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yaZg�� a hjlZfb� n�abqgh]h� [Zabkmki�\\�^ghr_ggyfb���������LhfmD H H= = ∑D J DL L LL L LL a �
A �grh]h� [hdm�� \_dlhj� Z fh`_� [mlb� jhadeZ^_gbc� [_aihk_j_^gvh� mn�abqghfm� [Zabk��� D H= a a �D L L Hl`_�� J D DLL L L L La a a �H H= lh[lh
( )J D DLL L L L− a a �H A h]ey^m�gZ�e�g�cgm�g_aZe_`g�klv�[Zabkgbo�\_dlhj�\
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a\�^kb� \bieb\Z}� i_jrZ� a j�\ghkl_c� ��������>jm]Z� a gbo� ^h\h^blvkyZgZeh]�qgh��
�����<eZklb\�klv� N�abqg��dhhj^bgZlb�\_dlhjZ� ( )a � aD DL L ih\
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�i�^kmfh\m\Zggy�aZ��g^_dkhf�� g_fZ}��� <bieb\Z}�a �������lZ���������� ����Hjlh]hgZevg��djb\he�g�cg��kbkl_fb�dhhj^bgZl�����HagZq_ggy� Djb\he�g�cgZ� kbkl_fZ� dhhj^bgZl� aZ^ZgZ� \ h[eZkl�� :gZab\Z}lvky� hjlh]hgZevghx�� ydsh� kdj�av� m p�c� h[eZkl�� H HL M⋅ = � ijbL M≠ ������ GZke�^hd� < hjlh]hgZevgbo� dhhj^bgZlgbo� kbkl_fZodhhj^bgZlg�� e�g���� sh� \�^ih\�^Zxlv� j�agbf dhhj^bgZlZf�i_j_lbgZxlvky� ebr_ i�^� ijyfbfb� dmlZfb�� [m̂ v�ydZ� dhhj^bgZlgZe�g�y�} ghjfZeex�^h�dhhj^bgZlgbo�ih\_johgv��sh�\�^ih\�^Zxlv�l�ckZf�c dhhj^bgZl��� <bieb\Z}� a hagZq_ggy� ���� � lh]h� nZdlm�� sh� [Zabkg�� \_dlhjb^hlbqg��^h�\�^ih\�^gbo�dhhj^bgZlgbo�e�g�c������� <eZklb\�klv� FZljbpy� =jZfZ� dhgljZ\Zj�Zglgh]h� [Zabkm�fZljbpy� ^\�q�� dh\Zj�Zglgh]h� f_ljbqgh]h� l_gahjZ�� hjlh]hgZevgh�kbkl_fb�dhhj^bgZl�} ^�Z]hgZevghx�^ey�\k�o�lhqhd�h[eZkl��:�
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� AZ�hagZq_ggyf�fZljbp��=jZfZ�lZ�a]�^gh�a hagZq_ggyf ���� fZ}fh�^ey_e_f_gl�\�fZljbp��=jZfZ� gZklmig�� j�\ghkl�� JLM L M L LM= ⋅ =H H H δ � yd�� c^h\h^ylv�ih^Zg_�l\_j^`_ggy������� <eZklb\�klv� FZljbpy� h[_jg_gZ� ^h� fZljbp�� =jZfZ� �fZljbpy^\�q��dhgljZ\Zj�Zglgh]h�f_ljbqgh]h�l_gahjZ��hjlh]hgZevgh��kbkl_fbdhhj^bgZl�} ^�Z]hgZevghx�^ey�\k�o�lhqhd�h[eZkl��:��ijbqhfmJ JLL LL= �� � �������;_aihk_j_^gvh�\bieb\Z}�a nhjfme�jhajZomgdm�_e_f_gl�\�h[_jg_gh�fZljbp��� lh]h�nZdlm��sh�fZljbpy�=jZfZ�} ^�Z]hgZevghx��A hagZq_ggy�fZljbp��=jZfZ�\bieb\Z}��sh�\k���� ^�Z]hgZevg��_e_f_glb^h^Zlg���Z lhfm�ajmqgh�ihagZqblb� ( )�LLL KJ ≡ �i�^kmfh\m\Zggy�g_fZ}������� HagZq_ggy� <_ebqbgbK JL L LL= =H ������gZab\Zxlv�dh_n�p�}glZfb�EZf_�djb\he�g�cgh��hjlh]hgZevgh��kbkl_fbdhhj^bgZl������ GZke�^hd� >ey� hjlh]hgZevgh�� kbkl_fb� dhhj^bgZl� }kijZ\_^eb\bfb�j�\ghkl�
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−H H �
δ � ������

� <bieb\Z}�a hagZq_gv����������� � <eZklb\hkl��������



���
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� ����H[qbke_ggy�^h[mld�\�\_dlhj�\m djb\he�g�cgbo�kbkl_fZo�dhhj^bgZl<bdhjbklh\mxqb� nhjfmeb�� gZ\_^_g�� m ����� ���� ���� ��� lZ� ��� e_]dhhljbfZlb� gbadm� \bjZa�\� ^ey� h[qbke_ggy� ^h[mld�\� \_dlhj�\�� aZ^Zgbodhhj^bgZlZfb�m djb\he�g�cgbo�[ZabkZo�xx KdZeyjgbc�^h[mlhd�\_dlhj�\M [m̂ v�yd�c� djb\he�g�cg�c� kbkl_f�� dhhj^bgZl� ^ey� h[qbke_ggykdZeyjgh]h� ^h[mldm� \_dlhj�\� D� lZ� E fh`gZ� \bdhjbklZlb� h^gm� agZklmigbo�nhjfme�D E⋅ = = = =D E D E J D E J D EL L L L LM L M LM L M �<bdhjbklh\mxqb� n�abqg�� dhhj^bgZlb� � \jZoh\mxqb� \bkgh\hd� �����i_j_ibkm}fh�p��nhjfmeb�m \b]ey^�
D E⋅ = = =∑ ∑ ∑

a a a a a a �� �
D EJ J J D EJ J J D EJ JL L
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LM L MLL MML M
LM L M
LL MML M< hjlh]hgZevg�c�djb\he�g�cg�c�kbkl_f�
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xx <_dlhjgbc�^h[mlhd�\_dlhj�\>hfh\e_g�klv� ijh� l_�� sh� m l_og�qgbo� lZ� l_hj_lbqgbo� n�abqgbojhajZomgdZo� ke�^� \bdhjbklh\m\Zlb� ebr_� ijZ\�� kbkl_fb� dhhj^bgZlihrbjx}lvky�� gZ�djb\he�g�cg��kbkl_fb�dhhj^bgZl��AZ\^ydb�pvhfm��ijbjhajZomgdm� \_dlhjgbo� ^h[mld�\� aZ\`^b� fh`gZ� dhjbklm\ZlbkynhjfmeZfb
( )D E H H× = =J D E J D ELMN L M N LMN L M Nε ε�� �M n�abqgbo�dhhj^bgZlZo
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< hjlh]hgZevg�c�djb\he�g�cg�c�kbkl_f��dhhj^bgZlD E H H H× = = =K K K D E K K K D E D ELMN L M N LMN L M N LMN L M N� � � � � �
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xx F�rZgbc�^h[mlhd�\_dlhj�\>ey� h[qbke_ggy� f�rZgh]h� ^h[mldm� \_dlhj�\� \bdhjbklh\mxlvgZklmig��nhjfmeb�
( )DEF = =J D E F J D E FLMN L M N LMN L M Nε ε�� �AZ�^hihfh]hx�n�abqgbo�dhhj^bgZl�f�rZgbc�^h[mlhd�fh`gZ�\bjZablb�yd

DEF = =∑ ∑J D E FJ J J J D E FJ J JLMN L M N
LL MM NNL M N

LMN L M NLL MM NNL M N
ε εa a a a a a �� � � �

�
< hjlh]hgZevg�c�djb\he�g�cg�c�kbkl_f��dhhj^bgZlDEF = = =K K K D E F K K K D E F D E FLMN L M N LMN L M N LMN L M N� � � � � �

�
ε ε ε a a a �S_� jZa� gZ]Z^Z}fh��sh� \k�� nhjfmeb� ih^Zgh� ^ey� ijZ\hhj�}glh\Zgh�kbkl_fb�dhhj^bgZl�
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>h^Zlhd �Ihykg_ggy�^_ydbo�kbf\he�\�lZ�kbf\he�qgbo�aZibk�\Kbf\he�Z[hkbf\he�qgbc�aZibk LemfZq_ggy�kbf\hem�Z[h�aZibkm� [m̂ v�ydbc��^ey�[m̂ v�ydh]h��\k���^ey�\k�o� �kgm}� lZdbc��sh� \bieb\Z}� j�\ghkbevg_��g_h[o�^gh�lZ�^hklZlgvho ijyfm}{ lhlh`gh�^hj�\gx}
=
GHI aZ�hagZq_ggyf�^hj�\gx}��aZ�hagZq_ggyf�}N Q= −� N gZ[m\Z}�p�ebo�agZq_gv�\�^���^h�i

{ }[N N Q= −� fgh`bgZ�_e_f_gl�\� [ [ [Q� �� �����
{ }[ [M N N Q∈

= −� [ M gZe_`blv�^h�{ }[N N Q= −�
{ }[ [M N N Q∉

= −� [ M g_�gZe_`blv�^h�{ }[N N Q= −�$ %⊂ fgh`bgZ�: f�klblvky�\ fgh`bg��<$ %⊃ fgh`bgZ�: \dexqZ}�^h�k_[_�fgh`bgm�<
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>h^Zlhd �My\e_ggy�ijh Zn�ggbc�ijhkl�jM pvhfm� i�^jmqgbdm� fb� g_h^ghjZah\h� jha]ey^Zeb� e�g�cgbc� ijhkl�jml\hj_gbc�\�evgbfb� ]_hf_ljbqgbfb�\_dlhjZfb�� lh[lh�gZijyfe_gbfb\�^j�adZfb� ijyfh�� e�g����<�evg�� ]_hf_ljbqg�� \_dlhjb� } j�\gbfb�� dheb\hgb�fZxlv�j�\g��^h\`bgb�lZ�h^gZdh\��gZijyfdb��Ih�kml��p_�hagZqZ}�sh� \k�� h^gZdh\�� aZ� ^h\`bghx� lZ� h^gZdh\h� gZijyfe_g�� ]_hf_ljbqg�\_dlhjb� } h^gbf� � lbf� kZfbf� _e_f_glhf� e�g�cgh]h� ijhklhjm�g_a\Z`Zxqb�gZ�l_��sh�p��\_dlhjb�ijbdeZ^_g��^h�j�agbo�]_hf_ljbqgbolhqhd��P_�} ^m`_�\Z`eb\bf��hkd�evdb�ihgylly�lhqdb�\aZ]Ze��g_�n�]mjm}\ Zdk�hfZlbqg�c�dhgkljmdp���Ze]_[jb�e�g�cgbo�ijhklhj�\�Hl`_�� kmdmig�klv�\k�o \�evgbo� ]_hf_ljbqgbo�\_dlhj�\� } ijhklhjhf�<h^ghqZk��ijbdeZ^_g��\_dlhjb� �\_dlhjb�a ihqZldhf�m n�dkh\Zg�c lhqp��lZdh`�fh`mlv�ml\hjx\Zlb�ijhkl�j��>�ckgh��m � ���fb�[Zqbeb��sh� �kgm}\aZ}fgh� h^ghagZqgZ� \�^ih\�^g�klv� f�`� ]_hf_ljbqgbfb� lhqdZfb� lZ� �ojZ^�mk�\_dlhjZfb�� Hkd�evdb� jZ^�mk�\_dlhjb� kdeZ^Zxlvky� aZ� ijZ\behfiZjZe_eh]jZfZ�� lh� e_]dh� i_j_\�jblb�� sh� jZ^�mk�\_dlhjb� \k�o]_hf_ljbqgbo� lhqhd� ml\hjxxlv� e�g�cgbc ijhkl�j�� ohq� \hgb� � g_� }\�evgbfb� \_dlhjZfb�� hkd�evdb� ihqZlhd� dh`gh]h� a gbo� h[h\
yadh\he_`blv� gZ� ihqZldm� dhhj^bgZl�� ;�evr� lh]h�� m aZ]Zevghex^kvdhfmjhamf�gg�� ijhklhjhf� kdhj�r_� fh`gZ� gZa\Zlb� g_� kmdmig�klv jZ^�mk�\_dlhj�\��Z kmdmig�klv�lhqhd��Z[h�^m`_�fZe_gvdbo�n�abqgbo�h[
}f�\��gZyd��\dZamxlv�p��\_dlhjb�Dh`g�c� iZj�� ijhklhjh\bo� �]_hf_ljbqgbo�� lhqhd� $ � % fh`gZihklZ\blb� m \�^ih\�^g�klv� ^\Z� ]_hf_ljbqg�� \_dlhjZ� ±� $% lZ� �%$ihqZlhd�\_dlhjZ� $% e_`blv�\ lhqp��$��d�g_pv�±�\ lhqp��%��\_dlhj� %$ �gZ\iZdb��ihqbgZ}lvky� \ % � aZd�gqm}lvky� \ $��DZ`mlv��sh� \_dlhj� $%ijbdeZ^_gbc ^h�lhqdb�$��Z \_dlhj� %$ ±�^h�lhqdb�%��Fh`gZ�\\_klb�\jha]ey^�ihgylly�\ihjy^dh\Zgh��iZjb lhqhd�$�%��i_jrZ�a ydbo�a[�]Z}lvky�aihqZldhf��Z ^jm]Z�±�a d�gp_f�i_\gh]h�\_dlhjZ��Lh^��$�% lZ�%�$ } j�agbfbiZjZfb�� g_a\Z`Zxqb� gZ� l_��sh� \hgb� kdeZ^Zxlvky� h^gbo� � lbo� kZfbolhqhd�� Dh`g�c� \ihjy^dh\Zg�c� iZj�� $�% \�^ih\�^Z}� h^bg�}^bgbcijbdeZ^_gbc \_dlhj� �$% � gZ\iZdb��dh`ghfm�ijbdeZ^_ghfm \_dlhjm
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\�^ih\�^Z}� h^gZ�}^bgZ� \ihjy^dh\ZgZ� iZjZ�� M \biZ^dm� \�evgbo\_dlhj�\� \aZ}fgh� h^ghagZqgh�� \�^ih\�^ghkl�� g_fZ}�� \ihjy^dh\Zg�ciZj�� lhqhd� \�^ih\�^Z}� ebr_� h^bg� \�evgbc� \_dlhj�� Ze_� h^ghfm\�evghfm�\_dlhjm�\�^ih\�^Z}�[_ae�q�\ihjy^dh\Zgbo�iZj�lhqhd�FZl_fZlbqgbf� \�^^a_jdZe_ggyf� � maZ]Zevg_ggyf� �glm�lb\gh]hmy\e_ggy�ijh�aZ]Z^dh\bc�� ih�kml��g_hagZq_gbc�ijhkl�j��\ ydhfm��kgm}k\�l��} Zdk�hfZlbqgh�hagZq_g_�ihgylly�Zn�ggh]h�ijhklhjm�>�� HagZq_ggy� Fgh`bgm� *Q _e_f_gl�\� $� %� &���� gZab\Zxlv� i�\bf�jgbf�Zn�ggbf�ijhklhjhf��Z kZf��_e_f_glb� ±�lhqdZfb�Zn�ggh]hijhklhjm��dheb�dh`g�c�\ihjy^dh\Zg�c�iZj��_e_f_gl�\�$�% aZ�i_\gbfaZdhghf�ihklZ\e_gbc�m \�^ih\�^g�klv�h^bg�}^bgbc�\_dlhj�[ ≡ $%� i�\bf�jgh]h�e�g�cgh]h�ijhklhjm�$ � ijb�pvhfm��∀ ∈ ∃ ∈ ∃ ∈ =$ * % * $%Q Q Q� � �[ [$ �lhqdm� % [m̂ _fh� ihagZqZlblZdh`�yd� ( )3 $�[ ���� ���� $&%&$%*&%$ Q =+∈∀>�� AZm\Z`_ggy� I_jrZ� Zdk�hfZ� h[mfh\ex}� fh`eb\�klv� \�^deZklb\�^� dh`gh�� lhqdb� $ [m̂ v�ydbc� \_dlhj�� >jm]Z� Zdk�hfZ� \bagZqZ}ijZ\beh�^h^Z\Zggy�\_dlhj�\��yd_�f�klblv�m kh[��ijZ\beh�ljbdmlgbdZ^ey�kdeZ^Zggy�]_hf_ljbqgbo�\_dlhj�\�>�� AZm\Z`_ggy� 1kgm}� jha[�`g�klv� m \bdhjbklZgg�� keh\hkihemq_ggy�Zn�ggbc� ijhkl�j��� ^_yd�� Z\lhjb� hlhlh`gxxlv� ch]h� a�keh\hkihemq_ggyf� �e�g�cgbc� ijhkl�j� kd�gq_gh�� \bf�jghkl���� �gr�\\Z`Zxlv�� sh� _e_f_glZfb� Zn�ggh]h� ijhklhjm� } g_� ebr_� lhqdb�� Z c\�^deZ^_g�� \�^� gbo� \_dlhjb�� Fb� [m̂ _fh� \\Z`Zlb�� sh� _e_f_glZfbZn�ggh]h� ijhklhjm� } ebr_� lhqdb�� Z \_dlhjb� n�]mjmxlv� \ hagZq_gg�Zn�ggh]h�ijhklhjm�ih�kml��lZd��yd�qbkeZ�\ hagZq_gg��e�g�cgh]h�ijhklhjm�>��GZke�^hd� A ^jm]h�� Zdk�hfb�\bieb\Z}��sh� �� $%$%$$*%$ Q =+∈∀lhfm� \_dlhj�� sh� \�^ih\�^Z}� iZj�� ^\ho� h^gZdh\bo� lhqhd� } gmevh\bf\_dlhjhf� ( ) ��� $$3$$ =≡ ��>�� GZke�^hd� A ^jm]h��Zdk�hfb�\bieb\Z}��sh� $% %$= �
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