmsyem 6asuc, 6 Komopom obe
amu Gopmbl 3aNUCHIBAIOMCA 8 BUIE CYMMbL KBAIPAMOB.

doxaszaTeascTso. Beegem B R ckanxapHoe mpo-
usBefenue, nonoxus (z,y) = B(z;y), rae B(z;y) — oTse-
varomasn B(z;x) 6unuaennas Gpopma. ITO ABIACTCA 3AKOH-
HBIM, TaK KAK aKCUOMBI CKAJIAPHOTO IPOU3BENEHUA O3HA-
9aio0T, 9TO0 (Z,y) eCTh DPMUTOBA GunruHenHas Gpopma, COOT-
BETCTBYIOIIAA TOJOXUTEILHO ONPEIENeHHON KBAPaTUd-
uvou ¢dopme (§8). IIpocrpancreo R cramer, Takum o6pa-
30M, eBkannoBbIM. Cormacao Teopeme 3 B R cymecTByeT
OPTOTOHATBHBIN *) HOPMUPOBAHHBIN OA3UC €1, €9, ... ,€En, B
KOTOpOoM (opma A(z; ) IPUBOAMTCA K CyMMe KBaJIPATOB,
T.e. K BAAY

A(z;z) = MIEP + Nl& > + ...+ Ml (2)

B HOpMEUpOBaHHOM OPTOrOHAIBHOM HA3UCE CKAIAPHOE IIPO-
n3BECACHUEC UMEET BU

(z,2) = &) + &>+ ... + &%

B(z;z) = & + & + ... + [&]”. (3)

Mgl mHanumm, TakuM o6paszom, 6as3uc, B KOTOPOM 00e KBa-
apatmaase hopmer A(x;z) u B(x;2) odnospemenno mpu-
BOJATCA K CyMMe KBaqpPAaTOB, 9TO U TPEOOBAIOCH.

B Teopeme 4 mokasano, uro B R cymecTByer 6asuc, B
KOTOPOM DPMUTOBHI KBaApaTUIHEE GOopMEl A 1 B umeroT
Buj (2) u (3). [lokaxeM, KaK HAUTH TUCIA A1, A2, ..., Ap.

* OTHOCUTEIBLHO BBE€ICHHOI'O HaMHM CKaJAPHOI'O IPOM3BEACHUA
p P
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B xaHOHWYECKOM BUje MATPUIILI KBAIPATAIHBEIX (HPOPM
A u B umeroT Buj

A 0 ... 0 10...0

AZO)\Z...O’ B:Ol' 0

00 ..... )\n 001
CuemoBaTeabHO,

Det(A —AB) = (A1 = N2 = A) ... (hn — ). (4)

[Tpu mepexone Kk Apyromy 6a3sucy MATPHUILI SPMUATOBBIX
*
kBagpaTudHbX popMm A u B nepexonat B A; = C*AC n
B, = C*AC. Tlostowmy, ecau eq,es,. .., €, — IPOA3BOIL-
HBIM 6a31C, TO B 3TOM Oa3uce

Det(A; — AB1) = Det C* - Det(A — AB) - Det C,

T.€. OTIMIACTCA JUIIb TOCTOAHHBIM MHOXHUTEIEM OT BhI-
paxenus (4). OTciofa CIefyeT, ITO 4ucaa A, A2, ..., A,
ABAAIOMCA KOPHAMU CACOYIOULE20 YPABHEHUA

a1 — Abir a1z — Abi2 ... a1 — Abiy
ag1 — Abar aga — Abaz ... agn — Abap| _ 0
apl — >\bn1 anpo — )\bnz cee Qpp — Abnn

rae || w ||bik| — marpuner dopm A(z;2) w B(z;z) B
KakoM-HuOy b 6asuce ey, es,...,€e,.

3damMevanue TpeOGoBaHUE MOMOKUTEILHOU OMPEIEICHHOCTH
OMHOU U3 (POPM ABIAETCA CYLUECTBEHHBIM, O U€M CBUAETEILCTBYET
CTeAYIOUUY TPUMEP: ABE KBAAPATUIHBIE (POPMBI

A(l‘?ﬂ?) = |£1|2 - |§2|27 B(ﬂ’/‘?l‘) = 5122 +§2Zu

73 KOTOPBIX HU OJHA HE ABIAETCA MOJOKUTEIHHO ONPEIETCHHOU, HE
MOryT OBITH OZHOBPEMEHHO IPUBELEHEI K CyMMe KBagpaTos. B camom
aene, mepBor GOPMe COOTBETCTBYET MATPHUIA

1 0
A= (o 1)
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B:(? (1))

Paccmorpum matpuy A—AB, rae A — BemecTeennbz napavetp. Ee
merepmuaanT paBer —(\? 4+ 1). Tak Kak OH He EMEeT BEIIeCTBEHHBIX
KODHEl, TO, COTVIACHO CKa3aHHOMY BhIIe, 00e (OPMBI HE MOTYT OBITH
NpUBEJEHBbl OJHOBPEMEHHO K CyMMe KBaDaTOB.

a BTOPOU — MaTPHUIA

§ 13. Yuurapusie npeo6pa3oBaHus

Msr onpenenmiu B § 11 yauTapHbIe Ipeo6pa3oBaHUA Pa-
BEHCTBOM
UU*=U"U = E. (1)
ITO ONpEIeJeHNE UMEET MPOCTON MeOMETPUIECKUAN CMBICI.
A nmenno:
Bceakoe ynumapnoe npeobpazosanue U 6 eskaudosom

n-meprom npocmpancmee R coxpansem crasapnoe npo-
uzeedenue, m. e.

Uz, Uy) = (z,y)
das scer x,y € R. Obpamno, scaroe aunetinoe npeobpa-
so0sanue U, corpansowee crasiproe npoussedenue, Y-
mapno [m. e. ydosaemeopsem ycaosuio (1)].
B camom mene, ecim mamo, yro U*U = E, To
(Uz,Uy) = (z,U"Uy) = (z,y).

O6paTHo, ecau A JIOOBIX BEKTOPOB T U Y

(Uz,Uy) = (z,y),

(U Uz,y) = (z,y),

(U*Uzx,y) = (Ex,y).

Tak kak u3 paBeHCTBA OWUIMHEHHBIX (HOPM CJAedy-
€T PABEHCTBO COOTBETCTBYIOUIMX NPEOOPA3OBAHUU, TO
U*U = E, t.e. U yauTapHo.
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B wacTrOCTH, IpM & = Y UMeeM:
(Uz,Uz) = (z,),
T.e. ynumapnoe npeobpaszosanue U ne mensem diuwn 8ex-
mopos.

Yupaxueunue. [[oxa3zaTh, 4TO €CIM JUHETHOE IPEOOPA3OBa-
HUE COXpaHAET AIWHBI BCEX BEKTOPOB, TO OHO YHUTAPHO.

3anuireM yCIoBUA YHATAPHOCTH JUHEHHOTO TPpeo6pa3o-
BaHUA B MaTpudHOn dopme. [aa sToro BeibepeM KaKOU-
Jau60 OPTOrOHAJILHEIA HOPDMHUPOBAHHBIM 0asuC eq,€s,...
...,en. llycTs B aTOM 6asuce mpeobpasoBanuio U cooT-
BETCTBYET MATPHUIA

aip a2 ... ainp
agy a2 ... Aon (2)
anl1 Apy ... Qpp

Torga compsxenaoMmy npeobpaszosanuio U* cooTser-
CTByET MaTpula

ail @21 ... Gpl
aijp a2 ... Ap2 (3)
U1p G2n Qnn

Ycaosue yuurapuoctu UU* = FE o3Ha49aeT, ITO IPOU3-

Begenne mMarpun (2) u (3) ects eguHMYHAS MaTpuna. Ec-
JU IePEMHOXUTD UX W IPUPABHATH HIEMEHTHI IPOU3BELe-
HUA COOTBETCTBEHHBIM HIEMEHTAM €IUHWIHOU MaTPUIIEL,
TO MOLYIUM:

n n
E Gialia = 1, § (i Oka = 0 (Z 7& k) (4)
a=1 a=1

NTax, 6 0pmo2onaibHOM HOPMUPOEAHHOM OA3UCE YCA0BUE

UU* = E o3nauaem, 4mo cymma npouszsedenuti saemen-
mos Kakol-4ubo cmporu mampuybt npeobpazosarus U na
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IACMEHMDBL, CONPANCEHHBIE K dAEMEHMaAM IPY20T CMPOKU,
DABHA HYAO, G CYMME KBAIPAMOB8 MOJYAEL IAEMEHMOB 410
6ot cmpoku pasua edunuye.
Tak xak U*U = E Takxe e€CTb yCJIOBUE YHUTAPHOCTH,
TO MBI UMEEM TAKXe:
n n
Z Aaila; = 1; Z AaiGar =0 ('L # k) (5)
a=1 a=1
ITO yCIOBUE AHAJOTMYHO TPEABIAYIIEMY, HO BMECTO CTPOK
B HEM YYACTBYIOT CTOJOIIHI MATPHUITHI.
Ycaosue (5) mMeeT HPOCTOU reOMETPUIECKHAN CMBICI.
[lercTBUTENBHO, CKATAPHOE POU3BEEHIE BEKTOPOB

Uei = ay;e1 + agien + ...+ apiep

Uek = a1x€1 + agkes + ...+ apkeén

PABHO Y GqiGak (TAK KaK €1, €2, . .., €, —3TO OPTOOHAIb-
HBIM HODMUPOBAHHBIN GA3KC); TOITOMY

1 opm =k,
0 mpum i #Ek.

CaenoBaTeabHo, 044 mMo20 umobvl Aunetinoe npeobpa-
308aHUE ObIAO YHUMAPHBIM, HEOGLOJUMO U JOCTAmOuHo,
4mMobObl 0HO NEPEBOIUAO KAKOU-AUOO 0OPMO20HAAbHBIT HOD-
MUPOBAHHBLT 6A3UC €1, €3, . ..,6E, CHOBL 8 OPMO2ZOHAALHIT
u wopmuposannviti 6azuc Uep,Ues, ..., Uey,.

Marpuna ||aix||, >1emMeETH KOTOPOW yAOBAETBOPAIOT
ycaoBuaMm (4), ambo, 9TO TO XKe camoe, ycaoBuaM (5), Ha-
3BIBAETCA YHUMOPHOU MomPuyeti. YHUTAPHBIE MATPUILI
ABISAIOTCA, KAK MBI BUEIN, MATPULNIAMEA YHUTAPHBIX MPe-
06pa30BAHUN B 0PMO20HAALHOM HOPMUPOBAHHOM Oasmce.
Tak kax mepexo; OT OJHOTO OPTOrOHAJIBLHOI'O HOPMUPO-
BAHHOT'O K APYTOMY 3a[a€TCA YHUTAPHBIM NPeoOpa3oBa-
HHUEM, TO MaTPUIA MEPEX0a OT OMHOTO OPTOrOHAIBLHOTO

(UesUex) = { (6)
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HOPMUPOBAHHOTO (6a3mca K APYrOMY TAKOMY XK€ ABIAETCI
YHUTAPHOU.

[MocMoTpuM, K KAKOMY IIPOCTEUIIEMY BAIY MOXHO MPH-
BECTH MATPHUIY YHUTAPHOTO IPeoOPA30BAHUSI IIPU COOT-
BETCTBYIOIIEM BHIOOpE Ha3mca.

Jlemma 1. Cobcmeennvie 3nauenus YyHUMAPHO20
npeobpazosanus no Mmodyao pasHv 1.

NokaszaTeabcTso. [IycTs £ — cOOCTBEHHLIT Be-
KTOp yHUTApHOro npeobpasoBanusd U u A — COOTBETCTBY-
fomree cOOCTBEeHHOE 3HAYEHUE, T. €.

Ur =Xz, z#0.
Toraa
(z,7) = (Uz,Ur) = (A\z, A1) = A\\(z, 7),

T.e. AA = 1, 3masur |\| = 1, 910 u Tpe6oBaIOCh JOKA3ATH.

Jlemma 2. Ilyemv U —ynumapnoe auknetinoe npe-
06pa308anUE 8 N-MEPHOM Npocmpancmee R u e — e20 cob-
cmeennblli sexmop, m. e.

Ue=Xe, e#0.

Tozda (n — 1)-meproe nodnpocmpancmeo Ry, cocmoswee
U3 6EKMOPOS T, OPMO2OHAALHVIT K €, UHEAPUAHTTIHO OMHO-
cumeavro U.

NDoxaszareancTso. [Iycts 2 € Ry, T.e. (z,e) =
= 0. Ilokaxem, uro Uz € Ry, T.e. uro (Uz,e) = 0. B
CaMOM Jerne,

(Uz,Ue) = (U'Uzx,e) = (z,e) = 0.

A rtax xax Ue = e, 10 A(Uz,e) = 0. Ho B cury memmbr 1
A # 0, mostomy (Uz,e) =0, t.e. Uz € Ry. CregoBarens-
HO, MMOATPOCTPaHCcTBO R mHBapmanTHO oTHOCHTENHHO U.

Teopewma 1. Ilyemv U — ynumapnoe npeobpa3o-
BaHUE 8 T-MEPHOM €e8KAUIOBOM npocmpancmee. Tozda
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cywecmsyem m NongpHo OPMO20HAALHBIT COOCMEEHHDIT
gexmopos npeobpasosanus U. Coomeemcmayrowue um
cobcmeenHble 3HAUEHUA N0 MOJYAI0 PABHBL eJURUYE.
NokxaszaTenbcTso. B cury Teopemsr 1 §10 mpe-
obpasoBanue U, Kak U BCAKOE JUHEMHOE TPeobpa3oBaHue,
uMeeT B R xora 6b1 ogmu cob6cTBeHHBIM BeKTOp. 060-
sHavuM ero e;. Cormacuo jgemme 2, (n — 1)-mMepHOe mof-
IpoOCTPaHCTBO Rj, cocTosllee W3 BCEX BEKTOPOB MPOCT-
paHcTBa R, OpTOrOHAJILHBIX K €, MUHBAPUAHTHO OTHOCH-
teasuo U. CremoBaTenbHo, B R mMmeeTcsa XOTa Obl OQUH
COOCTBEHHBI BEKTOD €9 mpeobpaszosanua U. Yepes Ry
0003HAYMM WHBAPUAHTHOE IMOAMPOCTPAHCTBO, COCTOAIIEE
W3 BCEX BEKTOPOB, MIPUHALIEKAMUX K| M OPTOrOHAJBHBIX
K e3. B Ry COAEpXUTCA HEKOTOPBHIM COOCTBEHHBLIN BEK-
TOp ez npeobpasoBanwsa U u T. [.; IPOJOIKAL DTOT IPO-
1I€CC, MBI ITIOCTPOUM N, TTOHAPHO OPTOTOHAIBHBIX COOCTBEH-

HBIX BEKTOPOB €1, €2, .. . , &, npeobpasosanusa U. CormacHo
gemMMme 1 coO6CTBEHHBIE 3HAYEHUA, COOTBETCTBYOMME COO-
CTBEHHBIM BEKTOPaM €1, €2, ..., €y, IO MOIYJIIO PABHHI 1.

Teopewma 2. Jas xavscdozo ynumapno2o npeobpa-
3osanus U 6 n-meprnom npocmpancmsee R cywecmeyem
HOPMUPOBAHHBIT 0PMO2OHAAbHBIG 0a3UC, 8 KOMOPOM M-
mpuya npeodbpazosanui U duaeonasvra, m. e. umeem suo:

A O 0
S "
0 0 ... A\

NPUUEM A1, A2, ...y Ay — UUCAG, NO MOJYAI0 DaBHBIE €dU-

Huye.

HoxaszarTteasncTso. Ilycre U— yaurapuoe mpe-
obpasoBanme. Torma m mOmapHO OPTOrOHAJIBLHBIX HOPMU-
POBaHHBIX COGCTBeHHBIX BEKTOPOB, NIOCTPOEHHBIX B IIpE-
OBIAYIIEN TeopeMe, 00pasyioT UCKOMBIA Oasuc. [lenct-
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BUTEJBHO,

Uei = \ey,

U62 == )\262,

Ue, = \nen
7, CIeIOBATENBHO, MaTpuia npeobpasoBanusa U B Gasuce
€1,€2,...,ey, mmeerT Buf (7). Yucaa Aq, Ag, ..., Ay IO MOMY-

a0 paBHBL 1 B cuiny jgemMmbl 1. Teopema gokasaHa.

Yupaxueunus 1. Jokasars, 4T0 BEpHO u 06pATHOE, T. €. €C-
1 B HEKOTOPOM OPTOrOHAIBHOM (a3uce Marpuua npeobpaszosanus U
nmveer Bug (7), To U yamTapHO.

2. llokazaTe, 9TO ecam A — CaMOCONPAXKEHHOE MPeoOpa3OBaHUE,
To mpeo6pasosarne (A—iE) ' (A+iE) cymecrByer u ABIACTCA YHU-
TapPHBIM.

3. llycty U — yuurapuoe upeobpasoBanue. Jokasars, ITO eciam
npeobpazosanue U — E o6paTrumo, TO npeobpa3oBaHue

A=i{U—-E)""(U+E)

CaMOCOIIDAXKEHHOE.

Tak Kak MaTPHUIIA [TEPEXOIA OT OLHOr'O OPTOrOHAJIBLHOT'O
HOPMUPOBAHHOI'O 0a3mca K APYTOMY 3aJaeTCA YHUTAPHON
MaTpPHUIEd, TO MOLYIEHHLIA B STOM Haparpade pe3yabTaT
MBI MOX€EM B MATPUIHBIX TEPMUHAX CHOPMYIUPOBATEH CJlIe-
AyromuM 00pa3oMm:

[Iycte U —3anmamnas yauTapHas marpuna. lTorma cy-
mecTByeT Takas yHuTapHas marpuma V', aro U upencra-
BUMa B BHUIE

U=V_'DV,

rae D — quaronaabHas MaTPHUIA, Y KOTOPOU IO AUATCOHA-
JU CTOAT HMCIA, IO MOAYJIIO PaBHEIE 1.

AnanoruvyHo, OCHOBHOU pe3yabTaT B 1. 1 § 12 B MmaTpud-
HBIX TePMUHAX POPMYJUPYETCA TAK:

[Mycrs A — 3agannas spmuToBa MaTpuia. Torga A Mo-
XeT OBITH IPEeICTABICHA B BUIE

A=V7'DV,
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rae V —yuurapaas marpuna, a D — quaronanbHas Ma-
TpHUIA, Y KOTOPOU 110 JUATOHAIA CTOAT BEIIECTBEHHBIE YU-
cia.

§ 14. IlepecTaHOBOYHBIE JUHEHHEIE IIPEO6Pa3OBaHMA.
HopmanbHbie ipeo6pa3oBaHus

1. IlepecramoBounbie mnpeoGpasoBaHma. Mbl Bumgenn
(§12), 9TO AIA BCAKOTO CAMOCOIPSNKEHHOTO JUHEHHOI'O
nIpeo6pa30BaHNA €CTh CBOM OPTOTOHAJLHLIM HOPMUPOBAH-
HBIZ GA3UC, B KOTOPOM €r0 MATPHUIA AUArOHAIbLHA. MoxeT
OKa3aThCA 9TO [ HECKOABKHUX CAMOCOIPAXKEHHBIX TIpe-
00pa30oBaHUN CYMECTBYET OAUH O0mUU 6a3uCc, B KOTOPOM
MATPHUIBI BCEX DTUX MPEOOPA3OBAHUN AUATOHAJIBHBI. Mbl
BBISICHUM 3/I€Ch, IPU KAKUX YCIAOBUAX DTO BO3MOXHO. Pa3-
0epeM B TIEPBYIO O4Yepenb CIydadl ABYX MpeoOpa3OBAHUMN.

JJemma 1. Ilyemv A u B — dea nepecmanosounvls
AUHETHBIT NPeobPa308aHUA, M. €.

AB = BA.

Toeda cosoxynnocmv 6cexr coOCMBEHHbIT BEKMOPO6 Npe-
obpazosanus A, omeeuarwur JdaHHOMY COOCNEEHHOMY
3nauenuto X, obpasyem (8mecme ¢ HYLEBbIM BEKMOPOM)
nodnpocmpancmeo Ry, unsapuonmmoe 0omuocumenbro
npeobpazosanus B.

JoxasaTenbcTso. Ham HyxHO mOKa3aThb, 9TO
ecau

x € Ry, mT.e. Az =z,

TO 1
Bz € Ry, T.e. ABz = \Bz.

Ho Tak xaxk AB = BA, To
ABx = BAx = BAx = \Bz,

7 JeMMa JOKa3aHa.
Jlemma 2. Jhobvie dea nepecmanosounvis npeobpa-
3080HUA UMEIOM 00WUT cOOCMBENNBIY 8eKMOP.
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HJoxasarteasctTsBo. llyctre AB = BA u R),—
MOATIPOCTPAHCTBO, COCTOAIIEE U3 BCEX TAKUX BEKTOPOB &,
aro Ax = Az, rge A— coO6CTBEHHOE 3HAYEHHE Ipeobpa-
soBamua A. Cornacuo gemme 1, R) MHBAPUAHTHO OTHOCH-
TeabHo B. IlosToMy B HeM CyIIecTByeT BEKTOp g, COO-
CTBEHHBIN M B. DTOT BEKTOP ABIAETCA COOCTBEHHBIM U
mia A, Tak Kak BCe BEKTOPHI U3 R) ABIAIOTCA COOCTBEH-
HBIMHZ 114 A.

3amevganue. Ecim AB = BA, To, Boo6Ie roso-
pA, He BCAKUU BEKTOD, COOCTBEHHBIN MId A, apiaseTcsa cob-
crBenubiM u misi B. Hanpumep, eciu A ecth eguHUYHOE
npeobpasoBanue F, TO aid HEro a000d BEKTOD I ABIAET-
csa coocreenasiM. OmHAKO 2 BOBCe He OyaeT cOOCTBEHHBIM
BEKTOPOM I TFOOOTO mepecTaHoBOYIHOrO ¢ F mpeobpazo-
BaHUA, TAK KaK ¢ F/ mepecTaHOBOYHBI BCE JUHEUHBIE TIPe-
obpa3oBaHUA.

Teopema 1. Ilyemv A u B — dsa camoconpaxcen-
HOLE AUHETHBIL NPEOOPA30BAHUL 8 KOMNAEKCHOM N-MEPHOM
npocmpancmee R. [as mozo umobvr 8 R cywecmsosaa
0pPMOo2OKaALHBIY Oa3uc, 8 KOmMopom npeobpaszosanus A u
B odnospemenno npugodamecea x duazonasvnoti gopme, ne-
06z00uMO U docmamouno, 4mobbl OHU ObLAU NEPECTANO-
sounvl (T.e. AB = BA).

Hoxa3zaTeabrcTBO. JlocTaTovHOCTSH. IlycTh
AB = BA. Torga, B ciIy JeMMBI 2, CYLIECTBYET BEKTOP
€1, COOCTBEeHHBIN U aaa A, u nas B, T.e. Takou, ITO

Aep = Aie1, Bep = pier.

(n—1)-meproe noanpocTpancTso Ry, opToronamsHoe K €1,
MHBApPWAHTHO Kak 11 A, rak u qua B (cm. memmy 2 §12).
Bynem paccmaTpusaTh mpeobpasoBanus A u B aumb B R;.
Cormacuo memme 2 B Ry cymecTByeT BEKTOp €2, COOCTBEH-
HBIA U A A, u qua B:

A€2 = )\262, BBQ = H2€2.
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COBOKYITHOCTH BEKTOPOB U3 R, OPTOrOHAIBHBIX K €9,
obpasyer (n — 2)-MepHOE TPOCTPAHCTBO, WHBAPUAHTHOE
KaK OTHOCHTEIbLHO A, Tak m oTHOCUTeabHO B, u T. 1. [Ipo-
JOJXKAsg DTOT MPOIECC, MBI MOIYYUM 7. MOTIAPHO OPTOrO-
HAJIBHBIX BEKTOPOB €1, €2, . . . , €, COOCTBEHHBIX KaK mia A,
TakK u qad B:

Ae; = \iei;, Bej =pie; (i=1,...,n).

[Ipumem BekTOpHI €1,€9,...,¢e, 3a 6asuc B R. Torga o6a
npeobpasoBanus A u B 3anuinyTcsa B AUATOHAIBHOU (POP-
Mme. [ocraTounocTs ycamosus AB = BA mokasaHa.

Heo6xogumoctTs. Ilycrs B HEKOTOPOM OpTOrO-
HaabHOM Oasuce MaTpullbl npeobpasoBanun A u B guaro-
HaabHBL. JII00BIE AUATOHAJBLHBIE MATPUILI, KAK 3TO JEIKO
MIPOBEPUTH, MEPECTAHOBOYHLI Mexay cobou. Ho ecau ma-
Tpubl TPeo6PA3OBAHNNA B HEKOTOPOM 0a3mce mepecTaHo-
BOYHBI, TO IIEPECTAHOBOYHBI U CAMU IPe0OPA30BAHUA.

Yupaxueunune. Ilycre U; u Uz — nepecTaHOBOYHBIE YHUTAD-
HBle npeobpasoBanusa. [Jokasars, 4TO CyumecTByeT 06a3uC, B KOTOPOM
OHU OJHOBPEMEHHO 3alUCBIBAIOTCA B AMATOHAILHOU (HOpMe.

3amevanue. Teopema 1 meperocurcs Ha a0060€ MHOXECTBO
MOMAPHO IePECTAHOBOYHBIX CAMOCONPAKEHHBIX TpeobpazoBanuu. Jo-
Ka3aTeIbCTBO IIOBTOPAETCA NOCIOBHO, TOIBKO BMECTO JEMMBI 2 KC-
OIB3YeTCs CJeNyIOMAsT

JJemma 2. YV 1106020 muoxcecmea nonapro nepecmamosou-
HbLl AUHEUHBIT NPeobpa3osanutl ecmb 00wutl cobcmeennblll 8exmop.

NoxasareasncTBo OygeMm BecTH IO MHAYKIMU. B ogHomep-
HOM npocTtpancTse (n = 1) zemma oeBnana. IIpeamomoxmm, ITO At
IPOCTPAHCTB Pa3sMePHOCTH < M JeMMa JOKAa3aHA M NOKAXeM ee NI
N-MEPHOr'0 IPOCTPAHCTBA.

Ecmu xaxapi BeKTOp 3 R ABIAeTCA COGCTBEHHBIM A KaXkK IOTO0
m3 paccmarpuBaeMbIx npeobpasosanmnu ©) A, B, C, ..., To Bce qokasa-
Ho. IIpegnonoxum mosToMy, 4TO XOTS OBL OUH BEKTOD HE SABIAETCS
COOGCTBEHHBIM A KaKOro-ImO0 M3 HAIIMX NpeoOpa3oBaHUU, HAIPH-
Mep mag A.

*) 9ro osmavaer, uTO Kaxzgoe m3 mpeobpasosammu A, B,C,...
KPATHO eINHUYHOMY IpeoOpa3oBaHUIO.
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O6o3HaunM depe3 R; COBOKYIHOCTBH BCEX COOCTBEHHBIX BEKTO-
poB mpeobpaszoBanua A, OTBeYAIOUIIX KAKOMY-HUOYIb COGCTBEHHO-
My 3uadeHnio A. CormacuHo gemme 1, R| MHBApMAHTHO OTHOCUTEIb-
vO B,C,... (1, camo co60l pa3yMeeTCsa, NHBAPUAHTHO OTHOCUTEIb-
10 A). Ilpm 5ToM R; €CTHh HOATPOCTPAHCTBO, OTIXIHOE OT HYJIEBOTO
u or Bcero R m mMmerommee, C1eI0BaTEIbHO, PAa3MEPHOCTH K 1 — 1.
Tak xak IO IMPEANOIOKEHUIO AJdA IPOCTPAHCTB PA3MEPHOCTH, MEHb-
LIen 4eM 7, TeopeMa JOoKa3aHa, To B R mpeobpasosanusa A, B,C, . ..
AMEIOT 00K COOCTBEHHBIN BEKTOD, U JeMMa JOKa3aHa.

2. Hopmanbubie npeo6GpasoBanua. B §§ 12 u 13 wmm
O3HAKOMWIUCH C IBYMsA KJIACCAMU JUHEAHBIX TIPE06pa3oBa-
HUU, TPABOAUMBIX B HEKOTOPOM HOPMUPOBAHHOM OPTOrO-
HAJBLHOM 6asuce K AmaroHaabHou ¢popme. Cerndac MBI BHI-
SACHUM, KAKOB OOIIMYA BUJ BCEX TAKUX MPEOOPA3OBAHUN.

Teopewma 2. Jas moeo umobvl cywecmsosas op-
MO20HAALHBIT 6a3UC, 6 KOMOPOM Aunetinoe NPeobpa3o6a-
nue A npusodumcs ¥ Jua2onaavbnot gopme, neodrodumo u
docmamouno, 4moobbl

AA* = AT A.
(Taxue npeobpazosanus mbi Ha38a4u 6 §11 HOpMasbLHBI-
JoxazareabcTBo. Heo6xoxgumocTs. Ilycrs

B HEKOTOPOM OPTOT'OHAIHLHOM HOPMEPOBAHHOM Oa3uce Ma-
Tpura mpeobpa3oBanua A AUATOHAJBLHA, T.€. UMEET BU]

A0 ... 0
0 A2 0
0 0 ... A\

Tak kak 6a3UC OPTOTOHAIHHLIN M HOPMUPOBAHHBIN, TO Ma-
Tpura mpeobpaszoBanus A* uMmeeT BU

XM 0 ... 0
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MaTrpursl mpeobpazoBanut A u A* nuaroHaJbLHBI U, 3HA-
YUT, EPECTAHOBOYHBI Mex 1y cobou. CrenoBaTensHO, me-
PECTAaHOBOYHLI U caMu Ipeobpasopanus A u A*.

docratoanocTs. Ilycts A u A* mepecTaHOBOIHEI.
Torga, cormacuo JeMMe 2 »Toro maparpada, y A u A* cy-
IIECTBYET OO COOCTBEHHBIN BEKTOP €1, T. €.

A61 = )\161, A*61 = Hui1€1 *)

(n — 1)-meproe moanpocTpancTso Ry, cocrosmee n3 Bek-
TOPOB, OPTOTOHATBHBIX K €1, WHBAPWAHTHO KAK OTHOCH-
TenbHO A, Tak u OTHOCUTENBHO A*. [lelcTBATEIBLHO, TyCTh
z € Ry, T.e. (z,e1) = 0. Torga

(Awael) = (x’A*el) = (wvﬂlel) = El(x’el) =0,

T.e. ¢ € Ry. MaBapmanTHOCTL R; OTHOCUTEIHLHO A 10-
Ka3aHa. AHATOTMYHO MOKA3LIBAETCA WHBAPUAHTHOCTH R
OTHOCUTENIbHO A*.

[Ipumensas x R; Ty xe qeMMmy 2, moxyduM, ITo B R cy-
MIECTBYET BEKTOP €9, COOCTBEHHBIN OJHOBPEMEHHO W [
A, m s A*. Yepes Ry 0603uauM (1 — 2)-MEpHOE IO JIIPO-
CTPAHCTBO, COCTOSAIIEE U3 BEKTOPOB MOAIPOCTPAHCTBA R,
OPTOTOHAJNBHBIX K €, W T.HA. lIpomomxkas Takum o6pa-
30M, MBI TIOCTPOUM 7, MOMAPHO OPTOTOHAIBHBIX BEKTOPOB
€1,€9,. .., €y, KAKIBIA U3 KOTOPHIX ABIAECTCA COOCTBEHHBIM
kak mua A, tak u gus A*. BekrTopw eq,eo, ..., e, 06pa3y-
0T OPTOTOHAJBHBIU 0a3uc, B KOTOpoMm Kak A, Tak m A*
NPUBOAATCA K AUATOHAIBLHOU (POpPME.

[pyroe g1oka3aTeaibCTBO JOCTATOYHOCTMU.
[omoxum
A+ A A A
o 2 o 20
[Ipeo6pasosanua A1 u Ao — camoconpsaxennsie. Eciu A
u A* mepectanoBo4Hb, TO A] 1 Ay TakXke MepecTaHOBOY-

Al ) A2

*) YmpaxHeHume: JOKA3aTb, ITO (i1 = Ai.
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vel. B cmny Teopembr 1 macTosmero naparpadga npeobpa-
soBarusa Ay u Ay MOryT GBITH OJHOBPEMEHHO MPUBEIEHBI
K amaroHaabHON gopme. Ho Torga m A = Ay + 145 Takxke
3aIUCHIBACTCA B QUATOHAILHOU (hOpME.

Ecamu A — camoconpskenHoe mpeobpa3oBaHUe, TO

AA* = A*A = A2,

T.e. A HOpMaabHO. HOpMATBLHBIM ABIAETCA TaKXKe BCA-
KO€ YHUTapHOE MPeoOpa30OBaHUe, TAK KAK B DTOM CIydae
UU* = U*U = E. llosromy Teopema 2 3Toro maparpada
COMEPKUT KaK IaCTHBIN Caydan pesyabrars §12 (m. 1) m

§13.

Yunpaxuenusa 1. [loka3aTe, 9To 1:060€ MHOXKECTBO IOIAPHO
MepPEeCTAaHOBOYHBEIX HOPMAJIbHBIX NPEO0OPA30BAHAU MPUBOLUTCA OITHO-
BPEMEHHO K NUATOHAILHOU (POpMe.

2. [loka3aTh, 9TO BCAKOE HOPMAIbHOE mpeobpasoBanue A MOxXeT
OBITH 3AIMMCAHO B BUIE

A= HU = UH,

rae H — camoconpsaxennoe mpeoOpasoBanme, a U — yHUTapHOe,
npudem H u U mepecTaHOBOYHEL.

Y kasaunue. Bwbpars 6asuc, B koropom A u A nmpusogarcs
K JUarOHAILHOU (opMe.

3. Moxazare, uro eciu A = HU, rage H nu U nepecranoBO4HBL,
H —»spmuroso, U — yuurapuo, To A — HOpMalIbHOE IpPeoGpa3oBa-
HUE.

§ 15. Pasioxenune JMHEXHOrO mpeo6pa3oBaHus
B IIPOM3BEJEHNE YHUTAPHOI'O U JPMHUTOBA

Beskoe KOMILIEKCHOE YMCIO MOXHO Pa3lOXUTh B MPO-
M3BEJEHUE TOJOXUTENbHOrO YUCI, W 9UCIA, IO MOIYJIIIO
paBHOrO enuHUIE (TaK HA3BIBAEMAA TPUTOHOMETPUIECKAA
$hopMa KOMILUIEKCHOTO 9uCaa). MBI XOTUM MOTYyYATH 1S
JUHETHBIX TPe0OpPa30BAHUN AHAJOT TAKOTO PABJIOKEHU.

AmanoroMm wucen, mo MOAYJIIO PABHBIX E€IUHWUIE, ABIS-
IOTCS YHUTAPHBIE JUHEUHBIE TPEOOPa3oBaHUA. AHAIOTOM
MOMOXKUTEIbHBIX MEeACTBUTEABHBIX YUCEN ABIAIOTCA TaK
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HA3BIBAEMEBIE TIOJIOXATETHHO ONPENEICHHBIE JUHENHBIE TIPe-
obpa3oBaHUA.

Onpenmenenune 1. Jlunetinoe npeobpazosanue H
HA3bIBAEMCA NOAOHCUMNEABHO onpedesenubim, ecau H ca-
moconpaxcenno u (Hz,x) > 0 das awbozo x.

Teopewma 1. Becakoe mnesviposcdennoe aurnetinoe
npeobpazosanue A mooxcem 6vimv npedcmasaeno 6 sude

A=HU (mmbo A=UH),

ede H (cooms. Hiy) — HEBLIPONCOEHHOE TNOAOHCUMEALHO
onpedeaennoe, a U (cooms. Uy) — ynumapnoe npeobpaso-
samue.

CaMo0 MOKa3aTeIbCTBO MBI IPOBENEM HECKOIBKO IMO3XKe:
Cervac MBI BLIACHUM, KaK 10 A HaAUTH COOTBETCTBYIOIIE
H un U, ecnu ykaszanHOe B TeopeMe 1 pasjoxeHUe BO3MOXK-
HO; 9TO MOACKAXeT HAM IyThb M1 JOKA3aTeIbCTBA Teope-
MBI

[Tycts A = HU, rae H — MOJOXUTEIHHO OMPEIeIeHHOE
HEBBIPOXKIeHHOE mpeobpasoBanue, a U — yHUTApHOE Tpe-
oOpasoBanue. H merko BeIpa3uTh vepes A; B camom mede,

A*=U*H*=U"'H,

OTKYyOa
AA* = H?.

CremoBaTeabHO, AAA TOro 4TOOH HauTh H, HyXHO «u3-
BJIEYbL KBAAPATHBIM KOpeHby 3 AA*. 3uman A u H, jgerko
nony«uts u U, nonaras U = H ' A.

HokazaTeabcTBy Teopembl 1 IpPEANONLIeM TPHU JEMMHEI.

Jlemma 1. Kaxoso 6bl wu 6via0 aunetinoe npeobpa-
soeanue A, npeobpazosanue AA* — noaoxrcumensvro onpe-
deaennoe. Ecau A ne sviposxcdeno, mo AA* maxoce ne 6bi-
poscdeno.
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NoxkxaszaTensbcTso. [Ipeobpazosanme AA* moao-
KUTEJBLHO OonpeneneHtoe. [lencTBuTeasHo:

(AA*z,z) = (A%x,A"z) > 0
masa aoboro . Kpome Toro,

T.e. AA* — camoconpsaxenHoe mpeobpa3oBaHueE.

Ecau npeobpaszoBanume A He BBIPOXIEHO, TO IETEPMU-
HAHT MaTPULH ||a;;|| npeobpaszoBanus A B 1060M OPTOro-
HAJTBHOM 0Gas3mce He paBeH HyJI. /[[eTepMUHAHT MATPHUILI
|@ix || mpeobpazoBanma A* B TOM ke 6asuce ABIAETCI KOM-
IUIEKCHO COTIPAXEHHBIM K e TePMUHAHTY MATPULH ||ak || u,
CJIEIOBATENLHO, TAKXKE HE PABEH HyJH0. [109TOMY B TaHHOM
CIydae NeTEePMMHAHT MATPHUILI, COOTBETCTBYIONMHA IIPe-
oOpasoBanmio AA*, He paBeH HYJI0, & DTO O3HAYTAET, UTO
npeobpazoBanure AA* — HEBBLIPOX JEHHOE.

Jlemma 2. Fcau B — noaoxcumenvno onpedesenmnoe
npeoopa30sanUe, Mo €20 COOCMBEEHRHBIE 3HAUEHUSL HEOMPU-
yameavuvl. OO0pamuo, ecau 6ce COOCMBEHHBIE HAUEHUS
CamoconpaAcenno2o npeobpazosanus B weompuyamenn-
Hvit, mo B — noaosxcumenvro onpedesennoe npeobpasosa-
Hue.

JoxaszareanbcTBo. llycte B  nomoxurenbHO
ompeneneno u Be = Ae. Torma

(Be,e) = Ae, e)

n Tak Kak (Be,e) > 0u (e,e) >0, To XA > 0.

O6paTHO, TycTh BCE COOCTBEHHBIE 3HAYEHUSA CAMOCO-
IPAXEHHOTO Ipeobpa3oBanus B HeOTpUIATETLHBI, €,
€2,...,6, —HOPMUPOBAHHBIM OPTOTOHAJLHBIN Oa3WC, CO-
CTOAIINK 13 COOCTBEHHBIX BEKTODPOB IpeoOpasoBaHui B.
IIycTs

r=2¢&1e +&er+ ...+ &y
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— mpoum3BOMBHBIM BeKTOp 3 R. Torma

(Bz,z) =

= (&iBer+&Bex+.. . +&pBep, §1e1+&ea+. . . +Enen) =

= (& Are1+& eert. . A& nen, Lre1+Ereat+. . +Epe,) =
= MG+ Xl + . Ml (1)

U TaK KakK BCe \; HeoTpuuareibusl, 7o (Bz,x) > 0.
3ameuanune U3 pasencrsa (1) HemocpegcTBeHHO
BUIHO, 9TO €CIW BCE \; MOJOXUTEILHBI, TO MIpeodbpa3osa-
Hue B He BRIPOXIEHO u 0OPATHO.
Jlemma 3. Fcau B — noaosxcumenvno onpedesenmnoe
npeobpa308anLUe, MO CYUECMBYEM MAKOE NOAOHCUMEALHO
onpedeaennoe npeobpazosanue H, wmo H?> = B (mbl 3a-

nuwen smo max: H = VB = B%) IIpu smom, ecau B we

abipodcdeno, mo u H we sviposcdeno.
HdoxaszaTeascTso. Brbepem B R opTOoronais-

HBEIM 6a3uC, B KOTOPOM B 3aInChIBaeTCA B AMATOHAILHOUN

dopwme:

A1 0. 0
B 0 Ao 0 7
0 . .0 ..... )\n
A1, Ao, ..., Ay — cobcrBennble 3HadeHua B. CormacHo jeM-

Me 2 Bce A\; = 0. Ilomoxum

VA0 ... 0
— 0 VX ... 0

rje gucaa \/)\; BRIOMPAIOTCA HEOTPUIATEILHBIMEA. B crry
TOU Xe JeMMHI 2 mpeoOpasoBanne H mosoXuTeIsHO onpe-
neneno. [Ipu sTom, ecim B me BRIpOXaeHO, TO (CM. 3ame-
qaHme K aemMme 2) \; > 0, srasuT, n \/A; > 0 u, cregosa-
TeabHO, H He BBIPOX JEHO.
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[Mepenmem Tenepsb k qoKazaTeabCTBy Teopemsr 1. [lycts
A— n1060€ HEBHIPOXKIEHHOE JMHEUHOE MTPeo0pa3OBaHUE.

Ilomoxum
H=+VAA*.

B cuny moxasammbix memm 1 m 3, H ecTh HEBBIPOXK IEHHOE
IIOJIOXKUTEIBHO OnpefereHHOe npeobpasosanue. [lomoxnm,
najee,
U=H"A. (2)
[Ipeo6pasoBanme U yauTapHo. B camom gerne,

UU*=H "AH 'A)*=H '"AA*H ' =H 'H’H ' =E.

U3 (2) cnegyer,aro A = HU. Teopema nokasasa.

Oneparuio u3BIeYeHNA KBAAPATHOIO KOPHS, IPUMEHEH-
HYIO B 3TOM maparpade, MOXHO UCIOIL30BATE A JTOKA-
3aTEIbCTBA, CACAYIOUETO TP EIOKEHU:

IIyems A u B — dea camoconparcennviz npeobpa3osa-
HUA, NPUYEM A — HEBLIPONCIEHHOE NOAOHCUMEALHO OTPE-
deaennoe npeobpazosanue. Tozda cobcmaennvie 3HaUEHUA
npeobpaszosanus AB sewecmeenmbl.

HJokxaszaTenbcTBo. M 3HaeM, ITO XapaKTepu-
CTUYEeCKUEe MHOTOWICHHI (& 3HAYUT, U COOCTBEHHBIE 3HAE-
HUA) TPeoOpa3oBaHUI

X=AB u C'XC
coBmagaioT. [lomoxum C = Az, Torma
C~'XC = A"7ABA? = A’BA*,
Jlerko BUAETH, 9TO HOIYy9ICHHOE IPEOOPA3OBAHNE ABJIA-
€TCA CaMOCOIPAKECHHBIM:
(A2BA?)" = (A2)"B*(A2)" = A*BA>.
YTBepXk AeHue TOKa3aHO.

Yupaxuenue. [okasars, 4ro ecim A u B — m0J0XKUTEIBLHO
OIpefeIeHHbIe IPE0OPa30BaHusA, U3 KOTOPBIX OAHO HE BBIPOXK JEHO,
TO mpeobpasoBanue AB mMeeT HEOTpPULATEIbHBIE COOCTBEHHBIE 3HA-
YEeHUA.
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§ 16. JIunennsie npeo6pa3oBaHUA B BELIECTBEHHOM
€BKJIMJOBOM IIPOCTPAHCTBE

B sTom maparpade Mbl OygeM 3aHAMATHCA JUHEAHBI-
My Tpeo6pa3oBaHUAME B BEIIECTBEHHOM IpoCcTpaHcTe. U3
MATEpUAIa JAHHOU TVIABBL A HTOTO AOCTATOYHO 3HATH
comepxanue §§9-11.

1. Bce ompegenenus §10, a uMeHHO ompeaeJeHUsS WH-
BapUAHTHOTO TOAMPOCTPAHCTBA, COOCTBEHHOT'O BEKTOPA,
COOCTBEHHOTO 3HAYMEHWS, ObUIM BBENEHBI A JUHEHHOTO
IPOCTPAHCTBA HAJ TPOU3BOJIBHBIM IIOJNEM U MIODTOMY WMe-
0T CMBICJ TaK¥Xe W JJA BEIIECTBEHHOT'O JUHEUHOT'O TPOC-
TPAHCTBA.

CymecTBeHHYIO POIb BO BCEHM TEOPUU UTDANA TOKA3AH-
Hasg B § 10 TeopemMa 0 TOM, YTO B KOMILIEKCHOM ITPOCTPAH-
CTBE BCAKOE JMHENHOEe Ipeobpa3oBaHME UMeeT COOCTBEH-
HBII BEKTOD (OJHOMEPHOE WHBAPWAHTHOE MOAIIPOCTPAH-
cTBO). B ClIyvae BemeCTBEHHOrO MPOCTPAHCTBA JTA TEO-
pema ueBepHa. Hampumep, mOBOPOT MIOCKOCTH BOKPYT Ha-
9aJa KOOPAUHAT HA, YTOJd, OTIUIHBIA OT K7, TPEACTABIIET
cobou JuHEnHOE peobpa30oBaHMe, HE UMEIOIIee HU OJHOTO
OJTHOMEPHOI'0 MHBAPUAHTHOrO moanpocTpancTsa. Oqaako
“MeeT MECTO CAeAYIomas TeopeMa:

Teopewma 1. V gcakozo aunetinozo npeobpazosa-
nus A 8 sewecmeennom aunetinom npocmpancmee R cy-
wecmayem 00HOMEPHOE UAU O8YMEPHOE UHBAPUGHMHOE

nooNpPoCMpancmaso.
doxaszaTeanscTBo. Brbepem B R 6a3uc e,
€2,...,en. Ilpeobpaszoannio A oTBedaeT B >TOM Oasuce

-l
Paccmorpum cucremy ypaBHEeHUR
a11é1 +a2ée + ...+ a1y = A,
02181 + a9l + ... + aon, = Ao, (1)

an1€1 + an2a + ...+ appén = A&y
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u Oy1eM mckaTh Jias Hee Henyaesoe pemenne £Y, €9 ... €0,
Takoe perieHue CyIeCTBYET TOTIA W TOIBKO TOTIA, KOTIA
OTIpeeIuTeNb

a1l — A a19 e a1p
agy agy — AL aon
an1 an?2 app — A

paseH Hy.0. [[pupaBHAB €ro HYJIIO, MBI HOIY9IUM yPABHE-
HUE N-U CTENeHUu OTHOCUTEIBHO A C BEIECTBEHHBIMU KO-
s dunmenramu. [lycts \g eCTh KOpEHB 5TOr0 yPABHEHUA.
BosmoxHBI ABa cry4ast:

a) Ao €CThb BENIECTBEHHBIM KOPEHb DTOTO yDABHEHWA.
Torga MOXHO HAUTHU BELIECTBEHHBIE HE BCE DABHBIE HYJIIO
wqucna £9,£9, ..., €0, aprmommuecs pemernwem cucremsr (1).
CuuTas uxX KOOpIUHATAMYA HEKOTOPOT'O BEKTOPA, = B 6asuce
€1,€2,...,€n, Mbl MOXeM cuctemy (1) mepemmcars B BUgE

Az = Mz,

T.€. T TOPOXAAET OTHOMEPHOE WHBAPUAHTHOE IIOAIIPO-
CTPAHCTBO.
b) Ay = @+ i3, T.e. A\g kommiekcuo. IlycTs

1+, So+ine, .., & Finy

ecThb pemeHue cucTeMbl (1); HOACTABIAA DTU TUCIA BME-
cro &1,&9,...,&, B (1) U OTEIAS BEECTBEHHYIO 9aCTh OT
MHMMOM, MBI TIOLY IA€M:

a1é +aéo + ...+ aéy = &y — P,
a91&1 + a22és + ... + agnén = als — B,

an1&1 + an2éo + ... + appén = & — By,
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n COOTBETCTBCHHO

a1 + aione + ... 4 a1y = any + B,

ag1m + agenz + ... + a2y = ang + B, (@)

ap1M1 + apan2 + ... + appnp = any, + /Bfn

Byrqu TEIEPh 51, g?a s agn (COOTB' m,n2,. .. ann) can-
TaTh KOODAWHATAME HEKOTOPOIO BEeKTOpa & (COOTB. YY)

B R; Torga coornomenus (2) u (2') MoxHO 3anmcaTh cie-
AyromuM 00pa3oMm:

Az = ax — By; Ay = ay + Bz. (3)

Pasenctsa (3) 03HAYAIOT, ITO ABYMEPHOE TOANPOCTPAH-
CTBO, IOPOXK IEHHOE BEKTOPAMU I ¥ ¥, THBAPUAHTHO OTHO-
cuTeabHo A.

B manbuenmem Mbr 6y €M MOAb30BATHCA TEM, 9TO B IBY-
MEPHOM WMHBAPUAHTHOM MOJIPOCTPAHCTBE, OTBEUAIOMIEM
KOPHIO A = « + i3, npeobpazoBaame umeeT Bug (3).

Yupaxuenue. [Jokaszarh, 9TO B BELIECTBEHHOM IIPOCTDAH-
CTBE HEYETHOrO 9IMCIA U3MEPEHUU (B TaCTHOCTH B TPEXMEDPHOM) y
KaXJ0r0 JUHEMHOTO MPeoOpa30BAaHUA €CTh OJHOMEDHOE MHBAPUAHT-
HOE TOAIPOCTPAHCTBO.

2. CamoconpsaxeHHbIE IPe06Pa30OBaHUA.

Onpemeanenue 1. Jlunetinoe npeobpasoganue A
8 eWECMBEHHOM €8KAUAOBOM npocmpancmee R nasvisa-
EMCA CAMOCONPAHCEHHBIM, ECAU O AI0OBIT BEKMOPOS8 T U Y

(Az,y) = (2, Ay). (4)

MycTs eq,e9,...,€, —OPTOrOHAJIBLHBIA HOPMUPOBAH-
HBIN 6a3uc B R u

x=¢&er+&ex+ ...+, Y =mer+nes+...+nen.
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MycTs, ganee, {; —koopauHaTh BeKTOpa 2 = Az, T.e€.

n

Gi= aink,

k=1
rae ||aik||— marpuma npeoGpasosanms A B Gasmce e,
€2, ..., en. CrenoBaTenbHoO,
(A:E y) Zsz = Z @i 7i-
i,k=1
Anamoruano,

n

(z, Ay) = Z @ik i - (5)

ik=1
Takum o6pasom, ycaosue (4) o3HadaeT, 9To
Qi = Q-

Urak, das moz2o umobvr npeobpazosanue 6biao Camo-
CONPANCENHBIM, HEOBLOUMO U JOCMAMOUNHO, U4Mobbl 68 0p-
MO20HAABHOM HOPMUPOBAHHOM 6A3UCE €20 MAMPUYE OblAG
CUMMEMPUUH .

Beskan cumMerpudeckas omwimaenHas dpopma A(z;y) B
IPOU3BOIBHOM GA3WCE MMEET BU]

> amdink, (6)

ik=1

rae a;x = a;- CpasauBas (5) u (6), nomygaem caemyrommn
pesyabTaT, KOTOpLII‘/)I MBI UCIIOJIB3yEM I HOKa3aTEIAbCTBA
TeopeMbl 3 3TOro maparpada:

Aasn  scarot cummempuueckot Ouaunetinoti Gopmor
A(z;y) cywecmeyem makoe camoconpaxcennoe npeoopa-
so6anue A, wmo

A((I,‘;y) = (vay)'
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[Mokaxem, 9TO g KaXAOr0 CAMOCOIPIAXKEHHOTO IIPe-
00pa30BaHUA CYIIECTBYET OPTOTOHAILHBIN 0A3UC, B KOTO-
POM MATPHUIA STOr0 Npeobpa3oBaHUA AMATOHAJILHA.

JokazaTeabcTBO OymeT OCHOBAHO HA COAEepXaHWU 1I. 1.
[lpyroe gokasaTenbCcTBO, He 3aBucaiee oT 1. 1 (u, cregosa-
TEeJIbHO, TEOPEMBI CYIIECTBOBAHMA KOPHA aIrebpaniecKoro
ypaBHeHus), cM. B § 17.

[IpenBapuTeabHO TOKAXKEM CIECAYIOIIAE JEMMBL.

Jlemma 1. YV scarxoeo camoconparcennozo npeobpa-
308GHUA CYUWECMBYEM 0OHOMEPHOE UHBAPUGHMHOE NO0-
nPOCMPAHCME0.

NoxkxaszaTensbcTso. Cormacao Teopeme 1 3TO-
ro maparpada KaXIoMy KOPHIO A XapaKTEePUCTUYIECKOrO
YPaBHEHUA OTBEIaeT OJHOMEPHOE MHBAPUAHTHOE IMOAIPO-
CTPAHCTBO, €CAM A\ BEUIECTBEHHO, W ABYMEPHOE — eCIu A
KOMIIJIEKCHO. HOSTOMy, A DOKa3aTeabCTBA JEMMEI 1OCTa-
TOYHO TOKA3ATh, 9YTO BCE A BEIIECTBEHHBI.

[Ipegmonoxum, aTo A KomiuiekcHo. [Ipm mokaszarenn-
cTBe TeopeMHl 1 MBI [ Takoro A = « + i mocTpomin
[IBa, TAKWX BEKTOPA & U Y, ITO

Az = ax — Py,
Ay = Bz + ay.

(Az,y) = a(z,y) — By, y),
((II, Ay) = ﬁ((II,(II) + oz(ac,y).
Tak xax (Az,y) = (z,Ay) TO, BEIYUTAA W3 BTOPOrO
PABEHCTBA MIEPBOE, UMEEM:

u tax Kax (z,z)+(y,y) # 0, 7o 8 = 0, T.e. A BeleCTBEHHO.

JJemma 2. Ilyemv A — camoconpaxcennoe npeobpa-
308anue, a e —e20 cobcmsennviti sexkmop. Tozda coso-
kynwocms R’ eexmopos, opmozonasbnviz e, obpasyem
(n — 1)-meproe unsapuanmuoe nooNPoOCMPAHCME0.
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MJokaszaTeanbcTso. SIcHO, 9T0 cOBOKYmHOCTL R’
BEKTOPOB & € R, OpTOrOHAIBHBIX BEKTOPY €, eCThb (1 — 1)-
MepHOE MOATPOCTPaHCTBO. [lokaxeM, aTo R’ mHBapmanT-
HO OTHOCHUTEILHO TpeobpasoBanusa A.

ycts z € R/, T.e. (z,e) = 0. Torga

(Az,e) = (z,Ae) = (z, Xe) = A(z,e) =0,

r.e.u Az € R'.

Teopewma 2. Cywecmeyem opmo2onaibHbili HOP-
MUPOBAHHBIT 6A3UC, 8 KOMOPOM MAMPUYG CAMOCONDAHCEH-
Hn020 npeobpasosanus A duazonasvra.

HNoxaszaTensbcTso. Cormacuo memme 1 mpeob6pa-
3oBaHne A mMeeT XOTsA ObI OJUH COOCTBEHHBIM BEKTOD €.

O6o3rauum gepes R mogmpocTpaHCTBO, COCTOAIEE U3
BEKTOPOB, OPTOTOHAMLHBEIX €1. Tak kak R’ wmHBapmauTHO,
TO B HEM, COTJACHO TOU Xe jJeMMe |, Takke CymeCTBYeT
cOGCTBEHHLIN BEKTOP; 0003HAYUM €ro es. IIpomomkas aTo
MOCTPOEHMEe, MBI TOIYIUM 7, COOCTBEHHBIX BEKTOPOB, U3
KOTOPBIX KAXBIU CASTYIOUUHA 110 MOCTPOEHUIO OPTOTOHA-
JIEH K IPEABbIAYIINM, T. €. IIOJIyIUM 7 HOIaPHO OPTOT OHAIb-
HBIX COOCTBEHHBIX BEKTOPOB €1, €9, . . ., €.

Bribepem ux 3a 6asuc B R. Tak kax

Aei :)\iei (Z = 1,2,...,”),

TO MaTpuia mpeobpa3oBanus A B >ToM 6a3uce UMeeT B[

A 0 ... 0
0 A2 0
0 0 An

T. e. ABIAETCA TUATOHAILHOU MATPUIIEH.

3. IlpuBegeHue KBaApPaATUIHOM (POPMBI B OPTOrOHATH-
HOM Gasuce K cymme kBaapaTos. (IIpuBegenue k riaBHEIM
ocam.) IlycTe B n-MEPHOM €BKAMIOBOM MPOCTPAHCTBE 3a-
naHa cuMMmeTrpudeckas OmmmuennHas dopma A(z;y). Kak
OBLIO TIOKA3AHO BBIIIE, KAX IOU CUMMETPUYIECKON OUIMHEn-
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HOU popme A(z;y) COOTBETCTBYET TaKOe JMHEUHOE CAMO-
conpsaxennoe npeobpaszosanue A, aro A(z;y) = (Az,y).
Cortacao Teopeme 2 5Toro naparpada, CymecTByeT Op-
TOTOHAJLHLIA HOPMUPOBAHHEIN 0A3HC €1, €9, . . . , €, COCTO-
AWMU 13 COGCTBEHHBIX BEKTOPOB mpeobpasoBarus A (T.e.
Takou, 9T0 Ae; = \;e;). B sToM Gazuce Mbl mumeem:

Az;y) = (Az,y) =
= (A(&1e1 +&ea+ ...+ &nen), mer+mez+ ...+ npey) =
= (Mi&er+X&ea+. . N Enen, mert+meat. . . Fnpe,) =

= A& + Ao + .+ An&ntin.
[Monaras y = x, HOIyYaeM CJAeLyIOUIyI0 TEOpeMYy:
Teopewma 3. ITycmo A(xz;x) — K6adpamuunas @op-
M 8 N-meprom eskaudosom npocmpancmee. Tozda cywe-
CMeyem opmo2onasbHbll HOPMUPOBaHHbIL ba3uc, 6 KOMO-
POM IMG KBAIPAMUUHASL HOPMA uMeem 8UD:

o Z 2
A(:L‘ y L ) - Azfi :
Tak xkak A1, Ao, ..., Ay ABIAIOTCA COOCTBEHHBIMY 3HAYEHMU-
avu A, TO OHU MOT'YT OBITH HAUEHBI U3 XaPAKTEPUCTUIE-
CKOT'O ypaBHEHUs MaTpuusl ||ak]|.
[las cay4as TpeXMEpPHOr0 IPOCTPAHCTBA NOKA3AHHAA 31eCh TeO-

peMa pacCMaTPUBACTCA B aHAIUTUIECKOU reoMeTpun. JelCcTBUTe b-
HO, B 3TOM CJIy4Yae ypaBHEHUE
A(z;z) =1

€CTh yPaBHEHHE HNEHTPAJIbHOU MOBEPXHOCTU BTOPOro mopsaaka. Op-
TOrOHATBLHBIM HOPMUPOBAHHBIN 0a3UC, O KOTOPOM HIET Pedb B Te-
opeMe 3, €CThb B DTOM CIydae CHCTeMa KOOPAWHAT, B KOTODPOU IIO-
BEPXHOCTDb MMEET KAHOHUIECKUI BU., & BEKTOPHI €1, €2, €3 ABIAIOTCSH
HAIPABICHUAMYU IVIABHBIX OCEH MOBEPXHOCTU BTOPOrO HOPAIKA.

4. OHOBpEMEHHOE IPUBEJEHME MAPhl KBAJPaTUIHEIX
¢dopM K cymMMe KBaJpaToOB.

Teopewma 4. Ilycmov 8 n-meprom npocmparncmee R
sadanbi dee xsadpamuunvie gopmvr A(x;x) u B(x; ), npu-
wem Popma B(x;x) nososcumeavno onpedesennasn. Toeda
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8 R cywecmeyem 6a3uc, 6 Komopom o6e 3mu K6adpamuy-
Hble POPMbL 3ANUCHIBANOMCA 68 BUJe CYMMbL K6aIPAMO8B.
Noxasareasctso. lIlycre B(z;y) — 6uimuen-
Hag ¢opMa, COOTBETCTBYIOIIAA KBaAPATUIHON (opme
B(z;z). Oupemerum B R CKalApHOe MNPOU3BEJCHUE

dopmymon

(z,y) = B(z;y).
CoracHo mpeasIAymien TeopeMe B R CymecTByeT HOpMU-
POBaHHBIM OPTOTOHAILHEIN *) GA3uc €1, €, ..., €y, B KOTO-

poM ¢opMa OpPUBOJUTCA K CYMMe KBaApaToB, T.e€.
n
Alwm) = 3 gk 7)
=1

CkaIApHBIA KBAaAPaT B HOPMUPOBAHHOM OPTOrOHAIL-
HOM Oas3mce MMeeT BHUI:

(2,2) = B(a;z) = 3 €2. (8)
=1

Nrax, B 6a3uce ey, es, ..., e, 06e KBagpaTUIHBLIE (HDOPMBI
3aIKUCHIBAIOTCA B BAJAE CYMMBI KBaIpaToB. TeopemMa qoKa-
3aHA.

5. OpToronansHbIe IPe0Opa3OBaAHMAL.

Onpenenenune 2. Junetnoe npeobpasosanue A
BEUCCMBEHHO20 N-MEPHO20 €8KAUIOBA NPOCTNPEHCNEA Ha-
3bI8AEMCA OPMOZOHAALHBIM NPEOOPU30BAHUEM, ECAU OHO
COTPAHAEM CKAAAPHOE NPOU3BedeHUE 8EKMOPOS, M. €.

(Az, Ay) = (z,y) (9)
das 6cex T,y € R.
[lonaras B pasencrse (9) z = y, moxydaem

|Az|* = |z, (10)

*) B cmBICae OmpeaemreHHOro HaMu B R CKAIAPHOTO MIpOU3BEe-
HUAL



186 JIMHEJHBIE NPEOBPA3OBAHUS [ra. 1

T.€. 0PMO2OHAALHOE NPEOOPA30BAHUE COLPAMAEM JAUHDL
8EKMOPO8.

Yupaxuenune. [Jokaszars, aro ycrosue (10) aprzercsa gocra-
TOYHBIM YCIOBHEM OPTOIOHAILHOCTY JUHEMHOTO MPeoOpa3OBaHuA.

Tak kak

(z,y)

|||y

71 TaK KaK W YACAUTENb, 1 3HAMEHATEJAb B 3TOM BBIDAXE-
HUU HEe MEHAITCA OPU OPTOTOHAJIHLHOM NpeoOpa3OBaHUU,
TO OPTOTOHAIBHOE IPE0OPA3OBAHNE COXPAHIAET YIVIBI MEXK-
Iy BEKTOPAMHU.

[lycts e1,€9,...,e, —OPTOrOHAILHLIN HOPMUPOBAH-
men Gasmc. Tak kak mpeoOpasoBaHme A COXpaHAET YIUILI
MeX Iy BEKTODAMM W WX [UJIMHBLI, TO BEKTOpH Aeq, Aes, . ..
..., Ae, Takxe 06pa3sylOT OPTOrOHAILHBIM HOPMHUPOBAH-
HBIN 6a3uc, T.e.

CosS =

1 mpm 1=k
Ae;, Aey) = o 11
(es den) = { o T (1)
[IycTs Teneps | a;;|| — marpuna npeobpaszoBanmsa B Op-
TOMOHAILHOM HOPMHUPOBAHHOM Oasmce e1,€s,...,e,. Tak

KaK CTOJOIBI DTOM MATPHUIBI ABIAITCA KOOPAMHATAMU
BeKTOpPOB Ae;j, To ycaosue (11) 3anmceiBaeTcs cregyromum
obpa3om:

" (1 mpm =k, 19
azlamaak_ 0 mpm i#k. (12)

Yupaxuenune. Iokasars, aTo ycaosua (11), a creqosarems-
HO, m ycmoBua (12), ABIAIOTCA HOCTATOYHBIMHA YCIOBUAMHE OPTOTO-
HAJIbLHOCTHM IpeoOpa3oBaHMA.

YeaoBusa (12) MOXHO 3ammcaTbh B MATPUIHOU (hOpME.
n
[leNCTBUTEIBHO, Y Gailak CYTh DJIEMEHTHI IPOU3BEIeHNs

a=1
MaTpUIBl HA €€ TPAHCIOHUPOBaHHYIO. [losTOMYy ycaoBuUs
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(12) o3maqatoT, 9TO NPOU3BEIENUE MAMPUYLL KA €€ MPAHC-
NOHUPOBAHHYIO ECMb eJUHUUHGS MamPuYye. Tak Kak ompe-
MEIUTeSb TPOU3BEJEeHUuA MATPUIl PABEH IPOU3BEICHUIO UX
ompenenruTeNre, TO MBI MOJYyIaeM TaKXke, UTO KBAJPAT
OTpeenuTeNsI MATPHUIBI OPTOTOHAIBHOIO NpPeobpa3oBa-
HUA PABEH eUHUIE, T.€e. ITO 0npedesumesd Mampuybl op-
MO20HAALHO20 Npeodpaszosanui pasen 1.

OpToronaababie Tpe0bpa30BAHNSA, ONPEAETUTENDL KOTO-
PHIX paBeH +1, HA3BIBAIOTCA COOCMEEHHbIMU, & T€, OPEe-
JUTENb KOTOPHIX PaBeH —1, HABBIBAIOTCA HECOOCMEEHHDI-
MU.

JlokaxeM claeayroiee CyIleCTBEHHOE CBOMCTBO OPTOrO-
HaJbHBIX TPE0OPA30OBAHUM.

Jlemma 3. Fcau Ri;—nodnpocmpancmeo mnpocm-
paxwcmea R, unsapuanmmuoe ommocumesbHo opmo2ona.ib-
HO20 AUHETH020 NPeodPa308aHUL A, MO €20 0PMO2OHAAb-
noe donoanenue Ry, m.e. cosoxynnocmy 8cex sexkmopos,
0PMO20HAALHUIL K Kaxcdomy T € Ry (cMm. ynpaxuenue Ha
cTp. 52), makace ecmv UHBAPUAHMHOE NOINPOCMPAHCMEO.

NoxasareasctTso. llycts y € Ry, T.e. (z,y) =
= 0 maa Besakoro x € Ry.

[lokaxewm, ¥ro mpu stom (z,Ay) = 0 gaa BCAKOro
r € R;. Tax xak mpeoGpasoBanume A OpTOrOHAIBLHO, TO
OHO HEBBIPOXEeHO U ero obpa3 Ha J10060M WHBAPUAHTHOM
OIPOCTPAHCTBE COBIALAET C DTUM MOAIPOCTPAHCTBOM.
[TosToMy Becsikoe x € Ry mpencTaBuMo B BUIe

r=Az, rme z€ Rj.

Orciopa (z, Ay) = (Az,Ay) = (z,y) = 0, T.e. Ay € Rs.
Jlemma mokasaHa.

Yupaxueunwne. [Jokaszars, 94TO mpomsBegeHume ABYX cOOCT-
BEHHBIX WIA ABYX HECOOCTBEHHBIX OPTOrOHAMBHBIX MPEOOPA3OBAHUI
ecTb COOCTBEHHOE OPTOrOHAJBHOE IMpeobpa3oBaHue, a IIPOU3BEIeHUE
co6CTBEHHOI'O Ha HeCOOCTBEHHOE eCTh HECOOCTBEHHOE OPTOTOHAJIBHOE
upeobpa3oBaHue.
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3amMevanue. PaszgereHue OpTOrOHAIBHBIX NPEOODPA3OBAHUL
Ha COOCTBEHHBIE M HECOOCTBEHHBIE CBA3AHO C T€M, YTO OPTOTr'OHAIb-
HOe Npeo0pa3oBaHUe, KOTOPOE MOXKHO IOIYYUTH HEIPEepPBLIBHBIM IIe-
PexoaoM OT eJUHUIHOI'O Tpeobpa3oBaHmaA, 00A3aTeIbHO COOCTBEHHO.
[lenCcTBUTEIBbHO, TYCTh A; — OPTOrOHAIBLHOE MTpeoOpa3oBaHUE, He-
IpEpPLIBHO 3aBUCANICE OT TMapaMeTpa t (3TO 3HAYIUT, ITO HIEMEHTHI
MaTPHULBI 3TOT'0 NMpeodpa3oBaHuA B KaKOM-IO0 6a3uce HeIPephIBHO
sasucat ot t), npuwiem Ag = E. Torga onpegeanTens 3T0ro mpeobpa-
30BaHUA €CTh TakKxke HempepblBHaA GyHKnua oT t. Tak kak Hempe-
pBIBHAA (DYHKINA, TPUHUMAIONIAA AT 3HAYeHuA +1, 1omxHa OBITH
mocTosHHON, a pu ¢ = 0 onpeneauTens npeobpasoBanusa A; paseH 1,
Tou nput # 0 onpesennTens npeobpasosanusa A, paseH 1. Vicnoassys
TeopeMy 5 3TOro maparpada, MOXKHO ITOKa3aTh U 0OpaTHOE, a MMEH-
HO, 9YTO BCAKOE COOCTBEHHOE OPTOT'OHAIbHOE MPe0OpPa30BAHUE MOXKET
OBITH MOJIYyY€HO HEIPEPBIBHBIM U3MEHECHUEM M3 € ITUHUTHOI'O.

Nsy4qum oproronasbabie mpeo6pa30oBaHUA B OJHOMED-
HOM ¥ JBYMEPHOM IpocTpaHcTBax. Huxe MbI yBuguM, ITO
M3yYEHUE OPTOrOHAIBHBIX MPe0OPA3OBAHUN B MPOCTPAHC-
TBe JI000r0 YUCIa U3MEPEHUN CBOAUTCA K DTUM MPOCTEU-
muM CaIyasaM.

[MycTs € — BekTOp, MOPOXK AAIOIIUN OJHOMEPHOE TTPOCT-
PAHCTBO, B KOTOPOM 33/IaHO OPTOrOHAJIBHOE IPEe06pa3oBa-
mne A. Torga Ae = \e u Tak Kak B CIIy OPTOTOHAILHOCTH
(Ae, Ae) = (e,e), To A\2(e,e) = (e,e), T.e. A = £1.

Takum 06pa3soM, B OJHOMEPHOM NPOCTPAHCTBE €CThb
JUIIb BA OPTOTOHAJIBHBIX TPEOOpPa30OBAHUA: MPeoOpaso-
Banme Ar = z m mpeobOpasoBanme Ar = —x; mepBoe u3
HUX cCOOCTBEHHOE, & BTOPOE — HECOOCTBEHHOE.

PaccMoTpuM opTOroHambHOE NPEeoOpa3oOBaHUE B IBY-
MepHOM mpocTpancTBe R. IlycTh €1, €9 — OpTOroHAILHBIN
mopMmupoBauubi 6asuc B R. IlycTs namee mpeoGpasosa-
Hue A B 3TOoM 0asuce 3a0aeTCA MATPULEH

3 ,g . (13)

Pazbepem cuadana caydan cOGCTBEHHOTO OPTOTOHAIBHOTO
npeobpa3oBaHus, T. €. TOJoKuUM ad — By = 1.
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YcaoBue OpTOroHATBHOCTH MPEOOPA30OBAHUA O3HATAET,
9TO mpousseaeHue MaTpunsl (13) HA ee TPaHCTIOHUPOBAH-
HYIO €CTh €JUHUIHAA MATPUIA, T. €. ITO

GO -G) e

Tak kak onpeneautens MaTpuusl (13) pasen eaunune, TO

Cy-C) w

W3 (14) wn (15) creayer, 9o MaTpuna npeobpa3oBaHUA B
DTOM CIydae MMEEeT BU[

(570)

rage o + 32 = 1. Ilomaras « = cos, B = sin, momy-
9aEM 9TO BCAKOE COOCMBEHHOE 0PMO20HAALHOE NPeobpa-
306aHUE 6 0BYMEPHOM MPOCMPAHCEE UMEET, 68 0PMO20-
HAALHOM HOPMUPOBAHHOM 0a3UcCe MAMPUYY 6uda

cosp —singp
sing  cos
(IOBOPOT B INIOCKOCTH HA YOI ).

[Iyctes Temeps A—HecoOGCTBeHHOE IPeoOpPa3OBAHUE,
T.e. ad — fy = —1. B 3TOM caydae XapaKTepUCTUIECKOE
ypaBHeHIe MaTpuIsl mMeeT Bug A2 — (a+0)A—1 u, cregopa-
TEIBHO, UMEET BEIIeCTBEHHbIE KOPHU. SHAYUT, ¥ Tpeobpa-
30BaHna A umeercsa co6cTBeHHBIM BeKTOp €, Ae = de. U3
OPTOrOHAIBHOCTY NIpeobpa3oBaHus cieayer, 9ro Ae = +e.
Ho opToronanbaoe npeobpa3oBaHue HE MEHAET yIIIOB MeX-
Iy BEKTOPAMU U UX [JIUH. SJHAYAT, ODTONOHAJBHBIN € BEK-
TOP €] MEePEXOAUT IOCIe Mpeobpa3OBAHUA B BEKTOD, Op-
ToroHaabHbn Ae = *e, T.e. B £e1. Urak, B Gasuce e, e;
MaTpula npeobpaszoBanus A uMmeer Buj

£1 0
0 £1/°
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Tak kak ompemenuTens MATPUILI HECOOCTBEHHOT'O Ipe-
o0pa3oBaHUA paBeH —1, TO BO3MOXHBI JUIIL CJAETYIOLIVE
KAHOHUYECKWE BUILI MATPUILI HECOOCTBEHHOT'O OPTOTO-
HAJIHHOTO IPeo6pa30BaHUA B [BYMEPHOM IPOCTPAHCTBE

(5 ) (o)

(3epkanbHBIE OTPAXKEHNA OTHOCUTEILHO OJHOM M3 OCEH.)

Haugem Temepb OpOCTEUIIME BUA MATPUILI OPTOLO-
HAJBHOTO TPEO06PA3OBAHMA A CIYYIadA MPOCTPAHCTBA JIIO-
00ro InCiIa U3MEePEeHnH.

Teopewma 5 Ilycmbv A — opmozonasbroe npeobpa-
308anUe 8 N-MEPHOM e8KAUdoBoM npocmpancmee R. B R
cyuecmsyem 0pmo20HaAbHLIT HOPMUPOBAKHBIL Oa3uc eq,
€2y ..,6n, 8 KOMOPOM MAMPUYG Npeobpazosarus A ume-
em 6ud

1

-1
cos 1 —siny;
sing;  Cos

COS Y, — Sin Yy,
sinyr  COS Yy

Bce anemenmol, Kpome 8bINUCAHHBIL, CYMb HYAU.
HoxkxaszaTensbcTso. Cormacao Teopeme 1 5TO-
ro maparpada B R MoxHO BBIOpaTH AM60 OJHOMEPHOE,
anb0 MBYMEDHOE WHBAPUAHTHOE MOAIPOCTPAHCTBO R,
Ecaun cymecrByeT OgHOMEDHOE WHBAPUAHTHOE MOMIPO-
crparcteo R, 1o 06o3HaumM wepes e cogepxammiics
B HEM BEKTOD €IUHWUIHOU [IWHBL. ECiu ke OJHOMEPHOIrO
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VHBAPUAHTHOI'O MOAIPOCTPAHCTBA HET, TO BO3bMEM [BY-
MepHOE 1 0003HAYUM 9Yepe3 €1, €9 €r0 OPTOTOHAIBHBIN HOP-
MUPOBAHHEIN GA3MC.

B cxydae, ecan RM OMHOMEpPHO, TpeobpasoBanme A
uMmeeT B HeM Bua: Ax = +zx.

B cayuae, ecau mogmpocTpaHCTBO RM IBYMEPHO, Ha-
mre mpeoOpa3oBaHMWeE ABIAETCA B HEM COOCTBEHHBIM OPTO-
TOHAJBHBIM NPe0Opa30BaHueM (TaK KaK B IIPOTUBHOM CIIy-
qaes B R(") cymecTBoBato 6B 0JHOMEPHOE MHBAPUAHTHOE
HOJIIPOCTPAHCTBO), U, CIeJOBATEILHO, A umeeT B RM ma-

TpuUIy

cosp —singp

sing cosp)’
COBOKYIHOCTH R BEKTOPOB, OPTOrOHAILHBIX KO BCEM BEK-
ropam m3 R(V, cormacHo fOKa3saHHON BBIIE JEMMe, €CTb
CHOBa MHBAPHUAHTHOE HOAMPOCTPAHCTBO.

B maBapmanTHOM moampocTpancTBe R cHOBa Haxogmm
OJHOMEDHOE WY [BYyMEPHOE WHBAPUAHTHOE MOAIIPOCTPAH-
CTBO, BEIOMpaeM B HEM 0a3uC M TakK [aJjee.

Ms1 nonydum TakuM 06pa3oM 7 MOMAPHO OPTOTrOHAIb-

HBIX BeKTOpOB miamubl 1. [Ipumem nx 3a 6asuc B8 R. Torga
MaTpuIa mpeobpa3oBaHua B 3ToM Oa3uce OyneT nuMeTh BUI

-1
cos 1 —siny;
sing;  cos

COs Y, — Sin @y,
sinyg  CoS @y
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e CTOSIIME IO quaroHaau +1 oTBe9al0T O THOMEPHBIM WH-
BAPUAHTHBIM IOJIPOCTPAHCTBAM, & «KICTKW)

cos (p; — sin ;
sing;  cos;

— IBYMEPHBIM WMHBAPUAHTHBIM HOATPOCTpaHcTBaM. Teo-
pema JOKas3aHa.

Sameuannme. HazoBeM npocmbim 6pauwenuem COOGCTBEHHOE
OPTOrOHATBLHOE Npeobpa3oBaHue, IPeACTABIAINIEe COO0H MOBOPOT
B HEKOTOPOH ABYMEPHOU ILIOCKOCTH M OCTABJIAIOIIEE HEM3MEHHBIM
(n—2)-MepHOE MOATPOCTPAHCTBO, OPTOrOHAIBHOE K DTOU INIOCKOCTH.
Takum 06pa3oM, TPOCTOE BPALIEHUE €CTh MPE0OPA30BAHUE, MATPUIA
KOTOPOT'O MOXKET OLITH MPUBEACHA K BUIY

1

cosp —sinp
sing  cosp
1

1

IIpocmvim ompaxceruem MBI Ha30BEM HECOOCTBEHHOE JIUHEMHOE
npeobpa3oBaHUe, MEHAIOIIEEe HAIPABICHNE BCEX BEKTOPOB, MIPUHAAJIE-
XKAIIUX HEKOTOPOMY OJHOMEDPHOMY IIOJIPOCTPAHCTBY, HA IPOTHUBOIIO-
JIOXHOE M OCTABJLIIOMIEE HEM3MEHHBIMI BEKTOPHI ero (n — 1)-mepHOTO
OPTOTOHAJIBLHOTO NOHOJIHeHUA. TakuMm 0O6pa3oM, IPOCTOE OTPAXKEHUe
eCcTh npeobpa3zoBaHue, MaTPHUIA KOTOPOT'O B HEKOTOPOM 0asuce mMme-
eT BUJ

1

ITonp3yscy pesyapraToM TeopeMmbl 5, HETPYAHO NOKA3aTh, ITO
BCAKOE OPTOTOHAJBbHOE IPeoOpa3oBaHUE MOXKET OBITH IPENCTABICHO
KaK IPOU3BEJEHNE HEKOTOPOrO IUCIA MPOCTHIX BPAIICHUN U IPOCTBIX
oTpaxenuu. [[0Ka3aTeILCTBO IPEAOCTABIACTCA IUTATETIO.
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§ 17. DkcTpeMalibHEIE CBOMCTBA COGCTBEHHBIX 3HAYCHUM

PaccMoTpuM caMOCOIpAXEHHOE JUHEMHOE Tpeobpa3o-
Banme A B M-MEPHOM €BKJIMJOBOM IPOCTPAHCTBE. MbI
MTOKAXEM, UTO €ro COOCTBEHHBIE 3HAYMEHWS MOXHO TOJIY-
YUTh, PACCMATPUBAA HEKOTOPYIO 331a5y HA MUHAMYM, CBA-
3aHHYI0 C cooTBeTcTBywIern A kpampaTwdHon ¢(hoOpMOn
(Az,x). 9TO, B 9aCTHOCTH, IIO3BOIUAT NOKA3ATEH CYIIECTBO-
BaHUE COOCTBEHHBIX BEKTOPOB, HE MOJBL3YACH TEOPEMOU O
CYIIECTBOBAHWM KOPHS YPABHEHUA N-U CTEMEHU. DTHU SKC-
TpEeMaJIbHBIC CBOﬁCTBa OOJIE3HBI TAaK2Xe€ IIPU BBIYIUCJICHUU
cOOCTBEHHBIX 3HaYeHUUA. MBI PACCMOTPUM CHAYAIA BeElle-
CTBEHHOE TIPOCTPAHCTBO, & 3aTEM MEPEHECEM IIOXYIeHHBIE
PEe3yAbTATHL HA CIYYall KOMILIEKCHOTO TTPOCTPAHCTBA.

[okaxeMm cHadama CAEAYIOMIYIO JEMMY.

Jlemma 1. Ilyemv B — camoconpadicennoe aumeti-
HOE MPeoOPA30BANUE 8 BCU,ELCNBEHHOM NPOCMPAHCMNEE
maxoe, umo xeadpamuunas @Popma (B, x) meompuya-
meabra, m. e.

(Bz,z) 20 daa awbozo x.
Tozda, ecau dasa wexomopoz2o x = e
(Be,e) =0,

mo u Be = 0.

HdoxaszaTenscTso. [lokaxem, 9T0 a1a J060T0
BekTopa h mmeem (Be,h) = 0. [asg sToro momoxum r =
= e + th, rge t— npousBoabHOE TuCIO, & h — BekTOp. To-
oA UMeeM

(B(e+th),e +th) =
= (Be,e) + t(Be, h) + t(Bh,e) + t*(Bh,h) > 0,

T.e. Tak kKak (Bh,e) = (h, Be) = (Be,h) u (Be,e) =0, To
2t(Be,h) + t?(Bh,h) > 0 gna mobeix t. OTcioga cregyer,
qro (Be,h) = 0.
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Nencreurensro, dyuxuus at + bt? upu a # 0 menser
3HaK B TO4YKe ¢ = (), MBI Xe€ TOJLYYWId, ITO BEIPAKEHUE

2t(Be, h) + t*(Bh, h)
I TI0O0BIX T HEOTPUIATETBLHO, CIeT0BATENBHO,
(Be,h) = 0.

Tak xax h mpousBoabHO, TO Be = (), 1T0 1 TpeboBaaoch
IOKa3aTh.

[Iycte A—mHekoTOpOE CaMOCOIPSIXKEHHOE JIWMHEWHOE
npeobpa3oBaHMe B N-MEPHOM BEIIECTBEHHOM €BKJIH/O-
BoM mpocTpaucTBe. CooTBeTCTBYIOUYI0 A KBAIPATHIHYIO
dbopmy (Azx,z) GygeMm paccMaTpuBaTh Ha edunuunol cfe-
pe, T.e. Ha, MHOXECTBE BEKTOPOB I, A KOTOPBIX

(z,z) = 1.

Nwmeer mecTo cremyromas TeopeMa.

Teopewma 1. ITyemv A — camoconpajxcennoe au-
netinoe npeobpazosanue. Tozda coomsemcemeyowas A
keadpamuunas gopma (Ax,x) docmueaem na eunuuHol
cepe munumyma Ai. Bexkmop ey, na xomopom amom mu-
HUMYM dOCMuU2aeMCca, ecmb cobCcmeennbiti 6exmop npe-
00pa3080HUA A, (0 3HOUEHUE MUHUMYMO N| — COOMBEM-
cmeylouwee coOOCMBENHOE 3HAUEHUE IMO20 NPEOOPA3064-
HUSA.

HdokxaszaTensbcTBo. Equaudnaa cdepa  ecTb
OTPAHUYIEHHOE 3aAMKHYTOE MHOXECTBO B 7-MEPHOM IpO-
crpaucTse. Ilosromy (Az,z), KAk HempepbIBHAA HA HEM
(pyHKIMSA, TOCTUTAET MUHUMYMa, B HEKOTOPOU TOYKE ej.
O6o03Ha4uM >TOT MUHUMYM |depe3 A;. Torpa umeem

(Az,z) > A, ecam (z,2) =1, (1)
npuIeMm

(A@l,el) = )\13 rne (61’61) =1
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3anumem HepaBeHCTBO (1) B BUge
(A$7$) Z >‘1($7$)7 rae (17727) =1 (2)

OHO cupaBemIuBO [JA BEKTOPOB MJIUHGI equHUna. Tak Kak
IIpY YMHOXEHUU £ Ha HEKOTOpOe UUCIO (@ KaK IpaBad, TaK
U JeBag UACTH HEPABEHCTBA YMHOXAIOTCA HA (2, TO OHO
CIIPABEIUBO I BEKTOPOB JIOOOU MIUHBI (IIOCKOIBKY JIIO-
60U BEKTOP MOXKHO TOJYYATH U3 BEKTOPA, JJIUHBI IUHUATIA,
YMHOXEHUEM €ro Ha HEKOTOPOe TUCIO ().

[Tony1ernoe HEpaBEeHCTBO MOXHO IEPENNCATH TAK:

(Az—Xiz, ) >0 gua mobbIx
npudeM s & = €] UMeeT MEeCTO
(A61 —)\161, 61) =0.

IDTO 3HAYUT, 4TO nmpeobpaszoBanue B = A — M\ F yno-
BaIETBOpAET ycaoBusaM jgemmbl 1. OTcioma, mpuMeHss dTy
JEeMMY, ITOIyIaeM:

(A - )\1E)€1 = 0, T. €. A61 = )\161.

TakuMm o06pa3oM, e ABIAETCA COOCTBEHHBIM BEKTO-
poM mpeobpasoBanua A, COOTBETCTBYOUUM COGCTBEHHO-
My 3HadeHmIO A\1. Teopema mokasaHa.

[aa HAXOX AEHUA CAeAYIOmEero cO6CTBEHHOTO 3HAYEHUS
paccMOTpUM BCe BEKTOPHL M3 R, OpTOroHAaJIbHBIE K COO-
CTBEHHOMY BeKTOpy e1. Kak 6vwio mokasamo B m.2 §16
(memma 2), >Tu BeKTOpPH 06pasyior (n — 1)-mepHOe moz-
IPOCTPAHCTBO R}, MHBApUAHTHOE OTHOCUTENBHO Ipeobpa-
3oBaHua A.

OTeickuBasg MUHUMYM KBagpaTuIaon ¢hopmbr (Az, ),
npu ycaosum (2, ) = 1, B 3TOM NOAIPOCTPAHCTBE MBI IIPU-
IIeM K HOBOMY COOCTBEHHOMY BEKTODY €2 U COOCTBEHHOMY
3HAYEHUIO 9.

O4eBugnO, 9TO A9 > A1, Tak Kak MuHUMYM (AZ, ) BO
BCEM IIPOCTPAHCTBE HE MOXET OBITH O0JBIIIE, Y€EM MUHUMYM
TOU Xe PYHKIUKU B TOAIPOCTPAHCTRE.
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Crenyronmi cOOCTBEHHBIA BEKTOP MBI TOLYYUM, PEIas
Ty X)e 3anady B (n — 2)-MEpPHOM WHBAPUAHTHOM IIOIIPO-
CTPAHCTBE, COCTOSAIIEM U3 BEKTOPOB, OPTOTOHAIBHBIX U €1
u e9. 3HavdeHue MuHUMyMa (Az,x) B 5TOM HOAIPOCTpAH-
cTBe OyaeT TpeTbUM COOCTBEHHBIM 3HAYMEHUEM.

[Ipogomxas >TOT TPOLECC, MBI UCIEPIAEM BCE 7. COO-
CTBEHHBIX 3HAYEHUU U COOTBETCTBYIONUX UM COOCTBEHHBIX
BEKTOPOB HAIIETO TPeoOpPA3OBAHMUI.

Muoraa GBIBaET MOJE3HO OMPEEIUTH BTOPOUW, TPETUHU U T. 1. COO-
CTBEHHBIC BEKTODPHI Hpeo6pa3OBaHHﬂ n3 3aJa'¥ Ha MaKCUMyM WIN
MUHUMYM HEIOCPEACTBEHHO, HE CYUTaA IIPU 3TOM U3BECTHBIMU IIPE-
ABLAYIIUE cOOCTBEHHEBIE BEKTODBI.

IIycte A — camocompsxeHHOe JauHenHOe mpeobpasosaxue. O60-

3HAYHUM depe3
A< <A

ero CoO6CTBEHHbBIE 3HAUYEHUA, PACIIOJI0XKEHHBIE B BO3PACTAIOMIEM IIOPAI-
Ke, a 4epes €1,€3, ..., ey — COOTBETCTBYIOLINE MM HOPMUPOBAHHBIE U
OPTOrOHAJIBbHLIE COOCTBEHHBIE BEKTOPBL.
Ilokaxem, 94T0 ecau mvl 603vmem nepsvie k cOOCMBEHHBIT 8EKMO-
pos
€1,€2,...,€

u noposxrcdennoe umu nodnpocmparncmeso S, mo das 4106020 6exmopa
T u3 S umeem mecmo Hepasencmaeo

Az, z) € (Az,z) < Ae(w, ).
[lencTBUTEIBHO, IYCTH
r=E&er +&er+ ...+ Ekek.
Tak xax Aer = \pek, (ex,ex) =1, (ex,e;) = 0 mpm i # k, TO
(Az,z) = (A(L1e1+E2ea+. .. +Eker), Ere1+Erea+ ... +Eper) =
= (AMi&rertA2b2ea+ ...+ Ap&rer, Ere1t+ézeat ... +Eker) =
=ME + N+ + M

Kpowme Toro, Tak kak BEKTODEI €1,€3,...,€; OPTOTOHAIHHBI U
HOPMUPOBAHBI, TO

2 2 2
(w,z) =& +&+. ..+ &k
1, CIeJOBATEIBHO,

(Az,x) = MET + Xa€d + ..+ Mk 2 M (EL+E +...+ &) = Mi(z, 2).
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Amamormaso
(Az,z) < Mi(z,2)
U, CI€0BATEIBHO,
A1($,$) < (Ax7$) < )\k(ﬁ,ﬁ).

IIycte Teneps Rj — mpom3BOIBHOE MOANPOCTPAHCTBO N — k + 1
m3meperu. B § 7 (nemma 1. 1) MBI foKa3a/mr, 9TO €CaAmM CyMMa pa3Mep-
HOCTEH ABYX HOANPOCTPAHCTB N-MEPHOT'O IPOCTPAHCTBA IIPEBHILAET
7, TO CyIIECTBYET OTIUYHBIA OT HyJsA BEKTOD, MIPUHAIEKAITAN 060~
nm nognpocrpancreaM. Caegosarenrsro, Tak kak (n—k+1)+k > n,
TO CyIIECTBYET BEKTOD Lo, IPUHANIEKAIMIA Kak Ry, Tak u mogmpo-
CTPaHCTBY S, MOPOXKIEHHOMY BEKTODAMH €1, €3, ...,€E. MBI MOXeM
CIMTATH, ITO QJIWHA ero pasHA 1, T.e. aro (2o, zo) = 1. Tak xak BCiO-
oy B S, kax MbI yxe nokasamm, (Az,r) < A\k(z, ), To (Azo,T0) < Ak

Nrak, Mmp1 gokasamu, 4To B R) cymecTByeT BEeKTOp Xo AJMUHBI 1
TaKOU, ITO

(Azo, To) < k.

Ho rorga n nogasuo, munumymM (Az, x), rae £ npoGeraeT BCe BEKTODEL
muuHsl 1 w3 Ry, Takxke MeHbBIEe WM PABEH \k.

Takwmm o6pazoM, das awbozo (n — k + 1)-meprozo nodnpocmpan-
cmea Ry,

min(Az, z) < A,

ede (v,x) =1 u x € Ry.

3aMeTuM, ITO Cpeau MOAIPOCTPAHCTB Ry pasmepHoctu n—k + 1
ecTb Takoe, A1 kKoroporo min(Az,z), © € Ry, (xr,z) = 1, B To1-
HOCTH paBeH Aj. TakuM moampOCTPAHCTBOM ABIAETCS IOAIPOCTPAH-
CTBO, COCTOsIIee U3 BEKTOPOB, OPTOrOHAIBHBIX IepBBIM kK — 1 co6-
CTBEHHBIM BEKTODPAM €1, €2,...,€Ek_1. [JeACTBUTEILHO, B 3TOM Mapa-

rpade MBI JOKa3a1H, ITO ( mi)n 1(Aa:, T), PACHPOCTPAHEHHBIN MO BCEM
x,x)=

BEKTOPaM, OPTOrOHAILHBIM IEePBbIM k — 1 COGCTBEHHBIM BEKTOpaM,
paBeH k.

Wrak, MBI fOKa3anu Cregyolee yTBEPXK JeHe:

IIyem» Ry, — nexomopoe (n — k + 1)-meproe nodnpocmpancmeo
npocmpancemea R. Toeda munumym (Ax,x) das écer ¢ u3 Ry maxuz,
umo (z,x) = 1, menvwe uau pasen A,. IHHoonpocmpancmeo Ry, mosrcro
8b16PAMb MAK, WMOOLL IMOM MUHUMYM DABHAACL N .

ITO yTBEPKACHUE MOXKHO 3aMUCATH CIeLyIomen hpOpMyIon:

a in (A = k. 3
rr;{kx(wrgl)r;l( T,x) = Ak 3)
TERy

B sTou ¢opmyne min Gepercsa mO yKa3aHHBIM BEKTODAM, a Iax
110 BCEBO3MOXKHBIM IOAIpOCcTpaHcTBaM R pasmeprocTu n — k + 1.
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3 1oKa3aHHOU TEOPEMEI CIEAYeT:

ITycmp A — camoconparcennoe sunetinoe npeobpasosanue, a B —
NOAOHCUMEADHO Onpedesennoe aunetdnoe npeobpazosanue. ITycmb
A < X2 < ... € Ay —cobemeennpbie 3nauenud A, a p1 < p2 < ...
.. € pn — cobcmeennvie 3navenus A + B; moeda A\ < -

[lenCcTBUTEIBHO, BCIOAY

(Az,z) < ((A+ B)z,z).

CregoBarensno, B mo6om (n—k+1)-meprom mogupocrpaucrse Ry,

MMEEeT MECTO HEPABEHCTBO:
min (Az,z) < min ((A+ B)z,z).
(z,z)=1 (z,z)=1

TERy TER

3HAYUT, MAKCAMYM JEBOU YACTH MO BCEBO3MOXHBIM MOAMPOCTPAH-
crBaM Rj, HE IPEBOCXOAUT MaKCUMyMa IPaBol IacTh. Tak Kak B CAILY
G OpMyIBI MAKCHMYM JEBOM 9ACTH PABEH \j, & MAKCUMYM IPABOU Pa-
BEH [, TO Ap < [k, ITO U TPEOOBAIOCH JOKA3ATh.

[lepenecem momy<eHHBIE PE3yAbBTATHL HA CIYIad KOM-
IIEKCHOT'O TPOCTPAHCTBA.

[lJ1s1 5TOrO HAM TPUAETCA 3AMEHUTH JUIIb JeMMy 1 cie-
OYIOIIEN JTEMMOM.

Jlemma 2. Ilycmv B — camoconpasicenmnoe npeobpa-
3080HUE 68 KOMNAEKCHOM NPOCMPAHCMEE, U COOMBEEM-
cmeywas emy apmumosa dopma (Bx,z) ne ompuya-
meabHa, m. e.

(Bz,xz) >0 das ar06biz .

To2da, ecau das nexomopozo e (Be,e) = 0, mo u
Be = 0.

MDoxaszaTeabcTso. [lycTs t— NpousBOILHOE Be-
MeCTBEHHOE IuCIo, a h — BexTop. Toraa

(B(e +th), e + th) > 0,
umn, tak kak (Be,e) = 0, To
t[(Be,h) + (Bh,e)] + t*(Bh,h) > 0
s mo6oro t. OTcioma cregyer, 9To

(Be,h) + (Bh,e) = 0. (4)
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Tak xkax h mpoumsBOIbHO, TO, 3aMeHsas h Ha th, morydaem
(Be,ih) + (iBh,e) =0, T.e.

—i(Be, h) +i(Bh,e) = 0. (5)
U3 (4) u (5) noxygaem, 9To
(Be,h) =0,

7 Tak Kak h mpoumsBoibHO, TO Be = 0. Jlemma mokasama.

Bce ocTanbuBIE TEOpEMBI 3TOr0 maparpada u ux JoKa-
3aTEIbCTBA, MEPEHOCATCA HA CIyYall KOMILIEKCHOT'O TIPOCT-
paHCTBa 0€3 BCAKUX U3MEHEHUMN.



'IABA III

KAHOHUYECKHUM BU IPOU3BOJILHBIX
JINHEUHBIX IPEOBPA30OBAHUN

§ 18. HopmanbHas popMa JMHEMHOTO
npeoGpa3oBaHusa

B rmaBe II MBI mO3HAKOMUIUCH C PA3IUIHBLIMU KJIACCA-
MU JUHENHBIX TPeOOpa30BaHUN N-MEPHOTO MPOCTPAHCTBA,
AMEIOMNUX 7, JIUHENHO HE3ABUCUMBIX COOCTBEHHBIX BEKTO-
poB. M1 3HaeM, 9TO B 6a3uce, COCTOAIIEM U3 COOCTBEHHBIX
BEKTOPOB TAaKOro Ipeo0pa30BAaHUA, €r0 MATPUIA WMEET
0COOEHHO MPOCTOU BU[, TAK HABBLIBAEMYI0 IUATOHAILHYIO
dopmy.

OmHAKO 9YUCIO JMHEUMHO HE3aBUCUMBIX COOCTBEHHBIX
BEKTOPOB y JMHEMHOrO NTPeoOpasOBaHUsA MOXET OBITh
menbie, gem n ). [Ipumep aurerHOrO peoGpa3oBaHuA ¢
HEQOCTATOYIHBIM YINCJIOM COGCTBeHHBIX BEKTOPOB MHEI IIpU-
BeIEM HECKOMBKO mo3xe (cm. Takxe § 10, m. 1, mpumep 3).
Takoe mpeob6pa3oBaHUe 3aBEIOMO HE MOXET OBITHL MPUBE-
IeHO K MUATOHAILHOU GOopMe, TaK KakK 0a3uc, B KOTOPOM
MaTpuia npeobpa3oBaHUA AMATOHATIHLHA, COCTOUT U3 COO-

*) HamomuwmM, 9TO eCIu BCe KOPHU XaPaKTEPUCTUIECKOTO MHOTO-
WIEHA PA3IMIHBL, TO IPeoOpa3oBaHue UMEET N TUHEMHO HE3aBUCUMBIX
co6¢cTBeHHBIX BeKTOPOB. [ToaToMy, a1 TOro 4Tobel 4uciao co6CTBEH-
HBIX BEKTODPOB OBLIO MEHBIIE YeM 7, HeOOXOIUMO HAININe KPATHBIX
KODHEN y XapaKTePUCTUIECKOT0 MHOTOWIeHa. TakuM 06pa3oM, dTOT
CIyvay ABIAETCA B HEKOTOPOM CMBICIE NUCKIIOYATEIbLHBIM.



§18] HOPMAJIBHAS ®OPMA JIMHEAHOIO NPEOBPA3OBAHMA 201

CTBEHHBIX BEKTOPOB. BO3HUKAeT BOMPOC: KAKOB MPOCTEU-
Y BUJ MATPUILI TAKOT'O JUHEXHOTO MPe0oOpa3OoBaAHMI !

B sToM rmaBe MBI 1A MPOU3BOJILHOTO MPEOGPa3OBAHUA
yKaxeM 6asmc, B KOTOPOM €ro MATPHUIA MUMEET CPABHU-
TEIBHO MPOCTOU BUJ (TaK HA3BIBAEMAA HCOPOIAHOBG HOP-
maavras @opma). B caydae, KOrga GuciIo IUHEUHO He3a-
BUCHMBIX COOGCTBEHHBIX BEKTOPOB MPEOOPA3OBAHUA PaB-
HO Pa3MEpHOCTH TPOCTPAHCTBA, HTa HOPMAJbHAI (HOopMa
COBHAJAET C AUATOHAJILHOM. MEI chopMyIupyeM cerndac
OKOHYATENbHBIN PEe3yabTaT, KOTOPBIM JOKaxkeM B §19.

IIyecmo 3adamo npouzsosvhoe aunetinoe npeobpa3osa-
nue A 8 KomnaekcrHom npocmpancmae n uamepenud. Ilped-
noaoxcum, umo y A umeemca k (k < n) aunetino neszasu-
CUMBLE COOCNBERNBIL BEKMOPOB

el,fl,...,hl,

COOMBEMCMBYIOWUT COOCMEEHHDIM 3HAUCHUAM N1, A2, . . .
.oy Ak To2da cywecmeyem 6asuc, cocmoswut ud k epynn
sexmopos *):

€1,...,€p; fla"'afq;"';hla"'ahsa (1)
8 Komopom npeobpasosanue A umeem caedyowuli 6ud:
Aei=Mey, Aes=ej+Aes, ..., Aep:ep_1+)\1€p;
Afi=Xaf1, Afe=fit+Xafe, ooy Afg=fe1+Xafg @)
Ah1=Mph1, Aho=hi+Agho, ..., Ahg=hgs_1+Aphs.

Mel BuguM, UTO OGA3UCHBIE BEKTOPHI KAaXIOU TPYIIIHL
MepPexXoNAT MpHU HAIIEM MOpPeOOpa3OBAHUU B JUHEUHYIO
KOMOWHAIIIIO BEKTOPOB TOW Xe rpynnel. OTcooma cie-
AyeT, YTO KaxJgad TIpynna Oa3UCHBIX BEeKTOPOB IIOPO-
XJIaeT NOAIPOCTPAHCTBO, WHBAPUAHTHOE OTHOCUTEILHO

") HAcmo, aTo p+q+...+s = n. Ecm xe k = n, To kaxaaa rpymnmna
COCTOHUT W3 OJHOT'O BEKTOPA, & UMEHHO COOCTBEHHOI'O BEKTOPA.
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npeobpasosanua A. PaccmorpuMm Heckoabko mogpobHee
npeoOpasoBanume, 3agaBaemoe dpopmynamu (2).

B moampocTpaHCcTBe, MOPOXJEHHOM KaXA0U I'PYIIION,
€CTb COOCTBEHHBI BEKTOD; HAIPUMED, B MOAIPOCTPAH-
CTBe, IOPOX/CHHOM BEKTODAMH €1, €2, ..., €y, TAKAM COO-
CTBEHHBIM BEKTOPOM ABIAECTCA €.

BekTop e; HaspIBalOT MHOrAA IPUCOEIWHEHHBIM COO0-
CTBEHHBIM BEKTOPOM IIEPBOr'O MOPALKA. OTO 3HAYUT, ITO
Aey TIPOMOPIIUOHAIBHO €3 C TOYHOCTBIO A0 COOCTBEHHOI'O
BEKTOpA, KaK 5TO BHAHO U3 PABEHCTBA

Aey = Aes + €.

AnanmoruvHo eg, €4, ... HABBIBAIOT TPUCOCTUHEHHBIMU BEK-
TOpaM# BTOPOTO, TPETHETrO U T. [. TOPATKOB.

Kax npit u3 HUX ABIAETCA «KaK ObI COOCTBEHHBIMY, T. €.
COOCTBEHHBIM C TOYHOCTBHIO [0 MIPUCOEIUHEHHOT'O BEKTOPA
HU3IIEro MOopALKa

Aek = )\16k +ek_1.-

Takum o6paszom, 6a3uc KaxA0r0 WHBAPUAHTHOTO IOJ-
IIPOCTPAHCTBA COCTOUT M3 OXHOTO COOCTBEHHOT'O BEKTO-
pa W TAKOro Xe KOJIMIeCTBA NPUCOEAMHEHHBIX, KOTOPOE
HYXHO 100aBUTH, 9TOOBI HNOXYyYINTH 0a3WC JAHHOTO IOM-
IIPOCTPAHCTBA.

ITokaxkem, 9TO B KaX[OM W3 DTUX IOAIPOCTPAHCTB
AMEETCsA, C TOYHOCTBIO [0 MHOXUTENd, AUWb 00uH COO-
CTBEHHBIA BEKTOP.

[lercTBUTEIBHO, PACCMOTDPUM, HAIIPUMED, II0AIPOCTPAHCTBO, MO~
POXIEHHOE BEKTOPAMH €1, €2, . . . , €p. JLOMyCTHUM, ITO HEKOTOPBIU BEK-
TOP U3 BTOTO MOAIPOCTPAHCTBA, T. €. HEKOTOPAA TUHENHAA KOMOUHA-
nuA BUAA

cier + cze2 + ...+ Cpeyp,
rje He BCe Cy PABHBI HYJIIO, ABIACTCA COOCTBEHHBIM BEKTODOM, T. €.

A(cier + c2ea + ...+ cpep) = Mcier + caea + ... + cpep).
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IloacTaBaaa BMECTO JEBOM YaCTU €€ BBIpaxeHue mo dopmyram (2),
TOTy9aeM PABEHCTBO

cidier +ea(er + Area) + ..o+ cplep—1 + Aiep) =
= Acie1 + Acaes + ...+ )\cpep.

Orcona, mpupaBHUBaA KO>(hMUIMEHTH MPU KaxkJOM M3 Oa3MCHBIX
BEKTOPOB, MMEEM CHCTEMY VPABHEHWH IJI HAXOXJICHUA BEIMTIUH
)\701,02,. ..y Cp:
c1d1 +c2 = Xea,
Ca2A1 + ¢c3 = Aea,
Cp—1A1+Cp = Acp—1,

CpA1 = A¢p-

Ilokaxem mpexge Bcero, 4To A = ;. JeHCTBUTEIBHO, eCIu Obl
A # A1, TO U3 IOCIEAHErO0 PABEHCTBAa MBI MMeau Obl ¢p = 0 u 3a-
TeM U3 OCTAIBHBIX PABEHCTB Cp—1 = Cp—2 = Cc2 = c1 = 0. Uraxk,
A = A1; TOorga m3 mepBOro ypasHeHus mmeeM cz = (), m3 BTOpPOro
¢cs =0 m .4 00 ¢p = 0. 3HaIUT, COGCTBEHHBIX BEKTOD PaBEH Ciei
U, CIeIOBATEIbHO, C TOYHOCTHIO 0O MHOXKUTE/SI COBIAJAET C IIEPBLIM
BEKTOPOM COOTBETCTBYIOUIEU T'PYIIILL.

Bommumem maTpury npeobpasosanus (2). Tak kak Bek-
TOPBI KaXOU T'PYIIEl TPeo6pa3yoTcsa B IHHEUHBIE KOM-
OWHAIIIY BEKTOPOB TOU XK€ T'PYIIILI, TO B IEPBBIX P CTOIO-
1Iax MATPHUILI Tpeobpa3oBaHUA MOTYT ObITH OTJIUYHBI OT
HYyJA JUIIb DIEMEHTHl MEePBLIX P CTPOK, B CICAYIOUIAX (¢
cToJ01aX MOTYT OBITH OTJAUYHBI OT HYJA JWIIb DIEMEH-
THI, CTOAIIAE B CTPOKAX C TEMU XK€ HOMepaMu, 9TO U Y
2TUX CTOJONOB, U T.A. Takum obOpa3zom, B gaHHOM 0Oasu-
ce marpuna npeobpasoBanus OyaeT cOCTOATL u3 k Kie-
TOK, PACIIOJIOKEHHBIX IO TIABHOU [UATOHAJM, 8 BCE DIEMEH-
ThI, HE MPUHAIJIEKAIINE HU OJHOU U3 DTUX KJIETOK, OYIyT
PaBHBI HYJIIO.

[t Toro 9TO0OB MOHATD, YTO CTOUT B KAXKJAOU KICTKE
MaTPHUIB TPEOOPa3oBaHusa A, MOCTATOYHO €lle pa3 HAIu-
CaTh, KaK MPeo0pasyIoTcsa BEKTOPBI OAHOU rpynmbl. Mot
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mMeeM:
Aer = M\eq,
Aey = e + Aeo,
Aep—l = ep—2 + >\16p—1,
Ae, = ep—1 + Aiep.

Bcnomunas, kak CTpOUTCA MATPHUIA, OTBEYAIOMIAA JAHHO-
My npeoOpa3oBaHmUIO 6a3mca, HOAyUaeM, 9TO KJIETKA Ma-
TPHUIIBI, COOTBETCTBYIOMIAA JAHHOU I'PYIIIEe BEKTOPOB, UMe-
eT BUJ

M 10...00
0 AM1..00
A= (3)
0 00 A1
0 0 0... 0 N\

Bca xe MaTpuna OKas3bIBAETCA COCTABACHHOU M3 TAKKUX
KIeTOK HOPAAKOB P, (,...,S COOTBETCTBEHHO, T.€. UMeeT

BA
A1 0...0
0 M1...0
A2 1 0...0
0 A1 0
............. , (4)
0 00...X
A 1 0...0
0 A 1 0

rJie BCE DJEMEHTHI BHE KJIETOK — HYJIU.
3aMeTHM Tak¥Xke, 9TO He BCe \; 0043aHbl ObITh PA3/Ind-
HBIMM.
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Yunpaxuenue. Hauru Bce MHBapUAHTHBIE TOAIPOCTPAHCTBA
npeobpa3oBanua ¢ Marpunen (3).

XoTs npuBefeHHAS 34€Ch HOPMATIbHAA (pOPMa BEINVIALUAT CJAOKHEE,
9eM, HaIpuMep, AMAarOHAJIbHASA MATPUIA, OTHAKO U C HEX MOXKHO JH0-
CTATOYHO MPOCTO NMPOW3BOAUTE airebpamdeckue omepamuu. Mer mo-
KaXXeM, HAIPpUMeP, KaK BBIYUCAUTH MHOTOWIEH OT MaTpunsl (4). Ma-
Tpuna (4) mMeeT BUA

A,
As
A= ,
Ay
rae A; — OTJeJbHBIE KJIETKU, 3 BCE HEBBIIUCAHHBIE 3JEMEHTHI — HY-
au. Torga
A2 AT
o 1
m
: A3 Aj
A - ) ) Am = )
2 ’ m
Ak: Ak

T. €. VI TOr0, YTOOBI BOBBECTH B HEKOTOPYIO CTEIeHb MaTpuily A, no-
CTATOYHO YMETH BO3BECTH B OTY CTENEHb KaXAYIO U3 KI1eTok. IlycTs
reneps P(t) = ao + ait + ... + @mt™ — IPOU3BONBHEIN MHOTOWIEH.
Toraga merko BugeThb, ITO

P(A;)
P(A;
P(A) = ()
P(Ar)
ITokaxem Teneph, Kax BEraucauTb P(A1), T. €. MEHOTOWIEH OT Of-

.€e.
HOU KJIETKU HOpPMAaTbHOU ¢dhopMbl Marpuus! (3). Jas aToro samumem
marpuny (3) B Buge

A =A1E+I,

rae E — eauHryHaA MAaTpPHUIA DOPALKA p, a MaTpuna I nMeer Bup
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3amermm, uro marpunsr 12, I3, ... IP™! umeror creqyommuit Bug *):
001 0 000 01
0001 0 000 00

P=|............. R £ ,

000 0 000 00
000 0 000 00

a

I'=rt=._.=o

Tenepb HETPYAHO BEIYUCIUTH IPOU3BOJBLHLI MHOT'OYIEH OT MaTpPH-
uer (3). Jeucrsureasro, muorowrer P(t) moxuo mo dopmyae Termopa
IpeACTaBUThL B BUIE

Pt)=P\)+(t—X)P' (M) + (t=2)

P"(M\) + ...
t—A)" _(n
L ) ml) P™ (A1),

rge n— cremneHb MHOrowieHa. llogcraBiaas BmecTo ¢ mMarpumy A,
uMeeM:

A -\ E)?
P(A1) = PODE + (A1 = ME)P' () + M B pry )y o
A —ME)" _(n
o B NB by
n.
Ho Ay — M\ E = I, crenoBaTeasbHO,
P"(A1) o PI(A) 1
P(A1) = PO)E + PO+ 200y P e
Hoacrasaas smecto I, I%, ... I ux BLIpaxeHus u yauTHBafL, 9TO
IP = I*™! = || = 0, moayyaeM OKOHYATEILHBIN BHJ MATPHIbL
P(Ay):
P'(A1)  P"(A) P ()
P(A) = 21 T T (p—1)!
_ P'(\) PP~ (\)
P(A) = LAY
( 1) 0 P()\l) 1 (p*Q)!
0 0 0 P(\)
*) IIpome Bcero »To cocumrars Tak. Mer mmeem le; = 0,
Ies=ey, ..., Ie, = e,—1. CregoBaremsno, I%e; = 0, I*es = 0,
I%es = €1y vy 126p = ep—2. AHaATOrM4HO, IPe1 = IPesr = IPes = ,

3 3
I°es =e1, ..., I°ep = €p_s.
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Msr BuamM, TakuM 0O0pa3oM, UTO, AJAA TOrO YTOOBI BEIYHCINTDH
MHOTOWIEH OT OQHOU KJIETKM HOPMAJIbHOU (POPMBI MOPAAKA P, HO0-
CTAaTOYHO 3HATh 3HAYEHUE 3TOI'O MHOT'OYJIE€HA U €0 IPOU3BOAHBIX MO
mopsagka p — 1 B Touke Aj, rge A — COOGCTBEHHOE 3HAUEHHE, OTBe-
qaromree krerke. OTcoa cregyer, 4To ecin Marpuna A mMeeT HOD-

MarbHyI0 GopMy (4) ¢ KIeTKaMu MOPAAKOB P, (, . .., S, TO AIi BbIUA-
crenus marpunsl P(A;) gocrarodso 3HaTh 3HaveHusa P(t) B Toukax
t = A1, A2,..., Ak C IPOM3BOAHBIMU 10 MOPAAKOB p—1,q—1,...,5—1
COOTBETCTBEHHO.

Msbr gokaxkeMm CIeqyoIryi0 Teopemy.

Teopewma. Ilycmv 6 KOMNACKCHOM T -MEPHOM NPO-
cmpancmse 3adano aunetinoe npeobpasosanue A. Toeda
MOAHCHO Hatmu 663uc, 6 KOMOPOM MEMPUUG AUHETHO-
20 NPeooPA308aAHUL UMEEM HOPMAAbHYI dopmy. Apyeumu
CAOBAMU, MONCHO HAUMY 6A3UC, 8 KOMOPOM AUHETHOE Npe-
obpazosanue umeem 6ud (2).

[lBa HE3aBUCUMBIX [MOKA3aTEIbCTBA CHOPMYIUPOBAH-
Hou Teopembl OyayT gambl B §19 m 20. Kpowme Toro,
BAaXHAA TEOPUA WHBAPUAHTHBIX MHOXWUTEICU U A-MATPUI]
IaeT HAM TPEeThbe HE3aBUCUMOE [AOKA3ATEILCTBO HTOTO
pesyabTaTa.

§ 19. IlpuBegenue NPOU3BOILHOrO MPeo6pa3oBaAHUA
K HOpMAaIbLHOU popme

Msur yxe ynomunanu B § 18, 4T0 B ciaydae, Korja y mpe-
oOpasoBanua A He XBaTaeT JIMHEMHO HE3ABUCUMBIX COO-
CTBE€HHBIX BEKTOPOB (T.e. KOrjga #“X [YUCJIO MEHBbIIE pa3-
MEPHOCTY TPOCTPAHCTBA), 6A3MC MPUXOAUTCA NOMOMHATH
3a CYET TaK Ha3bIBACMBbIX NPUCOCOAMHCHHBIX BEKTOPDOB (I/IX
TOYIHOE onpegeneHue OyAeT JAHO Iy Th NO3Xe). B aToM ma-
parpade maercsa cnocob mocTpoeHus 0a3mca, B KOTOPOM
MaTpuia npeobpaszoBanus A uMeeT XOPIAHOBY HOPMAJb-
HYIO dopMy. DTOT 6A3UC MBI HEMOCPEACTBEHHO Habepem
7“3 COOCTBEHHBIX M IPUCOEIUHEHHBIX BEKTODPOB, M TAKOU
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criocob BHIOOpPA ABIAETCSA, B HEKOTOPOM CMBICIE, Hauboaee
€CTECTBEHHBIM *).

[lepen sTum maparpadoM MBI PEKOMEHAYEM UUTATENIO
nepeunTaTh 0.4 §9 u pazobparTh mpuUBELEHHBIE TAM MPU-
MEpHI.

1. Co6cTBeHHBIE M IPUCOEJUHEHHEIC BEKTOPEI JIMHEHHO-
ro nmpeo6GpasoBanma. [lycte \g — HekoTOpOE coOHCTBEHHOE
sHadenue mpeobpasoBanus A. Mel yxe umenn paHbIie Ta-
KO€ OIpeiesieHue.

Onpegnenenune 1. Bexkmop v # 0 naswsaemcs
coOCmEeHHbIM 8EKMOPOM npeobpa3osanus A, omaeeuaio-
WUM COOCTNBEHHOMY 3HAYEHUIO \g, CCAU

Az = Xz, m.e. (A—XE)z=0. (1)

PaccmoTpum  COBOKYIHOCTBH BCEX BEKTOPOB, YIOBIE-
TBOpsAommx ycaosuio (1) mpm dukcuposanroMm . flcHo,
9TO COBOKYITHOCTH DTUX BEKTOPOB ABIAETCA MOATPOCTPAH-
CTBOM mpoCTpaHcTBa K.

Mgt o603Ha UM €10 N)(\i). Jlerko BugeTh, 9TO N)(\i) WHBA-
PUAHTHO OTHOCUTEIBHO peobpasosanus A (mposepnre!).

3aMeTuM, 9TO TOATIPOCTPAHCTBO N )(\(1)) COCTOUT U3 BCEX
COOCTBEHHBIX BEKTOPOB MPeoGpasoBanmsa A, OTBEUAIOMNX
COOCTBEHHOMY 3HAYEHUIO \g, K KOTOPEIM HOOABJIEH eIle Hy-
A€60U 6eKMOp.

Onpemenenue 2. Bexmop T Ha3vi8aemMcA NPUCo-
edunennvim dexmopom 1-20 nopadka npeobpasosanus A,
OMBEUAIOUWUM COOCNBEHHOMY 3HAUECHUIO \g, €CAU BEKMOP

y=(A-XE)z

ABAAEMCA COOCMBEHHBIM BEKMOPOM Npeobpaszosanus A.
[IycTs A\g — cobcTBeHHOE 3HAMEHNE Ipeobpa3oBanua A.

") Cwm. raxxe . B. [Ipocxky paxk oB, Co0pHUK 33124 1O JH-
HeumHOU anrebpe, IAe UMEeTCA AHAJIOTMIHOE JOKA3aTeIbCTBO.
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PaccmoTpum mogmpoCTpaHCTBO, COCTOAIIEE U3 BCEX
BEKTOPOB Z, JJIs KOTOPBIX BHIIIOJHEHO YCJIOBUE

(A= XNE)%z =0, (2)

T.e. Aapo mpeobpasopanua (A — A\oFE)%. O6o3masum 510

N@. v
HOATPOCTPAHCTBO [Vy 75 Ny * ABIACTCA WHBAPUAHTHBIM
IOANIPOCTPAHCTBOM IpocTpaHcTBa K. B camoMm fgere,

OyCTh, T € N/{?, T.e. (A — NE)?z = 0. Ham Hag0 m0Ka-
3aThb, 9TO U BeKTOp Az € N/{?, T.e. ato (A— X\ E)?Az = 0.
Ho npeo6pasosanme A mepecranosouro ¢ (A — \gE)?2, . e.

(A= MNE)?Az = A(A — XNE)*z = 0.

PaccmoTpuM HecKOIbKO 6Gotee TMOAPOOHO CTPYKTYPY
npoctpaucTBa N )(\i) B mem ecTh BEKTODBI ABYX THUIIOB.
Ecmm z € N)(\(l)), T.e. (A — NFE)z = 0, To nogasHo u
(A— XNE)?z =0, T.e. ¢ € N)(\i). Taxum 06pazom, N)(\(l))
IEJUKOM CONEPXKUTCA B N)(\i). Ecan z € N)(\i), HO T ¢ N/{i),
T.e.
(A—XNE)x #0,
(A—XNE)%z =0,

TO I — MPUCOEIUHEHHBIN BeKTOp 1-ro mopsaaka. [lencrsu-
TenbHO, B oToM caydae y = (A — A\oE)z ectb co6CcTBEHHBIT
BEKTOP.

T 6 N®

akuM 06pa3’oM, HOANPOCTPAHCTBO V) * IHOLydaeTcd,
1

€Cu K TOAIMPOCTPAHCTBY [V /go) n06aBUATH IPUCOETNHEHHBIE

BEKTOPHI 1-ro mopAgka.

k
AnajoruvysHo BBOAUM IOAIPOCTPAHCTBO IV *) " cocron-
Ao ?
mee 3 BCEX BEKTOPOB T, JUIA KOTOPHIX

(A= XNE)z = 0. (3)
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OTO MOAIPOCTPAHCTBO WMHBAPUAHTHO OTHOCUTEIHLHO
6 A A N
npeoGpasosanud A. fIcHo, aro mognpocrparcTso N, * co-

k—1
MEPXKUT MPEABIAyIIee moAITpoCcTPaHcTBO N )(\0 ),
Onpemenenue 3. Bexmop T HA3bI8AEMCA NPUCO-
edunenubvim sexmopom k-20 nopadka, ecau eexmop

y=(A-XE)z

ecmb npucoedunenubiti sexmop nopadka k — 1.
[lo mEAYKIME MOXHO MOKA3ATb, ITO €CJIU & — IPUCO-
€[IUHEHHBIN BEKTOP k-T'0 TOPAIKA, TO

(A= NE)kz #£0,
(A= NE) 1z =0.

Apyrumu croBamu, TPUCOEIWHEHHBIM BEKTOPOM K-TO

N(k+1) -

TMOPAKA HABBIBAETCSA BEKTOP, MPUHAIICKAITAN Ao

HE II i N
punagrexammy Ny
IIpumep. Ilycte R-—nOpoCTpPaHCTBO MHOT'OWIEHOB
crenenu < n — 1 u mpeobpasosanue A — guddepennupo-

BaHUeE:

AP(t) = %P(t).

Jlerko BugeTh, uro A = 0 ecTb co6cTBeHHOE 3HAUeHUE. Co-
oTBeTCTBYIOmUU eMy coGCcTBeHHBIN BeKTOp P(t) = const.

(k)

Hamaem maa sToro mpeoGpaszoBaHma npocTpaHcTsa Nj .

ITo ompeneneruio Nék)cocrrowr u3 Bcex MHOrOwieHoB P(t),
mas xkoropeix AFP(t) =0, T.e.
dk
dik
D10 OyAyT BCE MHOTOWIEHBI, CTEIIEHh KOTOPHIX HE IIPEBHI-

maet k — 1. I[Ipucoequuenapivu BekTopamMu k-r0 MOPAIKA
OyoyT MHOT'OWIEHBI, CTEIEHb KOTOPBHIX B TOYHOCTHA PABHA

k—1.

P(t) = 0.
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B sToM mpumepe pasMepHOCTH KaXIOT'O W3 IMOAIPO-
k
CTPAHCTB pPaBHA Né ) u oma pacTeT oT 1 mo m BMecTe

c k. I N
pocroMm k. llognmpocTpancTtso Ny~ yXe coBHaJaeT CO
BCeM IIPOCTPAHCTBOM R, m ecim MBI 3aXOTHM OIPENETUTH

Nénﬂ), Nén”) ¥ T. 1., TO BCE DTH TOATIPOCTPAHCTBA Oy Iy T

n
COBIIAIATH C Né ).
(k+1)
Ny =
(k) o
= Ny~’. OTo crefyeT m3 TOrO, ITO KaXJBI MHOTOWICH
crerneHu k eCTb HPOM3BOAHAA OT MHOT'OWIEHA CTEIeHN

k+1.

Yunpaxuenue. IlokazaTs, 9TO 411 10060T0 JMHEXHOTO IIpe-
o6pasoBanua A mMeeT MECTO BKJIIOYCHUE

(A= XE)NE ¢ NV

Jlerko BumeTs Takxke, 9TO B 5TOM mpuMepe A

[MycTts A — nunennoe npeobpasoBanue, a A\g — ero co6-
CTBeHHOEe 3HadeHme. [lokaxeM, 9UTO MOAIPOCTPAHCTBA

N @

Ao+ NVxg 7+ -+ CHadaIa CTPOTO BO3PACTAIOT C POCTOM HH-
[I€KCa, a 3aTeM, HA9MHAasg C HEKOTOPOro HOMepa p < 7, DTOT
POCT IpEKpAaIIaeTcs, T. €.

NP = NP

(CM. IPWBEEHHBIN B DTOM IIyHKTE TIPUAMED).

(k)

Mgt yxe mokasamm, 9T0 Kax10€ HOAIPOCTPAHCTBO Ny
k-1

comepxut N §0 ), T.€. ITO C YBEJIUIEHUEM HOMEepa TO-

k
npoctpancTBa N )(\0), a 3HAYUT, ¥ UX Pa3MEepPHOCTHU, MOT'yT
TOJHKO yBEIUIUBATHCA.

Takx kak Hamle TPOCTPAHCTBO KOHEYHOMEPHO, TO IS

1
KaKOro-TO P < 7 MBI BIIEPBHIE TOXy9uM, ITO [N )(\I; =N )(\ﬁ +1)

(cM. ympaxHeHue Ha cTp. 25).
1 2
Jokaxem, 9TO B 5TOM CIydae N)(\€+ ) = N)(\’;—l_ ) — cee
T. €. 9TO JAJLHEUIIEr0 BO3PACTAHMA TIOAITPOCTPAHCTE MIPO-

UCXOMUTH HE OymerT.
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[ledcTBUTENBHO, TPEAOJ0KUM IPOTUBHOE, 3 UMEHHO,

1 .
9T0 N/{ISJF ) = )(\’0’), HO [mis HekoToporo ¢ > (0 moxmpo-
"l )
CTPaHCTBO N)(\’;+Z+ ) CcTPOro 60JbIIe, YeM N)(\’;H). Torga

CYIIECTBYET BEKTOP & TaKOU, ITO

T € N/{I;HH), z ¢ N/{ISH).

ITO 3HAYUT, UITO

(A= XE)PT 2 =0, mo (A—XNE)Pz#0. (4)
O6o3rasmM gepes y BeKTop y = (A—NgE)‘z. Torga mepsoe
u3 paBeHCTB (4) O3HAYAET, 9TO Y € N)(\’;H), a BTOpOE, 9TO

y ¢ N)(\I; ), 9TO HEBO3MOXHO, TaK KaK MOAIPOCTPAHCTBA

N )(\’; u N )(\’; ) 1o IIPENIOJOXKEHUIO COBIIATAIOT.

Urak, nmycts A9 — HEKOTOpPOE COOCTBEHHOE 3HATCHUE
npeo6pasoBanusa A. OCHOBHBIM PE3yJIbTATOM DTOrO IIYHK-
Ta ABIAETCS I[IOCTPOEHWE MHBAPUAHTHOI'O MOAIPOCTPAH-

crBa N )(\’; ), COCTOSMIIET0 U3 BCEX COOCTBEHHBIX W IIPUCOEIU-
HEHHBIX BEKTOPOB, OTBEYAONIIAX DTOMY COOCTBEHHOMY 3Ha-
YEHUIO.

Kpowme Toro, B . 3 Ham nmoranoburcsa 6omee meTarbHASL

CTPYKTYPa N)(\’O’ A UMeHHO, 0603HaYasa Iepe3 N/g’;) moI-

IPOCTPAHCTBO, COCTOAIIEE U3 MPUCOETUHEHHBIX BEKTOPOB

mopanka < kK — 1, MbI TOJAYYIUIX BO3PACTAIOIIYIO HEHOYUKY
MHBAPUAHTHBIX TOATIPOCTPAHCTB

OcNg) CN)(\? C... CN)(\I;). (5)

Bce wiensr 5Tou menovku pa3andHsl. [[ompocTpancTBo

(k)
N \o COCTOHT IIPU 3TOM U3 BCEX BEKTOPOB T, A KOTOPBIX
(A—XNE)z =0,

T.e. TO ecTh Apo mpeobpaszosarua (A — Ao F)F.
[Ipeo6pasosanue A — A\gF mepeBoauT Kaxgoe m3 MMOJI-
OPOCTPAHCTB Henovku (5) B IPeAmecTBYOIEe.
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2. BriieieHue moAmpoCcTpPaHCTBa, B KOTOPOM mpeoGpa-
30BaHue A HMMeeT TOJILKO OJHO COOGCTBEHHOE 3HAYUEHUE.
[IycTe Ay — HeKOTOpOE COOCTBEHHOE 3HATMEHUE IPeobpas3o-
Bauua A. B 5ToM myHKTE MBI OKaXeM, 9TO MPOCTPAHCT-
BO R MOXHO Pa3loXWTh B IPAMYIO CYMMY ABYX WHBApHU-
AHTHBIX MOIPOCTPAHCTB, B IEPBOM U3 KOTOPBIX Ipeobpa-
3oBaHme A WMeeT JUIIbL OJHO COOCTBEHHOE 3HAYEHUE Af,
a BO BTOPOM y Ipeobpa3oBaHua A yxe HET cOOCTBEHHOI'O
3HAYCHUA \j.

He orpammumBas oOOIHOCTH, MOXHO CYATATH, <TO
A =0.

NeucrBuTeabuo, nyctb A; # 0. PaccMoTpum mpeoGpa-
soBarme B = A— A\ F; oHO yxe umeeT cOGCTBEHHOE 3HAYE-
Hue, paBHOe Hy0 ). O9eBUAHO TakXke, ITO MHBAPUAHT-
HBIE TOANPOCTPAHCTBA npeobpasoBanuun A u B coBnama-
0T.

Urak, Bupens mMbl OygeM cIuTaTh, ITO IpeobpasoBa-
Hue mMmeer cobcrBenHoe sHadenme A = (. [Jokaxem Ha-
Ile yTBEPXJACHNE CHAYAJA AJA TACTHOI'O CIy4as, KOTAa 6
NPOCMPAHCEE HEM NPUCOEJUHEHHBIE BEKMOPOE, 0MEEUa-
OWUL IMOMY COOCTNEBEHHOMY 3HAUEHUNW, G €CTMb MOALKO
cobecmeennvie sexmopuv **).

Ham myXHO mOCTpOWTH [Ba HHBAPUAHTHBIX IIOIPO-
CTPAHCTBA, IpAMasg CyMMa KOTOPHIX paBHa R. B xadectse
MEepPBOr0 U3 HUX, B KOTOPOM A = () eCTh eIUHCTBEHHOE COO-
CTBEHHOE 3HAYEHWEe, MOXHO B3ATh COBOKYIHOCTH [Vj BCEX

*) B camom geme, ecimm A1 — COGCTBEHHOE 3HAYMEHHUE IPEoOpa3o-
Banua A, r.e. Af = Mif (f #0), ro Bf = (A—ME)f =0, T.e.
f — cobcTBenub BeKTOp B, 0TBEYAIOMUN COOCTBEHHOMY 3HAYEHUIO
A=0.

**) Xorsa morom Hame yTBepxKAeHUE Oy JET HE3ABICAMO T0KA3AHO
OJA O0WEero CIydas, PACCMOTPEHHUE 3TOT0 IACTHOTO CIydas MOJE3HO,
TaK Kak, BO-IIEPBBIX, Ha HEM (0Jee BBIMYKJIO BUAHA OCHOBHAA UaeA 10~
Ka3aTeIbCTBA U, BO-BTOPBIX, CTAHOBUTCA OYEBUIHON HEOOXOAUMOCTD
BBEEHUA MOAIPOCTPAHCTB, OTINIHBIX OT BBEJICHHBIX 31eCh No u M.
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COOCTBEHHBIX BEKTOPOB, OTBEYAIOIINX COOCTBEHHOMY 3HAa-
geanio A = ( wiu, pyruMu caoBamu, apo mpeobpa3oBa-
oua A.

B kadecTBe BTOpPOro MOANPOCTPAHCTBA BO3bMEM
o6pasz M mpoctpancTBa R mpu npeoGpasoBamuu A, T.e.
COBOKYITHOCTH BEKTOPOB y = Az, rme x mpoberaer Bce
npoctpancTBo R. Jlerko BugeTh, 9TO KaXA0€ U3 DTUX IO-
OPOCTPAHCTB WHBAPUAHTHO (3TO MOKa3aHOo B m.4 §9).

[lokaxeMm, ITO OHM [JAIOT PA3NOKEHWE MIPOCTPAHCTBA
B mpaMyio cymmy. Tak Kak CyMMa pa3sMEepHOCTEU Aapa |
obpasa ana mo60oro npeobpasosBanus A pasma n (cm. 1.4
§9), TO TOCTATOYHO NOKA3ATH, ITO NEPECETCHNE ITUX TIOI-
MPOCTPAHCTB PABHO HYJIIO.

ITpenmonoxum, 9TO 3TO HE TAK, T. €. IyCTh CyUECTBYET
BekTOp Yy # 0 Takon, utoy € M ny € Ny. Tak xak y € M,
TO OH UMeEeT BUI

y = Az, (6)
rae £ — HeKoTophin BekTOp 3 R. Tak kak y € Ny, TO
Ay =0, rme y#D0. (7)

Papenctso (7) o3HavaeT, 9TO y €CTh COOCTBEHHBIN BEK-
TOp mpeobpaszoBanuia A, oTBedaIOmNUy COOCTBEHHOMY 3Ha-
genuio A = 0, a paBeHCTBO (6) mpy 5>TOM O3HAYAET, UTO &
€CTh MPUCOENUHEHHBIN BEKTOP MEPBOT'0 MOPAIKA, OTBETA-
O TOMY %€ COGCTBEHHOMY 3HaUeHuio. MbI Xe mpeano-
JOXWIN, 9TO ¥ MpeoOpasoBaHua A HET MPUCOETUHEHHBIX
BEKTOPOB, OTBeYaOInX cOOCTBeHHOMY 3HadIeHuio A = ().

Taxum o6pasom, H0Ka3aHO, ITO ToAIpocTpancTBa M n
Ny HEe nMeroT 00UX BEKTOPOB, KPOME HYJEBOTO.

Bcnomunas, 9To cymma pasmepHOcTen 00pasa u saapa
paBHA M, MBI MOJyYaeM OTCIOJa, YTO MPOCTPAHCTBO R
Pa3IoXmMO B IMIPAMYIO CYMMY WHBAapHAHTHBIX IOAIIPO-
crparcts M u Nj:

R=M& Ny.
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3daMedanue. U3 npuBeqeHHOrO BHIIIE HOKA3ATENb-
CTBa BUIHO, 9TO 00pa3 U AP0 UMEIOT NepecedeHne, OTan Y-
HOE OT HyJA B TOM U TOJBKO TOM CIydae, KOTaa mpeobpa-
30BaHme A UMeeT MPUCOETUHEHHBIE BEKTOPDI, O TBEUAOIINE
cobcTBeHHOMY 3Ha4UeHUIO A = ().

Pazo6paHHbI YaCTHBIA CIydYal gaeT HaM HAEI TOro,
KaK MPOBOJUTE MOKA3ATEILCTBO B O0IIEM Ciydae, Korga A
“MeeT TaK¥Xe W MPUCOETWHEHHBIE BEKTOPHI, OTBEYAIONINE
cobcrBernomy 3HadeHuio A = 0. IlogmpoctpancTso Ny
[IpU 3TOM OKAa3BIBAETCA CAUIIKOM Y3KWM, X €r0 eCTECTBEH-
HO PACHIMPUTh 33 cYeT H00ABICHUA BCEX MPUCOEIMHEHHBIX
BEKTOPOB, OTBeYaOmKX COOCTBeHHOMY 3HAa4IeHUI0O A = ().
Bropoe xe mognpocTpancTBO M OKa3BIBAETCA MPU DTOM
CaMmKOM GoabmmmM *).

Urak, paccmorpum BBemeHHOE B 1.1 WHBApPUAHTHOE

IO JIIPOCTPAHCTBO Nép ), cocroslee U3 BCceX COOCTBEHHBIX
¥ IPUCOEIUHEHHBIX BEKTOPOB IpeobpasoBanus A, oTseda-
fouux cobcrBernomy 3HadeHuio A = (. Kak Mb momuuM,
OHO ABJAAETCA AAPOM npeobpasoBanua AP, T.e. cocTouT u3
BCEX BEKTOPOB I, A KOTOPBIX

APz = 0.

B kagecTBe BTOPOro craraeMoro mpsMOU CyMMBI MBI
BosbMeM mognpocrparcteo M(P) — o6pas npocrpancTa
R npu Tom xe npeobpaszoBanuu AP.

Jlerko BugeTs, wTOo M (P) rakxe WHBAPUAHTHO OTHO-
cutenbHO npeobpasosanus A. [lencTBuTenasHO, ecaum y €
e M®), r.e. y= APz, TO

Ay = APty = AP (Ax),

T.e. Ay Taxxe npuragrexur MP),

") Yro M «CammkoM BeIWKO», BUAHO IPU STOM HE TOIBKO M3 CO-
00paXkeHUn pasMepHOCTH, HO TaKXe U U3 Toro, 4to M mepecekaeTcs
maxe ¢ camuM Ny, a He TOIBKO C €r0 PACIINPEHUEM.
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Teopewma 1. Ilpocmpancmeo R modxcno pasqo-

HCUMD 8 NPAMYIO CYMMY UHBAPUARMHBIE NOINPOCMPAHCME
(p)

Nép) uM®, IIpu smom nodnpocmpancmso Ny~ cocmoum
MOALKO U3 COOCMBEHHBIT U NPUCOCIUHEHHBIT BEKMOPOS,
omaeuaowur cobcmaennomy s3navenuto A = 0, a 8 nod-
npocmpancmee M®) npeobpazosanue A obpamumo (m. e.
A = 0 wne asasemca cobCcmEeHHbIM 3HAUEHUEM NPEOOPA30-
sanus A 6 nodnpocmpancmaee M(p)).

[l moKa3aTeahCTBA HMEPBOTO YTBEPXKAEHUS HAM, KaK
“ B PACCMOTPEHHOM BBIIIE YACTHOM CJIyd4ae, AOCTATOTHO

IIOKa3aTh, YTO I€pECEeYEHNEe TOAIPOCTPAHCTB Nép ) M®)
paBHO Hyx0. /[[omycTHM OIPOTUBHOE, T. €. HyCTh CYLIECTBY-
er BekTOp Yy # 0 Takoit, uroy € MP) uy € Nép). Tax xak
ye M® 1o

y = APz, (8)

Hanee, Tak Kak y € Nép), TO
APy = 0. 9)

Ho u3 pasencts (8) u (9) cremyer, 9T0 CymecTByeT Takou
BEKTOD Z, I KOTOPOTO

APz #£0

7 B TO X€ BpeMs

A%y = APy = 0.
OTO 3HAYAT, UTO T €CTb HTPUCOCAUHEHHBIN BEKTOP IIpe-
oOpasoBanua A ¢ co6cTBeHHBIM 3HadeHmeM A = 0, me
IPVHA IEXAIAN TOATPOCTPAHCTBY Nép ), 9TO HEBO3MOX-
HO, TaK KaK Nép ) cocTomT m3 BCex Takux BEKTOPOB.
TaxkuMm 06pa3zoM, MBI TOKa3aJdM, ITO TEpecedeHne Nép )

u M®) pasao Hya0. Tak kKak cymMMa pa3sMepHOCTEN DTUX
HOATPOCTPAHCTB pPaBHA 7. (2TO AAPO m 0Opa3 mpeobpa-
soBanusa AP), TO OTCIOmA CaeayeT, ITO MPOCTPAHCTBO R
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PacKIagbpIBAETCA B IPAMYIO CYMMY DTUX IIOAIPOCTPAHCTB!
R=M®gNP. (10)

[lokaxeMm Tenepb BTOpOe yTBepXKJEeHUE TEOPEMEL, T.e€.
ar0 B mognpocrpanctse M P) mpeobpasosanne A He mveeT
HYJEBOT'O COOCTBEHHOTO 3HAYEHUA. [[eNCTBUTENBHO, €CIn
661 5T0 ObLI0 He Tak, T0 B M(P) cymecTBoBax Gul BekTOD
x # 0 Takou, 9TO

APz = 0.

Ho sT0 paBencrBo o3nataer, 9to x € Nép ), T. €. ABJSIETCS

o6mmm BekTopom M P) Nép), a MBI JOKA3aJIU, ITO TAKUM
BEKTOPOM MOXeET 6I>ITI> TOJBKO HYJIb.

Teopema moka3aHa MOTHOCTBHIO.

Terepp MBI MOXEM OCBOOOAUTHCA OT TIPEAMOJOXKECHUI,
9TO BBIJEICHHOE IOANPOCTPAHCTBO OTBEYaCT HYJICBOMY
COGCTBeHHOMy 3HAYICHUIO, 1 CIUTATh YCTAHOBJICHHBIM CJIEC-
ayromuy GaxT.

Ecau A —mwexomopoe cobcmeennoe 3uauerue npe-
obpazosanus A, mo npocmparncmeo R moxcno passoxrcumo
6 NPAMYIO CYMMY UHEAPUAHMHBLT nodnpocmparcme Ry u
R, 6 nepsom uz xomopwuix npeobpazosanue A umeem moab-
K0 COOCMBEHHOE SHAUEHUE A1, G B0 BMOPOM 6CE COOCTMBEH-
nole anauenus A omauunbt om Ai.

IIpmMenas DOMy<IeHHBIN Pe3yIbTaT K IPeo6pa3OoBaHmIo
A B mpocTpancTBe R 1 K HEKOTOPOMY COOCTBEHHOMY 3Ha-
9EeHUIO A9 DTOr0 NPeOoOpPA3OBAHMUA, MBI (OTIIEITUM) WHBA-
PUAHTHOE MOAITPOCTPAHCTBO, OTBEYAIONIEe COOCTBEHHOMY
3HaYEHUIO Ag. [Ipomomxkas »ToT mpomecc, moka He OyayT
UCYEPIaHbl BCe COOCTBEHHBIE 3HAYEHUS NPEOOPA3OBAHUA
A, MBI TIONYYUM [OKA3ATEAbCTBO CAEAVIONIEN TeOPEMBI:

Teopewma 2. Ilycmov npeobpazosanue A npocmpan-
cmea R umeem k pos3auunbis coOCMBEHHBIT 3HGUEHUT
ALy ey M. To20a R MOXHCHO PA3AOHCUMD 8 NPAMYIO CYMMY
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(p1) (k).
k un8apuarmmulis nodnpocmpancme Ny "“’NAk :

_ arlp1) (Pk)
R—N/\1 @...@N/\k . (11)
Kaocdoe uz nodnpocmpancms N/{’,”) COCMOUmM MOAbKO
1
U3 COOCMBENHBIL U NPUCOCIUHEHHBIL BEKMOPOB, 0MBEUAI0-
WUL COOCMBEHHOMY ZHAUCHUIO ;.
Jpyrumu ciaoBaMu, [jsi KaXIOrO ¢ CYIIECTBYET TAaKOe

49UCI0 P;, ITO 0 Bcex £ € N )(\I.Ji)
1

(A — NE)Piz =0.

Y mHac ocramach eme TOABKO OJHA, BIPOYEM, HE Me-
Hee BaXHasd 3373243 — BHIOpATH B KaXJOM U3 3TUX IO.-
mpocTpaHcTB 6a3uC, B KOTOPOM MaTpPHIA TPpeoOpa3oBaHUA
“MeeT XOPJAHOBY HOPMAJIbHYIO ¢hopMy. ITo byxeM ciuea-
HO B CIIYIOIIEM IIyHKTE.

3. IIpuBesenue K HOPMAILHOM (POPME MATPHUIBI C Of-
HMM COGCTBEHHBIM 3HaUYeHUEM. B ciaywae, eciu mpocTpaH-
CTBO COCTOUT TOJHKO M3 COOCTBEHHBIX BEKTOPOB, 6a3uc B
IIPOCTPAHCTBE MOXHO BBIOWMPATH MIPOW3BOJBLHO W MATPHUIA
npeo6pa3oBaHNUA B 3TOM 0a3MCe UMEET AUATrOHAJLHBIN BHUI.

B o6meM ciIydae HEOCTOPOXHBIA BEIOOP 6a3mCa MOXKET
3aIyTaTh KapTUHY.

YT10681 BHIOpATH 6a31MC, B KOTOPOM MAaTpHIA Ipeobpa-
30BaHUA UMeeT HamboIee MPOCTON BU, MBI OyIeM TSHYTb
LIEOYKN COOCTBEHHBIX W IPUCOENUHEHHBIX BEKTOPOB, BHI-
OpaB HEKOTOPHIN 6a3UC B MOANPOCTPaHCTBe N (?) g mocae-
[IOBATENBHO IPUMEHSA K BeKTOpaM 3Toro 6asuca npeobpa-
3oBanHme A.

Bsegem npeaBapuTeabHO HEKOTOPHIE IOHATHA, Y I00HBIE
UL ATHHEHIIEr0.

Onpeneaenue 4. Bexmopvl u3 npocmpancmea
R mnaswvisatomcs omuocumesvro AuMeltiHO HE3A8UCUMIMU
wad nodnpocmpancmeom Ry, ecau HUKAKGA UT AUuHEUHAA
KOMOUHAUUA, OMAUYHAA OM HYAn, He npunadsencum Ry.
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3aMeTuM, 9TO BCAKUE JUHENHO 3aBUCUMbIE BEKTOPHI U3
R 0oTHOCUTENBHO TMHENHO 3aBUCUMBI HAJ JIOOBIM TIOAIPO-
CTPAHCTBOM.

Onpemenenue 5 bBasucom mnpocmpancmsa R
ommocumeavno nodnpocmparcmea Ry wmasvieaemes ma-
KaA CUCMEMA €1, . .., €L AUHETHO HE3ABUCUMBIY 8EKMOPOS
u3 R, xomopaa nocae nonosnenus Kakum-1uoyds 6a3ucom
u3 Ry obpazyem 6a3uc 60 ecem npocmpancmse.

Taxonu 6a3uc JerKo TOCTPOUTE. A 5TOro JOCTATOYHO
BBIOPATH KAKOU-HUOY AL 6a3uc B Ry, MTOMOIHUTL ero 1o Ga-
31Ca BO BCEM IPOCTPAHCTBE U 3aTEM OTOPOCUTH BEKTOPHI
ucxomaHOro 6asmca u3 R;. Yucmio BEeKTOPOB B TAKOM 0OMHO-
cumeabHom 6a3uce PABHO PA3HOCTH PA3MEPHOCTEN MPOCT-
PAHCTBA ¥ OAIPOCTPAHCTBA.

Beskyio cucTeMy OTHOCUTENBHO JUHENHO HE3ABUCUMBIX
BEeKTOPOB HaA R| MOXHO MOIOIHUTH OO OTHOCHATEILHOTO
6aswuca. [las 5TOr0 HYX)HO K BRIOpAaHHBIM BeKTOpaMm ma0ba-
BUTBb KaKOU-HUOY b 6a3uc moanpocTpancTsa Ry . [lomxyanr-
€S HEKOTOPAasA CUCTEMA BEKTOPOB u3 R, KOTOpbIe, KaK JErKo
TIPOBEPUTD, TUHENHO HE3ABUCUMBL. ITOOBI MOLYIUTH OTHO-
CUTEIbHBIN GA3UC, HYXKHO NOMOIHUTDL DTy CUCTeMY 10 6a-
31ca BO BceM ImpocTpaHcTBe R, a 3aTeM oTOpOCUTH 6a3mc
IOATIPOCTPAHCTBA.

Urax, mycTts mpeoOpasoBanme A B mpocTpancTse R
“MeeT TOABKO OQHO coGCTBeHHOe 3HadeHume. He orpaxwu-
quBasg OOIIHOCTH, MOXHO MPEANOJOXUTH, 9TO OHO PAaBHO
HYJIIO.

Paccmorpum croBa menodky (5) moampOCTPAHCTB, TMO-
Jy9IeHHBIX B II. 1:

ocNVYc...c NP =N =

r N, (k) §) -
Je TOAmPOCTPaHCTBO N, ' ecThb AAPO INIpPeoOpPa3oBa

mma A¥. Tak xak mpeoGpasosanme A B mpocrpascTse R
HE MMECT OTVIMIHBIX OT HYJA COGCTBeHHBIX BHa‘IeHHfI, TO,
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ouesngro, NP) coBmagaer mpm 5TOM €O BCEM MPOCTPAHC-
TBOM R.

BribepeM B MakCUMAIHLHOM W3 DTHUX MOATIPOCTPAHCTB
Nép ) Gasuc oTHOCHTEIBHO COMEPKAIIETOCSs B HEM IOIPO-

—1
CTPAHCTBA Nép ), [IycTs BekTOpHI 3TOrO 6asuca 6ymayT
€1,...,€q.

Od4eBuaHO, YTO 5TO OyAyT NPUCOEAMHEHHBIE BEKTOPHI
(p — 1)-ro mopsaaka. Mbr yxe Bugenu (M. yopakHEHUE HA

cTp. 211), aro ANép) C Népil). [TosToMy BeKTOpBI
Aeq, ..., Ae,
N(p_l)

aexat B N . Tlokaxem, 9TO DTU BEKTOPHI JUHEAHO

-1
HE€3aBUCHUMEI B N(gp ) OTHOCHUTEJIBHO JCXKAIIEero B HEM

N(p_z) Y
TOAPOCTPAHCTBA [V, . lleucTBUTEIHHO, IIyCTH HE BCE
o; = Om
A Aey = A NP2
ajde; + ...+ aglde, = A(arer + ...+ aqeq) € Ny )
T — N(p_l)
orfa BEKTOp ¥ = aj1e1+...+aqeq € Ny , & 9TO0 HpO;I‘H—
BOPEYNUT IIPEAIOI0KEHTIO, ITO BEKTOPHI €1, . . . , €g INHEIMHO
(p—1)
N, . )
Momonaum BekTOpEl A€y, ..., Ae; no Gasuca B Nép_ )

—2
OTHOCHUTENbHO Nép ). Mat IOy IAM TOTJa g + S BEKTOPOB

Ael,...,Aeq,fl,...,fs,

KOTODPBIE MPEJICTABIAIOT COO0M MAKCAMAJBHOE YHCIO JU-
HEUHO HE3aBUCUMBIX IPUCOEIVHEHHBIX BEKTOPOB HOPAIKA
p—2.

CHOBa IpUMEHNM K 5THM BeKTOpaM npeobpasoBanune A

HE3aBUCUMBI HA

-2
U TOJIYyYIeHHYIO CHCTEeMY BEKTOPOB U3 Nép ) IOIIOTHUM,

-2 -3
Kak ¥ BbIle, 10 6a3uca B Nép ) OTHOCUTENBHO Nép ).
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[Mpogoaxas »ToT mpomecc, MBI AOUAEM OO IOAIPO-
CTPAHCTBA Nél) u BeIOepeM 6a3mc B DTOM IPOCTPAHCTBE,
COCTOANIAA U3 MAKCUMAJILHOI'O THUCIA JUHEMHO HE3ABUCH-
MBIX COOCTBEHHBIX BEKTOPOB.

Pacnomoxum mosy<ueHHbIE BEKTOPHI B CAEIYIOIIYIO Ta-
Omuiy

€1 €q
Aeq Aeq f1 s
A2€1 A2€q Af1 . Afs (12)

BexTophl HUXHEN CTPOYIKA 00pa3yoT 6a3uC B IIOAIPO-

CTPaHCTBE Nél). BexTophl ABYyX HUXHUX CTPOUEK 06pa3y-
(2) (2)

10T 6a3uc B NV, TaK Kak 3TO eCTb 6aszuc Ny OTHOCHTEIb-

(1)

1
HO N, 'B coefuHEHUH C 6A3UCOM Né ), BexTopnl Tpex HUAX-

HUX CTPOUIeK 06pa3yioT 6a3uc B Nés) u T. 1. Haxonern Bce
(p)

BEeKTOpPHI Tabmuibl o6pasyioT 6asuc B N ', T.e. BO BCeM
npocTpaHcTBe R.

IToxaxeM, ¥TO B »TOM Oa3mce MaTpuiia Ipeobpaso-
BaHHa A WMeeT XOpAaHOBY HOpMaabHyio dopmy. len-
CTBUTEIBHO, PACCMOTPUM TPOW3BOIBLHBIA CTOXOEI TAOIA-
ust (12), HampuMep, AU OMpPeNeJeHHOCTH EPBHIN.

O6o3nasum nas ynobersa AP le; wepes €, AP 2e; —
gepe3 €z W T.[. M PACCMOTPUM [EUCTBHE HPeoOpa3oBa-
HuA A Ha KaXIbId U3 dTUX BEeKTOpPOB. Tak kak €1 — cob-
CTBEHHBIM BEKTOP, OTBEYAIOUNN HYJIEBOMY COOCTBEHHOMY
BHAYEHUIO, TO

Ae; = 0.
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Hagbie, Mo onpenereHunio,
Aey = AAp7261 = Apilel =e]

1 aHAJOT'XTHO

Takum obGpaszoM, mpeoOpasoBaHue A MMEPEBOAUT BEK-
TOPHI TIEPBOT'O CTOJOIIA CHOBA B cebs, T.e. MOAIPOCTPaH-
cTBO R, HATAHYTOE HA DTU BEKTOPHI, MHBAPUAHTHO OTHO-
cuteabHo A. MaTpuia npeobpa3oBanua A B mOAIPOCTPaH-

cree Iy B 6asuce eq,...,€, IMeeT BAJ
010 00
001 00
............ 7 (13)
000 01
000 00

T.€. TO eCTh XOPJAHOBA KJIETKA, OTBEYAIOIIAA COOCTBEH-
HOMy 3HadeHm0 A = (. AHATOrMYHOE MHBAPUAHTHOE TIO-
TPOCTPAHCTBO OTBEYAET KAXKJIOMY U3 CTOJONOB Tabam-
uet (12), # pasMepHOCTH KaXIOr0 TAKOTO MOIPOCTPAH-
CTBa paBHA IUCIY BEKTOPOB B COOTBETCTBYIOIIEM CTOIOIIE.
Tak kak maTpuna npeobpaszosanus A B 6a3uce, COCTOAILEM
U3 BEKTOPOB Kakoro-tubo croxbua rabmuusl (12), mmeer
Bug (13), To marpuma mpeoOpa3zoBaHWA BO BCEM MPOCT-
pancTee R B Gasmce, COCTOAIEM M3 BCEX BEKTOPOB Tabmu-
et (12), cocTOMT M3 KOPAAHOBBIX KIETOK, TUCIO KOTO-
PBIX PABHO YUCTY CTOJOIOB B 3TOU TAabIMIE, a Pa3Mep Ka-
XKIOU KJIETKW PABEH YHUCIYy BEKTOPOB COOTBETCTBYIOIMIETO
cToabia.
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Ecan BMmecTo mnpeoGpasoBanusa A paccMOTPEThb IIpe-
o6pasoBanue A + A\ F, To, Tak KaK MaTpuia mpeodbpaso-
BaHUA A\ F qUaroHagbHA, MBI IOJIYYIUM TOT Xe PE3yJAbTaT
IIA TIpeoOpa3oBaHUA IPOCTPAHCTBa R, MMemero Toab-
KO OMHO COOCTBEHHOE 3HadeHWe, PABHOE IIPOU3BOJLHOMY
qunciay A1. CooTBeTCTBYIOINE XOPAAHOBEI KAETKNA MATPH-
el npeobpasosanua A + A\ E 6yAyT umeTh BUAL:

M 10 0
0 M 1...0
............. : (14)
0 00 ... 4

BenomuHas Temephb, 9TO AIA IPOU3BOILHOIO Ipeobpa-
30BaHMA A MBI MOXeM Da3OXWUThH IPOCTPAHCTBO R B CyM-
My MHBAPUAHTHBIX HOANPOCTPAHCTB, B KaX/JOM U3 KOTO-
peIX npeobpasoBanue A uMeeT TOIBLKO OQHO COOCTBEHHOE
sHadenue (cM. ¢popmyay (11)), MBI HOLy9aeM OTCIOA MO
HOE MOKAa3aTeIbCTBO TeopeMsbl § 18.

§ 20. [Ipyroe a0Ka3aTeJIbCTBO TEOPEMBI O IIPUBEIEHUI
K HOpMaJIbHOU (opme

IDTO MOKA3ATEIbCTBO MBI OylIeM BECTU 10 WHIYKIUH,
MMEHHO TIPEIOJOXUM, ITO A JUHEHHOTO TPeo6pas3oBa-
HNA B IPOCTPAHCTBE 7 U3MEPEHNN TAKOU 0a3UC CYLUIECTBY-
eT, U JOKaXXeM, ITO MBI MOXEM HAWUTU HyXHHN 0a3uc B
npoctparcTse 1 + 1 mamepenun. [aa nokasareasCcTBa Te-
OPEMBI HAM TIOHAA00UTCA CJIEMY FOIIAA

Jlemma. Y scarozo aunetinozo npeobpazosanus A
8 M-MEPHOM KOMNAECKCHOM npocmpancmee R cywecmaey-
em zoms 6vi 00no (n — 1)-meproe unsapuarmmoe noonpo-
cmpancmeo R'.
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HoxkaszaTenscTso. Paccmorpum mnpeobpasosa-
uue A*; y Hero, kak m y BCAKOro npeoOpa3oBaHUsA, €CTh
cOGCTBEHHLIN BEKTOP €

A*e = )e.

[Mokaxewm, aro (n— 1)-meproe nognpocrpancTso R, co-
CTOAIEe W3 BEKTOPOB Z, OPTOTOHAJBHBIX *) €, T.e. A
KOTOpHIX (z,e) = 0, uHBapuanTHO OTHOCUTEIbHO A. [len-
cTBUTENBHO, IycTh & € R/, T.e. (z,e) = 0. Torga

(Az,e) = (z,A%€) = (z,Xe) =0

u, sHauuT, Az Takxe npunasiexut R'. NEBapmanTHOCTD
noanpocrpancTsa R’ oTHOCMTensHO mpeobpasoBanusa A
JOKa3aHa.

[lokaxeMm Tenepb chOPMYIUPOBAHHYIO BBIIIE OCHOBHYIO
TeopeMy 3TOro maparpada.

[Iycts A — mpousBoabHOE JUHENHOE IpeoOpa3oBaHue B
(n+ 1)-mepuom npocrpancTse R. Cornacuo aemwme, B R cy-
MIECTBYET 7-MEpPHOE MOANPOCTPAHCTBO R/, MEBapUAHTHOE
oraHOCcUTENbHO A. Tak Kak B n-MEpHOM MPOCTPAHCTBE MBI
IpeanoIaraeM TeopeMy AOKa3aHHOU, TO B R’ cymecTByeT
0a3uc, B KOTOPOM JUHENHOE IPeoOpa3oBaHue MMeeT HOP-
mMaabHy0 dopmy. O6o3raum >roT Gasuc B R’ gepes

€1,€2,...,6€p; flaf?a"'afq; cee h17h27"'7h87

rae p+q+...+s=n. Borom Gasuce aunennoe npeobpa-

*) Msr 3gece ucnomp3yeMm Haamdume B R CKaIApHOrO mpowmssesne-
HUA, T.e. cuuTaeM npocTpaHcTBo R eskimmaoeiv. Hesnauurenrbusim
M3MEHEHNEM JOKa3aTeIbCTBA MOXHO OCBOGOAUTHCI OT DTOrO IPEAIIO-
JOXEHUA U HA MPOTAKEHUM BCEU TIaBbl CYUTATh R apduHHBIM IpPO-
CTPAHCTBOM.
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30BaHUE B N-MEpHOM mognpocTpancTee R umeeT Buj

Ae; = Arer,

Ae,=ep_1+Aiep,
Af1= A2 f1,
Afa= fi+Xafe,

qu:fq—1+>\2fqa

Ahy= Akhi,
Ahs=hi+Agho,

Ahs=hs 14+ Aghs.
HomoaauM >ToT 6a3Uc KaKUM-HUOYIb BEKTOPOM €, KOTO-
PBII BMECTE€ C €1,€2,...,€p; f1,f2,..., fqgi -3 hi,ho,...
..., hg cocraBusger 6asuc B R.
[Mpumenum k e mpeobpasoBanume A v Pa3JIOKUM TOIY-
YEeHHBIN BEKTOP Ae mo BekTOpam Gasuca:

Ae=aqer +...+apep +Bifi+ ...+ Befg+ ...
...+(51h1+---+5sh3+7—€ *)

Mgt moxem camraTh, 9To T = 0. B camom gene, ecan B He-
koTOpoM Gasuce A mmeer HOpMAIBLHYIO dopmy, TO A — TFH

") Jlumeunoe mnpeoGpasosanue A wumeer B (n + 1)-mepHOM
npocTpaHCcTBe R COGCTBEHHBIE 3HAYEHUA A1, A2, . .., Ak U T. [lencTsu-
TEeIbHO, HAaIWIIeM MaTpuny npeoOpasosBanus A B Gasuce ep, ez, ...
cosep;s fi, f2y ooy fg3 oo shiyha, ..o hs;e. Oma Gymer TpeyroapHOU
MaTpuIlel, B KOTOPOHU II0 AMATOHAMMA CTOAT TUCAA A1, A2,..., g U T.

Tak Kak COOGCTBEHHBIMU 3HAYECHUAMEU TPEYTOJBHOU MATPUIBI
ABIAIOTCA YUCIA, CTOAIZE 0 AuaroHam (cM., Hanpmmep, § 10, m.4),
TO A1, A2,..., Ay & 7 OyayT cobcrBenubivm 3HadeHuavu A B (n + 1)-
MEPHOM TmpOCTpaHCTBe. Takmm 06pa3oM, IpU Iepexone OT WHBAPU-
AQHTHOTO T-MepHOro K (n + 1)-MepHOMY TPOCTPAaHCTBY AOGABHIOCH
OJHO COOCTBEHHOE 3HAYEHUE: T.
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TaKXe UMeeT B 3TOM 0a3uce HOpMaTbHYIO dopmy. [Tosro-
My, ecau T # 0, TO MOXHO BMecTO npeobpasoBanus A pac-
cMoTpeTh npeobpasosaune A—7FE, npuiem Au A—TFE, co-
MVIACHO CAETAHHOMY 3aMEYaHUI0, UMEIOT HOPMAJIBHYIO (hOop-
My B OTHOM W TOM Xe 6a3uce.

Mgzl mosaraeM, CIegqoBaTEIbHO, ITO

Ae=ajer +...+opep, +Bifi+...
coiF+ Bofg+ ..+ oh+ ..+ 0k (1)
Teneps mocTapaeMca 3aMEHITH BEKTOP € BEKTOPOM €' Tak,

9TOOBI TIOCAEC DTOM 3aMeHBI BeKTOp Ae' cTam BO3MOXHO
npome. Bygem uckaTh BekTop € B BUE

e'ze—%lel—...—%pep—;zlfl—...
coe—pgfg— o —wihy — ... —wshs.  (2)

Meur nmeem

Ae' = Ae — A(scieq + ... + 35ep) —
— A(prfi+ .. Fpgfy) — - — Alwrhy + .. 4 wshy),

i, noas3ysack gopmyaon (1),

Ad =ajer +...+apep, +Bifi+ . 4 Byfgt+ -
cooF0ihi + .o+ 0shs — AGsrier + ...+ ep) —
—A(urfi+ .o pgfy) — oo — Alwrh + ... Fwshy). (3)

KoadbdunmenTer »1,. .., 25 f1,..., g} -+ Wi,...,Ws MBI
MOXeM BHIOPaTh Mpou3BoabHO. [lonbepem mx Tak, 1TOOHI B
npaBou 9acTu GopMyasl (3) 0CTATOCH KAK MOXHO MEHBIIE
CIaraeMBbIX.

Mubi 3HAaEM, 9TO KaXJAOU TPyMne 0a3UCHBIX BEKTOPOB
n-MepHOro mognpocTpancTea R, B koTopoM mpeobpaso-
BaHume A mMeeT HOPMAJABHYIO POPMY, OTBEIAET CBOE COO-
CTBEHHOE 3HAYEHUE A1, Ao u T. 1. MBI paccMoTpuM OTeab-
HO [[Ba, CAytas, & UMEHHO pasbepeM CHATaIa CIy<Ial, KOraa
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HU OJHO W3 DTUX COOCTBEHHBIX 3HAYEHUU HE PABHO HYJIIO,
a 3aTeM CIydau, KOr[a DTO HE TaK.

Pas6epem mepBuin caydaun, korga A; # 0, Ao # 0, ...,
Ak # 0. B aTOoM cIydae MbI MOKaXkeM, ITO BEKTOP € MOXHO
BHIOpATh Tak, 9T06b Ae’ = 0, T.e. mogobpaTh 1, ... ,ws
Tak, ITOOBI BCE ClIaraeMble B MPABOU IacTé (3) COKpaTu-
auchb. Tak KaK BEKTOPBHI KAXJAOU TPYIIILI MEPEXOMAT ITPU
mpeo6pas3oBaHUU B KOMOWHAIIMIO BEKTOPOB TOU Xe TPYyI-
MBI, TO BEKTOPHI PA3JUIHBIX TPYII MOXHO YHUITORATD
HE3aBUCUMO APYT oT apyra. [lokaxem, Kak mogo6paTh KO-
s punmenTsr 1, 39, . .., ,, 9TOOB B mpaBou gactu (3)
COKPATUINCh BEKTOPHI €1,€2,...,€py. LICHBI, COAepKaIIIe
STU BEKTODPHBI, UMEIOT BUJ

ater + ...+ ope, — A(srier + ...+ ey =
=aje; +...+apep — A€ —
—my(er + Aieg) — ... —gp(ep—1 + Aiey) =
= (a1 — A1 —mm)er + (ag — 201 — 23)ea + ...
vt (p—1 — a1 h — gp)ep—1 + (o — 21 )ep.

[IpupaBaUBag HyII0 KO3(DGUINEHT IPK €), OIPeeIIeM ),
9TO BO3MOXHO, TakK Kak A1 # 0, 3aTeM, NIpUPABHUBAA HY-
JII0 KO3 PUIUEHT TIPU €)1, ONPENENIeM 3 | U TaK Jalee
10 3. Takum 06pa3oM, Mbl YHHUYITOXUIA B (3) <IEHBHI C
€1,€,...,ep. AHATOrMYHO BHIMUC/IAEM ADPYTHe TPYIIIEL KO-
3¢ GUIIEHTOB.

Mpb1 momyamiu, TakuM 006pa3oM, BEKTOp €', naa KoTo-
poro

A = 0.

Hobapisis 5TOT BEKTOp K wuMeumeMycsa 0asucy, IOIy-
qaeM Gasuc €';er,€,...,€p; f1,f2,..., fqi---ih1,hay ... by
B (n + 1)-MepHOM TPOCTPAHCTBE, B KOTOPOM NpPE0oGpa3o-
BaHUEe WMeeT KaHOHMYecKuid Bui. BekTop €' obpasyer
opy 53TOM OTOCJABHYIO I'DyHIry C CO6CTBeHHbIM 3HAQYCHUEM,
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PaBHBIM HYJIIO (CJIerZ(OBa,TeJH)HO, C COGCTBeHHBIM 3HAQYECHU-
em 7, ectm OBI MBI HE paccmaTpuBaam BMecTo A mpeobpa-
soBanue A — TF).

PaccmoTpuMm Temeps BTOpOU CIydad, a MMEHHO IIyCThb
HEKOTOPHIM TPYIIaM BEKTOPOB 6A3UCa B N-MEPHOM IIPOC-
TpaHCTBe R COOTBETCTBYIOT COOCTBEHHBIE 3HAYMEHUA MPE-
oOpasoBanua A, paBHble Hy 0. Torga B IpaBoM 4YacTH
dbopmyasl (3) y Hac 6yAyT caaraeMsie JBYX COPTOB — COOT-
BETCTBYIOIIAE T'PYINAM C OTIUIHBIMU OT HYJIA COOCTBEH-
HBIMU 3HAYMEHUAMHI W TPYIIAM, JJAA KOTOPHIX COOCTBEHHOE
3HadeHue paBHO Hyao. C rpynnaMu, y KOTOPBIX COOCTBEH-
HBIC 3HAYCHUA OTJIUYIHBI OT HYJA, Mbl MOXEM IIOCTYIINUTH
TaK Xe, KAaK U B IEPBOM CIydae, T.e. moabopom Koadpdu-
UEHTOB YHUYITOXUTHL BEKTOPHI B ipason wactu (3). [Jomy-
CTHUM, 9TO MOCJE 3TOU ONEPAIYU y HAC OCTAHYTCA, HAPH-
Mep, TPU T'PYHIIBI CIAraeMBIX €1,€3,-...,€p; f1, fo,.. ., fg;
g1,92;,---,gr C COOCTBEHHBIM 3HAYEHWEM, PABHBIM HYJIIO,
T.€. 9T0 A\| = Ay = A3 = 0. Torga

Ad = arer+...tapep+Pifit. A Byfgt gLt
et Yrgr — A(srier + ..+ pep) —
—Aprfr+.. + pgfe) — Alvigr + ...+ vrgr). (4)
Tak kak A\ = Ay = A3 = 0, TO

Ae; =0, Aex=e1, ..., Aep=ep_1,

Af1=0, Afo=f1, ..., Af;=fq1,

Agi =0, Agp=g1, ..., Agr=gr-1.
[TosTomy nuHENMHAA KOMOWHAIMA BEKTOPOB €1,€3,...,Ep,

BXOJAIIAA B MPAaBYI 9acThb paseHCTBa (4), OygeT mmeThb
BU]

aje] + ...+ apep — €1 — ... — Mpep 1.
Homaras s = a1, ..., 2 = Qp_1, MBI YHAITOXUM 37eCh

BCE ClIaraeMble KPOMe OJJHOT'0, PABHOTO pep. IIpogenas Ty
XKe omepanuio B Ipynnax fi,..., fy # gi,..., gy, MBI IIOTy-
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YUM BEKTOP €', IS KOTOPOro

Ae' = apep + 5qfq + Yr9r-

CrygallHO MOXET OKa3aThCd, ITO «p = (B = 7 = 0;
TOTIa MBI TIPUXOAUM K BEKTOPY €', 111 KOTOPOro

Ae' =0,
“ TOrAa, KaK U B MEPBOM CIydae, Halle mpeobpa3oBaHue
. . .
yxe B Gasuce €';er,ea,...,ep; f1,fo,. ., fgi-..1h1,ho,...

..., hs umeeT HOpMmanbHy0 dopmy. Bekrop €' B aTOM Ciry-
gae o6pa3yeT HOBYIO KJIETKY C COOCTBEHHBIM 3HATCHUEM,
PaBHBIM HYJIIO.

I[Iycte Temeps xoTsi ObI OnwH U3 KO2(PPUIIMEHTOB
ap, Bq,yr OTIMIEH OT Hya1d. B sTOM ciayvae, B oTamtue oT
pPacCMOTpPEHHBIX paHee, HAM HPUAETCA [JIA IPUBENEHUA K
HOPMAJBLHOU (POpPME TaKKe M3MEHUTH HEKOTOPHIE U3 BEK-
TOpoB 6aszuca, yxe umewomeroca B R, Pacmomoxum wmcaa,
P, q,r 1o ux Beaumauue. [lycTs, Hanpumep, p > g > r. Toraa
CTPOMM HOBYIO TpyIIy, HAYUHAA C €, CaemayrommM o6pa-

!/ _ ! ! / / _ /

som. llomaraem e, = €', e, = Ae, .y, €, | = Ae,, ...,
¢ = Ael,. Mbl mmeeM, C1e10BATEIbHO,

I N

Cp+1 = 6>
! / _

ey = Aep_H = apep + /quq + Yrgr,
/ _ !
€p—1 = Aep = apep—1 + 5qfq—1 + Yrgr-1,

! !
Cp—r+1 = Aep—r—l—? = apep—rt1 + Befq—r+1 + Vg1,
/ /
epr = A€y 1 = apepr + By fo—r,

3aMeHnM TEIIEPb BEKTOPBI 6,, €1,€2,...,€p 6a3mca BEKTO-
paMu
!/ !/ !/ !/
€1,€9, ... ,ep, €p+1,
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a OCTaJbHBIE OCTaBUM 663 N3MECHCHNUA. MBI IOy IUM TOTr' Ia
HOpMAaJTbHYIO (GopMy OpeoOpa30BaHUA, NPUIEM Pa3MEPHI
MEePBOU KJIETKM YBEIWYMINCHL HA equHUIly. Teopema moi-
HOCTBIO OKA3aHA.

Mgl BuAMM, 9TO B TPOIECCE MOCTPOEHUA HOPMAIBLHOU
(OpPMBI HYXKHO OBLTO PA3INIATL ABA CIydas.

1. Caygan, korga no06aBieHHOE COGCTBEHHOE 3HAMEHUE T
(MBI €ro moIAraayM PABHBIM HYJII0) HE COBHATAET HU C Of-
HMM U3 IPEXHUX COOCTBEHHBIX 3HAYEHUU Ai,..., ;. B
DTOM ciIydae H06ABIAIACH OTAENIbHASA KJIETKA IEPBOTO IIO-
pagKa.

2. Cayuan, korga no0aBlIeHHOE COOCTBEHHOE 3HAYEHUE
COBITQAJO C OJHWM U3 yXK€ MMEBHUIAXCSI. B pTOM ciydae,
BOOOIIIE TOBOPS, Pa3Mep ONHOU M3 MMEBIIUXCA KIETOK yBe-
aumauBasica wa 1. Ecam xe kosddunuenTsr «, 5,7y paBHBI
HYyJIIO, TO, KaK M B IIEPBOM ClIyd4ae, MOOABIAIACH HOBAA
KJIETKA.

§ 21. uBapuaHTHBIE MHOXWUTEIN

B sToMm maparpade MBI yKaxkeM CIoco6, TAIOIMAN BO3-
MOXHOCTB HAXOIUTH XOPAAHOBY HOPMAJILHYIO (HOPMY JIH-
HEUHOrO TpeobpasoBanua. M3 pe3yabTaToB STOrO mapa-
rpada 6ymeM TakXke BHITEKATH MO CHX IMOp ellle He JTOKAa-
3aHHAA €IUHCTBEHHOCTH DTOU (POPMHI.

Onpegenenue. Mampuynw A u A, = C'AC,
2de C — npous3eoapHnas HEBLIPONCICHHAA MAMPUUG, HO3bl-
8010MCA N0J0OHHIMU.

Ecan maTpuna A nogobua marpure Ao, TO u 06paTHO,
As nogobua Ajp. lericTBUTEIBHO, TYCTH

A =C7'A,C.
Torma orcromna

Ay, =CA,CH,
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r.e. ecim monoxuts C 1 = C1, umeem:
A, =C['AC,

u, crefoBaTeabHo, As momobua Aj.

Jlerko Takxe mokasaTh, 9YTO €Cau ABe MaTpuubl A; u
As mom06HBI OMHOU U TOU Xe MaTpulie A, TO OHI 010 OHBI
Mexay cobou. [lercTBuTensHO, MyCTh

A=C['AC;, A=C,'A,C,.
Torga CT'A1C = C;'A5C), 1.e.
A =C.C,'A0,0 Y,
7 eC/I7 TIOJOXUTH CZCfl = C, T0 moxyunm:
A, =C A0,

T.e. A] 1 Ay ogOGHLL.

[Iycts A — maTpuia mpeobpasoBauua A B HEKOTOpOM
Oasuce. [Ipu mepexone k gpyromy 6asucy marpuia A 3ame-
HAeTCA M006HON el Marpunei C~'AC, rge C — marpu-
na mepexoza OT mepsBoro Gaszmca ko Bropomy (§9). Takum
obpa3oM, MOAO0HBIE MATPHUIBI— ITO MATPUIIEI OJHOTO U
TOT'O X€ JMHEUHOrO NMPeoOpA30BAHUA B PA3IUYHBIX 0a3U-
cax.

Hama 3agada—no maTpuile nmpeoOpa3oBaHUA TOCTPO-
ATh UHBAPUGHMBL CAMOTO TTPEOOPA3OBAHUSM, T.€. BRIPAKE-
HUSA, 3aBUCALIUE JUIIb OT CaMoro npeobpasosanusa A. [Ipy-
ruMuy CJI0BaMu, HaM HYXHO IIOCTPOUTH q)yHKHI/H/I oT JJe-
MEHTOB MATPHIILI, COBIATAMONINE IId MO0T0OHBIX MATPUII.

Onuu TakOU MHBAPUAHT ycTAaHOBICH yXke B § 10. Umen-
HO, TaM GbLIO TOKA3aHO, UTO XaPAKTEPUCTUICCKAN MHOTO-
wieH MaTpuisl A, T.e. onpeneauTens MaTpuisl A — AE:

Dy, (N) = |A - )‘E|

HE MeHAeTCA npu 3ameHe Mmarpunbl A momobHOU Ma-
Tpuned. Mbl mocTpouM 34€Ch PAJ MHBAPUAHTOB, CPEAN
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KOTOPBIX OyIeT COAEPKATHCA ¥ XaPAKTEPUCTUICCKUI MHO-
rO4IeH; OHU Oy YT NoAHOU cucmemoti UH8apuaHmMos, B TOM
CMBICJIE, ITO W3 UX COBIAJTEHUA AJIA ABYX MATPHUIL CASTYET
nogobue >TUX MaTPHII.

[Iycts A — npousBoaIbHAA MATPHUIA N-TO MOpAAKa. Mu-
HOpHI k-ro mopsagka MaTpursl A — AE CyThb HEKOTOpBIE
MHOrOWIEHEL OT A. O6o3nauum wepez Di(N) uz naubo.ab-
wuti obwut deaumenv *). B wactHocTH, D, (\) — ompeae-
auteas MaTpuisl A — AE, T. e. XapaKTepUCTUIeCKAN MHO-
rowieHn MaTpuibl A. B nanbHerIeM Mbl MOKaXeM, ITO BCE
Dy ()\) aBasAtoTCSA MHBADHAHTAMU.

3amerum, ato D, (\) pemarca ma D,_1(\). [lencrsu-
TenbHO, 10 onpeneneruto Dy,_1(\) Bce muHOpPHI (1 — 1)-TO
nopaaka measrca wa Dp_1()\). Pasmaras onpegemmrens
Ha, CYMMY NPOU3BENEHUU DIEMEHTOB KaKOU-HUOYAbL CTPO-
KU Ha UX aareb6pardecKue JOMOJHEHUs, Mbl IIOXY9aeM, 9TO
u onpeneanrenst Dy () gemurca va Dy—1(\). Amanoruano,
Dy_1(\) memurea va Dy_o(N) u T. 1.

Yupaxuernue. Hauru Di(\) (k= 1,2,3) gas marpuns

Ao 1 0
0 X 1
0 0 Xo

Omsem. D3(\) = (A — Xo)?, D2(\) = D1()\) = 1.

JJemma 1. FEcau C —npou3sosvnas HeBbIPO#CICH-
Has MaMPUYa, mo obujue Hauboavuwue OEAUMEAY MUHO-
pos k-20 nopadxa mampuy A — A\E u C(A — \E) cosna-
darom. Anaso2uunoe Ymeeprcoenue UMEEM MECTO U Oas
(A-)\E)C.

*) HamGospumu o0mmi neanTens ONPEeIeH ¢ TOTHOCTBIO 40 TH-
caoBoro MuOXkuTENI. Mer Beibupaem Dy () Tak, 9T06BI cTApIIMU KO-
s>pdunmenT 6611 paser 1. B wacTHOCTH, ecimt MUHOPHI k-TO TOpAIKA
B3aMMHO IPOCTHL, TO Di(A) = 1.
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Hoxaszareasctso. Crpoku marpunst C(A—\E)
ABIAIOTCA JII/IHQI?IH])IMI/I KOMGI/IHa.HI/IﬂMI/I CTPOK MaTpUIHBI
A — \E c koo PummeHTaMu, ABIAOMIMMACA DIEMEHTAMEI
MaTpunsl C, T.e. He 3aBUCAIIIMEA OT A. [[eNCTBUTEIHHO,
0603HAYMM “Iepe3 a;;, daIeMeHTH MaTpulsl A — \E u gepes
ar), dnementsr MaTpunsl C(A — AE). Torga, Hanpumep,

n

!

g = E :clja]'k’
j=1

T. €. dieMeHTH epBou cTpoku MaTpuubl C(A — AE) aBis-
FOTCS JUHENHBIMY KOMOMHAIUAMEI CTPOK MaTpuibl A — AE
C KOddpunueHTaMu ci;. AHAIOrMYIHO IOKA3BIBAEM DTO U
[ IPYTUX CTPOK.

[MosTomy murop maTpunsl C(A — AE) pazaaraercsa Ha
cymmy MuHOPOB Marpunbl A — AE ¢ HEKOTOPBIME HU-
caenHbiME KO3 dunumenTamu. CaegoBaTenIbHO, BCAKAN [e-
JauTenk MUHOPOB k-ro nopsagka marpunst A — AE Gyger
TaKXe [eIUTeleM MUHOPOB TOT'O XKe MOPSIKA MATPUIIBI
C(A — M\E). Tax xax ot marpunsl C(A — AE) MBI MoO-
xeM mepeirtn K mMarpune A — A\E ymuoxenmem ma C !,
TO U 0OPATHO, KaXABIA NEJUTEIb MUHOPOB k-0 TOPAIKA
maTpunsl C(A — AE) ABigeTcsa JeIuTeleM MUHODPOB k-T0O
mopsagaka mMaTpunbl A — AE. Crenosarensuo, y A — AE u
C(A — \E) obume geruTery MEHOPOB k-TO HmOpsSAKa CO-
BIIAIAIOT.

JJemma 2. Y nodobuvir mampuy mmozousenvt Dy ()
cosnadarom.

NoxasareabcrTso. lyctb Au A' = C7IAC —
aBe 1mogo6Hble MaTpuibl. COrIacHO TpeAbIAYLIeN JeMMe,
o6mue HAMOOABINIVE AEAUTEIN MWHOPOB k-r0 mOpAgKa Y
A — AE u (A — AE)C cosunagator. I[lo Tou xe remme co-
BIAJAIOT MEXAy coO0u 0bIue HANOOIBIINE IeTUTENN MU-
HOpOoB k-ro mopagkay C (A —AE)u C 1 (A - \E)C =
= A’ — \E. Cregosarensno, Di(\) mma A u A’ pasubr
MexXay coOOu.
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Tak Kak mpu IEPEX0AE OT OJAHOTO 6AZNCA K APYTOMY Ma-
TPUILA JUHEMHOTO IPe0OpPa30BaHNA 3aMEHAETCA I0400HOM,
TO U3 JEMMBI 2 BBITEKAET CJAENYIOMAA

Teopewma 1. Ilyemv A — aunetinoe npeobpazosa-
nue. Toeda wauboasvwutli obwuti deaumeav Dy(N\) muno-
pos k-20 nopadka mampuuvt A — AE, 2de A — mampuua
npeobpazosanus A 8 mexomopom basuce, me 3a8ucCuUmM Om
svibopa 6a3uca.

[lepengem k BoraucaeHuo MHOrOwieHOB Dy () aus gan-
HOT'O JUHEUHOro mpeobpasoBauua A. B cuiry Teopemnr 1,
NPY WX BBIYUCJACHUM MOXHO MOJB30BATHCA MATPUIEH Ju-
HEeWHOro npeobpaszoBanus B Jai0O60M Oasuce. Bribepem Ga-
3UC, B KOTOPOM MaTPUIA JUHEMHOTO MPE0OPA30BAHUA MME-
eT XOpPJAaHOBY HOpMAaIbHYI0 opmy. Ham HyX)HO, cregoBa-
TENBbHO, BEIYMCAUTH MHOTOWIEHB Dy (\) nms marpuner A,
MMEOIIEN HOPMATBHYIO (OPMY.

Hangem cragara Bce Dy (\) aas MaTpunsr n-ro mopsanka
BUIA,

X 1 0...0
0 M 1...0
............. , (1)
0 00..1
0 0 0 ...\

T.e. A OJHOU «KIETKU» HOPMAIbLHOU GPopMbl. MbI nMeem
D,(A) = (A= Xo)". Ecim B marpune (1) 3avepkuyTh mep-
BBI CTOJAGEI, ¥ MOCIEHIOI0 CTPOKY, TO IHOLYIMM MAaTpPU-
ny Ai, B KOTOPOU IO AUATOHAIU CTOAT E€IJUHUIILI, & HA[
guaronansio Hyau. Ilosromy Dp_1(A) = 1. Beruepkusas
ganee B MaTpuue A CTPOKM U CTOIOLBI C ONMHAKOBBHIMU
HOMEDAMU, MBI CMOXEM J0Ka3aTh, 9T0 U Dj_o(A) =

= Dy(\) = 1. OkoHYATEILHO MBI MMe€eM, 9TO 044
omdeavroti kaemry [mampuyws (1)] nocaedosamenvrocmo
Di(N) caedyrowasn:

A=X)" 1, 1, ..., 1.
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[Manee, 3ameTum: nycmov mampuya B umeem eud

B, 0
0 By)’

2de B1 u By — xaxue-aubo mampuybl nopaodkos mi u ms.
Tozda omauunble 0M HYAL MUHODDL T -20 NOPAOKA MATPU-
yvt B umerom sud

Ay =ADAR)

1 mo? m1+m2:m’

2de A%i—‘mmopbz mi-20 nopadka mampuyvt B, a
A%g — MUHOPBL T2-20 NOPAJKG mampuyvt Be *). NencTsu-
TEIbHO, €CIU BHIJEJIUTH T€ W3 MEPBLIX 7] CTPOK, KOTO-
pble BXOOAT B COCTAB MAHHOT'O MWHOPA, W PA3IOXKUTDL IO
HUM MUHOD (BOCHOJB30BABIIMCHL Teopemou Jlamraca), To
5TOT MuWHOp OymeT ambO paBeH HYIIO, MO0 WMETH BUI

ANAD

Hangem reneps muOrowiensl Dy (\) A1 Tpou3BOIBHON
MATpUNBl A, UMeIen XOPAAHOBY HOPMAJILHOIO (OPMY.
Mu mpegmonoxum, 4TO B MaTpuiie A uMeeTcs p KIETOK,
OTBEYAOMNX COOCTBEHHOMY 3HAMEHUIO A1, ¢ KJIETOK, OT-
BEYAIONINX COOCTBEHHOMY 3HAYEHUIO A9, u T. 1. O603HAIMM

MOPAAKA KJIETOK, OTBEYAIOUUX COOCTBEHHOMY 3HAYEHUIO

A1, 9epe3 ni,Na,..., Ny (N1 =ng > n3 > ... = np).
Marpuma B = A — AE pacnagaerca Ha OTAeJbHBIE
kaeTku B;, w3 koTopwix, Hanpumep, B nmeer Bujg
AL — A 1 0 ... 0
0 X—X1... 0
Bi=|.....
0 0 0... 1
0 0 0 ... —2A

*) Orauwasbm ot myma mmHOp A k-ro mopagka marpunbl B

1
MOXeT, KOHEYHO, MMETb BHUJ A,(C>, T.e. OBITH COCTABJEH U3 DJe-
merToB Bi. B srom ciaydae mbI ero 3ammmrem (GOpMAIbLHO B BUIE

Ay = AS)A(@, e MOJOXKEHO A(()2> =1.
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Borameanm cuagana Dy (M), T.e. onpeneamrens MaTpPUIBI
B. On paBeH npomsBegeHUIO onpenenuTeaen marpul B,
T. €.

Dn()\) = ()\ — )\l)n1+n2+"'+np ()\ — )\2)m1+m2+...+mq o

[epengem Temeps k Beraucaenmio D,_1(\). Tax kak
Dy_1(\) ects permrens muorownena Dy (), To Dy_1())
COCTOUT U3 MHOXUTEIEU A — A1, A — Ao, .... Buraucanwm,
B Kakou crenenu B Dp_1(A) Bxogur A\ — A\;. [as sToro
3aMETHM, 9TO NPOU3BOJLHBIN OTIWYHBIN OT HYJA MWUHOD
(n — 1)-ro mopsaaka marpuust B = A — A\E umeer Bup

Apoi = APAD AW
rae ti+to+. . .+t =n—1, Ag) MUHOPHI IOPAAKA t; MATpHU-
ubl B;. Tak Kak cymMMa OpAIKOB MIHOPOB AS), ... paBHa
n — 1, TO OIWH W TOJLKO OAWH U3 DTUX MUHOPOB MMEET
TMOPAZIOK HA EIWHUIYY HUXKE, IeM MOPIATOK COOTBETCTBYIO-
men MaTpunsl B;, T.e. MOIyvYaeTca U3 COOTBETCTBYIOLIEN
KJIeTKA MATPUIL B BEIYEPKUBAHUEM OJHOU CTPOKHU U Of-
HOTO cTOAOHIA. MBI BUAEIr, 9TO B OTIEJLHON KJIETKE MBI
MOXEM BBIYEDKUBAHUEM ONHOU CTPOKHU U OJHOT'O CTOJOIA
HNOMYYATH MAHOD, PaBHBIU eguanne (cM. cTp. 234). TloaTo-
My MBI MOXeM ToA06paTh A, _1 Tak, YT0OB KAaKOU-HUOY Ib
OJIUH W3 MUHOPOB Ag) CTAJ PABHBIM EIWHUIE, HE MEHIA
TPA 5TOM OCTAJILHBIX, PABHBIX ONPENEIUTENAM COOTBET-
cTByoumx kiaeTok. OTciofa SACHO, ITO, IJIA TOTO ITOOBI
MOMYYUTH MUHOP, COAEPXKAIIAA A — A\ B BO3MOXHO Gosee
HU3KOU CTENEHU, JOCTATOYHO BEIYEPKHYThH CTPOKY U CTOJ-
6el B KJIETKE, OTBEYAIOMEN A1 U MMEIOMEer HamOOJIbIINN
TMOPAI0K, & UMEHHO TTOPAA0K 7. Takum 00pa3om, HAuOOIb-
wuit 06wumi geaurens Dy, 1 (A) muropos (n — 1)-ro nopsaz-
Ka COAEPXKUT A — A\ B CTEHEHHU N2 + N3 + ... + np.

Amanormano, cpegm MUHOPOB (N — 2)-r0 MOpALKA HAW-
HU3IIYIO CTENeHb A — A| COAePX)UT MUHOD A, _o, MOIYy-
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YEHHBIA BHIYEPKUBAHUEM TI0 CTPOKE U CTOJOIY U3 KIETOK,
COOTBETCTBYIOIAX COOCTBEHHOMY 3HAMEHWUIO A W UMEIO-
WUX MOPAAKA 1y U ng. Takum obpasom, D, o(A) comep-
XKHAT A — A\ B cTeneH” n3 + n4 + ...+ n, n T. 1. Hakonern,
Dy, —p(X),Dy,—p-1(A),...,D1()\) BoBCe He cOgepXKUT A — Aj.

CoBepIlIeHHO TaK e MbI BBIACHAEM, B KAKUX CTEIEHAX
B Di()\) BxogaT MHOXUTEIH A — Aoy A — A3, ...

WTak, Mbl JOKa3aIu CIeAyIOUee yTBEPX eHUe:

ITycmp mampuya npeobpasosanus A umeem #opoano-
8Y HOPMAALHYI GOPMY, 8 KOMOPOU UMEEMCA P KACTNOK

nopadkos ni,na,...,n, (N1 = ng > ... = n,), omeeua-
VUWUT COOCMBEHHOMY ZHAUEHUIO N1, ¢ KAEMOK NOPAIKOS
mi,ma,...,mqg (M1 > mo > ... > my), omeeuaowus

COOCBEHHOMY 3HAGUEHUIO A2, U M. d.; M0206
Dn()\) — ()\_)\l)n1+n2+n3+...+np()\_)\2)m1+m2+m3+...+mq' .

)\_)\l)n2+n3+...+np()\_)\2)m2+m3+...+mq .

)\_)\l)n3+...+np()\_)\2)m3+...+mq ey

b

[pw srom, maumnas ¢ Dp_,(\) MHOXEHTENH (A — A{)™
3aMeHAeTCA efmHUNeR, HaumHag ¢ Dj_4(\), MHOXUTETH
(A — Ag) 3aMeHseTCS eQUHULIEN U T. .

Paccmorpum Baxubmm mpuMmep. IlycTh cobcTBeHHOMY
3HAYEHUIO A\ OTBEYAET JIWIIb OqHA KIETKA, MOPATOK KOTO-
pOU paBeH M1, COOCTBEHHOMY 3HAYEHUIO Ay — TOJBKO O
Ha KJIETKA IOPAMKA 111, A3 — OJHA KJIETKA MOPALKA ki
u T. 1. (T.e. COGCTBEHHBIE 3HAYECHUsA, OTBEIAIOIINE PABIAI-
HBIM KJIeTKaM, pasaudasl). Torga D;()\) umeer Bujg

Dn(A) = (A= A)" (A= A)™ (A= Ag)f ..,
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Ykazauubin Beime o6munt Bug aas Dy (\) mokaswiBaer,
9T0 BMecTO MHOrOwIeHoB Dy () ygoOHee BBecTH UX OTHO-
MIeHnA

By(n) = 2

Dy—1()

Muorowienst Ej()\) Ha3BIBAIOTCA UHBAPUAGHIMHBIMUY MHO-
scumensamu. Takum obGpaszom, ecaum mampuya A umeem
HCOPOAHOBY HOPMAALHYIO POPMY, 6 KOMOPOT UMEECA P
KACTMOKY NOPAJKOS N1, N2y, Np (m >ng = ... 2= np),
OMBEUGOUUL COOCMBEHHOMY 3HAUEHUIO A1, ¢ (KAEMOK)
nopadkos mi,ma,...,mg (M1 > mg > ... > my), omse-
YAOUUL COOCMBEHHOMY ZHAUENUIO Ao U M. 0., MO UNBAPU-
anmmoie mroxcumenu Er(\) umerom sud

En(N) = (0= A)™ (A — Ag)™ ...
Ep1(A) = (A =A)" (A= A)™ .,
Ep—a(A) = A =A)" (A= A2)" ..,

Mgl BuAuM, 9TO 3aJaHWE MOCICAOBATEIHLHOCTH WHBA-
puaHTHBIX MHOXUTenen F,(A), E,_1(\),... IOIHOCTBIO
olpefenaeT XOPAAHOBY HOPMAIBHYIO GOpMy MATpUIbl Aj;
COOCTBEHHBIE 3HAYMEHUA A; TOTYIAOTCA KAK KOPHU YPaB-
uerua E,(\) = 0. Pasmepsr xe ny,ng,...,n, KIETOK, OT-
BEYAONIAX JAHHOMY COOCTBEHHOMY 3HAYEHUIO A1, PABHBI
CTEIEeHAM, C KOTOPBIMH ABYLIEH A — A\ COIEPXKUTCI COOT-
BeTcTBeHHO B Ej,(N), B 1(A),...

Msr Teneps B cOCTOAHUU CHPOPMYJIAPOBATH HEOOXOIU-
MBIE U TOCTATOYHBIE YCIOBUA CYIIECTBOBAHUS 6a3muca, B KO-
TOPOM MATPWIIA, JAHEUHOIO TPEOOPA30BAHUA NUATOHAIb-
HA.

Las mo2o wmobbr cyu,ecmeosasn 6a3uc, 8 KOMOPOM M-
mpuya npeobpasosanus Jua2oHasbHa, HeobLodumo u 0o-
CMAMOUHO, YMOObL UHBAPUGHMHBLE MHONCUMEAU IMOT M-
MPUYbL UMEAY AUULL NPOCMBIE KOPHU.
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[ledCcTBUTENBHO, MBI BHUIAEIU, YTO KPATHOCTU KOPHEN
A1, Ag,... WMHBAPUAHTHBIX MHOXUTEIEU ONPENENAIOT I0-
PAOKA KIETOK B XOPAAHOBOM HOpMaabHOU ¢opme. IIpo-
CTOTA KOPHEU WHBAPUAHTHLIX MHOXUTEJICH O3HATAET, Ta-
KuM 06pa30M, ITO DTU KJIETKU IEPBOTO MOPALKA, T.€. ITO
KOPJAHOBA HOPpMAJbHAA (POPMA MATPHUIBI CBOAUTCA K JTUA-
TOHAJILHON.

Teopema 2. /fas mozo umobwvl dse mampuybt ObiAL
1n00061Hbl, HeobToJUMO Ut AOCMAMOUNHO, 4MOObL UL UHEAPU-
AHMHBLE MHONCUMEAY COBNAIAAL.

NDoxkasareanbcTsBo. Mbel gokazamm (remma 2),
9TO y mOAOOHBIX MATPUI COBNAAAIT MHOTOWIEHB Di ().
CrenoBaTeabHO, COBIAMAIOT M MHBAPUAHTHBIE MHOXUTEIN
Ek()), aBrsiomuecs MX OTHOUICHUAMY.

O6paTHO, TyCTh MHBAPUAHTHBIE MHOXUTEIN MAaTPUI] A
n B coBmagaroT. Mel 3HAEM, ITO KaxXAasg MATPHUIA T0L00-
Ha, HEKOTOPOU MATPWIlE, MMEMIEN XOPIAHOBY HOPMAJIb-
Hyio ¢popmy. Tak kax uaBapuanTHBIE MHOXUTE Y A u B
COBIAAIOT, TO UX HOPMAJILHbIE XKOPAAHOBHI (DOPMBI TOXKE
copmagaioT. Takum o6paszoM, MaTpunbsl A u B momoGHLL
OMHOU M TOU XK€ MaTpuile u, 3HaduT, A momobua B.

Teopewma 3. Hopmasvnas gopma aumnetinozo npe-
00Pa308GHUA 0OHOZHAUHO ONPEICAAETNCA CAMUM AUHCTHBIM
npeobpaz06anueM.

HdoxaszaTenasbcTso. MaTpunsl mnpeobpa3oBaHUA
A B pasmmuHbIX 6Gasmcax mogoOHBI. Tak Kak momoGHEBIE
MAaTPHUIBHI UMEIOT OJUHAKOBbIE WHBADUAHTHBIE MHOXUTENH,
a4 MHBAPUAHTHBIMYU MHOXUTEIAME OJHO3HAYHO ONPEness-
eTCcA HOpMaJbHad dpopMa, TO HOpMaJdbHaA (opMma JaHHO-
O JUHETHOTO IPe0OpPa30BAHUS OIPEIEIeHa, OHOZHAYHO, 1
TEeopeMa, TOKA3AHA.

MbI B COCTOSHUU TENEpPb HAUTU XOPAAHOBY HOPMAJh-
HYIO (HOPMY MATPHUILI JUHEUHOTO TpeobpasoBanusa. [lis
DTOr0 MOCTATOYHO B3ATH MATPUIY JUHEUHOTO mpeobpa-
30BaHUA B KAKOM-HMOYyIb 6a3uce M HAUTU WHBAPUAHTHBIE
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mMHOXUTean MaTpuisl A. Pasznoxus mHBapmanTHBIE MHO-
xurean B npoussenenue suga (A — Ap)" (A — A2)™ ..., MBI
OyzAeM 3HATH KaK COOCTBEHHbIE 3HAYEHU, TAK ¥ OTBEYAIO-
e UM MOPAJKY KIeTOK.

§ 22. A-MmaTpuubL

1. A-marpunen (MOTMHOMUANLHOW MATPWIEN) HA3BIBA-
eTCA MATPHUIA, DJIEMEHTAME KOTOPOU ABIAIOTCA MHOTOWIC-
HBI OTHOCHATEIBHO HEKOTOPOU OykBbl A. CremeHb0 A-Ma-
TPUIBL HA3EIBACTCA HAMBLICIIAA U3 CTEHCHEN MHOTOWICHOB,
BXOJAIINX B COCTAB MATPHUILL. SJICHO, YTO A\-MaTpuia cre-
IIEHN 7 MOXET OLITH MPENCTABICHA B BUIE

AN+ AN L4+ Ay,

rge Ay — MaTpumsl, yxe He 3aBuciaume ot A ). YacTHbin
CIydIayd A\-MaTPUI HAM yX€ BCTPEYAICT HEOTHOKDPATHO, &
uMeHHO MaTpuisl Buga A — AE. Pe3yabTaTsl, KOTOPHIE MBI
MOJYYMM B 5TOM maparpade, IId CIydas A-MaTPHUI] BUIA
A — AF comepXaT KakK YaCTHBIA CIy4aldl MHOTHWE U3 pe-
3yJbTATOB, MTOJYIEHHBIX B PEABIAyIIUX maparpadax 3Ton
TJIaBHI.

A-MaTpULbl BCTPEYAIOTCA BO BCEX BOIIPOCAX MaTeMaTUKH. Tak,
HAIPUMED, PEIIeHne CUCTEMbI OJHOPO THBEIX JUHEXHBIX AuddepeHan-
ATBHBIX YPABHEHUN MEPBOTO MOPAAKA C MOCTOAHHBIMEA KO3 pUImeH-
TaMu

dyi _ v .
%Z;aikyk (t=1,2,...,n) (1)

umeTcsa OOBIYHO B BHE
Az
Yk =cre’ (2)

rae A U ¢ — HEeKOTOpbIe MOCTOAHHBIe. [l UX OImpeeneHns IOACTa-
BuM GyHKmum (2) B CHCTEMY W COKDATHM YDABHEHHUE HA e, Mar

*) B arom maparpade Mbl 6yeM MaTPUIBI 0603HATATE CBE TIBIMEA
OyKBaMU.
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MOJIYYUM CUCTEMY JUHEUHBIX YDPABHEHINI

n
Aci = E QikCh,
k=1

MaTpuna kKoropou ectb A — AE, rge A — marpuna u3 xosdduuueH-
toB cucremsl (1). Takum 06pa3oM, m3yIeHrne cuCTeMbl AuddepeHny-
aIbHBIX ypaBHeHu: (1) TECHO CBA3AHO ¢ A-MaTpUIEH IEePBOU CTEIeHN
oTHOCUTETBHO \: A — \E.

Ananornvso, ucciefoBaHMe CUCTEMBI yPABHEHUN MOPAIKA BHILIE
MEPBOr0 NPUBOAUT K UCCAEJOBAHUAIO A-MaTPHUI] BEICHX cTeneHen. Ha-
mpUMep, UCCIeOBAHNE CUCTEMbI yPABHEHUN

- 2y, - dyi -
;aik R ;bikE + ;Cikyk =0

IPUBOJUT K HCCIeoBanmio A\-MaTpuust AN+ BA+C, rae A = ||aix]|,
B = [|bill, C = llcin]|-

Mub1 paccMOTpUM CENYac BOMPOC O KAHOHUYECKOM BUJIE
)\—ManI/IH OTHOCHUTECJIBHO TaK HA3BIBACMBIX JIEMCHTAPHBIX
peobpa3soBaHUN.

DIEMEHTAPHBIMU TPE0OPA30OBAHUAMI A-MATPUI] HA3I-
BalTCA NMpeoOpa3OBAHUSA CIEAYIOMIAX TUIIOB.

1° IlepecTanoBka Mex a1y cOO0M ABYX KAKUX-IN60 CTPOK
WU CTOMOIOB MATPWUIIBL.

2° I[IpubaBieHne K CTPOKE KAKOU-IUOO0 APYTOU CTPOKH,
YMHOXEHHOU HA HEKOTOPHIU MHOTOWIEH (), U, AHAJIOT U~
HO, mpubaBiIeHne K CTOJOIYy APYTOro cTouabIa, YMHOXEH-
HOT'O HA HEKOTOPBIM MHOT'OWIEH.

3° YMHOXeHUe CTPOKHU WK CTOJOIA HA HEKOTOPOEe u-
CJI0, OTIXYHOE OT HYJIA.

Ounpenmeaenue. Jse A-mampuuyvl HA3LIBAIOMCA
IKBUBAACHMHBIMU, €CAU 00HA MONCEM OBIMb NOAYUEHE U3
Opyeot nexomopotli NnocaedosamesbHoOCmbIo IAEMEHMAD-
HbIT NPEo6Pa306aHUT.

O6paTHOE K KaXIOMy DJIEMEHTApPHOMY Mpeobpa3oBa-
HUIO €CTh CHOBA, DJEMEHTAPHOE MPEe0oOpa3oBaHue. JTO Jer-
KO TPOBEPAETCA [ KAaXAOr0 U3 TPEX TUIOB DIEMEH-
TapubIx npeoOpasoBanmi. Tak, ecam A-marpuma B())
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norydaerca u3 A\-marpunst A(\) nepecTaHOBKOU CTPOK, TO
00paTHON IEPEeCTAHOBKOM CTPOK MbI MOXeM u3 B(\) moury-
quth A(A). Ecin B(\) moxy4aerca uz A(\) npubasieHnem
K k-1 cTpoke i-1, ymMHOXeHHOU HA ©(A), TO, o6paTHO, A(X)
MOXKHO Oy IuTh u3 B()\) npubasienuem K k-1 CTpOKe i-1,
YMHOXEHHOU Ha — ().

U3 cpenanHOro 3aMe9IaHus CIeAyeT, 9TO eCId A-MaTpPU-
na K () sksuBanenTtHa L(\), To u obpatuo, L(\) skBu-
BaenTHa K (\). B camom gmene, mycts w3 K(\) mpumene-
HUEM HEKOTOPOU MOCIEI0BATEILHOCTH DIEMEHTAPHBIX TIPe-
obpasosanun noxygaercs L(A). Torga, npumenss k L(\)
B 06paTHOM nopAKe 0OpaTHBIE TPe0Opa30BaHUA, MBI [IPU-
zem k K(X).

Ecan gse A-marpuust K;(A) u Ko()\) oxkBuBanTeHTHEI He-
koTopou marpune K (\), ToO OHE DKBUBATEHTHBI MEXTY CO-
oou. [lencTBATENBHO, €CIN CHAYMATA, TPOBECTU MOCIEI0BA-
TEILHOCTD DJIEMEHTAPHBIX IPe06pa30BAHUY, [IEPEeBOAAIINX
Ki(\) B K()\), a 3aTeMm sreMeHTapHbIE NPEOOpPA3OBAHMUA,
nepesogamue K (A) B Ko(\), To mer nmepesegem Ki(\) B
Ks(X), T.e. Ki(\) skBuBasenTHa Ko(A).

OcuoBHOUI pesyabTaT 1. 1 5TOro maparpadga coCTOUT B
JOKA3aTEILCTBE TEOPEMBL O TOM, ITO BCAKYIO A-MATDPHUILY
MOXHO DJIEMEHTADHBIMU NPEOOPA30BAHUAMYA TPUBECTH K
JIUATOHAIBLHOMY BUAY. [JOKA3aTEILCTBY 3TOrO MPEAIOXKe-
HVS TIPEAIONUIEM JEMMY:

Jlemma 1. Ecau saemenm ayy(A) 8 A-mampuye A(X)
HE PABEH MY U ecau He sce daemenmbul aik(\) mampu-
yvr A(X) deasmea wa mmozousen aii(N), mo moxecno no-
doopams sxsusasenmuyio A(N) A\-mampuyy B(X), das xo-
mopot saemenm b1y () makoce ne pasen Hyao u umeem
cmeneny boaee nu3kyio, uem aiq(A).

MDoxkasaTeuasbcTso. [Ipegnonoxum cHagama, 9T0
He peaamuica Ha a11 () snemenT matpunst A()\) HaxoguT-
ca B nepson crpoke. [lycTs, manpumep, ax(\) HEe nemmTcs
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Ha a11(A). Torga a1, (A) MoxHO npegcTaBUTH B BUIE
a1k(A) = a1 (A)@(A) + b(A),

rge ¢(A) —uactHoe, b(A) # 0-—ocraTok OT geleHHA
a1k (A) HAa a11 () 1, crenoBaTeaBHO, cTeneHb b(\) HuXe, 1eM
crenenb ai1(A). Berarem 3 k-ro cTonbua mepBBId, YMHO-
xeHHb HA @(A). [lonyumm maTpumy, rae BMecTo aix(A)
CTOUT Temepb MHOrowieH b(\), umeomun 6oree HU3KYIO
crernenb, 1eM a11(A). Ilepecrasisas Teneps k-u cromnber ¢
NepBBIM, MBI iepeseneM b(\) B JeBbIl BEDXHUU YTOL.

PaccmoTpum Teneps caydan, KOrga BCe DIEMEHTHI TIep-
BOU CTPOKH U TIEPBOTO CTOAONA AEAATCA HA a11(A), a HEKO-
TOPBIN DJIEMEHT k() He gemuTcs HA aq1(A). DTOT caydan
MBI CBEZIEM K MPEAbIAyIEMY CleaylomuMm o0pa3zoM: a;1(A)
nemarca Ha a11(A), T.e. mmeer Bum a;1(N\) = @(A)air(A).
Borarem w3 - CTPOKM NEPBYIO, YMHOXEHHYIO Ha ().
Torma a;1(\) 3amenuTCa Hy1eMm, daeMeHT a;k(\) 3aMeHUT-
ca aremenToM al(A) = air(A) — @(N)aig()), xKoTOpHII
no-npexueMy He geauTcsa Ha aip(N) (Tak Kak ajp(A) mo
npeanonoXeHuoo geautcsa Ha aip(A)). [IpubaBum Temepn
1-10 CTPOKY K mepBoi. Tak Kak Ha IEPBOM MECTe B i-U
CTPOKE Temepb CTOUT HYAb, TO a11(\) HE U3MEHWTCH, a
Ha k-M MecTe B NEpBOU CTPOKe Temepb OyAeT CTOATH
aik(A) + al . (A) = a1k(A) (1 — ©(N) + aik(A) m, CaIe 0B~
TENbHO, B IIEPBOM CTPOKE UMEETCA DIEMEHT, He NeJAIINNCA
Ha a11(A). MBI cBesm 5TOT ciydan K paCCMOTPEHHOMY BbI-
e ¥, CIeJ0BATEIBHO, JeMMa NOKA3AHA.

B nanbmeniem Mbl OyJeM MOAB30BATHCA TAKKE Cle-
AYIOIMAM 3aME€YaHueM: €CIn BCE JJIEMEHTBI )\-Ma.TpI/IIIBI
B()) mensrcsa Ha HekoTOpHIM MHOrowien F(\), To mo-
CJIe DIEMEHTAPHBIX mpeoOpasoBanui Han maTpumen B(\)
MBI CHOBAQ IOJYYIUM MaTpPULy, 3JCMEHTHI KOTOpOfI AEJIATCA
Ha E()).

[Mepenimem Teneps K MPUBEIEHUIO A-MATPUILI K AUACO-
HaJbHOMY BHULY.
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Mbr Mmoxem cauraTh, 9TO a11(\) # 0, Tak Kak, ecau B
MaTpule eCTh XOTh OOAWH 3JEMEHT, OTJII/I‘IHBII‘/)I OoT HYyJIA, TO
epecTaAaHOBKAMY CTPOK M CTOJOIOB €r0 MOXHO MEPEBECTH
Ha DTO MecTO. Ecim He BCe DIeMEHTH MATPUIIBL JEIATCA
Ha a11(A), TO MBI MOXeM CHOCOOOM, YKA3aHHOM B JEMMe,
3aMEHUTb MATPUILY SKBUBAJIEHTHOU, B KOTOPOU DJIEMEHT,
CTOAIIAY B IEBOM BEPXHEM YTy, IMeeT 60jee HU3KYIO CTe-
[eHb ¥ TO-TIPEeXHEMY OTJIMYeH OT HyJda. Ecau He Bce bie-
MEHTHI NeJIATCA HA HEero, TO MbI MOXEM ONATH IOHU3UTH
CTEeIeHb DTOr0 BIEMEHTa U T. 1. [Ipouecc 3aKOHIUTCA, KO-
raa Mbel ipugeM K marpune B(\), B KOTOPOU BCE DIEMEHTHI
pensites Ha bip(A).

Tak kax sremenTsI bio (), .. ., b1y (\) mepson crpokn me-
asarcesa 'a bi1(A), TO, BBIMMTaA M3 BTOPOrO, TPETHETO U T. [.
cT0J0IIa MEPBHIA, YMHOXEHHBIN Ha COOTBETCTBEHHO MO0~
OpaHHBIE MHOTOWIEHBI OT A\, MBI MOX€eM OOPATUTL B HYJb
2-u, 3-#, ..., N-U DIEMEHTHI MEPBOU CTPOKU. AHAJIOTUIHO
o0paTuUM B HyJb BCE DJIEMEHTHI, HAYMHAA CO BTOPOTO, B
nepsoM croabmne. Tak kak B marpune B(\) Bce sremen-
THL JeIWINCh HA bi1(\), TO B MOIy9YEHHOM MAaTpHUIE BCE
DIEMEHTBI Takke gerarcsa Ha bii(A). Pasgemum Bce sie-
MEHTHI IEPBOU CTPOKM HA CTAPIIUA KO3 PUIIUEHT MHOTO-
wieHa by1(\). Ha mepBoM MecTe mOTy9IMTCS MHOTOWIEH CO
crapumM K03GGUIIEHTOM 1, KOTOPHIM MBI 0003HATNM Te-
pes F1()), a HA OCTAIBHBIX MeCTaX OyAyT HO-IIPEXHEMY
HYJIN.

Mpl npunu, TaKuM 06pa3oM, K MATPHIE CIELYOUEro
BHUIA:

Ei(\) 0 0 . 0
0 022()\) 623(>\) e Czn()\)
0 032()\) 633(>\) e an()\) ) (3)

BCe DIEMEHTHI KOTOpon geasaTcsa Ha Fi(A).
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Mb1 MOXeM Tenepb moBTOPUTH ¢ MaTpunen (n — 1)-ro
nopagka ||c;x(N\)|| Te xe omepammm, 9TO ¢ MaTpUIEn N-rO
MOPALKA. 3AMETHM, ITO BCAKOE DIEMEHTAPHOE IPeodpa3o-
BaHUE MATPUILHI ||¢ikx|| €CTh B TO ke BpeMs IeMeHTapHOe
npeoOpasoBanme MATPHUIHL (3), TaK KAaK B IEPBOU CTPOKE
u croabIe Bce »IeMeHTH, KpoMe F1 (), paBHBI HyIO.

TakuMm o6pazomM, MBI 06pATHUM B HYJIb BCE JJIEMEHTHI
BTOPOU CTPOKH M BTOPOr'O CTOJONA, KPOME AMATOHATIb-
HOro. 1oy YeHHBIN [UATOHATIBHBIN DJIEMEHT (CTAPUIAU KO-
5dPUIUEHT KOTOPOro TAKKe CIATAECM DABHBIM €IMHUIE)
o6osnaaum Fs(\). Bee snementTs ¢ (A) gensres va Fy(N).
[TosToMy BCe manbHeUInE dIeMEHTAPHBIE IPE0OPA3OBAHMA
BCEr[a MPUBOAAT HAC K dAeMEeHTaM, gemsmumca Ha B ().
B ugacrrOocTH, Fo(A) gemurcs Ha Eq(N).

Mui nmpunmiu, TakuM 06pa3zoM, K MaTPHUIE, y KOTOPOU
B IEPBBIX IBYX CTPOKAX M CTOJOLAX BCE DJIEMEHTHI, KPO-
Me MUATrOHAJBbHBIX, PABHBI HYJIO, & IO AUATOHAJU CTOAT
Ei(A\) u E3(X), npuuem Es(X\) gemurcs ua E1(A). Met cmo-
XKeM MPOJOKATEL TOT IPOIECC Aalee, IOKa He MPUBEIEeM
BCIO MATPUIy K AUATOHAILHOMY BHUAY. MoxeT, KOHEYHO,
OKa3aTbCA, ITO MBI 3aKOHYUM IPOIECC PAHBIIE, MPUAAA K
MAaTPHIE, COCTOAIIECH CILIONUIbL U3 HyJEH.

NTak, mokasaHa ClIenymomas

Teopewma 1. Beakas A-mampuya mMmoxcem Obimb
IAEMEHMAPHBIMY NPEOOPAZ06ANUAMY NPUBEIEHa K 6UIY

E(\) 0 0 0
0 E(\) 0 0
0 ..... 0 ..... OEn(A)

ede mmozouaenvi Ei(N\), cmoswue no Jduazonasu, ume-
om cmapwue Koddduyuenmeor, pasubie eOUNHUYE, MHO20-
uaen Fo(X) deaumesn na E1(X), Es(\) deaumca na Eo(N),
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E4(N) na Es(X) u m. d. Imom 6ud nazvieaemcs Hopmasb-
ol JUG2OHAALHOU HOPMOT A-MaMPUYDL.

Konevno, HEKOTOpOE YUCIO MOCIEJHUX MHOTOUIEHOB
Ek()\) B MmaTpune (4) MOXeT 0Ka3aThCA PABHBIM HYIIIO:

Eri1(\) = Ers(A) = ... = 0.

Bameganwne. Mo npuserm marpuy A(N\) x HOD-
MaJIbHOMY IUATOHATLHOMY BUIY, B KOTOPDOM KaX IbIA IUa-
POHAJBHBIN DIEMEHT [eJIUTCA Ha npeaumecTByoumn. Ecin
mOCTAaBUTH cebe IeNbi0 NPUBEIEHUE MATPUIBLL K KAKOMY-
HUOYAb MUATOHAJBLHOMY BHIY, OTOpOCHB TpebOBaHUE [ie-
JUMOCTH, TO 3aJa49a PEmIaeTCA MPOIIE.

[lercTBATENBHO, IIA TOrO 9TOOBI OOPATUTH B HYJb
BCE DJIEMEHTHI MEPBOU CTPOKM ¥ TMEPBOr'O CTOJONA KPO-
Me a11(A), ZOCTATOYHO, ITOOBI DTU DIEMEHTHI (& HE BCE
DJIEMEHTHI MATpPUIbl) gerunuch Ha a11(A). Kak Bugao u3
NOKA3aTeIbCTBA JEMMBbI, IS TOTO YTOOBI DTOrO AOCTUI-
HYTb, TpeOyeTca ropa3go MeHbIIee YUCIO HIEMEHTAPHBIX
npeo6pa3oBaHuM, YeM IS IPUBEIEHUsA K HOPMAJIBLHOU JIra-
roraabHOU (popme. OGPATUB B HYJIb BCE DJIEMEHTHI IEPBON
CTPOKM ¥ HEPBOro CToabIa, KPOME AUATOHAIBLHOI'O, MBI
MOXEM MPOAEIATH TO XK€ CaMOe C OCTABIIEUCA MATPUIEN
(n —1)-ro nopaaka u T. 1., TOKa MaTpuna He OyIeT TpUBe-
JeHA K IAArOHATBHOMY BHUIYy. DTHUM IIyTEM MOXHO IIPUBE-
CTH MaTPUILy K Pa3IAIHBIM JUATOHATLHBIM (pOopMaMm, T.e.
oUaroHa’dbHas (popMa He OIpeereHa ONHO3HAYHO. B cie-
IYIOIIEM IIYHKTE DTOr0 maparpada Mbl IOKaXKeM, ITO HOp-
MAAbHGA TAATOHAIBHAA (POPMaA NAHHOU A-MATPHUILI OIIpe-
IeJAETCA yXKe OTHO3HATHO.

YunpaxuHenue. IIpusectu A-marpuiy

A=A 0
< 0 ,\—A2>’ AL # Ao,

K HOPMaJIbHOU JUATOHAJLHOU (popMe.
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Omeem.

<(1) (A — ,\1)0(A - ,\2)) '

2. B »TOM myHKTE MBI [OKAXeM, ITO HOPMAJILHAA
IUATOHAJILHAA (HOPMA TAHHOU MATPUIIEI OPENeIeHa, OTHO-
3HAYHO. /[ 5TOr0 MBI IOCTPOUM CUCTEMY MHOTOUICHOB,
CBA3AHHBIX C JAHHOU A-MATPHUIEH, KOTOPBIE HE MEHAIOTCA
MpH DIEMEHTAPHBIX MPeoGpa3OBAHUAX W KOTOPHIMHU, KAK
MBI YBUJUM, HOPMAJIbHAA AUATOHAIbHASA (POPMA A-MATPH-
IIBI BIIOJIHE OMPEIeIaeTcs.

[Mycrs mama mpoumssBoabHas A-marTpuna. Haubombuimn
O0UUI [JeIUTeab BCEX MUHODPOB k-0 MOPAAKA JAHHOU
A-maTpuust o603HaauM depe3 Dy (A). Tax kak HanbOIBIIAT
0obIIMY IeIUTeNb ONPENENEH ¢ TOIHOCTHIO [0 MTOCTOAHHOTO
MHOXUTENA, TO OyieM CIMUTATh, 9TO CTAPUMN KO3DPUIU-
eat y Di()\) pasen eguaune. B wactHOCTH, ecam oOmmin
HAMOOJBIIAY JAeIUTENb> MUHODOB Kk-TO HMOPAMKA PABEH IO-
cTOAHHOU, TO MbI nonaraeM Dg(A) = 1.

JlokaxeM, 9TO BJIeMEHTAPHBIE MTPEOOPA3OBAHUA HE Me-
HAIOT MHOMOWIEHOB Dpy(\), T.e. 9TO y SKBUBAJCHTHBLIX
A-MaTpui MEHOTOWIeHB Di () coBmagaor.

1 preMeHTapHLIX IpeoOpa3oBaHuy Buaa 1°, mepecra-
BIAOMINX CTPOKYW WIM CTOMOIBI, DTO OYEBUIHO, TAK KaK
TIpY HUX KAXABIA MAHOP k-0 TOpAAKa Ju6O BOBCE HE Me-
HAETCA, TUO0 MEHAET 3HAK, JUO0 3aMEHACTCA NPYTUM MU-
HOpOM k-TO TOpAAKA, UTO, KOHETHO, HE MEHAET OOIIEero
HAMOOJBIIErO AEIUTENI BCEX TAKUX MUHOPOB. AHAJIOTHI-
HO, He MeHAIT D () sremenTapubie TPe0OPa3OBAHUA BU-
ma 3°, Tak KaK Ipu 3TUX Ipeobpa3OBaHUAX MUHOPHI CAMOE
Ooublllee YMHOXAIOTCI HA MOCTOAHHOE. PaccMoTpmm Te-
ephb DJIeMeHTapHoe mpeobpa3oBaHue BUAa 2°, HAIpUMED,
npubaBUM K i-My ¢TOAOMy j-U, ymMmHOXeHHbI HA (). [Ipm
DTOM MUHOP k-rO TOPAAKA BOBCE HE WM3MEHUTCSH, €CIN OH
CONEPXKUT U 4-U U j-U CTOJAOIBI U0 €CAU OH HE COMEPKUT
HZ OJHOT'O U3 HUX.



248 KAHOHUYECKUA BUJ JUHEAHLIX NIPEOBPA3OBAHU [m. 111

B cayuae xe, ecim MUHOD COAEPXKUT (- CTOJOEI U HE
CONEPKUT j-rO CTOJOIA, TO €r0 MOXHO MPEICTABUTH KAaK
KOMOWHAIIAIO [BYX MUHOPOB, KOTOPHIE UMEINUCH Y UCXOIHOU
MaTpuibl. TakuMm o6pa3oM, HAaMGOALIINY OOIINY AeJUTEND
MUZHOPOB k-T'0 TIOPALKA U B 3TOM CIydIae He U3MEHUTCA.

Ecau Bce MuHOpHI IOpsAKA k, & CIeIOBATEILHO, U Gojee
BBICOKUX TOPAAKOB, MaTpuubl A(\) paBHBI HyIIO, TO MBI
6ynem caurarsh Di(A) = Dipy1(A) = ... = Dy(A) = 0. 3a-
METHUM, ITO U3 COBIAMEHUA Y BCEX SKBUBAJICHTHBIX MATPWUII
MHOrOwIeHOB Dy () cregyer, 9T0 SKBUBAJICHTHBIE MATDHU-
ObI MMEKOT OQWH M TOT XK€ PaHT.

Hangem muorownensr Dy (\) mas maTpunbl, npuBegeH-
HOU K HOPMAJIBHOU AUATOHAJBLHOU (POpMeE:

ExA) 0 ... 0
0 E(\) ... 0 5)
S R W

3aMeTuM, U9TO y AMArOHAJIBHOM MATPUILI OTIMIHEL OT Hy-
JIA TOJBKO [VIABHBIE MUHODHI, T. €. MEHODBL, B KOTOPBIE BXO-
JAT CTPOKM W CTOIOIBI C OJWHAKOBBIMM HOMEDAMHU. JTH
MEHODEL UMeIoT B B (A)E;, (N) ... Ej (X).

Tax kak Fs(\) mnemmrca ma Fi(\), E3(\) gemurcs
Ha F5(\) m T.x., TO HAMOGOABIME OOIIMU [ETATENH MU-
HOpoB mepsoro nopsagka Di(\) pasen FEj(M). Tak xkax
Bce MHOrowieHol Ej(A\) gemsarcs ma Eji()\), a Bce MHO-
rowrensl, kpome Ei(\), mensrca ma Fo()\), To mpousse-
merme F;(A\)Ej(N) (i < j) Bcerga nemmTcsas HA MHHOD
E1(A)E2(N). Takum ob6pasom, Da(A) = Ei(A)Ea(M). Tax
Kak, kpome TOro, Bce Ei(\), kpome Ei(N\) m Fa(N), me-
aarea Ha E3(X), To Ej(A)Ej(AN)ER(X) (i < j < k) mernrca
Ha MuHOp E1(A\)E2(N)E3(\) u, caegoBarensuo, D3(A\) =
= E1(A)E2 (M) E5(N).

TakuMm xe o6pa3oMm s MaTpunsr (4)

Di(N) = BV E2(N) ... Ex(\) (k=1,2,...,n). (6)
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O4eBu O, 9TO €cau, HAMUHAA C HEKOTOPOro 7, . 1(\) =
= Eri2(N) = ... = Ep(A) =0, To Dyy1(A) = Drga(A) =
=...=D,(\) =0.

OTciofa moxy9IaeTcs, 9TO IS A\-MATPUIIBI, MMEOIIeH
HOPMAJBHYIO AMAroHadbHyI0 ¢opmy (5), AmaroHaabHbBIE
saeMeHTHl Fji(\) Beraucasorces no ¢gopmyaam

Di(A)
Ey(\) = ——4=.
K= D0
IIpu srom, ectm D,11(A) = ... = Dp(A) = 0, To HAZO
nonoxuTh () =...=E,(A) =0.

Mnozousenvr  Ep(\) masvisaromes uH8apuaHMHbIMY
mHoxHcumensmu. B §20 MBI yxKe ompemenwaud mX g Ma-
Tpun Buga A — \E.

Teopewma 2. Hopmasvnas dJduazonasvnas Gopma
dannot A-mampuyvy A(N\) onpedeasemcsa no wetd odwo-

anauno. Ecau Dip(X) (K = 2,3,...,7) — nauboavwui
obwuti deaumenv munopos k-20 nopadra mampuyvy A(N),
a Dpy1(A) = ... = Dyp(X) =0, mo saemenmuvt HOpMmaabHOU
Juazonanvroti gopmvr (5) onpedeasromesn no Gopmyaam
Di(A)
Ep(\) = kN g0,
KN =50 )
a
E,i1(A) =E 92X =...=E,()\) =0.

MokaszaTeabcTso. Mb MoKa3anm, 9TO MPA DJIe-
MEHTAPHBIX Mpeobpa3oBanmAx MHOTOWIeHBI Di()\) HE Me-
uaorea. [losromy, ecam marpuna A()\) sDKkBUBaJeHTHA qUa-
roHAIbHON HOpMaabHOU MaTpune (5), To Di()\) y HEX CcO-
BrnagaioT. Tak kak aag MaTpunst (5) MBI MOTyIMInA, 9TO

Di(A) =Ei(N)...Ex(N) (k=1,2,...,r; r<n)

u 910 Dy y1(A) = Dpyo(A) =... = Dy(A) =0, To Teopema
JAOKA3aHa.
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CrneagcrBue. fas mozo umobvl dee A-mampuybl
A(N) u B(X) 6viau axeusasenmmubl, neobrodumo u docma-
mouno, umobvr das Huxr cosnadasu muozousenvt Di(N),
Ds(\), ., Du(N).

[eucrBurensro, ecaum muoroweHsl Di(A) y A(A) m
B()\) coBnagaioT, TO 5TM MATPHUIBI SKBABAJICHTHBL OJHOU
U TOH e HOPMAJILHOU UATOHAJILHOM A-MATPHIE U, CIET0-
BATEIbHO, DKBUBAJIEHTHBI MEX Iy COOOM.

3. Hasosem A\-marpumy P()\) o6paTumon, ecim maTpu-
na [P(\)]~! makxe ects A\-marpuma. Ecma Det P()\) pasen
HOCTOAHHOW, OTIAMYIHOU OT HyJs, TO P(\) obparuma. [leun-
CTBUTEIBHO, HIEMEHTH 0OPATHON MATPUIIEI PABHBI MUHO-
pam (n — 1)-ro mopszaka, gerenaeiM Ha Det P()), T.e. B
HAIEM CIydae OHW OyyT MHOTOYWIEHAMH OT A W, 3HATAT
[P(N)]™Y, 6yzeT A-mMaTpumei.

O6parno, eciu P(\) obpatuma, To Det P(\) = const #
# 0. B camom gmeme, mycts [P(\)]7! = Pi()\). To-
raa Det P(\) Det Pi(\) = 1, a mpoussegenue AByX MHO-
I'OYJ€EHOB MOXET 6I>ITI) TOX ICCTBECHHO pPaBHO €IWHULE
Juaoib B TOM Ciaytvae, €Cad MHOI'OYJIEHBI CYyTh OTIUI-
HBIE OT HYyJA NOCTOsAHHBIE. TakmMm 00pa3oM, MBI IIOKa3a-
W, 9TO A-MAMPUYG 06pamume moz2da u moabko moz2oa,
Koeda ee onpedeaumens €Cmb NOCMOAHHGH, OMAUUHGS
0OMm HYAA.

Bce o6paTrumbie MATPUIBI DKBUBAJIEHTHBI €IUHUYIHON
MaTpure. B camoM gerne, ompeneauTenb oOGpATUMOU Ma-
TPUIBI PABEH MOCTOAHHOU, OTIMIHOU OT HYJA, U 3HAUAT,
D,(\) = 1. Tak xak D,()\) memurca ma Dy(\), To u
Di(A\) =1 (k=1,2,...,n). llosTomy Bce mHBApUAHTHbIE
mHOXUTEeM Ej(A) 06paTUMON MATPUIBI PABHHL 1, 1 HOpP-
MaJbHad AMArOHATbHAA GHOpMa MJId HUX OyIeT COBIAIATH
C €IUHAIHOU MATPUIIEH.

Teopewma 3. Jas mozo umobvr A-mampuyvr A(N)
u B(X) 6viau axeusasenmub, mencdy cooot, neobrodumo
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u dOCMAMOUK0, YMOObL CYULECMBOBAAU 00PAMUMBLE \-MG-
mpuyvt P(A) u Q(A\) maxue, umo

A(A) = P(A)B(N)Q(A). (7)

HJoxkasareunsbcTso. [Jokaxem cHadama, 9TO ec-
azm marpunst A(A\) u B(\) 5KBUBaJEHTHBI, TO MOXHO IIO-
pobparb obparumele Marpunsr P(A) u Q(A) Tak, uro-
651 BEIIOAHAIOCH paseHcTBo (7). das sToro samernm, 9To
Kax0e dIeMeHTapHoe mpeobpasoBanme A-marpunsl A(\)
MOXKHO OCYIIECTBUTE, yMHOXasd A(M) cireBa wim cupasa Ha
HEKOTOPYI0 00PATUMYIO A\-MATPUILy — MATPHUILY STOCO DIe-
MEHTAPHOI'0 IPe0OpPa30BAHUA.

[TokaxeM 5TO /I BCEX TPeX TUIOB HIEMEHTAPHBIX [Ipe-
obpasosanuu. IlycTs gaHa A-maTpuia

a1(N) ai2(A) ... aip(N)
A = |92t an() . an(d)

an1(A) an2(A) -.. ann(A)

YT06bI HOMEHATH MECTAMU, HAIPUMED, IE€PBLIA U BTOPOU
cTONOUBI (COOTBETCTBEHHO CTPOKHU) DTOU MATPUIIHI, HATO
yMHOXUTH A()A) cmpaBa (COOTBETCTBEHHO CJIeBa) HA Ma-

TpHIy

010...0
100...0
001...0], (8)
000...1

IOJYIEeHHYIO U3 €IMHUTHON [IEPECTAHOBKON TEX XKe CTOJI0-
OB (mIm, 9TO BCE PABHO, CTPOK).

YT06B yMHOXUTE BTOPOU CTOAGEN (COOTBETCTBEHHO
cTpoky) matpunsl A(A) Ha YMCAO (, HYXHO yMHOXUTH
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A(\) cupaBa (COOTBETCTBEHHO CI€BA) HA MATPUILY

100...0
0a0...0
001...0][, (9)
000...1

MOMYIECHHYIO U3 eMUHATHON TAKXKe YMHOXKEHIEM HA, ( BTO-
poro croabma (uim, 9TO BCe PABHO, BTOPOU CTPOKH).

Haxkomen, 4To6b1 npubaBuTh K mepsoMy cToaomy A(N)
BTOPOW, YMHOXEHHBIN HA (), Ha10 yMHOXUTL A(\) crpa-
Ba HA MATPHILY

1 00...0

e(A\) 10 ...0
0 01...0/[, (10)
0 00...1

MOMY YEHHYIO ¢ MIOMOIIBIO TOU XK€ ONEPAIUU U3 eTUHUIHOW,
a 9TOOBI TPUOABATEL K IIEPBOU CTPOKE BTOPYIO, YMHOXEH-
HyI0 Ha (), HyXKHO yMHOXUTH A(\) caeBa Ha MaTpuiy

1 o(A) 0...0
01 0...0
0 0 1..0], (11)
0 0 0...1

KOTOpasd TaKKe MOIYIAeTCA U3 eUHUTHON ¢ MOMOIIBIO CO-
OTBETCTBYIONIET'O 3JeMEHTAPHOI'O0 IPeoOpPa30BaHUA.

Mer BugumM, TakuM 06pa3oM, ITO MATPHULBL 3JEeMEHTAPHBIX Ipe-
06pa30BAHUN — PTO MATPHUIEI, MOIYIEHHBIE OJHAM DIEMEHTAPHBIM
npeobpaszoBanueM u3 E, mpudyeM, 94T00BI MPOU3BECTHU DIEMEHTAPHOE
npeobpasoBanme Hag croabmavu, A(\) HAZO yMHOXKATH HA MATPULY
npeoOpa3oBaHUA CIPaBa, a ITOOH peo6pa3oBaTh cTpoku, A(A) HaT0
YMHOXATh HAa COOTBETCTBYIOIIYIO MAaTPHUIY CIEBA.
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MoxHO cOCINTATH ONPENETUTENb KX O W3 TIPUBEIEH-
ueix MaTpun (8)—(11) u, Takum 06pa3zoM, TPOBEPUTH, ITO
OH paBeH OTJIWYHOUM OT HYJA IOCTOAHHOH; CIeJ0BATEILHO,
BCE DTU MaTPUILI 00paTUMBI. Tak Kak OMpeIelIuTens Mpo-
U3BENeHNA MATPUI] PABEH MPOU3BEIECHUIO ONPEIeIUTENeN,
TO U TMPOU3BENEHNE MATPUI] DIEMEHTAPHBIX IPeobpa3oBa-
HUU eCTh 0O6paTUMas MATPUIIA.

Tak xak Mbl npegnoaoxunu, 9to A(A) m B()\) sksu-
BaleHTHBI, TO A(A) MOXHO NOIYYATH, NPUMEHAA K
B()\) HEKOTODPYIO LENOYUKY BJIeMEHTAPHBIX HIpeoOpa3oBa-
uun. Kaxmoe smemenTapaoe npeobpa3oBaHue MOXHO OCY-
WEeCTBATHL, yMHOXaA B(\) Ha 06paTuMyto A\-MaTpuIy; cie-
JoBaTeabHO, Bech nepexon ot B(A) k A(\) moxHO momy-
quTh, yMHOXaA B()\) mocaegqoBaTensHO Ha HEKOTOPYIO CO-
BOKYTIHOCTH OOPATUMBIX A\-MATPUI] CJIEBA W AHAJIOTUIHO HA
HEKOTOPYIO COBOKYITHOCTH CIIPaBa. Tak Kak MpOu3BeIeHne
00paTUMBIX MATPHUI] TAKXKE €CTh 00paTuMasd MaTPUIA, TO
nepBasg 9acTh TEOPEMBI TEM CAMBIM JOKA3AHA.

OTtcrooga caeyer, 9T0 BCAKaA 0OpaTAMas MATPHUIA €CTh
[pOUW3BEeHNe MATPHUI] DIEMEHTAPHBIX MPeOOpa3OBAHUM.
[encTBuTensHo, Besakas obpatumas mMarpuna (Q(\) skBu-
BAJEHTHA EIVWHWYHOU MATPUIE U IO3TOMY MOXET OBITH
[pPEeACTABICHA B BUIE

Q) = PL(AN)EPR(N),

rge Pi(\) u Py(\) —mpousBegeHus MATPHUI] DIEMEHTApP-
HBIX npeobpasoBanun. Ho 5To 3Ha4mT, 9TO M cama Q(A) =
= P;(\)P3(\) ecTs npousBegeHre MaTPUILL HIEMEHTAPHBIX
peobpa3soBaHUN.

OTUM 3aMeYaHUEeM MOXHO BOCIOIBb30BATHCA /IS JHOKA-
3aTeJbCTBA BTOPOU MOJOBUHBI TEOPEMBI. [|elCTBUTENBLHO,
IyCThb AAHO, UTO

A(X) = P(AN)BANQ(N),

rae P(A) m Q()\) obparumbr. Ho, cormacHO TOIBKO €TO
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CIETAHHOMY 3aMedYaHuIo, yMHOXeHue caeBa Ha P(A) u
cupaBa Ha ((\) DKBHBATEHTHO HEKOTOPOU COBOKYIIHO-
CTH DIEMEHTAPHBIX MPEe0OPA30BAHUY, TIPOU3BEIEHHBIX HA
B()). Takum o6pasom, A(\) skBuBamenTHa B()), 9T0 n
TpebOBAIOCH MOKA3ATh.

4. *) B sTom myHKTE MBI Oy/IEM 3aHUMATHCA A-MATPH-
mamvu Buga A — AFE, rge A— nocroannas marpuna. OcHOB-
HOU BOIMPOC, KOTOPBIN Oy €T PEIeH, 3T0 BOIPOC 00 DKBUBA-
JEHTHOCTYU A-MaTpul nepsou crenean A—\FE u B—\E **).

Jlerko BugeTs, uTo ecam marpunbl A mw B momoGHbI,
T.€. CYIIECTBYET TaKasd HEBBIPOXKICHHAA MOCTOAHHAS Ma-
rpuna C, uro B = C7'AC, To \-matpunst A—\E u B—\E
SKBUBAJEHTHHI. [[€ACTBUTEILHO, €CaN

B=C"4C,

TO

B—-\E=C"'(A-)\E)C.

Tak Kak TOCTOAHHASA HEBBIPOXKICHHAS MATPUIA €CThb
YACTHBIN CIy9a@ OOpPaTUMOU A-MATPUILI, TO, MO TEO-
peme 3, M3 DTOrO PABEHCTBA CJAEAYET DKBUBAJEHTHOCTH
A—AFEuB - )\E.

Mgz1 mokaxeM mo3Hee U O6GpATHOE, UTO U3 DKBUBAJCHT-
moctu A-MaTpuni A—AF u B—\E caegyer mogo0ue MaTpHIl
A m B. OTcioga MBI TIOTYy<IUM, B YaCTHOCTH, HOBOE MOKa-
3aTEILCTBO TOT'O, ITO BCAKAA MATPHUIA MOAO00HA MATPHIIE,
AMEIOIIEN HOPMAJIHHYIO XOPJAAHOBY (POPMY.

*) DTOT mMyHKT MOXHO TPOMYCTUTH, TAK KAK OH COAEPKUT ADY-
roe, HezaBucuMoe OT §§19 m 20 gOKa3aTEILCTBO TOrO, YTO BCAKYIO
MaTPHUIy MOXHO MPUBECTU K XKXOPJAHOBOU (popMme.

**) IlpowmssombHas A-marpuua mepson cremenm Ao + AA1, y ko-
topou Det A; # 0, sKkBUBAIEHTHA HEKOTOPOU MaTpune suga A — \E.
[encTBureasHo, B >ToM caydae Ag + AA; = —Al(—Afle — AE)
u, 0603HAYAA —Afle gepes A, mmeem Ag + AA1 = —A1(4A — AE),
OTKyJa IO TeopeMe 3 ClefyeT SKBUBAJICHTHOCTH Marpun A — A\F u
Ao + M\A;.
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Joka3aTeabCTBY MPEAIONLIEM JEMMY:
Jlemma 2. Ilpou3soavhuyio A-mampuyy

PA) =P X" +P X" +...+P,

MONCHO pasdeaums caesa na mampuyy euda A — NE (2de
A — 410604 NOCMOAMHAA MAMPUUA), M. €. MOHCHO HATMU
maxue mampuyvt S(A) u R (R nocmosanna), umo,

P(\) = (A — AE)S(\) + R.

[Ipomecc meneHus, ¢ MOMOIILI0 KOTOPOT'O MTOKA3LIBAET-
CA JIEMMa, OTINIAETCA OT OOLIHOrO AeJeHNA MHOT'OWIEHOB
TOJBLKO T€M, 9TO P YMHOXEHWN HEIb3sA U3MEHATH IOPS-
IOK COMHOXWTEJEH.

ITycts

PA) =P \"+P X" ...+ Py,

rae Py — mOCTOSHHBIE MATPUIIHL.
Jlerko BugeTh, 9TO A-MaTpUIA

P(\) + (A — AE)PyA™!

OymeT MMeTh CTeleHb He BbIme 1 — 1.
Ecan

P\ + (A= AE)P A" L =PI PN 24+ P,
TO aHAJOI'MYITHO MHOI'OY1JICH
P\) + (A= ABE)P)N" 1 + (A = AE)PjA™ 2

€CTb MHOTOWIEH CTeIeHN He BhImie n — 2. [Ipoxomxas sToT
MIPOIIECC, MBI IIPUAEM K MHOTOWICHY

P\) 4 (A= AE)(PoA" L + P2 4.

CTENeH’ He BBIIIEe HYJIeBOU, T. €. He 3aBucamemMy oT A. O60-
3HAYMUB MOJYYEHHYIO MOCTOAHHYIO MATpuIly epe3 R, Mbl
TTOJTY UM

P(\) = (A= AE)[-PoA" ' —PiA"" 2 — . .]+R.
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Ecnu Teneps 0603HAYMTE MHOTOWIEH B KBAJPATHBIX CKOO-
kax 1epe3 S(\), To mbI Oygem mMeTh

P(\) = (A - AE)S()) + R,

T. €. JeMMa JTOKa3aHa.
AHanorudHO MOKA3BIBAETCA BO3MOXHOCTH IEJCHUA
cmpaBa, T.e. cymecTBoBaHume MaTpurn Si(A) u R Takux,
9TO
P(A) =S51(N)(A—AE) + R;.
3amMeTuM KCTaTH, 9TO 3/]eCh, Kak U B O0brdyHOU Teopeme Besy,
MOXHO yTBEpXAaTh, ITO

R=R, = P(A).

Teopewma 4. fasn moz2o umobvt A-mampuyvt A—AE
u B — AE 6blau 9K6UBaAEHMMbL, HEOOLOOUMO U DOCTNGMOU-
o, umobvr mampuyvt A u B 6biau nodobmwl.

HJoxkaszaTeabcTBso. [locrarounocTs ObLIa TOKa-
3aHa B HadYajge dTOr0 MyHKTa. [lokaxeM HEOOXOAUMOCTD.
Hawm mHa 1o mokas3aTh, 9T0 ecan A-MaTpulbl A—AE u B—AE
DKBUBAJIEHTHHI, TO MaTpuibl A u B momoburl. Ilo Teope-
Me 3 CymecTBYIOT Takue obparumbie A-mMaTpunbl P(A\) u

Q(A), aro
B —)ME =P\)(A—-XE)Q()N). (12)
[Mokaxem cHawama, aro B pasenctse (12) P(A\) m Q(X)
MOXHO 3aMEHUTDH IIOCTOAHHBIMEA MATDUIIAMU.
C srou uensio pazgeaum P(\) ma B—\E caesa, Q(\) —
cpaBa. MBI OIyauM paBeHCTBA,
P(A) = (B = AE)Pi(A) + D,
Q(A) = Q1(A)(B — AE) + Qo,
rae Py u Qo — IOCTOAHHBIE MATPHUIHL.
[Moacrasum B dopmyay (12) Boipaxenume gua P(A\) u
npousBeneM yMHOXeHue. Mbl 1oy aum:

B—M\E = (B=AE)P/(\)(A=AE)Q(\) + Py(A— AE)Q(N).

(13)
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Bo BTOpoe caaraemoe TMOACTABAM BBIPAXKEHUE /A
Q()\), mpousBemeM yMHOXEHWE U TEPEHECEM CJAATAEMOe
Py(A — AE)Q B 1eBy10 9acThb paBeHCTBA. MBI MOIyIUM:

B —AE — Py(A— AE)Qo = K()), (14)
rae

K(\) = (B - XE)PI(N)(A—-AE)Q(N) +

+ Py(A - AE)Q(N)(B — AE). (15)
U3 pasencrsa (13) cregyer, uro Py = P(\) — (B —
AE)P;()\). 3Bamenus stuMm BelpaxenueMm Py BoO BTOpoM cr1a-
raeMoM, MOLYIUM:

K(A\)=(B—-AE)PL(N)(A—-AE)Q(N\) +

+ PN (A= MAE)Q1(N)(B — \E) —

— (B~ AE)PL (A~ AB)QL(N)(B — AB). (16)

Ho u3 pasencrsa (12) Mbl uMeem

(A= AE)Q(\) = PTH(N)(B — AE),

P(A)(A—=XE) = (B - \E)Q ().
HOJH)ByHC]) ITUMU PABCHCTBaAMM, Mbl MOXEM BBECTU MHO-
XuTteinb B — A\E B KOHEIl IePBOr0 M HAYAJIO BTOPOr'O CAATA-

eMoro B Buipaxenuu i K (), mocie 9ero mory<auM OKOH-
JaTeJbHO

K = (B-AB)PIVP ' () + Q' (Vi) -
— P{O)(A = AE)Qi(\)](B — AB).

Mokaxem Teneps, ato K(\) = 0. Beipaxenwe B kBagpar-
HBIX CKOOKaX, B cury o6parumoctu P(A) u Q()), ecTb MHO-
rO<wIeH OTHOCUTEIHHO A. [lokaxem, ITO OH PaBEH HYJIO.
[Ipeamnosoxum, 9TO dTOT MHOTOWIEH OTJAWYEH OT HYJA U
umeet crenenb m. Herpyauo ybenurbea Torga, ato K ()
uMeeT cTeneHb M + 2 u Tak Kak m > (), ABIAETCA MHOTO-
“WIEHOM He HuXke BTOpou cremenu. Ho w3 pasencrsa (14)
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crepyer, aro K()\) me Bemme nepsou crenenu. Crenosa-
TEIBHO, BHIPAXKEHWE B KBAJAPATHBIX CKOOKAX, a 3HAYHAT, U
K(\) =0.

Mz momyumay TakuM 06pa3oM, ITO
B — \E = Py(A — AE)Qy, (17)

rge Py m Qo — DOCTOAHHBIE MATDHILI, T.€. B DABEHCTBE
(12) moxuO MaTpunst P(A), Q(\) 3aMEHATH TOCTOSHHBIMY
MATPHUIAMI.

CpaBHuBasg KO>(PPUIMEHTHI [IPU IEPBOM CTEIEHH A\ B
obenx wacTax paseHcTsBa (17), Mbl noxydaem

PyQo = E,

OTKY[Ia CIefyeT HEBBIPOXK IEHHOCTH KaxX o u3 MaTpul; Py
u (Qp ¥ PABEHCTBO

Py=Qpt.

CpaBHeHnure CBOOOMHBIX WIEHOB AAET

B = PyAQy = Q, ' AQq,

T.e. B u A nogo6usr. Teopema mokasaHa.

Tak Kak ycaoBreM SKBUBAIEHTHOCTH A — AE u B — \E
CIYXUT COBIAJEHNE WX WHBAPUAHTHHIX MHOXUTEIEH, TO
73 MOKA3AHHOU TEOPEMBI CAEAYET, ITO, das mMo20 umobbl
mampuuybt A u B 6blau nodobuvl, neobrodumo u docma-
mouro, umobvl unsapuarnmmubie muoxcumenu y A — AE u
B — AE cosnadaau mesxncdy coboii. Ilokaxem Temepb, ITO
scaxas mampuya A nodobra mampuuye, umerowets rcopda-
HOBY HOPMAALHYIO FopMmY.

[lns sToro paccmorpum marpuily A — AF u Haugem ee
MHBAPUAHTHBIE MHOXUTEAU. [[0 5TUM MHBAPUAHTHBIM MHO-
KUTENAM IIOCTPOUM, KaK ObLIO yKa3aHo B § 21, maTpuny B,
UMEIOIIYI0 K0P AaHOBY HOpMaibHYIO hopmy. Torga B —\E
MMEeT Te Xe WHBAPUAHTHBIE MHOXUTeau, 910 u A — AF,
u, 3Ha4UT, B mogobua A.
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Kak 6bu0 ykazano Ha cTp. 254 (CHOCKA), M3I0XKEHHOE
B 1. 4 sBuasgerca apyrum, 3amensiomum §§ 19 u 20, mokaza-
TEIBCTBOM TOT'0, 9TO BCAKAA MATPUIA MOAOOHA MATPHIE,
IMEIOIIEN XOPAaHOBY HOpMaabHYIo (popmy. C apyrou cTo-
POHBI, KOHEYHO, COAepXKaHue 1.4 MOXeT ObITH HermoCpe-
CTBEHHO BBIBEIEHO u3 cogepxkanusa §§ 19 mim 20 u 21.



'TABA IV
IIOHATHUE O TEH30PAX

§ 23. ConpsxeHHoe (JBOMCTBEHHOE) MPOCTPAHCTBO

1. OnpegeneHue COMpsXEHHOr0 mpocTpaHcTBa. llycTs
R — nunennoe npocrpancTso. OgHoBpemenHo ¢ R gacTo
paccMaTpuUBAIOT APYroe, TECHO CBI3aHHOE C HUM IIPOC-
TPAHCTBO, TAK HA3BIBAEMOE CONPAXKEHHOE MPOCTPAHCTBO.
s Toro 4Tobbl CHOPMYIUPOBATEH OMIPEIEJeHUE COMIPs-
XKEHHOT'O MPOCTPAHCTBA, BEPHEMCA K MOHATHUIO JUHEHHOU
¢yHKINT, BBeIeHHOMY HAMHA B . 1 §4.

Jlunennon ¢GyHkumen wMbl HazBaau GyHKIUo f(x),
T € R yIoBIeTBOPAOUIYIO yCIOBUAM:

1° flz+y) = f(z)+ f(y),

2 F(\e) = M(a).

[lycts ey,eo,...,e, —06a3uC B Nn-MEPHOM TPOCTPAHCT-
Be R. Ecim

z=~¢e + e+ ...+ &%,

—BekTop u3 R, To aunenHas ¢pyuknusa B R mMoxer ObITH
3anucana B Buge (cM. §4)

fl@)=f'er+ e +...+ ) =
= alfl + a2£2 + ... —i—anf”,

rae KOdPOUIMEHTHL (1, A2, - - . , Gy, ONPEIEHAIONIAE JTUHEN-
HYI0 PYHKIUIO, BEIMUCIAIOTCA 0 HOPMYIaM

ar = f(e1), az = f(e2), ..., an = f(en). (2)

(1)
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Kak sto acuo w3 dopmyasr (1), npu zadannom 6asu-
CE E1,€9,...,En BCAKUM N YUCAAM Q1,02 - . . , Gp OMBEEUGEM,
AURETHAA GYHRKUYUA, NPUMOM MOALKO 00HA.

[Iycts f u g— auHenHble GyHKINKM. VX CyMMON HA3LI-
BaeTCA (PyHKIUA h, CTABANIAA B COOTBETCTBUE KAXKIOMY
BekTOpy x uuciao f(z)+ g(z). lIpoussenenuem IuHENHON
byHKIMY [ Ha YUCIO (v HA3BIBACTCA (DYHKIUA, CTABAIIAA B
COOTBETCTBUE KAaXKAOMY BEKTODPY & IuCIO o f ().

O4eBUaHO, YTO CyMMa JUHEHHLIX (PYHKIWNA ¥ [IPOU3BE-
IeHne JAHEeNHOU (PYHKIIMU HA, IUCIO €CTh CHOBA JUHEHHASL
dyukuua. [lpu srom, ecniu nunennas Gyukuus f 3amaer-

CA TUCIHAMUA G, A2, - - - 5 Op, & § — ducaaMu by, b, ..., by, TO
f + g samaerca uucaamu aq + by, ag + ba, ..., ay + by, a
af —aucaamu a1, aao, . .., Qly.

Takum 06paszoM, MHOXECTBO 3aJaHHBIX B R JIMHENHBIX
dbyHKUME 06pa3yeT JUHENHOE IPOCTPAHCTEO.

Onpemeanenune 1. Ilycmv R ecmov n-meproe npo-
ecmpancmso. IIpocmpancmeom R, conpaxcennvim v R, movt
HG308EM AUHETHOE NPOCTNPAHCMBO, BEKMOPAMU KOMOPO20
Asas0Mes aunetinbie Pynryuu, 3adannvie 6 R. Cymma 6
R’ onpedeasemca kak cymma aunetinoiz Pymryutl, a npo-
uzeedenue eexmopa u3 R wna wucao — xax npoussedenue
AUHETHOT PYHKYUY HA YUCAO.

Tak xak mpum 3amgaHHOM 6asuce e1,€s,...,€, B IPOCT-
parcTBe R kaxmas auHernHas PyHKIUA OTHO3HAMHO 3a/a-
€TCA CUCTEMOU 7 TUCET A1, a2, . .. , Ay, IPAIEM CyMMe (PYH-
KUY OTBEYAET CYMMa, “IMCEN, IPOU3BEIEHNIO (DYHKIUA Ha,
« TIpoM3BeieRne Iuces a; Ha o, TO ACcHO, 1To R’ m3omopd-
HO MPOCTPAHCTBY, B KOTOPOM BEKTOD OIPENETeH KaK CO-
BOKYIIHOCTBH 7 TUCEJI.

3uaquT, npocmpancmso R', conpaxcenmnoe % n-mepro-
My npocmpancmey R, maxace n-mepro.

Ecmu npocrparcTtea R u R paccMaTpuBaioT OZHOBpeE-
MEHHO, TO BEKTOPHI w3 R HA3BIBAIOTCA KOHMPABAPUAHM-
HblMU, & BeKTOpPH 3 R’ xosapuanmuvimu. B narsmeimem
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CUMBOJHBL Z,Y,... OyIyT O3HAYATH DIeMeHTHI w3 R, T.e.
KOHTPABAPUAHTHBIE BEKTOPHI, & f,(,... — DIEMEHTHI U3
R, T.e. KOBApHAHTHEBIE BEKTOPHI.

2. Buoproronanrbusie (B3amMHbIe) Gasucel. B nanbuen-
meM Mbl OyjieM 3HaYeHUe JUHENHOU PyHKIuY f B TOYKE &
o6oszuaanTs wepes (f,r). Takum 06pa3om, Kaxmou mape
f € R' u z € R orneceno uucio (f,z), npuaem

1° (faflfl —|—(II2) = (f,xl) + (faq;?)a

2° (f, Az) = A(f, %),

3 (\f,2) = A(f. ),

4° (f1+ fa,z) = (f1,2) + (f2, 2).

[IepBoe u BTOpOE U3 3TUX COOTHOUIEHUY — DTO 3AMUACAH-
Hble B HOBBIX OOO3HAYEHUAX PABEHCTBA

flx1+m2) = f(z1) + f(z2) m f(Az) = Af(2),

ABJIAIONINECS ONPENeNeHUeM JUHENHOW (YHKIWU, a Tpe-
The U YeTBEPTOE — ONPENENCHUs IPOU3BECHUS JUHEHHON
(byHKIMM HA 9UCIO W CyMMBI JuHEUMHBIX GyHKIu. CooT-
HomreHua 1°—4° HAIIOMMHAIOT 110 BHEITHEMY BUIY AKCHOMBI
2° u 3° ckamsproro npomssegerus (§2). Hago aums nmog-
YePKHYTb, YTO B TO BPeMs, KaK CKAJIAPHOE IPOU3BEICHUE
€CTh IUCI0, OTHECEHHOE Tape BEKTOPOB OJHOTO K TOTO XK€
(eBKIMOBA) IPOCTPAHCTBA, (f, ) €CTH IUCIO, OTHECEHHOE
mape BEKTOPOB, OJUH U3 KOTOPBIX IPUHAIERKUT apHUHHO-
My TpOCTpaHcTBY R, a apyrou — adpduHHOMY IPOCTPAHC-
By R’

Bekrope 2 € Ru f € R' Mbl Ha30BEM 0PMO20HAALHDI-
MU, €CIu

(f,z) =0.

Takum obpasom, xoTs B adduaHOM TpOoCcTpaHcTBe R
(B OTIMYME OT €BKIMAOBA) HET MOHATHUA OPTOTOHAILHOCTH
IBYX BEKTOPOB &,y € R, MOXHO roBOPUTH 00 OPTOTOHAIB-
HOCTH BeKTOpoB 13 R k BekTopam u3 R'.
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Onpemeanenue 2. Ilycmv e1,eo,...,e, — ba3uc
6 R, a fYf2%...,f" —6a3uc 6 R'. Mo nazosem smu
6a3ucvl 6uOPMO2OHAALHLIMY (B3AUMHBIMU), ECAU

; 1 ompm =k,
(f’e’“)_{o mpu i £k

Beegem cuMBOIT 6}, TIONOXUB

. 1 =k,
5;:{ e G,k =1,2,...,n).

G,k=1,2...,n). (3)

0 mpm i#k
Torga
(f' ex) = 6.
Ecmm ey, e, ..., e, —6azuc B R, To (f, ex) aBuaorca am-

claMu aj, ONpeleldoluMy JuHennyo ¢ysknuo [ € R/
[cM. dopmyay (2)], Tak kak (f,er) ecTb gpyras ¢opma 3a-
nucu Bepaxenus f(eg).

W3 sTOro 3aMevanus CAeAyeT yTBEPXKICHUe:

ecau e1,€9,...,en — NPouU38oAbHblt 6a3uc 8 R, mo 8
R' cywecmeyem, u npumom moavko odum, 6azuc f',
2, .., f" makot, umo 6asucw ey, e, ....e, u fLf2 ...

. [ buopmozonaavhbl (83aUMHDL).
[encTBUTEILHO, U3 paBeHCTBA (3) mMeeM

(flael)zla (fl’eQ):()’ R (fl’en):()_
Taxum o6pa3om, 31ech 3amaHb Yncaa a; = 1, ag =0, ...,
an = 0. Tak Kak MO BCAKUM HYMCIAM (; MOXHO IOCTPOUTH
eMHCTBEHHYIO JUHEHHYI0 (hyHKImIO, TO f1 ompegeneHo, u
IPU DTOM OJHO3HAMHO. AHAIOTMYHO OHpeAerseTcsa f2 pa-
BEHCTBAMU

2 2 2
(fvel)zov (f7€2):17 IERE (faen):()
u 1.1 Ilocrpoennsie Bexropsr f1, f2,...,f" w3 R' (mm-
HeVHbIE (DYHKIIUN ) JUHEMHO HE3ABUCUMBI, TAK KAK OTBETA-
OIIUE KAXKIOMY U3 HUX CUCTEMBI GUCET (], (42, - - - 5 Gy JH-
HEWHO HE3aBUCUMBI MEX Y cO00U. MBI MOCTPOWIN, TAKUM
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o0pasom, 6asuc, OMOPTOTOHAILHLIU OA3UCY €1, €9, . ..,€Ey U
MOKA3AIU €0 eIUHCTBEHHOCTb.

B mambmenmmem Mb1 GymeM MOMB30BATHCA NMPUHATHIMUA B
TE€H30PHOM WCYUCICHUM OOO3HAYEHUAMU, a UMEHHO, €CJIU
B HEKOTOPOM BBIPAXKEHWM OJWH W TOT K€ WHIEKC CTOUT
OJIVH pa3 BBEPXY, a OPYrOU pa3 BHU3Y, TO TO O3HAYTAET,
YTO [0 5TOMY UHAEKCY IPOM3BOAUTCA cyMMupoBanue (ot 1
no n). CaM 3HAK CyMMUPOBAHUA » , MBI IIPA DTOM OyaeM
OIIYCKATE.

Hampumep, £'n; osmasgaer E'ny + €20y + ... + ™.

Nmes 8 R u R’ 6uoproronanbabie 6Ga3uchbl, JErKO BbI-
9UCIAATH KOOPAWHATHL 1I060r0 BekTopa. llycTs e; u fk—
GmopToroHantsuEe Gasucer. Haiigem koopauaaTs: £ BekTO-
pa x € R B 6asuce e;. MbI umeem

z = Ele;.
Orcroga
(f*,2) = (ff,€e;) = € (f*, ) = €167 = €~

CregoBarensro, koopdunamue £F eexmopa = 6 6asuce
€1,€2, ... ,Cpy BHIUUCARIOMCEA NO HOPMYAAM

¢ = (¥, @),

ede f¥ — 6asuc, s3aummnori ¢ 6azucom e;.
AmagoruvHo nonygaeM, 9To Koopduramul 1; eexmopa f
6 6asuce f* svuucasromesa no gopmysam

ni = (f,ei)-

Hycts e1,€z,...,e, u f1f2,..., f"— IBa B3aMMHBIX
(6uopToronanbHbx) 6asuca. Beipasum Bemuauny (f, z) we-
pe3 KOOPAWHATH BEKTOPOB [ U x B 6a3mMCax ej,es, ..., ey,
u f1, f2,..., f" coorsercreenno. Ilycrs

r=¢Eei+&e+.. AL, u f=mf it A



§23] COTPSKEHHOE (/IBOICTBEHHOE) IPOCTPAHCTBO 265
TOr /3

(fs2) = (mf +mef>+. . A f", er+&et.. . +E7e,) =
= (f% er)mit® = Simiek = niel.

1 f2
Urax, ecau ey, es,...,e, —6a3uc 6 R, f*, f=, ..., f" —
s3aummnblli ¢ Hum 6asuc 6 R, mo
_ 1 2 n
2de £1.€2,... " — koopdunamvr eexmopa © € R 6 6a3u-
CE €1,€2,...y€n, G N,N2, -, n — KOOPIUHAMBL BEKMOPG
f € R' 6 6azuce f',f%, ..., f".
1 f2
dameuanue Ecmep,eo,...;epufr,fo ..., f"—

OpOoU3BOAbHEIE 6a3uckl B R m R’ cooTBeTCTBEHHO, TO
i, ¢k
(f7 :E) = akmf )

i (i
rae aj = (f',ex).
Mpb1 BuguM, 9TO BO B3aUMHBIX Gazucax 3Hadenwe (f,z)
3AIMCBIBACTCA OCOGEHHO TIPOCTO.

WTak, MBI TOCTPOWINA COOTBETCTBUE, OTHOCAIIEE KX JOMY JTUHEH-
HOMY IPOCTPAHCTBY R npyroe mpocTpaHCTBO, a MMEHHO COMPAXKEH-
HOE TTpocTpancTBO R'. MBI MOXeM Temepsb yCTaHOBUTH COOTBETCTBUE
MEX Iy TUHEUHBLIMEA TPeo0pa30BAHUAMYI TPOCTPAHCTB.

IIycte Ri, R2 — nBa MuHEHHBIX mpocTpancTBa u R, R, — mpocr-
PAHCTBA, UM CONpAXKeHHbIE. KaX10My JIUHEMHOMY TPeoOpPa3sOBAHUIO
A nmpoctpancTsa R; B R2 MBI IOCTaBMM B COOTBETCTBUE JHHEHTHOE
npeo6pasosanue A’ mpocrparcrsa R5 B R}, KOTOpOe ompenernM cie-
AyIOmUM 06pa3oM.

Iycts fo € R, ©1 € Ry. Paccmorpum (f2, Az1); npu dukcupo-
BAHHOM f2 3TO JUHENHAA GYHKIUA OT L1, T.€. MOXKET OBITH 3AIUCAHA
B Buge (f2, Az1) = (f1,71), rae fi € R}. onoxwum 1o ompegeseHmo
fi = A'f>. loxy1aemoe mpeobpasosarue A HA3BIBAETCA CONPAINCEH-
noim K A. Tak, ectu A — IuHenmHOE TPeo6pa3oBaHUe MPOCTPAHCTBA
Ry B R, TO conpsaxeHHOE €My TpeoOpa30BaHue €CTh IUHEXHOE TIpe-
obpasosarue A’ mpocrparcra R) B R, 3amaBaeMoe TOXIeCTBOM

(A fa, 1) = (f2, Am1).

YcTaHOBUM OJHO Ba)XHOE CBOUCTBO ONEPALMA IIEPEXOAA K COLDS-
XKEHHOMY mpeobpaszoBanmioo. IlycTs A — quHENHOE HpeoOpa3oBaHUE
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npocrpaucTsa R1 B Rz, B — nuHeuHoe mpeo6pa3oBaHUe MPOCTPAHC-
t8a R B R3. O6o3nauum 4depes BA xoMmoszunuio >Tux mpeodpaso-
BaHUN, T.e€. IMHEHMHOE IpeobpasoBaHue mpocTpancTBa Ri B R3 (mo
onpegencanio BAx = B(Ax) naa mo6oro x € Ry).
IToxaxem, 1T0
(BA) = A'B'.
B camowm gmene, coriacHo ompeereHuo nMeeM:

((BA) f,x) = (f,BAz) nnamo6mx xz € Ri u f€ RS.
C apyrou croporrr, (A'B'f,z) = (B'f, Az) = (f, BAz). Comocra-

BIAA DTU paBeHCTBa, Mel BuguMm, aTo (BA)' = A'B’.
Ynpaxuenne. JokazaTb, 9TO IUHENHOE HTpeoOPa3OBaHUE,
conpmxennoe k A', ects A.

3. Baaumosamensemocts R u R'. B npeasigymem us-
noxernn R m R’ wrpam pazmmaryo poab. MbI moKaxeM,
YTO OHU COBEPIIEHHO PABHOMPABHEI, T.€. ITO BCE TEOpe-
MBI OCTAHYTCA CIPABEIJIUBLIMU, €CIU MBI MTOMeHseM R u
R’ ponamu.

Mu1 onpegemmma R kax COBOKyIMHOCTDH TUHEMHBIX (DyH-
kit B R. UYToOBI yCTaHOBATH paBHOMpaBHOCTH R u R/,
JTOKaXeM, 9TO BCAKasA auHerHas Gyakmus o(f) B R moxer
6bITh 3amucana B Bujge (f,zp), rae xp— GUKCUPOBAHHLIN
BekTOp u3 R.

HycTte eq,ea,...,e, —HEKOTOPHH Oasuc B R um f1,
f2,..., f"—B3ammuwi ¢ EuM 6asuc B R'. Jlunensas dyH-
kuus ¢(f) moxer GbITH 3anKMCaHA B BUJIE

o(f) = alm +a2772 + ...+ a" ",

Tae 11,72, - .., — KOOPAUHATEL BeKTOpa [ B Gasmce f1,
f2,..., f". PaccMOTpEM BeKTOp %), MMEIOIUI B Oa3mce
el,e,...,e, KoopamHaTh a',a’,...,a". Torga, Kak MbI

BUIEIN B II. 2,
(f,m0) =a'm +a’m+...+a"n,

u, cIefoBaTeNbHO,

o(f) = (f,20)- (5)
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Idra (GOpMyJaa YCTAHABIUBAET B3AUMHO OJHO3HAYHOE
COOTBETCTBUE MEXIY JUHEUHBIMU (PYHKIUAMU (O, 3aTaH-
veiMz B R, u BekTOpamu xo € R.

MsbI MOXeM TO3TOMY BO BCEM HU3JIOXKEHUM CIATATH R
IpPOCTPAHCTBOM JUHENHBIX (pyHKImMA Hany R, 3amaBad oTm
auHenHble (GyHKIEU Gopmyaon (5). DTUM yCTAHOBIEHO
nomHOe paBHOmpasue Mexay R u R,

3aMeTHM, 9TO MPU OJHOBPEMEHHOM WM3yIeHHU IPOCTPAHCTBA W
COTIPAKEHHOT0 MIPOCTPAHCTBA MBI YIIOTPEOIAEM JUIIb OOLITHEBIE IS
BEKTOPOB OIIE€PAIUN CIOKEHUA U YMHOXKEHUA HA IUCIO B KAXKJIOM IIPO-
cTpaHcTBe u omepanmio (f, ), CBA3BIBAIOLIYIO DIEMEHTH 060MX IPO-
cTpasCcTB. MOXHO MOPTOMY AaTh APYTO€ OMPEAEIEHNE Maphl COMPA-
KEHHLIX IPOCTpaHcTB R m R', mpu KOTOPOM WX DaBHOIpABHE He-
MOCPEACTBEHHO BUAHO. DTO ONPEIEICHUE COCTOUT B CAEAYIOMIEM: MBI
paccMaTpuBaeM IIapy N-MepHBIX mpocTpancTB R m R m xaxmon ma-
pe BexTopoB = € R, f € R' orrocum «wmcrno (f, z), Tpebys npu aTowm,
9TOOBI BBIMOJHAIACH yCI0BAA 1°—4° mMpeapIgymero nyHKTa U yCIOBHAE

5° U3 (f,z) =0 dan ar6020 x caedyem f =0 v us (f,z) =0 das
arbozo f caedyem x = 0.

KopoTko rosops, mapa compsaxeHHEIX TpocTpancTs R u R — aro
mapa N-MEePHBIX MPOCTPAHCTE C BBEEHHOU JOTOJHUTEILHO ONEPAIen
(f, ), yAOBIETBOPSIOWIEN NEPEIUCICHHBIM yCIOBAAM.

damMedaHnue. B 2 Mbl 10KA3aIH, ITO A KaXKI0-
ro 6asmca B R CymecTByeT W IPUTOM €IWHCTBEHHBIN B3a-
uMHBEZ ¢ HUM Gasuc B R'. U3 pasmompasma mexay R u
R’ crepyer, aTo mua Beakoro Gasmca B R cymecTByer m
MPATOM €IVWHCTBEHHLIN B3AUMHBIN ¢ HUM 6asuc B R.

4. Tpeo6paszosanma koopauHaTr B R u R'. Ecin Mb
paccMaTpUBaeM KOOPAWHATHI BEKTOPOB T € R B HEKO-
TOpoM 6asuce e1,€2,...,€,, TO KOOPAUHATH BEKTODPOB
f € R v GyneM, Kak mpaBuiIo, pacCMaTpPUBAThL B HGasmce
Y f2, ..., f™, B3amMHOM K 6a3ucy e, es, ..., e,. llepeigem
B R ot 6asuca ey, ey, ..., e, K HOBOMY 0asucy €, eh, ... el
7 IyCTh

el =cley (6)

— (OpPMyYJIBEI 3TOTO IEepexona.
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O6o3naqas wepes f1, f2,..., f* 6a3uc, B3auMHbIH ¢ Ga-
3UCOM €1, €y, ..., ey, a depe3 f'1, 2, ..., f'™ —Gasuc, B3a-
WMHEI ¢ Gasucom €}, eh, ... el maitnem maTpumy ||b¥|| me-

pexona or 6asuca f* k Gasucy f’Z
Hangem cmagama o6paTHy10 et MmaTpumy ||uf|| mepexoma
n

oT fll fIZ fln K fl f2
ff= ué“f”. (6)

,HJIH 9TOr'0 BBIYIUCIAUM [OBYM:A cmocobaMu BBIDAXEHUE

(f*, e):

(f*,e)) = (f* cfea) = (¥ ea) = f,
(F*,e)) = (uff" ) = uf.
Orciona mveem cf = uf, r.e. marpuma |[uf|| ssrserca

TPAaHCIOHMPOBaHHOU *) K Marpuie nepexoga (6). Caexo-
BATEILHO, MAMPUUA NEPELOIa

=0 (7)

om fLf% .. " k L2000 ' paswa  mampuye,
MPARCNONUPOBANHOT K mampuye, 06pamuoti mampuye
k|| nepezoda om e1,es,... e, % €], ey, ... .

BolscHuM Tenepb, Kak NpeobpasyoTcsa KOOpIUHATHI
BekTOopoB B R u B R'. TlycTs fi—Koop,qHHaTH BEKTOPA
z € R B Gasuce eq,e,...,e, 1 &'* — ero KOOpAUHATE B
HOBOM Gazmce €}, e, ..., eh.

Toraa
(f,x) = (f', €leg + e+ ...+ E"%,) =&

(f’i,x) — (flz fll ! +512 ! +§ln l) §lz

*) Mg roBopmm, 9T0 MaTpuua ||uf|| aBiserca TparcmoHEpOBaH-
HOM X MaTpumue mepexoma (6), Tak kax cymvmuponarme B (6') mpoms-
BOJUTCA 110 APYTOMY HHIEKCY.




§23] COTPSKEHHOE (/IBOICTBEHHOE) IPOCTPAHCTBO 269

IToaromy
1i i i ok ik i ok
§ :(f ax):(kf 7$):bk(f ,ZE): k§ .
Urak,
1 __ 1t ¢k
£ = 0L, (8)
T. € KOOPJAUHATHE BEKTOPOB B R mpeo6pa3yioTcsa 1Mo TeMm
xe (GopMmyTaM, ITO ¥ BEKTOPHI B3amMHOro Oasuca B R'.
AHanorunvHO, KOOpAMHATEI BEKTOPOB B R’ npeobpasyroTcs

mo TeMm xe (HopMyJaaM, 9TO W BEKTOPHI B3AUMHOI0 0a3mca,
B R, T.e.
nf = ¢ (9)
Mb1 MOXeM TakuM 06pa3oM, C(HOPMYIUPOBATH CIETYIO-
Iee MPaBWIO: NPu Neperode om cmapoti cucmembt Koopou-
Ham K H080T 00BHeKMbl, UMEWUE HUNCHUT UHJeKC, npe-
obpasyomea mampuyet ||cF||, o6vexmu, umerowue 6ep-
nuti underc, npeobpasyiomes mampuyeii ||bY||, o6pamuori
dlk

K ||c;

Tor daxT, a0 MaTpuma ||bf|| aBaserca o6paTHO# K Ma-

k

Tpute ||¢/||, BEIpax)aeTca COOTHONICHMAMY

bl =05, bl =6l

5. IIpocTpancTBO, compsaxeHHoe K eBKauaoBy. Orpa-
HUYIUMCA OJIA IIPOCTOTHI €EBKJANJOBBIM IIPDOCTPAHCTBOM HaA I
II10JIEM rlIeI‘/)IC'I"BI/I"l’eJH)HI:vIX quceJI.

Jlemwma. Iycmv R ecmb n-mepnoe esraudoso npo-
cmpanemso. Tozda xancdyro aunetnyio Pynryulo 6 Hem
MOACHO 3aNUCAMb 8 sude

f(z) = (z,y),
2de y — Purcuposannvili 6exmop, 00no3nauno onpedease-
muiti aunetinoti pynxyued f. Obpammuo, xKaxcdvid sexmop y
onpedeasem aunetnyio Gynrxyuo f(x) = (z,y).
MokaszaTeanbcTsBo. Bubepem B R HEKOTOPBHIT
OPTOTOHANBHLIN HOPMUPOBAHHBIN 0a3UC  €1,€92,...,€n.
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Jlunennas ¢yuxuus f(z) B sToM Gasuce MOXeT OBITH 3a-
nrCaHa B BUIE

f(@) = a1 + a8 + ... + ant™

BBemeMm BeKTOp Yy C KOODAUHATAMUI G, G2, . .. ,0y. 1aK
Kak 6a3uc ey, ey, ..., e, — OPTOTOHAILHLIN, TO

(z,y) = a1§1 + a2§2 + ...+ a "

Mbr mokasamm, TakuMm 0Opa3OM, CYIIECTBOBAHWE TAKOr'O
BEKTOpPA Y, ITO A1g 1000r0 & UMEeeT MECTO PABEHCTBO

f(z) = (2,y).
[lokaxeM Temepb, 9TO TAKOU BEKTOP OMPENeIIeTCA O
HOo3Ha4HO. [lycTh

fl@)=(z,y1) n flz)=(z,12).
Toraa
(wvyl) = (wva)a

(z,91 —y2) =0
o aoboro xz. CmemoBatenbho, y; — yo = 0. OmgHO3HAY-
HOCTBb JOKa3aHa.

Takum 06pa3oM, B CIydIae eBKINI0BA IPOCTPAHCTBA MBI
MOXEM KaXIbll daeMeHT [ m3 R’ 3aMeHuTb COOTBETCTBY-
IOIUM S1eMeHTOM y u3 R u mpu sTrom Bmecto (f,z) mu-
catb (y,xz). Tax xax npu 00HOBPEMENHOM UBYUEHUU NPOC-
MPARCMEA U CONPANCEHHO20 NPOCMPAHCINEA MbL Ynompe-
basem Auwb 00bIUKbIE 048 6EKMOPOB ONEPAYUU U ONEPA-
yuwio (f,x), ceasvisarowyro saemenmur f € R vz € R, mo
MbL MOHCEM 8 CAYUGE EBKAUAOBE NPOCMPAHCNBA 3AMEHUMD
fnay, R ma R u (f,z) na (y, ), T.e. 0TOXACCTBUTH €B-
KJIMTOBO IPOCTPAHCTBO C CONMPAXKEHHBIM K HEMY ITPOCTPAaH-
ctBoM R’ *). DT0 BEIpaXalT MHOTA U TAaK: B €BKIUJOBOM

*) Ecmr R — addurnoe n-MepHOE TPOCTPaHCTBO, To R’ Taxxe
N-MepHO u, cregoBaTersHo, R u R m3omopdusl. Ho ecm 651 MBI 0TO-
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OPOCTPAHCTBE MOXHO 3aMCHHUTH KOBAPUAHTHBIC BEKTOPBI
KOHTPaBapUAHTHBIMMU.

[Ipu TakoM OTOX JECTBICHUN IPOCTPAHCTBA R u comps-
XKEHHOT'0 K HEMYy IPOCTpaHcTBa R’ mOHATHE OpTOrOHAIL-
HOCTHU BEKTOPOB = € R u f € R', BBegeHHoe B myHKTE 2,
mepexoauT B OOBIMHOE [JId €BKAWA0BA IPOCTPAHCTBA IO-
HATUE OPTOTOHAIHHOCTH ABYX BEKTOpPOB m3 R.

[ycTsb e, ey, ..., e, — IPOU3BOIbHLIA 6asuc B R, a f!,
f2,..., f"—BsauMEBEIA ¢ HuM (6MOPTOTOHAMLHBIN) Ga3wC
B R'. Tak Kak B ClIyvae eBKIMAOBA MpOCTpaHCTBA R m R’
OTOX OECTBJICHBI, TO MBI MOXEM CINTATHh BEKTOPDBI 6HOpTO—
POHAJIBHOTO K e; Gasuca f k pakxe BexrTopamu u3 R.

BriacauM, kak HaM HAUTH B DTOM CJIydae Mo Oa3ucy
e1,ea,... e, 6asuc fL, f2,..., f". Bopasum cuagama e; e-
pes fk:

ei = ginf".
Ham myxHO HauTu Ko>pPUIUEHTH g;t. aa >Toro yMmHo-
KUM CKAJIAPHO 06e 9acTu PABEHCTBA HA €'

(eirea) = gir(f¥, eq).

Tak Kak, B CHIy B3aUMHOCTH (6GHOPTOrOHAILHOCTH) Ga-
sucoB f* u e,,

(fka ea) = 637
TO
(€ir€a) = gikOh = Gia-
Urak, eciu Gasuc f* Guoproronanen x 6asmucy e;, TO
e; = girf", (10)

rjge MaTPULA ¢;; BBIMUCIACTCA IO (popMmye

gik = (€, ex).

waectsum R u R’ mam mpumrocs 681 BMecTo (f, o) muacaTs (y, T), e
y,x € R, T.e. MBI TeM CaMBIM BBeau OB B R CKaIApHOE TPOU3BEICHIE.
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Orciona, paspemms coorromernue (10) oTHOCHTETBHO
f', mmeem:

fz' _ gikek, (11)
rae g“C — MaTpuma, oopaTHasi K ¢k, T.e€.
9" gak = 0},
Yupaxuaeunue. [lokasars, 9T0

g* = (f", ).

§ 24. Tensopst

1. Momumuennse pyakmumu. B mepsou riaBe MBI H3y-
YUY TUHEAHbIE W OWINHENHBIe (PYHKIMYA B N-MEPHOM ad-
¢duHHOM TpocTpaHcTBe. VX ecTecTBEHHBIM O000O6IeHreM
ABIAIOTCA MOJMUINHENHBIE (DYHKIWY, 3ABUCAIINE OT TPOU3-
BOJBHOI'O €mcaa BeKTOPOB. Ilpu sTom mMbl Oymem paccma-
TpuBaTh QYHKIAY, 3aBUCSIINE KAaK OT BEKTOPOB u3 R, Tak
u OT BeKTOpoB u3 R’

Onpemeanenue 1. Iloauaunetinot gynryuet

l($7y7“‘;f7g7"')7

3asucawet, om p 6exkmopos ,y,... € R u q eexmopos
f+9,... € R (R'— npocrpanctso, conpsaxennoe K R), na-
3v18aEMCA PYNKYUA, AUHETHAA OTMHOCUMEADHO KAHCI020
U3 APRYMENMO8, K0204 0CMAALHBIE AP2YMEHNBL PUKCUPO-
BaAMDL.

Hampumep, eciu 3apUKCEPOBAHBI BCE BEKTOPHI, KPOME
HepBOro, TO

W' + 2"y, 5 f9,...) =
:l(w,’y"";f’g"")+l(w”’y"";f’g?"')?
LAz, y,...5f,9,--.) = Mz, y,.. .5 f,9,...)
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Ananormaso

Wz,y,...; " + " g,...) =
:l(w’y"";flﬂg"")+l(x’y"";f”’g"")’
Wz,y,-.snfrg,...) = pl(z,y, .5 frg,..0).

To X)e camoe ¥ [ APYTUX apr'yMeHTOB.

[MomumuuenHy0 GYHKIUIO, 3aBUCAILYI0O OT P BEKTOPOB
u3 R (KOHTpaBapMAHTHBIX BEKTOPOB) U ¢ BEKTOPOB u3 R’
(KOBAPMAHTHBIX BEKTOPOB) MBI Oy/eM HA3BIBATH N0AUAU-
netinot Pynryuets muna (p,q). PaccMorpuM HEKOTOpBIE
MOMWIVHENHBIE (DYHKITUH.

[Ipocrenmme moamInHenHBIE GYHKIUEA — DTO (DYHKIUK
tuna (1,0) u Tuna (0, 1).

HMomumeennas pyakuma tuma (1,0) —>T0 auHEnHAA
(YHKIMA OT OJHOTO BEKTOPA B MPOCTPAHCTBE R, T.e. Bek-
TOp mpocTpancTBa R’ (KOBapMAHTHBEIN BEKTOD).

Amanoruvso, kak 3T0 GbUIO MOKA3aHO B II. 3 TMPENBIIY-
wero naparpada, nommmaernHas Gyaknusa tana (0, 1) 3a-
naeT BeKTOp u3 R (KOHTpaBapuaHTHBIN BEKTOD).

[MommmuHerHBIE (DYHKIY, 3ABUCAIIAE OT ABYX BEKTOPOB
(6unuuenHbe HYHKIUN), OBIBAIOT TPEX THUIOB:

«) GYHKIUY, 3aBUCAIIAE OT ABYX BEKTODPOB W3 IPOCT-
paucTBa R, —5T0 BBemeHHBIE B §4 OUIMHENHbIE (DYHKIUN
B mpocTpaHcTBe R;

B) dyHKIuMM, 3aBUCALME OT ABYX BEKTOPOB B IIPOCT-
panctee R',— 5T0 6Gmimuennbe pynkuun B R';

v) dyHKUME, 3aBUCAIIEE OT OAHOIO BeKTOpa u3 R u o1-
HOro BekTOpa m3 R'.

DyHKIUKM TPETHETO THUIA TECHO CBA3AHBI C JUHEHHBLIMY
npeobpazoBanusamu. [lencTBUTENBHO, TYCTh

y = Az

— quHenHoe npeobpaszosanue B R. [locTponM GuinHenHy 0
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dyHKIHAIO

(f, Az),

JWHETHO 3aBHACAILYI0 OT BeKTOpoB £ € Ru f € R'.

Mgz1 MOxeM, TaKUM 06pPA30M, KAX IOMY JUHEHHOMY TIpe-
obpazoBanmio B R OJHO3HAYMHO CONOCTABATH OUIMHEHHYIO
GyHKIHUIO THUIA 7.

Kak u B §11 rmaser II, Mmoxuo noxasars u o6parTHOE, T.e. 4TO
KaxX 01 OUImHeNnHON (GyHKIWK THUMA Y OTBEYAET IUHENHOEe IPeobpa-
3oBanue B R.

2. BuipaxeHus [jia NOJIWIMHENHON QYHKIMM B JaHHOM
cucTeme KoopauHat. Ilepexos 0T 0HOM CHCTEMBI KOOPAH-
HAT K APYroM. BBIACHMM, KAK BHIPAXKACTCA TOMMIAHETHAA
(YHKIMA Yepe3 KOOPAMHATHI T€X BEKTOPOB, OT KOTOPBIX
oHa 3aBucuT. [[ag TOro 9TOOL HE MUCATH CIAIIKOM [IIH-
HBEIX (DOPMYJI, IPOBENEM PACCMOTPEHUE HA CIyTae MONUIA-
nernou Gyuknum [(x,y; f), 3aBUCAIEN OT ABYX BEKTOPOB
u3 R u ogroro Bektopa w3 R’ [pyskuus tuna (2,1)].

Buibepem B R HEKOTOPbIN 6a3uc €1, €s, ... ,e,, a B R —
BauMHBIA ¢ HUM Gasuc f1, f2,..., f". Ilycte

z==E%e, y=ne;, f=Cf"
Toraa
Uz, ys f) = L€ e ej; Ge f*) = EP Gl (es, €53 fF).

Nrax: mpu 3agaHabx B R 1 coorseTcTenno B R’ 6azu-
cax er,eg,...,e, m f1, f2 ..., f" nomuiuHeiHas GyHKIMAL
I(x,y; f) sanmmceiBaeTCa B BUIE

Wz, s f) = al;&'n G,

rae &', COOTBETCTBEHHO 7)), COOTBETCTBEHHO (}, — KOOPIU-
HATHI BEKTOPA %, COOTBETCTBEHHO Y, COOTBETCTBEHHO f.

Yucra afj, onpegenstomme Gyaknuio [(xz,y; f), 3amanorcs
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dopmymon
k. _ . sk
a’ij - l(ei,eja f )
7 3aBUCAT, TaKUM 00pa3oM, oT BuiGopa 6asucoB B R u R'.

Ananoruvnas gopmysia umMeeM MECTO A MOJATUHEN-
HOU yHKIUU OOIIETO BUIA:

Wz, y,...5f,9,...) = a;-";.'.'.'finj...)\rus..., (1)

rAe MCIa @;;", ONpeAeIAromye MOJUIUHENHY O (PYHKITUIO,

BBIMUCAAIOTCA 10 (hOpMYyIaM
zrjt's......:l(eiaeja"-;frafsa"')' (2)

BriacauM Temeph, KaK U3MEHSETCA CHUCTEMa HHCel,
OTIpeNeNAIomAa MOJWINHENHY0 (POPMY, TPU U3MeHEHUN Oa-
3uca.

a

[Iycts B R 3aman 6asuc ej,e,...,e, u B R — B3anm-
HBI ¢ HuM Gasuc f1, f2,..., f. IlepeiigeM kK HOBOMY Oa-
aucy €, eh,...,el, 8 R m BamvmOoMy ¢ muM Gasmcy f'!,

12 !/ !/
..., f™ms R.
[Iycre mepexon or Gasuca eq,€,...,e, K O6asucy €,
€, ..., el 3anaerca hopMmyramMu
r_ B
€o = Ca€B- (3)
Torga mepexox ot Gasmca f1,f2%,...,f" x Gasmcy [,
f2,..., f'" 3agaerca dopmyramu
! (6]
7 =bafe, (4)
rge ||b§|| — MATDWIA, TPAHCHOHMPOBAHHAA K MATPHIE,

o6parHoi k ||c3).

®opmyna (3) moOKas3bIBAET, UTO THUCIA & npu pukcu-
POBAHHOM (v ABIAKOTCA KOOPAMHATAMHA BEKTOpa €., B ba-
3UCE €1,€9,...,6n. AHATOTUYIHO YUCIA bﬁ npu PUKCUpPO-

BAHHOM 3 ABIAIOTCA KOOpAMHATAME BekTOpa [P B Gasmce

TR i
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Haitnem cucremy waumcen al

ij., ONPEEeNAIONUX Ha-

Ly NONWIMHENHYI (yHKOuio B Gasucax e, e, ....el, u
'Y f2, .0, f'™. Msr 3Haem, aTo

Irs.. Ir /s

ag = 1ef €y f1 0.

[MosToMy, 49TOOBI HaUTHU az-j.'.'.', MBI JOMXHBI B (OpMY-

ay (1) Bmecro &, 17, ...; A\, lbs, . .. TOACTABATH KOOPAUHA-
THI BEKTOPOB €, €s,...; f', f'% ..., T.e. wmcna cff cf, e
r S
b7,bZ, ... MseI mory1aeM TakuM o6pas3oM:
rs... __ T 1.8 U'T
a;j. = bgby - agp
Uraxk, cucmema wucen aZ] 0npe0mmowux NOAUAUHET-
nyto pynkyuro l(z,y,...; f,g,...) 60 63aumuviz 6azucaz
e1,e2,...,en u fr 2, ., f", npu nepexode K nosvLM 63a-
ummvin 6asucam €y e, ... et u 12 f'™ npeobpa-
ayemes no Gopmyaan
ms... _ a B s oT...

Qgj... = CCj--. b(rb'r SRR (5)
ede ||cl|| — mampuya, onpedeasowan npeobpazosanue 6a-
3UCA €1,€2,...,€En, ||b]|| — Mampuya, onpelesrowas
npeo6pa306anue e3aummnoz0 ¢ wum 6asuca fr,f%, ..., f".

ITO MOXHO BEIPA3UTH cne,qylomen bpason: na nuRcHue
URDEKCL CUuCeMbl wucea a;: - deticmeyem Mampuya ||cj||

HG 6epTHUE un&embz—wzampuua ||bf|| (cp. §23, .4, roe
PaCCMOTPEHBI (POPMYJBI IS IPEOOPA3OBAHUA KOODAUHAT
KOBAPWAHTHOT'O ¥ KOHTPABAPUAHTHOI'O BEKTOPOB).

3. Onpegenenue Teuzopa. OGBEKTHI, ¢ KOTOPBIMUA MBI
BCTPEYANUCH HA TPOTANKEHUU DTOU KHUTH (BEKTODHI, JU-
HerHbIe (QYHKINY, JAHEAHBIE MPEOOPa3OBAHUA, OUIMHEN-
Hble (DYHKIWU W T.[1.), ONPENENAINCH B KaxaoM 0Oasmce
CBOEH cucTeMou [ucen. Hampumep, BEKTOP OIPEmepaacs
B KaXI0M 0a3uce CUCTEMOU 7, IUCEJ — CBOUMU KOOP JUHA-
Tamu. Jlunennas GYHKIUA ONPeneiseTcsa B Kax aoM 0as3u-
Cce TaKXe CUCTEeMOU 7, YUCeN — CBOUMU KOdPPUIUEHTAMMY.
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JlurenHnoe nMpeobpa3oBaHue OMPENeIIeT A B KaX 10M 6a3u-
ce cucTeMOM N’ <mcenr— MATPHIEH JUHEHHOTO mpeobpa-
30BaHUA. buanHenHas GyHKIUA ONPENeIIeTCs B Kaxk IOM
fasmce CHCTEMON N’ <HMCea — MATPUIEH DTOH OMIMHEHHOMN
dbopwmer. [Ipu mepexoge 0T 0gHOU cUCTEMBI KOOpAUHAT (6a-
31Uca) K OPYTOUM CHCTEMA [UCENT, ONPEeAe/AIONas TaHHbLIN
06bexT, mpeobpa3yeTcsa onpeaeleHHbBIM 00pa3oM, IPUTIEM
3aKOH TPeO0GPA3OBAHNS PABIUICH JIA PABIUIHBIX 00BEK-
ToB. Hampumep, kak BeKTOp m3 R, Tak u auHenHas QpyH-
Kiua B R 3a1ai0TCa cucTeMoun n 9ucen, O THAKO TIPH mepe-
XoJe K Apyromy 6a3mucy OHU IIPeoOPa3yITCA MO-PA3HOMY.
[A MOMHON XapPaKTEPUCTUKU BCTPEYAIOMIENCA BEIUINHBI
MBI OOJXHBI 3a0aTh HE TOJNbBKO 3HAIECHUA COOTBETCTBYIO-
X 9UCET B KAKOU-IMOO CUCTEeME KOOPAUHAT, HO U 3aKOH
npeobpa3OBaAHMUA COOTBETCTBYIOMEN COBOKYITHOCTHU YUCEN
[pu mepexojie K APYyrou CUCTEeMe KOODAUHAT.

B nyukTax 1 m 2 sToro naparpada Mbl BBEIU TOHATHUE
MOMMINHENHON (DYHKITUU, KOTOPAA OMPEIENACTCA B KaXK [OM
maEHOM Gasmce cucremon nF wmcen (2), mpeo6pasyomux-
¢ mpu mepexofe K Apyromy 6asucy mo dopmyaam (5). B
CBA3YU C HAUM BBOJAUTCA CIEAYIOIIEe OMpeIeJeHre, NT'PAoIIee
BAaXHYIO POJb BO MHOTHMX pasfenax (GU3MKu, TeOMETPUA U
anrebpHI.

Onpenenenue 2. Ecau xaxncdoti cucmeme Koop-
ounam 6 n-Mmeprom aPPuUHHOM NPOCPAHCMEE OMHECEHT
cucmema nPT9 yucen a;? (MUCIO HUKHUX WHJEKCOB 060-
3HAYEHO H€PEe3 P, BEPXHUX — TEPE3 (), NPUUEM NPU Nepe-
zode om 00nOU cucmembl KOOPAIUKAM K IPY20T MU YUCAQ
npeobpasyomes no Gopmyae

af = e W af (6)
ede ||cZ]|| — mampuya, 3adarwas nepexod om 00noz20 ba-
suca 6 R x dpyeomy, a ||bl|| —mampuya, mpancnonupo-

sannas x mampuye, obpammnoti % ||cl||, mo mwr 2060pun,
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uMO HaM 3000H MEH30P. IMOM MEH3OP HA3LIBAEMCA D
PA3 KOBAPUGHMHBIM U ¢ PA3 KOHMPABAPUAHMMHBIM. Tucao
p+q nasvieaemcs parneom (8asenmmuocmuio) mendopa. Ca-
MU YUCAQ Q757" HASLIBAIOMCA KOMNOHERMAMU MEHIOPA.

Tak Kak CHCTeMa TUCE, OTIPeAEIAIONAX TOJUIAHETHY IO
(YHKIHTIO OT p BEKTOPOB m3 R 1 ¢ BekTOpoB u3 R’ mpm us-
MeHeHUHU Oasuca mpeobpasyercs Kak pas mo dpopmyae (6),
TO KaxX JOU TAKOU IOJMINHENHON (DYHKIINHU OJHO3HATHO CO-
OTBETCTBYeT TEH30D paHra p + ¢, p pa3 KOBAPUAHTHBIN
7 ¢ pa3 KoHTpaBapuaHTHLIU. OGpPATHO, KaXIOMY TEH30-
PY OHO3HAYHO OTBEYAET MOJIMINHENHAA PYyHKIUA. B nams-
HEWIIIeM CBOUCTBA TEH30POB U OMEPAIUU HAJ HUMU MBI Oy-
€M U3Yy4YaTh Ha «MOIEJN» TOJUIMHENHBIX (PYHKIUN, XOTH,
KOHEYHO, TMOJWINHENHBIE PYHKIUN ABIAIOTCA JUIIb OIHON
73 BO3MOXHBIX PEaau3aiuil TEH30POB.

[IpuBegem HEKOTOpPHIE TPUMEPHI TEH30POB.

1. Cxaxnsap. Ecim kaxgon cucreme KOOPpAUHAT OT-
HECEHO OAHO W TO Xe (PUKCUPOBAHHOE UUCIO G, TO €ro
(pOpMATBHO MOXKHO TAKXKE CIATATH TEH30POM, & MMEHHO —
TEH30POM HYJEBOr0O paHra. TeH30p HyJeBOrO PAHTa HA3BI-
BAETCA CKAJIAPOM.

2. KourpaBapuaHTHHEN BeKTOpP. Bekro-
py m3 R B Kax0M 6a3uce COOTBETCTBYET COBOKYIIHOCTD 7
€ro KOOpAMHAT, KOTOPBIE TIPU MEPEXoie K APyromMy 6asucy
mpeobpasyoTea Mo GopMyIaMm

't = by
7, CIeIOBATEIBHO, MPEACTABIAIOT COO0M KOHTPABAPUAHT-
HBEIM TEH30p paHra 1.

3. Jlunevnasas GyHrkuusa (KOBapuUaHT-
HBLU BeKTODp) 4ducia a;, Onpefesionye INHENHYIO
dyHKIHUIO, TPeobpa3yoTca no GpopMyaaMm

a; = cja
", CIeNOBATENBHO, 00Pa3yI0T KOBAPUAHTHBIA TEH30D PaH-
ra 1.
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4. Buanuumeunnas byunkunnma Ilycrs A(z;y)—
Oounuuernas gopma B mpoctparcTee R. OTHeceM Kax1o-
My 6asmucy MATPUIly TaHHOW OMIMHEXHOU (GOPMBI B DTOM
6asuce. MBI OXyYIMM TIPU 5TOM TEH30pP PAHTA IBA, MIBAXK-
OBl KOBAPUAHTHBIN.

Ananoruvno, 6uimHenHaA GoOpMa OT BEKTOPOB T € R,
f € R' ompemerser TeH30p paHra aBa, OJWH pa3 KOBa-
PUAHTHBIA K OAWH Pa3 KOHTPABAPUAHTHLIN, & OUINHENHAL
dbopma oT BeKTOPOB f, g € R' onpenenser TeH30p, ABAXK IBI
KOHTPABAPUAHTHLIN.

5. Jlumeununnoie npeobpasosanumsa Ilycrs
A — nunennoe npeobpaszoBanue B mpocTpancTee R. OTHe-
ceM Kax oMy Gazucy marpuy |af|| mpeo6pazopanma A B
aToM Oaswmce, T.e. MOJOKUAM

Ae; = afek.

Tokaxewm, aTo ||a¥| ecTs Temsop panra msa, omum pas xo-
BApUAHTHLIA M OAWH pa3 KOHTPABAPUAHTHHIU. [lercTBu-
TEJIBHO, IIyCTh MEPexXoj] K HOBOMY Oasucy samaercs Ghop-
MyJION

! «

€; = C; €y

u, CIeI0BATEIbHO, 0OPATHBIN epexor — GOPMYJIOn
e; = b, rme bR =oF.
Toraa
(07 (07 (67
Ael, = Acleq = cf Ae, = cjlales = ¢ aﬂbﬂek

Takum o6pazom, marpuna ||a;¥| mpeobpazoarns A B 6a-
3uce e, umeer Buj

1k B e
a;” = al, o‘bﬁ,

)

9TO U JOKA3BIBAET, 9TO MATPWUIA JUHEUHOTO Mpeobpaso-
BaHUA A eCTb TEH30P BTOPOrO PAHra, OJWH pa3 KOBAPU-
AHTHBIN U ONWH Pa3 KOHTPABAPUAHTHBIN.
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B wacTtrOCTH, equamaHOMY mpeobpasoBaruio F B Ka-
X 10M 0a3uce COOTBETCTBYET EAMHUIHAA MATPHUIIA, T. €. Ch-
CTeMa, TUCET
sk — 1 opm =k,
© 710 mpm i#k.

Taxum obpaszom, (5f NPEeACTABIIET COOOU MPOCTEUIINI
TEH30P paHra, [ABa, OJUH Pa3 KOBAPUAHTHBLIN U OAUH a3
KOHTPaBapuaHTHLIA. TeH3zop 55 WHTEPECEH TEeM, 9TO €ro
KOMIIOHEHTHI B JIO00U CHCTEME KOOPAUHAT OJHU U T€ XKe.

Yupaxueunune. [lokazars HEmOCPEICTBEHHO, ITO €CIN B Ka-
XKIOU CHCTEME KOOPAWHAT 330aTh CUCTEMY IUCENT

sk — 1 opm =k,
CT\0 mpm i #k,

TO 3T0 OyAeT TeH30p.

[lokaxem Tenepb ABa MPOCTHIX MPEIJIOKEHNA O TEH30-
pax.

ITycms umeromes dea men3zopa 00UHGKOB020 MUNG.
Toeda das pasencmea men3opos docmamouno, 4mMooOw
UL KOMNOHEHMbL 8 KaAKOM-HuOYds 6aszuce OblLau coomeem-
CMBENHO PaBHbL. [[PyrUMU CIOBAMU, U3 TOT'O, ITO KOMIIO-
HEHTHI DTUX IBYX TEH30POB PABHBI B KAKOU-IUOO CHCTEME
KOOPJWHAT, CIEAYET, ITO UX KOMIOHEHTHI COOTBETCTBEHHO
PABHBI B TPOM3BOJBHON CHCTEME KOOPIAUHAT. DTO MPEI0-
XKEeHUe OYEBUIHO; AEUCTBUTEILHO, TaK KaK 06a TEH30pa
OJUHAKOBOI'O THUIA (T. €. UMEIOT OJHO U TO XK€ YUCIO KOBa-
PUAHTHBIX ¥ KOHTPABAPUAHTHBIX WHAEKCOB), TO OHU IIPe-
00pa3yioTca 1o OfHUM W TeM ke (HOPMyJaM, W TaK Kak
WX KOMIIOHEHTHI B OJHOU CHCTEME KOOPAWHAT TIO TIPEITIO-
JIOXKEHUIO PABHBI, TO OHU PABHBI U B JIO00U APYTrOU CUCTE-
M€ KOOPAWHAT. 3aMETUM, 9TO MPEATONOKEHUE, ITO 004,
TEH30Pa OJUHAKOBOI'O TUIA, ABIAECTCA COBEPIIEHHO 00:A3a-
TenbHEIM. Hanmpumep, kak OwamHenHas GopMa, TaK W Ju-
HEMHOE IPe0OpPa30BaHKE OMPENEIAIOTCA B TAHHOU CUCTEME
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koopauHaT MaTpurei. O IHAKO U3 COBIAIECHUA MATPUIL JU-
HEMHOr'0 IpeoOpa3oBaHua U OMIMHEMHOU (GOPMBI B OJHOU
KAKOU-TO0 CUCTEeME KOOP IUHAT He CASIYET UX COBIAICHUE
B IPYIOMH.

IIpu 360auHBIT P U q ML MOHCEM NMOCMPOUMD MEHIOP
muna (p,q), KOMROKENMBL KOMOPO2O 6 KAKOM-HUbYdb 00-
nom 6asuce pasuvr nPT9 naneped 3adannvim wucaam. Io-
KaXeM DTO.

[Tycts B HekoTOpOM 6asuce HAM 3aJaHA CUCTEMA -
celr aj. DTUMH TACIAMHA 321aeTCA TONINHEMHAA DyHK-
uua [(z,y,...; f,...) mo popmyaxe (1) m. 2 sroro maparpa-
da, rae £, coors. ) u T. 1., KOOPAWHATH BEKTOPOB Z,
COOTB. Y U T. A. B 6asuce ¢;. Tak Kak ¢ mOMMInHENHON QYH-
KIIMeN OJHO3HAYHO CBA3AH TEH30D, TO MBI TOIYYIUIA TEM
CAMBIM TEH30P, YIOBJIETBOPAIONINN MOCTABICHHBIM YCIOBU-
AM.

4. TeH30pHI B €BKINJ0BOM IIpocTpaHcTBe. Eciau R ecTh
N-MePHOE eBKJIUIOBO MPOCTPAHCTBO, TO, KAK MbI BUIEIN
B 1.5 § 23, MOXHO yCTAHOBUTEL U30MOPQHOE COOTBETCTBUE
mexay R m R tak, uTo ecim y € R COOTBETCTBYeT bie-
menty f € R/, o

(f,2) = (y,x)

mas aoboro x € R.

Ecau Mb1 Teneps B OAWIMHEMHON (PYHKITUN, 3ABUCIIEN
OT p BEKTOPOB T, Y, ... u3 R u ¢ BexTopos f,g,... u3 R za-
MEHUM BEKTOPH U3 R’ ¥M COOTBETCTBYIOMMMU BEKTOPAMU
U,V,... W3 R ,TO MBI TIOMYyYIMM TOMUIUHENHYIO (DYHKIIIO
(z,y,...;u,0,...), 3aBUCALLYIO OT P + ¢ BEKTOPOB u3 R.

Hangem xosdpdunmentor dyakumua [(z,y,...;u,0,...)
no ko> unmentam byakuun [(z,y,...;f,g,...).

rSs... Y Y
IIycTs a;] S KO3(pPULIMEHTHI NOJUTAHEMHON (PYHKIIUA

Wz, y,...5f,9,...), T.e.

ai; = e ey T f5 ),
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U IyCTh bjj. rs..— KOIDOUIMEHTH NOIMIMHETHON (DyHK-
uuw (2, Y, ...;U,0,...), T.€.
bij..rs... = l(€isej, .. 5er, 65,000 ).

Mu1 gokazanu B 1. 5 § 23, 9T0O B €BKIMIOBOM TPOCTPAHCTBE
BEKTOpPHI € 6asmca, OMOPTOrOHAMILHOrO [’ BRIDAXKAIOTCA
Jepe3 BeKTOpHI 6asuca f* mo ¢popmyaam

€r = Jra faa
rae
gir. = (€5, ex).
IMogcTapaaa BMECTO €, ... WX BBIPAKEHUA, TIOMYIAEM

bzyrs = l(@i,ej, - 3€6p, €5y .- ) =
= l(eiaeja v ;garfaagﬂsfﬂa .. ) =

:gmg[.,as...l(ei,ej,...;fo‘,fﬂ,...) =
af...
=9Yargps -Gy -

BBH,[Iy YCTAQHOBJICHHOT'O COOTBETCTBUA MEXAY ITOJUINA-
HEUHBIMU (QYHKIUAMEA U TEH30PAMU MBI MOXeM CHOpPMYy-
JUPOBATH MOJYYEHHBIN PE3YAbTAT IS TEH30DPOB:

Ecau aii" — mensop, nocmpoewwvild 6 esraudoson
npocmpancmee, p pa3 KOSAPUAGHMHLYL U ¢ PA3 KOHMPAEa-
PUAGHMHBL, MO NO HEMY MONCHO NOCMPOUMb HOBbIL MEH-
30p bij..rs..., ABAMOWUTCA P + ¢ PA3 KOEAPUAHMMHbIM. ITa,
omepanusA Ha3BIBACTCA OIEpaIledl OIyCKAHUA KHIEKCOB.

Oma ompegensercsa GpoOpMyIon

bz’j...rs... = Ggar9ps - - - aZO;,B
Qik ABIACTCA ABAXK bl KOBADUAHTHLIM Te€H30poM. [lencTBu-
TeNbHO, ¢ik = (€, €x) MPEenCcTaBIAIT COO0U B TAHHOU CH-
creMe KOOpAuHAT Kodh(UIMEHTH HEKOTOPOU OMIMHENHON
(OPMBI, & UMEHHO CKAIAPHOTO MpOM3BeAeHUA. BBuay ero
CBA3U CO CKANADHBIM NPOW3BENEHUWEM (METPUKOU) MPOCT-
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PaHCTBA MEH30D G HA3LIBALMNCA MEMPUYECKUM MEH3O0-
pom.

CoBepleHHO AHAJOTWYHO OMEPANN OMYyCKAHUA WHIEK-
COB MOXHO BBECTHU OIl€paluio MOTHUMAHUAAI NHIECKCOB C IO-
MOMIBIO (POPMYJIBI

bz’j...rs... — gaigﬂj o ags,é’v

rae g'f mmeer cmbich, ykasammbi B § 23, m. 5.

Yupaxuenue. Ilokazarb, 4TO g BaXIbl KOBapHaHT-
)
HLIfI TEH30pD.

5. Omepanuu Hajg TeH3opamu. Beuny ycraHOBIeHHOU
CBA3U MEXIy TEH30PAMHU ¥ MOJWIAHEUHBIMU QyHKIWI-
M7 MBI Oy/IeM OIpENeNATh ONEePAIMY HAJ MOJMINHETHBIMY
byHKIMAMHU. 3a0KUCh MOJIYUIEHHBIX PE3yJbTATOB B IIPOU3-
BOJIBHOM 0as3mce HacT HAM COOTBETCTBYIOUIYIO OLEPAIWIO
HAJ TEH30DaMU.

Canoxernwme Teusopos. llycrs

l,(x’y?"';f’g"")’ l”(x’y?“‘;fﬂg"")

— [BE NOIMIMHENHBIE PYHKIUU OT OJHOTO W TOTO XKe -
CJ1a, BEKTOPOB U3 R ¥ OHOTO U TOTO Xe€ IUCIa BEKTOPOB U3
R'. Onpenenum ux cymmy [(z,Yy,...;f,9,-..) dopmyaon

z,y,...5fr9,...) =
=U'(z,y,...;fr9,...) + 1" (2,y,...5f,9,...).
SIcHO, 9TO 3Ta CyMMa €CThb CHOBA, MOJWIMHEAHAA GyHK-

UA OT TOTO XK€ 9hCaa BeKTOpoB m3 R u w3 R'. Croxenme
TEH30pPOB OMPEAEIILTC MOITOMY (HOPMYJION:

rsS... __ Irs... nrs...
I 7 M o 7

YMuHOXeHnue TeH3O0DpOB. [lycrs
"z,y,...;f9,...) = U"(z,...;5h,...)

— IBe NoJWInHEeNHBIE QYHKINY, U3 KOTOPBIX MepBas 3aBU-
cut ot p' BekTOpoB U3 R 1 ¢' BexkTopos 3 R/, a BTOpas —
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ot p” BekTopos w3 R u ¢” BexTopos uz R'. Onpegemum
byskouio [(x,y, ..., 2,...; f1g,..., h,...) bopmymron

Hx,y,....zy. .5 (09, hy o) =
=0z, y,. .5 fr9,.. N (z,...5h,..).

Dyuknua | HA3BIBAETCA TPOU3BEICHUEM IMOJIMIUHENHBIX
dymxmun I’ n 1", Tlokaxem, 910 | ecThb moMMIMHEETHAS (yH-
knus, sapucaman ot p' + p” BekTopos m3 R u ¢’ + ¢ Bek-
TopoB u3 R'. [lencTBUTENBHO, IPK IIPOBEPKE TOTO, ITO

Hx,y,....zyo o5 f09,. 0 hy o))

€CTh MOMMINHENHAA PYHKIUA, MBI (PUKCUPYEM, TI0 OUEP E/IH,
BCE BEKTODPHI, KPOME OJHOTO; IPU 3TOM SICHO, 9TO [ €CTh
JuHenHAA (PYHKINAA OT BEKTOPA, OCTABIIErOCA He3a(hUKCH-
POBaHHBIM.

Bripa3suM KOMOOHEHTHI TEH30pa, OTBEYAOIIEr0 IPOU3-
BeICHUIO MOMMIMHenHLIX dhyaknun I’ u [”, 9epes koMmmonen-
THl TEH30POB, OTBEYAIONIAX CAMUM HTHUM HOIWITHEMHBIM
dyuaknuam. Tak xak

a;;s = l,(eia €jy--- ;fra fs’ Tt )7

n
nmrs.e. __ ¢, . . pT£S
aij... =1 (elaeja"'af 7f ,-")a
TO
rstu... __ _rs... tu...
Aijkl... = Q5. k...

ITa HopMyIa OnpeaeaseT, TAaKuM 06pazoM, TPOU3BEICHIE
IBYX TEH30POB.

Ceeprka Teunsopa. Uycrsl(z,y,...;f,9,...)—
MOoMUIMHENHAA (DYHKIUA, 3aBUCANIAA OT P BEKTOPOB
Z,Y,... 3 R (p > 1) u q BexTOpOB f,9,... m3 R' (¢ > 1).
Mbl mOCTpOMM IO HEU MOJWIMHENHYIO (DYHKIUIO, 3aBU-
camyoo oT p — 1 BekTopoB m3 R m ¢ — 1 BekTOpOB m3
R'. Buibepem ama »Toro Kakou-amb6o 6Ga3uc eq,es,...,ep
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B R u Bammubii ¢ muMm Gasuc f',f% ..., f" B R'. By-

IeM Temepb BMECTO I 7 f HOACTABIATH COOTBETCTBEHHO
1. 2. . n *

e, [iea, f%5 .. en, [ u paccMoTpuM cymMMmy *)

U(y,...59,...) =l(ea,y,-- -5 f*,9,...). (7)

SAcHo, 9T0 KaXxg0e craraeMoe, a 3HAYAT U BCA CyMMa, €CTh
ToJMVIMHENHAS PYHKUUA OT ¥,... U ¢,... llokaxewm, |9To,
XOTA KaXJOI0e claraeMoe 3aBUCUT OT BbIOOpa Oasuca, mO-
CTPOEHHAA HAMU CyMMa OT BBIOOpa 6a3mca yxXe He 3aBU-
CUT.

[lepengeM gus >TOro K Apyromy 6Gasucy €),e), ... el
I COOTBETCTBEHHO K B3aMMHOMY ¢ HuM Gasucy f'', f'2,...
..., f'™. Tak KaK MBI HE MEHAEM IIPHA A TOM BEKTOPOB ¥, . ..
g, ..., TO MBI MOXeM UX (PUKCUPOBATH U JOKA3LIBATH HAIIIE
yTBepxkaenue mia 6unuaenron Gopmet A(z; f). Urak, nHam
HYXHO J0Ka3aTh, 4T0 ecan A(x; f) — Oununennas dhopma,
TO

/

Alea; f7) = Aleq; f1).

Ecan mepexon ot 6Gasuca €1, €2, ...,6e, K 6asucy €}, e, ...
..., €L BagaeTca hopmyaon

! k
ek = Ci €Lk,

To mepexon oT Gasmca f1, f%, ..., f" k Gasmucy f'', f%, ...
..., f'" sagaerca popmyaon

fk: — clj:fli
cf
[TosTomy
Alel; f') = A(cEer; f'*) = cE Ale; /) =
= Aleg;ck ') = Alex; f¥),

*) Hamommuaewm, 9TO €Cam B HEKOTOPOM BBIPAXKEHUY OJUH M TOT
xe mHAEKC (B JAHHOM CIydae () BCTPEIAETCA BBEPXY W BHU3Y, TO IO
HEMY IPOU3BOAUTCA CYMMUDPOBAHUE.
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T.e. A(eq; f) DENCTBUTEIBHO HE 3ABUCAT OT CUCTEMBI KO-
OpPAMHAT.

Hangem mo xosddumentam dopmst I(z,y, ... f,g,...)
koa>pdunuenTsr popmel (7). Tak kax

al=1(ej,. .5 f%...)

n
l,(eja"';fsa"') :l(eaaeja"';faafsv"')a
TO
ol = agil (8)

Is... % rs...
Tewnsop a;”, noayuennvid us a;;’""

3b16AEMCA C6EPMEOT MENBOPA a7

SAcHO, ITO CBEPTKY MBI MOXEM IPOBECTH HE 0013aTEab-
HO II0 TIEPBOMY BEPXHEMY U IIEPBOMY HUKHEMY WHIEKCAM.
O6s3aTEIbHO JUIIb, ITOOBI CYyMMUAPOBAHUE IIPOU3BO JUIOCH
10 OJTHOMY KOBAPUAHTHOMY U OJHOMY KOHTPABAPUAHTHO-
My wmHAeKCYy. Kcau 65 MBI CyMMHUDOBAJIU, HANPUMED, IO
OBYM HUXHUM WHAEKCAM, TO MOJYJIEHHAS CUCTEMA SUCET
He 00pa3oBBIBaLa OBl TE€H30pa (TaK KaK HpU HEePexojie OT
OJIHOM CUCTEMBI KOODAWHAT K APYTOU DTU TUCAA HE Tpe-
00pa30BBIBAMUCE ObI IO MPEANUCAHHOMY TEH30DPY 3aKOHY
npeoOpa3oBaHMUA).

3aMeTuM, 9TO B CIy4Yae CBEPTKHU TEH30Pa PAHCa, BA MBI
MOMYy9aeM TEH30D HYJEBOT'O PAHTa (CKAIAD), T. €. IUCI0, He
3aBUCAIIEE OT CACTEMBI KOODAWHAT.

Paccmorpennas mavu B 1.4 omepanus OILyCKAHWI WH-
EKCOB €CTh HE ITO WHOE, KAK CBEPTKA IPOU3BEICHUA JaH-
HOT'0 TEH30Pa U METPUIECKOTO TEH30Da gir (B3ATOrO CO-
MHOXUTEIEM COOTBETCTBYIOMIEE TUCJAO Pa3). AHAIOrWIHO,
MIOJHUMAHUE UHIEKCOB €CTh CBEPTKA IMPOU3BEICHUS [aH-
HOTO TeH30pa u Temsopa g'F.

[pusegem eme npumep. Ilycrs af, — renzop pamra Tpu,

ij
a b" —remsop panra jgsa. Vx mpouspefeHume ecTb TeH-

no gopmyase (8), na-

km __ _kpm
30p ¢ = ijbl paura math. Ecau Teneps CBEPHYTH 3TOT
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TEH30D, HAIPUMED, IO UHAEKCAM % U 1%, TO MBI HOJYIUM
TEH30P paHra Tpu. KCam MBI OTYYEHHBIA TEH30D ele pas
CBEpHEM, HAIIPUMED, TI0 UHIEKCAM j U Kk, TO MBI TOLYIAM
TEH30p paHra OAUH (BEKTOD).

[IycTs ag u bﬁe — IBa TEH30Pa PAaHTa IBa. Y MHOXEHUEM
7 CBEPTBHIBAHUEM MOXHO TMOCTPOUTH IO HAUM HOBBIM TEH30P
paHra asa:

k= adb,.

Ecrm Temsoptr a] m bl TpakToBaThH KaK MATDWUITHI JIMHEH-
HBEIX IpeoOpa3OBaHMUN, TO MOIYIEHHBIM TEH30D €CTh Ma-
TPHUIA MPOU3BEACHAA DTUX TPEOOPAZOBAHUMN.

Msr MoxeM Takxke HOCTPOUTEH HO JaHHOMY TEH30DY
paHTra [Ba ] PAJ WHBAPUAHTOB (T. €. TUCeN, He 3aBUCSIIIX
OT CHCTeMBI KOOPAUHAT, — CKAJIAPOB), & UMEHHO:

a

Qg

B a
9 aaaﬂ,

Beemennbie HaMU OmEpaIIU HAJ TEH30PAMHU AT HAM
BO3MOXHOCTH MO JAHHBIM TEH30PaM CTPOUTH PAI HOBHIX,
MHBAPUAHTHO CBA3AHHBIX C HAMU, TEH30POB.

[TpuBeneM HEKOTOPBIE IPUMEPHI.

Omneparuen yMHOXEHUA MBI MOXEM W3 BEKTOPOB IO-
CTPOUTH TEH30PHI CKOJb YIOMHO BBICOKOI'O paHra. llycTb,
HampuMep, &' — KOOPAMHATH KOHTPABAPUAHTHOTO, & 1); —
KOODJIMHATEl KOBapmWaHTHOTO BekTopa. Torma &'n; ects
TEH30pP PaHra ABa. AHAJIOTUYHO, B3AB OOMBIIEE TUCAO BEK-
TOPOB, MOXHO MOJIYIATH TEH30PHI 60M€e BHICOKOT'O PAHTA.
3aMeTuM, ITO He BCAKUU TEH30P MOXHO TOMYIUTH YMHO-
XKEHUEeM BEKTOPOB. MOXHO, O THAKO, MOKA3aTh, ITO BCAKUAN
TEH30D MOXET OBITH IIOXYYeH U3 BEKTOPOB (TEH30POB PaH-
ra OJVH) ONEPAIMAMHA CIOKEHUSA U YMHOXKECHU.

IeapM panmmOHAIBHBEIM HHBAPUAHTOM OT NAHHOU CHCTEMBI TeH-
30POB HA3BIBAETCA MHOTOWIEH OT KOMIIOHEHT TEH30DPa, KOTOPBIA HE
MEHAETCA IPU 3aMeHe KOMIIOHEHT TeH30DPOB B KaKOU-HUOYAb CHCTEME
KOODAMHAT WX KOMIOHEHTAMU B JAPYT'OU CHCTEME KOODAWHAT.
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VmeeT MecTO cregyiouas TeopeMa, KOTOPYIO MBI He OyaeM NOKa-
3bBIBATH:

Ecnu 3agaHa HEKOTOPasA CUCTEMa TEH30POB, TO BCAKUN IEIbIN Pa-
III/IOHB,JII)HI)IIU/I UHBApUAHT, HOCTpOeHHBIﬁ 10 JaHHBIM T€H30paM, MOXHO
TOJIYYUTHh U3 HUX OIEPAlUAMU IIEPEMHOXKEHUA TE€H30POB, CI0OXEHUA U
YMHOXEHUA Ha IUCIa U IIOJHOT'O CBEPDTHIBAHUA (T. €. CBEpTHIBAHUA IO
BCEM HHJEKCaM).

6. CuMMeTpHUYECKHE U 3HAKOIIEDEMEHHEIE (aHTUCUMMe-
TPUYECKUE) TEH3O0PHI.

Onpenmenenue 3. Tenzop Hazvisaemcs cumme-
MPUUECKUM N0 OGHHBIM UHIEKCAM, eCAt NPu 40601 nepe-
CMan08Ke IMUT UHIEKCOB KOMNOHERTNbL MEHI0PA HE MEHS-
tomes *). Hanpumep, cummempuurocms menzopa no nep-
8blM D8YM UHICKCAM 03HAUAETN, UMO UMEET, MECTNO DPAEEH-

cmeo
st st..

Qi = Q..
Ecam (z,y,...;f,9,- .. ) — COOTBETCTBYIOWAA TEH30PY
al nommmumennas dpopma
l(maya"';fagv"')_a’zk: g S/J*t (9)

TO CUMMETPUYHOCTH TEH30Pa MO HEKOTOPOW T'PYyIIe WH-
IEKCOB, KAaK DTO HENOCPEACTBEHHO BUIHO u3 (OPMY-
abt (9), DKBUBAJIEHTHA CAMMETDPUIHOCTHU MOJUIAHENHON
(bOpPMBI IO COOTBETCTBYIOIIEN IpyHne BeKTOPOB. Tak kKax
I CAMMETPUYHOCTU TOJUIMHENHOU (POPMBI IO HEKO-
TOPOM TPYIIE BEKTOPOB AOCTATOYIHO, ITOOHI af,f:::: ObI-
JU CAMMETPHUYIHLI MO0 COOTBETCTBYIOUAM WHIEKCAM JUIIb
B OJHON KaKOU-HUOYAL CHCTEeMe KOOPAUHAT, TO OTCIOAa,
CIENyeT, UTO €eCAl KOMNOMEHMbL MEH30PE CUMMEMPUY-
Hbl 8 00MOU cucmeme Koopouram, mo makKas He CumMme-
mpus 6ydem umemv mecmo u 8 41060t dpyeoti cucmeme
KoopIuHam.

*) Camo co6ou pasymeeTcs, ITO pedb WACT JUIb 06 WHIEKCAX
ONHOM W TOU e TPYNNbl (BEPXHUU WU HYDKHEN).
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Ounpengexennme 4. 3uaxonepemenmuvim (anmucum-
MEMPUUECKUM) HAZLIBAEMCA MEH30P, KOMOPbIt MEHAEM
3HAK NPU nepemene A00bL 08YT UHIEKCO08 MECTAMU.

[Ipu 5TOM mpeanoIaraeTca, KOHeIHO, 9TO Y 3TOTO TEH-
30pa BCe UHIEKCH OJMHAKOBOTO XapaKTepa, T.e. Jub0 BCe
KOBapUAHTHBIE, OO BCe KOHTPABAPUAHTHBIE.

W3 onpeeneHns 3HAKOIEPEMEHHOT'O TEH30Pa HEIIOCPEe -
CTBEHHO ClefyeT, 9TO IpH JIO0U MepeCcTAaHOBKE WHIEK-
COB KOMIIOHEHTHI TEH30pa HE MEHAIOTCA, €CIU IePEeCTAHOB-
Ka deTHad, 1 MEHAIOT 3HAK, €CIM MEPECTAHOBKA HEIETHAA.
SHAKONEPEMEHHBIM TE€H30PaM COOTBETCTBYIOT 3HAKOMEPE-
MEHHEBIE HOJII/IJII/IHQI‘/)IHBIQ q)yHKHI/II/I

Hoavaunetinas Pywkyus (z,y,...), 368uciswas om p
gexmopos .y, ... u3 R, nasvisaemes 3narxonepemennot,
ecal NPy Nepecmarosre 410601 Napovl U3 6EKMOPOB T, Y, . . .
BHAK PYHKUYUY MEHAECTNCA.

[aa TOpoBEepKM 3HAKOIMEPEMEHHOCTH IOJMIMHENHON
GYHKINM JOCTATOYHO HIPOBEPUTH 3HAKOIEPEMEHHOCTD
KOMIIOHEHT COOTBETCTBYIOIIEr0 €M TEeH30pa B KaKOU-
aub0 ONHOU CHUCTEME KOODAUHAT, KaK OSTO HEmOCpe.-
crBeHHo crenyer u3 ¢opwmyast (9). C apyrom cropo-
HBI, 13 3HAKOIIEPEMEHHOCTU MOJWIMHENHON (DYHKIUY CJIe-
IyeT 3HAKOIEPEMEHHOCTh COOTBETCTBYIOUIENO €l TeH30-
pa (B arobou cucreme koopaumuat). CregoBaTenbHO, ec-
J¥ KOMIIOHEHTHI TEH30pa 3HAKOIEPEMEHHBI B KAKOU-IU60
OMHOU CHUCTEME KOOPAMHAT, TO DTO XK€ WMMEeT MeCTO
u B Ja000M OPYrOM CHCTEMe KOOPAWMHAT, U, 3HAYHUT,
TEH30D ABIAETCA 3HAKONEPEMEHHBIM (AHTUCUMMETPHIYE-
CKUM).

BI)IﬂCHI/IM YUCJIO HE3ABUCUMBIX KOMIIOHEHT aHTUCHUMME-
TPUIECKOTO TeH30pa. [lycTh, HAIPUMED, i) €CTH 3HAKO-
nepeMeHHb TeH30p panra 2. Torma a;; = —ag; U, CIemo-
nin—1)

2
AnanoruvHO, 414 3HAKONEPEMEHHOI'O TEH30pa @jj; “HCIO

BaTEJIABHO, TUCJIO PA3IUIHBIX KOMIIOHEHT PaBHO
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n(n —1)(n — 2)

3! ’
KOMIIOHEHTBI C OMMHAKOBBIMU HHACKCAMHX PaBHBI HYJIIO, a

KOMIIOHEHTHI, OTANIAIONAECA JUIIb MOPATKOM WHIEKCOB,
ONIPEIEIAIOTCA OHA IePe3 APYTYIO.

AHaAIOru9IHO, IUCAO HE3ABUCAMBIX KOMIIOHEHT 3HAKOIIE-
pemennoro Temsopa ¢ k mmgekcamu (k < n) pasHo CF.
(OTau9HBIX OT HYyIsA 3HAKOIIEPEMEHHBIX TEH30POB € IUCIOM
UHIEKCOB GOJIbIIE, 9eM N, He CYIIECTBYET, TaK KaK y 3HAKO-
IEPEMEHHOI'O TE€H30Pa KOMIIOHEHTHI XOTA 6I>I C ABYMs1 onon-
HAaKOBBIMUY MHACKCAMU PABHBI HyJIIO, a €CaI’ IUCJI0 THAECKCOB
MPEBBIMIAET 7, TO ¥ KaXJOU KOMIIOHEHTHI COBIAAAIOT, 110
KpalHEe! Mepe, nBa WHIEKCA. )

Paccmorpum 6osee moapoOHO 3HAKOMEPEMEHHBIN TEH-
30p C N MHOACKCAMMU. TaK KaK BCeE prHHBI o0 7 pa3/InIHBIX
WHIEKCOB, IPUHUMAIOIINX 3HAYeHre OT 1 M0 m, OTINIal0T-
Cd JINIOb IMOPAAKOM, TO y TaKOI'O T€H30pa €CTh JUIIb O/1-
HA HE3aBUCHAMAasA KOMIOHEHTA U OH UMEET, TAKUM 06pa3oM,
CIEAVIOUUI BUI.

PA3/ILIHBIX KOMIIOHEHT DpPaBHO TaK KaK

IIycts %1,%9,...,%, — HEKOTOpasd MEPECTAHOBKA HHUCET
1,2, ..., n. llotoxum a2, ., = a. Toraa

Qiyiy...in, = L0, (10)

rIe «+» OTBEYAET Y€THOU IO JCTAHOBKE, 8 «—)» — HEUYETHOU.

Yunpaxuenue. IlokazaTs, 4TO mpu mepexoge K APYTOU CU-
cTeMe KOODAWHAT YHUCIO 12.., = G YMHOXHUTCA HA ONpeJeInTeNb
MaTpHUUEBI IEePEX0oaa.

Hamumem nommiueenHyo (GyHKINWIO, COOTBETCTBYIO-
IO 3HAKOIIEPEMEHHOMY TEH30py C N MHAeKCaMu. B cmry
dopmyasr (10) ona umeer Bua:

& & oo &
i g |M M2 e

l((II, Yy ,Z) = ai1i2...z’n£i17]i2 . C
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Mui mokasanu, TaKuM 00Pa3oM, YTO ONPEAEJUTENb U3
KOOPAMHAT BEKTOPOB €CThb, ¢ TOYHOCTHIO OO MHOXUTEIS,
eIMHCTBEHHAA 3HAKOIEDEMEHHAA MOJUIAHEONHAA (PYHKIIUI
OT 7 BEKTOPOB B N-MEPHOM JUHENHOM ITPOCTPAHCTBE.

Onepanusa cuMmMmeTrpupoBaHuUia Mb MO-
XKEM TI0 BCAKOMY TEH30pPY MOCTPOUTH HOBLIA TEH30D, CUM-
METPUIECKUH [0 HEKOTOPOU HANIEPE/ 33, IaHHOU I'PYIITE UH-
IEKCOB. JTa, OMEPAIUA HA3BIBAETCA CUMMETPUPOBAHUEM U
COCTOUT B CJAEAYIOIIEM.

[IycTes 3aaH HEKOTODBIM TEH30D, HAIPUMED, (i iy. i}
CUMMETPHUPOBAHUE €0, HATIPUMED, II0 TEPBHIM k UHIEKCAM,
COCTOUT B TMOCTPOEHUU TEH30PA,

1
a(iliQ...ik)ik+1... = E E Qj1 o frikt1..e
e CyMMa pAacCOpPOCTPAHAETCA IO BCEM NepPeCTAHOBKAM
15792, Jk MHIEKCOB 11,19, ...,15. Hampumep,
1

a(i1:i2) = §(ai1i2 + ai2i1)-

Omneparusa cuMMETPUPOBAHUA TEH30pa 1O rpymme u3 k
WHIEKCOB 41,12, . . . , 4 0003HAYAETCA CIENYIOMNM 00pa3oM:

Qi jo...gi(i1d2.. ik ). "

Onmepamnmusa aAbTEepPHUPOBAHUSI BBOIUTCA
AHAJIOTWYIHO ONEPAINY CUMMETPUPOBAHUI U AT BO3MOXK-
HOCTH TIO0 JAHHOMY TE€H30DY IOCTPOUTH TEH30D, 3HAKOIIE-
PEMEHHLIN TI0 JAHHOU Tpyme wHaeKcoB. OHA OmpeaenseT-
cA crenyiommM o6pa3oMm:

1
Uiyiy..iglikr = Jf Z £,y g
rie CyMMa pacIpOCTPAHAETCA IO BCEM I[IePeCTAHOBKAM
J1,92, .-,k AHOEKCOB %1,%2,...,%, & 3HAK OINPEIEIAETCA
YECTHOCTBHIO MJINM HEYETHOCTBIO BTOfI nepeCcTaHOBKH. Ha—
nopumep,

1
a[ilziQ] = §(aili2 - ai2i1)-
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Onepanusa aabTepHUPOBaHUA 0003HAYAETCA CKOOKa-

Mn [ ], B HUX 3aKIIYIAI0TCA T€ WHACKCHI, II0 KOTOPBIM TE€H-
30p aIbTEPHUPYETCA.
ITo Bcakum k BexTopam £'1,7n'2, ... (** MOXHO IOCTPO-
ATb AHTHCAMMETPUICCKAN TEH30D
iliz...ik _ 01,92 ik:
a = ligi (], (11)

rae wepes £t . (] 06osHauen TeH30p, mMOTYydeHHBIN
aTbTepHEpOBaHWEM Tem3opa £1n' ... (%, Kax HeTpymHO
YCMOTPETDH U3 HAIUCAHHOU (POPMYJIBI, KOMIIOHEHTAMY DTO-
O TEH30pAa ABIAIOTCA MUHODPHL k-0 MOPAIKA CIAYIOMIEn
MaTPHUIIHI U3 N CTOJOIIOB:

¢ e "
1,2 n
Nt ...
¢t ¢ ¢"
[Mocrpoennwin Terzop (11) obmamaeT Tem CBOMCTBOM,
9TO ecu K KaKOMy-1ubo u3 BeKTOpoB &', n'?, ... nobaBuTh

JUHETHYIO0 KOMOMHAIMIO OCTAJBHBIX, TO TEH30p ¢''"’* oT
DTOT'O HE U3MEHUTCA.

Paccmorpum  k-MepHOE TOATIPOCTPAHCTBO 7N-MEPHOrO
npoctpaucTBa R. IlocraBum Bompoc 0 Tom, ITOOBI OXa-
PaKTEPU30BATH DTO k-MEPHOE MOANPOCTPAHCTBO CUCTEMON
9UCeN, T.€. BBECTH KOOPAWHATHI IOAIPOCTPAHCTBA.

k-MepHOe MOAIPOCTPAHCTBO MOPOXAAETCA Kk JUHEXHO
He3aBUCHMBIME BekTopamu 1,72, ..., % . Ilpu sToM pas-
HBIE CUCTEMBI U3 kK BEKTOPOB MOT'YT HOPOAUTH OMHO U TO
XKe moATpOCTpancTBO. OMHAKO HETPYIHO MOKA3ATh, U MBI
IPEeROCTABIAEM 3TO IUTATEII0, ITO €CIN [BE CUCTEMBI BEK-
TOPOB MOPOXJAOT OMHO U TO XK€ MOANPOCTPAHCTBO, TO
MOCTPOEHHBIE TI0 KAXOU W3 HUX TEH30PHI

ailiz...ik — g[ilniQ L Czk}

COBIIa AT C TOYHOCTBIO 4O MHOXUTEJA.
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Taxum 06pazom, TeH30p ¢'1"2 "% MOCTPOEHHBIN MO BEK-
Topam &', n'?, ..., (", TOPOXKJAIOIMM HEKOTOPOE MOAIPO-
CTPAHCTBO, ONPEAEIIeT STO MOAIPOCTPAHCTBO.

§ 25. TensopHoe nMpou3BeeHUE

1. Teusopuoe npoussegenne R @ R. B mepsou riase
MBI U3ydaiu OmauHenHble GYHKIUU B adPUHHOM MTPOCT-
parcTBe R. 31ech MBI IOKaXeM, 9TO OMINHENHBIE (DY HKIUT
MOXHO TPAKTOBATH U KaK JUHEAHBIE PYHKIUA B HEKOTO-
POM HOBOM IPOCTPAHCTBE. JTO IPOCTPAHCTBO, UI'PAOLIEE
OYeHb BAXKHYIO POJIb, HA3BIBAETCA TEH30PHBIM IIPOU3BEE-

auem R u R (no-apyromy, Ten3opsiM kBaapaTrom R) m 060-
2
suagaerca R ® R win @ R. Jagum ero ompeneneHue.

PaccmoTpuM BCeBO3MOXHEBIE YIIOPAJOIEHHBIE TIAPHL T, Y
aremenToB m3 R. Kaxngyioo Takyioo mapy 6ymeM Ha3HIBATH
MeEN30PHbIM npoudsedenuem T W Yy W 0003HAYATH T ® .
O6pasyem GpopMaibHbe KOHEYHBIE CYMMbI TAKUX TIAP:

X=21Quy1+... + 7  ys. (1)

[Tpu 5>TOM (GOpMAaTbHBIE CYyMMBbI, OTIAYAIMIACCA TOMBKO
MOPAAKOM CJIAraeMbIX, MBI He OyIeM Pa3imdaTh MEX Iy CO-
6ou. 3anuck (1) o3HaTaeT, TakuM 06Pa3OM, TOILKO TO, ITO
HAM 3aJaH0 MHOXECTBO k map 1,Y1;...; Tky Yk-

Beegem mus Beipaxenwn Buga (1) onmepanum CaoxeHws
u ymHOXeHusa Ha aucao. CyMMy ABYX TaKWX BbIPAXKCHUN
ompefeauM KaK pe3y IbTaT (POPMAILHOTO JOMUCHIBAHUA K
[EPBOMY BHIPAXKEHHUIO BTOPOTO:

(1 @ui+... + 2 QYr) + (Th1 QUkt1+ . - .+ Tt OYppi) =
=21 QY1+ ...+ Thpt Q Ukt (2)

[TpousBeeHue HA YUCIO A OMpENEIUM TaK:

)\(xl Qy1+...+xgk ®yk) = (Ax1)®y1+. . .—i—()\xk)@yk. (3)
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daemenT 0 ® 0 OymeM HA3BIBATH HY4eM TEH30PHOrO MIPOU3-
BegeHusa u 0003HAYATH KOPOTKO 1epe3 (.

Mbl fomXkHBEI eme OOBACHATH, KAKUE BBHIPDAXKEHUA BH-
na (1) camraroorcsa paBasiMu. Bynem mpeamnonaraTts, 90

1) (x1+$2)®y—$1®y—$2®y:0 *);

2) 2@ (y1+y2) —2Qy1 —z®yz = 0;

3) (Az)®y—z® (Ay) =0.

Kpowme Toro, npupasniem nyao 4oboe suipaxcenue, no-
ayuarweecs u3 swpaxcenuts 1), 2), u 3) caoxcenuem u
YMHONCEHUEM HA UUCAO.

Tenepw dea svipascenus X u X' euda (1) 6ydem cuu-
Mamv PABHLIMU, ECAU UL MONCHO NPEBPATNUMDL 6 00UHAKO-
svie, npubasass k¥ X u X' evipascenus, pasuvie ny.amw0, m. e.
ecau cywecmsyiom maxue svipaxcenus Z =0 u Z' = 0,
umo X + 7 coenadaem ¢ X' + Z'. OdeBugno, 9T0 BBe-
JeHHOe OTHOLIeHue paBeHcTBa peduekcusHO (T.e. X = X)
u cummeTpudHo (T.e. w3 X =Y caeayer Y = X); nerko
[IPOBEPUTH, 9TO OHO OOJATAET TAKXKE UM CBOMCTBOM TPaH-
sutuBHOCTH (T.e. w3 X =Y u Y = Z caegyer X = Z).

B pesyapTaTe MBI MOJTy9aeM IPOCTPAHCTBO, DIEMEHTHI
KOTOPOT'0 — KJIACCH PABHBIX MEX Iy COO0M BHIPAXKECHUN BU-
na (1), a crioxeHwe U yMHOXEHUE HA TUCIO OMPEeIeHbI IO

dbopmyram (2) u (3).

3aMeTHuM, YTO ONEpPALNM CIOXKEHUs W YMHOXEHUs  HA TUCIO MBI
BBeJIU 0 TOTO, KaK ObLIO ObI OIIPeJeIeH0 OTHOIICHNE PAaBEHCTBA ABYX
Bopaxeruin (1). I[TosTomMy HaM HyXHO ObLIO yOEAUTHCA B KOPPEKT-
HOCTHU ONPEJENeHUN HTUX OINEPALUN; UMEHHO HYXHO IIOKa3aTb, UTO
cymma BeipaxeHun (1) m mpowsBeneHue HA IUCIO HE MEHAIOTCA IPU
3aMeHe DTUX BHIDAXKEHWU HA PaBHBIE. JTa IPOCTasA IPOBEPKA MPEeIO0-
CTaBIAETCA IUTATEIIO.

Herpynao ybenquThcsa, 9TO MOCTPOEHHOE HPOCTPAHCT-
BO ABIAETCA JUHEUHBIM IIPOCTPAHCTBOM. [lokaxeMm, HATpH-

*) Bomee moapo6HO, 53T0 03HaIAET, ITO (T1+T2) Ry +(—x1) Ry +
+ (—z2)®y=0.
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Mep, ITO JUiA KaxXgoro X CyIeCTBYyeT JJIEMEHT, €My IIPO-
THUBOIOJIOXHBI. DTO AOCTATOYHO IPOBEPUTH IJIA DIEMEH-
ToB Buga X = x ® y. U3 ycaoBusa 3) mpu A = 1 monyvaem
rQy+(—z)®y=0,T.e. Y = (—1) ® y ABAACTCA DICMEH-
TOM, TPOTUBOIIOJOKHEIM X .

[locTpoennoe JaUHETHOE TPOCTPAHCTBO HA3LIBACTCA
men3opubvim npoussedenuem R wa R m obozmadaeTca |e-
pe3 R® R.

Urax, mvr onpedeauau mensoproe npoussedenue RQ R
KaK AUHETHOEe NPOCMPAHCMBEO, IACMEHMAMY KOMOPO2O
ABAAOMCA HOPMAALHBIE BbIPANCEHUS BUuda T1 @ Y1 + ...
cooF TE @ Yk, 2de i, y; — daemenmut uz R. Tounee, aae-
mernmamu npocmparncmeas RQR Asaa0mcea Kiaccol pasHbls
mencdy coboti sviparcenuti 6uda 1 @Y1 +. .. +xE Yy (ycmo-
Bue paBeHCTBa naHO Beime). Caodcenue 6 R @ R u ymmo-
dHeenue na wucao onpedeasiomes no gopmyaam (2) u (3).

Ormernm, uTo u3 ycaosun 1)-3) caegyer:

(x1+x2)®y:$1®y+w2®y;
z® (Y1 +y2) =2y +x Q yo;
Mz®y) =)@y =28 (\y).

[To>TOMYy B TE€H30PDHOM IpPOW3BEIEHUU MOXKHO PACKPHI-
BaTh CKOOKM MO OOBITHOMY ITPABUIY:

()\1$1 + ...+ >\m$m) &® (u1y1 +...+ //Jnyn) =

=3 ) iz @ ;).

i=1 j=1

2. CBa3b MeXy GUIMHEMHBIME (pOPMAMU B IIPOCTPAHC-
TBe R v iuHennniMu pyukmuavu B R ® R. Tlokaxem Te-
nepb, Kak 1o GuimHenHoun gopme Ha R MOXHO moCTpOUTH
JUHEVHYO GYHKIUIO HA TeH30PHOM mpoussenennu R @ R.
[lycTs 3amana OGumuuennas dopma f(z,y) ma R. Como-
crasuMm en aunenHyo ¢ynkumio F(X) ma R ® R. s
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pneMeHTOB X = T ® Y IMOJOXKUM

F(z®y) = f(z,y);

UL TPOU3BOIBHOTO X = 21 @ Y1 + ... + T ® Yy momaraem

F(X) = f(z1,y1) + -+ f(@k; Y)-

Y06 onpegeneaune F'(X) GBLI0O KOPPEKTHBIM, HyXKHO,
9TOOBI HA PABHBIX BBHIpaXeHUAX QyHKOuA F npuamMana
OMHAKOBBIE 3HAYEHUA. YOEequMesa, 9T0 3T0 Tak. a1 aTo-
ro JOCTATOYHO MOKa3aTh, 4To F(X) = 0 Ha BhIpaXeHUsax
Buga 1), 2), 3) (cTp. 294). IIpoBepum, HATpUMED, TITO

F(#1+22)Qy—21®y—22®y) =0.

B camom mese, umeem:

F((t14+22)Qyu—21Qy—22Qy) =
f(x1+x2,y)+f(—w1, ) f( r2,Y )
:f($1,y)+f($2,y)_f($1,y)_f(IEQ, ):0

O4eBuano, w0 IOCcTpOoerHas o f(z,y) dynkuma F(X)
Ha R ® R nmuenna, r.e. F(X +Y) = F(X)+ F(Y) n
F(AX) = AF(X). O6patno, ecin F(X)—naunennas pyH-
knusa Ha, R ® R, To e cooTBeTCcTBYeT OuinumuenHas ¢hpopMa,

Ha R:
f(z,y) = F(z ®y).

Wrax, MBI yCTAHOBHIM €CTECTBEHHOE B3aWMMHO OJIHO-
3HAYMHOE COOTBETCTBUE MEXAYy OWIMHEHMHBIMEU (HOpMAMUI
Ha R n muaerHbiMu Gyukmamu Ha R @ R.

3aMeTHuM, 9TO DTO COOTBETCTBUE JUHEUHO; UMEHHO, €C-
Jau OunuHenHbIM dopMaM fi, fo OTBEYAIOT AMHENHBIE (DYH-
kuuu Fy; m Fh, To ux aunennou xkombuuaruu A1 f1 + Ao fo
orBevaeT pyukmusa A Fy + Ao Fy. Takum obpasom, mocTpo-
€HHOE COOTBETCTBUE ABIAETCA U30MOP(PUIMOM MEXK Iy TTPO-
crpaactBom B(R) 6wmrennabx ¢dopm Ha R m npocTpanc-
tBoM (R ® R)' mumennpix pynkumi Ha R ® R.
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3. PasmepHOCTh TeH30pHOrO pou3Begenna RQ R. [lo-
xaxeM, 4T0 R ® R — xoneunomepnoe npocmpancmeo pas-
meprocmu n?, 2de n — pasmeprocms R.

3amagum 6asuc ej,...,e, B mpocrpancTtse R. Ilycts
Z,1 — IPOU3BOJIbHBIE BEKTOPHI 13 R; pa3moxuM uX 1Mo Bek-
TopaMm 6asmca:

z=2E&e1+...+&en, Y=mer+...+men.

Torga

n
s@y= Y &nile; ®ey).
ij=1
Taxum 06pa3zoM, £ ® Yy, a 3HAYUT, U JIOOOU APYTOU BEKTOP
m3 R ® R aBIseTcsa IMHEMHON KOMOMHAIMEH n’ BEKTOPOB
e ®e;j.

Y6emumcsa, 9TO BEKTOPH €; @ € IUHEMHO HEe3aBUCUMEL
11 5TOr0 BOCIMOAB3YEMCA CJAEAYIONIEN MPOCTOU JEMMOM,
[OKA3aTEeIBECTBO KOTOPOU TMPEAOCTABIACTCA TATATENIO.

Jlemma 1. Ilycmv L — aunetinoe npocmpancmeo u
Xo (a=1,...,N) —sexmopwvi uz L. Ecau das kaxdozo
a=1,...,N cywecmeyem aunetinas pynryus Fo(X) na L
makas, umo Fo(Xo) =1 u Fo(Xg) = 0 npu B # a, mo
sexmopvl X, AUHETHO HE3ABUCUMDBL.

3agaguM s Kaxmgoro ¢ = 1,...,n JuHenHyI (YHK-
muio fi(z) Ha R Takyio, aro fi(e;) = 1 u fi(ej) = 0 mpnm
j # i. Tak KaK BEKTOpHI €1, ..., €, 00pa3yoT 6asuc B R,

TO Takasa (PYHKINUA CYLUIECTBYET U euHCTBeHHA. [lomoxum

Dyukuua fij(x,y) aprserca OumuaenHOU opmon Ha R;
BHAYTAT, COTVIACHO M. 2 €d COOTBETCTBYET JUHETHAA (PYHK-
mua Fj(X) sa R ® R Takas, 910

Fij(z ®y) = fi(z)f(y).
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Y6eaumcs, aro sra auHenHaa ynkiya Fij(X) pasna 1
Ha €; ® ej m paBHa () Ha OCTATBHBIX BEKTOPAX €y @ €jr.
B camom gene, Fij(ey ®ejr) = fi(ey) fj(ejr), m mame yTsep-
XKJIEHUE Cpa3y CAefyeT w3 ompepeneHus ysHkuuu f;(z) u
fi(=).

B cumry JeMMEBI 3TUM NOKa3aHO, ITO BEKTODHL €; & €
JUHEWHO HE3ABUCUMBI. TaK KaK, C IPYT'Ol CTOPOHBI, IO HUM
paCKIaJeIBaeTCA JI0O0U BeKTOp B R® R, TO BEKTOPHI €;®e;
o6pasyioT 6a3uc B R ® R. Takum o6pa3oM, pasMepHOCTD
R ® R papHa 4mcly BeKTOPOB €; @ e;, T.e. paBHa n?.

4. Tensopuoe mpoussegenne R; ® ... ® R,,. Ompe-
Iensas TeH30pHOe mpousBeneHme R ® R, MBI dakTwIecKn
HUT/Ie HE MOJb30BAIUCH TEM, ITO BEKTODPH £ U Y B IPOU3-
BemeHU” ¥ @ y 6€PYTCA U3 OJHOTO M TOTO XKe IPOCTPAHCT-
Ba. [loaTOMYy, MOBTOpAA TOCIOBHO OMpEIeNeHNA TI. 1, MOXHO
OIpeneIuTh TaKkKe TeH30pHOe mpousBenenne R ® Ry nByx
pas3IuYIHLIX TpocTpaHcTB R u Ra.

Eciu eq,...,ey, —0a3uc 8 Ry, a fi,..., [, —0a3uc B
Ry, To Gasucom B R ® Ry cryxaT mn BEeKTOPOB €; @ f;
(i=1,...,m;j=1,...,n).

OrmeTum, 9T0 mpocTpancTBa R ® Ro u Ry ® Ry pas-
JIMTHBI IO OIIPEeAC/JICHUIO.

AmanoruvyHo ompenenseTcs TEH30PHOE TPOU3BEIEHUE
A000r0 9UCIa, JUHEUHBIX IIPOCTPAHCTB. Tak, Hampumep,
DJIEMEHTAMHI TEH30PHOT0 nmpou3senaenns R ® Ro ® R3 aABis-
oTcsa GOopMaabHbIE CyMMBbI

IR Q21+ ...+ Qur ® 2k, (4)

rue r; —oaeMmeHTH u3 Ry, y; —oaemenTtsr u3 Ro m 2; —
snemenTHl w3 R3. Onepamum CI0XEHUA W yMHOXEHUA HA
YUCI0 OMPENeNAITCA TAK Xe, KAK W B CIydae ABYX CO-
MHOXUTEIEH. IUTaTeno MpeaIaraeTca yCTaHOBUTH, Ka-
Kue BBIDaXeHmA Buaa (4) mpm DTOM CIeayer CIuTaThb
PABHBIMMU.
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TensopHoe mpousBemeHUE 1M JUHEUHBIX IPOCTPAHCTB
m

Ry,..., R, gacto obosnauator Tak: Q) R;. B cayuae, ko-
i=1
rja BCe COMHOXHTEem: R; COBOAJAIOT C ONHAM U TEM XK€
OpPOCTPAHCTBOM R, WX TEH30pHOE MPOM3BEJCHUE HAZBIBA-
m

eTCs m-1 TeH30PHOU CTeleHbIo 1 0003HadaeTca Tak: Q) R.
5. CBs3b MEX/y TEH30PAMHU M JJIEMEHTAMHU TEH3OPHBIX
npousBefeHun. Mer mokaxem, 9TO a060U TEH30D B IPO-
cTpaHcTBe R MOXHO pacCMATPUBATH KAK DJIEMEHT HEKO-
TOPOro TeH30pHOro npoussegenus. Cuagana ybeguMmcsa B
DTOM I TEH30POB PAHTA 2, MBAXKIbI KOBAPUAHTHLIX.

Cornacuo §24, m. 3, TeH30p paHra 2, IBaXIbl KOBAPU-
AHTHBIN, 3a0aeTCA Gumuaenuaon ¢popmon Ha R. Ho MeI yxe
3HAEM, UYTO MeXIy OmimHenHbIMU (GopMamu Ha R u au-
HeMHBIMU (YHKIUAME Ha R ® R mMeeTcs ecTecTBEHHOE
B3aMMHO OJHO3HAYHOE JWHEUHOE COOTBETCTBHUE. SHAYUT,
B CIUIy 5TOTO COOTBETCTBUA JIOOOU TEH30p paHra 2, IBa-
XK IBI KOBAPUAHTHBIA, MOXHO PACCMATPUBATEL KAK JUHEU-
Hylo GyHKnuio Ha R ® R, T.e. Kak 3JeMeHT CONPSIKEHHOIO
npoctpancTea (R ® R)'.

C mpyrout CTOpPOHBI, MBI YCTAHOBUM CEUYaC €CTECTBEH-
uei nzomopdusm (R ® R)' =2 R'® R'. B cuty »Toro uzo-
Mopdu3Ma A060M TEH30p paHra 2, ABAXIbl KOBAPUAHT-
HBIA, MOXHO PAaCCMATPUBATEL KAK DJIEMEHT U3 TEH30PHOI'0
npomsseferns R’ @ R'.

MocTpoum uzomopdusm (R R)' =2 R'® R'. lycts F €
ER QR r.e.

F=flegd+...+fled,
rae f', g — nmunennbie Gpysknuz Ha R. MBI JOIKHBI COMO-

crasuth F snement uz (R ® R)', T.e. munennyto GyHKIUIO
F(X) ma R ® R. Oupenenum sty pyHKImMO m0 Gopmyaam

Fz@y) =)' (y) + ...+ f'(2)g (2),
F(z1@yi+... 42k @) = Flz1 @ y1)+.. .+ F (2 @ yp).
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Yurarento npegraraerca yoeauThCA, 9TO dTU (HPOPMYJILI
IEUCTBATEILHO ONPENeNsiOT JUHERHY IO PyHKIUO Ha RQ R
7 9ITO MOCTPOEHHOE COOTBETCTBUE — U30MOPPU3M.

PaccmoTpuM Temeph TEH30pHI paHTra 2, ABAXIBI KOH-
TpaBapuaHTHBEIE. KaX bl M3 HUX 330aeTCA OWIXHEXHON
dopmon vHa, R'. Ho mex 1y 6mimaenasiMu ¢popmamu Ha R n
auaennbMU GyHKuMAME Ha R’ ® R’ umeercsa ecrecTsenHoe
B3aMMHO OJHO3HAYHOE JWHEUHOE COOTBETCTBHUE. SHAMUT,
TEH30pPbI PAHra 2, ABAXKABI KOHTPABAPUAHTHBIE, MOXKHO
pacCMATPUBATE KaK 3IeMeHTH npocTpancTsa (R @ R') =
=R®R.

[Mepermem x obmemy caydaro. PaccMoTpum TeH30pHI
paHra p + ¢, P pa3 KOBapUAHTHBIE U ¢ Pa3 KOHTPABA-
puanTHbe. U3 §23, .3, MBI 3HAEM, 9TO UM OJHO3HATHO
oTBeYaT noauaMHenHbIe Gyakuuy [(x,Yy,...; f,g,...) OT
P BEKTOPOB T,Y, ... u3 R u q Bektopos f,g,... u3 R’

[Mogo6HO TOMY, Kak »TO mesasoch B I.2 mis Owiaud-
HEUHBIX (OPM, MOXHO YCTAHOBUTH €CTECTBEHHOE B3a-
MMHO OJHO3HAYHOE JUHEUHOE COOTBETCTBUE MEXIY Ta-
KuMu nonuiuHenHviMu Gyskuuamu [(z,y,...; f,g9,...) &
JUHEVHBIMEA (QYHKIUAMA HA TEH30PHOM MPOU3BEICHUN
R®...Q ROR'®...0 R

e e

P pa3 q pa3

Umenno, ecm F(X) — suHenHas QYHKINAA Ha TEH30PHOM IIPOU3-
’ ’ o o
BeqeHIM R® ... ROAR ® ... ® Rj TO €U OTBEYaeT NOJUINHENHAI

~~ ~~

p pa3 q pa3

dynxmus l(z,y,...; f,g,...) oT p BekTopos w3 R u q BexTopos w3 R':
lz,y,..; [0, ) =FzRy®..0 fOg®...). (5)
O6parHo, ectu 3amaHa nommimHenHaa dyskuua [(z,y,...;f,9,...),

TO CymecTByeT (M HPUTOM €AMHCTBEHHAA) JWHEMHAA (QYHKIWA HA
TeH30pHOM Hpom3BeseHmI R® ... ® ROR ® ... ® R'j YIOBIETBOPA-

' '

p pas q pas3
oumasn coorroumenuio (5). (Joxasars.)
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SHAYUT, TEH30PLI PAHTa P + ¢, P Pa3 KOBAPUAHTHLIE U
q Pa3 KOHTPABAPUAHTHBIE, MOXHO PACCMATPUBATDL KAK JIN-
Henable GyEKIII HA R ® ... ROR' ® ... ® R/, T.e. Kax

e e

p pas q pas
QJIEMEHTBI U3 CONPAXCHHOT'O IIPOCTPAHCTBA

(R®... R®R'®...Q0R)) =
p;aa q;)'aa
*R®..9RQR®...QR.

~~ -~

P pas3 q pa3

6. TensopHOE NpOM3BEAEHUE JWHEMHEIX IpPeo0pa3oBa-
HuU. MBI HayImIuch TO KaXJAO0W Mape JUHEAHBIX IMPO-
crpaucTe Ri, Ry cTpOUTH HOBOE JIMHEMHOE IIPOCTPAHCT-
BO — MX TeH30pHOE npoussegerune R ® Ro. Oanako >Tum
3a/1a9a He 3aKaHIUBaeTCca. MOXHO elle 10 JUHETHBIM Mpe-
06pa3oBaHUAM B KaxXJOM u3 IpocTpaHcTB R, Ry mocTpo-
UTb JUHEUHOE MPeoOpa3oBaHMe B UX TEH30PHOM IIPOU3BE-
EHUU.

Wraxk, mycThb 3a1aHBl TUHETHOE IpeobpasoBanne A mpo-
crpaucTBa Ry B R m aunennoe npeo6pasosanue B npoct-
parcTBa Ry B Ry *). MBI HOCTpOMM IO HUM JMHEMHOE TIpe-
obpasoBaHme nmpocTpaHcTsa [ ® Ry B Ry ® Ry, xoTopoe
Oy/eM Ha3bIBATH TEH3OPHBIM IPOU3BEICHUEM Mpeobpaso-
Bauuut A u B u o603uadaTh Yepe3 A ® B.

Paccmorpum Temsopaoe nmpoussemerue Ry ® Rs mpo-
crpaucTB Ry n Ry. HamomuuMm, uro smementamu Ry @ Ro
ABIAIOTCA (POPMAIbHBIE CyMMBI

1Y+ ...+ Tk ® Y,

rnez; € R, y; € Re, 1 =1,...,k.

Tenzopubim mpousseneanem A ® B aunennoro npeobpa-
soBarusa A mpocrpancTBa Ry B Ry u aunenHOro npeobpa-
soBanusa B nmpocTpancTBa Ry B Ry Ha3BIBAETCA JTUHENHOE

*) Wsorpaa sro 3amuceBaioT Tak: A: R1 — R u B: Ry — R».
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npeobpasosanue C npocrpancTrsa R Q@ Ry B R1® Ry, onpe-
IeaaeMoe CaenyrmuM oO6pa3oMm:

Clx1 @Y1+ ... + T Qug) =
= (Az1) ® (By1) + ... + (Azg) ® (Byg) 7).

Boaee 06110, eciiu uMEIOTCA IBa, JUHEUHBIX IPOCTPAHC-
TBa R, S1, ABa APyrux JUHEUHBIX TPOCTpaHCTBA Ro, So u
AuHerHbIe npeobpasoBanus A: Ry — S1u B: Ry — So,
TO MOXHO AHAJOTUYHO ONPEIEJUTDh JUHENHOE Mpeobpa3o-
BaHUe

AQRB: Ri ® Ry — 51 ® Ss.

OTMeTuM, 9TO KaXIOMy JUHEMHOMY IIPeo6pa3oBa-
Huio A mpocTpaHcTBa R ecTecTBEeHHBIM 0O0pa3oM OTBe-
JaeT JMHEMHOE Mpeobpa3oBaHme MpOoCTPaHcTBa R ® Ry, a
uMenno A ® 1, rae 1 — eauHUIHOE TpEeOOpa3OBAHUE; aHA-
JOTMYHO KX AOMY JUHEMHOMY TPe0oOpa3oBaHuio B mpocT-
PaHCTBA R2 MOXHO IIOCTaBUTH B COOTBETCTBUE JIHHefIHOQ
npeobpasosaume 1 ® B npocTpancTa R ® Ro.

YcTaHOBUM, KaK BHIPAXKAETCA MATPUILA, JUHEWHOTO Tpe-
obpazoBanus C' = A® B 4yepes maTpuibl 1peobpa3oBaHun
A u B. 3agangum 6asuc ey, ..., e, B upocTpancTse R u 6a-
3uc fi,..., fp B mpocrpancTee Ry. Torga BekTOpH €; ® f;
o6pasytoT 6a3uc B TeH30pHOM npousBegeHun R @ Ro.

IIycte A = ||a;j|| — Marpuua npeoGpasosanus A B Ga-
3UCe €1,...,ey; B-—Marpuna npeobpa3oBanuia B B 6a-
suce fi,..., fn, T.€.

Aey, = Zaikei, Bfi = ijlfj-
j=1

=1

Torga C' = A® B npeobpasyeTr 6a3ucHbIE BEKTOPHI € Q f;

*) Jlerko mpoBEepUTH, YTO ONPEIETEHUE KOPPEKTHO, T.€. DABHBIE
BBIDAXXEHUA NPeoOpa3yloTCA B PaBHBIE.
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10 CIAEAYIomEen (popMmyre:

Clex ® fi) = (Aer) ® (Bfi) = Z Zazkb]l (ex ® fi)-

i=1 j=1

Takum ob6pazom, MaTpula JuHEHHOTO peobpasoBanus C'

ecrb marpuna C = |l¢jrl mopagka mn, cTpokm u
CTOJOIBI KOTOPOU 3aHYMEPOBAHBI TIAPAMA WHIEKCOB (i, ] ),
v=1,...,m; j=1,...,n. IIpu oTom c;j; = airbj;. Taxas

marpuna C Ha3BIBAETCI KPOHEKEPOBCKUM NPOU3EEIEHUEM
MaTpun A u B.

Yupaxuenune. [Jokaszarb, ITO OmpeIeIUTEIH> KPOHEKEDPOB-
CKOro mpousBefeHua MaTpull A u B paBeH mpOU3BEICHUIO OMpene-
aurenen matpun A u B

7. Ilonarue pyukTopa. B 5TOu riase MBI paCCMOTPEIN HECKOIBKO
TUIOB ONEpanuil Ha [ JAHEUHBIMU MPOCTPAHCTBAMMU, KaK, HATIPUMED,
OTIEpaIy MEePex0aa K COMPAKEHHOMY TPOCTPAHCTBY WU TEH30PHOE
ymuOXeHue. [Jagum o6uiee ONpefeneHne TaKuX ONEPaIny.

Muvi 2060pum, wmo 3adan xosapuanmuolt Pynrxmop (wim Gomee
TOAPOGHO, K06aPUAHMHbLIY GYHKMOP 6 KAME2OPUY AUNHETHBIT TIPO-
cmpancms ), ecau 3a0aH0 MPABUAO, COTOCTMABAMOULEE KAHCIOMY
aunetdnomy npocmparncmey R mexomopoe aunetinoe npocmpancmeo
F(R) u waxcdomy aumetinomy npeobpazosanuio A: Ri —> Ro mne-
Komopoe aunetinoe npeobpasosanue F(A) npocmpancmea F(R:1) 6
F(R,) (B mammx o603uavenunx, F(A): F(R1) — F(R2)). IIpu smom
nPEON0AARAIOMCA BLINOAHERHVIMY CACIYIOULUE YCAOBUA:

1) ecau 1 — edunuunoe npeobpazosanue 6 R, mo F(1) — edunuu-
noe npeobpasosanue 6 npocmpancmee F(R);

2) ecau A: Ri — Ro u B: Ry — R3 — dsa aumnetinoir npeobpa-
306amUA, MO

F(BA) = F(B)F(A).

TIpumepom KOBapUAHTHOTO (HPYHKTOPA ABIAETCA TEH30PHOE YMHO-
xenue. lmenno, nycrs S — ¢pukcupoBanHoe npocrpancTso. OTHECEM
Kax oMy JdrHerHOMY npocrpancTBy R mpocrpancrso F(R) =R® S
7 KaXIO0My JuHernHOMy mpeobpazoBammio A: Ry — R, muaennoe

*) Iomarme GyHKTOPA MOXKHO BBECTH NI NPOU3BOILHOU KaTe-
ropuu. Obmue onpegereHns KaTeropuu 1 GyHKTOPa CM., HAIIPUMED,
B kuure: C. Jleur, Aare6pa, «Mup», 1968.
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npeobpasosanmne F(A) = A ® 1 npocrparctea R1 ® S B R2 ® S. He-
TPYAHO TPOBEPUTH, ITO IPU STOM CBOUCTBA 1) U 2) BBINOIHAIOTCH;
TakuM 06pa3oM, F — KoBapMaHTHBEIN (PYHKTOD.

AmanormaHO ONpeneaseTcsa KORTPABAPUAHTHEIU GyHKTOD. Mol 20-
60puMm, umo 3adan Kommpasapuawmuviti Gynwwmop F, ecau zadano
nPasua0, conocmasastouee Karcdomy aunetinomy npocmpancmey R
nexomopoe aunetinoe npocmpancmeo F(R) u waxcdomy aumetnomy
npeobpazosanuto A: Ri — R2 nexomopoe aunetinoe npeobpasosa-
nue F(A): F(R2) — F(R1). IIpu smom npednoaazaemcs 6bino-
HEHHOIMU Ycao6ue 1) u ycaoeue

2") ecau A: Ri — Rs u B: Ry — R3 — dsa aumnetinoiz npe-
06paszosanud, Mo

F(BA) = F(A)F(B).

TIpumepoM KOHTPaBapUAHTHOrO (GYHKTOPA ABIAETCA OMEPAIAL
mepexoaa K COIPAKEHHBIM TPOCTPAHCTBaM. VIMEHHO, OTHECEM Ka-
XK IOMY JAHETHOMY IIPOCTPAHCTBY R compakxeHHOe eMy IPOCTPAHCTBO
F(R) = R' w xaxaomy mmaettHOMy mpeobpazoBanmio A: R1 — Ro
compmxennoe npeotpazosanme F(A) = A'. Herpyazo mposeputs (cm.
.2 § 23), aT0 mpum 3TOM CBOMCTBA 1) U 2') BEIMOTHATOTCA; TaKUM 06pa-
30M, F — KOHTpaBapuaHTHBIN (PYHKTOP.

3angava. Ilycts S— QuUKCHPOBAHHOE JUHEMHOE IIPOCTPAHCT-
Bo. O6o3raamm 1epes Hom(R, S) mpocTpaHCTBO BCEX IMHEUHBIX IPe-
o6paszoBaruz A: R — S. [l1a 1060r0 JUHEXTHOTO MPOCTPaHCTBA R
nonoxum F(R) = Hom(R, S). Met onpegemnnn, Takmm 06pa3oM, ome-
panmio F' Ha MHOXECTBe JMHEUHBIX MPOCTPAHCTB. TpefyeTca ompe-
nemaTh F Takke Ha MHOXKECTBE JUHEMHBIX IPEOOPa3OBAHUU TAKUAM
o6pa3om, 4T0o0sl F' cTaI0 KOHTPABAPUAHTHEIM (DYHKTOPOM.

8. Cummerpuueckas ¥ BHemHsas creneHu. Hapsany c
TeH30PHBIM Ipom3BegeHneM R @ R mome3no Takxe paccMa-
TpUBATH CHUMMETPUYICCKYIO CTCIIEHb W BHEIMTHIOIO CTEIICHDBL
npocTpancTBa R; 0COOEHHO BaXHBIM IMOHATHUEM SIBIAETCS
BHEIIHAA CTENEeHb. JTU IPOCTPAHCTBA CTPOATCA AHATIOT U Y-
HO TEH30PHOMY TIPOU3BENEHUIO.

Haunem ¢ ompegereHua CUMMETPHYIECKOTO KBaAPATA
S?(R). HamoMH#M, 49TO dIeMeHTaMu npocTpascTsa R Q@ R
ABISAIOTCA BBIPAXKEHUS

T QYL+ ... + Tk @ Yk, (6)
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rae ;,y; —saemenTtsl u3 R. Ilpu sTom npegmomaraercs,
qaTo

1) (1 +22)Qy—21 @Yy — 22 @y =0;
2) TR +y2) — TRy — xRy =0;
3) (M) @y —z® (Ay) =0.

dneMeHTH £ QY U Y ® £ B R ® R sasuasaoTca nupu y # x,
[0 OIPEENEHUIO, PA3IAIHBIMU.

O gHako mHOr A yAOOGHO BBECTH IPOCTPAHCTBO, B KOTO-
PpoM QY =y .

st >Toro gomonHuM ycaosus 1)-3) cregyromum:

4) 1®y—yQz=0.

[IpupaBHAEM TaKXe HyJIIO U BCE JUHEHHbIE KOMOUHAIAY
Beipaxenutt 1), 2), 3) u 4). /Isa Boipaxenus X u X' Buga
(6) Oyzem Temepb CUATATH PABHBIMU, €CAU A HUX CYIIe-
cTByIOT Takme Beipaxenua Z = 0u Z' =0, aro X + Z n
X'+ 7' cosnagator.

B pesyabrare MBI MOLyYUM JMHEMHOE MPOCTPAHCTBO,
DJIEMEHTHI KOTOPOTO — KJIACCHI PABHBIX MEXJy COOOU BbI-
paxenun Bua (6), a Omepanuu CI0XKEHWA U yMHOXKEHUA HA
YUCIO ONPENENeHbl, KAK W A TeH30PHOr'O MPOU3BEIeHU]
R ® R, no popmyaam (2) u (3). (Hurarero npegraraercsa
yOenquThCA B KOPPEKTHOCTH OMPENEIEHUN DTUX ONEPAIUN
U B TOM, 9TO BCE AKCHOMBI JIMHENHOT'O TPOCTPAHCTBA 31€Ch
BBIIOJHEHBL.) DTO HIPOCTPAHCTBO HA3BIBACTCA CUMMEMPU-
weckum Keadpamom npocmpancmsa R u 0603HaMaeTCA 6-

pes S%(R).
Yuopaxuenue. [Jokasars, uro pasmepocTs S2(R) paBHa

n(n+ 1)

5 , TJe n— pa3MepHocTs R.

[pyruM BaXHBIM NOHATUEM ABIAETCA BHEUIHUU KBAa-
apat R. YTo6b1 5TO IpOCTPAHCTBO MOCTPOUTH, JOIMOJHUM
ycaosua 1), 2) m 3) caemyrommm ycaoBmeM:

4" r®x=0.
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[Tocre sTOor0 MBI OmpenenMM PaBEHCTBO ABYX BBIPAXKeE-
Hun Buga (6) mogoOGHO TOMY, KaK DTO yX€ NeJaaoCh NI
TEH30PHOT'0 npou3BefeHna R @ R m 114 cHMMeTpHIecKo-
ro xBaapata S2(R). Ilory4aemoe IMHEHHOE ITPOCTPAHCTBO,
DIEMEHTHI KOTOPOT'0 — KJIACCHI PABHBIX MEXy COGOU BHI-
paxeHun Buja (6), HA3BIBACTCA BHEWHUM KEAIPAMOM NPO-
cmpancmsa R u o6o3Hadaercsa depes R A R (mo-apyrowmy,
2
A R).

Jlemma 2. B npocmpancmee R N R umeem mecmo
PaBeEHCMBO

TRy +yx®zx=0. (7)

B camom mene, umeem:
rQy+tyRr=(r+y)Qx+y — 20z —yQy.

Takum ob6pa3om, BbIpaxeHUe T Q Y + Yy @ & ABIACTCA
JUHETHOU KOMOWHAIUMen BeIpaxeHuin uga 4'), u, 3HAIMT,
OHO PaBHO HYJIIO.

Bripaxenuwe r ® y, paccMaTpuBaeMoOe KaK DJIEMEHT u3
R A R, HA3BIBAIOT GHEWHUM NPOU3BEICHUEM BEKMOPOE T
u y m obozHagaloT Tak: L A y. Pasenctso (7) ozmauaer,
9TO BHEIIHEE IIPOU3BEACHUE BEKTOPOB aHTUCUMMETPUATHO:
T ANy=—-yANzx.

Toxaxem, 110 S?(R) u R A R MOXHO OTpEIeTnTsh 1 KaK MOATPO-
crpaHcTBa B R ® R; TouHee, B R ® R uMeTCA MOAIPOCTPAHCTBA,
ecTecTBeHHEIM 06pasom mzomopdure S°(R) u R A R.

[xs »Toro 3aganuM B mpocTpancTee R ® R muHenHOE Ipeo6paso-
BaHUE 0, OIpeaenseMoe Mo GhopMyIe

oZ1Q@y1+ ...+ Qi) =y1 @1+ ... + Y Tk
O‘IeBI/IAHO, 9TO €ero KBaApaT €eCTh €OUHUYIHOE HpeO6paBOBaHI/IeZ
o2 =1.

Paccvorpum aBa moampocrpancrsa B R ® R — moampocTpasHcTBO
H; saemenToB X, naa koropeix 0 X = X m nogupocrpanctso Ha sie-
MeHTOB X, aasa koTopbix 0 X = —X. OTU NOANPOCTPAHCTBA UMEIOT
HyJZeBOe IepecedeHue, Tak Kak u3 ycaouu o X = X n oX = —X
caenyer, uyto X = 0. Iloxaxem, 4TO mX mpaAMas CyMMa €CTb BCe
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npocTpancTBo R ® R. B camMom neme, mpeacTaBUM JIOOG0U DIEMEHT
X w3 R® R B Buge cymmor X = X; + Xo, rge X = %(X + oX)

uXy == — 0X). OgeBugno, yro 0 X; = X1, r.e. X1 € Hi, n
Xo = 2(X - 0X). O X, =X X, € H

O'X2 = _XQ, T. €. X2 (S HQ.

IToxaxeMm Temeps, ITO IpU eCTeCTBEHHOM oTOoOpaxeHmn R R Ha
S?(R) B Hy.Ib IEPEXOLAT BCE DIEMEHTHI i3 Hy, M IPUTOM TOIBKO OHIL.
B camom gexne, mycts X € R ® R mepexoAuT IpU 3TOM OTOOpaXKEHUN
B Hyab; Torga X pPaBHO IMHEMHON KOMOWHAIIWK BBHIpAKeHUI BuIa 4),
T. €. BRIDAXEHUN & QY —yRx; ciegoBaTensio, o X = —X, r.e. X € Ho.

O6parno, nycte X € Ha, t.e. 0 X = —X; Torga X = %(X —oX);

cren0BaTenbHO, X PABHO TUHEUHON KOMOWHAIIMY BHIDAXKCHUIT BAA 4)
U, 3HAYUT, IEPEXOJUT B HyIb Ipu oTobpaxkennn R ® R ua S?(R).
TTockonbky R ® R sBasercsa npamou cymmon Hi u Ha, To sTum
JIOKa3aHOo, 4TO mpu oTobpaxkennn R® R na S?(R) moampocTpaHCTBO
H, m3omopduo orobpaxaerca Ha S2(R).
Nrak, mpr ycramoBmmm m3omopdusm mexgy S2(R) m moampo-
crparncTBoM H; C R ® R snemenToB X, n1a xkoTopeix 0 X = X.
Ananormano ycranasmmsaerca mzomopodusm mexay R A R u noa-
npocrparcreoMm Hy C R® R snemernToB X, mgas koropeix X = —X.
Yupaxueunne. Ilycts ei1,...,e, —06asuc B R. [Jokasars,
4TO DIEMEHTHL €; A e, rae ¢ < j, obpasyior 6asuc B R A R.

m

9. Buemnsas crenens /\ R. Teneps naaum onpegeneHue
m

BHemHen creneHu /\ R mpocrpancTBa R 11 mpou3BOIb-
m

HOro M. Paccmorpum m-1o Tensopuyio crenens ) R. Ha-
m

HOMHMM, 9TO IeMeHTaMu npoctpancTsa Q) R asasioTcs
(bOpMATBLHBEIE CYMMBI BEIDAXKEHUN BUIA

1 RTIR® ... Q Iy, (8)

rae z; € R, npyieM HEKOTOPbIE U3 TAKAX CyMM CIATAIOTCA
paBHBIME MeXay cobou. [IpupaBHAEM TOMOJHUTEILHO Hy-
JI0 BCE BBIpaxkeHus Buaa (8), y KOTOPHIX COBHANAIOT XOTA
OBl IBA COMHOXUTEJA, 8 TaKXKe JI00ble UX JUHEHHBIE KOM-
ounanuu. To JuHENHOE IPOCTPAHCTBO, KOTOPOE MPU DTOM
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IOy YA€ TCs, HA3BIBAETCA SHEWHel m-1 cmenenbio npocm-
m
pancmea R u o6o3nagaerca depes A R.

Breipaxernne z; @ 22 ® ... @ Tp,, pacCMaTPUBaEMOE KaK
m

onemeHT u3 /\ R, HA3BIBAETCA BHEWHUM NPOU3EEIEHUEM
8EKMOPOB L1, ..., Ty 1 0003HATAETCA L1 AT . .. NTy,. He-
TPyAHO ybeauThea (oZ0GHO TOMY, KaK DTO yXKe JeIal0Ch
UL CIIy9asd JBYX COMHOXUTENEN ), 9TO 8HEUHEE NPou3sede-
HUE 6EKIMOPO6 GHMUCUMMEMPUYUHO, T.€. OHO MEHAET 3HAK
TIPU TIEPECTAHOBKE JIOOBIX IBYX COMHOXUTEIEN.

Cpenu BHEIIHUX CTEMEHeW MPOCTPAHCTBA R mmeeTcs
JUIIL KOHEYHOE YMCJIO OTAWYHBIX OT Hyad. meHHO, mo-

m
kaxeMm, 9to /\ R = 0 npm m > n, rge n— pa3mMepHOCTH R.
Haa sToro 3amanum 6asuc ei,...,e, B IpOCTpaHCTBe R.

Pasmaras BexTopsl m3 R mo smeMenTaMm 6a3mca, MBI ybe-
X JaeMcd, ITo Jo0oe BHEITHee Ipou3BeieHue T A ... A Ty,
m

a 3HAYAT, U M060U daeMeHT u3 /\ R, ABIAETCA JMHEMHOU
KOMOWMHaIuen BeIpaxeHuu e;, A ... Ae; . Ho ecmm m > n,
TO B KaXJOM BBIDaXXeHUH €;; A ... A e; COBOALAIOT XOTA
OBl [Ba COMHOXWUTENIA; 3HATNAT, Bcerga e; NA...Ae; = 0.

m
Urax, A R =0 opu m > n.

n
[lokaxem Takxe, 94T0 npocmpancmseo [\ R, 2de n —
pazmeprocms R, asasemces 00HOMEPHBIM NPOCTPAHCT-
gom. B camoMm pexme, cpeam aneMeHTOB €;; A ... A e;, OT-
JUYHBI OT HYJIA TOABKO Te€, Y KOTOPBIX WHIAEKCHI i1, ... ,10n
TIONAPHO PA3JUTHH U, 3HAUUAT, ABIAIOTCA IePECTAHOBKAME
mHIEKCOB 1, ..., n. Tak Kak BHeIIHee IPOU3BEIEHNE BEKTO-
POB AHTUCUMMETPUIHO, TO TaKWe OTIWIHLIE OT HYJIA DJe-
MEHTHI COBIANAIOT, C TOYHOCTHIO JO 3HAKA, C DIEMEHTOM

n

e1 A ... A ep. Hockonbky mo6oun saement u3 A\ R asisercs
JIWHENHON KOMOMHAIMEN BEKTOPOB €;; A ... A e; , TO TeM
CaMBIM OH KPaTE€H BEKTOPYy €1 A ... Aep.
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Yunpaxuernwa 1. [ycts er,...,e, —6asuc B R u e =

n
= > ajie; —moGele n BekTOpoB m3 R. JlokasaTs, 4TO €} A ...
j=1

...Ne, =aei A... ey, TOe a— onpefeauTens MATPULEL ||ai;||.
2. Iycte e1,...,en, —06asuc B R. [loka3zaTb, 4TO BBIPAXKEHUT

m
ei, N...Néei,,, rae i1 < ia < ... < im, oOpasyior Gasuc B /\ R.
m

Ha ocHOBaHMM 5TOr0 BBIMUCIUTEH Pa3MEPHOCTH HpocTpancTsa /\ R.

3agava. [lare (no amamormm co crydaem m = 2)
ompegenerane m-u cummerpuaeckon crenenu S (R) mpoc-
TpaHcTBa R s a060ro m.

10. TensopHoe mnpou3BeJeHUWE EBKIMJIOBBIX IIPO-
crpaucTB. [lycte R;—eBKaA®AOBO NPOCTPAHCTBO CO
CKalApHBIM TpouseeaeHueM (1,2')1, Ro— apyroe eBkau-
JIOBO TIPOCTPAHCTBO CO CKANAPHBIM poussegerueM (i, y')s.
Torma B wx TensoproMm mpoumsBemeruu Ry ® Ro MoOxHO
€CTEeCTBEHHBIM 00Pa30M BBECTH CKAJIAPHOE MPOW3BEICHUE.

Cravama ompeenmM ero A IMapbkl BEKTOPOB & @ y 7
7' ® 3/, momaras

(r@y, 2" ®y) = (z,2")1- (y,4)e
Ecnu Tenepsn
X=21Quy1+...+ T Y,
X'=21yi+...+ 79y

— IPOU3BOJbHBIE BEKTOPHL U3 R ® Ry, TO MOMIOXUM:

k l
(X, X)) =D (i @yi o @) 9)
i=1 j=1
Yurarento upemmaraercs yOeauTbCs, YTO BBIPpAXKE-
aue (9) AEMCTBUTENLHO 33JA€T CKAIAPHOE MPOU3BEICHUE
Ha Ry ® Ry. Nlmenno, ono mmeer cmuica vHa Ry @ Ry (T.e.
COXpaHAECTCA NpU 3aMeHe Bhipaxkenudn X u X' Ha paBHbIE)
¥ yIOBIETBOPSAET BCEM AKCUOMAM CKAJISIPHOTO MPOU3BEE-
HUA.
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[Ipocrpancro R; ® Ry c BBeIeHHBIM B HEM TaK CKaJAP-
HBIM IPOUM3BEJCHUEM HA3BIBACTCA MEH30PHbIM NPou3eede-
Huem eskaudosur npocmpancms Ry u Ro.

3aMeTuM, ITO €CIN €1, ..., ey — OPTOHOPMUPOBAHHBIN
6asuc B Ry, a fi,...,fn—OpPTOHOPMUPOBAHHLIN (a3UC
B Ry, TO BeKTOpH €; ® f; 06pa3yioT OPTOHOPMUPOBAHEIN
6a3nc B TeH30pHOM mpousBenennu 1 @ Ry. B camom meie,

(e; ® fj,er ® fir) = (ei,eir)1(fj, fir)2-

3HAYWT, 5TO BEIpaXeHue paBHo 1 mpu i = 7', j = j' m paBHO
HYJIO BO BCEX OCTANBHBIX CIydadx.



JOBABJIEHUNE
TEOPUS BO3SMYIIEHUA

Tounoe BBHIUKCIEHNE COOCTBEHHLIX 3HAYMEHUA M COO-
CTBEHHBIX BEKTOPOB CAMOCOIPAXKEHHOT'0 JUHEMHOI'O IIpe-
006pa30BaHUA 9aCTO HATAIKUBAECTCA HA 3HAYUTEIbLHBIE BbI-
qucauTenbubie TpyaHocTr. OQHUM U3 PACIPOCTPAHEHHBIX
METO/OB NPUOJMKEHHOI'O BBHYUCACHUA COOCTBEHHBIX 3HA-
YEeHMH B KBAHTOBOM MEXAHWKE ¥ BO MHOI'MX 3a4a9aX TEO-
pun KOAEOAHUYU ABIAETCA TAK HA3BIBAEMBIA METON BO3MY-
MIEHUN. DTOT METOJ, IPUMEHUMBIN K JUHEUHBIM Tpeobpa-
30BaHMAM KaK B BEIIECTBEHHOM, TaK ¥ B KOMILIEKCHOM IIPO-
cTpaHcTBe, rpybO TOBOPSA, COCTOUT B CJAEAYIONIEM: MyCTh
M3BECTHHI COOCTBEHHLIE 3HAYEHNUA U COOCTBEHHBIE BEKTOPEI
HEKOTOPOr'0 CaMOCOIPAKEHHOI'0 JUHEXHOT'O MPeoOpas3oBa-
mua A. Paccmorpum mpeobGpasosanue A + ¢B , rae B —
IIPOM3BOJILHOE CAMOCOIPAXEHHOE IpeobpasoBanue. Toraa
co6cTBeHHbIe 3HaMeHnA A +¢B cyTh GyHKIuI oT €. Mox-
HO MOKa3aTh, 9TO npu € — (0 cO6CTBEHHBIE 3HAYCHUA U
BeKTOPHL A 4+ B cTpeMaTcsa K cO6CTBEHHLIM 3HAYEHUAM 1
BekTOpaM A. 3agada COCTOUT B HAXOXIEHUHU (IOMIPABOK)
K COOCTBEHHBIM 3HAYEHUAM M BEKTOPAM IIPU 3aMEHE IIpe-
obpasoBanus A na A+ eB.

§ 1. Cryvan HEKpPATHBIX COOGCTBEHHBIX 3HAYECHHUN

[Mycts A wumeeT pasaumdsble COOCTBEHHBIE 3HAYEHUA
Al,A2,..., Ay ¥ TyCTH €1,€3,...,€E, — COOTBETCTBYIOIINE
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UM HOPMHUPOBaHHBIE COOCTBEHHBIE BEKTOPHL. llycTh, ma-
nee, B —kakoe-mn60 Opyroe caMOCONPSXKEHHOE JUHETHOE
npeobpasoBanune. Cob6CTBeHHBIE 3HAYEHUA NPeOoOPa3OBa-
Hua A + eB ob6osmadum depes Ai(g), A2(e),..., An(€), a
COOTBETCTBYIOIINE COOCTBEHHBIE BEKTODHL— 1uepes eq(e),
e2(€),...,en(e). MoxuO moKazaTh, 94T0 A\;(€) u ek (e) ABs-
I0TCA HENPEPHIBHBEIMU U AuddepeHnupyeMbIMu PyHKITUAA-
mu oT ¢, npudeM Ag(0) = Mg, a ex(0) = eg. IIpencrasum
5TU (PpyHKIIUU B BUJE

Me(e) = Mg + 5)\21) +...

ex(e) = ex + eeg) +...%
6 AL e
Y/AeM CHATaIa UCKATH A, ' ¥ € , T.€. (NIABHYIO TaCcTh
nonpasku K e = ex(0) u Ay = Ag(0). Mb1 umeem
(A +eB)er(e) = Ai(e)ex(e),
T. €.

(A+eB)(extee’ +...) = Quterl+. ) (exreel +...).

CpaBHUM WIEHBI TIEPBOU CTEINEHU OTHOCUTENBHO £ B 00enx
9acTAX paBeHCTBA. MBI OIyIuM

Ae,(;) + Bek = Akel(el) + )\](gl)ek. (1)
YmuoxkuM 06e gactu (1) ckanapHO Ha ey:
(Aeg), er) + (Beg, ex) = )\k(eg), er) + )\g)(ek, k).
Tak Kak, B CIIy CAMOCOIIPAXKEHHOCTH IMpeobpasopanua A,

(Aey), ex) = (ef), Aex) = Me(ef”, ex),

*) MHOroToUme 346Ch X JAJIBHEULIEM O3HATAET, ITO OTOPOIICHO
craraeMoe TMOPAIKA BEHIIE TEPBOTO O CPABHEHWIO ¢ £. MBI He TuIIeM
BMECTO MHOTOTOIHA 0(€), ITOOBI HE 3arPOMOXKIATH U3JI0XKECHU.
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TO
(Bey, ex) = )‘Egl)(ekaek) = Aﬁf)-

Orcroga
MY = (Bey, ex), (2)

W TIepBas MOJOBUHA, HAIIEH 33,1891 TaKUM 00pa30M PeneHa.

Boeraucanm Teneps MIaBHBIU YJIEH HOMPABKA K COOCTBEH-
HOMY BEKTODY eg(€), T.e. eg). [lna >TOro yMHOXUM CKa-
aapro 00e gacTu pasencrsa (1) Ha €;, rae i # k. Tak kak
BEKTODHI €, U €; ODTOrOHANBHEL, T. €. (e, e;) = 0 upu i # k,
TO MBI TOJYIAM

(Ae/(gl)’ ;) + (Beg, €;) = Ak(eg), ei).
Ho, anamoru<vno mpeasiaymemMy, Mbl IMeeM
(Aegcl),ei) = (eS),Aei) = Ai(e,ﬁl),ei),

O3 TOMY
(1) (Beg,ei) .
e’ e)=—~—"=- i#k. 3
( k Z) )‘k: _)\z ) 7é ( )
1

COBOKYIIHOCTD DTUX PABEHCTB U OMPEAEIIET BEKTOP e,(C ),
Bamumem dopmyast (2) u (3) B koopauHaTHOU dHOpPME.
[lna sToro ynobHee Bcero BEIOpaTh B KadecTBe 6a3uca cob-
CTBEHHBIEC BEKTOPHI €1, . . . , € (HEBO3MYIIEHHOIO» Ipeobpa-
soBarusa A. Marpuiy npeobGpasoBanus B B TOoM Gasuce
o6o3HaxmM 4epes b;j, T.e. Bej = ) bjrey u, clegoBaTenb-

HO,

(Bej, ei) = bij.
(1)

KoopaunraTsl BekTOpa e; ' — IMIABHOT'O “IEHa (IIOIPaB-
Ky — 0603Ha UM depes £1,...,8k,...,En, T.€.
(1)
ek 25161+...+fn6n (4)
", 3HAYUT,

&= (61(91), €.
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Popmyast (2) u (3) nprobperyT BuUA
)\g) = byk, (2"
6= 5% (3)
(1) (1)

Cam BexTOp e, ' ompegenseTcs Tuciamu & = (ek1 ,€;) 1O
dbopmyze (4). Y HAC ocTanACh HEOMPeAeIeHHOU k-1 KOOD -
Hata &. OHa ompenenseTcsa U3 yCJIOBAA HOPMHUPOBKU COO-
CTBEHHOT'O BEKTOPA, T. €. U3 YCJAOBUA, ITOOBI JJIMHA BEKTO-

(1)

pa e + e, ’ + ... OblTa paBHA eamHUne. MBI mMeem

(er+eel +.. ep+eel) +..)=1,
1 1
(exs ex) +el(el) ex) + (en e )] +... = 1.
CpapHUBag <ICHBI HPH TEPBLIX CTEMNEHAX €, MMeeM
(e,(gl), er) + (ex, e,(el)) = 0. DTOMY YCJIOBUIO MOXHO YIOBJIE-
TBOPUTb, IoJaras *)
1
&r = (e}, ex) = 0. (5)

OKoHYATEIBbHO UMeeM

A = by, (1)
(1 _ ~ by _
e, = Zl o €, (IT)
iZk

rge by, = (Beg,e;j), a Ay — COOCTBEHHbIE 3HAUCHUSA (HEBO3-
MYIIEHHOr0» peobpa3oBanusa A.

*) B KOMILIEKCHOM CIydae (e,(cl), er) + (ex, e,(cl)) = 2Re(e,(cl), er), 1

1
MBI MOV OBl CIATATH (eg ), €r) He TOIbKO HyJIEeM, HO W IPOM3BOJIb-
HBIM 9YACTO MHUMBIM YUCIOM. DTO CBA3AHO C T€M, ITO HOPMUPOBKA
COOCTBEHHOT'O BEKTOPA ONpeesaeT ero B KOMILIEKCHOM CIydae ¢ TOY-

HOCTBIO OO MHOXHUTEAA, IO MOAYJIO PAaBHOI'O €QUHUIIE.
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[na noxyserus ¢dopmya (1) u (II) Mbr BEIGpamu 6a3uC, COCTOAIIAI
73 COOCTBEHHBIX BEKTOPOB mpeobpasoBanusa A. IIpu mpousBoabHOM
6azuce dpopmyast (2) um (3) Takke OIpeFEIAOT )\,(Cl) u e,(cl) Y9T00b1
nonyauts dopmyasi, anatormausie (1) u (II) B mpomssorbHOM OPTO-
COHAIBHOM 6a3uce, HAaI0 3HATH TOJIBKO KOODAMHATHL BEKTOPOB € U
MaTpuny npeobpasoBanus B B aToMm 6asuce. IlycTs MmaTpuna B ecTs

[|1Buvll, & e,(cl) = (cgk), ey cﬁf)). Toraa m3 (2) moxy1aem

n
3 BurePel
vtu v

p,v=1

a m3 (3) momydYaeM CHCTEMy YPABHEHUN A ONPEACICHUA KOOPIMHAT

C1y-..,Cn BEKTODA e,(cl)

§101i> +§2c§i) o Cn c( i) _
Zﬂyc(”c(’“)
=" (=12 k- Lk+1.n).

Hepocraromee ypaBHEHTE CHOBA, MOLyIaeM U3 yCJIOBUA (5) HOPMUPOB-
KU BEKTOpa e (&):

k k k
Qe + Gl + .+ Guel =0,
Tak Kak BEKTODEHI €1, . . ., €, JAHCTHO HE3ABUCUMBI, TO OIPENeIUTelb
STOU CUCTEMBI OTJIWYEH OT HyJd, 1 9ucaa (1, (2, . .., (, ONPEAETAIOTCA

U3 HEE OOHO3HATHO.

Hanmem Tenepb cOGCTBEHHbIE 3HAMEHUA BO BTOPOM MPH-
6IMKEHWUH, T. €. C TOIHOCTHIO 0 WICHOB TOPAJKA £°.

Mu1 Bugen, 9TO, 4JS TOCO ITOOBI HAUTHU COOCTBEHHOE
3HaveHWe B mepsoM npubamxenun [popmyaa (2)], gocra-
TOYHO OBLIO 3HATH COOCTBEHHBIM BEKTOP B HYJIEBOM MpU-
OauxeHur. AHAJIOTUYHO, MJIA TOMO YTOOBI HAUTU BTOPOE
npubimxenre K COOCTBEHHOMY 3HAYEHUIO, HAM TOCTATOY-
HO OymeT 3HaTh COOCTBEHHBIE BEKTOPHI B IEPBOM IIPUOIH-
xeunu. Mbr nmeem

(A +eB)ek(e) = A(e)ex(e).



316 ITOBABJIEHUE

[MoacraBum B 5TO paBeHCTBO:
ek(e )—ek—i—eeé)—i—e eg)—i—...,
M(e) = M+ eal) + 60?4
1 cpaBHUM wieHb npu £2. [Tomyamm
Be,(;) + Ae,(f) = A,@ek + )\,(gl)e,(;) + )\ke,(f). (6)
(2)

Mg Toro 9TO6B HAUTH )\, ', YMHOXIM CKaIAPHO 06e [a-

) ) =

CTH DTOrO PABEHCTBA HA €f. Y UATHIBAA, 9ITO (Aek , €k

= (61(92), Aey) = )\k(el(f), €k ), MBI TIOJLY UM

(Beg), er) = A,(C2) + )\,(cl)(e,(el), ek)-
(1)

Tak kak, B cury (5) (e, ,ex) =0, To
AP = (Bel), e).

Ho eg) =Y ¢&;e;. Hopcrasuss, norydaeM B cuity GOPMYIbL
(3) muasa mepBoro mpubanxeHus

(Beg, ei)(Bej, eg)
g (Bej, e g ,
fz 9 k )‘k — )\z
z;ék

a Tak Kak (Beg,e;) = (Bej, ), TO OKOHIATEIHHO UMeeM

| Bey, ez
} : \p —
=1 k
i#£k
rje ey — COOCTBEHHBIE BEKTOPHI, & A — COOCTBEHHBIE 3HA-
JeHusa npeobpaszoBanud A, wim

Z |bzkz|2
Ak
z;ék
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3angava. Hauru mompaBku mia COGCTBEHHOIO BEKTOPA BO BTO-
pPOM TPUOIMKEHUW, yMHOXKAA CKAIAPHO 06€ wIacTm paseHCTBa (6)
Ha €;.

Omeem.

biib
e = ZZ = 7}\; Jk*)\k)

i#k j£k
_Z _burbix _ZM@_k
YL S i-a)? 20
KpOMe yKaBaHHLIX ypaBHeHI/II/I HaAO BOCIIOJIB30BATHCA TaKxXKe yCJIOBI/I-
€M HOPMHUPOBKH, T. €. PABEHCTBOM

(ek—{—ae +sze(2)+..., ek—{—ae +sze(2)+...):1.

§ 2. Cayvan KpaTHBIX CO0GCTBEHHBIX 3HAYCHUH

Paccmorpum Teneps caydan, Korga A €CTh 7-KPaTHOE
cobcTBerHOe 3HaveHue mpeobpasoBanus A. ObozHaauM de-
pes

flaf?a"'va (1)

Kakme-mmOO 7 TIIONApPHO OPTOTOHAJBHBIX COOCTBEHHBIX
BEKTOPOB MpeoOpas3oBaHusa A, OTBEYAIOMUX ITOMY COO-
CTBEHHOMY 3HAICHUIO )\ Ba,MeTI/IM 9TO0, TaK KaK €;
(i=1,2,...,7r) OTBEIAIOT OMHOMY U TOMY *€ COOCTBEHHO-
My 3HAYEHWIO A, TO JUHEHHAA KOMOWHAINA STUX BEKTOPOB
TakXke OyfeT cCOOCTBEHHBIM BEKTOPOM, OTBEYAIOUIAM DTO-
My COOGCTBEHHOMY 3HAYEHWIO. DTUMU JUHEHHBIMA KOMOU-
HAIIWAMU UCUIEPIBIBAIOTCA BCe COOCTBEHHbIE 3HAYEHUA IIPe-
obOpasoBanua A, oTBedaromue COOCTBEHHOMY 3HATEHUIO .

[Ipu 3amene mpeobGpaszoBanusa A ma A + B cobcTsen-
HOEe 3HAa'YeHWe TepecTaHeT, BooOIle roBopsA, OBITH KpaT-
HBIM, ¥ BMECTO A MBI TOAYYIUM T PA3IAAIHBIX COOCTBEH-
HBIX 3HadeHUR A1(€), A2(€),..., Ar(€). CoorBercrByiomue
HOPMUPOBAaHHBIE COOCTBEHHBIE BEKTOPH 0003HAYUM Hepe3

e1(e),ea(e), ... e (e).

Hanpuwmep, ecim A — eguaudnoe npeo6pasosanue, T.e. A = E,
B N-MEPHOM IPOCTPAHCTBE, & B — Npou3BOIBLHOE CAMOCONPAKEHHOE
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npeo6pa3oBaHUe C MONAPHO PA3IMIHBIMYU COOCTBEHHBIMY 3HAYEHUAMUA
A1, ..., An, To A = E umeer n-xkpaTHOe COOGCTBEHHOE 3HAUEHUE 1, a
A+eB = E+&eB nMeer n pa3IndHbIX COGCTBEHHBIX 3HAYeHUN 1+ A€,
1+ doe, ..., 14+ Ape.

AHanoruvHo Ciay9ar mpoCTHIX COOCTBEHHBIX 3HAYEHUU
Ai(g) n e;(e) aBaatorca menpepeiBEBIME 1 guddepeHnupy-
embiMu pyakumavu ot €. [pu e — 0 \;(g) crpemarca
cobcTBeHHOMY 3HadeHui0 A, T.e. Kk \;. MbI numeem

i(g) = X\ + z—:)\l(-l) + 52)‘52) +... (2)

st cobcTBEHHBIX BeKTOPOB €;(€) mpeobpasoBanus A+ B
MBI IMEEM AHATOTWIHOE PABEHCTBO
_ W4 2,2
ei(e) =e; +ee; ' +ee; + ..., (3)
€ = lir% ei(€), u 3HAUT, €; €CTH COOCTBEHHBIN BEKTOD Tpe-
£—

ob6pasoBanua A, oTBedarOmIny COGCTBEHHOMY 3HAMEHUIO .
CremoBaTeNbHO, €; eCTh KaKad-TO, 3apaHee HAM HEM3BEeCT-
Has, TuHenHas KoMOuHanusa BeKTopos (1). Takum o6pazom,
B OTJIXYME OT CIydasd HEKPATHBIX COOCTBEHHBIX 3HAYCHUM,
caM¥ e; TaKXke IOJIeXAT ONnpeaerenno. IlogcraBuM B pa-
BeHcTBO (A + eB)ei(e) = Xi(e)e;(e) Bopaxkenns (2) u (3).
CpaBHUBasA, KaK ¥ B IPEILIYIIEM CIy4dae, KOd(PPUIneHTH
Ipu €, IOTyIaeM

Be; + Aegl) = Aez(-l) + Agl)ei, i=1,...,7 (4)
3/eCh BEKTOp €; ABIACTCA, KAK ObLIO YKA3AHO, JUHEHHOU
KOMOUHAIMEN COOCTBEHHBIX BEKTOPOB f1, ..., fr:

ei =mfi1+mn2fo+ ...+ fr.
(1)

Hama meas — HAUTH HCIO A,

My Nr.
Yumuoxan o6e gactu (4) ckaxapuo Ha fi, HOIyIIM

(Beiafk) + (Aegl)afk) = (Aegl),fk) + A'El) (eiafk)a

¥ BEKTOD €;, T. €. TUCIA
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wann, e s (Aef’), fi) = (e, Afk) = (el fe).
(Bei, fr) = A (e, i)

[ToacTapaaa B IEBYIO 9aCTh DTOI'0 PABEHCTBA, BMECTO €; €r0
BBIDAXKEHWE U 3aMedad, 910 (€;, fx) = Nk, mory M

r

S (B fi)mp = 2, (5)
p=1
nian
> b = A, 8))
p=1
rie

(Bfp: fr) = brp-
(1)

Nrak, wucna \; ' ABAAIOTCA COOCTBEHHBIMU 3HACHUAMHI
marpunsr ||bgyl|, k,p = 1,2,...,r, T.e. onpegenaorcsa us
ypaBHEHUA

Det [|bix, — Aokl = 0,

a BEKTOp €; OmpeaeaseTcsa popMyaIon

ei=mfi+...+n0fr,

rje 9ucaa 7); Haxoaarcs u3 ypasuenuu (I).
Ananorudao MOXHO OBLIO OBl HAUTH IHONPABKMA K COO-

(1) (2

CTBEHHBIM BEKTODaM, T.€. € ', e, , U CIeAyollue TIOIpPaB-

(2)

2
K K COOCTBEHHBIM 3HAICHUAM, T.€. A, .
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