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Ïåðåäìîâà

Ç ìàòåìàòè÷íî¨ ôiçèêè ¹ ðÿä âiäîìèõ òåîðåòè÷íèõ êóðñiâ [6, 11, 12, 16,
24, 25] i çáiðíèêiâ çàäà÷ [7, 9, 22]. Ìiæ ïåðøèìè i äðóãèìè ïîâèííà áó-
òè ñïîëó÷íà ëàíêà � ïîñiáíèêè ç ðîçâ'ÿçóâàííÿ çàäà÷. Öå i ¹ îñíîâíå
ïðèçíà÷åííÿ äàíî¨ êíèãè, ÿêà ìîæå ñëóæèòè òàêîæ i çàäà÷íèêîì. Âiä
àíàëîãi÷íèõ êíèã [8, 10, 15] âîíà âiäðiçíÿ¹òüñÿ ÿê òåìàòè÷íî, òàê i, â äå-
ÿêèõ ìîìåíòàõ, êîíöåïòóàëüíî. Ìè âêëþ÷èëè â íå¨ òiëüêè òîé ìàòåðiàë,
ÿêèé ñêëàäà¹ ÿäðî êóðñó ìàòåìàòè÷íî¨ ôiçèêè. Öå äâà îñíîâíi ìåòîäè �
âiäîêðåìëåííÿ çìiííèõ i ôóíêöié âïëèâó. Ó íàøîìó âèêëàäi ïåðøîãî ç
íèõ ïiäñòàíîâêà â îäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ ãàäàíîãî ðîçâ'ÿç-
êó u(x, t) = X(x)T (t) íå ¹ ñêëàäîâîþ ÷àñòèíîþ ìåòîäó íi íà iäåéíîìó,
íi íà àëãîðèòìi÷íîìó ðiâíi. Ñóòü æå éîãî â òîìó, ùî ðîçâ'ÿçîê êðàéîâî¨
çàäà÷i øóêà¹òüñÿ ó âèãëÿäi ðîçêëàäó ïî âëàñíèõ ôóíêöiÿõ ïîâ'ÿçàíî¨ ç
íåþ ñïåêòðàëüíî¨ çàäà÷i, ñïåêòð ÿêî¨ äèñêðåòíèé. Ó òèïîâîìó âèïàäêó
äîñòàòíüîþ (àëå, ÿê ïîêàçóþòü çàäà÷i â äîïîâíåííi äî êðóãà àáî êóëi,
íå íåîáõiäíîþ) óìîâîþ äèñêðåòíîñòi ñïåêòðà ¹ îáìåæåíiñòü îáëàñòi, â
ÿêié ñòàâèòüñÿ çàäà÷à. (Iñíóþòü i òîíøi äîñòàòíi óìîâè [17], àëå âîíè
çíà÷íî ñêëàäíiøi). Òîìó â ïîñiáíèêó, ÿê i â çãàäàíèõ âèùå äæåðåëàõ,
ìåòîä âiäîêðåìëåííÿ çìiííèõ âèêëàäåíî äëÿ çàäà÷ ç îáìåæåíîþ îáëà-
ñòþ çìiíè (âiäðiçîê, ïðÿìîêóòíèê, êðóã, êóëÿ, öèëiíäð òîùî) ïðîñòîðî-
âî¨ çìiííî¨. Íàòîìiñòü ìåòîä ôóíêöié âïëèâó çàñòîñîâó¹ìî ïåðåâàæíî
äî çàäà÷ ó íåîáìåæåíèõ îáëàñòÿõ � ïî÷àñòè ùîá óíèêíóòè äóáëþâàí-
íÿ, àëå íàñàìïåðåä ñëiäóþ÷è ëîãiöi ìåòîäó, äëÿ ÿêîãî íàéïðîñòiøèìè
¹ çàäà÷i â Rd. Óòiì ¹ âàæëèâèé êëàñ çàäà÷, äî ÿêèõ ìåòîä âiäîêðåìëå-
ííÿ çìiííèõ çàñòîñîâíèé i áåç ïðèïóùåííÿ äèñêðåòíîñòi ñïåêòðà (òàê
ùî áóäîâà îáëàñòi íåiñòîòíà). Íåõàé, íàïðèêëàä, çàäà÷à äëÿ ôóíêöi¨ u
çìiííèõ x ∈ D ⊂ Rd i t ∈ R+ ñêëàäà¹òüñÿ ç ðiâíÿííÿ

Mu = Lu+ f,

ó ÿêîìó M � ìíîãî÷ëåí m-ãî ñòåïåíÿ âiä ∂/∂t, à L = ∇ · (p∇) − q,
îäíîðiäíî¨ ìåæîâî¨ óìîâè (ÿêùî ìåæà íåïîðîæíÿ) i ïî÷àòêîâèõ óìîâ

∂iu

∂ti
(x, 0) = ϕi(x), i = 0, . . . ,m− 1.

Òîäi ÿêùî ϕ0, . . . , ϕm i f(·, t) ¹ ëiíiéíèìè êîìáiíàöiÿìè ñêií÷åííîãî ÷è-
ñëà âëàñíèõ ôóíêöié ñïåêòðàëüíî¨ çàäà÷i äëÿ îïåðàòîðà L â îáëàñòi D
ç òi¹þ ñàìîþ ìåæîâîþ óìîâîþ, òî é u(·, t) ¹ ëiíiéíîþ êîìáiíàöi¹þ öèõ
æå ôóíêöié. Êiëüêà òàêèõ çàäà÷ ïîìiùåíî â äðóãó ÷àñòèíó. Ôîðìàëü-
íîþ ïiäñòàâîþ äëÿ �ïiäñåëåííÿ� ¹ òå, ùî âîíè ñòàâëÿòüñÿ â Rd i, òàêèì
÷èíîì, íå âïèñóþòüñÿ â çàãàëüíó ñõåìó ìåòîäó âiäîêðåìëåííÿ çìiííèõ.
Ïîñóòíÿ æ ïðè÷èíà ïîëÿãà¹ â òîìó, ùî ¨õ ìîæíà ðîçâ'ÿçóâàòè îáîìà
ìåòîäàìè, ÿê ïðîäåìîíñòðîâàíî â ïðèêëàäàõ 9.1, 9.2, 11.2 i 11.7.

Ðîçìiùåííÿ ìàòåðiàëó â äðóãié ÷àñòèíi äåùî íåçâè÷íå: ìiæ çàäà÷àìè
â Rd äëÿ ðiâíÿíü äèôóçi¨ (� 9) i êîëèâàíü (� 11) âêëèíþþòüñÿ çàäà÷i íà
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ïðÿìié, ïiâïðÿìié i âiäðiçêó äëÿ ðiâíÿíü î á î õ òèïiâ (� 10). Íà öå ¹ äâi
ïðè÷èíè. Ïî-ïåðøå, içîòðîïíà çàäà÷à Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ
â òðèâèìiðíîìó ïðîñòîði çâîäèòüñÿ äî êðàéîâî¨ çàäà÷i äëÿ òàêîãî æ
ðiâíÿííÿ íà ïiâïðÿìié (ïðèêëàä 11.4). Ïî-äðóãå, ñïîñiá çâåäåííÿ çàäà÷i
íà ïðîìåíi ÷è âiäðiçêó äî çàäà÷i íà ïðÿìié, îäíàêîâèé äëÿ îáîõ òèïiâ
ðiâíÿíü (ïðèêëàäè 10.4 i 10.11).

Ïåðøà ÷àñòèíà êíèãè ÿâëÿ¹ ñîáîþ ñêîðî÷åíèé i ïåðåðîáëåíèé âà-
ðiàíò ïîñiáíèêà [27]. Åëåìåíòàðíèé, íàñêiëüêè ìîæëèâî, âèêëàä îñíîâ
òåîði¨ ñïåêòðàëüíèõ çàäà÷ i ïî÷àòêîâèõ âiäîìîñòåé ïðî âèêîðèñòîâóâà-
íi â ìàòåìàòè÷íié ôiçèöi ñïåöiàëüíi ôóíêöi¨ ìîæíà çíàéòè â [5]. Äëÿ
ãëèáøîãî îçíàéîìëåííÿ ç öèìè ïèòàííÿìè ðåêîìåíäó¹ìî êíèãè [2, 3, 4,
17, 18, 20].

Ïîâíîöiííèé êóðñ ìàòåìàòè÷íî¨ ôiçèêè íåìîæëèâèé áåç àïàðàòó
óçàãàëüíåíèõ ôóíêöié � õî÷à á òîìó, ùî òàêèìè ¹ äåÿêi ôóíêöi¨ âïëèâó.
Ó çâ'ÿçêó ç öèì ìè âiäâåëè óçàãàëüíåíèì ôóíêöiÿì îêðåìèé ïàðàãðàô
i âêëþ÷èëè ¨õ â óìîâè ðÿäó çàäà÷ äëÿ ñàìîñòiéíîãî ðîçâ'ÿçóâàííÿ. Àëå
â ïðèêëàäàõ íå âèõîäèìî çà ðàìêè êëàñè÷íèõ ïîñòàíîâîê i êëàñè÷íîãî
ïîíÿòòÿ ôóíêöi¨, áî öå òîé ðiâåíü, íà ÿêîìó ïîòðiáíî ìiöíî çàêðiïèòèñÿ,
ïåðø íiæ ðóõàòèñü äàëi.

Òåîðiþ i ïðèêëàäè äî � 1�11 íàïèñàâ À. Ï. Þðà÷êiâñüêèé, äî � 12
� À. ß. Æóãà¹âè÷. Çàäà÷i äî âñiõ ïàðàãðàôiâ äîáèðàëè îáèäâà àâòî-
ðè. Âiäïîâiäi äàþòüñÿ äî çàäà÷, ïðèçíà÷åíèõ äëÿ àóäèòîðíèõ çàíÿòü i
äîìàøíiõ çàâäàíü.

Ïðàöþþ÷è íàä êíèãîþ, ìè íåîäíîðàçîâî îáãîâîðþâàëè íàïèñàíå ç
�. Ä. Áiëîêîëîñîì i Ä. Ä. Øåêîþ, ÿêèì ùèðî âäÿ÷íi çà êðèòèêó i ïî-
ðàäè. Òàêîæ ìè âäÿ÷íi Ë. Ë. Çàéöåâié çà â÷àñíî âèÿâëåíi ïîìèëêè é
íåòî÷íîñòi. Âèïðàâëåííÿ ïîìi÷åíèõ ïiñëÿ âèõîäó êíèãè îãðiõiâ ïëàíó¹-
ìî ïîäàâàòè â åëåêòðîííîìó âèãëÿäi çà àäðåñîþ
� http://matphys.rpd.univ.kiev.ua/ukr/courses/matphys/eqmatphys.html�.

Ó êíèçi âèêîðèñòîâóþòüñÿ ñòàíäàðòíi ïîçíà÷åííÿ:

• Ck(D) � ïðîñòið k ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié íàD;

• Lp(D, ρ) (ïðè ρ = 1 ïðîñòî Lp(D)) � ïðîñòið ôóíêöié, äëÿ ÿêèõ
iñíó¹

r
D
|f(x)|pρ(x)dx;

• ∂D � ìåæà îáëàñòi D;

• x ∧ y = min(x, y), x ∨ y = max(x, y), x+ = x ∨ 0.



Âñòóï

� 1. Êëàñèôiêàöiÿ ëiíiéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü äðóãîãî ïîðÿäêó â ÷àñòèí-
íèõ ïîõiäíèõ

Ó ìàòåìàòè÷íié ôiçèöi ÷àñòèííi ïîõiäíi ÷àñòî çàïèñóþòü áåç çíàêà äèôå-
ðåíöiþâàííÿ (øòðèõà, êðàïêè, ∂/∂x òîùî), ïðîñòî âêàçóþ÷è â íèæíiõ iíäå-
êñàõ òi çìiííi, ïî ÿêèõ âîíî âèêîíó¹òüñÿ.

Ðîçãëÿíåìî ëiíiéíå âiäíîñíî ñòàðøèõ ïîõiäíèõ ðiâíÿííÿ

auxx + 2buxy + cuyy + Φ = 0. (1.1)

Òóò a, b i c � çàäàíi íåïåðåðâíi ôóíêöi¨ âiä x i y, Φ � çàäàíèé äèôåðåíöiàëüíèé
âèðàç ïîðÿäêó íå âèùîãî çà ïåðøèé.

Ðiâíÿííÿ âèäó (1.1) êëàñèôiêóþòüñÿ çà òèìè îçíàêàìè, ÿêi íå çìiíþþ-
òüñÿ ïðè ïåðåõîäi äî íîâèõ çìiííèõ. Iç íèõ íàéiñòîòíiøîþ ¹ çíàê ôóíêöi¨
∆ = b2 − ac, çâàíî¨ äèñêðèìiíàíòîì ðiâíÿííÿ. Ïåðåéøîâøè äî íîâèõ íå-
çàëåæíèõ çìiííèõ ξ i η, ïåðåòâîðèìî (1.1) çà ôîðìóëîþ äèôåðåíöiþâàííÿ
ñêëàäíî¨ ôóíêöi¨ äî âèãëÿäó

ãuξξ + 2b̃uξη + c̃uηη + Φ̃ = 0, (1.2)

äå

ã = aξ2
x + 2bξxξy + cξ2

y, (1.3a)

b̃ = aξxηx + b(ξxηy + ηxξy) + cξyηy, (1.3b)

c̃ = aη2
x + 2bηxηy + cη2

y (1.3c)

i Φ̃ � äåÿêèé âèðàç âiä ξ, η, u, uξ, uη. Çâiäñè âèäíî, ùî

b̃2 − ãc̃ = (ξxηy − ηxξy)2(b2 − ac). (1.4)

Òàêèì ÷èíîì, ÿêùî çàìiíà çìiííèõ îáîðîòíà (ÿêîáiàí D(ξ,η)
D(x,y)

âiäìiííèé âiä

íóëÿ), òî sgn ∆̃ = sgn ∆, ùî äîçâîëÿ¹ êëàñèôiêóâàòè ðiâíÿííÿ çà çíàêîì äèñ-
êðèìiíàíòà. Ïðèïóñòèìî, ùî â äåÿêié îáëàñòi äèñêðèìiíàíò ðiâíÿííÿ (1.1)
çáåðiãà¹ çíàê àáî òîòîæíî äîðiâíþ¹ íóëþ. Òîäi êàæóòü, ùî â öié îáëàñòi ðiâ-
íÿííÿ íàëåæèòü äî

• ãiïåðáîëi÷íîãî òèïó, ÿêùî ∆ > 0,

• åëiïòè÷íîãî òèïó, ÿêùî ∆ < 0,

• ïàðàáîëi÷íîãî òèïó, ÿêùî ∆ = 0.

Íîâi çìiííi âèáèðàþòü òàê, ùîá ÿêîìîãà ñïðîñòèòè ðiâíÿííÿ. Ïîêàæåìî,
ÿê äîñÿãòè òîãî, ùîá êîåôiöi¹íò ïðè ìiøàíié ïîõiäíié äîðiâíþâàâ íóëþ, à
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êîæåí iç êîåôiöi¹íòiâ ïðè iíøèõ äâîõ ñòàðøèõ ïîõiäíèõ áóâ ñòàëèé i ðiâíèé
îäíîìó ç òðüîõ ÷èñåë 1, −1, 0. Òàêèé âèãëÿä íàçèâàþòü êàíîíi÷íèì.

Ðîçãëÿíåìî ñïåðøó âèïàäîê a = c = 0. Òîäi b 6= 0 i, çíà÷èòü, ðiâíÿí-
íÿ íàëåæèòü äî ãiïåðáîëi÷íîãî òèïó. Ïîäiëèâøè îáèäâi éîãî ÷àñòèíè íà 2b i
ïîçíà÷èâøè Φ̄ = Φ/2b, îäåðæèìî

uxy + Φ̄ = 0. (1.5)

Öå � ïåðøà êàíîíi÷íà ôîðìà ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó (äëÿ iíøèõ äâîõ
òèïiâ òàêîãî ïîíÿòòÿ íåìà¹). Ç íå¨, ïåðåéøîâøè äî íîâèõ çìiííèõ

ξ = x+ y, η = x− y,

îäåðæèìî çãiäíî ç (1.3) òàêèé îêðåìèé âèïàäîê ðiâíÿííÿ (1.2):

uξξ − uηη + Φ̃ = 0 (1.6)

(Φ̃ � âèðàç âiä ξ, η, uξ, uη, u). Öå � äðóãà êàíîíi÷íà ôîðìà ðiâíÿííÿ ãiïåð-
áîëi÷íîãî òèïó, ÿêó ÷àñòî íàçèâàþòü ïðîñòî êàíîíi÷íîþ (ùî çðîáèëè é ìè â
ïîïåðåäíüîìó àáçàöi), ðîçãëÿäàþ÷è ôîðìó (1.5) ÿê ïðîìiæíó. Ñïîñiá çâåäåí-
íÿ äî êàíîíi÷íîãî âèãëÿäó òðàíçèòîì ÷åðåç (1.5) óíiâåðñàëüíèé (ó ïðèêëàäi
1.1 áóäå ïîêàçàíî, ÿê çàïèñàòè â ïåðøié êàíîíi÷íié ôîðìi äîâiëüíå ðiâíÿí-
íÿ ãiïåðáîëi÷íîãî òèïó), àëå íå çàâæäè äîöiëüíèé. Îïèøåìî ïðèäàòíèé äëÿ
âñiõ òèïiâ ðiâíÿíü i çàñòîñîâíèé ó âñiõ âèïàäêàõ, êðiì ùîéíî ðîçãëÿíóòîãî,
ïðÿìèé ñïîñiá çâåäåííÿ äî êàíîíi÷íîãî âèãëÿäó.

Îòîæ, íåõàé õî÷à á îäèí iç êîåôiöi¹íòiâ a àáî c (äëÿ âèçíà÷åíîñòi � ïåð-
øèé) âiäìiííèé âiä íóëÿ. Ïîçíà÷èìî êîðåíi êâàäðàòíîãî ðiâíÿííÿ

aλ2 + 2bλ+ c = 0 (1.7)

÷åðåç λ1 i λ2. Òîäi çà òåîðåìîþ Âi¹òà

λ1 + λ2 = −2b/a, λ1λ2 = c/a,

ùî äîçâîëÿ¹ ïåðåïèñàòè ðiâíîñòi (1.3) ó âèãëÿäi

ã = a(ξx − λ1ξy)(ξx − λ2ξy), (1.8a)

2b̃ = a [(ξx − λ1ξy)(ηx − λ2ηy) + (ξx − λ2ξy)(ηx − λ1ηy)] , (1.8b)

c̃ = a(ηx − λ1ηy)(ηx − λ2ηy). (1.8c)

Ïðè ∆ 6= 0 øóêà¹ìî ξ i η ÿê ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü{
ξx = λ1+λ2

2
ξy + λ1−λ2

2
νηy,

ηx = λ1−λ2
2ν

ξy + λ1+λ2
2

ηy,
(1.9)

äå ν � êîìïëåêñíèé ïàðàìåòð, ÿêèé âèáèðà¹ìî òàê, ùîá êîåôiöi¹íòè ðiâíÿíü
áóëè äiéñíèìè. Îñêiëüêè çíà÷åííÿ λ1 +λ2 çàâæäè äiéñíå, à λ1−λ2 = ±2

√
∆/a

(çíàê çàëåæèòü âiä íóìåðàöi¨ êîðåíiâ), òî ìîæíà ïîêëàñòè

ν =
√

sgn ∆ =

{
1, ÿêùî ∆ > 0,
i, ÿêùî ∆ < 0.

(1.10)
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Ïåðø íiæ iíòåãðóâàòè ñèñòåìó (1.9), ïîäèâèìîñÿ, ùî äà¹ òàêèé âèáið íîâèõ
çìiííèõ.

Ç ïåðøîãî ðiâíÿííÿ ñèñòåìè (1.9) ìà¹ìî

ξx − λ1ξy =
λ2 − λ1

2
(ξy − νηy), ξx − λ2ξy =

λ1 − λ2

2
(ξy + νηy),

à ç äðóãîãî �

ηx − λ1ηy =
λ1 − λ2

2ν
(ξy − νηy), ηx − λ2ηy =

λ1 − λ2

2ν
(ξy + νηy).

Öi ðiâíîñòi ðàçîì ç (1.8) ïîêàçóþòü, ùî b̃ = 0, c̃ = −ã/ν2. Òîìó, ïîäiëèâøè
îáèäâi ÷àñòèíè ðiâíÿííÿ (1.2) íà ã ( 6= 0, áî ∆̃ 6= 0), ïåðåòâîðèìî éîãî äî
âèãëÿäó

uξξ − ν−2uηη + Ψ = 0,

äå Ψ � äèôåðåíöiàëüíèé âèðàç ïîðÿäêó íå âèùîãî çà ïåðøèé. Ïðèãàäàâøè
(1.10), ìîæåìî çàïèñàòè öþ ðiâíiñòü îêðåìî äëÿ ∆ > 0 i ∆ < 0:

uξξ − uηη + Ψ = 0 (ãiïåðáîëi÷íèé òèï), (1.11a)

uξξ + uηη + Ψ = 0 (åëiïòè÷íèé òèï). (1.11b)

Öå i ¹, çãiäíî ç äàíèì âèùå îçíà÷åííÿì, êàíîíi÷íèé âèãëÿä ðiâíÿííÿ âiäïîâiä-
íîãî òèïó. Ðiâíiñòü (1.11a) ¹ ïåðåïîçíà÷åííÿì (1.6), àëå âèâåäåíî ¨¨ öüîãî ðàçó
çà ïðèïóùåííÿ |a|+ |c| > 0. Òàêèì ÷èíîì, ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó çâî-
äèòüñÿ äî êàíîíi÷íîãî âèãëÿäó çàâæäè. Òå ñàìå ñïðàâäæó¹òüñÿ äëÿ ðiâíÿííÿ
åëiïòè÷íîãî òèïó, îñêiëüêè â íüîìó ÿê a, òàê i c âiäìiííi âiä íóëÿ.

Ùîá çiíòåãðóâàòè ñèñòåìó (1.9) ïðè ∆ 6= 0, ïåðåéäåìî äî íîâèõ íåâiäîìèõ
ôóíêöié

α1 = ξ + νη, α2 = ξ − νη, (1.12)

â ðåçóëüòàòi ÷îãî âîíà ïåðåòâîðþ¹òüñÿ â ïàðó ðiâíÿíü, êîæíå ç ÿêèõ ìiñòèòü
òiëüêè îäíó ôóíêöiþ:

∂αj
∂x
− λj

∂αj
∂y

= 0. (1.13)

Ðîçâ'ÿçêàìè ðiâíÿííÿ (1.13) ¹, ÿê âiäîìî, iíòåãðàëè1 çâè÷àéíîãî äèôåðåíöi-
àëüíîãî ðiâíÿííÿ

λjdx+ dy = 0. (1.14)

Íåõàé ϕ1 i ϕ2 � iíòåãðàëè ðiâíÿííÿ (1.14) ïðè âiäïîâiäíèõ çíà÷åííÿõ j. Òîäi,
ïîêëàâøè αj = ϕj i âèðàçèâøè ç (1.12) ñòàði ôóíêöi¨ ÷åðåç íîâi, äiñòàíåìî

ξ = (ϕ1 + ϕ2)/2, η = (ϕ1 − ϕ2)/2ν.

Äëÿ äâîõ ìîæëèâèõ çãiäíî ç (1.10) çíà÷åíü ν öi âèðàçè êîíêðåòèçóþòüñÿ òàê:

ξ =
ϕ1 + ϕ2

2
, η =

ϕ1 − ϕ2

2
(∆ > 0), (1.15)

ξ = Reϕ1, η = Imϕ1 (∆ < 0).

1Íàãàäà¹ìî, ùî äèôåðåíöiéîâíà ôóíêöiÿ ϕ = ϕ(x, y) íàçèâà¹òüñÿ iíòåãðàëîì çâè-
÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ âiäíîñíî ôóíêöi¨ y = y(x), ÿêùî äëÿ áóäü-ÿêîãî
ðîçâ'ÿçêó îñòàííüîãî ϕ(x, y(x)) = const.
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ßê áà÷èìî, ïðè ∆ < 0 ç äâîõ ðiâíÿíü (1.14) äîñòàòíüî çiíòåãðóâàòè îäíå.
Âîíî é çðîçóìiëî, àäæå â öüîìó âèïàäêó ðiâíÿííÿ, à çíà÷èòü i ¨õíi iíòåãðàëè,
âçà¹ìíî êîìïëåêñíî-ñïðÿæåíi.

Äîñi ìè ââàæàëè, ùî ç äâîõ íå ðiâíèõ íóëþ îäíî÷àñíî êîåôiöi¹íòiâ a i c
âiäìiííèé âiä íóëÿ ñàìå ïåðøèé. Âèïàäîê, êîëè a ìîæå äîðiâíþâàòè íóëþ, à
c íi, çâîäèòüñÿ äî ðîçãëÿíóòîãî øëÿõîì ïåðåïîçíà÷åííÿ.

Çàóâàæèìî íàñàìêiíåöü, ùî äîâiëüíà äèôåðåíöiéîâíà ôóíêöiÿ âiä iíòå-
ãðàëà çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ òàêîæ ¹ éîãî iíòåãðàëîì. Òîìó,
çîêðåìà, â (1.15) äiëèòè íà 2 íåîáîâ'ÿçêîâî.

Ñêàçàíå âèùå ìîæíà ïiäñóìóâàòè òàê. Äëÿ òîãî ùîá çâåñòè ðiâíÿííÿ (1.1)
ç íåíóëüîâèì äèñêðèìiíàíòîì äî êàíîíi÷íîãî âèãëÿäó, ïîòðiáíî:

1. Ó âèïàäêó ∆ > 0, a 6= 0 çíàéòè iíòåãðàëè ðiâíÿíü

ady − (b−
√

∆)dx = 0, ady − (b+
√

∆)dx = 0 (1.16)

(ïåðåïîçíà÷åííÿ (1.14)), à ó âèïàäêó ∆ > 0, c 6= 0 � ðiâíÿíü

cdx− (b−
√

∆)dy = 0, cdx− (b+
√

∆)dy = 0, (1.17)

i â îáîõ âèïàäêàõ çà íîâi çìiííi âçÿòè ïiâñóìó i ïiâðiçíèöþ (àáî ñóìó i ðiçíè-
öþ) ¨õ; ó âèïàäêó ∆ < 0 çíàéòè iíòåãðàë îäíîãî, âñå îäíî ÿêîãî, ç ðiâíÿíü
(1.16), (1.17) i çà íîâi çìiííi âçÿòè éîãî äiéñíó i óÿâíó ÷àñòèíè; ó âèïàäêó
a = c = 0 çà íîâi çìiííi âçÿòè ñóìó i ðiçíèöþ (àáî ïiâñóìó i ïiâðiçíèöþ)
ñòàðèõ.

2. Ïîäiëèòè îáèäâi ÷àñòèíè ðiâíÿííÿ íà êîåôiöi¹íò ïðè uξξ.
Íåõàé òåïåð ∆ = 0. ßêùî ïðè öüîìó a = 0 àáî c = 0, òî é b = 0, òîæ

ðiâíÿííÿ çâîäèòüñÿ äî êàíîíi÷íîãî âèãëÿäó äiëåííÿì îáîõ éîãî ÷àñòèí íà
a + c. Òîìó äàëi ââàæà¹ìî, ùî a 6= 0 6= c. Òîäi ñïiëüíèì çíà÷åííÿì îáîõ
êîðåíiâ ðiâíÿííÿ (1.7) ¹ λ = −b/a, ðiâíîñòi (1.8) íàáóâàþòü âèãëÿäó

ã = (aξx + bξy)2/a, b̃ = (aξx + bξy)(aηx + bηy)/a, c̃ = (aηx + bηy)2/a, (1.18)

à ñèñòåìà (1.9) ñêëàäà¹òüñÿ ç äâîõ îäíàêîâèõ ðiâíÿíü

aξx + bξy = 0, aηx + bηy = 0

i, òàêèì ÷èíîì, íå ìîæå ìàòè äâîõ ôóíêöiîíàëüíî íåçàëåæíèõ iíòåãðàëiâ.
Àëå òåïåð äîñèòü i îäíîãî. À ñàìå, ç (1.18) âèïëèâà¹ òàêèé âèñíîâîê.

Äëÿ òîãî ùîá çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ (1.1) ç a 6= 0 6= c i
∆ = 0, ïîòðiáíî:

1. Çà çìiííó ξ âçÿòè iíòåãðàë ðiâíÿííÿ

ady − bdx = 0, (1.19)

à çà çìiííó η � áóäü-ÿêó äèôåðåíöiéîâíó ôóíêöiþ η = η(x, y) òàêó, ùî D(ξ,η)
D(x,y)

6=
0.

2. Ïîäiëèòè îáèäâi ÷àñòèíè ðiâíÿííÿ íà êîåôiöi¹íò ïðè uηη.

ßê âèäíî ç (1.18), òàêèé âèáið ξ îáíóëþ¹ ã i b̃, òîæ ïiñëÿ äðóãîãî êðîêó
ðiâíÿííÿ íàáóâà¹ âèãëÿäó

uηη + Θ = 0,

äå Θ � äèôåðåíöiàëüíèé âèðàç ïîðÿäêó íå âèùîãî çà ïåðøèé. Öå i ¹ êàíîíi-
÷íèé âèãëÿä ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó.
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Ïðèêëàä 1.1. Ïiäiáðàòè íîâi çìiííi, â ÿêèõ ðiâíÿííÿ (1.1) ãiïåðáîëi-
÷íîãî òèïó çàïèñó¹òüñÿ â ïåðøié êàíîíi÷íié ôîðìi.
� ßêùî a = 0 = c, òî çàìiíó çìiííèõ ðîáèòè íå ïîòðiáíî.
Íåõàé a 6= 0. Òîäi, ÿê âèäíî ç (1.8a) i (1.8c), äîñòàòíüî ïiäïîðÿäêó-

âàòè ξ i η óìîâàì

ξx − λ1ξy = 0, ηx − λ2ηy = 0, (1.20)

äå λ1 i λ2 � êîðåíi ðiâíÿííÿ (1.7) iç äîäàòíèì çà óìîâîþ äèñêðèìiíàíòîì.
ßêèé ç íèõ ââàæàòè ïåðøèì, óñå îäíî. Íåõàé öå áóäå òîé, äå ïåðåä

√
∆

ñòî¨òü ïëþñ. Òîäi ðiâíÿííÿ (1.20) íàáóâàþòü âèãëÿäó

aξx + (b−
√

∆)ξy = 0, aηx + (b+
√

∆)ηy = 0.

Îòæå, çà ξ i η ìîæíà âçÿòè iíòåãðàëè ðiâíÿíü (1.16).
Âèïàäîê c 6= 0 çâîäèòüñÿ äî ïîïåðåäíüîãî âçà¹ìíèì ïåðåïîçíà÷åí-

íÿì a i c, x i y, òàê ùî çà íîâi çìiííi ìîæíà âçÿòè iíòåãðàëè ðiâíÿíü
(1.17). �

Ïðèêëàä 1.2. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ

y2uxx + 2xyuxy + 2x2uyy + 2xux + yuy = 0.

� Ìà¹ìî a = y2, b = xy, c = 2x2, ∆ = −x2y2. Îòæå, ïðè xy 6= 0 öå
ðiâíÿííÿ åëiïòè÷íîãî òèïó. Ïåðøå ç ðiâíÿíü (1.16) ïiñëÿ ñêîðî÷åííÿ íà
y íàáóâà¹ âèãëÿäó

ydy − (1− i)xdx = 0.

Éîãî iíòåãðàëîì ¹ ôóíêöiÿ y2 − (1− i)x2, òîæ ó çìiííèõ

ξ = y2 − x2, η = x2 (1.21)

ðiâíÿííÿ ìà¹ êàíîíi÷íèé âèãëÿä (1.11b). Çàëèøà¹òüñÿ îá÷èñëèòè Ψ.
Çà ôîðìóëîþ äèôåðåíöiþâàííÿ ñêëàäíî¨ ôóíêöi¨

ux = uξξx + uηηx, uy = uξξy + uηηy, (1.22)

uxx = uξξξ
2
x + 2uξηξxηx + uηηη

2
x + uξξxx + uηηxx, (1.23)

uxy = uξξξxξy + uξη(ξxηy + ηxξy) + uηηηxηy + uξξxy + uηηxy, (1.24)

uyy = uξξξ
2
y + 2uξηξyηy + uηηη

2
y + uξξyy + uηηyy, (1.25)

çâiäêè, çâàæàþ÷è íà (1.21),

ux = 2x(uη − uξ), uy = 2yuξ,

uxx = 4x2(uξξ − 2uξη + uηη)− 2uξ + 2uη,

uxy = 4xy(uξη − uξξ),
uyy = 4y2uξξ + 2uξ.

Ïiäñòàâèâøè öi âèðàçè â ðiâíÿííÿ i çâiâøè ïîäiáíi, äiñòàíåìî

4x2y2(uξξ + uηη) + (2y2 + 4x2)uη = 0,
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àáî, ðiâíîñèëüíî,

uξξ + uηη +
ξ + 3η

2η(ξ + η)
uη = 0. �

Ïðèêëàä 1.3. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ Òðiêîìi

uxx − xuyy = 0.

� Òóò a = 1, b = 0, c = −x, ∆ = x. Îòæå, ïðè x > 0 ðiâíÿííÿ
íàëåæèòü äî ãiïåðáîëi÷íîãî òèïó, à ïðè x < 0 äî åëiïòè÷íîãî. Ñòâåð-
äæóâàòè, ùî íà ïðÿìié x = 0 âîíî ìà¹ ïàðàáîëi÷íèé òèï, íå ìîæíà, áî
ëiíiÿ íå ¹ îáëàñòþ.

Ïðè x > 0 çàïèñó¹ìî ðiâíÿííÿ (1.16), ÿêi çà óìîâ ïðèêëàäó ìàþòü âè-
ãëÿä dy = ∓√xdx. Iíòåãðàëàìè ¨õ ¹ ôóíêöi¨ 3y±2x3/2. Îòæå, ó çìiííèõ
ξ = 3y, η = 2x3/2 ðiâíÿííÿ ìà¹ êàíîíi÷íèé âèãëÿä (1.11a). Çàëèøà¹òüñÿ
îá÷èñëèòè Ψ.

Çàïèñàâøè ξx = 0, ηy = 0, ξy = 3, ξyy = 0, ηx = 3x1/2, ηxx =

(3/2)x−1/2, äiñòàíåìî ç (1.23) i (1.25)

uxx = 9xuηη + (3/2)x−1/2uη, uyy = 9uξξ.

Ïiäñòàâèâøè öi âèðàçè â ðiâíÿííÿ, ïîäiëèâøè îáèäâi ÷àñòèíè íà −9x i
âçÿâøè äî óâàãè, ùî (1/2)x−3/2 = η−1, îäåðæèìî

uξξ − uηη −
uη
3η

= 0.

Ïðè x < 0 çàïèñó¹ìî îäíå ç ðiâíÿíü (1.16), (1.17), íàïðèêëàä äðóãå ç
÷îòèðüîõ: dy − i√−xdx = 0. Iíòåãðàëîì éîãî ¹ ôóíêöiÿ 3y + 2i(−x)3/2.
Îòæå, ó çìiííèõ ξ = 3y, η = 2(−x)3/2 ðiâíÿííÿ ìà¹ êàíîíi÷íèé âèãëÿä
(1.11b). Çàëèøà¹òüñÿ îá÷èñëèòè Ψ.

Çàïèñàâøè ηx = −3(−x)1/2, ηxx = (3/2)(−x)−1/2 (ðåøòà ïîõiäíèõ
íå çìiíþþòüñÿ ïîðiâíÿíî ç ïîïåðåäíiì âèïàäêîì), äiñòàíåìî ç (1.22) i
(1.23)

uxx = −9xuηη + (3/2)(−x)−1/2uη, uyy = 9uξξ.
Ïiäñòàâèâøè öi âèðàçè â ðiâíÿííÿ, ïîäiëèâøè îáèäâi ÷àñòèíè íà −9x i
âðàõóâàâøè, ùî (1/2)(−x)−3/2 = η−1, îäåðæèìî

uξξ + uηη +
uη
3η

= 0. �

Ïðèêëàä 1.4. Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ

uxx cos2 x+ uxy sin 2x+ uyy sin2 x+ uy = 0. (1.26)

� Ìà¹ìî a = cos2 x, b = sinx cosx, c = sin2 x, ∆ = 0. Îòæå, öå
ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó.
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Çàïèñó¹ìî ðiâíÿííÿ (1.19):

cos2 xdy − sinx cosxdx = 0

i çà çìiííó ξ áåðåìî iíòåãðàë éîãî: ξ = ey cosx. Âèáið η, ÿê ïîÿñíåíî
ïiñëÿ ôîðìóëè (1.19), íàäçâè÷àéíî øèðîêèé (ïiäõîäèòü, íàïðèêëàä, η =
x àáî η = y), àëå íàéêðàùå, ÿê áóäå âèäíî ç âèêëàäîê, óçÿòè η = ey sinx.
Òîäi

ξx = −η, ξy = ξ, ηx = ξ, ηy = η,

ξxx = −ξ, ξxy = −η, ξyy = ξ, ηxx = −η, ηxy = ξ, ηyy = η

i ðiâíîñòi (1.22) � (1.25) íàáóâàþòü âèãëÿäó

ux = −ηuξ + ξuη, uy = ξuξ + ηuη,

uxx = η2uξξ − 2ξηuξη + ξ2uηη − ξuξ − ηuη,
uxy = ξη(uηη − uξξ) + (ξ2 − η2)uξη − ηuξ + ξuη,

uyy = ξ2uξξ + 2ξηuξη + η2uηη + ξuξ + ηuη.

Çâiäñè

uxx cos2 x+ uxy sin 2x+ uyy sin2 x+ uy =

e−2y
[
ξ2uxx + 2ξηuxy + η2uyy

]
+ uy =

e−2y
[
(ξ2 + η2)2uηη − ξ(ξ2 + η2)uξ + η(ξ2 + η2)uη

]
+ ξuξ + ηuη =

(ξ2 + η2)uηη + 2ηuη,

ùî ïåðåòâîðþ¹ (1.26) äî êàíîíi÷íîãî âèãëÿäó

uηη +
2η

ξ2 + η2
uη = 0. (1.27)

Âiäïîâiäü íàïèñàíî, àëå â öüîìó ïðèêëàäi ìîæíà ïðîñóíóòèñü äàëi i,
ñêîðèñòàâøèñü òèì, ùî â êàíîíi÷íîìó âèãëÿäi ðiâíÿííÿ ìiñòèòü ïîõiäíi
òiëüêè ïî îäíié çìiííié, çiíòåãðóâàòè éîãî.

Óâiâøè íîâó ôóíêöiþ v = uη, ïåðåïèøåìî (1.27) ó âèãëÿäi

v′ +
2η

ξ2 + η2
v = 0

(øòðèõ îçíà÷à¹ äèôåðåíöiþâàííÿ ïî η). Çàãàëüíèé ðîçâ'ÿçîê öüîãî çâè-
÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äà¹òüñÿ ôîðìóëîþ

v(ξ, η) =
f1(ξ)

ξ2 + η2
,

äå f1 � äîâiëüíà ôóíêöiÿ. Çâiäñè, ïðîiíòåãðóâàâøè ïî η, çíàõîäèìî çà-
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ãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1.27):

u(ξ, η) =
f1(ξ)

ξ
arctg

η

ξ
+ g(ξ), (1.28)

äå g � ùå îäíà äîâiëüíà ôóíêöiÿ. ßêùî ìè õî÷åìî, ùîá u áóëà äâi÷i
íåïåðåðâíî äèôåðåíöiéîâíîþ ïî (ξ, η), òî é âiä f1 i g ïîâèííi âèìàãàòè
öüîãî æ (ïî ξ).

Ïiäñòàâèâøè â (1.28) âèðàçè íîâèõ çìiííèõ ÷åðåç ñòàði, îäåðæó¹ìî
çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1.26):

u(x, y) = xf(ey cosx) + g(ey cosx).

Òóò f i g � äîâiëüíi äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨. �

Êëàñèôiêàöiÿ ðiâíÿíü äðóãîãî ïîðÿäêó ç n > 2 çìiííèìè çíà÷íî ñêëàäíiøà
(äèâ. [11, 24]). Ïðè n > 3 íå â êîæíîìó ðiâíÿííi ìîæíà îáíóëèòè êîåôiöi¹íòè
ïðè âñiõ ìiøàíèõ ïîõiäíèõ. Ïðè n = 3 öå ìîæíà çðîáèòè, àëå, âçàãàëi êàæó-
÷è, íåìîæëèâî äîñÿãòè, ùîá êîåôiöi¹íòè ïðè ðåøòi ïîõiäíèõ áóëè ñòàëèìè.
Îäíàê ëiíiéíi ïî ïîõiäíèõ ðiâíÿííÿ

n∑
i,j=1

aijuxixj + 2

n∑
i=1

biuxi +H = 0 (1.29)

(aji = aij , H � âèðàç âiä x i u(x)) ç i ñ ò à ë è ì è ê î å ô i ö i ¹ í ò à ì è äî-
ïóñêàþòü äðóãîðÿäíå ñïðîùåííÿ: çà óìîâè íåâèðîäæåíîñòi ìàòðèöi A = (aij)
ìîæíà çàìiíîþ íåâiäîìî¨ ôóíêöi¨ (à íå íåçàëåæíèõ çìiííèõ, ÿê ðàíiøå) ïî-
çáóòèñü ïîõiäíèõ ï å ð ø î ã î ïîðÿäêó. Öå çàìiíà

u(x) = eαxv(x), (1.30)

äå α � ñòàëèé âåêòîð (ïîêàçíèê ñòåïåíÿ � ñêàëÿðíèé äîáóòîê). Êîåôiöi¹í-
òiâ ïðè ñòàðøèõ ïîõiäíèõ âîíà, î÷åâèäíî, íå çìiíþ¹. ßêùî α çàäîâîëüíÿ¹
ðiâíÿííÿ

Aα = −b, (1.31)

äå b = (bi, i = 1, n), òî çàìiíà (1.30) ïåðåòâîðþ¹ (1.29) äî âèãëÿäó

n∑
i,j=1

aijvxixj +K = 0,

äå K(x, v(x)) = eαxH(x, e−αxv(x)) +αb v(x).
ßêùî ìàòðèöÿ A âèðîäæåíà (ïðè n = 2 öå îçíà÷à¹ ïàðàáîëi÷íiñòü ðiâíÿí-

íÿ (1.29)), òî ðiâíÿííÿ (1.31) àáî ìà¹ áåçëi÷ ðîçâ'ÿçêiâ àáî íå ìà¹ æîäíîãî. Ó
ïåðøîìó âèïàäêó ÷àñîì âäà¹òüñÿ îáíóëèòè ëiíiéíèé ïî u ÷ëåí, ÿêùî òàêèé
âõîäèòü â H (äèâ. ïðèêëàä 9.5 íèæ÷å).

Ïðèêëàä 1.5. Óñóíóòè ïîõiäíi ïåðøîãî ïîðÿäêó â ðiâíÿííi

2uxx − 6uxy + 5uyy + 2ux − 4uy − u = 0. (1.32)
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� Ñóìà êîåôiöi¹íòiâ ïðè uxy i uyx äîðiâíþ¹ −6. Ââàæàþ÷è ¨õ îäíà-
êîâèìè (òiëüêè â òàêîìó ðàçi ìàòðèöÿ A áóäå ñèìåòðè÷íîþ), îäåðæèìî

A =

(
2 −3
−3 5

)
.

Çàïèñàâøè ðiâíÿííÿ (1.31) äëÿ âåêòîðà α = ( αβ ) ÿê ñèñòåìó{
2α− 3β = −1,
−3α+ 5β = 2

ñêàëÿðíèõ ðiâíÿíü, çíàõîäèìî α = 1, β = 1. Îòæå, çàìiíà u(x, y) =
ex+yv(x, y) ïåðåòâîðþ¹ ðiâíÿííÿ (1.32) â òàêå:

2vxx − 6vxy + 5vyy − 2v = 0. �

Âèçíà÷èòè òèï ðiâíÿííÿ:

1. xuxx − yuyy = 0.

2. uxx − 2uxy sinx+ (2− cos2 x)uyy = 0.

3. y2uxx + 2yuxy + uyy = 0.

Çâåñòè äî êàíîíi÷íîãî âèãëÿäó i ñïðîñòèòè ðiâíÿííÿ:

4. uxx − 2uxy − 3uyy + uy = 0.

5. uxx − 6uxy + 10uyy + ux − 3uy = 0.

6. 4uxx + 4uxy + uyy − 2uy = 0.

Çâåñòè äî êàíîíi÷íîãî âèãëÿäó ðiâíÿííÿ:

7. xuxx + 2(x+ y)uxy + 4yuyy = 0.

8. yuxx − (x+ y)uxy + xuyy = 0.

9. e2yuxx − 2ex+yuxy + e2xuyy = 0.

10.
(
x2 + y2

)
uxx + 4xyuxy +

(
x2 + y2

)
uyy = 0.

11. 4y2uxx + 2(x2 − y2)uxy − x2uyy = 0.

12. x2uxx + 2xyuxy − 3y2uyy = 0.

13. 5y2uxx + 2xyuxy + x2uyy = 0.

14. (x+ y)2uxx + 2(x2 − y2)uxy + (x− y)2uyy = 0.

15. uxx sinx+ 2uxy − 2uyy cosx = 0.
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16.
(√

x2 + y2 − x
)
uxx − 2yuxy +

(√
x2 + y2 + x

)
uyy = 0.

Çàìiíîþ (1.30) ïîçáàâèòèñü ó ðiâíÿííi ïåðøèõ ïîõiäíèõ:

17. uxx + 5uyy + 5uzz + 4uxy − 4uyz + 6ux − 2uy + 4uz + 3u = 0.

18. 2uxx + 5uyy + uzz − 20uxy − 8uxz + 4uyz + 2ux + 4uy − 2uz − u = 0.

19. 6uxx − uyy + uzz + 2uxy + 8uxz + 4uyz − 2ux + 6uz − 3u = 0.

20. uxx + 3uyy − 3uzz + 4uxy + 4uxz + 4uyz + 4ux + 2uy + 8uz = 0.

21. 2uxx + uyy − uzz + 12uxy − 2uxz + 4uyz + 2ux + 2uy − 4uz − 5u = 0.

22. uxx − uyy − 6uzz + 4uxy + 4uxz − 6uyz + 8uy − 2uz + u = 0.

23.
∑n
k=1 kuxkxk + 2

∑n−1
k=1 kuxkxk+1

+
∑n
k=1(−1)kuxk = 0.



×àñòèíà 1

Ìåòîä âiäîêðåìëåííÿ
çìiííèõ

� 2. Çàäà÷à Øòóðìà�Ëióâiëÿ

Íåõàé L � ëiíiéíèé îïåðàòîð íà äåÿêîìó ëiíiéíîìó ïðîñòîði E ôóíêöié,
çàäàíèõ ó äåÿêié îáëàñòi (âiäêðèòié çâ'ÿçíié ìíîæèíi) D ⊂ Rd, ρ � íåïåðåðâíà
iíòåãðîâíà äîäàòíà ôóíêöiÿ â D, çâàíà âàãîâîþ. Ñïåêòðàëüíà çàäà÷à ïîëÿãà¹
ó âiäøóêàííi âñiõ ïàð (λ,X), äå λ � ÷èñëî (ìîæëèâî êîìïëåêñíå), à X �
âiäìiííà âiä òîòîæíîãî íóëÿ ôóíêöiÿ ç E òàêi, ùî

LX = −λρX. (2.1)

(Âèáið çíàêà â ïðàâié ÷àñòèíi íå çìiíþ¹ ïîñòàíîâêè çàäà÷i. Äëÿ ïîäàëüøîãî
çðó÷íiøèé çàïèñ iç ìiíóñîì). Ó öié ðiâíîñòi λ íàçèâà¹òüñÿ âëàñíèì ÷èñëîì
àáî âëàñíèì çíà÷åííÿì, X � âëàñíîþ ôóíêöi¹þ, à ïàðà (λ,X) � âëàñíèì
åëåìåíòîì. Ïðîïîðöiéíi îäíà îäíié âëàñíi ôóíêöi¨ íå ââàæàþòüñÿ ðiçíèìè.

Ó ñïåêòðàëüíèõ çàäà÷àõ ìàòåìàòè÷íî¨ ôiçèêè L � äèôåðåíöiàëüíèé îïå-
ðàòîð äðóãîãî (ðiäøå ÷åòâåðòîãî) ïîðÿäêó, E � äåÿêèé ïiäïðîñòið ïðîñòîðó
C2(D) äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèõ ó D ôóíêöié, âèäiëåíèé çà äîïî-
ìîãîþ ïåâíèõ óìîâ (ëiíiéíèõ i îäíîðiäíèõ, ðàç E ëiíiéíèé). Íàé÷àñòiøå öå
ìåæîâi óìîâè. ßêùî ìåæà ∂D îáëàñòi D êóñêîâî ãëàäêà, òî ðåãóëÿðíà ìåæî-
âà óìîâà íà ãëàäêîìó êóñêó Γ çàïèñó¹òüñÿ òàê:

αX(x) + β
∂X

∂n
(x) = 0, x ∈ Γ. (2.2)

Òóò ∂X/∂n ≡ n · ∇X � ïîõiäíà â íàïðÿìi çîâíiøíüî¨ íîðìàëi, α i β � çàäàíi
÷èñëà (ñâî¨ äëÿ êîæíîãî êóñêà), íå ðiâíi îäíî÷àñíî íóëþ. Ñèíãóëÿðíà ìåæîâà
óìîâà íà êóñêó Γ ïîëÿãà¹ â îáìåæåíîñòi ôóíêöi¨ òà ¨¨ ãðàäi¹íòà â îêîëi Γ.
Êîëè ÿêó íàêëàäàòè, çàëåæèòü âiä âèðàçó îïåðàòîðà L. Äîêëàäíiøå ïðî öå
äèâ. ó [5].

Óìîâó (2.2) âiäíîñÿòü äî ïåðøîãî ðîäó, ÿêùî β = 0, äî äðóãîãî ðîäó, ÿêùî
α = 0, i äî òðåòüîãî, ÿêùî α 6= 0 6= β.

Ó çàäà÷i Øòóðìà�Ëióâiëÿ (ñêîðî÷åíî � çàäà÷à ØË) d = 1, D = ]x1, x2[ i
L = d

dx

(
p d

dx

)
− q, äå p � ðiâíîìiðíî íåïåðåðâíà i íåïåðåðâíî äèôåðåíöiéîâíà

äîäàòíà ôóíêöiÿ, q � íåïåðåðâíà íåâiä'¹ìíà ôóíêöiÿ. Ðiâíÿííÿ (2.1) ç òàêèì
L íàáóâà¹ âèãëÿäó (

pX ′
)′ − qX = −λρX. (2.3)

Iíòåðâàë D ââàæà¹ìî îáìåæåíèì (x1 > −∞, x2 <∞), õî÷ ìîæíà ðîçãëÿäàòè
çàäà÷i ØË i íà íåîáìåæåíèõ iíòåðâàëàõ [18, 24].
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Ôóíêöiÿ p, áóäó÷è ðiâíîìiðíî íåïåðåðâíîþ íà iíòåðâàëi, îäíîçíà÷íî ïðî-
äîâæó¹òüñÿ äî íåïåðåðâíî¨ ôóíêöi¨ íà éîãî çàìèêàííi (òîäi ÿê q i ρ öi¹¨ âëà-
ñòèâîñòi ìîæóòü i íå ìàòè), òîìó äàëi ðîçãëÿäà¹ìî ¨¨ ÿê ôóíêöiþ íà [x1, x2].

Ìåæà iíòåðâàëó ñêëàäà¹òüñÿ ç äâîõ éîãî êiíöiâ. Íà ëiâîìó êiíöi ∂/∂n äî-
ðiâíþ¹ −d/dx, à íà ïðàâîìó d/dx, òîæ ðåãóëÿðíi ìåæîâi óìîâè ìàþòü âèãëÿä

α1X(x1)− β1X
′(x1) = 0, (2.4a)

α2X(x2) + β2X
′(x2) = 0. (2.4b)

Êîåôiöi¹íòè αi, βi â çàäà÷i ØË íåâiä'¹ìíi.
Ñïåêòðàëüíó çàäà÷ó íà ]x1, x2[ ç ðiâíÿííÿì (2.3) íàçèâàþòü çàäà÷åþ ØË

â íàñòóïíèõ ï'ÿòüîõ âèïàäêàõ.
1. Ðåãóëÿðíà çàäà÷à ØË : p(x1) > 0, p(x2) > 0, q ðiâíîìiðíî íåïåðåðâíà.

Ìåæîâi óìîâè � (2.4). Âèìîãó äî q ìîæíà, ÿê ïîÿñíåíî ïiñëÿ ôîðìóëè (2.3),
çàïèñàòè ùå òàê: q ∈ C[x1, x2].

2. Ñèíãóëÿðíà íà ëiâîìó êiíöi çàäà÷à ØË : p(x2) > 0,

p(x1) = 0, lim
x→x1+0

p(x)

x− x1
> 0, (2.5)

(x− x1)q ∈ C[x1, x2]. (2.6)

Íà ïðàâîìó êiíöi íàêëàäà¹òüñÿ ðåãóëÿðíà óìîâà (2.4b), íà ëiâîìó � ñèíãóëÿð-
íà óìîâà

X ∈ C1[x1, x2]. (2.7)

Çâè÷àéíî, óìîâà (2.7) ¹ ìåæîâîþ íà îáîõ êiíöÿõ. Àëå íà ïðàâîìó âîíà íi÷îãî
íå äîäà¹ äî (2.4b).

3. Ñèíãóëÿðíà íà ïðàâîìó êiíöi çàäà÷à ØË : p(x1) > 0,

p(x2) = 0, lim
x→x2−0

p(x)

x2 − x
> 0, (2.8)

(x2 − x)q ∈ C[x1, x2]. (2.9)

Íà ëiâîìó êiíöi íàêëàäà¹òüñÿ óìîâà (2.4a), íà ïðàâîìó � (2.7).
4. Äâi÷i ñèíãóëÿðíà çàäà÷à ØË : (2.5), (2.6), (2.8), (2.9). Ñïiëüíà äëÿ îáîõ

êiíöiâ ñèíãóëÿðíà óìîâà (2.7).
5. Çàäà÷à ØË ç óìîâàìè ïåðiîäè÷íîñòi âiäðiçíÿ¹òüñÿ âiä ðåãóëÿðíî¨ òèì,

ùî çàìiñòü (2.4) íàêëàäàþòüñÿ íåðîçùåïëåíi ìåæîâi óìîâè

X(x1) = X(x2), (2.10a)

X ′(x1) = X ′(x2), (2.10b)

ñìèñë ÿêèõ ïîëÿãà¹ â iñíóâàííi (x2 − x1)-ïåðiîäè÷íîãî ïðîäîâæåííÿ ôóíêöi¨
X íà âñþ ÷èñëîâó ïðÿìó. Àíàëîãi÷íi óìîâè ïîâèííà çàäîâîëüíÿòè é p.

Íàãàäà¹ìî, ùî ïðîñòið L2(D, ρ) êâàäðàòè÷íî iíòåãðîâíèõ ç âàãîþ ρ ôóí-
êöié (ìîæëèâî êîìïëåêñíîçíà÷íèõ) íà D åâêëiäiâ çi ñêàëÿðíèì äîáóòêîì
(f, g) =

r
D
f(x)g(x)ρ(x)dx (ðèñêà îçíà÷à¹ êîìïëåêñíå ñïðÿæåííÿ), âiäòàê i

íîðìîâàíèé (‖f‖ =
√

(f, f)).
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Âëàñòèâîñòi âëàñíèõ åëåìåíòiâ çàäà÷i ØË
1◦. Âëàñíi çíà÷åííÿ äiéñíi íåâiä'¹ìíi.
2◦. Âëàñíi çíà÷åííÿ óòâîðþþòü çëi÷åííó ìíîæèíó. Áóäü-ÿêèé ñêií÷åííèé

âiäðiçîê ÷èñëîâî¨ ïðÿìî¨ ìiñòèòü òiëüêè ñêií÷åííå ÷èñëî âëàñíèõ çíà÷åíü.
Öi äâi âëàñòèâîñòi îçíà÷àþòü, ùî âëàñíi ÷èñëà ìîæíà çàíóìåðóâàòè çà

çðîñòàííÿì: λn0 < λn0+1 < . . . (çà n0 çðó÷íî áðàòè 1 àáî 0) i ïðè öüîìó
λn0 > 0, limn→∞ λn =∞.

3◦. Âiäïîâiäàþ÷i ðiçíèì âëàñíèì çíà÷åííÿì âëàñíi ôóíêöi¨ îðòîãîíàëüíi
ç âàãîþ ρ (òîáòî ÿê åëåìåíòè ïðîñòîðó L2([x1, x2], ρ)).

4◦. Ó çàäà÷àõ ØË ïåðøèõ ÷îòèðüîõ âèäiâ êîæíîìó âëàñíîìó çíà÷åííþ
âiäïîâiäà¹ ðiâíî îäíà âëàñíà ôóíêöiÿ.

5◦. Òåîðåìà ïîâíîòè. Êîæíà ôóíêöiÿ ϕ ∈ L2([x1, x2], ρ) ðîçêëàäà¹òüñÿ â
çáiæíèé ó ñåðåäíüîìó êâàäðàòè÷íîìó ðÿä Ôóð'¹ ïî âëàñíèõ ôóíêöiÿõ çàäà÷i
ØË:

ϕ =

∞∑
n=n0

ϕnXn, (2.11)

äå

ϕn =
(ϕ,Xn)

‖Xn‖2
. (2.12)

Òåîðåìà ïîâíîòè ñòâåðäæó¹ çáiæíiñòü ðÿäó çà íîðìîþ ïðîñòîðó L2. Ïîòî-
÷êîâà çáiæíiñòü çâiäñè íå âèïëèâà¹. Òîìó îñîáëèâó öiííiñòü ñòàíîâèòü íàñòó-
ïíà âëàñòèâiñòü.

6◦. Òåîðåìà Ñòåêëîâà. Íåõàé ϕ ∈ C1[x1, x2], ϕ′ êóñêîâî íåïåðåðâíî äè-
ôåðåíöiéîâíà i ϕ çàäîâîëüíÿ¹ ìåæîâi óìîâè çàäà÷i ØË, ïðè÷îìó ÿêùî çàäà÷à
ñèíãóëÿðíà íà êiíöi xj i limx→xj (x−xj)q(xj) 6= 0, òî ϕ(xj) = 0. Òîäi ðÿä Ôóð'¹
ôóíêöi¨ ϕ ïî âëàñíèõ ôóíêöiÿõ çàäà÷i çáiãà¹òüñÿ äî íå¨ ðiâíîìiðíî.

Ç îãëÿäó íà ïåðøó âëàñòèâiñòü ïîçíà÷åííÿ âëàñíîãî ÷èñëà ÷àñîì çàìiíþ-
þòü íà ν2, ùî ðîáèòèìåìî é ìè, êîëè öå áóäå äîöiëüíî.

Øóêàþ÷è çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (2.3), âèïàäîê ν = 0 ÿê ïðàâèëî
äîâîäèòüñÿ ðîçãëÿäàòè îêðåìî. Òîìó êîðèñíî âèäiëèòè êëàñ çàäà÷ ØË, äëÿ
ÿêèõ ÷èñëî ν = 0 íàïåâíî íå ¹ âëàñíèì.

Ëåìà. ßêùî â ðåãóëÿðíié çàäà÷i ØË õî÷à á îäíà ç ìåæîâèõ óìîâ (2.4)
íå äðóãîãî ðîäó, òî íóëü íå ¹ âëàñíèì çíà÷åííÿì çàäà÷i.

Ïðèêëàä 2.1
X ′′ + ν2X = 0,
X(0) = 0, X(l) = 0.

� Òóò x1 = 0, x2 = l, p = ρ = 1, q = 0, α1 = α2 = 1, β1 = β2 = 0.
Çãiäíî ç ëåìîþ ÷èñëî 0 íå ¹ âëàñíèì. Ïðè ν > 0 çàãàëüíèé ðîçâ'ÿçîê

ðiâíÿííÿ äà¹òüñÿ ôîðìóëîþ

X(x) = A cos νx+B sin νx. (2.13)

Ç ìåæîâèõ óìîâ äiñòà¹ìî A = 0 i B sin νl = 0. Îñêiëüêè íàñ öiêàâëÿòü
íåíóëüîâi ðîçâ'ÿçêè, òî B 6= 0, çâiäêè sin νl = 0. Ðîçâ'ÿçàâøè öå ðiâíÿ-
ííÿ âiäíîñíî ν > 0 i ïîêëàâøè B = 1, îäåðæèìî âiäïîâiäü:

νn =
πn

l
, Xn(x) = sin

πnx

l
, n ∈ N. �
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Ïðèêëàä 2.2

X ′′ + ν2X = 0,
X ′(0)− hX(0) = 0, X ′(l) + hX(l) = 0

(h � äîäàòíèé ÷èñëîâèé ïàðàìåòð).

� Ïiäñòàâèâøè çàãàëüíèé ðîçâ'ÿçîê (2.13) ðiâíÿííÿ ç ν > 0 â ìåæîâi
óìîâè, äiñòàíåìî{

νB − hA = 0,
A(h cos νl − ν sin νl) +B(ν cos νl + h sin νl) = 0.

Ç ïåðøîãî ðiâíÿííÿ ìà¹ìî B = hA/ν. Ïiäñòàâèâøè öåé âèðàç ó äðóãå
ðiâíÿííÿ i ñêîðîòèâøè íà A (A 6= 0, áî iíàêøå B = 0, X = 0), îäåðæèìî

2h cos νl + (h2/ν − ν) sin νl = 0.

Ïîçíà÷èâøè g(ν) = (ν/h − h/ν)/2, ïåðåïèøåìî îñòàííþ ðiâíiñòü ó âè-
ãëÿäi

ctg νl = g(ν). (2.14)

Ôóíêöiÿ g çðîñòà¹, ÿê ðiçíèöÿ çðîñòàþ÷î¨ i ñïàäíî¨, ìà¹ âåðòèêàëüíó
àñèìïòîòó ν = 0 i ïîõèëó àñèìïòîòó y = ν/2h. Îòæå, ðiâíÿííÿ (2.14)
ìà¹ íåñêií÷åííó ìíîæèíó {νn, n ∈ N} äîäàòíèõ êîðåíiâ, ïðè÷îìó

π(n− 1)/l < νn < πn/l.

×èñëà ν2
n ¹ âëàñíèìè â öié çàäà÷i. À âëàñíi ôóíêöi¨ äàþòüñÿ ôîðìóëîþ

(2.13) ç ν = νn i äîâiëüíèìè A 6= 0, B = hA/νn. Íàéçðó÷íiøå âèáðàòè
A = νn. Òîäi

Xn(x) = νn cos νnx+ h sin νnx. � (2.15)

Ïðèêëàä 2.3

X ′′ + ν2X = 0,
X(0) = X(2π), X ′(0) = X ′(2π).

� Î÷åâèäíî, ν0 = 0 � âëàñíå çíà÷åííÿ i X0 = 1 � âëàñíà ôóíêöiÿ.
Ïðè ν > 0 ïiäñòàíîâêà âèðàçó (2.13) ó ìåæîâi óìîâè äà¹ ñèñòåìó ðiâíÿíü{

A = A cos 2πν +B sin 2πν,
B = −A sin 2πν +B cos 2πν

âiäíîñíî A i B. Îñêiëüêè ìè øóêà¹ìî íåíóëüîâi ðîçâ'ÿçêè, òî ïîâèííi
ïðèðiâíÿòè ¨¨ âèçíà÷íèê äî íóëÿ. Öå äà¹ ðiâíÿííÿ

(1− cos 2πν)2 + sin2 2πν = 0,

àáî, ðiâíîñèëüíî cos 2πν = 1. Îòæå, âñi íàòóðàëüíi ÷èñëà òàêîæ ¹ âëà-
ñíèìè i êîæíîìó n ∈ N âiäïîâiäàþòü ä â i âëàñíi ôóíêöi¨: cosnx i sinnx.
�
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Ïðèêëàä 2.4

(1− x2)X ′′ − 2xX ′ = −λX, (2.16)

X ∈ C1[−1, 1]. (2.17)

� Öå äâi÷i ñèíãóëÿðíà çàäà÷à ØË ç p(x) = 1 − x2, q = 0, ρ = 1.
Øóêà¹ìî ðîçâ'ÿçîê ðiâíÿííÿ (2.16) ó âèãëÿäi ñòåïåíåâîãî ðÿäó: X(x) =∑∞
n=0 cnx

n. Â iíòåðâàëi çáiæíîñòi ñòåïåíåâèé ðÿä ìîæíà ïî÷ëåííî äè-
ôåðåíöiþâàòè, òîìó

X ′(x) =

∞∑
n=0

(n+ 1)cn+1x
n, X ′′(x) =

∞∑
n=0

(n+ 1)(n+ 2)cn+2x
n,

xX ′(x) =

∞∑
n=0

ncnx
n, x2X ′′(x) =

∞∑
n=0

n(n− 1)cnx
n.

Ïiäñòàâèâøè öi âèðàçè ó (2.16) i ïðèðiâíÿâøè êîåôiöi¹íòè ïðè îäíàêî-
âèõ ñòåïåíÿõ, îäåðæó¹ìî ðåêóðåíòíå ñïiââiäíîøåííÿ

cn+2 =
n(n+ 1)− λ

(n+ 1)(n+ 2)
cn, n ∈ Z+. (2.18)

Ùîá îá÷èñëþâàòè çà íèì, ïîòðiáíî çàäàòè c0, c1 (öå i ¹ äîâiëüíi ñòàëi,
ùî âõîäÿòü ó çàãàëüíèé ðîçâ'ÿçîê), ïðè÷îìó ÿêùî îäèí iç öèõ êîåôi-
öi¹íòiâ ïîêëàäà¹ìî ðiâíèì íóëþ, òî iíøèé ïîâèíåí áóòè íåíóëüîâèì.
Ðîçãëÿíåìî äâà âèïàäêè.

(à) c1 = 0 6= c0. Òîäi ç ôîðìóëè (2.18) âèïëèâà¹, ùî äëÿ áóäü-ÿêîãî
k ∈ Z+ c2k+1 = 0, c2k+2 = 2k(2k+1)−λ

(2k+1)(2k+2)c2k. Çâiäñè âèäíî, ùî ïðè λ =

2j(2j + 1) áóäå c2k+2 = 0, ÿê òiëüêè k > j, i c2k 6= 0 ïðè k 6 j, òîáòî
X áóäå ïîëiíîìîì ñòåïåíÿ 2j. Î÷åâèäíî, âií çàäîâîëüíÿ¹ óìîâó (2.17).
Îòæå, ÷èñëà λ2j = 2j(2j + 1), j ∈ Z+, ¹ âëàñíèìè i âiäïîâiäàþòü ¨ì
âëàñíi ôóíêöi¨

X2j(x) =

j∑
k=0

c2kx
2k. (2.19)

(á) c0 = 0 6= c1. Òîäi ç ôîðìóëè (2.18) âèïëèâà¹, ùî äëÿ áóäü�ÿêîãî
k ∈ N c2k = 0, c2k+1 = 2k(2k−1)−λ

2k(2k+1) c2k−1. Ìiðêóþ÷è àíàëîãi÷íî âèïàäêîâi
(à), ïåðåêîíó¹ìîñÿ, ùî ÷èñëà λ2j−1 = 2j(2j − 1), j ∈ N, ¹ âëàñíèìè i
âiäïîâiäàþòü ¨ì âëàñíi ôóíêöi¨

X2j−1(x) =

j∑
k=0

c2k+1x
2k+1. (2.20)

Îá'¹äíàâøè âèïàäêè (à) i (á), îäåðæó¹ìî òàêó ñèñòåìó âëàñíèõ åëå-
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ìåíòiâ çàäà÷i ØË:

λn = n(n+ 1), Xn � ïîëiíîì n-ãî ñòåïåíÿ, n ∈ Z+. (2.21)

Ïîêàæåìî, ùî iíøèõ âëàñíèõ ôóíêöié íåìà¹.
Îñêiëüêè ìíîæèíà ñêií÷åííèõ ëiíiéíèõ êîìáiíàöié ôóíêöié Xn ìi-

ñòèòü, î÷åâèäíî, âñi ïîëiíîìè, òî çà òåîðåìîþ Âåé¹ðøòðàñà âîíà ùiëü-
íà â C[−1, 1], à çíà÷èòü i â L2[−1, 1]. Îòæå, ¹äèíèé åëåìåíò ïðîñòîðó
L2[−1, 1], îðòîãîíàëüíèé óñiì Xn, ¹ íóëüîâà ôóíêöiÿ. Âîäíî÷àñ, çà âëà-
ñòèâîñòÿìè 3◦ i 4◦ çàäà÷i ØË, êîæíà âëàñíà ôóíêöiÿ îðòîãîíàëüíà ðå-
øòi âëàñíèõ ôóíêöié. Òîìó âëàñíèõ ôóíêöié, âiäìiííèõ âiä çíàéäåíèõ,
íå iñíó¹ i, òàêèì ÷èíîì, ôîðìóëè (2.19) � (2.21) äàþòü ðîçâ'ÿçîê çàäà÷i.
Äîïîâíèìî ðîçâ'ÿçàííÿ òàêèì êîìåíòàðåì.

Íàãàäà¹ìî, ùî âëàñíi ôóíêöi¨ âèçíà÷àþòüñÿ ç òî÷íiñòþ äî ñòàëîãî
ìíîæíèêà. Ó íàøîìó âèïàäêó öå ðiâíîñèëüíî çàäàííþ òi¹¨ ç äâîõ êîí-
ñòàíò c0, c1, ÿêà âiäìiííà âiä íóëÿ. Çàãàëüíîïðèéíÿòèì ¹ òàêèé âèáið
êîíñòàíòè, ïðè ÿêîìó â òî÷öi 1 âëàñíà ôóíêöiÿ íàáèðà¹ çíà÷åííÿ 1.
Ïiäïîðÿäêîâàíi öié äîäàòêîâié âèìîçi âëàñíi ôóíêöi¨ íàçèâàþòüñÿ ïî-
ëiíîìàìè Ëåæàíäðà i ïîçíà÷àþòüñÿ Pn. Òàêèì ÷èíîì, Pn � ¹äèíèé
ðîçâ'ÿçîê ëiíiéíî¨ äèôåðåíöiàëüíî¨ çàäà÷i

(1− x2)X ′′ − 2xX ′ + n(n+ 1)X = 0, (2.22)
|X(−1 + 0)| <∞, X(1) = 1.

ßê ïîêàçàíî âèùå, öå ïîëiíîì n-ãî ñòåïåíÿ. Éîãî ìîæíà çàïèñàòè i â
�ÿâíîìó� âèãëÿäi [16, 18, 24]:

Pn(x) =
1

2nn!

dn

dxn
(
x2 − 1

)n
. � (2.23)

Ïðèêëàä 2.5

(1− x2)X ′′ − 2(m+ 1)xX ′ + (λ−m(m+ 1))X = 0 (2.24)

(m � íåâiä'¹ìíèé öiëî÷èñëîâèé ïàðàìåòð), X çàäîâîëüíÿ¹ óìîâó (2.17).

� Ïîìíîæèâøè îáèäâi ÷àñòèíè ðiâíÿííÿ íà (1−x2)m, ïåðåòâîðþ¹ìî
éîãî äî âèãëÿäó (2.3) ç p(x) = (1 − x2)m+1, q(x) = m(m + 1)(1 − x2)m,
ρ(x) = (1 − x2)m. Ùîá ïiäêðåñëèòè çàëåæíiñòü âëàñíèõ åëåìåíòiâ âiä
ïàðàìåòðà, ïèñàòèìåìî éîãî â ïîçíà÷åííÿõ äðóãèì iíäåêñîì.

Ïðè m = 0 ìà¹ìî ðîçâ'ÿçàíó â ïîïåðåäíüîìó ïðèêëàäi çàäà÷ó. Ïðè
m > 0 çàäà÷à íå ¹ çàäà÷åþ ØË (áî limx→±1

p(x)
x∓1 = 0), àëå öåé âèïàäîê

çâîäèòüñÿ äî âæå ðîçiáðàíîãî. À ñàìå, ïðîäèôåðåíöiþâàâøè m 6 n
ðàçiâ ðiâíiñòü (2.22) ç X = Pn, äiñòàíåìî

(1− x2)P (m+2)
n − 2(m+ 1)xP (m+1)

n + (n(n+ 1)−m(m+ 1))P (m)
n = 0.

Òàêèì ÷èíîì, ïðè n > m ôóíêöiÿ P
(m)
n çàäîâîëüíÿ¹ ðiâíÿííÿ (2.24)

i, áóäó÷è ïîëiíîìîì, óìîâó (2.17). Îòæå, äëÿ êîæíîãî m ∈ Z+ ñåðåä
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âëàñíèõ åëåìåíòiâ çàäà÷i ¹ òàêi:

λnm = n(n+ 1), Xnm = P (m)
n , n = m,m+ 1, . . . (2.25)

Ïîêàæåìî, ùî iíøèõ âëàñíèõ åëåìåíòiâ íåìà¹.
Îñêiëüêè ïðè êîæíîìóm ñåðåä çíàéäåíèõ âëàñíèõ ôóíêöié ¹ ïîëiíî-

ìè âñiõ ñòåïåíiâ, òî ìíîæèíà ñêií÷åííèõ ëiíiéíèõ êîìáiíàöié ¨õ ùiëüíà
â C[−1, 1], à çíà÷èòü i â L2([−1, 1], ρ). Îòæå, ïîáóäîâàíà ñèñòåìà âëàñíèõ
ôóíêöié ïîâíà: ¹äèíèé åëåìåíò ïðîñòîðó L2, îðòîãîíàëüíèé óñiì P

(m)
n ,

n > m, � íóëüîâà ôóíêöiÿ. Çàëèøà¹òüñÿ ïîêàçàòè, ùî áóäü-ÿêi äâi ðiçíi
(òîáòî íå ïðîïîðöiéíi îäíà îäíié) âëàñíi ôóíêöi¨ îðòîãîíàëüíi.

Äëÿ öüîãî íàñàìïåðåä çàïèøåìî äëÿ äîâiëüíèõ ôóíêöié u, v ∈ C[−1, 1]
ôîðìóëè iíòåãðóâàííÿ ÷àñòèíàìè

1w

−1

(pu′)′v′dx = (pu′v)

∣∣∣∣1
−1

−
1w

−1

pu′v′dx,

1w

−1

pu′v′dx = (puv′)

∣∣∣∣1
−1

−
1w

−1

u(pv′)′dx,

iç ÿêèõ ç óðàõóâàííÿì ðiâíîñòåé p(±1) = 0, îäåðæó¹ìî
1w

−1

vLudx =

1w

−1

uLvdx. (2.26)

Íåõàé X1 i X2 � âëàñíi ôóíêöi¨ çàäà÷i (2.24) & (2.17), âiäïîâiäàþ÷i
âëàñíèì çíà÷åííÿì λ1 i λ2. Òîäi

λ1

1w

−1

X1X2ρdx = −
1w

−1

X2LX1dx
(2.26)

= −
1w

−1

X1LX2dx = λ2

1w

−1

X1X2ρdx,

ùî äîâîäèòü íàøå òâåðäæåííÿ ó âèïàäêó λ1 6= λ2. Îäíîìó æ âëàñíîìó
çíà÷åííþ íå ìîæóòü âiäïîâiäàòè äâi âëàñíi ôóíêöi¨. Ñïðàâäi, çà ôîðìó-
ëîþ Îñòðîãðàäñüêîãî�Ëióâiëÿ äëÿ áóäü-ÿêèõ ðîçâ'ÿçêiâ X i Y ðiâíÿííÿ
(2.24) íà ]−1, 1[ ôóíêöiÿ (XY ′−X ′Y )p ñòàëà íà öüîìó iíòåðâàëi. ßêùî
æ i X i Y íàëåæàòü C1[−1, 1], òî âîíà ìà¹ òå ñàìå çíà÷åííÿ i íà êiíöÿõ
iíòåðâàëó. Àëå íà êiíöÿõ p = 0, òîäi ÿê ó âíóòðiøíiõ òî÷êàõ p > 0. Òî-
ìó XY ′ − X ′Y ¹ òîòîæíèé íóëü íà [−1, 1], ùî îçíà÷à¹ ïðîïîðöiéíiñòü
ôóíêöié X i Y .

Iç äîâåäåíîãî òâåðäæåííÿ i âñòàíîâëåíî¨ âèùå ïîâíîòè ñèñòåìè ôóí-
êöié {P (m)

n ,m > n} âèïëèâà¹, ùî âëàñíèõ åëåìåíòiâ, âiäìiííèõ âiä çíà-
éäåíèõ, íå iñíó¹ i, òàêèì ÷èíîì, ðiâíîñòi (2.25) äàþòü âiäïîâiäü. �
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Ðîçâ'ÿçàòè ðåãóëÿðíó çàäà÷ó ØË:

1.
X ′′ + ν2X = 0,
X(0) = X(l) = 0.

2.
X ′′ + ν2X = 0,
X(0) = X ′(l) = 0.

3.
X ′′ + ν2X = 0,
X ′(0) = X(l) = 0.

4.
X ′′ + ν2X = 0,
X ′(0) = X ′(l) = 0.

5.
X ′′ + ν2X = 0,
X ′(a) = X ′(b) = 0.

6.
X ′′ + ν2X = 0,
X(−a) = X(a) = 0.

7.
X ′′ + ν2X = 0,
X(0) = 0,
X ′(l) + hX(l) = 0, h > 0.

8.
X ′′ + ν2X = 0,
X ′(0)− hX(0) = 0, h > 0,
X ′(l) = 0.

9.
X ′′ +X ′ + λX = 0,
X(0) = X(π) = 0.

10.
X ′′ − 2X ′ + λX = 0,
X ′(0)−X(0) = 0, h > 0,
X ′(1) +X(1) = 0.

11.
x2X ′′ + xX ′ + ν2X = 0,
X(1) = X ′(e) = 0.

12.
x2X ′′ + xX ′ + ν2X = 0,
X(1/a) = X(a) = 0, a > 1.

13. Ðîçâ'ÿçàòè çàëåæíó âiä äîäàòíîãî ïàðàìåòðà h ñïåêòðàëüíó çàäà÷ó

X ′′ + λX = 0,
X(0) = 0, X ′(l)− hX(l) = 0.

Ðîçâ'ÿçàòè çàëåæíó âiä ïàðàìåòðiâ ñèíãóëÿðíó çàäà÷ó ØË (âëàñíå çíà-
÷åííÿ ñêðiçü ïîçíà÷à¹òüñÿ λ):

14. (1− x2)X ′′ − (αx+ β)X ′ + λX = 0, x ∈ [−1, 1].

15. (1−x2)X ′′− 2xX ′+
[
λ− µ2/(1− x2)

]
X = 0, x ∈ [a, 1], X(a) = 0.

16. (1− x2)X ′′ − 2xX ′ +
[
λ− µ2/(1− x2)

]
X = 0, x ∈ [−1, 1].

17. (1− x2)X ′′ − 2(a+ 1)xX ′ +
[
λ−m(m+ 2a)/(1− x2)

]
X = 0,

x ∈ [−1, 1], m ∈ Z+, a > −1/2.

Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà÷ó â íåîáìåæåíié îáëàñòi (íà íåñêií÷åííî-
ñòi íàêëàäà¹òüñÿ óìîâà îáìåæåíîñòi âëàñíî¨ ôóíêöi¨):

18. xX ′′ + (a+ 1− x)X ′ + λX = 0, x ∈ R+.

19. X ′′ − 2xX ′ + 2λX = 0, x ∈ R.

20. X ′′ + (λ− x2)X = 0, x ∈ R.

21.
X ′′ + (λ− x2)X = 0, x ∈ R+,
X ′(0) = 0.

22. X ′′+ (λ+ ch−2 x)X = 0, x ∈ R.
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� 3. Êðàéîâi çàäà÷i äëÿ ðiâíÿíü ïàðàáîëi-
÷íîãî i ãiïåðáîëi÷íîãî òèïiâ íà âiäðiçêó

Ðåãóëÿðíà êðàéîâà çàäà÷à íà âiäðiçêó ñòàâèòüñÿ òàê:

ρMu = a2Lu+ F, x1 < x < x2, t > 0, (3.1)

α1u(x1, t)− β1ux(x1, t) = χ1(t), t > 0, (3.2a)

α2u(x2, t) + β2ux(x2, t) = χ2(t), t > 0, (3.2b)
∂ku

∂tk
(x, 0) = ϕk(x), k = 0,m− 1, x1 < x < x2. (3.3)

Ó ïîñòàíîâêó âõîäÿòü òàêîæ äåÿêi âèìîãè äî ôóíêöi¨ u, ÿêi ìè ñôîðìóëþ¹ìî
ïiñëÿ ïîÿñíåííÿ ïîçíà÷åíü.

Ó íàïèñàíèõ ñïiââiäíîøåííÿõ

M =

m∑
i=0

bm−i
∂i

∂ti

(b0, . . . , bm � íåïåðåðâíi ôóíêöi¨ âiä t, ïåðøà ç ÿêèõ äîäàòíà);

L =
∂

∂x

(
p
∂

∂x

)
− q,

ρ, αi, βi (à òàêîæ p i q ó âèðàçi îïåðàòîðà L) òàêi, ÿê ó ðåãóëÿðíié çàäà÷i ØË;
F � íåïåðåðâíà ôóíêöiÿ âiä x i t òàêà, ùî äëÿ áóäü-ÿêîãî t

x2w

x1

|F (x, t)| dx <∞; (3.4)

a2 � íåïåðåðâíà äîäàòíà ôóíêöiÿ âiä t; χ1, χ2, ϕ0, . . . , ϕm−1 � êóñêîâî ãëàäêi
(ïîðÿäîê ãëàäêîñòi â çàãàëüíié ïîñòàíîâöi íå óòî÷íþ¹ìî) ôóíêöi¨ íàïèñàíèõ
âèùå çìiííèõ.

Ôóíêöiÿ u ïîâèííà çàäîâîëüíÿòè ïåâíi âèìîãè ãëàäêîñòi (äëÿ m 6 2 äèâ.
[6, 12, 16, 24]), à òàêîæ óìîâó íåïåðåðâíîãî ïðèëÿãàííÿ (ïðèòèêó) äî ìåæi.
Îñòàíí¹ îçíà÷à¹ òàêå: 1) ÿêùî t0 � òî÷êà íåïåðåðâíîñòi ôóíêöi¨ χj , òî ôóíêöiÿ
αju+ (−1)jβjux íåïåðåðâíà ïî (x, t) â îêîëi òî÷êè (xj , t0); 2) ÿêùî x0 � òî÷êà
íåïåðåðâíîñòi ϕk, òî ∂ku/∂tk íåïåðåðâíà ïî (x, t) â îêîëi òî÷êè (x0, 0).

Ðàçîì ìåæîâi óìîâè (3.2) i ïî÷àòêîâi óìîâè (3.3) íàçèâàþòüñÿ êðàéîâèìè.
Áàãàòî êðàéîâèõ çàäà÷, i ñåðåä íèõ (3.1) � (3.3), ðîçâ'ÿçóþòüñÿ ìåòîäîì

âiäîêðåìëåííÿ çìiííèõ (ÌÂÇ), ÿêèé çâîäèòü êðàéîâó çàäà÷ó â ÷àñòèííèõ
ïîõiäíèõ äî ñåði¨ ëiíiéíèõ äèôåðåíöiàëüíèõ çàäà÷ (ó äàíîìó ðàçi � çàäà÷
Êîøi) ó çâè÷àéíèõ ïîõiäíèõ.

Íåõàé ñïî÷àòêó χ1 = χ2 = 0. Òîäi çà òåîðåìîþ Ñòåêëîâà ðîçâ'ÿçîê çàäà÷i,
ÿêùî âií iñíó¹, ïðè êîæíîìó t ðîçêëàäà¹òüñÿ â ðÿä Ôóð'¹ ïî âëàñíèõ ôóíêöiÿõ
çàäà÷i ØË (2.3) & (2.4), êîåôiöi¹íòè ÿêîãî, ïðèðîäíî, òåæ çàëåæàòü âiä t:

u(x, t) =

∞∑
n=n0

un(t)Xn(x). (3.5)
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Ïî íèõ æå ðîçêëàäàþòüñÿ çà òåîðåìîþ ïîâíîòè F (·, t)/ρ i ϕk:

F (·, t) = ρ

∞∑
n=n0

fn(t)Xn, (3.6)

ϕk =

∞∑
n=n0

ϕknXn (3.7)

(àðãóìåíò x ó öèõ ðiâíîñòÿõ íå ïèøåìî, áî â íèõ íà âiäìiíó âiä (3.5) ðÿäè íå
çîáîâ'ÿçàíi çáiãàòèñÿ ïðè êîæíîìó x). Ïðèïóñòèìî, ùî îïåðàòîðè M i L ìî-
æíà çàñòîñîâóâàòè äî ðÿäó (3.5) ïî÷ëåííî (ÿêáè ñóìà áóëà ñêií÷åííîþ, òî öå
âèïëèâàëî áè ïðîñòî ç ëiíiéíîñòi ¨õ). Òîäi, ïiäñòàâèâøè ðîçêëàäè (3.5) � (3.7)
ó ðiâíîñòi (3.1), (3.3) (à (3.2) ñïðàâäæóþòüñÿ çà âèáîðîì Xn) i ïðèðiâíÿâøè
êîåôiöi¹íòè ïðè îäíàêîâèõ âëàñíèõ ôóíêöiÿõ çëiâà i ñïðàâà (äèâ. äåòàëi ó [27,
ñ. 16�17]), äiñòàíåìî ïðè êîæíîìó n çàäà÷ó Êîøi äëÿ un:

Mun = −a2λnun + fn,

u
(k)
n (0) = ϕkn, k = 0,m− 1,

(3.8)

äå λn � âëàñíå ÷èñëî, ÿêîìó âiäïîâiäà¹ Xn. Öå ïðèâîäèòü äî òàêîãî àëãîðè-
òìó ÌÂÇ äëÿ çàäà÷i (3.1) � (3.3) ç î ä í î ð i ä í è ì è ì å æ î â è ì è ó ì î -
â à ì è.

ÊÐÎÊ 1. Çíàõîäèìî âëàñíi ÷èñëà λn i âëàñíi ôóíêöi¨Xn (n = n0, n0+1, . . .)
çàäà÷i ØË (2.3) & (2.4).

ÊÐÎÊ 2. Çàïèñó¹ìî ðîçêëàäè (3.6) i (3.7).
Êîåôiöi¹íòè ðîçêëàäiâ îá÷èñëþþòüñÿ çà ôîðìóëîþ (2.12):

fn(t) =
1

‖Xn‖2
x2w

x1

F (x, t)Xn(x)dx, (3.9)

ϕkn =
1

‖Xn‖2
x2w

x1

ϕk(x)Xn(x)ρ(x)dx, (3.10)

äå, íàãàäà¹ìî

‖Xn‖2 =

x2w

x1

Xn(x)2ρ(x)dx. (3.11)

Iñíóâàííÿ ïåðøîãî iíòåãðàëà âèïëèâà¹ ç (3.4), äðóãîãî � ç êóñêîâî¨ íåïåðåðâ-
íîñòi ϕk. Âiäñóòíiñòü ρ(x) ó (3.9) ïîÿñíþ¹òüñÿ òèì, ùî â ïiäiíòåãðàëüíîìó
âèðàçi âîíà ôiãóðó¹ ÿê ìíîæíèê i ÿê äiëüíèê (áî â (3.6) ðîçêëàäà¹òüñÿ íå F ,
à F/ρ).

Íå ïîñïiøàéìî âèêîíóâàòè iíòåãðóâàííÿ! Ïî-ïåðøå, íà íàñòóïíîìó êðîöi
ìîæíà îïåðóâàòè ç fn i ϕkn ïðîñòî ÿê iç ñèìâîëàìè. Ïî-äðóãå, ÿêùî ÿêàñü
ôóíêöiÿ ¹ ëiíiéíîþ êîìáiíàöi¹þ áàçèñíèõ, òî öÿ êîìáiíàöiÿ i ¹ øóêàíèì ðîç-
êëàäîì.

ÊÐÎÊ 3. Äëÿ êîæíîãî n ðîçâ'ÿçó¹ìî çàäà÷ó Êîøi (3.8).
Âèùå ìè ï ð è ï ó ñ ê à ë è, ùî ðÿä (3.5) ìîæíà ïî÷ëåííî äèôåðåíöiþâàòè

ñòiëüêè ðàçiâ, ñêiëüêè âèìàãà¹ ìåòîä. Òåïåð, êîëè ôóíêöi¨ un çíàéäåíî, öå
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ìîæíà ï å ð å â i ð è ò è. ßê òiëüêè öå áóäå çðîáëåíî, ôîðìàëüíèé ðîçâ'ÿçîê
(3.5) ñòàíå ñïðàâæíiì. Îòæå, ïîòðiáåí

ÊÐÎÊ 4. Ïîêàçó¹ìî, ùî ïðè âñiõ x i t ðÿä ó (3.5) çáiãà¹òüñÿ i

∂j

∂xj

∑
un(t)Xn(x) =

∑
un(t)X(j)

n (x), j = 1, 2,

∂k

∂tk

∑
un(t)Xn(x) =

∑
u(k)
n (t)Xn(x), k = 0,m− 1.

Âèêîíàííÿ îñòàííüîãî êðîêó ïîòðåáó¹ äîäàòêîâèõ ïðèïóùåíü ïðî ôóíêöi¨
F , ϕ0, . . . , ϕm−1 i ãðîìiçäêèõ âèêëàäîê (äèâ. [23, ñ. 547�552], [27, ñ. 29�34]).
Òîìó â ïðèêëàäàõ íèæ÷å ìè îáìåæó¹ìîñü ïîáóäîâîþ ôîðìàëüíîãî ðîçâ'ÿçêó.
Äëÿ öüîãî ¹ é iñòîòíiøà ïðè÷èíà: òåîðiÿ óçàãàëüíåíèõ ôóíêöié ðîçøèðþ¹
ïîíÿòòÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i i ïîñëàáëþ¹ âèìîãè äî çáiæíîñòi ðÿäó, ÿêèì
òîé çîáðàæó¹òüñÿ.

Ùîá ïîëåãøèòè ÷èòà÷åâi êîðèñòóâàííÿ àëãîðèòìîì, âiäòâîðèìî åëåìåí-
òàðíi íàâiäíi ìiðêóâàííÿ Ôóð'¹, ÿêi ïðèâåëè éîãî äî âiäêðèòòÿ ìåòîäó.

Øóêà¹ìî ÷àñòèííi ðîçâ'ÿçêè î ä í î ð i ä í î ã î (F = 0) ðiâíÿííÿ (3.1) ó
âèãëÿäi

u(x, t) = X(x)T (t). (3.12)

Ïiäñòàíîâêà öüîãî âèðàçó â ðiâíÿííÿ ïåðåòâîðþ¹ éîãî äî âèãëÿäó

ρXMT = a2TLX.

Ïîäiëèâøè îáèäâi ÷àñòèíè íà a2ρTX, îäåðæèìî ðiâíiñòü

MT

a2T
=

LX

ρX
,

ëiâà ÷àñòèíà ÿêî¨ ¹ ôóíêöiÿ âiä t, à ïðàâà � âiä x. Òîìó îáèäâi âîíè äîðiâ-
íþþòü ÿêîìóñü ÷èñëó −λ. Öå îçíà÷à¹, ùî X çàäîâîëüíÿ¹ ðiâíÿííÿ (2.3), à T
� ðiâíÿííÿ MT = −a2λT , òå ñàìå, ùî â çàäà÷i Êîøi (3.8). Äàëi, ïiäñòàíîâ-
êà âèðàçó (3.12) â î ä í î ð i ä í i óìîâè (3.2) äà¹ äëÿ X ìåæîâi óìîâè (2.4).
Òàêèì ÷èíîì, íåíóëüîâà ôóíêöiÿ âèäó (3.12) ìîæå áóòè ðîçâ'ÿçêîì îäíîði-
äíî¨ çàäà÷i (3.1) & (3.2) òiëüêè òîäi, êîëè X � âëàñíà ôóíêöiÿ çàäà÷i ØË
(2.3) & (2.4). Ç îãëÿäó íà îäíîðiäíiñòü çàäà÷i ñóìà ðîçâ'ÿçêiâ âèäó (3.12) ñà-
ìà ¹ ðîçâ'ÿçêîì. Òîìó ìîæíà ñïðîáóâàòè ïîáóäóâàòè ïîñëiäîâíiñòü (XnTn)
ðîçâ'ÿçêiâ òàêó, ùîá ñóìà ¨õ çàäîâîëüíÿëà ïî÷àòêîâi óìîâè (3.2). Äëÿ öüîãî
òðåáà çà ïî÷àòêîâi çíà÷åííÿ Tn(0), Ṫn(0), . . . , T

(m−1)
n (0) âçÿòè êîåôiöi¹íòè ïðè

Xn â ðîçêëàäàõ ôóíêöié ϕ0, ϕ1, . . . , ϕm−1 âiäïîâiäíî ïî áàçèñó (Xn).
Êóñòàðíiñòü îïèñàíîãî ïðèéîìó1 äëÿ îäíèõ � íåäîëiê, äëÿ iíøèõ � äî-

ñòî¨íñòâî. Àëå áåçïåðå÷íèì ìiíóñîì ¹ òå, ùî äîâîäèòüñÿ ïî÷èíàòè ç ðîçãëÿäó
îäíîðiäíîãî ðiâíÿííÿ, íàâiòü ÿêùî â çàäà÷i âîíî íåîäíîðiäíå.

Âàæëèâîþ ðèñîþ ÌÂÇ ¹ íå÷óòëèâiñòü äî òèïó ðiâíÿííÿ (3.1). Ïðè m = 0
âîíî ¹ çâè÷àéíèì (óìîâè (3.3) â öüîìó âèïàäêó âiäñóòíi, à t âiäiãðà¹ ðîëü
ïàðàìåòðà), ïðè m = 1 íàëåæèòü äî ïàðàáîëi÷íîãî òèïó, ïðè m = 2 � äî
ãiïåðáîëi÷íîãî, à ïðè áiëüøèõ m íå ïiäïàäà¹ ïiä êëàñèôiêàöiþ � 1, áî ìà¹
âèùèé íiæ 2 ïîðÿäîê. Àëå àëãîðèòì ó âñiõ âèïàäêàõ îäíàêîâèé!

1Öå âñå îäíî ùî, ðîçâ'ÿçóþ÷è ñèñòåìó ẋ(t) = Ax(t) çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü, ïiäñòàâëÿòè â íå¨ ãàäàíèé ðîçâ'ÿçîê x(t) = T (t)b, äå b � ñòàëèé âåêòîð.
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Íåõàé òåïåð ìåæîâi óìîâè (3.2) íåîäíîðiäíi. Øóêà¹ìî ðîçâ'ÿçîê çàäà÷i ó
âèãëÿäi

u = v + w, (3.13)

ïiäïîðÿäêóâàâøè ôóíêöiþ w óìîâàì

α1w(x1, t)− β1wx(x1, t) = χ1(t), (3.14a)
α2w(x2, t) + β2wx(x2, t) = χ2(t), (3.14b)

i òàêèì ñàìèì, ÿê äëÿ u, âèìîãàì ãëàäêîñòi i íåïåðåðâíîãî ïðèëÿãàííÿ äî
ìåæi. Òîäi ôóíêöiÿ v áóäå ðîçâ'ÿçêîì çàäà÷i

ρMv = a2Lv + F + a2Lw − ρMw,
α1v(x1, t)− β1vx(x1, t) = 0, α2v(x2, t) + β2vx(x2, t) = 0,
∂kv
∂tk

(x, 0) = ϕk(x)− ∂kw
∂tk

(x, 0), k = 0,m− 1,
(3.15)

äî ÿêî¨ âæå ìîæíà çàñòîñîâóâàòè àëãîðèòì.
Óìîâè (3.14) âèçíà÷àþòü w, âiäòàê i v, íåîäíîçíà÷íî. Àëå ÿêùî äëÿ çàäà-

÷i (3.1) � (3.3) âñòàíîâëåíî ¹äèíiñòü ðîçâ'ÿçêó, äëÿ ÷îãî ìîæíà ñêîðèñòàòèñü
âiäîìèìè òåîðåìàìè [6, 11, 12, 16, 24], òî ïðàâà ÷àñòèíà (3.13) âiä öi¹¨ íåîäíî-
çíà÷íîñòi íå çàëåæèòü.

ßêùî õî÷à á îäíà ç ìåæîâèõ óìîâ (3.2) íå äðóãîãî ðîäó, òî ôóíêöiþ w
ìîæíà ïiäiáðàòè ó âèãëÿäi

w(x, t) = R(t) +Q(t)x. (3.16)

ßêùî æ îáèäâi óìîâè äðóãîãî ðîäó, òî w ìîæíà ïiäiáðàòè ó âèãëÿäi

w(x, t) = Q(t)x+ P (t)x2. (3.17)

Â îñòàííüîìó âèïàäêó ÷àñîì áóâà¹ çðó÷íî äîïèñàòè äî ïðàâî¨ ÷àñòèíè ðiâíî-
ñòi äîäàíîê R(t). Ïðè ïiäñòàíîâöi â óìîâè äðóãîãî ðîäó âií çíèêà¹, àëå iíîäi
ñïðîùó¹ âèðàç w àáî çàäà÷ó äëÿ v.

Ïiäñòàâèâøè (3.16) ó (3.14), äiñòàíåìî ñèñòåìó ëiíiéíèõ àëãåáðè÷íèõ2 ðiâ-
íÿíü âiäíîñíî R(t) i Q(t). Àëå ÿêùî β1 = β2 = 0 (íà îáîõ êiíöÿõ óìîâè
ïåðøîãî ðîäó), òî âèïèñóâàòè ¨¨ íåìà¹ ïîòðåáè. Ìîæíà ñêîðèñòàòèñü iíòåð-
ïîëÿöiéíîþ ôîðìóëîþ Ëàãðàíæà

w(x, t) =
x2 − x
l

χ1(t) +
x− x1

l
χ2(t),

äå l = x2 − x1. Òàê ñàìî ïðè α1 = α2 = 0 ìîæíà çàïèñàòè iíòåðïîëÿöiéíó
ôîðìóëó äëÿ wx. Ïðîiíòåãðóâàâøè ¨¨ ïî x, îäåðæèìî

w(x, t) =
(x− x1)2

2l
χ2(t)− (x2 − x)2

2l
χ1(t). (3.18)

Öå ÿêðàç òîé âèïàäîê, ïðî ÿêèé iøëîñÿ âèùå (R = −x2
2χ1/2l).

2Íàïèñàííÿ öüîãî ñëîâà ïîäà¹ìî çà àêàäåìi÷íèì Ñëîâíèêîì óêðà¨íñüêî¨ ìîâè
(Íàóêîâà äóìêà, 1970�80). Âîíî ëîãi÷íiøå çà àëãåáðà¨÷íèé (ïîð. ñàòèðè÷íèé, ìå-
òàôîðè÷íèé) i áóëî çàãàëüíîïðèéíÿòèì â óêðà¨íîìîâíié íàâ÷àëüíié i íàóêîâié ëi-
òåðàòóði ïåðøî¨ ïîëîâèíè ìèíóëîãî ñòîëiòòÿ.
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Ñêðiçü íèæ÷å a2 � ñòàëà. Ó òèõ çàäà÷àõ, äå ρ = 1, ïîçíà÷åííÿ F çàìiíþ¹ìî
íà f . Ïðè m 6 2 çàìiñòü ϕ0 i ϕ1 ïèøåìî ϕ i ψ, âiäïîâiäíî. Êîåôiöi¹íòè Ôóð'¹
öèõ ôóíêöié çàïèñó¹ìî ç îäíèì iíäåêñîì � òèì, ÿêèé ðàíiøå ïèñàëè äðóãèì,
òàê ùî â ïðèêëàäàõ ϕn i ψn ÷èñëà, à íå ôóíêöi¨.

Ïðèêëàä 3.1
ut = a2uxx + t,
ux(0, t)− hu(0, t) = 0,
ux(l, t) + hu(l, t) = 0,
u(x, 0) = 1.

� Òóò x1 = 0, x2 = l, M = ∂/∂t, m = 1, p = ρ = 1, q = 0, a2 = const,
F (x, t) = t, ϕ(x) = 1, αi = h, βi = 1. Ìåæîâi óìîâè îäíîðiäíi, òîìó
ìîæíà âiäðàçó ïðèñòóïàòè äî âèêîíàííÿ àëãîðèòìó.

1. Çàïèñó¹ìî çàäà÷ó ØË:

X ′′ = −ν2X,
X ′(0)− hX(0) = 0, X ′(l) + hX(l) = 0.

�¨ âëàñíi åëåìåíòè çíàéäåíî â ïðèêëàäi 2.2:

Xn(x) = νn cos νnx+ h sin νnx, (3.19)

νn � n-é ó ïîðÿäêó çðîñòàííÿ êîðiíü ðiâíÿííÿ

ctg νl = g(ν), (3.20)

äå

g(ν) =
ν2 − h2

2hν
. (3.21)

2. Îñêiëüêè F (x, t) = tϕ(x), òî

fn(t) = tϕn. (3.22)

Çà ôîðìóëîþ (2.12) i ç óðàõóâàííÿì óìîâ çàäà÷i

ϕn =
1

‖Xn‖2
lw

0

Xn(x)dx. (3.23)

Ùîá îá÷èñëèòè ìíîæíèê ïåðåä iíòåãðàëîì, çàïèøåìî íà ïiäñòàâi
(3.19)

Xn(x)2 =
ν2 + h2

2
+ νh sin 2νx+

ν2 − h2

2
cos 2νx (3.24)

(ν îçíà÷à¹ νn). Ïðîiíòåãðóâàâøè öþ ðiâíiñòü âiä 0 äî l, äiñòàíåìî ç
óðàõóâàííÿì (3.21)

‖Xn‖2 =
ν2 + h2

2
l +

h

2
[1− cos 2νl + g(ν) sin 2νl] . (3.25)
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Iç âiäîìèõ ôîðìóë

cos 2α =
ctg2 α− 1

ctg2 α+ 1
, sin 2α =

2 ctgα

ctg2 α+ 1

i (3.20) ìà¹ìî

1− cos 2νl =
2

g(ν)2 + 1
, sin 2νl =

2g(ν)

g(ν)2 + 1
,

ùî ïåðåòâîðþ¹ (3.25) äî âèãëÿäó

‖Xn‖2 =
(ν2
n + h2)l

2
+ h. (3.26)

Çâàæàþ÷è íà (3.19)

lw

0

Xn(x)dx = sin νnl + hν−1
n (1− cos 2νnl), (3.27)

ùî ðàçîì iç (3.23) i (3.26) äà¹ ÿâíèé âèðàç ϕn.
3. Çàïèñó¹ìî ç óðàõóâàííÿì (3.22) çàäà÷ó Êîøi (3.8):

u̇n = −a2ν2
nun + tϕn,

un(0) = ϕn.

Ðîçâ'ÿçîê ¨¨ äà¹òüñÿ, î÷åâèäíî, ôîðìóëîþ

un(t) = ϕn

[
e−a

2ν2
nt − 1 + a2ν2

n

]/
(aνn)4.

Öÿ ðiâíiñòü ðàçîì iç (3.23), (3.26), (3.27), (3.19) i äàíèì âèùå îçíà÷åííÿì
÷èñåë νn ïåðåòâîðþ¹ ôîðìóëó (3.5), ó ÿêié òðåáà ïîêëàñòè n0 = 1, íà
âiäïîâiäü. �

Ïðèêëàä 3.2

ut + u
2(t+1) = a2uxx + 2

√
t+ 1 sin2 πx

2l ,

ux(0, t) = 0, ux(l, t) = 0,
u(x, 0) = 2 cos2 πx

2l .

� Òóò m = 1, M = ∂/∂t−(2(t+1))−1, p = 1, q = 0, ρ = 1, α1 = α2 = 0,
β1 = β2 = 1,

f(x, t) = 2
√
t+ 1 sin2 πx

2l
, ϕ(x) = 2 cos2 πx

2l
. (3.28)

1. Çàïèñó¹ìî çàäà÷ó ØË:

X ′′ = −ν2X, X ′(0) = 0, X ′(l) = 0.

Î÷åâèäíèì âëàñíèì ÷èñëîì ¹ íóëü. Éîìó âiäïîâiäà¹ ñòàëà âëàñíà ôóí-
êöiÿ.
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Ïðè ν > 0 ïiäñòàâëÿ¹ìî âèðàç (2.13) çàãàëüíîãî ðîçâ'ÿçêó ðiâíÿííÿ
äëÿ X ó ìåæîâi óìîâè i îäåðæó¹ìî ñèñòåìó ðiâíÿíü{

νB = 0,
−νA sin νl + νB cos νl = 0,

ç ÿêî¨ çíàõîäèìî B = 0, A sin νl = 0. Îñêiëüêè øóêàþòüñÿ íåíóëüîâi
ðîçâ'ÿçêè, òî ïîâèííî áóòè sin νl = 0. Äîäàòíèìè ðîçâ'ÿçêàìè öüîãî
ðiâíÿííÿ âiäíîñíî ν ¹ ÷èñëà nπ/l, n ∈ N. Ôiêñóþ÷è äîâiëüíå íåíóëüîâå
çíà÷åííÿ A, äiñòà¹ìî âiäïîâiäàþ÷i ¨ì âëàñíi ôóíêöi¨. Ïðè¹äíàâøè ðàíi-
øå çíàéäåíèé âëàñíèé åëåìåíò, îäåðæèìî ïîâíèé ðîçâ'ÿçîê ïîñòàâëåíî¨
çàäà÷i ØË:

νn =
nπ

l
, Xn(x) = cos νnx, n ∈ Z+. (3.29)

2. Ïîðiâíÿâøè (3.28) iç (3.29), áà÷èìî, ùî

f(x, t) = 2
√
t+ 1 (X0(x)−X1(x)) , ϕ(x) = X0(x) +X1(x).

Òàêèì ÷èíîì,

ϕn =

{
1 ïðè n 6 1,
0 ïðè n > 2 i fn(t) = cn

√
t+ 1, äå cn =

{
(−1)n ïðè n 6 1,
0 ïðè n > 2.

Çà äîïîìîãîþ ñèìâîëà Êðîíåêåðà öi âèðàçè ìîæíà çàïèñàòè îäíèì ðÿä-
êîì:

ϕn = δn0 + δn1, cn = δn0 − δn1. (3.30)
Çàñòîñóâàííÿ çàãàëüíèõ iíòåãðàëüíèõ ôîðìóë (3.9) i (3.10) áóëî á ó öié
ñèòóàöi¨ âêðàé íåäîöiëüíèì.

3. Çàäà÷à Êîøi (3.8) iç òàêèìè M i fn ìà¹ âèãëÿä:

u̇n = −
(
(2(t+ 1))−1 + a2ν2

n

)
un + cn

√
t+ 1,

un(0) = ϕn
(3.31)

(íàãàäà¹ìî, ùî ϕn öå êîëèøí¹ ϕkn). Ðîçâ'ÿçàòè ¨¨ ïîòðiáíî òiëüêè ïðè
n 6 1, àäæå ïðè n > 1 âîíà, ÿê âèäíî ç (3.30), îäíîðiäíà i, çíà÷èòü,

un = 0 ïðè n > 1. (3.32)

Ïîçíà÷èâøè b = a2ν2
1 ≡ (aπ/l)2 i âçÿâøè äî óâàãè (3.29) i (3.30),

ñêîíêðåòèçó¹ìî (3.31) ïðè n 6 1 òàê:

u̇0 = −(2(t+ 1))−1u0 +
√
t+ 1,

u0(0) = 1;

u̇1 = −
(
(2(t+ 1))−1 + b

)
u1 −

√
t+ 1,

u1(0) = 1.
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Ðîçâ'ÿçàâøè îáèäâi çàäà÷i ìåòîäîì âàðiþâàííÿ ñòàëèõ, çíàõîäèìî

u0(t) =
1

2

[
(t+ 1)−1/2 + (t+ 1)3/2

]
,

u1(t) =
((

1 + b−1 − b−2
)
e−bt + b−2

)
(t+ 1)−1/2 − b−1(t+ 1)1/2.

Òåïåð ôîðìóëà
u(x, t) = u0(t) + u1(t) cos

πx

l
(êîíêðåòèçàöiÿ (3.5) ç óðàõóâàííÿì (3.32) i (3.29)) ñòà¹ âiäïîâiääþ. �

Ïðèêëàä 3.3
ut = a2uxx + 2tx+ 1,
ux(−l, t) = t2,
u(l, t) = lt2 + t,
u(x, 0) = cos πx4l − sin πx

4l .

� Òóò χ1(t) = t2, χ2(t) = lt2 + t. Îñêiëüêè ìåæîâi óìîâè íåîäíîðiäíi,
òî âiäðàçó âèêîíóâàòè âiäîêðåìëåííÿ çìiííèõ íå ìîæíà. Ïiäáèðà¹ìî
ñïî÷àòêó ôóíêöiþ w òàêó, ùî

wx(−l, t) = χ1(t), w(l, t) = χ2(t). (3.33)

Øóêà¹ìî ¨¨ ó âèãëÿäi (3.16). Ïiäñòàíîâêà öüîãî âèðàçó â ðiâíîñòi (3.33)
äà¹ ñèñòåìó ðiâíÿíü {

Q = χ1,
R+ lQ = χ2,

ðîçâ'ÿçàâøè ÿêó çíàõîäèìî

w(x, t) = χ2(t) + (x− l)χ1(t) ≡ t+ xt2. (3.34)

Ââîäèìî íîâó íåâiäîìó ôóíêöiþ v = u−w. Çàìiíèâøè u íà v +w â
ðiâíÿííi i êðàéîâèõ óìîâàõ, îäåðæèìî ç óðàõóâàííÿì (3.33) i î÷åâèäíèõ
ðiâíîñòåé wxx = 0, wt(x, t) = 2xt + 1, w(x, 0) = 0 êðàéîâó çàäà÷ó äëÿ v
(êîíêðåòèçàöiþ (3.15))

vt = a2vxx,
vx(−l, t) = 0, v(l, t) = 0,
v(x, 0) = cos πx4l − sin πx

4l ,

äî ÿêî¨ âæå ìîæíà çàñòîñîâóâàòè àëãîðèòì âiäîêðåìëåííÿ çìiííèõ.
1. Çàïèñó¹ìî çàäà÷ó ØË:

X ′′ = −ν2X, X ′(−l) = 0, X(l) = 0.

Îñêiëüêè îäíà ç ìåæîâèõ óìîâ íå äðóãîãî ðîäó, òî ÷èñëî íóëü íå âëàñíå.
Ïðè ν > 0 ïiäñòàâëÿ¹ìî çàãàëüíèé ðîçâ'ÿçîê (2.13) äèôåðåíöiàëüíîãî
ðiâíÿííÿ â ìåæîâi óìîâè i îäåðæó¹ìî ñèñòåìó ðiâíÿíü{

A sin νl +B cos νl = 0,
A cos νl +B sin νl = 0 (3.35)
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âiäíîñíî A i B. Äëÿ òîãî, ùîá âîíà ìàëà íåíóëüîâèé ðîçâ'ÿçîê, íåîáõi-
äíî i äîñòàòíüî, ùîá ¨¨ âèçíà÷íèê äîðiâíþâàâ íóëþ, òîáòî ñïðàâäæóâà-
ëàñü ðiâíiñòü cos 2νl = 0. Ç íå¨ çíàõîäèìî âëàñíi ÷èñëà ν2

n:

νn =
(2n+ 1)π

4l
, n ∈ Z+. (3.36)

Ïðè òàêèõ ν ðiâíÿííÿ ñèñòåìè (3.35) ïðîïîðöiéíi. Ùîá çàäîâîëüíèòè
ïåðøå ç íèõ, à çíà÷èòü i îáèäâà, ìîæíà ïîêëàñòè

A =
√

2 cos νl, B = −
√

2 sin νl

(íåíóëüîâèé ìíîæíèê âèáèðà¹òüñÿ äîâiëüíî). Òîäi ðiâíiñòü (2.13) ç ν =
νn ïåðåòâîðþ¹òüñÿ íà âèðàç âëàñíî¨ ôóíêöi¨. Çîêðåìà,

X0(x) = cos ν0x− sin ν0x. (3.37)

2. Ïîðiâíÿâøè (3.37) i (3.36) ç ïî÷àòêîâîþ óìîâîþ äëÿ v, áà÷èìî,
ùî v(x, 0) = X0(x).

3. Ó çàãàëüíîìó âèïàäêó v òðåáà øóêàòè ó âèãëÿäi

v(x, t) =

∞∑
n=n0

vn(t)Xn(x)

(ïåðåïîçíà÷åííÿ (3.5)), àëå â íàøîìó âèïàäêó ïðè âñiõ n > n0 = 0 ìà¹ìî
îäíîðiäíó çàäà÷ó Êîøi (òàê ùî vn = 0 ïðè n > 0) i òiëüêè ïðè n = 0
íåîäíîðiäíó:

v̇0 = −a2ν2
0v0, v0(0) = 1. (3.38)

Òîìó v(x, t) = v0(t)X0(x).
Ðîçâ'ÿçàâøè (3.38), îäåðæó¹ìî ç óðàõóâàííÿì (3.37) i (3.36)

v(x, t) = e−a
2πt/4l

(
cos

πx

4l
− sin

πx

4l

)
.

Öå ñïiëüíî ç ðiâíîñòÿìè u = v + w i (3.34) äà¹ âiäïîâiäü. �

Ïðèêëàä 3.4

utt = a2uxx + f,
u(0, t) = 0, u(l, t) = 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x).

� Òóò m = 2, M = ∂2/∂t2, p = 1, q = 0, ρ = 1. Ìåæîâi óìîâè
îäíîðiäíi, òîìó ìîæíà âiäðàçó âiäîêðåìëþâàòè çìiííi.

1. Âëàñíi åëåìåíòè çàäà÷i ØË

X ′′ = −ν2X, X(0) = 0, X(l) = 0

çíàéäåíî â ïðèêëàäi 2.1:

νn =
nπ

l
, Xn(x) = sin νnx, n ∈ N. (3.39)

2. Îñêiëüêè f , ϕ i ψ äîâiëüíi, òî ìîæíà òiëüêè îá÷èñëèòè êâàäðàò
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íîðìè âëàñíî¨ ôóíêöi¨: ‖Xn‖2 =
r l
0

sin2 νnxdx = l/2. Öèì âèðàçè (3.9) i
(3.10) êîåôiöi¹íòiâ Ôóð'¹ äåùî êîíêðåòèçóþòüñÿ:

fn(t) =
2

l

lw

0

f(x, t) sin νnxdx (3.40)

i òàê ñàìî (áåç t) äëÿ ϕn i ψn.
3. Çàäà÷à Êîøi (3.8) ìà¹ âèãëÿä

ün = −ω2
nun + fn,

un(0) = ϕn, u̇n(0) = ψn,
(3.41)

äå ωn = aνn. Ðîçâ'ÿçîê ¨¨ äà¹òüñÿ âiäîìîþ ç äèôåðåíöiàëüíèõ ðiâíÿíü
ôîðìóëîþ

un(t) = ϕn cosωnt+ ψn
sinωnt

ωn
+

tw

0

sinωn(t− τ)fn(τ)

ωn
dτ, (3.42)

îõîïëþþ÷îþ é âèïàäîê ωn = 0.
Òåïåð ðiâíiñòü (3.5) iç n0 = 1 ñòà¹ âiäïîâiääþ. �

Ïðèêëàä 3.5
utt = a2uxx + g(x) sinωt,
u(0, t) = 0, u(l, t) = 0,
u(x, 0) = 0, ut(x, 0) = 0

(ω � äîäàòíå ÷èñëî).
�Öå îêðåìèé âèïàäîê ïîïåðåäíüîãî ïðèêëàäó: ϕ = 0, ψ = 0, f(x, t) =

g(x) cosωt. Îñòàííÿ ðiâíiñòü äîçâîëÿ¹ ïåðåïèñàòè (3.40) ó âèãëÿäi fn(t) =
gn sinωt, äå

gn =
2

l

lw

0

g(x)Xn(x)dx. (3.43)

Òîäi ôîðìóëà (3.42) êîíêðåòèçó¹òüñÿ òàê:

un(t) =
gn
ωn

lw

0

sinωn(t− τ) sinωτdτ.

Çàïèñàâøè 2 sinωn(t− τ) sinωτ = cos((ω+ωn)τ −ωnt)− cos((ω−ωn)τ +
ωnt), áà÷èìî, ùî ïðè ω 6= ωn

un(t) =
gn

2ωn

(
sinωt+ sinωnt

ω + ωn
− sinωt− sinωnt

ω − ωn

)
, (3.44)

àáî, ðiâíîñèëüíî,

un(t) =
gn(ω sinωnt− ωn sinωt)

ωn(ω2 − ω2
n)

, n 6= lω

aπ
(3.45)
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(óìîâó íà n íàïèñàíî ç óðàõóâàííÿì (3.39)).

ßêùî æ ω = ωn∗ (öèì ìè ââîäèìî iíäèâiäóàëüíå ïîçíà÷åííÿ äëÿ íî-
ìåðà òi¹¨ âëàñíî¨ ÷àñòîòè, ÿêà ñïiâïàäà¹3 ç ÷àñòîòîþ çîâíiøíüî¨ ïåðiî-
äè÷íî¨ ñèëè), òî ïåðåõîäèìî â (3.44) äî ãðàíèöi ïðè ωn → ω i îäåðæó¹ìî

un∗(t) =
gn∗

2ω

(
sinωt

ω
+ t cosωt

)
, n∗ =

lω

aπ
.

Òåïåð, êîëè ôóíêöi¨ Xn i un çíàéäåíî, ðiâíiñòü (3.5), ó ÿêié n0 = 1,
ñòà¹ âiäïîâiääþ. Ïðîàíàëiçó¹ìî ¨¨.

Ïðè n 6= lω/aπ äîäàíîê un(t)Xn(x) îïèñó¹, ÿê âèäíî ç (3.39) i (3.45)
ñóìó äâîõ ñòîÿ÷èõ õâèëü çi ñòàëèìè àìïëiòóäàìè. Äîäàíîê æå un∗(t)Xn∗(x)

îïèñó¹ ñòîÿ÷ó õâèëþ, àìïëiòóäà ÿêî¨ gn∗
√

1 + ω2t2/2ω2 ïðè gn∗ 6= 0 íå-
îáìåæåíî çðîñòà¹ ç ÷àñîì. Öå ÿâèùå íàçèâà¹òüñÿ ðåçîíàíñîì. Äëÿ íà-
ñòàííÿ éîãî íåîáõiäíî i äîñòàòíüî, ùîá ÷èñëî n∗ = lω/aπ áóëî öiëèì i
gn∗ 6= 0. �

Ïðèêëàä 3.6

utt = a2uxx −
(

4a2(2−cos x)
5−4 cos x + ω2x2

)
cosωt,

ux(0, t) = 2πt, ux(π, t) = 2π cosωt,
u(x, 0) = x2, ut(x, 0) = x(2π − x).

� Çà ôîðìóëîþ (3.18)

w(x, t) = x2 cosωt− (π − x)2t. (3.46)

Çàïèñàâøè wtt = −ω2x2 cosωt, wxx = 2 cosωt−2t, w(x, 0) = x2, wt(x, 0) =
−(π − x)2, áà÷èìî, ùî ôóíêöiÿ v = u− w ¹ ðîçâ'ÿçêîì çàäà÷i

vtt = a2vxx − 2a2
(

1−(1/2) cos x
5/4−cos x − 1

)
cosωt− 2a2t,

vx(0, t), vx(π, t) = 0,
v(x, 0) = 0, vt(x, 0) = π2.

Çàïèñàâøè ïðè |b| < 1

1− b cosx

1 + b2 − 2b cosx
=

1

2

[
1

1− beix −
1

1− be−ix
]

=

∞∑
n=0

bn cosnx

3Äèâ. Àíãëî-óêðà¨íñüêèé ñëîâíèê ç ïðîãðàìóâàííÿ i ìàòåìàòèêè (óêëàäà÷i
Ì. Êðàòêî, Ì. Êiêåöü, �. Ìåéíàðîâè÷, Â. Ïàâëåíêî, I. ×åðíåíêî, Ä. Øåðiê) àáî
Îðôîãðàôi÷íèé ñëîâíèê íàóêîâèõ i òåõíi÷íèõ òåðìiíiâ Â. Êàðà÷óíà. Ó íåîáõiäíî-
ñòi öüîãî ñëîâà ïåðåêîíó¹ ôðàçà ç êëàñè÷íî¨ êíèãè Ô. Ðiñà i Á. Ñåêåëüôàâi-Íàäÿ
Ëåêöèè ïî ôóíêöèîíàëüíîìó àíàëèçó: �Ïîñëåäîâàòåëüíîñòü öåëûõ ÷èñåë ñõîäèòñÿ
òîëüêî òîãäà, êîãäà âñå å¼ ÷ëåíû íà÷èíàÿ ñ íåêîòîðîãî ñîâïàäàþò�.
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i ïîêëàâøè b = 1/2, ïåðåòâîðèìî ðiâíÿííÿ äëÿ v äî âèãëÿäó

vtt = a2vxx − 2a2 cosωt
∞∑
n=1

2−n cosnx− 2a2t,

äå âiëüíèé ÷ëåí óæå ðîçêëàäåíî ïî âëàñíèõ ôóíêöiÿõ ðîçâ'ÿçàíî¨ â ïðè-
êëàäi 3.2 çàäà÷i ØË

X ′′ = −ν2X, X ′(0) = 0, X ′(π) = 0.

Óçÿâøè äàëi äî óâàãè, ùî vt(x, 0) = π2X0, âèïèñó¹ìî äëÿ êîåôiöi¹íòiâ
ðîçêëàäó

v(x, t) =

∞∑
n=0

vn(t) cosnx (3.47)

(êîíêðåòèçàöiÿ (3.5) iç ïåðåïîçíà÷åííÿì u íà v) çàäà÷i Êîøi âèäó (3.8):

v̈0 = −2a2t, v0(0) = 0, v̇0(0) = π2,

v̈n = −a2n2vn + 21−na2 cosωt, vn(0) = 0, v̇n(0) = 0 (n > 1).

Ðîçâ'ÿçîê ïåðøî¨ î÷åâèäíèé:

v0(t) = π2t− a2t3/3, (3.48)

ðîçâ'ÿçîê ðåøòè äà¹òüñÿ ôîðìóëîþ (3.42) ç ïåðåïîçíà÷åííÿì u íà v:

vn(t) =
a

21−nn

tw

0

sin an(t−τ) cosωτdτ =

{
a2(cos ant−cosωt)
2n−1(ω2−a2n2) , n 6= ω/a, n > 0,
a2t sinωt

2n−1ω , n = ω/a.

(3.49)
Ðiâíîñòi (3.46) � (3.49) i u = v+w äàþòü âiäïîâiäü. Áà÷èìî, ùî ó âèïàäêó
ω/a ∈ N íàñòà¹ ðåçîíàíñ. �

Ðîçâ'ÿçàòè çàäà÷ó Êîøi ç îäíîðiäíèìè ìåæîâèìè óìîâàìè:

1.
ut = uxx + t sinx,
u(0, t) = u(π, t) = 0,
u(x, 0) = cosx.

2.
ut = 4uxx + 2 sin πx

2l cos πxl ,
u(0, t) = ux(l, t) = 0,
u(x, 0) = 1.

3.
ut = 9uxx + cos3(x/2),
ux(0, t) = u(π, t) = 0,
u(x, 0) = x.

4.
utt = a2uxx,
ux(0, t) = ux(2, t) = 0,
u(x, 0) = cos2 x, ut(x, 0) = sin2 x.

5.

utt = 4uxx + t,
u(0, t) = ux(1, t) = 0,
u(x, 0) = 2 sinπx cos 3

2πx,
ut(x, 0) = 0.

6.
ut = uxx + 2 sin 3πx

2 cos πx2 ,
u(0, t) = u(1, t) = 0,
u(x, 0) = 4 sin3 πx.
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7.
ut = uxx + et sinx,
u(0, t) = ux(π/2, t) = 0,
u(x, 0) = sin 3x.

8.
ut = uxx + t cosx,
ux(0, t) = ux(π, t) = 0,
u(x, 0) = sin(x/2).

9.

utt = 4uxx − 9t sin(3x/2),
u(0, t) = ux(π, t) = 0,
u(x, 0) = 2 cos(x/2) sin 2x,
ut(x, 0) = 2 sin(x/2) cos 2x.

10.
utt = a2uxx,
u(0, t) = ux(l, t) = 0,
u(x, 0) = x, ut(x, 0) = 0.

11.
ut = uxx,
u(a, t) = ux(b, t) = 0,
u(x, 0) = 1.

12.
ut = uxx,
u(−l, t) = u(l, t) = 0,
u(x, 0) = x.

13.
ut = 3uxx + 1,
ux(−2, t) = u(1, t) = 0,
u(x, 0) = 0.

14.
ut = 4uxx + cosπx,
ux(−1, t) = ux(1, t) = 0,
u(x, 0) = sinπx.

15.
utt = uxx,
u(1, t) = ux(4, t) = 0,
u(x, 0) = cos πx2 , ut(x, 0) = 0.

16.
ut = uxx,
ux(0, t) = ux(l, t) + hu(l, t) = 0,
u(x, 0) = 1.

17.
utt = uxx + x,
ux(0, t)− hu(0, t) = u(l, t) = 0,
u(x, 0) = ut(x, 0) = 0.

18.
ut = 2tuxx + e−t

2

cosx,
ux(0, t) = ux(π, t) = 0,
u(x, 0) = cos3 x.

19.
utt + 2ut + u = uxx,
u(0, t) = ux(π, t) = 0,
u(x, 0) = 0, ut(x, 0) = x.

20.

uttt = uxx + sinx,
u(0, t) = u(π, t) = 0,
u(x, 0) = 0, ut(x, 0) = 0,
utt(x, 0) = 0.

21.
utt = uxx + t sinωt sinx,
u(0, t) = ux(π/2, t) = 0,
u(x, 0) = ut(x, 0) = 0.

22.
ut = l2

π2(t+1)uxx + 2t sin2 πx
2l ,

ux(0, t) = ux(l, t) = 0,
u(x, 0) = 2 cos2 πx

l .

23.
ut = uxx + sin3 x,
u(0, t) = u(π, t) = 0,
u(x, 0) = sinµx, µ /∈ Z.

24.
ut = uxx + cos4 x,
ux(0, t) = ux(π, t) = 0,
u(x, 0) = ex.

25.
ut = (1− x2)uxx − 2xux + tx,
u(·, t) ∈ C1[−1, 1],
u(x, 0) = 3x2 + 2.

26.
ut = (1− x2)uxx − 2xux,
u(0, t) = 0, u(·, t) ∈ C1[0, 1],
u(x, 0) = 1.

27.
ut = (1− x2)uxx − 2xux − sin t,
ux(0, t) = 0, u(·, t) ∈ C1[0, 1],
u(x, 0) = x2, ut(x, 0) = 1.

28.

ut = (1− x2)uxx − 2xux,
u(·, t) ∈ C1[−1, 1],
u(x, 0) = (1− x sinα)−1/2.

29.
ut = (1− x2)uxx − 2xux,
u(0, t) = 0, |u(1, t)| <∞,
u(x, 0) = arcsinx.

30.
ut = (1− x2)uxx − xux + x2,
u(·, t) ∈ C1[−1, 1],
u(x, 0) = x3.
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31.
ut = uxx − x2u, x ∈ R,
u(x, 0) = e−αx

2/2.

32.
utt = uxx − x2u+ cosαx, x ∈ R,
u(x, 0) = 0, ut(x, 0) = sinαx.

33.
ut = a2uxx − g(u− U),
ux(0, t) = u(l, t) = 0,
u(x, 0) = ϕ(x).

34.
utt = a2uxx − 2µut + f(x),
u(0, t) = u(l, t) = 0,
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x).

35.

utt = uxx−2ux
4(t+1)2 +

√
t+ 1ex sinx,

u(0, t) = u(π, t) = 0,
u(x, 0) = ex(π/2− x),
ut(x, 0) = ex cos 2x.

Ðîçâ'ÿçàòè çàäà÷ó Êîøi ç íåîäíîðiäíèìè ìåæîâèìè óìîâàìè:

36.
ut = uxx + 1 + sinx,
u(0, t) = t, ux(π/2, t) = 1,
u(x, 0) = 1 + x.

37.

utt = 4uxx,
u(0, t) = t, u(1, t) = 0,
u(x, 0) = 4 sinπx cos2 πx,
ut(x, 0) = −x.

38.

ut = uxx,
ux(0, t) = π(t− 1),
ux(π, t) = π(t+ 1),
u(x, 0) = x2.

39.
utt = uxx,
u(0, t) = 0, u(π, t) = π sin t,
u(x, 0) = 0, ut(x, 0) = 0.

40.
utt = uxx,
u(0, t) = t, ux(l, t) = 1,
u(x, 0) = 0, ut(x, 0) = 1.

41.
ut = uxx + x− π cos2(x/2),
ux(0, t) = t, u(π/2, t) = 0,
u(x, 0) = 0.

42.

utt = uxx − l sin2 πx
4l + x

2 ,
ux(0, t) = t2/4, u(l, t) = 0,
u(x, 0) = 0, ut(x, 0) = cos 3πx

2l .

43.
utt = uxx,
u(0, t) = 0, ux(l, t) = sinωt,
u(x, 0) = 0, ut(x, 0) = 0.

44.

utt = a2uxx − x cos t,
ux(0, t)−hu(0, t)= cos t−h sin t,
u(1, t) = cos t+ sin t,
u(x, 0) = x, ut(x, 0) = 0.

45.
utt = uxx + t(1− 6x),
ux(0, t) = 0, u(1, t) = t,
u(x, 0) = 0, ut(x, 0) = x3.

46.
ut = uxx − sinx,
ux(0, t) = −1, ux(π, t) = 1,
u(x, 0) = 0.

47.
ut = uxx + 2(1 + t) sin 3x

2 cos x2 ,
u(0, t) = 0, u(π/2, t) = t,
u(x, 0) = 0.

48.
ut = (1− x2)uxx − 2xux,
u(0, t) = e−2t, |u(1, t)| <∞,
u(x, 0) = 1.

49.

utt = uxx − x2u, x ∈ R+,
ux(0, t) = cos t,

u(x, 0) = xe−x
2/2, ut(x, 0) = 0.
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� 4. Ðiâíÿííÿ åëiïòè÷íîãî òèïó â ïðÿìîêó-
òíèêó

Ðiâíÿííÿ åëiïòè÷íîãî òèïó îïèñóþòü ïðîñòîðîâi ðîçïîäiëè íåçìiííèõ ó
÷àñi ôiçè÷íèõ âåëè÷èí. Òîìó ÷àñîâà çìiííà â íèõ âiäñóòíÿ i â êðàéîâié çàäà÷i
íàêëàäàþòüñÿ òiëüêè ìåæîâi óìîâè. �õ ðåãóëÿðíà çàäà÷à â ïðÿìîêóòíèêó ìi-
ñòèòü ÷îòèðè � çà ÷èñëîì ñòîðií. Ðîçãëÿäà¹ìî íå íàéçàãàëüíiøó ïîñòàíîâêó,
à òàêó, â ÿêié çìiííi âiäîêðåìëþþòüñÿ:

σLu+ ρKu = F, x1 < x < x2, y1 < y < y2, (4.1)

Sju = χj , y1 < y < y2, j = 1, 2, (4.2)

Tju = ψj , x1 < x < x2, j = 1, 2. (4.3)

Òóò

L =
∂

∂x

(
p
∂

∂x

)
− q, K =

∂

∂y

(
g
∂

∂y

)
− h, (4.4)

Sj =

(
αj + (−1)jβj

∂

∂x

)∣∣∣∣
x=xj

, Tj =

(
γj + (−1)jδj

∂

∂y

)∣∣∣∣
y=yj

, (4.5)

αj , βj i γj , δj � ïàðè íåâiä'¹ìíèõ ÷èñåë òàêi, ùî â êîæíié õî÷à á îäèí åëåìåíò
âiäìiííèé âiä íóëÿ; ρ = ρ(x) i σ = σ(x) � äîäàòíi íåïåðåðâíi iíòåãðîâíi ôóíêöi¨
íà ]x1, x2[ i ]y1, y2[ âiäïîâiäíî; F = F (x, y) � íåïåðåðâíà àáñîëþòíî iíòåãðîâíà
ôóíêöiÿ, χj = χj(y) i ψj = ψj(x) � êóñêîâî íåïåðåðâíi ôóíêöi¨; q = q(x) i
h = h(y) � íåâiä'¹ìíi íåïåðåðâíi, à p = p(x) i g = g(y) � äîäàòíi ðiâíîìiðíî
íåïåðåðâíi i íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨ íà âiäïîâiäíèõ iíòåðâàëàõ.
Ó ðåãóëÿðíié çàäà÷i p i g âiäìiííi âiä íóëÿ òàêîæ i íà êiíöÿõ iíòåðâàëiâ.
ßêùî öå ïîðóøó¹òüñÿ, òî íà âiäïîâiäíîìó êiíöi çàìiñòü ðåãóëÿðíî¨ ìåæîâî¨
óìîâè (4.2) àáî (4.3) íàêëàäàþòü ñèíãóëÿðíó.Øóêàíà ôóíêöiÿ u ïîâèííà áóòè
íåïåðåðâíî äèôåðåíöiéîâíîþ ó âíóòðiøíiõ òî÷êàõ ïðÿìîêóòíèêà i íåïåðåðâíî
ïðèëÿãàòè äî éîãî ìåæi.

Çâåðòà¹ìî óâàãó ÷èòà÷à íà òå, ùî â (4.1) êîæåí iç äèôåðåíöiàëüíèõ îïå-
ðàòîðiâ L i K äi¹ ïî îäíié iç çìiííèõ, à ìíîæèòüñÿ íà ôóíêöiþ iíøî¨.

Âèðàçè (4.5) ôóíêöiîíàëiâ Sj i Tj ïîêàçóþòü, ùî êðàéîâi óìîâè ïî êîæíié
iç çìiííèõ ðîçùåïëåíi, òîáòî â îäíié óìîâi ôiãóðó¹ çíà÷åííÿ ôóíêöi¨ i/àáî ¨¨
ïîõiäíî¨ òiëüêè íà îäíîìó êiíöi âiäðiçêà.

Íàçâåìî çàäà÷ó (4.1) � (4.3) åëåìåíòàðíîþ, ÿêùî ïî îäíié iç çìiííèõ (òîá-
òî íà îäíié ç ïàð ïðîòèëåæíèõ ñòîðií) ìåæîâi óìîâè îäíîðiäíi. Äî òàêî¨ çà-
äà÷i ÌÂÇ ìîæíà çàñòîñîâóâàòè âiäðàçó. Ïîðiâíÿíî ç � 3 çìiíþ¹òüñÿ òðåòié
êðîê àëãîðèòìó: òåïåð äîäàòêîâèìè äî ðiâíÿííÿ óìîâàìè áóäóòü íå ïî÷àòêî-
âi, à ìåæîâi. Âèïèøåìî àëãîðèòì îêðåìî äëÿ êîæíîãî ç äâîõ ìîæëèâèõ â
åëåìåíòàðíié çàäà÷i âèïàäêiâ.

à) χ1 = χ2 = 0 (îäíîðiäíi óìîâè íà âåðòèêàëüíèõ ñòîðîíàõ).

1à. Çíàõîäèìî âëàñíi åëåìåíòè (ν2
n, Xn) çàäà÷i ØË

LX = −ν2ρX,
SjX = 0, j = 1, 2.

(4.6)

2à. Çíàõîäèìî êîåôiöi¹íòè fn(y), ψ1n, ψ2n ðîçêëàäiâ ôóíêöié F (·, y)/ρ, ψ1

i ψ2 ïî áàçèñó (Xn).
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3à. Äëÿ êîæíîãî n ðîçâ'ÿçó¹ìî êðàéîâó çàäà÷ó

Kun − σν2
nun = fn,

Tjun = ψjn, j = 1, 2.
(4.7)

Ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (4.1) � (4.3) â öüîìó âèïàäêó äà¹òüñÿ ôîð-
ìóëîþ

u(x, y) =
∑
n

un(y)Xn(x). (4.8)

á) ψ1 = ψ2 = 0 (îäíîðiäíi óìîâè íà ãîðèçîíòàëüíèõ ñòîðîíàõ).

1á. Çíàõîäèìî âëàñíi åëåìåíòè (κ2
n, Yn) çàäà÷i ØË

KY = −κ2σY,
TjY = 0, j = 1, 2.

(4.9)

2á. Çíàõîäèìî êîåôiöi¹íòè fn(x), χ1n, χ2n ðîçêëàäiâ ôóíêöié F (x, ·)/σ, χ1

i χ2 ïî áàçèñó (Yn).
3á. Äëÿ êîæíîãî n ðîçâ'ÿçó¹ìî êðàéîâó çàäà÷ó

Lun − ρκ2
nun = fn,

Sjun = χjn, j = 1, 2.
(4.10)

Ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (4.1) � (4.3) â öüîìó âèïàäêó äà¹òüñÿ ôîð-
ìóëîþ

u(x, y) =
∑
n

un(x)Yn(y). (4.11)

Ùîá ïîëåãøèòè ÷èòà÷åâi âèêîíàííÿ òðåòüîãî êðîêó, íàãàäà¹ìî äåÿêi ôà-
êòè ç òåîði¨ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Íåõàé Λ � ëiíiéíèé äèôå-
ðåíöiàëüíèé îïåðàòîð äðóãîãî ïîðÿäêó íà äåÿêîìó iíòåðâàëi ]b1, b2[, Q1 i Q2 �
ëiíiéíi íåïåðåðâíi ôóíêöiîíàëè íà ïðîñòîði C1[b1, b2] (òàêèìè ¹ Sj i Tj ; iíøèé
ïðèêëàä � iíòåãðàë âiä b1 äî b2). Ùîá ðîçâ'ÿçàòè ëiíiéíó äèôåðåíöiàëüíó (íå
îáîâ'ÿçêîâî êðàéîâó) çàäà÷ó

ΛV = f,
QjV = cj , j = 1, 2, (4.12)

äå f � çàäàíà íåïåðåðâíà ôóíêöiÿ, c1 i c2 � çàäàíi ÷èñëà, ïîòðiáíî çíàéòè
ðîçâ'ÿçêè V1 i V2 î ä í î ð i ä í î ã î äèôåðåíöiàëüíîãî ðiâíÿííÿ ΛV = 0 òàêi,
ùî

Q1V1 = 0, Q2V1 6= 0,
Q1V2 6= 0, Q2V2 = 0. (4.13)

Òîäi ðîçâ'ÿçîê çàäà÷i (4.12) äà¹òüñÿ ôîðìóëîþ

V (x) =
c1V2(x)

Q1V2
+
c2V1(x)

Q2V1
+

b2w

b1

G(x, ξ)f(ξ)dξ, (4.14)
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äå G � ôóíêöiÿ Ãðiíà çàäà÷i (4.12). ßêùî ôóíêöiîíàëè Qj ìàþòü âèãëÿä,
àíàëîãi÷íèé (4.5), òîáòî çàäàþòü ð î ç ù å ï ë å í i ê ð à é î â i óìîâè, à îïå-
ðàòîð Λ ìà¹ âèãëÿä, àíàëîãi÷íèé (4.4) (êîåôiöi¹íò ïðè V ′ ó ΛV ¹ ïîõiäíîþ
êîåôiöi¹íòà k ïðè V ′′), òî ([11, ñ. 254], [27, ñ. 61]):

G(x, ξ) =
V1(x ∧ ξ)V2(x ∨ ξ)

kWV1V2

, (4.15)

ùî äîçâîëÿ¹ çàïèñàòè ðiâíiñòü (4.14) òàê:

V (x) =
c1V2(x)

Q1V2
+
c2V1(x)

Q2V1
+

1

kWV1V2

V2(x)

xw

b1

V1(ξ)f(ξ)dξ + V1(x)

b2w

x

V2(ξ)f(ξ)dξ

 .
(4.16)

Òóò

WV1V2 =

∣∣∣∣V1 V2

V ′1 V ′2

∣∣∣∣
� âèçíà÷íèê Âðîíñüêîãî, àáî âðîíñêiàí, ïàðè (V1, V2). ßê k, òàê i WV1V2 ìî-
æóòü çàëåæàòè âiä x, àëå ç ôîðìóëè Îñòðîãðàäñüêîãî�Ëióâiëÿ âèïëèâà¹, ùî
çà çðîáëåíîãî âèùå ïðèïóùåííÿ ïðî Λ äîáóòîê kWV1V2 ñòàëèé.

ßêùî áóäîâà îïåðàòîðà Λ çóìîâëþ¹ ñèíãóëÿðíiñòü çàäà÷i íà êiíöi bj , òî
ðiâíiñòü QjV = c ñëiä çàìiíèòè óìîâîþ îáìåæåíîñòi V i V ′ â îêîëi bj . Öÿ
óìîâà, î÷åâèäíî, îäíîðiäíà, ùî äîçâîëÿ¹ óçàãàëüíèòè âëàñòèâiñòü (4.13) ïà-
ðè (V1, V2) òàê: Vj çàäîâîëüíÿ¹ îäíîðiäíó ìåæîâó óìîâó íà êiíöi bj i íå çà-
äîâîëüíÿ¹ íà iíøîìó êiíöi, j = 1, 2. Òîäi ôîðìóëà (4.16) ïåðåíîñèòüñÿ i íà
ñèíãóëÿðíi çàäà÷i, ÿêùî ôîðìàëüíî ïîêëàñòè cj = 0 íà âiäïîâiäíîìó êiíöi.

Ôîðìóëó (4.16) íåäîöiëüíî âèêîðèñòîâóâàòè, ÿêùî âiäîìèé ÿêèéñü ÷àñòèí-
íèé ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ, áî ÷åðåç íüîãî i ôóíêöi¨ Vj ðîçâ'ÿçîê
çàäà÷i (4.12) âèðàæà¹òüñÿ áåç iíòåãðóâàííÿ (äèâ. ïðèêëàäè íèæ÷å).

Çàãàëüíó çàäà÷ó (4.1) � (4.3) ìîæíà çâåñòè äî åëåìåíòàðíî¨ äâîìà ñïîñî-
áàìè. Â îáîõ øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi

u = v + w. (4.17)

Ó ïåðøîìó ñïîñîái âiä w âèìàãà¹ìî òiëüêè, ùîá âîíà çàäîâîëüíÿëà íåîäíî-
ðiäíi ìåæîâi óìîâè ïî îäíié iç çìiííèõ (òàêó ôóíêöiþ ìîæíà ïiäiáðàòè ó
âèãëÿäi (3.16) àáî (3.17), íàëåæíî ïåðåïîçíà÷èâøè çìiííi); ó äðóãîìó æ ÿê
v, òàê i w � ðîçâ'ÿçêè åëåìåíòàðíèõ êðàéîâèõ çàäà÷

σLv + ρKv = E,
Sjv = 0, j = 1, 2,
Tjv = ψj , j = 1, 2;

σLw + ρKw = H,
Sjw = χj , j = 1, 2,
Tjw = 0, j = 1, 2.

Òóò E i H � äîâiëüíi íåïåðåðâíi àáñîëþòíî iíòåãðîâíi ôóíêöi¨, ùî çàäîâîëü-
íÿþòü óìîâó E +H = F .

Ñêðiçü íèæ÷å ñèìâîë ∆ îçíà÷à¹ îïåðàòîð Ëàïëàñà.

Ïðèêëàä 4.1
∆u = 6bx,
u(0, y) = 1, u(a, y) = a3y,
u(x, 0) = 0, u(x, b) = bx3.
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� Òóò p = g = σ = ρ = 1, q = h = 0, F (x, t) = 6bx, x1 = 0, x2 = a,
y1 = 0, y2 = b, αi = γi = 1, βi = δi = 0, χ1(y) = 1, χ2(y) = a3y,
ψ1(x) = 0, ψ2(x) = bx3. Î÷åâèäíî, ôóíêöiÿ w(x, y) = x3y çàäîâîëüíÿ¹
ìåæîâi óìîâè ïî y. Òîäi ôóíêöiÿ v = u− w ¹ ðîçâ'ÿçêîì çàäà÷i

∆v = 6x(b− y),
v(0, y) = 1, v(a, y) = a3(y − b),
v(x, 0) = 0, v(x, b) = 0.

Äî íå¨ çàñòîñîâíèé âàðiàíò á) àëãîðèòìó âiäîêðåìëþâàííÿ çìiííèõ.
1. Çàäà÷ó ØË

Y ′′ = −κ2Y,
Y (0) = 0, Y (b) = 0

(4.18)

ìè âæå ðîçâ'ÿçàëè â iíøèõ ïîçíà÷åííÿõ ó ïðèêëàäi 2.1. Ó òåïåðiøíiõ
ïîçíà÷åííÿõ ¨¨ âëàñíi åëåìåíòè çàïèñóþòüñÿ òàê:

κn = nπ/b, Yn(y) = sinκny, n ∈ N (4.19)

(âëàñíèìè ÷èñëàìè ¹ κ2
n).

2. Î÷åâèäíî, ‖Yn‖2 = b/2. Çâiäñè i ç ðiâíîñòåé

bw

0

Yn(y)dy =
1− cosκnb

κn
≡ 1− (−1)n

κn
,

bw

0

(b− y)Yn(y)dy =
(y − b) cosκny

κn

∣∣∣∣b
0

+
1

κn

bw

0

cosκnydy

îäåðæó¹ìî ïðè 0 < y < b

1 =

∞∑
n=1

pnYn(y), b− y =

∞∑
n=1

qnYn(y), (4.20)

äå
pn = b(1− (−1)n)/2κn, qn = b2/2κ2

n (4.21)
(öi ïîçíà÷åííÿ íå ïîâ'ÿçàíi ç p i q â (4.4)).

3. Çàìiíèâøè â çàäà÷i äëÿ v âiëüíèé ÷ëåí i ïðàâi ÷àñòèíè íåîäíî-
ðiäíèõ ìåæîâèõ óìîâ ¨õíiìè ðîçêëàäàìè çà ôîðìóëàìè (4.20), áà÷èìî,
ùî

v(x, y) =

∞∑
n=1

vn(x)Yn(y) (4.22)

(ïåðåïîçíà÷åííÿ ðiâíîñòi (4.11)), äå vn � ðîçâ'ÿçîê çàäà÷i

v′′n − κ2
nvn = 6qnx,

vn(0) = ρn, vn(a) = −a3qn.
(4.23)

×àñòèííèì ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ â íié ¹, î÷åâèäíî,
ôóíêöiÿ −6qnκ−2

n x. Òîäi äëÿ äîâiëüíèõ ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ
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V1 i V2 îäíîðiäíîãî ðiâíÿííÿ

V ′′ − κ2
nV = 0 (4.24)

ðîçâ'ÿçîê çàäà÷i (4.23) ìîæíà çíàéòè ó âèãëÿäi

vn(x) = C1V1(x) + C2V2(x)− 6qnκ−2
n x, (4.25)

ïiäiáðàâøè ñòàëi C1 i C2 ç óìîâ

C1V1(0) + C2V2(0) = pn,

C1V1(a) + C2V2(a)− 6qnκ−2
n a = −a3qn.

Íàéïðîñòiøå öå çðîáèòè, ÿêùî V1 i V2 çàäîâîëüíÿþòü óìîâó (4.13), ÿêà
â äàíîìó ðàçi âèãëÿäà¹ òàê: V1(0) = 0 6= V1(a), V2(0) 6= 0 = V2(a). Òîäi

C1 = aqn(6κ−2
n − a2)/V1(a), C2 = pn/V2(0). (4.26)

Ðîçâ'ÿçêàìè ðiâíÿííÿ (4.24) ¹, î÷åâèäíî, äîâiëüíi ëiíiéíi êîìáiíàöi¨ åêñ-
ïîíåíò e±κnx. Ñåðåä íèõ ïîòðiáíi âëàñòèâîñòi ìàþòü V1(x) = shκnx i
V2(x) = shκn(a − x). Çà òàêîãî âèáîðó V1 i V2 ðiâíiñòü (4.25) íàáóâà¹ ç
óðàõóâàííÿì (4.26) i (4.21) âèãëÿäó

vn(x) =
ab2(6κ−2

n − a2) shκnx+ b(1− (−1)n) shκn(a− x)

2κ2
n shκna

− 3b2x

κ4
n

.

Òåïåð ðiâíîñòi (4.22), (4.19) i u(x, y) = v(x, y) + x3y äàþòü âiäïîâiäü. �

Ïðèêëàä 4.2

∆u = cos y cos πx2a + sin πy
b ,

ux(0, y) = 2 sin 2πy
b cos πyb , u(a, y) = 0,

u(x, 0) = cos 3πx
2a , u(x, b) = 0.

�Øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi (4.17), äå v i w � ðîçâ'ÿçêè çàäà÷

∆v = cos y cos πx2a ,
vx(0, y) = 0, v(a, y) = 0,
v(x, 0) = cos 3πx

2a , v(x, b) = 0
(4.27)

i
∆w = sin πy

b ,
wx(0, y) = sin πy

b + sin 3πy
b , w(a, y) = 0,

w(x, 0) = 0, w(x, b) = 0
(4.28)

(ó ïðàâié ÷àñòèíi ìåæîâî¨ óìîâè äëÿ w íà ëiâié âåðòèêàëüíié ñòîðîíi
ñòî¨òü òîòîæíî ïåðåòâîðåíà ïðàâà ÷àñòèíà óìîâè äëÿ u íà íié æå). Äî
ïåðøî¨ çàäà÷i çàñòîñîâó¹ìî âàðiàíò à) àëãîðèòìó, äî äðóãî¨ � âàðiàíò á).

1. Çàäà÷ó ØË (4.18) ìè âæå ðîçâ'ÿçàëè. Çàïèñó¹ìî çàäà÷ó ØË

X ′′ = −ν2X,
X ′(0) = 0, X(a) = 0.

(4.29)
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Îñêiëüêè îäíà ç ìåæîâèõ óìîâ íå äðóãîãî ðîäó, òî ÷èñëî íóëü íå ¹
âëàñíèì. Ïðè ν > 0 ïiäñòàâëÿ¹ìî çàãàëüíèé ðîçâ'ÿçîê X(x) = A cos νx+
B sin νx äèôåðåíöiàëüíîãî ðiâíÿííÿ â ìåæîâi óìîâè i îäåðæó¹ìî B = 0,
A cos νa = 0, çâiäêè

νn = (2n+ 1)π/2a, Xn(x) = cos νnx, n ∈ Z+.

2. Âiëüíi ÷ëåíè i ïðàâi ÷àñòèíè ìåæîâèõ óìîâ ó çàäà÷àõ (4.27) i
(4.28) óæå ðîçêëàäåíî ïî âëàñíèõ ôóíêöiÿõ çàäà÷ ØË (4.18) i (4.29)
âiäïîâiäíî, ïðè÷îìó â öi ðîçêëàäè âõîäÿòü òiëüêè X0, X1, Y1 i Y2. Òîìó
é ðîçâ'ÿçêè çàäà÷ ¹ ëiíiéíèìè êîìáiíàöiÿìè öèõ æå ôóíêöié:

v(x, y) = v0(y) cos
πx

2a
+ v1(y) cos

3πx

2a
, (4.30)

w(x, y) = w1(y) sin
πy

b
+ w2(y) cos

2πy

b
. (4.31)

3. Ïiäñòàâèâøè öi âèðàçè â (4.27) i (4.28), îäåðæó¹ìî äëÿ êîåôiöi¹í-
òiâ ðîçêëàäiâ êðàéîâi çàäà÷i

v′′0 − (π/2a)2v0 = cos y,
v0(0) = 0, v0(b) = 0;

v′′1 − (3π/2a)2v1 = 0,
v1(0) = 1, v1(b) = 0;

w′′1 − (π/b)2w1 = 1,
w′1(0) = 1, w1(a) = 0;

w′′2 − (2π/b)2w2 = 0,
w′2(0) = 1, w2(a) = 0.

Ðîçâ'ÿçàâøè ¨õ ñòàíäàðòíèì ÷èíîì, çíàõîäèìî

v0(y) =

(
1 +

( π
2a

)2
)−1(

sh(πy/2a) cos b+ sh(π(b− y)/2a)

sh(πb/2a)
− cos y

)
,

v1(y) =
sh(3π(b− y)/2a)

sh(3πb/2a)
,

w1(x) =

(
b

π

)2 (
ch
πx

b
− 1
)

+
b sh(π(x− a)/b)

π ch(πa/b)
,

w2(x) =
b sh(2π(x− a)/b)

2π ch(2πa/b)
.

Òåïåð ðiâíîñòi (4.17), (4.30) i (4.31) äàþòü âiäïîâiäü. �

Ïðèêëàä 4.3

(x+ 1)2uxx + uyy − 2uy = e−yh(x), 0 < x < 1, 0 < y < 1,
u(0, y) = 0, u(1, y) = 0,
u(x, 0) = 0, u(x, 1) = 0.

Òóò h � àáñîëþòíî iíòåãðîâíà íà [0, 1] ôóíêöiÿ.

� Ïîìíîæèâøè îáèäâi ÷àñòèíè ðiâíÿííÿ íà (x + 1)−2e−2y, çâåäåìî
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éîãî äî âèãëÿäó (4.1) ç

L =
∂2

∂x2
, K =

∂

∂y

(
e−2y ∂

∂y

)
,

σ(y) = e−2y, ρ(x) = (x+ 1)−2, F (x, y) = e−y(x+ 1)−2h(x).

Îñêiëüêè ìåæîâi óìîâè îäíîðiäíi ïî îáîõ çìiííèõ, òî çàñòîñîâíi îáèäâà
âàðiàíòè àëãîðèòìó. Âèáèðà¹ìî äðóãèé.

1. Çàìiíèâøè â (4.9) K, σ i Tj ¨õíiìè âèðàçàìè i ïîìíîæèâøè îáèäâi
÷àñòèíè ðiâíÿííÿ íà e2y, äiñòàíåìî

Y ′′ − 2Y ′ = −κ2Y,
Y (0) = 0, Y (1) = 0.

Çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ äà¹òüñÿ ôîðìóëîþ

Y (y) =


ey
(
A ch

√
1− κ2y +B sh

√
1− κ2y

)
, κ2 < 1,

ey(A+By), κ2 = 1,

ey
(
A cos

√
κ2 − 1y +B sin

√
κ2 − 1y

)
, κ2 > 1.

Ïðè κ2 6 1 êðàéîâi óìîâè ìîæíà çàäîâîëüíèòè òiëüêè ïîêëàâøè A =
B = 0, òîìó öi çíà÷åííÿ íå âëàñíi. Ïðè κ2 > 1 êðàéîâi óìîâè äàþòü
A = 0, sin

√
κ2 − 1 = 0. Îòæå, âëàñíèìè åëåìåíòàìè çàäà÷i ¹

κ2
n = n2π2 + 1, Yn(y) = ey sinnπy, n ∈ N. (4.32)

2. Ðîçêëàñòè ey ïî áàçèñó (Yn) öå âñå îäíî, ùî ðîçêëàñòè îäèíèöþ
ïî ñèíóñàõ. Îòæå,

F (x, y)

σ(y)
= h(x)(x+ 1)−2

∞∑
m=0

amY2m+1(y),

äå

am =
4

(2m+ 1)π
. (4.33)

Ç îãëÿäó íà îäíîðiäíiñòü ìåæîâèõ óìîâ u(x, ·) ðîçêëàäà¹òüñÿ ïî òîìó
æ áàçèñó, ùî é F (x, ·)/σ:

u(x, y) =

∞∑
m=0

Um(x)Y2m+1(y) ≡ ey
∞∑
m=0

Um(x) sin(2m+ 1)πy (4.34)

(Um � ïåðåïîçíà÷åííÿ u2m+1).

3. Çàïèñó¹ìî òi çàäà÷i (4.10), ó ÿêèõ ðiâíÿííÿ íåîäíîðiäíå (à ðåøòà
ìàþòü ñâî¨ì ðîçâ'ÿçêîì íóëü):

(x+ 1)2U ′′m − κ2
2m+1Um = amh,

Um(0) = 0, Um(1) = 0.
(4.35)
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ßêùî ìè çíàéäåìî ðîçâ'ÿçêè V1 i V2 îäíîðiäíîãî ðiâíÿííÿ

(x+ 1)2V ′′ − κ2
2m+1V = 0 (4.36)

òàêi, ùî
V1(0) = 0 6= V1(1), V2(0) 6= 0 = V2(1), (4.37)

òî ôîðìóëà (4.16) ç k(x) = 1, f(x) = amh(x)(x+ 1)−2, c1 = c2 = 0 äàñòü
ðîçâ'ÿçîê çàäà÷i (4.35).

Çàóâàæèâøè, ùî (4.36) ¹ ðiâíÿííÿì Åéëåðà, ñòàíäàðòíèì ÷èíîì çíà-
õîäèìî ðîçâ'ÿçêè

V±(x) = (x+ 1)1/2±sm , (4.38)
äå

sm =
1

2

√
1− 4κ2

2m+1. (4.39)

Ðîçâ'ÿçêè æ V1 i V2 ïiäáèðà¹ìî ÿê ëiíiéíi êîìáiíàöi¨ öèõ äâîõ:

V1(x) = V−(0)V+(x)− V+(0)V−(x), V2(x) = V−(1)V+(x)− V+(1)V−(x).

Âîíè ìàþòü âëàñòèâiñòü (4.37) íåçàëåæíî âiä êîíêðåòíèõ âèðàçiâ ôóí-
êöié V±. Óðàõóâàííÿ æ îñòàííiõ äà¹

V1(x) =
√
x+ 1

(
(x+ 1)sm − (x+ 1)−sm

)
,

V2(x) =
√

2(x+ 1)

((
x+ 1

2

)sm
−
(
x+ 1

2

)−sm)
.

(4.40)

Çà âëàñòèâîñòÿìè âèçíà÷íèêiâ

WV1V2
= WV+V−

∣∣∣∣V−(0) V+(0)
V−(1) V+(1)

∣∣∣∣ (4.38)
=
√

2
(
2sm − 2−sm

)
WV+V− .

Ïðè öüîìó çà ôîðìóëîþ Îñòðîãðàäñüêîãî�Ëióâiëÿ

WV+V−(x) = WV+V−(0) exp

{
−

xw

0

0 · dξ
ξ2 + 1

}
≡WV+V−(0).

Çâàæàþ÷è íà (4.38) WV+V−(0) = 2sm, òîæ

WV1V2
= 23/2sm

(
2sm − 2−sm

)
. (4.41)

Çàïèñó¹ìî çà ôîðìóëîþ (4.16)

Um(x) =
am

WV1V2

[
V2(x)

xw

0

V1(ξ)h(ξ)

(ξ + 1)2
dξ + V1(x)

1w

x

V2(ξ)h(ξ)

(ξ + 1)2
dξ

]
. (4.42)

Ôîðìóëè (4.34) (îñíîâíà) i (4.32), (4.33), (4.39) � (4.42) (ïîÿñíþþ÷i)
äàþòü âiäïîâiäü. �
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Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â ïðÿìîêóòíèêó:

1.

∆u = x cos y,
u(0, y) = 0, ux(a, y) = 4 cos3 y,
uy(x, 0) = 0, u(x, π/2) = 0.

2.

∆u = f(y),
ux(0, y) = 0, ux(a, y) = 0,
u(x, 0) = 2 cos πx2a cos 3πx

2a ,
u(x, b) = 2 sin πx

2a sin 3πx
2a .

3.
∆u = x(π − y)/2,
u(0, y) = 0, u(a, y) = 2 sin y cos 2y,
u(x, 0) = 0, u(x, π) = 0.

4.

∆u = 0,
u(0, y) = 0, ux(π/2, y) = 0,
u(x, 0) = x, u(x, b) = 4 sin3 x.

5.
∆u = 2 sin y sinx,
u(0, y) = 0, u(π/2, y) = 0,
u(x, 0) = 0, ux(x, π/2) = 0.

6.

∆u = ex cos y,
u(0, y) = 0,
ux(π/2, y) + u(π/2, y) = 0,
uy(x, 0) = 0, u(x, π/2) = 0.

7.

∆u = −3x cos y,
ux(0, y)− u(0, y) = 1,
u(a, y) = 4a cos3 y,
uy(x, 0) = 0, u(x, π/2) = 0.

8.
∆u = 0,
u(0, y) = 0, u(a, y) = 0,
uy(x,±b)± hu(x,±b) = ±1.

9.
∆u = 0,
u(0, y) = 0, u(a, y) = a,
u(x, 0) = x, u(x, b) = 0.

10.
∆u = 4 cos2(πx/8),
ux(0, y) = y, u(2, y) = y2,
u(x, 0) = 0, uy(x, 1) = x.

11.
∆u = sin y − cos y,
ux(0, y) = sin y, u(π, y) = cos y,
u(x, 0) = 1, u(x, π) = −1.

12.

∆u = y + x sin y,
ux(0, y) = 2 sin y cos 2y,
ux(1, y) = 2 cos y sin 2y,
u(x, 0) = 0, u(x, π) = π cos2 πx.

13.
∆u = x+ y,
u(0, y) = 0, u(a, y) = 1,
u(x, 0) = 0, u(x, b) = 1.

14.

∆u = −2e2x sin 2y,
u(0, y) = sin(y/2) cos(3y/2),
u(2, y) = sin(3y/2) cos(y/2),
u(x, 0) = sin(πx/2),
u(x, π) = sinπx.

15.

∆u = 0,
ux(0, y) = sin 2πy

b , u(a, y) = 0,
u(x, 0) = 0,
u(x, b) = 2 sin πx

a sin πx
2a .

16.
∆u = 0,
u(0, y)= ux(1, y) +hu(1, y)= 0,
uy(x, 0) = x, u(x, 1) = x.

17.

∆u = 2(sinx− x),
u(0, y)= 0, ux

(
π
2 , y
)

= y(1− y),
u(x, 0) = 0, u(x, 1) = 0.

18.

∆u = sin πy
b ,

u(0, y) = 0, ux(a, y) = 0,
u(x, 0)= sin πx

2a , u(x, b)= sin 3πx
2a .

Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â íåîáìåæåíié îáëàñòi:

19.
∆u = 0 (y > 0),
u(0, y) = 0, u(a, y) = 0,
uy(x, 0) = 1, u îáìåæåíà.

20.
∆u = cos 2x (y > 0),
ux(0, y) = 0, ux(π, y) = 0,
u(x, 0) = cos2 x, u îáìåæåíà.
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21.

∆u = 0 (y > 0),
ux(0, y) = 0, u(a, y) = 0,
uy(x, 0)− hu(x, 0) = cos πxa cos πx2a ,
u îáìåæåíà.

22.

∆u = 0,
u(0, y) = 0, u(π, y) = e−|y|,
u îáìåæåíà.

23.
∆u = 0 (y > 0),
u(x, 0) = sgn sinx,
u îáìåæåíà.

24.
∆u = cos y

ch x ,
u îáìåæåíà.

Ðîçâ'ÿçàòè êðàéîâó çàäà÷ó:

25.
∆u+ 2u = 0,
u(0, y) = 0, u(π, y) = 0,
u(x, 0) = 0, u(x, π) = ϕ(x).

26.
∆u = x2u+ exp

(
−x2+y2

2

)
,

u îáìåæåíà.

Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â ïðÿìîêóòíîìó ïàðàëåëåïiïåäi:

27.

∆u = y,
u(0, y, z) = 0, u(π, y, z) = 0,
u(x, 0, z) = 0, uy(x, π/2, z) = sinx cos z,
uz(x, y, 0) = 0, uz(x, y, π) = 1.

Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà÷ó â ïðÿìîêóòíèêó:

28.
∆u+ λu = 0,
u(0, y) = u(a, y) = 0,
u(x, 0) = u(x, b) = 0.

29.
∆u+ λu = 0,
u(0, y) = ux(a, y) = 0,
ux(x, 0) = u(x, b) = 0.

30. Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà÷ó ∆u + λu = 0 â d-âèìiðíîìó ïðÿìî-
êóòíîìó ïàðàëåëåïiïåäi ç ìåæîâèìè óìîâàìè ïåðøîãî ðîäó.

31. Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà÷ó ∆u+λu = 0 â d-âèìiðíîìó ïðÿìîêó-
òíîìó ïàðàëåëåïiïåäi ç óìîâàìè ïåðiîäè÷íîñòi íà ïðîòèëåæíèõ ãðàíÿõ.

32. Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà÷ó ∆u+ λu = 0 â ïðÿìîêóòíîìó ðiâíî-
áåäðåíîìó òðèêóòíèêó ç ìåæîâèìè óìîâàìè ïåðøîãî ðîäó.

33. Ðîçâ'ÿçàòè ðiâíÿííÿ Ëàïëàñà ∆u = 0 â ïðÿìîêóòíîìó ðiâíîáåäðå-
íîìó òðèêóòíèêó ç îäíîðiäíèìè ìåæîâèìè óìîâàìè ïåðøîãî ðîäó íà
êàòåòàõ i íåîäíîðiäíîþ ìåæîâîþ óìîâîþ ïåðøîãî ðîäó íà ãiïîòåíóçi.

34. Çàäà÷à 4.33 ç íåîäíîðiäíîþ ìåæîâîþ óìîâîþ äðóãîãî ðîäó íà ãiïî-
òåíóçi.

35. Îáëàñòü D ÿâëÿ¹ ñîáîþ êâàäðàò [−a, a]2, ç ÿêîãî âèëó÷åíî ÷åòâåðòó
÷àñòèíó � êâàäðàò [−a, 0]2. Ïîêàçàòè, ùî ìåòîäîì âiäîêðåìëåííÿ çìií-
íèõ ìîæíà çíàéòè íåñêií÷åííó êiëüêiñòü âëàñíèõ åëåìåíòiâ (àëå íå âñi)
ñïåêòðàëüíî¨ çàäà÷i ∆u + λu = 0 ç ìåæîâèìè óìîâàìè ïåðøîãî ðîäó â
îáëàñòi D.
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36. Äëÿ ðiâíÿííÿ Ïóàññîíà ∆u = f ç îäíîðiäíèìè ìåæîâèìè óìîâàìè
ïåðøîãî ðîäó â îáëàñòiD, çàäàíié ó çàäà÷i 4.35, âêàçàòè êëàñ ôóíêöié f ,
äëÿ ÿêèõ çàäà÷à ðîçâ'ÿçó¹òüñÿ ìåòîäîì âiäîêðåìëåííÿ çìiííèõ, i çíàéòè
ðîçâ'ÿçîê.

37. Ïiäiáðàòè íåïåðåðâíó â ïðÿìîêóòíèêó [0, 1]2 i äâi÷i íåïåðåðâíî äè-
ôåðåíöiéîâíó â éîãî âíóòðiøíiõ òî÷êàõ ôóíêöiþ w, ÿêà çàäîâîëüíÿ¹
ìåæîâi óìîâè

w(0, y) = χ1(y), w(1, y) = χ2(y), w(x, 0) = w(x, 1) = 0,

äå χ1,2 � äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨.

� 5. Ðiâíÿííÿ Ïóàññîíà â êðóãîâèõ îáëàñòÿõ

Ðîçãëÿäà¹ìî ÷îòèðè âèäè êðóãîâèõ îáëàñòåé: êðóã, êiëüöå, ñåêòîð êðóãà
i ñåêòîð êiëüöÿ. Ðîçâ'ÿçóþ÷è êðàéîâó çàäà÷ó äëÿ ðiâíÿííÿ Ïóàññîíà ∆u =
F â îäíié ç íèõ, çðó÷íî ïåðåéòè äî ïîëÿðíèõ êîîðäèíàò, ó ÿêèõ ðiâíÿííÿ
çàïèñó¹òüñÿ òàê:

∂

∂ρ

(
ρ
∂u

∂ρ

)
+

1

ρ

∂2u

∂φ2
= ρF. (5.1)

À öå ç òî÷íiñòþ äî ïîçíà÷åíü îêðåìèé âèïàäîê (4.1). Ùîá ïåðåñâiä÷èòèñÿ â
öüîìó, ïîêëàäà¹ìî â (4.1) σ = 1, ρ(x) = 1/x, ó (4.4) � p(x) = x, g = 1, q = h = 0,
ïiñëÿ ÷îãî ïåðåïîçíà÷à¹ìî x íà ρ i y íà φ; àáî æ, iíàêøå ðîçïîäiëèâøè ðîëi,
ïîêëàäà¹ìî σ(y) = 1/y, ρ = 1, p = 1, g(y) = y, q = h = 0 i ïåðåïîçíà÷à¹ìî x íà
φ, à y íà ρ. Â îáîõ ñïîñîáàõ ïîçíà÷åííÿ âiëüíîãî ÷ëåíà çàìiíþ¹ìî íà ρF . Ó
ðåçóëüòàòi çàäà÷à â êðóãîâié îáëàñòi ç ìåæîâèìè óìîâàìè ïåðøîãî àáî äðó-
ãîãî ðîäó ïîâíiñòþ àáî ÷àñòêîâî çâîäèòüñÿ äî ðåãóëÿðíî¨ çàäà÷i (4.1) � (4.3) â
ïðÿìîêóòíèêó4. Çâåäåííÿ ïîâíå, ÿêùî îáëàñòü � ñåêòîð êiëüöÿ. Â iíøèõ òðüîõ
âèïàäêàõ âèíèêàþòü ñèíãóëÿðíi ìåæîâi óìîâè (êðóã, ñåêòîð êðóãà) àáî óìîâà
ïåðiîäè÷íîñòi (êðóã, êiëüöå). Îñòàííÿ äà¹ ãîòîâèé, âiäîìèé ç ìàòåìàòè÷íî-
ãî àíàëiçó, áàçèñ äëÿ ðîçêëàäàííÿ � îñíîâíó òðèãîíîìåòðè÷íó ñèñòåìó, òàê
ùî ïåðøèé êðîê àëãîðèòìó âiäïàäà¹. Ïðîiëþñòðó¹ìî öå íà ïðèêëàäi çàäà÷i â
êðóçi ρ < b äëÿ ðiâíÿííÿ (5.1), ó ÿêîìó

r b
0

r 2π

0
|F (ρ, φ)| ρdρdφ <∞. Ðåãóëÿðíà

ìåæîâà óìîâà â êðóçi çàäà¹òüñÿ ðiâíiñòþ

αu(b, φ) + βuρ(b, φ) = g(φ), (5.2)

äå g � êóñêîâî íåïåðåðâíà ôóíêöiÿ, i âèìîãîþ íåïåðåðâíîãî ïðèëÿãàííÿ u
äî êîëà. Ñèíãóëÿðíîþ æ óìîâîþ ¹ íåïåðåðâíà äèôåðåíöiéîâíiñòü øóêàíî¨
ôóíêöi¨ ó âiäêðèòîìó êðóçi. Öÿ âëàñòèâiñòü ðàçîì ç ïåðiîäè÷íiñòþ çàáåçïå÷ó¹
ïîòî÷êîâó ïî ρ < b i ðiâíîìiðíó ïî φ ∈ [0, 2π] çáiæíiñòü òðèãîíîìåòðè÷íîãî
ðÿäó Ôóð'¹

u(ρ, φ) =

∞∑
m=−∞

um(ρ)Φm(φ), (5.3)

4Ç óìîâàìè òðåòüîãî ðîäó ñèòóàöiÿ ñêëàäíiøà: íà ñòîðîíàõ êóòà ç âåðøèíîþ â
ïî÷àòêó êîîðäèíàò ∂/∂n = ±ρ−1∂/∂φ, òîæ ïðè ñïðîái çâåäåííÿ âèÿâèòüñÿ, ùî â
(4.5) êîåôiöi¹íò ïðè ïîõiäíié ïî îäíié iç çìiííèõ çàëåæèòü âiä iíøî¨ çìiííî¨. Öÿ
ïðîáëåìà íå âèíèêà¹ íà êðèâîëiíiéíié ÷àñòèíi ìåæi, áî íà êîëi ∂/∂n = ∂/∂ρ.
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äå

Φm(φ) =

{
cosmφ, m > 0,
sin |m|φ, m < 0.

(5.4)

Çàäà÷à çâåëàñü äî çíàõîäæåííÿ êîåôiöi¹íòiâ um(ρ). Äëÿ öüîãî ðîçêëàäà¹ìî
â ðÿäè (çáiæíi çà íîðìîþ ïðîñòîðó L1[0, 2π]) âiëüíèé ÷ëåí ðiâíÿííÿ i ïðàâó
÷àñòèíó ìåæîâî¨ óìîâè:

F (ρ, φ) =

∞∑
m=−∞

Fm(ρ)Φm(φ), (5.5)

g(φ) =

∞∑
m=−∞

gmΦm(φ). (5.6)

Ïiäñòàâèâøè (5.3), (5.5) i (5.6) ó (5.1) i (5.2), âðàõóâàâøè, ùî Φ′′m = −m2Φm,
i ïðèðiâíÿâøè êîåôiöi¹íòè ïðè Φm ó ëiâié i ïðàâié ÷àñòèíàõ ðiâíîñòåé, îäåð-
æèìî äëÿ êîæíî¨ ôóíêöi¨ um(ρ) ðiâíÿííÿ

ρ2u′′m + ρu′m −m2um = ρ2Fm (5.7)

i ðåãóëÿðíó êðàéîâó óìîâó

αum(b) + βum(b) = gm. (5.8)

Öi ñïiââiäíîøåííÿ ðàçîì iç ñèíãóëÿðíîþ óìîâîþ

um ∈ C1[0, b] (5.9)

âèçíà÷àþòü um îäíîçíà÷íî.
Çàóâàæåííÿ. Äî ðîçêëàäiâ (5.3), (5.5) i (5.6) ìîæíà ïðèéòè i íå ñïèðàþ÷èñü íà
òåîðiþ òðèãîíîìåòðè÷íèõ ðÿäiâ Ôóð'¹, à çàóâàæèâøè, ùî (Φm) ¹ ñèñòåìîþ
âëàñíèõ ôóíêöié ðîçâ'ÿçàíî¨ â ïðèêëàäi 2.3 çàäà÷i ØË.

Ïðèêëàä 5.1 (çàäà÷à â êðóçi)

∆u = ρ−1| sinφ|,
u(b, φ) + buρ(b, φ) = 0.

� Ôóíêöiÿ | sinφ|, áóäó÷è ïàðíîþ, ðîçêëàäà¹òüñÿ â ðÿä ïî ñàìèõ
òiëüêè êîñèíóñàõ:

| sinφ| =
∞∑
m=0

cm
Φm(φ)

‖Φm‖2
=
c0
2π

+
1

π

∞∑
m=1

cm cosmφ,

äå cm =
r 2π

0
| sinφ| cosmφdφ ≡

r π
−π | sinφ| cosmφdφ ≡ 2

r π
0

sinφ cosmφdφ.
Îñòàííié iíòåãðàë äîðiâíþ¹ 0 ïðè íåïàðíîìóm i 4/(1−m2) ïðè ïàðíîìó.
Òàêèì ÷èíîì,

| sinφ| =
∞∑
k=0

ak cos 2kφ,
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äå

ak =
4

π(1 + δk0) (1− 4k2)
. (5.10)

Îñêiëüêè ìåæîâà óìîâà îäíîðiäíà, òî u(ρ, ·) ðîçêëàäà¹òüñÿ ïî òèõ
æå áàçèñíèõ ôóíêöiÿõ, ùî é âiëüíèé ÷ëåí:

u(ρ, φ) =

∞∑
k=0

Uk(ρ) cos 2kφ (5.11)

(Uk � ïåðåïîçíà÷åííÿ u2k). Çàäà÷à (5.7) � (5.9) êîíêðåòèçó¹òüñÿ òàê:

ρ2U ′′k + ρU ′k − 4k2Uk = akρ,
Uk(b) + U ′k(b) = 0,
Uk ∈ C1[0, b].

Î÷åâèäíî, äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ Uk ìà¹ ÷àñòèííèé ðîçâ'ÿçîê,
ïðîïîðöiéíèé ρ. Ïiäiáðàâøè éîãî, äiñòàíåìî çàãàëüíèé ðîçâ'ÿçîê:

Uk(ρ) = Akρ
2k +Bkρ

−2k + ak/(1− 4k2).

Iç ñèíãóëÿðíî¨ óìîâè ìà¹ìî Bk = 0, ïiñëÿ ÷îãî ç êðàéîâî¨ óìîâè â òî÷öi
b âèðàæà¹ìî Ak ÷åðåç ak. Âiäòàê, óçÿâøè äî óâàãè (5.10), îäåðæó¹ìî

Uk(ρ) =
1

(1 + δk0) (4k2 − 1)
2

[
ρ− ρ2k

(2k + 1)b2k

]
.

Òåïåð ðiâíiñòü (5.11) ñòà¹ âiäïîâiääþ. �

Ïðèêëàä 5.2 (çàäà÷à â êiëüöi)

∆u = ρ sinφ,
u(a, φ) = cosφ, uρ(b, φ) = 1.

� Îñêiëüêè ïðàâi ÷àñòèíè ðiâíîñòåé ïðîïîðöiéíi âiäïîâiäíî Φ−1, Φ1,
Φ0, òî ïðè |m| > 1 êðàéîâà çàäà÷à äëÿ um áóäå îäíîðiäíîþ i ìàòèìå
ñâî¨ì ðîçâ'ÿçêîì íóëü. Òàêèì ÷èíîì, ïîòðiáíî çíàéòè òiëüêè u−1, u1,
u0. Êðàéîâi çàäà÷i äëÿ íèõ ìàþòü âèãëÿä

ρ2u′′−1 + ρu′−1 − u−1 = ρ3,
u−1(a) = u′−1(b) = 0;

(5.12)

ρ2u′′1 + ρu′1 − u1 = 0,
u1(a) = 0, u′1(b) = 1;

ρ2u′′0 + ρu′0 = 0,
u0(a) = 1, u′0(b) = 0.

Ëåãêî ïiäáèðà¹òüñÿ ÷àñòèííèé ðîçâ'ÿçîê ρ3/8 ðiâíÿííÿ â (5.12). Ïiñëÿ
öüîãî ðîçâ'ÿçóâàííÿ âñiõ òðüîõ çàäà÷ íå ñòàíîâèòü òðóäíîùiâ. Âiäïî-
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âiäü:

u(ρ, φ) = u0(ρ) + u1(ρ) cosφ+ u−1(ρ) sinφ = b ln
ρ

a

+
a
(
ρ+ b2ρ−1

)
a2 + b2

cosφ+

[
ρ3

8
+
a2b2(3b2 − a2)ρ−1 − (a4 + 3b4)ρ

8(a2 + b2)

]
sinφ. �

Ïðèêëàä 5.3 (çàäà÷à â ñåêòîði êiëüöÿ ç îäíîðiäíèìè ìåæîâèìè óìî-
âàìè íà âiäðiçêàõ)

∆u = 0,
u(a, φ) = 2 sinφ cos 2φ, u(b, φ) = 2 cosφ sin 2φ,
u(ρ, 0) = 0, uφ(ρ, π/2) = 0.

� Öå çàäà÷à âèäó (4.1) � (4.3), çà òåðìiíîëîãi¹þ � 4 åëåìåíòàðíà. Äî
íå¨ çàñòîñîâíèé âàðiàíò á) íàâåäåíîãî â � 4 àëãîðèòìó. Â ðîëi x òåïåð
âèñòóïà¹ ρ, à â ðîëi y � φ.

1. Âëàñíèìè ôóíêöiÿìè çàäà÷i ØË

Φ′′ = −ν2Φ,
Φ(0) = 0, Φ′(π/2) = 0

¹, î÷åâèäíî, sin(2n+ 1)φ, n ∈ Z+.
2. Âiëüíèé ÷ëåí ðiâíÿííÿ äîðiâíþ¹ íóëþ, à ïðàâi ÷àñòèíè ìåæîâèõ

óìîâ íà äóãàõ ¹ ëiíiéíèìè êîìáiíàöiÿìè ïåðøèõ äâîõ âëàñíèõ ôóíêöié:

2 sinφ cos 2φ = sin 3φ− sinφ,

2 cosφ sin 2φ = sin 3φ+ sinφ.

Òîìó é øóêàíà ôóíêöiÿ êîìáiíó¹òüñÿ ç íèõ æå:

u(ρ, φ) = u0(ρ) sinφ+ u1(ρ) sin 3φ. (5.13)

3. Ðîçâ'ÿçàâøè ñòàíäàðòíèì ÷èíîì êðàéîâi çàäà÷i

ρ2u′′0 + ρu′0 − u0 = 0,
u0(a) = −1, u0(b) = 1

i ρ2u′′1 + ρu′1 − 9u1 = 0,
u1(a) = 1, u1(b) = 1

âèäó (4.10), çíàõîäèìî

u0(ρ) =
ρ− abρ−1

b− a , u1(ρ) =
ρ3 + a3b3ρ−3

a3 + b3
,

ïiñëÿ ÷îãî ðiâíiñòü (5.13) ñòà¹ âiäïîâiääþ. �

Ïðèêëàä 5.4 (çàäà÷à â ñåêòîði êiëüöÿ ç îäíîðiäíèìè ìåæîâèìè óìî-
âàìè íà äóãàõ)

∆u = 0,
u(1, φ) = 0, uρ

(
eπ/2, φ

)
= 0,

u(ρ, 0) = sin ln ρ, u(ρ, π) = sin(3 ln ρ).
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� ßê i â ïîïåðåäíüîìó ïðèêëàäi, ìà¹ìî åëåìåíòàðíó çàäà÷ó (4.1) �
(4.3), àëå öüîãî ðàçó îäíîðiäíèìè ¹ ìåæîâi óìîâè ïî ρ. Òîìó çàñòîñîâó-
¹ìî âàðiàíò à) àëãîðèòìó, øóêàþ÷è ôîðìàëüíèé ðîçâ'ÿçîê ó âèãëÿäi

u(ρ, φ) =
∑
n

un(φ)Rn(ρ), (5.14)

äå Rn � âëàñíi ôóíêöi¨ çàäà÷i ØË

(ρR′)′ = −ν2ρ−1R,
R(1) = 0, R′

(
eπ/2

)
= 0

(ïåðåïîçíà÷åííÿ (4.6)).
Ïåðåïèñàâøè ðiâíÿííÿ äëÿ R ó âèãëÿäi ρ2R′′+ρR′−ν2R = 0, áà÷èìî,

ùî çàãàëüíèé ðîçâ'ÿçîê éîãî äà¹òüñÿ ôîðìóëîþ

R(ρ) =

{
A+B ln ρ, ν = 0,
A cos(ν ln ρ) +B sin(ν ln ρ), ν 6= 0.

(5.15)

Çâiäñè, âðàõóâàâøè êðàéîâi óìîâè, çíàõîäèìî âëàñíi ôóíêöi¨:

Rn(ρ) = sin ((2n+ 1) ln ρ) , n ∈ Z+.

Îñêiëüêè ðiâíÿííÿ äëÿ u îäíîðiäíå, à ïðàâi ÷àñòèíè ìåæîâèõ óìîâ
ïî φ ñïiâïàäàþòü ç R0 i R1, òî é ó (5.14) âõîäÿòü òiëüêè öi äâi âëàñíi
ôóíêöi¨:

u(ρ, φ) = u0(φ) sin ln ρ+ u1(φ) sin(3 ln ρ). (5.16)
Ðîçâ'ÿçàâøè, ÿê ó � 4, êðàéîâi çàäà÷i

u′′0 − u0 = 0,
u0(0) = 1, u0(π) = 0

i u′′1 − 9u1 = 0,
u1(0) = 0, u1(π) = 1

âèäó (4.7), çíàõîäèìî

u0(φ) =
sh(π − φ)

shπ
, u1(φ) =

sh 3φ

sh 3π
,

ùî ïåðåòâîðþ¹ (5.16) íà âiäïîâiäü. �

Ïðèêëàä 5.5 (çàäà÷à â ñåêòîði êðóãà)

∆u = 0,
uρ(b, φ) = 0,
u(ρ, 0) = −πρ, u(ρ, π) = 0.

�Íåçâàæàþ÷è íà ïîçiðíó ñõîæiñòü äàíî¨ çàäà÷i ç ïîïåðåäíüîþ, ðîçâ'ÿ-
çóâàòè ¨¨ çà òi¹þ æ ñõåìîþ íå ìîæíà. Öå ïîÿñíþ¹òüñÿ òèì, ùî â ñïå-
êòðàëüíié çàäà÷i

(ρR′)′ = −ν2ρ−1R,
R ∈ C1[0, b], R′(b) = 0

âàãîâà ôóíêöiÿ íå iíòåãðîâíà íà [0, b], òàê ùî öå íå çàäà÷à ØË. Âèðàç
(5.15) çàãàëüíîãî ðîçâ'ÿçêó äèôåðåíöiàëüíîãî ðiâíÿííÿ äëÿ R ïîêàçó¹,
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ùî âîíà âçàãàëi íå ìà¹ âëàñíèõ ôóíêöié, êðiì ñòàëî¨.
ßêáè ìåæîâi íà ñòîðîíàõ êóòà áóëè îäíîðiäíi, òî ìîæíà áóëî áè (ïîð.

ç ïðèêëàäîì 5.3) ïîáóäóâàòè ôîðìàëüíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó ïî
âëàñíèõ ôóíêöiÿõ çàäà÷i ØË

Φ′′ = −ν2Φ,
Φ(0) = 0, Φ(π) = 0.

(5.17)

Àëå ìè âæå âìi¹ìî ðîáèòè ìåæîâi óìîâè ïî îäíié iç çìiííèõ îäíîðiäíè-
ìè. Îòîæ, øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi

u = v + w, (5.18)

ïiäïîðÿäêóâàâøè ôóíêöiþ w óìîâàì

w(ρ, 0) = −πρ, w(ρ, π) = 0.

Ïiäõîäèòü
w(ρ, φ) = (φ− π)ρ. (5.19)

Çà òàêîãî âèáîðó ∆w = (φ − π)/ρ, wρ(b, φ) = φ − π, à çíà÷èòü v òðåáà
øóêàòè ÿê ðîçâ'ÿçîê çàäà÷i

∆v = ρ−1(π − φ),
vρ (b, φ) = π − φ,
v(ρ, 0) = 0, v(ρ, π) = 0,

äî ÿêî¨ âæå ìîæíà çàñòîñîâóâàòè ÌÂÇ.
Âëàñíi ôóíêöi¨ sinnφ, n ∈ N, çàäà÷i ØË (5.17) ìè âæå çíàéøëè

â ïðèêëàäi 2.1. Òîìó øóêà¹ìî ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i äëÿ v ó
âèãëÿäi

v(ρ, φ) =
∞∑
n=1

vn(ρ) sinnφ. (5.20)

Çàïèñàâøè âiäîìèé ç ìàòåìàòè÷íîãî àíàëiçó ðîçêëàä

π − φ = 2

∞∑
n=1

sinnφ

n
, 0 < φ < 2π, (5.21)

äiñòàíåìî äëÿ vn êðàéîâó çàäà÷ó

ρ2v′′n + ρv′n − n2vn = 2ρ/n,
v′n(b) = 2/n, vn ∈ C1[0, b].

Ïðè n 6= 1 äèôåðåíöiàëüíå ðiâíÿííÿ ìà¹ ðîçâ'ÿçîê, ïðîïîðöiéíèé âiëü-
íîìó ÷ëåíîâi, àëå ïðè n = 1 êîæíà òàêà ôóíêöiÿ çàäîâîëüíÿ¹ î ä í î -
ð i ä í å ðiâíÿííÿ i ÷àñòèííèé ðîçâ'ÿçîê íåîäíîðiäíîãî òðåáà øóêàòè ó
âèãëÿäi Cρ ln ρ. Ïiäiáðàâøè ÷àñòèííi ðîçâ'ÿçêè i ìiðêóþ÷è ÿê ó çàêëþ-
÷íié ÷àñòèíi ïðèêëàäó 5.1, çíàõîäèìî

v1(ρ) = ρ
(

1 + ln
ρ

b

)
, vn(ρ) =

2b

n2 − 1

(
ρn

bn
− ρ

bn

)
, n > 2.

Òåïåð ðiâíîñòi (5.18) � (5.20) äàþòü âiäïîâiäü. �
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Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â êðóãîâié îáëàñòi:

1.
∆u = ρ−1 sin2 φ,
u(1, φ) = cos2 φ.

2.
∆u = 5ρ sin2 φ,
u(1, φ) = sin4 φ.

3.
∆u = 0,
uρ(b, φ) = g(φ).

4.
∆u = ρ sgn sinφ,
uρ(1, φ) + hu(1, φ) = 0.

5.
∆u = 0,
u(b, φ) = 1−b cosφ

1−2b cosφ+b2 (b < 1).

6.
∆u = ρ−1 sinφ

1−2ρ cosφ+ρ2 ,
uρ(1, φ) = 0.

7.
∆u = 0,
u(1, φ) = ln | cos(φ/2)|.

8.
∆u = 0,
u(a, φ) = 2 cosφ cos 3φ,
u(b, φ) = cos 2φ.

9.
∆u = ρ−2 sin ln ρ sinφ,
u(1/2, φ) = sinφ cos 2φ,
u(2, φ) = cosφ sin 2φ.

10.

∆u = (7/8)ρ−1(2 + ln ρ),
uρ(a, φ) = cos4 φ+ sin2 φ,
u(1, φ) = sin4 φ+ cos2 φ.

11.
∆u = ρ−2 ln ρ sin(φ/2) (|φ| < π),
uρ(a, φ) = 0, uρ(b, φ) = 0.

12.
∆u = 0,
u(1, φ) = 0,
uρ(b, φ) + hu(b, φ) = | sin(φ/2)|.

13.
∆u = 0,
u(ρ, 0) = 0, u(ρ, π) = 0,
u(1, φ) = 1.

14.

∆u = 0,
uφ(ρ, 0) = 0, uφ(ρ, π/2) = 0,
u(b, φ) = cos2 φ.

15.
∆u = π − φ,
u(ρ, 0) = 0, u(ρ, π) = 0,
u(b, φ) = 0.

16.

∆u = 0,
uφ(ρ, 0) = 0, u(ρ, π/2) = ρ3,
u(1, φ) = 1 + cosφ cos 2φ.

17.

∆u = ρ(sin 3φ+ cos 3φ),
u
(
ρ, π4

)
= ρ, uφ

(
ρ, 3π

4

)
= −ρ,

u
(
1/
√

2, φ
)

= sinφ.

18.

∆u = 1 + ρ cosφ,

uφ(ρ, 0) = 1, u
(
ρ, π2

)
= ρ2−b2

4 ,
u(b, φ) = 0.

19.
∆u = 0,
uφ(ρ,±π/2) = 0,
u(a, φ) = sinφ, u(b, φ) = cos 2φ.

20.

∆u = sin 2φ+ ρ−1 sinφ,
u(ρ, 0) = 0, u(ρ, π) = 0,
u
(

1
2 , φ
)

= sin φ
2 cos 3φ

2 ,
uρ(1, φ) = sinφ.

21.

∆u = 2ρ−3/2 sin(3φ/2),
uφ(ρ,±π/3) = 0,
u(a, φ) = 2 sin2(3φ/2),
u(b, φ) = 0.

22.
∆u = ρ−2 sin ln ρ sinφ,
u(ρ,−π) = 0, uφ(ρ, π/2) = 0,
u(1, φ) = 0, uρ(b, φ) = 0.

23.

∆u = 0
u(ρ, 0) = 0,
u(ρ, π/2) = π(ρ− 1),
u(1, φ) = 0, u(2, φ) = 2φ.

24.
∆u = ρ−2 sinφ,
u(ρ, 0) = 0, uφ(ρ, π) = cos ln ρ,
uρ(e

−π, φ) = 0, uρ(e
π, φ) = 0.
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Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â íåîáìåæåíié îáëàñòi:

25. ∆u = e−ρ cosφ, u îáìåæåíà.

26.
∆u = ρ−3 ln ρ sin2 φ (ρ > 1),
u(1, φ) = 1, u îáìåæåíà.

27.
∆u = f(φ)ρ−µ−2 (ρ > 1),
u(1, φ) = 0, u îáìåæåíà
(µ � äîäàòíèé ïàðàìåòð).

28.
∆u = 0 (x, y > 0),
u(0, y) = e−y, uy(x, 0) = 0,
u îáìåæåíà.

29.
∆u = 0 (x ∈ R, y > 0),
u(x, 0) = θ(1− |x|),
u îáìåæåíà.

Ðîçâ'ÿçàòè ðiâíÿííÿ Ãåëüìãîëüöà:

30.
∆u+ k2u = ρ cosφ (ρ < b),
u(b, φ) = sgnφ (|φ| < π).

31.
∆u+ k2u = 0,
u(a, φ) = sinφ, u(b, φ) = cosφ.

Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà÷ó:

32.
∆u+ λu = 0 (ρ < b),
u(b, φ) = 0. 33.

∆u+ λu = 0 (ρ < 1),
u(0, φ) = u(π, φ) = uρ(1, φ) = 0.

� 6. Ðiâíÿííÿ Ïóàññîíà ó ñôåðè÷íèõ îáëà-
ñòÿõ

Ðîçãëÿäà¹ìî òðè âèäè ñôåðè÷íèõ îáëàñòåé: êóëþ, ñôåðè÷íèé øàð i (â çà-
äà÷àõ) äîïîâíåííÿ äî êóëi. Ó íèõ çðó÷íî êîðèñòóâàòèñÿ ñôåðè÷íèìè êîîðäè-
íàòàìè r, ϑ, φ (ϑ � øèðîòà, âiäðàõîâóâàíà âiä ïiâíi÷íîãî ïîëþñà, φ � äîâãîòà).
Ó öèõ êîîðäèíàòàõ

∆ = r−2 ∂

∂r

(
r2 ∂

∂r

)
+ r−2∆ϑφ, (6.1)

äå

∆ϑφ =
1

sinϑ

∂

∂ϑ

(
sinϑ

∂

∂ϑ

)
+

1

sin2 ϑ

∂2

∂φ2

� îïåðàòîð Ëàïëàñà íà îäèíè÷íié ñôåði, ïîçíà÷óâàíié òðàäèöiéíî S2; âiäòàê
ðiâíÿííÿ Ïóàññîíà ∆u = F íàáóâà¹ âèãëÿäó

r2urr + 2rur + ∆ϑφu = r2F. (6.2)

Äëÿ êðàéîâèõ çàäà÷ ó ñôåðè÷íèõ îáëàñòÿõ ÌÂÇ äåùî âèäîçìiíþ¹òüñÿ.
Òåïåð øóêàíó i çàäàíi ôóíêöi¨ ðîçêëàäàþòü ïî âëàñíèõ ôóíêöiÿõ íå çàäà÷i
ØË, à ñïåêòðàëüíî¨ çàäà÷i â ÷àñòèííèõ ïîõiäíèõ

∆ϑφY = −λY,
Y ∈ C1(S2)
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(äðóãà óìîâà âêëþ÷à¹ é 2π-ïåðiîäè÷íiñòü Y (ϑ, ·) i Yφ(ϑ, ·)). Âîíà ìà¹ ïîâíó
îðòîãîíàëüíó âiäíîñíî ñêàëÿðíîãî äîáóòêó

(f, g) =
w

S2

fgdσ ≡
πw

0

2πw

0

f(ϑ, φ)g(ϑ, φ) sinϑdϑdφ

ñèñòåìó âëàñíèõ ôóíêöié (Ylm, l = 0, 1, . . . ; m = −l, . . . , l), ó ÿêié ôóíêöi¨ ç
îäíàêîâèì ïåðøèì iíäåêñîì âiäïîâiäàþòü îäíîìó âëàñíîìó çíà÷åííþ:

∆ϑφYlm = −l(l + 1)Ylm. (6.3)

Ôóíêöi¨ Ylm íàçèâàþòü ñôåðè÷íèìè.
Òàêèì ÷èíîì, íåïåðåðâíî äèôåðåíöiéîâíèé ó ñôåðè÷íié îáëàñòi ðîçâ'ÿçîê

ðiâíÿííÿ (6.2) ìîæíà øóêàòè ó âèãëÿäi

u(r, ϑ, φ) =

∞∑
l=0

l∑
m=−l

ulm(r)Ylm(ϑ, φ). (6.4)

Íåõàé, äëÿ âèçíà÷åíîñòi, îáëàñòü � êóëÿ. Ðîçêëàâøè ïî ñôåðè÷íèõ ôóíêöiÿõ
âiëüíèé ÷ëåí ðiâíÿííÿ i ïðàâó ÷àñòèíó ìåæîâî¨ óìîâè

αu(b, ϑ, φ) + βur(b, ϑ, φ) = g(ϑ, φ), (6.5)

ïiäñòàâèâøè â (6.2) i (6.5) çàìiñòü óñiõ ôóíêöié ¨õíi ðîçêëàäè, âçÿâøè äî
óâàãè (6.3) i, íàñàìêiíåöü, ïðèðiâíÿâøè êîåôiöi¹íòè ïðè îäíàêîâèõ Ylm çëiâà
i ñïðàâà, äiñòàíåìî äëÿ êîæíî¨ ulm êðàéîâó çàäà÷ó

r2u′′lm + 2ru′lm − l(l + 1)ulm = r2Flm,
αulm(b) + βu′lm(b) = glm,
ulm ∈ C1[0, b].

(6.6)

Ó ñôåðè÷íîìó øàði çàìiñòü òðåòüî¨, ñèíãóëÿðíî¨, óìîâè áóäå àíàëîãi÷íà äðó-
ãié, àëå â iíøié òî÷öi, ðåãóëÿðíà. Ó äîïîâíåííi äî êóëi ñèíãóëÿðíà óìîâà
âêëþ÷à¹, êðiì íåïåðåðâíî¨ äèôåðåíöiéîâíîñòi, ïåâíå àñèìïòîòè÷íå ñïiââiä-
íîøåííÿ íà íåñêií÷åííîñòi. Ó íàéïðîñòiøîìó âèïàäêó ðiâíÿííÿ Ëàïëàñà (6.2
ç F = 0) âiä u âèìàãà¹òüñÿ ïðÿìóâàííÿ äî íóëÿ i òîäi îñòàííié ðÿäîê ó (6.6)
çàìiíþ¹òüñÿ òàêèì:

lim
r→∞

ulm(r) = 0.

Ñôåðè÷íi ôóíêöi¨ âèðàæàþòüñÿ ÷åðåç òðèãîíîìåòðè÷íi. Íàãàäà¹ìî ïîçíà-
÷åííÿ: Pl � l-é ìíîãî÷ëåí Ëåæàíäðà (ïðèêëàä 2.4), (Φm,m ∈ Z) � îñíîâíà
òðèãîíîìåòðè÷íà ñèñòåìà. Îñòàííþ ìîæíà íà ñâié ðîçñóä çàïèñóâàòè ÿê ó
äiéñíié ôîðìi (5.4), òàê i â êîìïëåêñíié: Φm = eimφ. Ïðè 0 6 m 6 l ïîçíà÷è-
ìî

Θlm(ϑ) = P
(m)
l (cosϑ) sinm ϑ. (6.7)

Òîäi
Ylm(ϑ, φ) = Θl|m|(ϑ)Φm(φ) (6.8)

(öÿ ðiâíiñòü ìiñòèòü äâà âàðiàíòè âèðàçó ñôåðè÷íî¨ ôóíêöi¨ � äiéñíèé i êîì-
ïëåêñíèé). ×àñîì ó ïðàâié ÷àñòèíi äîïèñóþòü ÷èñëîâèé ìíîæíèê (íàïðèêëàä,
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ÿêùî õî÷óòü, ùîá íîðìà ñôåðè÷íî¨ ôóíêöi¨ ÿê åëåìåíòà ïðîñòîðó L2(S2) äî-
ðiâíþâàëà îäèíèöi). Ó çâ'ÿçêó ç öèì íàãàäà¹ìî, ùî â ñïåêòðàëüíié òåîði¨
íîðìóâàííÿ âëàñíèõ ôóíêöié íåiñòîòíå (äèâ. ïî÷àòîê � 2). Ó ìàòåìàòè÷íié
ôiçèöi çàãàëüíîïðèéíÿòèì ¹ �åêîíîìíèé� âèðàç (6.8). Çà òàêîãî íîðìóâàííÿ

Yl0(ϑ) = Pl(cosϑ) (6.9)

(Yl0, ÿê i Φ0, âiä φ íå çàëåæèòü).
Âèïèøåìî ïåðøi øiñòü ôóíêöié Θlm. Iç (2.23) ìà¹ìî P0 = 1, P1(x) = x,

P2(x) = (3x2 − 1)/2, çâiäêè íà ïiäñòàâi (6.7) Θ00 = 1,

Θ10(ϑ) = cosϑ, Θ11(ϑ) = sinϑ, (6.10)

Θ20(ϑ) = (3 cos2 ϑ− 1)/2, Θ21(ϑ) = 3 cosϑ sinϑ, Θ22(ϑ) = 3 sin2 ϑ. (6.11)

Ïðèêëàä 6.1
∆u = 0, r < b,
u(b, ϑ, φ) = 6 sinϑ cos2 ϑ

2 cosφ.

� Âèáðàâøè Φm ó äiéñíié ôîðìi i âçÿâøè äî óâàãè (6.10), (6.11) i
(6.8), ïåðåïèøåìî ìåæîâó óìîâó ó âèãëÿäi

u(b, ϑ, φ) = 3Y11(ϑ, φ) + Y21(ϑ, φ).

Òîìó é u(r, ·, ·) ¹ ëiíiéíîþ êîìáiíàöi¹þ öèõ äâîõ ñôåðè÷íèõ ôóíêöié:

u(r, ϑ, φ) = u11(r)Y11(ϑ, φ) + u21(r)Y21(ϑ, φ). (6.12)

Êîåôiöi¹íòè ðîçêëàäó øóêà¹ìî ÿê ðîçâ'ÿçîê çàäà÷i (6.6):

r2u′′11 + 2ru′11 − 2u11 = 0,
u11(b) = 3, u11 ∈ C1[0, b];

r2u′′21 + 2ru′21 − 6u21 = 0,
u21(b) = 1, u21 ∈ C1[0, b].

Çíàéøîâøè çâiäñè u11(r) = 3r/b, u21(r) = (r/b)2, ïåðåòâîðþ¹ìî (6.12)
äî âèãëÿäó

u(r, ϑ, φ) =
(
3r/b+ (r/b)2 cosϑ

)
sinϑ cosφ. �

Ïðèêëàä 6.2
∆u = r−2 ln r cosφ, r > b,
u(a, ϑ, φ) = 0, ur(b, ϑ, φ) = 0.

� Îñêiëüêè Φn ⊥ Φm ïðè n 6= m, òî (Φ1, Ylm) = 0 ïðè m 6= 1. Òîìó
Φ1 ðîçêëàäà¹òüñÿ ïî ôóíêöiÿõ Yl1:

Φ1 =

∞∑
l=1

(Φ1, Yl1)

‖Yl1‖2
Yl1. (6.13)

Çàïèñàâøè íà ïiäñòàâi (6.7) i (6.8)

(Φ1, Yl1) =

πw

0

P ′l (cosϑ) sin2 ϑdϑ

2πw

0

cos2 φdφ ≡ −π
πw

0

Pl(cosϑ) cosϑdϑ
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i ïîçíà÷èâøè

cl = − π

‖Yl1‖2
πw

0

Pl(cosϑ) cosϑdϑ, (6.14)

ïåðåòâîðþ¹ìî ðiâíiñòü (6.13) äî âèãëÿäó cosφ =
∑∞
l=1 clYl1(ϑ, φ). Òîäi é

u(r, ·, ·) ðîçêëàäà¹òüñÿ ïî ôóíêöiÿõ Yl1:

u(r, ϑ, φ) = cosφ sinϑ

∞∑
l=1

ul(r)P
′
l (cosϑ). (6.15)

Äëÿ êîåôiöi¹íòiâ ðîçêëàäó ìà¹ìî çàäà÷ó, àíàëîãi÷íó (6.6) (çàìiñòü ñèí-
ãóëÿðíî¨ óìîâè ç'ÿâëÿ¹òüñÿ ùå îäíà ðåãóëÿðíà):

r2u′′l + 2ru′l − l(l + 1)ul = cl ln r,
ul(a) = 0, u′l(b) = 0.

×àñòèííèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ øóêà¹ìî ó âèãëÿäi
cl(γl ln r + δl), äå γl i δl � ñòàëi. Ïiäñòàâèâøè öåé âèðàç ó ðiâíÿííÿ,
çíàõîäèìî γl = −(l(l + 1))−1, δl = γ2

l i çàïèñó¹ìî çàãàëüíèé ðîçâ'ÿçîê

ul(r) = cl(l(l + 1))−2
(
Alr

l +Blr
−l−1 − l(l + 1) ln r + 1

)
. (6.16)

Ìåæîâi óìîâè äàþòü ñèñòåìó ðiâíÿíü{
alAl + a−l−1Bl = l(l + 1) ln a− 1,
lblAl − (l + 1)b−l−1Bl = l(l + 1),

âiäíîñíî Al i Bl, ç ÿêî¨ çíàõîäèìî

Al =
l(l + 1)

[
(l + 1)al+1 ln a+ bl+1

]
− (l + 1)al

(l + 1)a2l+1 + lb2l+1
,

Bl =
l(l + 1)

(
b−l − la−l ln a

)
− la−l

la−2l−1 + (l + 1)b−2l−1
.

Òåïåð ðiâíiñòü (6.15) ðàçîì iç (6.16) i (6.14) äà¹ âiäïîâiäü. �

Ïðèêëàä 6.3. Çíàéòè ïîòåíöiàë, ñòâîðþâàíèé çàçåìëåíîþ ïðîâ�iäíîþ
ñôåðîþ ðàäióñà b i òî÷êîâèì çàðÿäîì âåëè÷èíè q, ðîçòàøîâàíèì íà âiä-
ñòàíi a < b âiä öåíòðà ñôåðè.

�Øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi

u = w + v, (6.17)

äå w � ïîòåíöiàë, ñòâîðþâàíèé òî÷êîâèì çàðÿäîì ó âiëüíîìó ïðîñòîði.
Ôóíêöiÿ v áóäå, î÷åâèäíî, ïîòåíöiàëîì ó çàäà÷i áåç çàðÿäiâ óñåðåäèíi
ñôåðè, àëå ç âiäìiííèì âiä íóëÿ çíà÷åííÿì ïîòåíöiàëó íà ñôåði (ïîòåí-
öiàë iíäóêîâàíèõ íà ñôåði çàðÿäiâ).

Íàïðàâèìî âiñü z óçäîâæ ðàäióñ-âåêòîðà òî÷êîâîãî çàðÿäà. Çà çàêî-
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íîì Êóëîíà w(r) = q
|r−a| , àáî, â êîîðäèíàòíîìó çàïèñi,

w(r, ϑ) =
q√

a2 − 2ar cosϑ+ r2
=


q

a
√

1− 2 ra cosϑ+ r2

a2

, r 6 a,

q

r
√

1− 2ar cosϑ+ a2

r2

, r > a.
(6.18)

Iç òåîði¨ ñïåöiàëüíèõ ôóíêöié âiäîìèé ðîçêëàä5 (äèâ., íàïðèêëàä, [24])

1√
1− 2xt+ t2

=

∞∑
l=0

Pl(x)tl, |x| ∨ |t| < 1, (6.19)

äå Pl � ìíîãî÷ëåíè Ëåæàíäðà, ââåäåíi â ïðèêëàäi 2.4. Çâàæàþ÷è íà
(6.19), ïåðåïèøåìî (6.18) ó âèãëÿäi

w(r, ϑ) =


∞∑
l=0

rl

al+1
Pl(cosϑ), r < a,

∞∑
l=0

al

rl+1
Pl(cosϑ), r > a.

(6.20)

Øóêà¹ìî ñïî÷àòêó ïîòåíöiàë ó êóëi (íèæ÷å ìè ïîêàæåìî, ùî çîâíi
êóëi âií äîðiâíþ¹ íóëþ). Ôóíêöiÿ v, áóäó÷è ïîòåíöiàëîì, ãàðìîíi÷íà
âñåðåäèíi êóëi. Îêðiì òîãî, v íå çàëåæèòü, î÷åâèäíî, âiä ñôåðè÷íî¨ êî-
îðäèíàòè φ (äîâãîòè). Òîìó â ¨¨ ðîçêëàäi ïî ñôåðè÷íèõ ôóíêöiÿõ âiäñó-
òíi Ylm ç m 6= 0 (áî âîíè çàëåæàòü âiä φ), à ¹ òiëüêè Yl0(ϑ) = Pl(cosϑ).
Òàêèì ÷èíîì,

v(r, ϑ) =

∞∑
l=0

Alr
lPl(cosϑ), r 6 b. (6.21)

(Äîäàíêè âèäó Blr−l−1Pl(cos θ), ÿêi òàêîæ ¹ ãàðìîíi÷íèìè ôóíêöiÿìè,
íå ìîæóòü âõîäèòè â ðîçêëàä, îñêiëüêè íå îáìåæåíi â îêîëi íóëÿ). Êî-
åôiöi¹íòè Al çíàõîäÿòüñÿ ç óìîâè çàçåìëåíîñòi, ÿêà ìàòåìàòè÷íî âèðà-
æà¹òüñÿ ðiâíiñòþ

w(b, ϑ) + v(b, ϑ) = 0. (6.22)
Ïiäñòàâèâøè (6.20), (6.21) iç r = b > a ó (6.22) i ïðèðiâíÿâøè äî íóëÿ
êîåôiöi¹íòè ïðè Pl, äiñòà¹ìî

Al = − qal

b2l+1
. (6.23)

5Ïðè t = 1, |x| < 1 ðÿä çáiãà¹òüñÿ óìîâíî.
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Öå ñïiëüíî ç (6.17), (6.20), (6.21) äà¹ òàêèé âèðàç äëÿ u

u(r, ϑ) =


q
∞∑
l=0

b2l+1 − a2l+1

al+1b2l+1
rlPl(cosϑ), r < a,

q
∞∑
l=0

al
b2l+1 − r2l+1

rl+1b2l+1
Pl(cosϑ), a < r 6 b.

(6.24)

Äàëi,

v(r, ϑ) =

∞∑
l=0

Blr
−l−1Pl(cosϑ), r > b. (6.25)

(Äîäàíêè ç (6.21) íå ìîæóòü âõîäèòè â ðîçêëàä ïîòåíöiàëó çîâíi êó-
ëi, îñêiëüêè âîíè íå ïðÿìóþòü äî íóëÿ ïðè r → ∞). Ç óìîâè (6.22) i
ðiâíîñòåé (6.20) (íèæíié ðÿäîê), (6.17) çíàõîäèìî

Bl = −qal, (6.26)

îòæå,
u(r, ϑ) = 0, r > b, (6.27)

ùî i ñòâåðäæóâàëîñü.
Ðÿä äëÿ v ëåãêî ïiäñóìîâó¹òüñÿ. Äëÿ öüîãî ïîòðiáíî âèêîíàòè ó çâî-

ðîòíîìó ïîðÿäêó äi¨, ùî ïðèâåëè âiä (6.18) äî (6.20). À ñàìå, ïðè r 6 b

v(r, ϑ) = −q
b

∞∑
l=0

(ar
b2

)l
Pl(cosϑ) = − q

b
√

1− 2ar
b2 cosϑ+ a2r2

b4

(ïåðøà ðiâíiñòü ñïèðà¹òüñÿ íà (6.21) i (6.23), äðóãà íà (6.19)). Òîòîæíî
ïåðåòâîðèâøè îñòàííié âèðàç i âçÿâøè äî óâàãè (6.17) i (6.18), îäåðæèìî
äëÿ r 6 b

u(r, ϑ) =
q√

r2 − 2ar cosϑ+ a2
− q√

a2r2 − 2b2ar cosϑ+ b4
. (6.28)

Ñàìå äî òàêîãî âèðàçó, ðiâíîñèëüíîãî (6.24), ïðèâîäèòü, îáìèíàþ÷è ðÿ-
äè, ìåòîä åëåêòðîñòàòè÷íèõ çîáðàæåíü.

Âiäïîâiäü: çîâíi êóëi (6.27), óñåðåäèíi (6.24) àáî (6.28). �

Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â êóëi:

1.
∆u = f(r) sinϑ sinφ,
u(b, ϑ, φ) = 0.

2.
∆u = 2r−2 sin ln r,
u(1, ϑ, φ) = sin 2ϑ cosφ.

3.
∆u = r−1 ln r sin3 ϑ cos 3φ,
ur(1, ϑ, φ) = sinϑ sin 2ϑ sin 2φ.

4.
∆u = 10r sinϑ sin(φ− φ0),
ur(1, ϑ, φ) = 2 sin 2ϑ sinφ.

5.
∆u = 3f(r) cosϑ,
u(1, ϑ, φ) = 3 cos2 ϑ.

6.
∆u = br−2 ln r sinϑ sinφ,
ur(b, ϑ, φ) = sinϑ sin2(ϑ/2) sinφ.
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7.
∆u = r−3/2 sinϑ cosφ,
u(1, ϑ, φ) = cos3 ϑ.

8.
∆u = r cos 3ϑ,
u(1, ϑ, φ) = sin 3ϑ sinφ.

9.

∆u = 0,
ur(b, ϑ, φ) + hu(b, ϑ, φ) =

30 cos2(ϑ/2) sin2 ϑ cos2 φ.

10.
∆u = 0,
u(b, ϑ, φ) = cos 2φ.

11.
∆u = f(r) sinϑ,
u(1, ϑ, φ) = 0.

12.
∆u = 0,
u(b, ϑ, φ) = sgn(π − φ).

Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà ó ñôåðè÷íîìó øàði:

13.
∆u = cosϑ,
ur(1, ϑ, φ) = 0,
u(2, ϑ, φ) = sinϑ sinφ.

14.
∆u = sinϑ sinφ,
u(1, ϑ, φ) = cosϑ,
ur(2, ϑ, φ) = cos 2ϑ.

15.
∆u = 2r−2 cos ln r,
u(a, ϑ, φ) = 0,
u(1/a, ϑ, φ) = sinϑ cosφ.

16.
∆u = r−3,
u(1/2, ϑ, φ) = sin2 ϑ cos2 φ,
ur(1, ϑ, φ) = 0.

17.
∆u = 4r−2 ln r sinϑ cosφ,
u(1, ϑ, φ) = 5 sin 2ϑ cosφ,
ur(2, ϑ, φ) = 0.

18.
∆u = 0,
ur(1, ϑ, φ)− hu(a, ϑ, φ) = 3 cos 2ϑ,
u(2, ϑ, φ) = cosϑ sin 2ϑ cosφ.

19.
∆u = f(r) sinϑ cosφ,
u(a, ϑ, φ) = 1,
u(b, ϑ, φ) = 0.

20.
∆u = f(r) cosϑ,
ur(a, ϑ, φ) = 1,
u(b, ϑ, φ) = cosϑ.

21.
∆u = 0,
u(a, ϑ, φ) = cosϑ cos 2φ,
u(b, ϑ, φ) = cosϑ sin 2φ.

22.
∆u = 0,
u(a, ϑ, φ) = |cosϑ| ,
u(b, ϑ, φ) = cosϑ.

Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â äîïîâíåííi äî êóëi:

23.
∆u = r−3,
u(1, ϑ, φ) = 1− cosϑ,
u(r, ϑ, φ)→ 0 ïðè r →∞.

24.

∆u = 0,
u(1, ϑ, φ) = sin2 ϑ sin2 φ,
u(r, ϑ, φ)→ 0 ïðè r →∞.

25.
∆u = f(r) cosϑ,
u(a, ϑ, φ) = 0,
u(r, ϑ, φ)→ 0 ïðè r →∞.

26.

∆u = r−2 cosϑ+ e1−r,
u(1, ϑ, φ) = 3,
u(r, ϑ, φ) = r sinϑ cosφ+ o(1)

ïðè r →∞.
Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà:

27.
∆u = (1 + r2)−2,
u(r, ϑ, φ)→ 0 ïðè r →∞. 28.

∆u = sin r sinϑ sinφ,
u îáìåæåíà.
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29.
∆u = 0 (r < 1, ϑ < π/2),
u(1, ϑ, φ) = 0, u(r, π/2, φ) = 1.

30.
∆u = e−rr2 cos2 ϑ (ϑ < π/2),
u(r, π/2, φ) = 0, u îáìåæåíà.

31.

∆u = 0 (x, y, z > 0),
u(0, y, z) = 0, u(x, 0, z) = 0,
u(x, y, 0) = xyf(x2 + y2),
u îáìåæåíà.

Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà÷ó â êóëi:

32. ∆u+ λ = 0, u(b, ϑ, φ) = 0. 33. ∆u+ λ = 0, ur(b, ϑ, φ) = 0.

34. Çíàéòè ïîòåíöiàë, ñòâîðþâàíèé çàçåìëåíîþ ïðîâ�iäíîþ ñôåðîþ ðà-
äióñà a i òî÷êîâèì çàðÿäîì âåëè÷èíè q, ïîìiùåíèì íà âiäñòàíi b > a âiä
öåíòðà ñôåðè.

35. Çíàéòè ïîòåíöiàë, ñòâîðþâàíèé içîëüîâàíîþ çàðÿäæåíîþ (ïîâíèé
çàðÿä Q) ïðîâ�iäíîþ ñôåðîþ ðàäióñà a i òî÷êîâèì çàðÿäîì âåëè÷èíè q,
ïîìiùåíèì íà âiäñòàíi b > a âiä öåíòðà ñôåðè.

� 7. Ðiâíÿííÿ Ïóàññîíà â öèëiíäðè÷íèõ îáëà-
ñòÿõ

Ïiä öèëiíäðè÷íîþ îáëàñòþ ðîçóìi¹ìî äåêàðòiâ äîáóòîê êðóãîâî¨ îáëàñòi
(� 5) i âiäðiçêà. Ìåæà òàêî¨ îáëàñòi ñêëàäà¹òüñÿ ùîíàéìåíøå ç òðüîõ êóñêiâ,
i íà êîæíîìó çàäà¹òüñÿ ñâîÿ ìåæîâà óìîâà. Äîñòàòíüî âìiòè ðîçâ'ÿçóâàòè
åëåìåíòàðíi çàäà÷i, òîáòî òàêi (ïîð. ç � 4), â ÿêèõ ìåæîâi óìîâè ïî äâîõ iç
òðüîõ çìiííèõ îäíîðiäíi. Âiäíåñåìî çàäà÷ó äî ïåðøîãî òèïó, ÿêùî öi çìiííi �
ρ i φ, äî äðóãîãî, ÿêùî φ i z, äî òðåòüîãî, ÿêùî ρ i z. Ðîçãëÿäà¹ìî òóò òiëüêè
ïåðøi äâà òèïè (çàäà÷i òðåòüîãî òèïó ðîçiáðàíî ó [27]).

Ïî÷íåìî ç òîãî, ùî íàâåäåìî îçíà÷åííÿ i îñíîâíi âëàñòèâîñòi âèíèêàþ÷èõ
ó çàäà÷àõ ïåðøîãî é äðóãîãî òèïiâ ñïåöiàëüíèõ ôóíêöié.

Äîâiëüíèé ðîçâ'ÿçîê ðiâíÿííÿ Áåññåëÿ

z2Z′′ + zZ′ + (z2 − ν2)Z = 0 (7.1)

âiäíîñíî ôóíêöi¨ Z êîìïëåêñíî¨ çìiííî¨ z (ν � ïàðàìåòð, ÿêèé òàêîæ ìîæå áó-
òè êîìïëåêñíèì) íàçèâà¹òüñÿ öèëiíäðè÷íîþ ôóíêöi¹þ iíäåêñó (àáî ïîðÿäêó)
ν. Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ óòâîðþþòü ôóíêöiÿ Áåññåëÿ

Jν(z) =
∞∑
k=0

(−1)kz2k+ν

22k+νk!Γ(ν + k + 1)
(7.2)

i ôóíêöiÿ Íåéìàíà

Nν(z) =
Jν(z) cosπν − J−ν(z)

sinπν

(öåé âèðàç âèçíà÷åíèé i ïðè öiëîìó çíà÷åííi iíäåêñó, ÿêùî ïiä Nn(z) ðîçóìi-
òè limν→nNν(z)). Ôóíêöiþ Íåéìàíà ïîçíà÷àþòü iùå Yν . Ïðè íåöiëîìó ν çà
ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ Áåññåëÿ ìîæíà âçÿòè òàêîæ Jν
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i J−ν , àëå ïðè n ∈ Z J−n = (−1)nJn. Äàëi ðîçãëÿäà¹ìî öèëiíäðè÷íi ôóíêöi¨
äiéñíîãî íåâiä'¹ìíîãî àðãóìåíòó, ÿêèé ïîçíà÷à¹ìî ρ.

Ïðè ν > 0 Jν îáìåæåíà â îêîëi íóëÿ (Jν(0) = 1− sgn ν), à Nν íåîáìåæåíà.
Íà äîäàòíié ïiâîñi ôóíêöiÿ Jν ìà¹ íåñêií÷åííå ÷èñëî íóëiâ, à íà áóäü-ÿêîìó
âiäðiçêó � ñêií÷åííå. Öå îçíà÷à¹, ùî äîäàòíi êîðåíi ðiâíÿííÿ

Jν(µ) = 0 (7.3)

âiäíîñíî µ ìîæíà çàíóìåðóâàòè çà çðîñòàííÿì íàòóðàëüíèìè ÷èñëàìè i òàêà
ïîñëiäîâíiñòü ïðÿìóâàòèìå äî íåñêií÷åííîñòi.

Íåõàé (Zν , ν ∈ R) � ñiì'ÿ öèëiíäðè÷íèõ ôóíêöié âèäó

Zν = C1Jν + C2Nν ,

äå êîíñòàíòè C1 i C2 âiä ν íå çàëåæàòü. Òîäi ñïðàâäæóþòüñÿ îñíîâíi ðåêó-
ðåíòíi ñïiââiäíîøåííÿ

Zν−1(ρ) + Zν+1(ρ) = 2νρ−1Zν(ρ), (7.4)

Zν−1 − Zν+1 = 2Z′ν , (7.5)

ç ÿêèõ âèâîäÿòüñÿ âñi iíøi, çîêðåìà,

J ′0 = −J1, (7.6)

(ρνJν(ρ))′ = ρνJν−1(ρ). (7.7)

Iç (7.2) ìà¹ìî

J 1
2
(ρ) =

√
2

πρ
sin ρ, J− 1

2
(ρ) =

√
2

πρ
cos ρ. (7.8)

Öå ðàçîì iç (7.4) ïîêàçó¹, ùî áåññåëåâi ôóíêöi¨ ïiâöiëîãî ïîðÿäêó åëåìåíòàðíi.
Ïðè λ 6= 0 ðiâíÿííÿ

ρ2R′′ + ρR′ + (λρ2 − ν2)R = 0 (7.9)

çàìiíîþ R(ρ) = Z
(√

λρ
)
çâîäèòüñÿ äî (7.1) i, òàêèì ÷èíîì, çàãàëüíèé ðîçâ'ÿ-

çîê éîãî äà¹òüñÿ ôîðìóëîþ

R(ρ) = AJν
(√

λρ
)

+BNν
(√

λρ
)
, (7.10)

äå A i B � äîâiëüíi ñòàëi. Çîêðåìà, ïðè ν > 0, ω > 0 îáìåæåíèé â îêîëi íóëÿ
êîìïëåêñíèé ðîçâ'ÿçîê ðiâíÿííÿ

ρ2V ′′ + ρV ′ − (ω2ρ2 + ν2)V = 0 (7.11)

ìà¹ âèãëÿä
V (ρ) = CJν(iωρ), (7.12)

äå C � êîìïëåêñíà ñòàëà. Ïiäñòàâèâøè â (7.2) z = iωρ, i âèáðàâøè ãîëîâíó
âiòêó ñòåïåíåâî¨ ôóíêöi¨ (òàê ùî iν = eπνi/2), áà÷èìî, ùî çíà÷åííÿ ôóíêöi¨
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V áóäóòü äiéñíèìè íà R+, ÿêùî C = e−πνi/2. Ïðè ω = 1 çàäàíà ðiâíiñòþ
(7.12) iç òàêèì C ôóíêöiÿ íàçèâà¹òüñÿ ìîäèôiêîâàíîþ ôóíêöi¹þ Áåññåëÿ i
ïîçíà÷à¹òüñÿ Iν . Çà ïîáóäîâîþ âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (7.11) ç ω = 1.
Òàêîæ çà ïîáóäîâîþ

Iν(ρ) = e−πνi/2Jν(iρ), (7.13)
ùî ðàçîì iç (7.2) äà¹ çîáðàæåííÿ Iν ó âèãëÿäi ñòåïåíåâîãî ðÿäó (âèïèøiòü
ñàìîñòiéíî) i ïîðîäæó¹ àíàëîãè ôîðìóë (7.4) � (7.8):

Iν−1(ρ)− Iν+1(ρ) = 2νρ−1Iν(ρ),

Iν−1 + Iν+1 = 2I ′ν ,

I ′0 = I1, (7.14)

(ρνIν(ρ))′ = ρνIν−1(ρ), (7.15)

I 1
2
(ρ) =

√
2

πρ
sh ρ, I− 1

2
(ρ) =

√
2

πρ
ch ρ.

×åðåç ìîäèôiêîâàíi áåññåëåâi ôóíêöi¨ âèðàæà¹òüñÿ ÷èìàëî iíòåãðàëiâ. Çîêðå-
ìà,

1

2π

πw

−π

ea cosφ cosnφdφ ≡ 1

π

πw

0

ea cosφ cosnφdφ = In(a), a ∈ R, n ∈ Z, (7.16)

πw

0

eα cosϑ sinn ϑdϑ =
√
πΓ

(
n+ 1

2

)(
2

α

)n/2
In

2
(α), α ∈ R+, n ∈ Z+. (7.17)

Ùå îäèí ðîçâ'ÿçîê ðiâíÿííÿ (7.11) ç ω = 1 � ôóíêöiÿ Ìàêäîíàëüäà

Kν(ρ) =
π (I−ν(ρ)− Iν(ρ))

2 sinπν

(ïðè n ∈ Z Kn(ρ) ñëiä ðîçóìiòè ÿê limν→nKν(ρ)). Î÷åâèäíî, âîíà íåîáìåæåíà
â îêîëi íóëÿ. Ìà¹ ìiñöå ðiâíiñòü

WIνKν (ρ) = −1

ρ
. (7.18)

Âiäìiííiñòü âðîíñêiàíà âiä íóëÿ ïîêàçó¹, ùî öi äâi ôóíêöi¨ óòâîðþþòü ôóí-
äàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâíÿííÿ (7.11) ç ω = 1. Òîäi ïðè äîâiëüíîìó
ω > 0 öþ æ âëàñòèâiñòü ìàþòü Iν(ωρ) i Kν(ωρ).

Íàãàäà¹ìî íàñàìêiíåöü, ùî â öèëiíäðè÷íèõ êîîðäèíàòàõ ðiâíÿííÿ Ïóàñ-
ñîíà ∆u = F çàïèñó¹òüñÿ òàê:

∂

∂ρ

(
ρ
∂u

∂ρ

)
+

1

ρ

∂2u

∂φ2
+ ρ

∂2u

∂z2
= ρF. (7.19)

Ïðèêëàä 7.1 (çàäà÷à ïåðøîãî òèïó â ñåêòîði öèëiíäðà)

∆u = ρ3z sin 3φ, ρ < b, 0 < φ < π/2, 0 < z < l,
u(b, φ, z) = 0,
u(ρ, 0, z) = 0, uφ(ρ, π/2, z) = 0,
u(ρ, φ, 0) = ρ3 sinφ, u(ρ, φ, l) = 0.
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� Ïåðøå âiäîêðåìëåííÿ. Øóêà¹ìî ðîçâ'ÿçîê ÿê ñóìó ðÿäó ïî âëà-
ñíèõ ôóíêöiÿõ çàäà÷i ØË

Φ′′ = −ν2Φ,
Φ(0) = 0, Φ′(π/2) = 0.

Òàêèìè ¹, î÷åâèäíî, ôóíêöi¨ sin(2n + 1)φ, n ∈ Z+. Ó ðîçêëàä øóêàíî¨
ôóíêöi¨ âõîäÿòü òiëüêè òi ç íèõ, ÿêi ôiãóðóþòü ó ðîçêëàäàõ âiëüíîãî
÷ëåíà i ìåæîâèõ óìîâ:

u(ρ, φ, z) = u0(ρ, z) sinφ+ u1(ρ, z) sin 3φ. (7.20)

Ââåäåìî äèôåðåíöiàëüíi îïåðàòîðè

Ln =
∂

∂ρ

(
ρ
∂

∂ρ

)
− (2n+ 1)2

ρ
, M = − ∂2

∂z2
. (7.21)

Ïiäñòàâèâøè (7.20) ó (7.19) ç F (φ) = ρ sin 3φ i âðàõóâàâøè ìåæîâi óìîâè,
à òàêîæ óìîâó íåïåðåðâíî¨ äèôåðåíöiéîâíîñòi u, äiñòàíåìî äëÿ êîæíîãî
ç êîåôiöi¹íòiâ ðîçêëàäó êðàéîâó çàäà÷ó â ÷ à ñ ò è í í è õ ï î õ i ä í è õ

ρMun = Lnun − ρ4zδn1,
un(·, z) ∈ C1[0, b], un(b, z) = 0,
un(ρ, 0) = ρ3δn0, un(ρ, l) = 0.

(7.22)

Äðóãå âiäîêðåìëåííÿ. Äèôåðåíöiàëüíå ðiâíÿííÿ â çàäà÷i (7.22) ¹, ç
òî÷íiñòþ äî ïîçíà÷åíü, îêðåìèé âèïàäîê (3.1). Òîìó ìîæåìî äiÿòè ÿê
ó � 3, øóêàþ÷è un(·, z) ó âèãëÿäi ñóìè ðÿäó ïî âëàñíèõ ôóíêöiÿõ çàäà÷i
ØË

LnRn = −λρRn,
Rn ∈ C1[0, b], Rn(b) = 0.

(7.23)

Çàóâàæåííÿ 1. Ó öüîìó çàïèñi iíäåêñ íóìåðó¹ íå âëàñíi ôóíêöi¨, à ñàìi çàäà÷i.

Çàóâàæåííÿ 2. Ñèìâîë ρ â ïðàâié ÷àñòèíi ðiâíÿííÿ îçíà÷à¹ ÿê íåçàëåæíó
çìiííó, òàê i òå, ùî îçíà÷àâ ó ïàðàãðàôàõ 2 i 3, � âàãîâó ôóíêöiþ. Ó äàíîìó
ðàçi âîíà äîðiâíþ¹ ñâî¹ìó àðãóìåíòîâi.

Âèðàç (7.21) îïåðàòîðà Ln ïîêàçó¹, ùî äèôåðåíöiàëüíå ðiâíÿííÿ çà-
äà÷i (7.23) � îêðåìèé âèïàäîê (ν = 2n+ 1) (7.9). Ïðè λ = 0 öå ðiâíÿííÿ
Åéëåðà, çàãàëüíèé ðîçâ'ÿçîê ÿêîãî äà¹òüñÿ ôîðìóëîþ

R(ρ) = Aρ2n+1 +Bρ−2n−1.

Òàêà ôóíêöiÿ çàäîâîëüíÿ¹ îáèäâi äîäàòêîâi óìîâè òiëüêè ïðè A = B =
0. Òîìó íóëü íå ¹ âëàñíèì ÷èñëîì çàäà÷i (7.23).

Ïðè λ > 0 çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ äà¹òüñÿ
ôîðìóëîþ (7.10) ç ν = 2n + 1, à çíà÷èòü îáìåæåíèé íà [0, b] ðîçâ'ÿçîê
ïðîïîðöiéíèé ôóíêöi¨

Rn(ρ) = J2n+1

(√
λρ
)
. (7.24)

Ïîçíà÷èìî µnm m-é ó ïîðÿäêó çðîñòàííÿ êîðiíü ðiâíÿííÿ Jn(µ) = 0
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(îêðåìèé âèïàäîê (7.3)). Òîäi ç (7.24) i êðàéîâî¨ óìîâè äëÿ Rn(b) çíà-
õîäèìî âëàñíi ÷èñëà

λnm = (µ2n+1,m/b)
2 (7.25)

i âëàñíi ôóíêöi¨

Rnm(ρ) = J2n+1

(µ2n+1,m

b
ρ
)

(7.26)

çàäà÷i (7.23). Çà ïîáóäîâîþ

LnRnm = −λnmρRnm. (7.27)

Îòæå, çàäà÷à çâåëàñü äî çíàõîäæåííÿ êîåôiöi¹íòiâ ðîçêëàäó

un(ρ, z) =

∞∑
m=1

unm(z)Rnm(ρ), (7.28)

ÿêèé ç óðàõóâàííÿì (7.26) ïåðåòâîðþ¹ ðiâíiñòü (7.20) äî âèãëÿäó

u(ρ, φ, z) = sinφ

∞∑
m=1

u1m(z)J1

(µ1m

b
ρ
)

+ sin 3φ

∞∑
m=1

u3m(z)J3

(µ3m

b
ρ
)
.

(7.29)
Ùîá îäåðæàòè êðàéîâi çàäà÷i äëÿ íèõ, ïîòðiáíî ïîïåðåäíüî ðîçêëàñòè
ïîäiëåíèé íà ρ âiëüíèé ÷ëåí ðiâíÿííÿ äëÿ un i ïðàâó ÷àñòèíó íåîäíîði-
äíî¨ ìåæîâî¨ óìîâè.

Çà òåîðåìîþ ïîâíîòè (� 2) áóäü-ÿêà ôóíêöiÿ f ∈ L2([0, b], ρ) ðîçêëà-
äà¹òüñÿ â çáiæíèé ó ñåðåäíüîìó êâàäðàòè÷íîìó ðÿä

f =

∞∑
m=1

cnm

‖Rnm‖2
Rnm,

äå cnm =
r b
0
f(ρ)Rnm(ρ)ρdρ (çâåðíiòü óâàãó íà ìíîæíèê ρ). Ó íàøîìó

âèïàäêó òðåáà ðîçêëàñòè ôóíêöiþ ρ3 (âîíà æ ρ4/ρ) ñïî÷àòêó ïî R3m,
m ∈ N, à ïîòiì ïî R1m, m ∈ N. Çàïèñàâøè íà ïiäñòàâi (7.7) äëÿ äîâiëü-
íîãî a > 0
bw

0

ρ4J3(aρ)dρ ≡ a−5
abw

0

r4J3(r)dr = a−1b4J4(ab),

bw

0

ρ4J1(aρ)dρ ≡ a−5
abw

0

r4J1(r)dr = a−5
abw

0

r2d
(
r2J2(r)

)
= a−1b4J2(ab)− 2a−5

abw

0

r3J2(r)dr = a−1b4J2(ab)− 2a−2b3J3(ab)
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i âçÿâøè äî óâàãè (7.26), îäåðæèìî

ρ3 =

∞∑
m=1

AmR3m(ρ), ρ3 =

∞∑
m=1

BmR1m(ρ), (7.30)

äå

Am =
b4J4(µ3m)

µ3m ‖R3m‖2
, Bm =

b5 (µ1mJ2(µ1m)− J3(µ1m))

µ2
1m ‖R1m‖2

. (7.31)

(Ôîðìóëà (7.30) íå ñòâåðäæó¹ ïîòî÷êîâi ðiâíîñòi ëiâèõ i ïðàâèõ ÷àñòèí!
Öå âèäíî õî÷à áè ç òîãî, ùî ïðè ρ = b êîæíèé ÷ëåí ÿê ïåðøîãî, òàê i
äðóãîãî ðÿäó äîðiâíþ¹ íóëþ).

Ïiäñòàâèâøè ðîçêëàäè (7.28) i (7.30) ó (7.22), ïðèðiâíÿâøè êîåôi-
öi¹íòè ïðè îäíàêîâèõ áàçèñíèõ ôóíêöiÿõ ó ëiâèõ i ïðàâèõ ÷àñòèíàõ i
âðàõóâàâøè âèðàç (7.21) îïåðàòîðà M, îäåðæèìî êðàéîâi çàäà÷i

u′′nm − b−2µ2
nmunm = Amδn1z,

unm(0) = Bmδn3, unm(l) = 0,

ðîçâ'ÿçêè ÿêèõ ïðè n = 1 i n = 3 î÷åâèäíi:

u1m(z) =
bAm
µ2

1m

(
l sh (µ1mz/b)

sh (µ1ml/b)
− z
)
, u3m(z) =

Bm sh (µ3m(l − z)/b)
sh (µ3ml/b)

.

Öi ðiâíîñòi ñïiëüíî ç (7.31) ïåðåòâîðþþòü ôîðìóëó (7.29) íà âiäïî-
âiäü. �¨ ìîæíà ùå ñêîíêðåòèçóâàòè, çàïèñàâøè çà îçíà÷åííÿì íîðìè
â L2([0, b], ρ) (äèâ. � 2), à òîäi çà ôîðìóëîþ (7.26)

‖Rnm‖2 =

bw

0

Rnm(ρ)2ρdρ =

bw

0

J2n+1

(µ2n+1,m

b
ρ
)2

ρdρ

≡ b3

µ3
2n+1,m

µ2n+1,mw

0

J2n+1(r)2rdr.

Îá÷èñëåííÿ îñòàííüîãî iíòåãðàëà � ñòîðîííÿ äëÿ òåìè ïàðàãðàôà çà-
äà÷à. Âèðàçè êâàäðàòiâ íîðì âëàñíèõ ôóíêöié çàäà÷i ØË äëÿ ðiâíÿííÿ
(7.9) ìîæíà çíàéòè â [11, 24]. �

Ïðèêëàä 7.2 (çàäà÷à äðóãîãî òèïó â öèëiíäði)

∆u = Q(ρ)(1− 2z), ρ < b, 0 < z < 1/2,
u(b, φ, z) = ea cosφ cosπz,
uz(ρ, φ, 0) = 0, u(ρ, φ, 1/2) = 0.

Òóò Q � ôóíêöiÿ ç ïðîñòîðó L1([0, b], ρ), a � äîäàòíå ÷èñëî.

� Îáëàñòü çìiíè ïàðè (φ, z) ¹ äåêàðòiâ äîáóòîê êîëà S1 i âiäðiçêà
[0; 1/2]. Îñíîâíà òðèãîíîìåòðè÷íà ñèñòåìà (Φn, n ∈ Z) îðòîãîíàëüíà i
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ïîâíà â L2(S1), à ñèñòåìà âëàñíèõ ôóíêöié çàäà÷i ØË

Ω′′ = −ω2Ω,
Ω′(0) = 0, Ω(1/2) = 1

(î÷åâèäíî, òàêèìè ¹ Ωk(z) = cosωkz, k ∈ Z+, äå ωk = (2k + 1)π) ìà¹ öi
æ âëàñòèâîñòi â L2([0; 1/2]). Òîìó ñèñòåìà (ΦnΩk, n ∈ Z, k ∈ Z+) ôóí-
êöié äâîõ çìiííèõ îðòîãîíàëüíà â L2(S1 × [0; 1/2]). Íåâàæêî äîâåñòè é
ïîâíîòó ¨¨ (äèâ. àíàëîãi÷íå äîâåäåííÿ äëÿ ïðÿìîêóòíèêà â ïðèêëàäi 1.8
[5]), àëå íàì öå íå çíàäîáèòüñÿ. Ïðîñòî øóêàòèìåìî ðîçâ'ÿçîê ó âèãëÿäi

u(ρ, φ, z) =

∞∑
n=0

∞∑
k=0

Unk(ρ)Φn(φ)Ωk(z) (7.32)

(ïî n ïiäñóìîâó¹ìî âiä íóëÿ, à íå âiä −∞, áî â ïîñòàíîâêó âõîäÿòü òiëü-
êè ïàðíi ïî φ ôóíêöi¨). ßêùî âäàñòüñÿ, ïiäiáðàâøè êîåôiöi¹íòè ðîçêëà-
äó, çàäîâîëüíèòè ðiâíÿííÿ i äîäàòêîâi óìîâè, òî çàäà÷ó áóäå ðîçâ'ÿçàíî.

Ïiäñòàâèâøè âèðàç (7.32) ó ðiâíÿííÿ (7.19) iç òàêèì ÿê ó çàäà÷i âiëü-
íèì ÷ëåíîì, ïåðåòâîðèìî îñòàíí¹ äî âèãëÿäó
∞∑
n=0

[
(ρU ′nk(ρ))

′ −
(
ω2
kρ+ n2ρ−1

)
Unk(ρ)

]
Φn(φ)Ωk(z) = ρQ(ρ)(1− 2z).

(7.33)

Î÷åâèäíî, ‖Ωk‖2 = 1/2. Iíòåãðóþ÷è ÷àñòèíàìè (ðîçáèâàòè íà äîäàí-

êè íå ïîòðiáíî), çíàõîäèìî
r 1/2

0
(1− 2z) cosωkzdz = 2/ω2

k, òîæ

1− 2z =
∞∑
k=0

AkΩk(z) ≡
∞∑
n=0

∞∑
k=0

δn0AkΦn(φ)Ωk(z), (7.34)

äå

Ak =
4

(2k + 1)2π2
. (7.35)

Ïàðíà ïåðiîäè÷íà ôóíêöiÿ ðîçêëàäà¹òüñÿ ïî ñàìèõ òiëüêè êîñèíó-
ñàõ, òîìó

ea cosφ =

∞∑
n=0

Bn cosnφ,

äå

Bn =
1

‖Φn‖2
w

S1

ea cosφΦn(φ)dφ ≡ 1

π(1 + δn0)

πw

−π
ea cosφ cosnφdφ.

Òîäi ç ôîðìóëè (7.16) ìà¹ìî

ea cosφ = I0(a) + 2

∞∑
n=1

In(a) cosnφ. (7.36)
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Iç (7.33) � (7.36), íåïåðåðâíî¨ äèôåðåíöiéîâíîñòi u i íåîäíîðiäíî¨ ìå-
æîâî¨ óìîâè äëÿ íå¨ îäåðæó¹ìî äëÿ êîåôiöi¹íòiâ ðîçêëàäó (7.32) êðàéîâi
çàäà÷i

(ρU ′nk)
′ −
(
ω2
kρ+ n2ρ−1

)
Unk = δn0AkρQ(ρ),

Unk ∈ C1[0, b], Unk(b) = δk0(2− δn0)In(a).

Ïðè Q = 0 äèôåðåíöiàëüíå ðiâíÿííÿ ïiñëÿ äîìíîæåííÿ îáîõ ÷àñòèí
íà ρ i ïåðåïîçíà÷åííÿ Unk íà V ïåðåòâîðþ¹òüñÿ â (7.11) (ν = n). Òîìó
ðîçâ'ÿçêàìè î ä í î ð i ä í î ã î ðiâíÿííÿ ¹ ôóíêöi¨ In(ωkρ), Kn(ωkρ) i
âñiëÿêi ëiíiéíi êîìáiíàöi¨ ¨õ. Iç äâîõ ðîçâ'ÿçêiâ

Vnk1(ρ) = In(ωkρ), (7.37)

Vnk2(ρ) = Kn(ωkb)In(ωkρ)− In(ωkb)Kn(ωkρ) (7.38)

ïåðøèé íàëåæèòü C1[0, b] i âiäìiííèé âiä íóëÿ â òî÷öi b, à äðóãèé íåî-
áìåæåíèé â îêîëi íóëÿ i â òî÷öi b äîðiâíþ¹ íóëþ. Ñïèðàþ÷èñü íà (7.18),
çíàõîäèìî (äèâ. äîêëàäíiøå ó [27, ñ. 118])

WVnk1Vnk2(ρ) =
In(ωkb)

ρ
. (7.39)

Ïiäñòàâèâøè (7.37) � (7.39) ó (4.16), îäåðæèìî ïiñëÿ òîòîæíèõ ïåðåòâî-
ðåíü

Unk(ρ) = δk0(2− δn0)In(a) + δn0Ak

[
In(ωkρ)

In(ωkb)

bw

0

rQ(r)In(ωkr)dr

−Kn(ωkρ)

ρw

0

rQ(r)In(ωkr)dr − In(ωkρ)

bw

ρ

rQ(r)Kn(ωkr)dr

 ,
ùî ñïiëüíî ç (7.35) ïåðåòâîðþ¹ (7.32) äî âèãëÿäó

u(ρ, φ, z) =

(
I0(a)

I0(πb)
+ 2

∞∑
n=1

In(a)

In(πb)
cosnφ

)
cosπz

+
4

π2

∞∑
k=0

[
I0(ωkρ)

I0(ωkb)

bw

0

rQ(r)I0(ωkr)dr −K0(ωkρ)

ρw

0

rQ(r)I0(ωkr)dr

−I0(ωkρ)

bw

ρ

rQ(r)K0(ωkr)dr

 cosωkz

(2k + 1)2
.

Òóò, íàãàäà¹ìî, ωk = (2k + 1)π. �
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Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â öèëiíäðè÷íié îáëàñòi:

1.

∆u = 1,
u(1, φ, z) = 0,
uz(ρ, φ, 0) = sin2 φ,
uz(ρ, φ, 1) = cos2 φ.

2.
∆u = f(z) cos 2φ,
u(b, φ, z) = 0,
u(ρ, φ, 0) = 0, uz(ρ, φ, l) = 0.

3.

∆u = 0,
uρ(b, φ, z) = 0,
uz(ρ, φ, 0) = ρ2 sin2 φ,
uz(ρ, φ, l) = cos2 φ.

4.
∆u = ezρ3 cos3 φ,
uρ(b, φ, z) + hu(b, φ, z) = 0,
u(ρ, φ, 0) = 0, uz(ρ, φ, l) = 0.

5.

∆u = 0,
u(b, φ, z) = 0,
u(ρ, 0, z) = 0, u(ρ, π, z) = 0,
u(ρ, φ, 0) = 0, u(ρ, φ, l) = ρ sin3 φ.

6.

∆u = 0,
u(a, φ, z) = 0, u(b, φ, z) = 0,
uz(ρ, φ, 0) = ρ2, uz(ρ, φ, l) = 0.

7.
∆u = ρ4 cos2 φ ch z,
u(a, φ, z) = 0, uρ(b, φ, z) = 0,
uz(ρ, φ, 0) = 0, u(ρ, φ, l) = 0.

8.

∆u = 0,
u(b, φ, z) = 0,
u(ρ, 0, z) = 0, uφ(ρ, π, z) = 0,
uz(ρ, φ, 0) =

√
ρ sin(φ/2),

u(ρ, φ, l) = 0.

9.

∆u = ρ1/2 cos(φ/2) sh z,
uρ(b, φ, z) + hu(b, φ, z) = 0,
uφ(ρ, 0, z) = 0, u(ρ, π, z) = 0,
u(ρ, φ, 0) = 0, u(ρ, φ, l) = 0.

10.

∆u = ρ2 sin 2φ cosπz,
uρ(b, φ, z) = 0,
u(ρ, 0, z) = 0, u(ρ, π/2, z) = 0,
uz(ρ, φ, 0) = 0, uz(ρ, φ, 1) = 0.

11.

∆u = 0,
u(b, φ, z) = 0,
u(ρ, 0, z) = 0, u(ρ, 2π/3, z) = 0,
u(ρ, φ, 0) = ρ1/2 sin(3φ/2),
u(ρ, φ, l) = ρ3/2 sin(3φ/2).

12.

∆u = ρ3/2 cos(3φ/2) sin(πz/2),
uρ(b, φ, z) = 0,
uφ(ρ, 0, z) = 0, u(ρ, π/3, z) = 0,
u(ρ, φ, 0) = 0, uz(ρ, φ, 1) = 0.

13.

∆u = 0,
u(a, φ, z) = 0, u(b, φ, z) = 0,
uφ(ρ, 0, z) = 0, u(ρ, π, z) = 0,
uz(ρ, φ, 0)−hu(ρ, φ, 0)=

√
ρ cos φ2 ,

u(ρ, φ, l) = 0.

14.

∆u = sin 2φ,
u(a, φ, z) = 0, u(b, φ, z) = 0,
u(ρ, 0, z) = 0, u(ρ, π/2, z) = 0,
u(ρ, φ, 0) = ρ2 sin 2φ,
uz(ρ, φ, l) + hu(ρ, φ, l) = 0.

15.

∆u = 0,
u(a, φ, z) = 0, u(b, φ, z) = 0,
uφ(ρ, 0, z)= 0, uφ(ρ, 2π/3, z)= 0,
u(ρ, φ, 0) =

√
ρ cos(3φ/2),

u(ρ, φ, l) = 0.

16.

∆u =
√
ρz sin(3φ/2),

u(a, φ, z) = 0, u(b, φ, z) = 0,
u(ρ, 0, z) = 0, uφ(ρ, π/3, z) = 0,
uz(ρ, φ, 0) = 0, u(ρ, φ, l) = 0.

17.
∆u = 0,
u(1, φ, z) = 1,
uz(ρ, φ, 0) = 0, u(ρ, φ, 1) = 0.

18.
∆u = f(ρ) cos(πz/l),
u(b, φ, z) = cosφ,
uz(ρ, φ, 0) = 0, uz(ρ, φ, l) = 0.

19.

∆u = 0,
uρ(b, φ, z) + u(b, φ, z) =

cosφ sinπz cos 2πz,
u(ρ, φ, 0) = 0, u(ρ, φ, 1) = 0.
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20.

∆u = 0,
u(b, φ, z) = sinφ sin2 πz,
uz(ρ, φ, 0) = 0, uz(ρ, φ, 1) = 0.

21.
∆u = f(ρ) cos2 φ,
uρ(b, φ, z) = 8 sin2 φ sin3 z,
u(ρ, φ, 0) = 0, uz(ρ, φ, π/2) = 0.

22.

∆u = 0,
uρ(a, φ, z)− cu(a, φ, z) = 0,
u(b, φ, z) = (2− cosφ)−1 sin(z/2),
uz(ρ, φ, 0) = 0, u(ρ, φ, 1) = 0.

23.

∆u = ρ sinφ sinπz,
uρ(a, φ, z) = (1− z) cosφ,
u(b, φ, z) = 0,
u(ρ, φ, 0) = 0, u(ρ, φ, 1) = 0.

24.
∆u = f(ρ) sin 2φ cos z cos 2z,
u(a, φ, z) = 0, u(b, φ, z) = 0,
uz(ρ, φ, 0) = 0, u(ρ, φ, π/2) = 0.

25.

∆u = 0,
u(b, φ, z) = 2 sin 4φ sinπz,
u(ρ, 0, z) = 0, u(ρ, π/2, z) = 0,
uz(ρ, φ, 0) = 0, u(ρ, φ, 1) = 0.

26.

∆u = 0,
u(b, φ, z) = g(z) sin(φ/2),
u(ρ, 0, z) = 0, uφ(ρ, π, z) = 0,
u(ρ, φ, 0) = 0, u(ρ, φ, l) = 0.

27.

∆u = 0,
uρ(b, φ, z)= sin(3φ/2) cos(πz/2),
u(ρ, 0, z) = 0, u(ρ, 2π/3, z) = 0,
u(ρ, φ, 0) = 0, u(ρ, φ, 1) = 0.

28.

∆u =
√
ρ cos(3φ/2),

u(b, φ, z) = 0,
uφ(ρ, 0, z) = 0, u(ρ, π/3, z) = 0,
uz(ρ, φ, 0) = 0, uz(ρ, φ, 1) = 0.

29.

∆u = 0,
u(a, φ, z) = 0,
u(b, φ, z) = cos(φ/2) sin4(πz/l),
uφ(ρ, 0, z) = 0, u(ρ, π, z) = 0,
uz(ρ, φ, 0) = 0, uz(ρ, φ, l) = 0.

30.

∆u = ρ3/2 sin 3φ ch z+
ρ1/2 sin(3φ/2) sin(πz/2),

u(b, φ, z) = 0,
u(ρ, 0, z) = 0, u(ρ, 2π/3, z) = 0,
u(ρ, φ, 0) = 0, uz(ρ, φ, 1) = 0.

31.

∆u = 0,
u(a, φ, z) = φ, u(b, φ, z) = 0,
u(ρ, 0, z) = 0, u(ρ, π, z) = π,
uz(ρ, φ, 0) = 0, u(ρ, φ, l) = 0.

Ðîçâ'ÿçàòè ðiâíÿííÿ Ïóàññîíà â íåîáìåæåíié îáëàñòi:

32.

∆u = 0 (ρ > 1),
u(1, φ, z) = 0,
u(ρ, 0, z) = 0, uφ(ρ, π/2, z) = 0,
u(ρ, φ, 0) = 0, u(ρ, φ, 1) = sinφ

ρ ,
u îáìåæåíà.

33.
∆u = 0 (ρ < 1, z > 0),
u(1, φ, z) = e−z, uz(ρ, φ, 0) = 0,
u îáìåæåíà.

34.
∆u = 0,
uz(ρ, φ, 0) = 0, u(ρ, φ, 1) = f(ρ),
u îáìåæåíà.

35.

∆u = y
x2+y2 (x ∈ R, y > 0),

u(x, 0, z) = zx−2,
u(x, y, 0) = 0,

uz(x, y, 1) = x2−y2
(x2+y2)2 ,

u îáìåæåíà.

Ðîçâ'ÿçàòè êðàéîâó çàäà÷ó:

36. ∆u− 4z2u = 4yz2e−z
2

/(x2 + y2).



×àñòèíà 2

Ìåòîä ôóíêöié âïëèâó

Íåõàé E,E0, . . . ,En � ëiíiéíi ïðîñòîðè i äëÿ êîæíîãî j âiä íóëÿ äî n
çàäàíî ëiíiéíèé îïåðàòîð Aj : E→ Ej . Ïðèïóñòèìî, ùî äëÿ áóäü-ÿêîãî
f ∈ Ej çàäà÷à

Aiu = 0, i = 0, . . . , j − 1, j + 1, . . . , n,
Aju = fj

(∗)

ìà¹ ¹äèíèé ðîçâ'ÿçîê uj . Î÷åâèäíî, âií ëiíiéíî çàëåæèòü âiä fj : uj =
Bjfj , äå Bj � äåÿêèé ëiíiéíèé îïåðàòîð ç Ej â E. Òîäi é çàäà÷à

Aiu = fi, i = 0, . . . , n,

ìà¹ ¹äèíèé ðîçâ'ÿçîê, ÿêèé ¹ ñóìîþ ðîçâ'ÿçêiâ çàäà÷ (∗):

u =

n∑
j=0

Bjfj .

Ïîäèâèìîñü, ÿê öå êîíêðåòèçó¹òüñÿ äëÿ ëiíiéíî¨ äèôåðåíöiàëüíî¨ çà-
äà÷i (4.12). Ó íié n = 2, E = C2[b1, b2], E0 = C1[b1, b2], E1 = E2 = R (ïåð-
øi äâà ïðîñòîðè ìîæíà âçÿòè é øèðøèìè), A0 = Λ, f0 = f , Aj = Qj ,
fj = cj (j = 1, 2). Âèðàç (4.14) ðîçâ'ÿçêó ïîêàçó¹, ùî

B0f(x) =

b2w

b1

G(x, ξ)f(ξ)dξ,

òîáòî B0 � ôðåäãîëüìiâ iíòåãðàëüíèé îïåðàòîð, ÿäðîì ÿêîãî ¹ ôóíêöiÿ
Ãðiíà G. Ç îãëÿäó íà íàïèñàíó ðiâíiñòü ¨¨ ùå íàçèâàþòü ôóíêöi¹þ âïëè-
âó âiëüíîãî ÷ëåíà.

Ïåðøi äâà äîäàíêè â ïðàâié ÷àñòèíi (4.14) íå ñõîæi íà òðåòié, àëå
ÿêùî äîäàòêîâi óìîâè â (4.12) ìåæîâi i ðîçùåïëåíi, òî é âîíè âèðàæà-
þòüñÿ ÷åðåç ôóíêöiþ Ãðiíà. Íåõàé, íàïðèêëàä, îáèäâi ìåæîâi óìîâè �
ïåðøîãî ðîäó: QjV = V (bj), j = 1, 2. ßêáè V ′j (bj) = 0, òî ôóíêöiÿ Vj
áóëà áè ðîçâ'ÿçêîì çàäà÷i Êîøi

ΛV = 0,
Vj(bj) = 0, V ′j (bj) = 0,

à çíà÷èòü òîòîæíèì íóëåì, ùî ñóïåðå÷èòü (4.13). Îòæå, V ′j (bj) 6= 0, ùî
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ðàçîì iç (4.15) äà¹

V2(x)

V2(b1)
=

G′(x, b1)

G′(b1 + 0, b1)
,

V1(x)

V1(b2)
=

G′(x, b2)

G′(b2 − 0, b2)

(òóò øòðèõ îçíà÷à¹ äèôåðåíöiþâàííÿ ïî äðóãîìó àðãóìåíòîâi). Àíàëî-
ãi÷íî ïåðåêîíó¹ìîñÿ, ùî ó âèïàäêó ìåæîâèõ óìîâ äðóãîãî ðîäó

V2(x)

V ′2(b1)
=

G(x, b1)

G′(b1, b1 + 0)
,

V1(x)

V ′1(b2)
=

G(x, b2)

G′(b2, b2 − 0)
.

Òàêèì ÷èíîì, îïåðàòîð Bj : R → C2[b1, b2] ïåðåâîäèòü äîâiëüíå ÷èñëî
â äîáóòîê éîãî íà ôóíêöiþ, íàïèñàíó â ïðàâié ÷àñòèíi îäíî¨ ç îñòàííiõ
÷îòèðüîõ ðiâíîñòåé. ßêùî ðîçãëÿäàòè ïàðó ÷èñåë (c1, c2) ÿê ÷èñëîâó
ôóíêöiþ íà äâîåëåìåíòíié ìíîæèíi (ó äàíîìó ðàçi � ìåæi ∂D iíòåðâàëó
D = ]b1, b2[), òî B1 + B2 ìîæíà ðîçãëÿäàòè ÿê îïåðàòîð íà ∂D i âií
áóäå, ÿê i B0, iíòåãðàëüíèì (iíòåãðàë ïî ñêií÷åííié ìíîæèíi öå ñóìà).
Âèÿâëÿ¹òüñÿ, ùî i â çàãàëüíié ëiíiéíié êðàéîâié çàäà÷i äëÿ ðiâíÿííÿ
â ÷àñòèííèõ ïîõiäíèõ âïëèâè âiëüíîãî ÷ëåíà i êðàéîâèõ (ÿê ìåæîâèõ,
òàê i ïî÷àòêîâèõ) óìîâ ¹ ðåçóëüòàòàìè äi¨ iíòåãðàëüíèõ îïåðàòîðiâ, ÿäðà
ÿêèõ âèðàæàþòüñÿ, äëÿ êîæíîãî ç îïåðàòîðiâ ïî-ñâî¹ìó, ÷åðåç îäíó é òó
ñàìó ôóíêöiþ. �¨ íàçèâàþòü, ÿê i â òåîði¨ çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü, ôóíêöi¹þ Ãðiíà çàäà÷i. ßäðîì iíòåãðàëüíîãî îïåðàòîðà ìîæå
áóòè àáî âîíà ñàìà àáî ðåçóëüòàò äi¨ íà íå¨ äåÿêîãî äèôåðåíöiàëüíîãî
îïåðàòîðà. Òåîðiÿ óçàãàëüíåíèõ ôóíêöié, ç îñíîâàìè ÿêî¨ ìè çíàéîìèìî
÷èòà÷à, äîçâîëÿ¹ ïðèïèñàòè ñìèñë òàêîìó îïåðàòîðó, íàâiòü ÿêùî éîãî
ÿäðî íå ¹ ôóíêöi¹þ â êëàñè÷íîìó ðîçóìiííi.

� 8. Óçàãàëüíåíi ôóíêöi¨

Äëÿ α = (α1, . . . , αd) ∈ Zd+ ñèìâîë ∂α îçíà÷à¹ îïåðàòîð äèôåðåíöiþâàííÿ
ôóíêöi¨ d ñêàëÿðíèõ çìiííèõ αi ðàçiâ ïî i-é çìiííié, i = 1, . . . , d. Äëÿ x ∈
Rd i α ∈ Zd xα îçíà÷à¹ ìóëüòèñòåïiíü xα1

1 × · · · × x
αd
d . Ùîá ìàòè çìîãó

çàïèñóâàòè éîãî ÿê ôóíêöiþ âiä îñíîâè ïðè ôiêñîâàíîìó ïîêàçíèêó, ââåäåìî
ùå ïîçíà÷åííÿ pα(x) = xα.

Íåõàé R � äåÿêèé ëiíiéíèé ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ ôóí-
êöié íà Rd òàêèé, ùî äëÿ áóäü-ÿêèõ ϕ ∈ R i α,β ∈ Zd+ ôóíêöiÿ pα∂

βϕ òàêîæ
íàëåæèòü R. Ïðèïóñòèìî òàêîæ, ùî â R îçíà÷åíî çáiæíiñòü i çãiäíî ç öèì
îçíà÷åííÿì äëÿ áóäü-ÿêèõ ϕ ∈ R, α ∈ Zd+ i çáiæíî¨ äî ϕ ïîñëiäîâíîñòi (ϕn)
ïîñëiäîâíiñòü (∂αϕn) çáiãà¹òüñÿ äî ∂αϕ. Åëåìåíòè ïðîñòîðóR íàçèâàþòü ïðî-
áíèìè àáî îñíîâíèìè ôóíêöiÿìè, à ëiíiéíi íåïåðåðâíi ôóíêöiîíàëè íà íüîìó
� óçàãàëüíåíèìè ôóíêöiÿìè àáî ðîçïîäiëàìè.

Âèùå ñôîðìóëüîâàíî ìiíiìàëüíi âèìîãè äî ïðîñòîðó R i çáiæíîñòi â íüî-
ìó. Ó òèõ äâîõ ïðîñòîðàõ, ÿêi âèêîðèñòîâóþòüñÿ â ìàòåìàòè÷íié ôiçèöi, i
çàïàñ ôóíêöié, i ïîíÿòòÿ çáiæíîñòi çàäàþòüñÿ ùå é iíøèìè âèìîãàìè. Ó ïåð-
øîìó ç íèõ, ïîçíà÷óâàíîìó D, ôóíêöi¨ ôiíiòíi (òîáòî äëÿ êîæíî¨ ϕ ∈ D iñíó¹
îáìåæåíà ìíîæèíà A ⊂ Rd òàêà, ùî ϕ(x) = 0 ïðè x /∈ A); ó äðóãîìó, S, âîíè
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çàäîâîëüíÿþòü óìîâó ∀m ∈ N ∀β ∈ Zd+ supx |x|m
∣∣∂βϕ(x)

∣∣ < ∞, àáî, ðiâíî-
ñèëüíî, ∀α,β ∈ Zd+ supx

∣∣xα∂βϕ(x)
∣∣ < ∞ (i ùå äâà ôîðìóëþâàííÿ íàâåäåíî

â çàäà÷i 8.1). Îçíà÷åííÿ çáiæíîñòåé ó D i S ìîæíà çíàéòè â [11].
Çíà÷åííÿ ðîçïîäiëó f íà ïðîáíié ôóíêöi¨ ϕ ïîçíà÷à¹òüñÿ (f, ϕ). Óçàãàëü-

íåíi ôóíêöi¨, çîáðàæóâàíi ó âèãëÿäi

(f, ϕ) =
w

Rd
f(x)ϕ(x)dx, (8.1)

äå f ó ïðàâié ÷àñòèíi ðiâíîñòi � ñïðàâæíÿ ôóíêöiÿ, íàçèâàþòüñÿ ðåãóëÿðíèìè,
óñi iíøi � ñèíãóëÿðíèìè. Íàéâàæëèâiøèìè ïðèêëàäàìè îñòàííiõ ¹ δa, P 1

x−a ,
1

x±i0 . Ïåðøà ç íèõ (¨¨ ùå íàçèâàþòü δ-ôóíêöi¹þ) çàäà¹òüñÿ ðiâíiñòþ

(δa, ϕ) = ϕ(a) (8.2)

(ïðè a = 0 ïèøóòü ïðîñòî δ). Äðóãó i äâîâàðiàíòíó (ç òèì ÷è òèì çíàêîì)
òðåòþ îçíà÷èìî äëÿ âèïàäêó d = 1:(

P 1

x− a , ϕ
)

= v.p.
∞w

−∞

ϕ(x)− ϕ(a)

x− a dx ≡ lim
N→∞

a+Nw

a−N

ϕ(x)− ϕ(a)

x− a dx, (8.3)

(
1

x± i0 , ϕ
)

= lim
ε→+0

∞w

−∞

ϕ(x)

x± iεdx. (8.4)

Ïîøèðåíèé çàïèñ ðiâíîñòi (8.2) ó âèãëÿäi
w

Rd
δ(x− a)ϕ(x)dx = ϕ(a)

(ñïðîáà iíòåðïðåòóâàòè óçàãàëüíåíó ôóíêöiþ δa ÿê êëàñè÷íó) íåñòðîãèé, àëå
ìiñòèòü ðàöiîíàëüíå çåðíî. À ñàìå, íåâàæêî ïîáóäóâàòè ïîñëiäîâíiñòü (fn)
ôóíêöié íà Rd òàêó, ùî äëÿ áóäü-ÿêî¨ îáìåæåíî¨ íåïåðåðâíî¨ ôóíêöi¨ ϕ

ϕ(a) = lim
n→∞

w

Rd
fn(x)ϕ(x)dx

(íàïðèêëàä, fn(x) = ndf (n(x− a)), äå f � äîâiëüíà íåïåðåðâíà ãóñòèíà îäè-
íè÷íî¨ ìàñè, äîäàòíà ïðè x = 0). Òîäi δa ìîæíà ìèñëèòè ÿê ãðàíèöþ (àëå
íå â ðîçóìiííi ïîòî÷êîâî¨ çáiæíîñòi) ïîñëiäîâíîñòi (fn). Öå ïåâíîþ ìiðîþ
âèïðàâäîâó¹ óìîâíèé çàïèñ δ(x), ÿêèì êîðèñòóâàòèìåìîñü i ìè.

Íåõàé ρ � òàêà ôóíêöiÿ íà Rd, ùî äëÿ áóäü-ÿêî¨ ϕ ∈ R ôóíêöiÿ ρϕ òàêîæ
íàëåæèòü R (öþ âëàñòèâiñòü ìà¹, íàïðèêëàä, ìóëüòèñòåïiíü). Òîäi äîáóòîê
óçàãàëüíåíî¨ ôóíêöi¨ f íà ρ îçíà÷ó¹òüñÿ òàê:

(ρf, ϕ) = (f, ρϕ). (8.5)

Äëÿ α ∈ Zd+ ïîõiäíà ∂αf ðîçïîäiëó f îçíà÷ó¹òüñÿ ÿê ôóíêöiîíàë íàR, äiþ÷èé
çà ïðàâèëîì

(∂αf, ϕ) = (−1)α1+...+αd (f, ∂αϕ) . (8.6)
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Ç (8.6) i âëàñòèâîñòåé ïðîñòîðó R âèïëèâà¹ ëiíiéíiñòü i íåïåðåðâíiñòü ∂αf .
Íèæ÷å kx îçíà÷à¹ ñêàëÿðíèé äîáóòîê âåêòîðiâ k òà x. Äëÿ äîâiëüíèõ

ôóíêöié g, h ∈ L1(Rd) ïîçíà÷èìî

g ∗ h (x) =
w

Rd
g(x− ξ)h(ξ)dξ, (8.7)

ĝ(k) =
w

Rd
eikxg(x)dx, (8.8)

ȟ(x) = (2π)−d
w

Rd
e−ikxh(k)dk. (8.9)

Òîäi, ÿê âiäîìî ç ìàòåìàòè÷íîãî àíàëiçó,

ˇ̂g = g, ˆ̌h = h, (8.10)

ĝ ∗ h = ĝĥ. (8.11)

(ßêùî ĝ /∈ L1, òî â ïåðøié ç ðiâíîñòåé (8.10) áåðåòüñÿ ãîëîâíå çíà÷åííÿ âiä-
ïîâiäàþ÷îãî çíàêîâi ˇ iíòåãðàëà; àíàëîãi÷íî iíòåðïðåòó¹òüñÿ äðóãà ðiâíiñòü).
Îïåðàòîð ˆ íàçèâà¹òüñÿ ïåðåòâîðåííÿì Ôóð'¹, à ôóíêöiÿ ĝ � ïåð�åòâîðîì1

ôóíêöi¨ g. Îïåðàòîð ˇ, ÿê âèäíî ç (8.10), îáåðíåíèé äî ˆ. Òàêîæ iç (8.8) �
(8.10) âèïëèâà¹ ðiâíiñòü

ĝ = (2π)dǧ#, (8.12)

äå äëÿ äîâiëüíî¨ ôóíêöi¨ q ïîçíà÷åíî q#(x) = q(−x).
Ïîçíà÷èìî R̂ = {ϕ̂ : ϕ ∈ R} (ðîçãëÿäà¹ìî òiëüêè äiéñíîçíà÷íi ïðîáíi ôóí-

êöi¨) i îçíà÷èìî ïåðåòâið Ôóð'¹ óçàãàëüíåíî¨ ôóíêöi¨ f ÿê ôóíêöiîíàë f̂ íà
R̂, äiþ÷èé çà ïðàâèëîì (

f̂ , ϕ̂
)

= (2π)d
(
f, ϕ#

)
, (8.13)

àáî, ðiâíîñèëüíî, (
f̂ , ϕ̂

)
= (2π)d(f, ϕ)

(òóò ðèñêà îçíà÷à¹ êîìïëåêñíå ñïðÿæåííÿ). Âèçíà÷íà âëàñòèâiñòü ïðîñòîðó
S ïîëÿãà¹ â òîìó, ùî Ŝ = S. Öå ðàçîì iç (8.12) äîçâîëÿ¹ ó âèïàäêó R = S
çàïèñàòè îçíà÷åííÿ (8.13) ó ïðîñòiøié ôîðìi(

f̂ , ϕ
)

= (f, ϕ̂) . (8.14)

Ñïðàâäi, çãiäíî ç (8.12) ϕ = ψ̂, äå ψ = (2π)−dϕ̂#. Òîìó ç (8.13) ìà¹ìî
(
f̂ , ϕ

)
=(

f, ϕ̂##
)

= (f, ϕ̂).

1Äèâ. çãàäàíi íà ñòîð. 34 ñëîâíèêè, à òàêîæ Ðîñiéñüêî-óêðà¨íñüêèé ìàòåìàòè÷íèé

ñëîâíèê (óêëàäà÷i Ô. Ñ. Ãóäèìåíêî, É. Á. Ïîãðåáèñüêèé, Ã. Í. Ñàêîâè÷, Ì. À. ×àé-
êîâñüêèé).
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Çàóâàæåííÿ. Ó âèïàäêóR = D çàãàëüíîïðèéíÿòèì ¹ òàêå îçíà÷åííÿ ïåðåòâîðó
Ôóð'¹: (

f̂ , ϕ̂
)

= (2π)d(f, ϕ).

Ìè âiäñòóïèëè âiä íüîãî, áî äëÿ ðåãóëÿðíî¨ àáñîëþòíî iíòåãðîâíî¨ ôóíêöi¨ âî-
íî äà¹ âèðàç ïåðåòâîðó f̂(k) =

r
Rd e

−ikxf(x)dx, ÿêèé âiäðiçíÿ¹òüñÿ âiä ïðàâî¨
÷àñòèíè (8.8) ç g = f ïîêàçíèêîì ñòåïåíÿ.

Íàéâàæëèâiøi âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹ òàêi:

∂̂αf = (−i)α1+...+αd pαf̂ , (8.15)

p̂αf = (−i)α1+...+αd ∂αf̂ (8.16)

(íàãàäà¹ìî, ùî pα(x) � öå ïåðåïîçíà÷åííÿ xα).

Ïðèêëàä 8.1. Äîâåñòè ôîðìóëó Ñîõîöüêîãî

1

x± i0 = P 1

x
∓ iπδ(x). (8.17)

� Çàïèñàâøè
∞w

−∞

ϕ(x)

x± iεdx = lim
N→∞

Nw

−N

ϕ(x)

x± iεdx,

Nw

−N

ϕ(x)

x± iεdx =

Nw

−N

ϕ(x)− ϕ(0)

x± iε dx+ ϕ(0)

Nw

−N

x∓ iε
x2 + ε2

dx,

Nw

−N

xdx

x2 + ε2
= 0, ε

∞w

−∞

dx

x2 + ε2
= π,

áà÷èìî, ùî
∞w

−∞

ϕ(x)

x± iεdx =

∞w

−∞

ϕ(x)− ϕ(0)

x± iε dx∓ iπϕ(0).

Çâiäñè, ïåðåéøîâøè äî ãðàíèöi ïðè ε → +0 i âçÿâøè äî óâàãè (8.3) i
(8.2) ç a = 0, îäåðæó¹ìî (8.17). �

Ïðèêëàä 8.2. Çíàéòè äîáóòîê δ-ôóíêöi¨ íà ôóíêöiþ ρ òàêó, ùî ìíî-
æåííÿ íà íå¨ ïðîáíèõ ôóíêöié íå âèâîäèòü ç R.
� Çà ôîðìóëàìè (8.5) i (8.2)

(ρδa, ϕ) = (δa, ρϕ) = ρ(a)ϕ(a) = ρ(a)(δa, ϕ) ≡ (ρ(a)δa, ϕ).

Îòæå, ρδa = ρ(a)δa, òîáòî ìíîæåííÿ δa íà ôóíêöiþ ðiâíîñèëüíå ìíî-
æåííþ ¨¨ íà ÷èñëî � çíà÷åííÿ ôóíêöi¨-ìíîæíèêà â òî÷öi a. �
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Ïðèêëàä 8.3. Çíàéòè ïîõiäíó ôóíêöi¨ Õåâiñàéäà θ, ðiâíî¨ íóëþ íà âiä'-
¹ìíié ïiâîñi i îäèíèöi íà äîäàòíié.

� Çà ôîðìóëîþ (8.1) i îçíà÷åííÿì θ

(θ, ϕ) =

∞w

0

ϕ(x)dx

(òîìó é íå áóëî ïîòðåáè çàäàâàòè çíà÷åííÿ θ â íóëi). Çàìiíèâøè òóò ϕ íà
ϕ′ i âðàõóâàâøè, ùî äëÿ ïðîáíî¨ ôóíêöi¨ limx→∞ ϕ(x) = 0, îäåðæèìî
(θ, ϕ′) = −ϕ(0). Àëå çà îçíà÷åííÿì (8.6) ïîõiäíî¨ ðîçïîäiëó (θ, ϕ′) =
−(θ′, ϕ) i, çíà÷èòü, (θ′, ϕ) = ϕ(0), ùî ðàçîì iç (8.2) äà¹ θ′ = δ. �

Ïðèêëàä 8.4. Çíàéòè ïîõiäíó óçàãàëüíåíî¨ ôóíêöi¨ P 1
x−a .

� Iç (8.6) i (8.3)((
P 1

x− a

)′
, ϕ

)
= −

(
P 1

x− a, ϕ
′
)

= lim
N→∞

a+Nw

a−N

ϕ′(a)− ϕ′(x)

x− a dx.

Çàïèñàâøè ïiäiíòåãðàëüíèé âèðàç ÿê (x−a)−1d (ϕ(a) + ϕ′(a)(x− a)− ϕ(x))
i ïðîiíòåãðóâàâøè ÷àñòèíàìè, áà÷èìî, ùî((

P 1

x− a

)′
, ϕ

)
= lim
N→∞

[
a+Nw

a−N

ϕ(a) + ϕ′(a)(x− a)− ϕ(x)

(x− a)2
dx

+
2ϕ(a)− ϕ(a−N)− ϕ(a+N)

N

]
.

Îòæå,
(
P 1
x−a

)′
= −P 1

(x−a)2 , äå(
P 1

(x− a)2
, ϕ

)
=

∞w

−∞

ϕ(x)− ϕ(a)− ϕ′(a)(x− a)

(x− a)2
dx. �

Ïðèêëàä 8.5. Çíàéòè ïîõiäíó 2π-ïåðiîäè÷íî¨ ôóíêöi¨ f òàêî¨, ùî

f(x) =
π − x

2
ïðè 0 < x < 2π.

� Ïåðøèé ñïîñiá. Ó òî÷êàõ 2kπ, k ∈ Z, ôóíêöiÿ ìà¹ òàêèé ñàìèé
ñòðèáîê, ÿê ôóíêöiÿ Õåâiñàéäà, à íà iíòåðâàëàõ íåïåðåðâíîñòi ìà¹ ïî-
õiäíó â êëàñè÷íîìó ðîçóìiííi, ðiâíó −1/2. Öå ðàçîì iç âèâåäåíîþ â
ïðèêëàäi 8.3 ôîðìóëîþ θ′ = δ ïîêàçó¹, ùî

f ′ = −1

2
+ π

∞∑
k=−∞

δ2kπ.
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Äðóãèé ñïîñiá. Ïðîäèôåðåíöiþâàâøè ðiâíiñòü (5.21), äiñòàíåìî ç óðà-
õóâàííÿì 2π-ïåðiîäè÷íîñòi f

f ′(x) =

∞∑
n=1

cosnx

(çâè÷àéíî, öÿ ðiâíiñòü íå ¹ ïîòî÷êîâîþ, áî ïðè ôiêñîâàíîìó x ðÿä ó
ïðàâié ÷àñòèíi ðîçáiãà¹òüñÿ).

Ïîðiâíÿííÿ îäåðæàíèõ äâîìà ñïîñîáàìè âèðàçiâ ïîõiäíî¨ ïðèâîäèòü
äî öiêàâî¨ ðiâíîñòi

1

2
+

∞∑
n=1

cosnx = π

∞∑
k=−∞

δ(x− 2kπ).

Ñòðîãèé åêâiâàëåíò ¨¨ òàêèé: äëÿ áóäü-ÿêî¨ ϕ ∈ S
∞∑

k=−∞

ϕ(2kπ) =
1

2π

∞w

−∞
ϕ(x)dx+

∞∑
n=1

1

π

∞w

−∞
ϕ(x) cosnxdx.

Çâiäñè, çàïèñàâøè ïðàâó ÷àñòèíó ÿê

1

2π

∞∑
n=−∞

( ∞w

−∞
ϕ(x) cosnxdx+ i

∞w

−∞
ϕ(x) sinnxdx

)
i ïðèãàäàâøè ïîçíà÷åííÿ (8.8), îäåðæó¹ìî ôîðìóëó Ïóàññîíà

∞∑
k=−∞

ϕ(2kπ) =
1

2π

∞∑
n=−∞

ϕ̂(n). �

Ïðèêëàä 8.6. Çíàéòè ïåðåòâið Ôóð'¹ δ-ôóíêöi¨.
� Çà ôîðìóëàìè (8.14), (8.2) i (8.8)(

δ̂a, ϕ
)

= (δa, ϕ̂) = ϕ̂(a) =
w

Rd
eiaxϕ(x)dx,

çâiäêè çà ôîðìóëîþ (8.1) δ̂a(k) = eika, çîêðåìà δ̂(k) = 1. �

Ïðèêëàä 8.7. Çíàéòè ïåðåòâið Ôóð'¹ ìóëüòèñòåïåíÿ.
� Ç ïîïåðåäíüîãî ïðèêëàäó i ôîðìóë (8.14), (8.13), (8.2), ìà¹ìî(

1̂, ϕ
)

= (1, ϕ̂) =
(
δ̂, ϕ̂
)

= (2π)d
(
δ, ϕ#

)
= (2π)dϕ#(0) ≡ (2π)dϕ(0)

= (2π)d (δ, ϕ), çâiäêè 1̂ = (2π)dδ. Òîäi çà ôîðìóëîþ (8.16)

p̂α ≡ p̂α1 = (−i)α1+...+αd ∂α1̂ = (−i)α1+...+αd (2π)d∂αδ. �

Ïðèêëàä 8.8. Çíàéòè ïåðåòâið Ôóð'¹ ðîçïîäiëó P 1
x .
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� Çà ôîðìóëàìè (8.14), (8.3) i (8.8)(
P̂ 1

x
, ϕ

)
=

(
P 1

z
, ϕ̂

)
= lim
N→∞

Nw

−N

ϕ̂(z)− ϕ̂(0)

z
dz

= lim
N→∞

Nw

−N

dz

z

∞w

−∞

(
eizx − 1

)
ϕ(x)dx.

Çìiíèâøè â îñòàííüîìó iíòåãðàëi ïîðÿäîê iíòåãðóâàííÿ, ïåðåéøîâøè äî
ãðàíèöi ïiä çíàêîì

r
· · · dx (äëÿ ϕ ∈ S òåîðåìà ìàòåìàòè÷íîãî àíàëiçó

äîçâîëÿ¹ öå çðîáèòè) i çàïèñàâøè
∞w

−∞

eizx − 1

z
dz = i

∞w

−∞

sin zx

z
dz = πi sgnx

(ïåðøà ðiâíiñòü âèïëèâà¹ ç íåïàðíîñòi äiéñíî¨ ÷àñòèíè ïiäiíòåãðàëüíî¨

ôóíêöi¨, äðóãà âiäîìà ÿê ôîðìóëà Äiðiõëå), îäåðæó¹ìî âiäïîâiäü: P̂ 1
x =

πi sgnx. �

1. Äîâåñòè: ϕ ∈ S ⇐⇒ ∀m ∈ N ∀β ∈ Zd+ limx→∞ |x|m
∣∣∂βϕ(x)

∣∣ =

0 ⇐⇒ ∀α,β ∈ Zd+ limx→∞
∣∣xα∂βϕ(x)

∣∣ = 0.

2. Îá÷èñëèòè äîáóòîê xnP 1

x
, n ∈ N.

3. Îá÷èñëèòè äîáóòîê xnP 1

x2
, n ∈ N.

4. Äîâåñòè ôîðìóëó çàìiíè çìiííèõ äëÿ óçàãàëüíåíèõ ôóíêöié:

(f(ξ(x)), ϕ(x)) =

(
f(ξ),

∣∣∣∣det

(
dx

dξ

)∣∣∣∣ϕ(x(ξ))

)
.

Çîêðåìà, ðîçãëÿíóòè çàìiíó ξ = Ax+ b.

5. Ñïðîñòèòè δ(αx).

6. Ñïðîñòèòè δ
(
x2 − a2

)
, a 6= 0.

7. Óçàãàëüíåíà ôóíêöiÿ f çàäà¹òüñÿ ðiâíiñòþ f(x) =
r∞
0

sinxy cos y dy

(ó ñòðîãîìó çàïèñi: (f, ϕ) =
r∞
0

cos ydy
r∞
−∞ ϕ(x) sinxydx). Äîâåñòè, ùî

f(x) =
1

2

(
P 1

x+ 1
+ P 1

x− 1

)
.

8. Çíàéòè δ(n)
a .
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9. Ñïðîñòèòè xnδ(n)(x).

Çíàéòè ïîõiäíó óçàãàëüíåíî¨ ôóíêöi¨:

10. sgnx.

11. |x|.
12. x+.

13. θ(1− x2).

14. θ(x) sinx.

15. θ(x) cosx.

16. θ(sinx).

17. (sinx)+.

18. ln |x|.

19. P 1

x2
.

20.
1

x± i0 .

21. Äîâåñòè, ùî ̂f(x− a) = eikaf̂(x). Âèâåñòè àíàëîãi÷íó ôîðìóëó äëÿ
îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹.

Çíàéòè ïåðåòâið Ôóð'¹ ôóíêöi¨:

22. θ(x− a).

23. sgnx.

24. |x|.

25. xnδ(m)(x).

26. eax.

27. sin ax.

28. cos ax.

� 9. Ðiâíÿííÿ äèôóçi¨ â Rd

Ðîçâ'ÿçîê çàäà÷i Êîøi

ut = a2∆u+ f, (9.1a)

u(x, 0) = u0(x) (9.1b)

â Rd äà¹òüñÿ ôîðìóëîþ

u(x, t) =
w

Rd
G(x− ξ, t)u0(ξ)dξ +

tw

0

dτ
w

Rd
G(x− ξ, t− τ)f(ξ, τ)dξ, (9.2)

äå

G(x, t) =
1

(2a)d(πt)d/2
e
− |x|

2

4a2t , (9.3)

çîêðåìà ïðè d = 1

G(x, t) =
1

2a
√
πt
e
− x2

4a2t . (9.4)

Ïîðiâíÿííÿ îñòàííiõ äâîõ ðiâíîñòåé ïîêàçó¹, ùî

G(x, t) =
d∏
k=1

G(xk, t). (9.5)
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Ïåðøèé äîäàíîê ó ïðàâié ÷àñòèíi (9.2) ìîæíà çàïèñàòè ùå òàêèì ÷èíîì:r
Rd G(ξ, t)u0(x − ξ)dξ. Òàê ñàìî â äðóãîìó äîäàíêó ìîæíà çàïèñóâàòè ïiäií-
òåãðàëüíó ôóíêöiþ ùå áóäü-ÿêèì iç òðüîõ ñïîñîáiâ: G(ξ, τ)f(x − ξ, t − τ),
G(x− ξ, τ)f(ξ, t− τ), G(ξ, t− τ)f(x− ξ, τ).

Ïðèêëàä 9.1
ut = a2uxx,
u(x, 0) = ecx.

� Ïåðøèé ñïîñiá. Çà ôîðìóëîþ (9.2)

u(x, t) =

∞w

−∞
G(ξ, t)ec(x−ξ)dξ,

çâiäêè çâàæàþ÷è íà (9.4)

u(x, t) =
ecx

2a
√
πt

∞w

−∞
e−(ξ2/4a2t+cξ)dξ. (9.6)

Îá÷èñëèìî iíòåãðàë

A(q, c) =

∞w

−∞
e−(qξ2+cξ)dξ (q > 0). (9.7)

Ïîçíà÷èâøè
η =
√
qξ +

c

2
√
q

(9.8)

(òàê ùî dξ = dη/
√
b) i çàïèñàâøè òîòîæíiñòü

qξ2 + cξ = η2 − c2

4q
,

ïåðåòâîðèìî (9.7) äî âèãëÿäó

A(q, c) =
ec

2/4q

√
q

∞w

−∞
e−η

2

dη. (9.9)

Iíòåãðàë ó ïðàâié ÷àñòèíi ðiâíîñòi äîðiâíþ¹, ÿê âiäîìî ç ìàòåìàòè÷íîãî
àíàëiçó,

√
π. Îòæå,

∞w

−∞
e−(qξ2+cξ)dξ =

√
π

q
ec

2/4q, (9.10)

ùî ðàçîì iç (9.6) äà¹ âiäïîâiäü:

u(x, t) = ecx+a2c2t. (9.11)

Äðóãèé ñïîñiá, íà âiäìiíó âiä ïåðøîãî, ñïèðà¹òüñÿ íå íà óíiâåðñàëü-
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íó ôîðìóëó (9.2), à íà òîé ôàêò, ùî â äàíié çàäà÷i u0 ¹ âëàñíîþ ôóíêöi-
¹þ äèôåðåíöiàëüíîãî îïåðàòîðà ç ïðàâî¨ ÷àñòèíè ðiâíÿííÿ. Ùîá çðî-
áèòè ìiðêóâàííÿ ïðèäàòíèìè ùå äëÿ äåÿêèõ ïðèêëàäiâ, çàïèøåìî öþ
âëàñòèâiñòü ó çàãàëüíîìó âèãëÿäi:

u′′0 = λu0. (9.12)

ßêùî öå âèêîíàíî, òî ðîçâ'ÿçîê çàäà÷i (9.3) ç f = 0 ìà¹ âèãëÿä

u(x, t) = u0(x)T (t), (9.13)

äå T � ðîçâ'ÿçîê çàäà÷i Êîøi

Ṫ = a2λT, T (0) = 1,

òîáòî T (t) = ea
2λt. Ñïðàâäi, òàêà ôóíêöiÿ u çà ïîáóäîâîþ çàäîâîëüíÿ¹

ïî÷àòêîâó óìîâó (9.19). Ïiäñòàâèâøè (9.13) ó (9.12) ç f = 0, äiñòàíåìî
(Ṫ − a2λT )u = 0. À öå ñïðàâäæó¹òüñÿ çà âèáîðîì T . Ó íàøîìó âèïàäêó
λ = c2, òîæ ðiâíiñòü (9.13) ¹ ïåðåïîçíà÷åííÿì (9.11).

Ïiäêðåñëèìî ùå ðàç, ùî äðóãèé ñïîñiá çàñòîñîâíèé òiëüêè çà óìîâè
(9.12). �

Çàóâàæåííÿ. ßêùî â (9.7) ÷èñëî c êîìïëåêñíå ç íåíóëüîâîþ óÿâíîþ ÷àñòèíîþ,
òî â (9.9) iíòåãðóâàííÿ âåäåòüñÿ íå ïî äiéñíié îñi, à ïî ïàðàëåëüíié ¨é ïðÿìié
ó êîìïëåêñíié ïëîùèíi. Àëå ç iíòåãðàëüíî¨ òåîðåìè Êîøi ëåãêî âèâåñòè, ùî
äëÿ áóäü-ÿêîãî äiéñíîãî ÷èñëà b

lim
R→∞

Rw

−R

e−η
2

dη = lim
R→∞

R+biw

−R+bi

e−η
2

dη,

òîæ òàêå çìiùåííÿ øëÿõó iíòåãðóâàííÿ íå çìiíþ¹ çíà÷åííÿ iíòåãðàëà. Òîìó
ðiâíiñòü (9.9) ìà¹ ìiñöå i äëÿ êîìïëåêñíîãî c.

Ïðèêëàä 9.2
ut = a2uxx,
u(x, 0) = cos bx.

� Ïåðøèé ñïîñiá. Çà ôîðìóëîþ (9.2)

u(x, t) =

∞w

−∞
G(ξ, t) cos b(x− ξ)dξ. (9.14)

Çàïèñàâøè
cos(bx− bξ) = cos bx cos bξ + sin bx sin bξ

i âçÿâøè äî óâàãè ïàðíiñòü êîñèíóñà, íåïàðíiñòü ñèíóñà i âèïëèâàþ÷ó ç
(9.4) ïàðíiñòü G ïî ïåðøié çìiííié, äiñòàíåìî

u(x, t) = cos bx

∞w

−∞
G(ξ, t) cos bξdξ.
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Çâiäñè i ç (9.4), ñêîðèñòàâøèñü âiäîìîþ ôîðìóëîþ
∞w

−∞
e−αx

2

cos bxdx =

√
π

α
e−b

2/4α (α > 0), (9.15)

îäåðæó¹ìî âiäïîâiäü:

u(x, t) = e−a
2b2t cos bx. (9.16)

Äðóãèé ñïîñiá. Ôóíêöiÿ u0(x) = cos bx ìà¹ âëàñòèâiñòü (9.12) iç λ =
−b2, à çíà÷èòü ðîçâ'ÿçîê çàäà÷i çîáðàæó¹òüñÿ ó âèãëÿäi (9.13), äå T òàêà
ñàìà, ÿê ó ïîïåðåäíüîìó ïðèêëàäi.

Òðåòié ñïîñiá. Iç ôîðìóëè Åéëåðà cosφ = (eiφ + e−iφ)/2 i ïîïåðå-
äíüîãî ïðèêëàäó, çàìiíèâøè â íüîìó c íà ±bi (çàóâàæåííÿ äî ïðèêëàäó
9.1 äîçâîëÿ¹ öå çðîáèòè), ìà¹ìî (9.16). �

Ïðèêëàä 9.3
ut = a2uxx,

u(x, 0) = e−cx
2

(c > 0).

� Çà ôîðìóëàìè (9.2) i (9.4)

u(x, t) =
1

2a
√
πt
D

(
x,

1

4a2t
, c

)
,

äå

D(x, q, c) =

∞w

−∞
e−q(x−ξ)

2

e−cξ
2

dξ

≡ e−(1−(q+c)−1q)qx2
∞w

−∞
e−(q+c)(ξ−(q+c)−1qx)

2

dξ =

√
π

q + c
e−(1−(q+c)−1q)qx2

.

Òàêèì ÷èíîì,

u(x, t) =
1√

1 + 4a2ct
exp

(
− cx2

1 + 4a2ct

)
. �

Ïðèêëàä 9.4
ut = a2uxx + tex,
u(x, 0) = 0.

� Çà ôîðìóëîþ (9.2)

u(x, t) =

tw

0

(t− τ)dτ

∞w

−∞
G(ξ, τ)ex−ξdξ.

Âíóòðiøíié iíòåãðàë ÿê ôóíêöiÿ âiä x i τ ÿâëÿ¹ ñîáîþ, çãiäíî ç (9.2)
ðîçâ'ÿçîê çàäà÷i ïðèêëàäó 9.1 ç c = 1 i, òàêèì ÷èíîì, äîðiâíþ¹ ex+a2τ .
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Òîäi

u(x, t) = ex
tw

0

(t− τ)ea
2τdτ,

çâiäêè, ïðîiíòåãðóâàâøè ÷àñòèíàìè (ea
2τdτ = a−2dea

2τ ), îäåðæó¹ìî âiä-
ïîâiäü

u(x, t) = a−4
(
ea

2t − 1− a2t
)
ex. �

Ïðèêëàä 9.5
ut = a2uxx + bux + cu+ f,
u(x, 0) = u0(x).

� Îñêiëüêè ôóíêöi¨ f i u0 íå êîíêðåòèçóþòüñÿ, òî ïîòðiáíî âèâåñòè
çàãàëüíó ôîðìóëó ðîçâ'ÿçêó, àáî, ùî òå ñàìå, ïîáóäóâàòè ôóíêöiþ Ãði-
íà îïåðàòîðà L = ∂t − a2∂xx − b∂x − c, òîáòî ôóíêöiþ GL òàêó, ùî u
âèðàæà¹òüñÿ ÷åðåç u0 i f çà ôîðìóëîþ (9.2) ç GL çàìiñòü G.

Øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi (ïîð. ç (1.31))

u(x, t) = eαx+βtv(x, t),

ïiäáèðàþ÷è α i β òàê, ùî ðiâíÿííÿ äëÿ v íå ìiñòèëî vx i v.
Î÷åâèäíî,

ut = eαx+βt(vt+βv), ux = eαx+βt(vx+αv), uxx = eαx+βt(vxx+2αvx+α2v).

Ïiäñòàâèâøè öi âèðàçè â ðiâíÿííÿ äëÿ u, îäåðæó¹ìî ïiñëÿ òîòîæíèõ
ïåðåòâîðåíü

vt = a2vxx + (2αa2 + b)vx + (α2a2 + αb+ c− β)v + e−αx−βtf.

Îòæå, ïîêëàâøè

α = −b/2a2, β = α2a2 + αb+ c ≡ −b2/4a2 + c, (9.17)

äiñòàíåìî äëÿ v çàäà÷ó

vt = a2vxx + e−αx−βtf,
v(x, 0) = e−αxu0(x),

ðîçâ'ÿçîê ÿêî¨ çàïèñó¹òüñÿ çà ôîðìóëîþ (9.2) ç î÷åâèäíèìè ïåðåïîçíà-
÷åííÿìè:

v(x, t) =

tw

0

dτ

∞w

−∞
G(x−ξ, t−τ)e−αξ−βτf(ξ, τ)dξ+

∞w

−∞
G(x−ξ, t)e−αξu0(ξ)dξ.

Ïîìíîæèâøè îáèäâi ÷àñòèíè ðiâíîñòi íà eαx+βt i ïîçíà÷èâøè

GL(x, t) = eαx+βtG(x, t), (9.18)

äiñòàíåìî äëÿ u âèðàç (9.2) ç GL çàìiñòü G. Öå é îçíà÷à¹, ùî GL �
ôóíêöiÿ Ãðiíà îïåðàòîðà L. �¨ âèðàç (9.18) ç óðàõóâàííÿì (9.17) i (9.4)
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êîíêðåòèçó¹òüñÿ òàê:

GL(x, t) =
1

2a
√
πt

exp

(
ct− (x+ bt)2

4a2t

)
. �

Ïðèêëàä 9.6
ut = a2∆2u,
u(x, y, 0) = ecx cos by.

� Öå çàäà÷à (9.1) ç d = 2, f = 0, u0(x, y) = ecx cos by. Ñïåöèôiêà
ïî÷àòêîâî¨ óìîâè ïîëÿãà¹ â òîìó, ùî ôóíêöiÿ u0 ¹ òåíçîðíèì äîáóòêîì2,
ùî ìîæíà â çàãàëüíîìó âèãëÿäi çàïèñàòè òàê:

u0(x, y) = u01(x)u02(y). (9.19)

Öþ æ âëàñòèâiñòü çãiäíî ç (9.5) ìà¹ G ÿê ôóíêöiÿ âiä x i y:

G(x, y, t) = G(x, t)G(y, t).

Çâiäñè, çàïèñàâøè ðiâíiñòü (9.2) ç f = 0 â ðîçãîðíóòîìó âèãëÿäi

u(x, y, t) =

∞w

−∞

∞w

−∞
G(x− ξ, y − η, t)u0(ξ, η)dξdη,

îäåðæó¹ìî

u(x, y, t) =

∞w

−∞
G(x− ξ, t)u01(ξ)dξ

∞w

−∞
G(y − η, t)u02(η)dη. (9.20)

Òàêèì ÷èíîì, çà óìîâè (9.19) u ÿê ôóíêöiÿ ïðîñòîðîâèõ çìiííèõ òàêîæ
âèÿâëÿ¹òüñÿ òåíçîðíèì äîáóòêîì. Çàðàäè öüîãî âèñíîâêó ìè é íàâîäèìî
äàíèé ïðèêëàä. Çàâåðøàëüíà æ ÷àñòèíà éîãî ñóòî òåõíi÷íà.

Iíòåãðàëè â ïðàâié ÷àñòèíi ðiâíîñòi (9.20) � öå ðîçâ'ÿçêè çàäà÷

ut = a2uxx,
u(x, 0) = u01(x)

i ut = a2uyy,
u(y, 0) = u02(y).

Óçÿâøè u01(x) = ecx, u02(y) = cos by i ñêîðèñòàâøèñü ðåçóëüòàòàìè ïåð-
øèõ äâîõ ïðèêëàäiâ, îäåðæèìî âiäïîâiäü:

u(x, y, t) = ea
2(c2−b2)t+cx cos by. �

Ïðèêëàä 9.7
ut = a2∆2u,
u(ρ, φ, 0) = Jν(ρ) cos νφ.

Òóò ν � äiéñíèé ïàðàìåòð, Jν � áåññåëåâà ôóíêöiÿ ïîðÿäêó ν; ρ i φ �
ïîëÿðíi êîîðäèíàòè ïðîñòîðîâî¨ çìiííî¨.
� Ïðèãàäàâøè âèðàç ëàïëàñîâîãî îïåðàòîðà â ïîëÿðíèõ êîîðäèíà-

2Òîáòî òàêèì äîáóòêîì, ó ÿêîìó êîæíèé ñïiâìíîæíèê çàëåæèòü âiä ñâî¹¨ çìiííî¨.
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òàõ

∆ =
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂φ2

i ðiâíÿííÿ Áåññåëÿ

Z ′′(ρ) + ρ−1Z ′(ρ)− ν2ρ−2Z(ρ) = −Z(ρ),

îäíèì iç ðîçâ'ÿçêiâ ÿêîãî ¹ Jν , áà÷èìî, ùî ôóíêöiÿ u0(ρ, φ) = Jν(ρ) cos νφ
ìà¹ âëàñòèâiñòü ∆u0 = −u0, àíàëîãi÷íó âëàñòèâîñòi (9.12) ó ïðèêëàäàõ
9.1 i 9.2. Çâiäñè, ìiðêóþ÷è ÿê ó ïðèêëàäi 9.1, îäåðæó¹ìî

u(ρ, φ, t) = u0(ρ, φ)e−a
2t. �

Ïðèêëàä 9.8
ut = a2∆du+ F (|x|, t),
u(x, 0) = U0(|x|). (9.21)

� Ñïåöiàëüíèé âèãëÿä âiëüíîãî ÷ëåíà i ïî÷àòêîâî¨ óìîâè äîçâîëÿ¹
ïîíèçèòè êðàòíiñòü iíòåãðàëiâ, ùî âõîäÿòü ó (9.2). Îá÷èñëåííÿ ñïèðà¹-
òüñÿ íà íàñòóïíi âèêëàäêè, ÿêi çàïèøåìî â àâòîíîìíèõ ïîçíà÷åííÿõ.

Î÷åâèäíî, äëÿ áóäü-ÿêî¨ àáñîëþòíî iíòåãðîâíî¨ ôóíêöi¨ f íà Rd

w

Rd
f(ξ)dξ =

∞w

0

ρd−1dρ
w

Sd−1

f(ρq)dσ(q), (9.22)

äå ρ = |ξ|, q = ξ/ρ i, íàãàäà¹ìî, Sd−1 � îäèíè÷íà ñôåðà â Rd. Òî÷êà
íà Sd−1 çàäà¹òüñÿ d − 1 êóòîâèìè êîîðäèíàòàìè. Ïåðøó ç íèõ, øèðî-
òó (ïîçíà÷èìî ¨¨ ϑ), ìîæíà âiäðàõîâóâàòè âiä äîâiëüíîãî ôiêñîâàíîãî
íàïðÿìó (äàëi ìè éîãî âèáåðåìî íàëåæíèì ÷èíîì). Ïðèïóñòèìî, ùî f
çàëåæèòü âiä òî÷êè ïðîñòîðó òiëüêè ÷åðåç ¨¨ ñôåðè÷íèé ðàäióñ i øèðîòó.
Çàìiñòü øèðîòè, ÿêà çìiíþ¹òüñÿ âiä íóëÿ äî π, çðó÷íiøå âèêîðèñòîâó-
âàòè ¨¨ êîñèíóñ. Òàêèì ÷èíîì, çðîáëåíå ïðèïóùåííÿ ïðî f îçíà÷à¹, ùî
f(ρq) = g(ρ, ρ cosϑ), äå g � äåÿêà ôóíêöiÿ íà R+ × R. Òîäi

w

Sd−1

f(ρq)dσ(q) =

πw

0

g(ρ, ρ cosϑ) sind−2 ϑdϑ
w

Sd−2

dσ(p),

äå âíóòðiøíié iíòåãðàë ïðè d > 3 äîðiâíþ¹ σd−1 � ïëîùi ñôåðè Sd−2, à
ïðè d = 2 ôîðìàëüíî ïîêëàäà¹ìî σ1 = 2. Çâiäñè i ç (9.22) ìà¹ìî

w

Rd
f(ξ)dξ = σd−1

∞w

0

ρd−1dρ

πw

0

g(ρ, ρ cosϑ) sind−2 ϑdϑ. (9.23)

Âåðíóâøèñü äî çàäà÷i (9.21), ïîçíà÷èìî r = |x| i çàïèøåìî çà ôîð-
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ìóëîþ (9.2) ðîçâ'ÿçîê ó âèãëÿäi

u(x, t) = (2a)
−d

(πt)−d/2e−r
2/4a2tA(x, t)

+

tw

0

(2a)
−d

(π(t− τ))−d/2e−r
2/4a2(t−τ)B(x, t, τ)dτ, (9.24)

äå

A(x, t) =
w

Rd
e(−|ξ|2+2xξ)/4a2tU0(|ξ|)dξ,

B(x, t, τ) =
w

Rd
e(−|ξ|2+2xξ)/4a2(t−τ)F (|ξ|, τ)dξ.

Âiäðàõîâóþ÷è øèðîòó âiä íàïðÿìó âåêòîðà x, òàê ùî xξ = rρ cosϑ,
îäåðæèìî ç (9.23)

A(x, t) = σd−1

∞w

0

ρd−1e−ρ
2/4a2tU0(ρ)dρ

πw

0

erρ cosϑ/2a2t sind−2 ϑdϑ.

Âiäîìi ôîðìóëè σn = 2πn/2/Γ(n/2) i (7.17) äîçâîëÿþòü ñïðîñòèòè öåé
âèðàç:

A(x, t) = 2d−1ad−1πd/2td/2−1r1−d/2
∞w

0

ρd/2e−ρ
2/4a2tI d−2

2

( rρ

2a2t

)
U0(ρ)dρ.

Âèðàç B(x, t, τ) âiäðiçíÿ¹òüñÿ âiä íàïèñàíîãî òiëüêè ïîçíà÷åííÿìè. Ïiä-
ñòàâèâøè îáèäâà âèðàçè â (9.24), îäåðæèìî âiäïîâiäü:

u(x, t) =
e−r

2/4a2t

2a2trd/2−1

∞w

0

ρd/2e−ρ
2/4a2tI d−2

2

( rρ

2a2t

)
U0(ρ)dρ

+
r1−d/2

2a2

tw

0

e
− r2

4a2(t−τ)

t− τ dτ

∞w

0

ρd/2e
− ρ2

4a2(t−τ) I d−2
2

(
rρ

2a2(t− τ)

)
F (ρ, τ)dρ. �

(9.25)

Ïðèêëàä 9.9
ut = ∆2u,
u(x, 0) = |x|.

� Öå îêðåìèé âèïàäîê çàäà÷i (9.21), òîìó ïåðåõîäèìî äî ïîëÿðíèõ
êîîðäèíàò. Àëå íà âiäìiíó âiä ïîïåðåäíüîãî ïðèêëàäó, äå ìè iíòåãðóâàëè
ñïî÷àòêó ïî êóòîâèõ çìiííèõ, à ïîòiì ïî ðàäiàëüíié (ôîðìóëà (9.23)),
ó äàíîìó âèïàäêó êðàùå iíòåãðóâàòè ó çâîðîòíîìó ïîðÿäêó.
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Ç (9.2) i (9.3) ìà¹ìî

u(x, t) =
1

4πt

2πw

0

dφ

∞w

0

ρ2 exp

(
−r

2 + ρ2 − 2rρ cosφ

4t

)
dρ,

äå r = |x|. Çðîáèâøè ó âíóòðiøíüîìó iíòåãðàëi çàìiíó ρ = 2
√
tp, ïåðå-

òâîðèìî öþ ðiâíiñòü äî âèãëÿäó

u(x, t) =
2
√
t

π
e−

r2

4t

2πw

0

dφ

∞w

0

p2e−p
2

e
− rp cosφ√

t dp, (9.26)

Íåõàé b i g � ÷èñëî i ôóíêöiÿ íà R+ òàêi, ùî
r∞
0

r 2π

0
e2bp cosφ|g(p)|dpdφ <∞.

Ïîçíà÷èìî

I(b) =

2πw

0

dφ

∞w

0

e2bp cosφg(p)dp.

Çâàæàþ÷è íà 2π-ïåðiîäè÷íiñòü êîñèíóñà âiäðiçîê iíòåãðóâàííÿ ïî φ ìî-
æíà ÿê çàâãîäíî çìiùóâàòè. Çâiäñè i ç ïàðíîñòi êîñèíóñà ìà¹ìî

I(b) = 2

πw

0

dφ

∞w

0

e2bp cosφg(p)dp.

Çðîáèâøè çàìiíó φ = π − ψ, áà÷èìî, ùî I(b) = I(−b).
Ïðîäîâæèìî ôóíêöiþ g íà âñþ ïðÿìó ïàðíèì ÷èíîì. Òîäi, î÷åâèäíî,

I(−b) = 2

πw

0

dφ

0w

−∞
e2bp cosφg(p)dp.

Îòæå,

I(±b) =
I(b) + I(−b)

2
=

πw

0

dφ

+∞w

−∞
e2bp cosφg(p)dp. (9.27)

Ïîçíà÷èìî

F (a, b) =
2

π

2πw

0

dφ

+∞w

0

e−ap
2−2bp cosφdp

(a � äîäàòíèé ïàðàìåòð). Òîäi, ïîêëàâøè â (9.27) g(p) = e−ap
2

, äiñòàíåìî

F (a, b) =
2

π

πw

0

dφ

+∞w

−∞
e−a(p+

b cosφ
a )

2
+ b2 cos2 φ

a dp =
2e

b2

2a√
πa

πw

0

e
b2 cos 2φ

2a dφ.

Çâiäñè, çðîáèâøè çàìiíó φ = ψ/2 i ñêîðèñòàâøèñü ôîðìóëîþ (7.16),
îäåðæó¹ìî

F (a, b) = 2
√
π/a eb

2/2aI0
(
b2/2a

)
,
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ùî ç óðàõóâàííÿì (7.14) äà¹

∂F

∂a
(a, b) = −

√
π

a5
e
b2

2a

[
(a+ b2)I0

(
b2

2a

)
+ b2I1

(
b2

2a

)]
.

Ç iíøîãî áîêó, ÿê ïîêàçó¹ âèðàç F ,

∂F

∂a
(a, b) = − 1

π

2πw

0

dφ

+∞w

0

p2e−ap
2−2bp cosφdp.

Îòæå,

2

π

2πw

0

dφ

+∞w

0

p2e−p
2−2bp cosφdp =

√
πe

b2

2

[
(1 + b2)I0

(
b2

2

)
+ b2I1

(
b2

2

)]
.

Ïîêëàâøè òóò b = r/2
√
t, ïåðåòâîðèìî ðiâíiñòü (9.26) äî âèãëÿäó

u(x, t) =
√
πte−

r2

8t

[(
1 +

r2

4t

)
I0

(
r2

8t

)
+
r2

4t
I1

(
r2

8t

)]
. �

Ïðèêëàä 9.10
ut = a2∆du+ F (bx, t),
u(x, 0) = U0(bx)

(9.28)

(b ∈ Rd � ñòàëèé âåêòîð, bx � ñêàëÿðíèé äîáóòîê).
� Öå çàäà÷à (9.1) ç f(x, t) = F (bx, t), u0(x) = U0(bx). ßê i â ïðèêëàäi

9.8, ñïåöiàëüíèé âèãëÿä âiëüíîãî ÷ëåíà i ïî÷àòêîâî¨ óìîâè äîçâîëÿþòü
ïîíèçèòè êðàòíiñòü êîæíîãî ç iíòåãðàëiâ ó ôîðìóëi (9.2) íà d − 1 òàê,
ÿê öå áóëî çðîáëåíî âèùå. Àëå ìè âèáåðåìî ïðîñòiøèé øëÿõ, íà ÿêîìó
êðàòíi iíòåãðàëè ïî ïðîñòîðîâié çìiííié óçàãàëi íå âèíèêàþòü. À ñàìå,
øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi

u(x, t) = U(bx, t), (9.29)

äå U � ôóíêöiÿ äâîõ ñ ê à ë ÿ ð í è õ çìiííèõ.
Î÷åâèäíî, äëÿ áóäü-ÿêî¨ äâi÷i äèôåðåíöiéîâíî¨ ôóíêöi¨ V íà R

∆v(x) = b2V ′′(bx),

äå v(x) = V (bx), b = |b|. Òîìó, ÿêùî U � ðîçâ'ÿçîê çàäà÷i

Ut = (ab)2Uxx + F (x, t),
U(x, 0) = U0(x)

(òîãî æ âèäó, ùî é (9.28), àëå, çàâäÿêè ìåíøié ðîçìiðíîñòi ïðîñòîðó,
ïðîñòiøî¨), òî ðiâíiñòü (9.29) äà¹ ðîçâ'ÿçîê çàäà÷i (9.28). �
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Ðîçâ'ÿçàòè çàäà÷ó Êîøi äëÿ îäíîâèìiðíîãî ðiâíÿííÿ äèôóçi¨:

1.
ut = uxx,

u(x, 0) = e−c
2x2

cosx.

2.
ut = uxx,
u(x, 0) = x2ecx.

3.
ut = uxx,

u(x, 0) = e−c
2x2

sinx.

4.
ut = uxx,
u(x, 0) = ecx cosx.

5.
ut = uxx,

u(x, 0) = xe−c
2x2

.

6.
ut = uxx,
u(x, 0) = ecx sinx.

7.
ut = uxx,
u(x, 0) = x cosx.

8.
ut = uxx,
u(x, 0) = x sinx.

9.
ut = uxx + tex,
u(x, 0) = 0.

10.
ut = uxx + ex+t,
u(x, 0) = 0.

11.
ut = uxx + t sinx,
u(x, 0) = 0.

12.
ut = 3uxx + 6ux − u,
u(x, 0) = 1.

13.
ut = uxx − 2ux + u+ (et + 1)−1,
u(x, 0) = 0.

Ðîçâ'ÿçàòè çàäà÷ó Êîøi äëÿ áàãàòîâèìiðíîãî ðiâíÿííÿ äèôóçi¨:

14.
ut = ∆u+ sh t cos(x− y),
u(x, y, 0) = 0.

15.
ut = ∆u,
u(x, y, 0) = (x+ y2)2.

16.
ut = ∆u,

u(x, y, 0) = e−(3x+4y)2 .

17.
ut = ∆u,
u(x, y, 0) = sin(x+ y).

18. ut = ∆u− e−(12x−5y)2 ,
u(x, y, 0) = 0.

19.
ut = ∆u+ e−tI0(ρ),
u(ρ, φ, 0) = 0.

20.
ut = ∆u,
u(ρ, φ, 0) = J0(ρ).

21.
ut = ∆u,
u(ρ, φ, 0) = Iν(ρ) sin νφ.

22.
ut = ∆u+ tJν(ρ) cos νφ,
u(ρ, φ, 0) = ρ2 cos2 φ.

23.
ut = ∆u,
u(x, y, z, 0) = yeyJ0

(√
x2 + z2

)
.

24.
ut = ∆u,

u(x, 0)= e2x cosxI0

(√
y2 + z2

)
.

25.
ut = ∆u,

u(x, 0) = x sinxI0

(√
y2 + z2

)
.

26.
ut = ∆u+ z2J0

(√
x2 + y2

)
,

u(x, y, z, 0) = 0.

27.
ut = ∆u,
u(x, y, z, 0) = sin(x− 2y + 2z).

28.
ut = ∆u+ sin t ch(x+ y − 5z),
u(x, y, z, 0) = 0.

29.
ut = a2∆u
u(r, θ, φ, 0) = r cos θ.

30.
ut = a2∆u− 2t2r sin θ sinφ,
u(r, θ, φ, 0) = 0.
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31.
ut = a2∆u+ e−tr sin θ cosφ,
u(r, θ, φ, 0) = r2 cos θ sin θ cosφ.

32.
ut = ∆2u,

u(x, 0) = |x|−1
e−a|x|

2

(a > 0).

33.
ut = ∆3u,

u(x, 0) = |x|−1
sin c|x|.

34.
ut = ∆3u,

u(x, 0) = |x|−1
sh c|x|.

35.
ut = ∆3u,
u(x, 0) = ch c|x|.

36.
ut = ∆3u,
u(x, 0) = cos c|x|.

37.
ut = a2∆du+ b∇u+ cu,
u(x, 0) = u0(x).

38.
ut = uxx + uyy + 2ux − 4uy − u,
u(x, y, 0) = x2y.

� 10. Ëiíiéíi äèôåðåíöiàëüíi çàäà÷i äëÿ ðiâ-
íÿíü êîëèâàíü i äèôóçi¨ íà ïðÿìié, ïiâ-
ïðÿìié i âiäðiçêó

Ðîçâ'ÿçîê çàäà÷i Êîøi

utt = a2uxx + f, (10.1a)

u(x, 0) = u0(x), (10.1b)

ut(x, 0) = u1(x), (10.1c)

â R äà¹òüñÿ ôîðìóëîþ Äàëàìáåðà

u(x, t) =
u0(x+ at) + u0(x− at)

2
+

1

2a

x+atw

x−at

u1(ξ)dξ +
1

2a

tw

0

dτ

x+a(t−τ)w

x−a(t−τ)

f(ξ, τ)dξ.

(10.2)
Îñòàííié äîäàíîê ìîæíà çàïèñàòè ùå òàê:

1

2a

tw

0

dτ

x+aτw

x−aτ

f(ξ, t− τ)dξ

àáî òàê:
1

2a

x+atw

x−at

dξ

tw

|ξ−x|/a

f(ξ, t− τ)dτ.

Ðiâíiñòü (10.2) ìîæíà çàïèñàòè ó âèãëÿäi

u(x, t) =
∂

∂t

∞w

−∞

G(x− ξ, t)u0(ξ)dξ +

∞w

−∞

G(x− ξ, t)u1(ξ)dξ

+

tw

0

dτ

∞w

−∞

G(x− ξ, t− τ)f(ξ, τ)dξ, (10.3)
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äå

G(x, t) =
θ(at− |x|)

2a
≡ θ(x+ at)− θ(x− at)

2a
. (10.4)

ßêùî â (10.1a) ïðîñòîðîâà çìiííà x ïðîáiãà¹ íå âñþ ïðÿìó, à ïðîìiíü àáî
âiäðiçîê, òî äî ïî÷àòêîâèõ óìîâ (10.1b) i (10.1c) ïîòðiáíî ïðè¹äíàòè ìåæîâi.

Ïðèêëàä 10.1. Ïîáóäóâàòè ôóíêöiþ Ãðiíà îïåðàòîðà ∂2/∂t2−
(
a2∂2/∂x2 + µ2

)
,

òîáòî ôóíêöiþ H = H(x, t) òàêó, ùî ðîçâ'ÿçîê çàäà÷i

utt = a2uxx + µ2u, (10.5a)

u(x, 0) = 0, (10.5b)

ut(x, 0) = ψ(x) (10.5c)

â R äà¹òüñÿ ôîðìóëîþ

u(x, t) =

∞w

−∞
H(x− ξ, t)ψ(ξ)dξ

(
=

∞w

−∞
H(ξ, t)ψ(x− ξ)dξ

)
. (10.6)

� Ïåðøèé ñïîñiá. Øóêà¹ìî H ó âèãëÿäi

H(x, t) = θ(at− |x|)X(a2t2 − x2), (10.7)

äîáèðàþ÷è ôóíêöiþX òàê, ùîá äëÿ áóäü-ÿêî¨ êóñêîâî íåïåðåðâíî¨ ôóí-
êöi¨ ψ çàäàíà ðiâíiñòþ (10.6) ôóíêöiÿ u áóëà ðîçâ'ÿçêîì çàäà÷i (10.5).

Ïiäñòàâèâøè (10.7) ó (10.6), äiñòàíåìî

u(x, t) =

x+atw

x−at
X
(
a2t2 − (x− ξ)2

)
ψ(ξ)dξ, (10.8)

àáî, ðiâíîñèëüíî,

u(x, t) =

atw

−at
X
(
a2t2 − ξ2

)
ψ(x− ξ)dξ. (10.9)

Î÷åâèäíî, u çàäîâîëüíÿ¹ óìîâó (10.5b).

Ïðîäèôåðåíöiþâàâøè ðiâíiñòü (10.9) ïî t ðàç, à òîäi ùå ðàç, äiñòà-
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íåìî

ut(x, t) = aX(0) (ψ(x− at) + ψ(x+ at)) + 2a2t

atw

−at

X ′
(
a2t2 − ξ2)ψ(x− ξ)dξ,

(10.10)

utt(x, t) = a2X(0)
(
ψ′(x− at)− ψ′(x+ at)

)
+ 2a2

atw

−at

X ′
(
a2t2 − ξ2)ψ(x− ξ)dξ

+ 2a3tX ′(0) (ψ(x− at) + ψ(x+ at)) + 4a4t2
atw

−at

X ′′
(
a2t2 − ξ2)ψ(x− ξ)dξ.

(10.11)

Äèôåðåíöiþâàííÿ ïî x ðiâíîñòi (10.9) äà¹

ux(x, t) = X(0) (ψ(x+ at)− ψ(x− at))− 2

x+atw

x−at

(x− ξ)X ′
(
a2t2 − (x− ξ)2)ψ(ξ)dξ,

uxx(x, t) = X(0)
(
ψ′(x+ at)− ψ′(x− at)

)
+ 2atX ′(0) (ψ(x+ at)− ψ(x− at))

+

x+atw

x−at

[
4(x− ξ)2X ′′

(
a2t2 − (x− ξ)2)− 2X ′

(
a2t2 − (x− ξ)2)]ψ(ξ)dξ.

Òàêèì ÷èíîì, ïiäïîðÿäêóâàâøè ôóíêöiþ X âèìîçi

X ′(0) = 0, (10.12)

ìàòèìåìî

uxx(x, t) = X(0) (ψ′(x+ at)− ψ′(x− at))

+

atw

−at

[
4ξ2X ′′

(
a2t2 − ξ2

)
− 2X ′

(
a2t2 − ξ2

)]
ψ(x− ξ)dξ,

ùî ðàçîì iç (10.11), (10.12) (ùå ðàç) i (10.9) äà¹

utt(x, t)− a2uxx(x, t)− µ2u(x, t) = 4a2
atw

−at

[
(a2t2 − ξ2)X ′′

(
a2t2 − ξ2

)
+ X ′

(
a2t2 − ξ2

)
− (µ/2a)2X

(
a2t2 − ξ2

)]
ψ(x− ξ)dξ.

Çâàæàþ÷è íà (10.5a) ëiâà ÷àñòèíà ðiâíîñòi ¹ òîòîæíèé íóëü. Ç îãëÿäó
íà äîâiëüíiñòü ψ öå îçíà÷à¹, ùî òîòîæíèì íóëåì ¹ i âèðàç ó êâàäðàòíèõ
äóæêàõ. Îòæå, ôóíêöiÿ X ïîâèííà ïðè äîäàòíèõ çíà÷åííÿõ àðãóìåíòó
çàäîâîëüíÿòè ðiâíÿííÿ

xX ′′ +X ′ − (µ/2a)2X = 0. (10.13)
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Ïîêàæåìî, ùî çà íàëåæíîãî âèáîðó êîíñòàíòè α îäíèì iç ðîçâ'ÿçêiâ
éîãî ¹

X(x) = I0
(
α
√
x
)
, (10.14)

äå Iν � ìîäèôiêîâàíà áåññåëåâà ôóíêöiÿ ïîðÿäêó ν.

Ïîçíà÷èìî F (x) = xI1(x). Ñïèðàþ÷èñü íà ôîðìóëè (7.14) i (7.15),
îäåðæó¹ìî ç (10.14)

X ′(x) =
F (α
√
x)

2x
,

X ′′(x) = −F (α
√
x)

2x2
+
αF ′ (α

√
x)

4x3/2
= −F (α

√
x)

2x2
+
α2I0 (α

√
x)

4x

= −X
′(x)

x
+
α2X(x)

4x
.

Îòæå, òðåáà ïîêëàñòè α = µ/a. Âçÿâøè ùå äî óâàãè ëiíiéíiñòü i îäíî-
ðiäíiñòü ðiâíÿííÿ (10.13), äîõîäèìî òàêîãî âèñíîâêó: äëÿ áóäü-ÿêîãî
C ∈ R ôóíêöiÿ

X(x) = CI0

(
µ
√
x

a

)
(10.15)

çàäîâîëüíÿ¹ ðiâíÿííÿ (10.13). Çàäîâîëüíÿ¹ âîíà é óìîâó (10.12), áî
I1(0) = 0. Ïîêëàâøè â (10.10) t = 0, áà÷èìî, ùî çíà÷åííÿ X(0) = 1/2a
çàáåçïå÷ó¹ âèêîíàííÿ óìîâè (10.5c), òîæ ó (10.15) ñëiä óçÿòè C = 1/2a
(íàãàäà¹ìî, ùî I0(0) = 1). Âiäòàê, ïiäñòàâèâøè (10.15) ó (10.7), îäåðæó-
¹ìî âiäïîâiäü:

H(x, t) =
θ(at− |x|)I0

(
µa−1

√
a2t2 − x2

)
2a

. (10.16)

Äðóãèé ñïîñiá áóäå ïðîäåìîíñòðîâàíî â ïðèêëàäi 11.9. �

Ïðèêëàä 10.2. Ïîáóäóâàòè ôóíêöiþ Ãðiíà îïåðàòîðà
∂2/∂t2 −

(
a2∂2/∂x2 − µ2

)
, òîáòî ôóíêöiþ H òàêó, ùî ðîçâ'ÿçîê çàäà÷i

utt = a2uxx − µ2u,
u(x, 0) = 0,
ut(x, 0) = ψ(x)

â R äà¹òüñÿ ôîðìóëîþ (10.6).

� Ïåðøèé ñïîñiá òàêèé æå, ÿê i â ïîïåðåäíüîìó ïðèêëàäi. Øóêà¹-
ìî H ó âèãëÿäi (10.7). Îñêiëüêè ïîðiâíÿíî ç ïðèêëàäîì 11.9 çìiíèâñÿ
òiëüêè çíàê ïåðåä µ2, òî òi ñàìi âèêëàäêè ïðèâîäÿòü äî çàäà÷i Êîøi

xX ′′ +X ′ + (µ/2a)2X = 0,
X(0) = 1/2a, X ′(0) = 0.

Ñïèðàþ÷èñü íà ôîðìóëè (7.6) i (7.7) ïåðåñâiä÷ó¹ìîñÿ, ùî ðîçâ'ÿçîê ¨¨
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äà¹òüñÿ ôîðìóëîþ
X(x) = (2a)−1J0

(
α
√
x
)
,

àíàëîãi÷íîþ (10.15). Ïiäñòàâèâøè öåé âèðàç ó (10.7), îäåðæèìî âiäïî-
âiäü:

H(x, t) =
θ(at− |x|)J0

(
µa−1

√
a2t2 − x2

)
2a

.

Äðóãèé ñïîñiá. Òîé ñàìèé âèðàç îäåðæèìî çàìiíèâøè â óìîâi ïîïå-
ðåäíüîãî ïðèêëàäó i âiäïîâiäi (10.16) äî íüîãî µ íà µi i ñêîðèñòàâøèñü
âèïëèâàþ÷îþ ç (7.13) ôîðìóëîþ I0(ix) = J0(x). �

Ïðèêëàä 10.3. Ðîçâ'ÿçàòè êðàéîâó çàäà÷ó â R+

utt = a2uxx + f,
u(0, t) = 0,
u(x, 0) = u0(x),
ut(x, 0) = u1(x).

� Öÿ çàäà÷à îïèñó¹ êîëèâàííÿ íåñêií÷åííî¨ â îäíó ñòîðîíó ñòðóíè
(u(x, t) � âiäõèë òî÷êè x ó ìîìåíò t âiä ïîëîæåííÿ ðiâíîâàãè) iç çàêði-
ïëåíèì êiíöåì. Çâåäåìî ¨¨ äî çàäà÷i Êîøi íà R ïðîäîâæèâøè ôóíêöi¨
f(·, t), u i u1 ç ïiâîñi íà âñþ äiéñíó âiñü òàê, ùîá ðîçâ'ÿçîê çàäà÷i íà
R ñïðàâäæóâàâ óìîâó u(0, t) = 0. Äëÿ öüîãî, î÷åâèäíî, ïîòðiáíî, ùîá
ó êîæíié òî÷öi −x < 0 ïî÷àòêîâèé âiäõèë u0(−x), ïî÷àòêîâà øâèä-
êiñòü u1(−x) i, â áóäü-ÿêèé ìîìåíò t, ëiíiéíà ãóñòèíà çîâíiøíüî¨ ñèëè
f(−x, t) áóëè ðiâíi çà àáñîëþòíîþ âåëè÷èíîþ i ïðîòèëåæíi çà çíàêîì
öèì æå ÷èííèêàì ó òî÷öi x. Iíàêøå êàæó÷è, ôóíêöi¨ u0, u1 i f(·, t) òðåáà
ïðîäîâæèòè íà âiä'¹ìíó ïiââiñü íåïàðíèì ÷èíîì:

ui(−x) = −ui(x), f(−x, t) = −f(x, t). (10.17)

Òîäi òî÷êà 0 ïðè â i ë ü í è õ êîëèâàííÿõ íåñêií÷åííî¨ â îáèäâi ñòîðîíè
ñòðóíè çàëèøàòèìåòüñÿ íåðóõîìîþ, òàê íà÷å ¨¨ çàêðiïëåíî. Òîìó ïðè
x > 0 ôîðìóëà Äàëàìáåðà äàâàòèìå ðîçâ'ÿçîê ïîñòàâëåíî¨ âèùå êðà-
éîâî¨ çàäà÷i íà R+. Àëå öå íåçðó÷íà ôîðìà çàïèñó âiäïîâiäi, áî â íié
ôiãóðóþòü âiäñóòíi â ïîñòàíîâöi âiä'¹ìíi çíà÷åííÿ àðãóìåíòó ôóíêöié
u0, u1 i f(·, t). Ùîá âèêëþ÷èòè ¨õ, çàïèøåìî íà ïiäñòàâi (10.17)

u0(x−at) = u0(|x−at|) sgn(x−at),
|x−at|w

x−at
u1(ξ)dξ = 0,

|x−as|w

x−as
f(ξ, τ)dξ = 0,
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ó ðåçóëüòàòi ÷îãî ðiâíiñòü (10.2) íàáóäå âèãëÿäó

u(x, t) =
u0(x+ at) + u0(|x− at|) sgn(x− at)

2

+
1

2a

x+atw

|x−at|

u1(ξ)dξ +
1

2a

tw

0

dτ

x+a(t−τ)w

|x−a(t−τ)|

f(ξ, τ)dξ. (10.18)

Îñòàííié äîäàíîê ìîæíà ùå çàïèñàòè ÿê

1

2a

tw

0

dτ

x+aτw

|x−aτ |

f(ξ, t− τ)dξ. �

Ïðèêëàä 10.4. à) Âèðàçèòè ôóíêöiþ Ãðiíà êðàéîâî¨ çàäà÷i

∂mu

∂tm
= a2 ∂

2u

∂x2
+ f, (10.19a)

∂iu

∂ti
(x, 0) = ui(x), i = 0, . . . ,m− 1, (10.19b)

u(0, t) = 0 (10.20)

íà R+ ÷åðåç ôóíêöiþ Ãðiíà çàäà÷i Êîøi íà R ç òèìè æ ðiâíÿííÿì i
ïî÷àòêîâèìè óìîâàìè.

á) Äëÿ m = 2 çàïèñàòè ôóíêöiþ Ãðiíà â ÿâíîìó âèãëÿäi.
Åêâiâàëåíòíå ôîðìóëþâàííÿ ïóíêòó à) òàêå. Íåõàé G � ôóíêöiÿ Ãði-

íà çàäà÷i Êîøi (10.19) íà R, òîáòî ôóíêöiÿ çìiííèõ x ∈ R, t ∈ R+ òàêà,
ùî äëÿ áóäü-ÿêèõ êóñêîâî íåïåðåðâíèõ ëîêàëüíî iíòåãðîâíèõ ôóíêöié
u0, . . . , um−1, f (ïåðøi m íà R, îñòàííÿ íà R× R+) ðîçâ'ÿçîê çàäà÷i äà-
¹òüñÿ ôîðìóëîþ

u(x, t) =

m−1∑
i=0

∂m−1−i

∂tm−1−i

∞w

−∞
G(x−ξ, t)ui(ξ)dξ+

tw

0

dτ

∞w

−∞
G(x−ξ, t−τ)f(ξ, τ)dξ,

(10.21)
îêðåìèì âèïàäêîì ÿêî¨ ¹ (10.3). Ïîòðiáíî âèðàçèòè ÷åðåç íå¨ ôóíêöiþ
G1 = G1(x, ξ, t) (iíäåêñ âêàçó¹ íà ðiä ìåæîâî¨ óìîâè) òðüîõ íåâiä'¹ìíèõ
çìiííèõ òàêó, ùî ðîçâ'ÿçîê çàäà÷i (10.19) & (10.20) äà¹òüñÿ ôîðìóëîþ

u(x, t) =

m−1∑
i=0

∂m−1−i

∂tm−1−i

∞w

0

G1(x, ξ, t)ui(ξ)dξ+

tw

0

dτ

∞w

0

G1(x, ξ, t−τ)f(ξ, τ)dξ.

(10.22)
Ïiäêðåñëèìî, ùî G i G1 âiä u0, . . . , um−1, f íå çàëåæàòü.

� à) Ïðîäîâæó¹ìî f(·, t) i âñi ui íà R òàê ñàìî i ç òèõ æå ìiðêóâàíü,
ùî é ó ïîïåðåäíüîìó ïðèêëàäi. Òîäi çàäàíà ðiâíiñòþ (10.21) ôóíêöiÿ u
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íà R× R+ çàäîâîëüíÿ¹ íå òiëüêè ðiâíÿííÿ (10.19a) i ïî÷àòêîâi óìîâè
(10.19b) (öåé ôàêò âiä ñïîñîáó ïðîäîâæåííÿ íå çàëåæèòü), àëå é ìåæî-
âó óìîâó (10.20). Ñïðàâäi, ïîçíà÷èâøè v(x, t) = u(−x, t), îäåðæèìî ç
(10.19) i (10.17) çàäà÷ó Êîøi äëÿ v:

∂mv

∂tm
= a2 ∂

2v

∂x2
− f,

∂iv

∂ti
(x, 0) = −ui(x), i = 0, . . . ,m− 1.

Îñêiëüêè âîíà ëiíiéíà, òî é ðîçâ'ÿçîê çàëåæèòü âiä u0, . . . , um−1, f ëi-
íiéíî, òîæ v(x, t) = −u(x, t). Ïîêëàâøè x = 0, áà÷èìî, ùî u(0, t) = 0.

Çàëèøà¹òüñÿ ïåðåòâîðèòè ôîðìóëó (10.20) òàê, ùîá çìiííà iíòåãðó-
âàííÿ ξ ïðîáiãàëà òiëüêè äîäàòíi çíà÷åííÿ. Çàïèñàâøè

0w

−∞
G(x− ξ, t)ui(ξ)dξ =

∞w

0

G(x+ ξ, t)ui(−ξ)dξ (10.23)

i ñêîðèñòàâøèñü íåïàðíiñòþ ui, äiñòàíåìî
∞w

−∞
G(x− ξ, t)ui(ξ)dξ =

∞w

0

(G(x− ξ, t)−G(x+ ξ, t))ui(ξ)dξ.

Îòæå, çà óìîâè (10.17) ðiâíiñòü (10.21) ðiâíîñèëüíà (10.22), äå

G1(x, ξ, t) = G(x− ξ, t)−G(x+ ξ, t). (10.24)

á) Ïðè m = 2 äëÿ G1 ìîæíà äàòè òðè åêâiâàëåíòíi âèðàçè. Ïåðøi
äâà âèïëèâàþòü áåçïîñåðåäíüî ç (10.24) i (10.4):

G1(x, ξ, t) =
θ(at− |x− ξ|)− θ(at− |x+ ξ|)

2a
,

G1(x, ξ, t) =
θ(x− ξ + at)− θ(x− ξ − at)− θ(x+ ξ + at) + θ(x+ ξ − at)

2a
.

Ïîðiâíÿâøè (10.22) ïðè m = 2 ç (10.18), áà÷èìî, ùî

G1(x, ξ, t) =
θ(x+ at− ξ)− θ(|x− at| − ξ)

2a
. �

Ïðèêëàä 10.5. Âèðàçèòè ôóíêöiþ Ãðiíà G2 êðàéîâî¨ çàäà÷i íà R+ ç
ðiâíÿííÿì (10.19a), ïî÷àòêîâèìè óìîâàìè (10.19b) i îäíîðiäíîþ ìåæî-
âîþ óìîâîþ äðóãîãî ðîäó

ux(0, t) = 0 (10.25)
÷åðåç ôóíêöiþ Ãðiíà çàäà÷i Êîøi (10.19) íà R.
� Çìiíè ïîðiâíÿíî ç ïóíêòîì à) ïîïåðåäíüîãî ïðèêëàäó î÷åâèäíi.

Ïðîäîâæèâøè f(·, t) i âñi ui íà R ïàðíèì ÷èíîì, äiñòàíåìî äëÿ v ò ó
ñ à ì ó çàäà÷ó Êîøi, ùî é äëÿ u. Îòæå, u(−x, t) = u(x, t), ùî òÿãíå çà
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ñîáîþ (10.25).
Ç (10.23) i ïàðíîñòi ui ìà¹ìî

∞w

−∞
G(x− ξ, t)ui(ξ)dξ =

∞w

0

G2(x, ξ, t)ui(ξ)dξ, (10.26)

äå
G2(x, ξ, t) = G(x− ξ, t) +G(x+ ξ, t).

Öå i ¹ ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i (10.19) & (10.25) íà R+. Ðiâíîñòi
(10.21), (10.26) i àíàëîãi÷íà îñòàííié ðiâíiñòü äëÿ f(·, t) äîçâîëÿþòü çà-
ïèñàòè ðîçâ'ÿçîê öi¹¨ çàäà÷i ó âèãëÿäi (10.22), çàìiíèâøè, çâè÷àéíî, G1
íà G2. �

Ïðèêëàä 10.6
utt = a2uxx, x, t > 0,
u(x, 0) = 0, ut(x, 0) = 0,
u(0, t) = µ(t).

(10.27)

� Ïðèïóñòèìî òèì÷àñîâî, ùî ôóíêöiÿ µ äâi÷i íåïåðåðâíî äèôåðåí-
öiéîâíà. Òîäi

u(x, t) = v(x, t) + µ(t), (10.28)
äå v � ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i

vtt = a2vxx − µ̈, x, t > 0,
v(x, 0) = −µ(0),
vt(x, 0) = −µ̇(0),
v(0, t) = 0

ç î ä í î ð i ä í î þ ìåæîâîþ óìîâîþ. Çà ôîðìóëîþ (10.18)

v(x, t) = −µ(0)
1 + sgn(x− at)

2
− µ̇(0)

x+ at− |x− at|
2a

− 1

2a

tw

0

(x+ a(t− τ)− |x− a(t− τ)|)µ̈(τ)dτ.

Î÷åâèäíi òîòîæíîñòi

sgn b+ 1 = 2θ(b), b+ c− |b− c| = 2(b ∧ c)
ïåðåòâîðþþòü öþ ðiâíiñòü äî âèãëÿäó

v(x, t) = −µ(0)θ(x− at)− µ̇(0)
(x
a
∧ t
)
−

tw

0

(x
a
∧ (t− τ)

)
µ̈(τ)dτ. (10.29)

Ïîçíà÷èìî α = t− x/a. Î÷åâèäíî,
x

a
∧ (t− τ) =

{
x/a, τ < α,
t− τ, τ > α,
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çâiäêè
tw

0

(x
a
∧ (t− τ)

)
µ̈(τ)dτ =

x

a

α+w

0

µ̈(τ)dτ +

tw

α+

(t− τ)µ̈(τ)dτ.

Ïðîiíòåãðóâàâøè (ó äðóãîìó äîäàíêó � ÷àñòèíàìè: µ̈(τ)dτ = dµ̇(τ)) i
çâiâøè ïîäiáíi, îäåðæèìî

tw

0

(x
a
∧ (t− τ)

)
µ̈(τ)dτ = (α+ − α)µ̇(α+)− x

a
µ̇(0) + µ(t)− µ(α+),

ùî ðàçîì iç (10.29) äà¹

v(x, t) = µ(α+)−µ(0)θ(x−at)+a−1(x−(x∧at))µ̇(0)−(α+−α)µ̇(α+)−µ(t).

Çâiäñè i ç î÷åâèäíèõ ðiâíîñòåé

µ(α+)− µ(0)θ(x− at) = µ(α)(1− θ(x− at)),
x− (x ∧ at)

a
=

{
0, x < at,
−α, x > at,

(α+ − α)µ̇(α+) =

{
0, x < at,
−αµ̇(0), x > at,

ìà¹ìî
v(x, t) = µ(α)(1− θ(x− at))− µ(t),

ùî ïåðåòâîðþ¹ ðiâíiñòü (10.28) äî âèãëÿäó

u(x, t) = θ(t− x/a)µ(t− x/a). (10.30)

ßêùî µ(+0) 6= 0, òî öÿ ôîðìóëà çàëèøà¹ çíà÷åííÿ u(x, a/x), âîíè æ
u(at, t), íåâèçíà÷åíèìè. �õ i íå ïîòðiáíî âèçíà÷àòè, áî â òàêîìó ðàçi utt
i uxx iñíóþòü òiëüêè ÿê óçàãàëüíåíi ôóíêöi¨, à òîäi é ðîçâ'ÿçîê òðåáà
øóêàòè â öüîìó êëàñi. Çàäàíà æ ðiâíiñòþ (10.30) óçàãàëüíåíà ôóíêöiÿ
íå çàëåæèòü âiä òîãî, ÿê ìè äîîçíà÷èìî ¨¨ íà ïðîìåíi x = at, òà é ñàì�å
öå äîîçíà÷åííÿ ó âèïàäêó µ(+0) 6= 0 áóäå ÷èñòèì âîëþíòàðèçìîì.

Ìè âèâåëè âèðàç (10.30), ïðèïóñòèâøè ôóíêöiþ µ äâi÷i íåïåðåðâíî
äèôåðåíöiéîâíîþ. Áåçïîñåðåäíüî âèäíî, ùî òàê çàäàíà ôóíêöiÿ ñïðàâ-
äæó¹ âñi ñïiââiäíîøåííÿ çàäà÷i i òîäi, êîëè µ ìà¹ öþ âëàñòèâiñòü êóñêî-
âî, òîáòî äëÿ áóäü-ÿêîãî T > 0 iñíó¹ ñêií÷åííà ïîñëiäîâíiñòü 0 = t0 <
. . . < tm òàêà, ùî tm > T i íà êîæíîìó ç iíòåðâàëiâ ]ti−1, ti[ µ äâi÷i äè-
ôåðåíöiéîâíà, à µ̈ ðiâíîìiðíî íåïåðåðâíà. Òàêèì ÷èíîì, ðiâíiñòü (10.30)
äà¹ âiäïîâiäü i â öüîìó âèïàäêó. �

Ïðèêëàä 10.7
utt = a2uxx, x > 0,
u(x, 0) = 0, ut(x, 0) = 0,
ux(0, t) = µ(t).
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� Ïîçíà÷èìî v = ux. Ïðîäèôåðåíöiþâàâøè ïî x ðiâíÿííÿ i ïî÷àòêî-
âi (àëå íå ìåæîâó) óìîâè, äiñòàíåìî äëÿ v çàäà÷ó ïîïåðåäíüîãî ïðèêëà-
äó ç iíàêøå ïîçíà÷åíîþ íåâiäîìîþ ôóíêöi¹þ. Òîäi çà ôîðìóëîþ (10.30)

v(x, t) =

{
0, t < x/a,
µ(t− x/a), t > x/a,

çâiäêè çà ôîðìóëîþ Íüþòîíà�Ëåéáíiöà

u(x, t)− u(+0, t) =

x∧atw

0

µ

(
t− ξ

a

)
dξ.

Ïåðåéøîâøè äî çìiííî¨ iíòåãðóâàííÿ τ = t− ξ/a i âçÿâøè äî óâàãè, ùî
t− (t ∧ x/a) = (t− a/x)+, ïåðåòâîðèìî ðiâíiñòü äî âèãëÿäó

u(x, t) = a

tw

(t−x/a)+

µ(τ)dτ + g(t), (10.31)

äå g(t) = u(+0, t). Ùîá âèçíà÷èòè g, ïiäñòàâèìî öåé âèðàç ó ðiâíÿííÿ
äëÿ u.

Ïðè x > at iç (10.31) ìà¹ìî

u(x, t) = a

tw

0

µ(τ)dτ + g(t),

çâiäêè uxx = 0, utt = aµ̇+ g̈. ßêùî æ x < at, òî çãiäíî ç (10.31)

u(x, t) = a

tw

t−x/a

µ(τ)dτ + g(t),

çâiäêè

ux(x, t) = µ(t− x/a), uxx(x, t) = a−1µ̇(t− x/a),

ut(x, t) = a(µ(t)− µ(t− x/a)) + ġ(t),

utt(x, t) = a(µ̇(t)− µ̇(t− x/a)) + g̈(t) ≡ a2uxx + aµ̇(t) + g̈(t).

Â îáîõ âèïàäêàõ ðiâíÿííÿ äëÿ u ðiâíîñèëüíå ðiâíîñòi ġ = −aµ̇. Ïðè öüî-
ìó çà îçíà÷åííÿì ôóíêöi¨ g g(0) = u(+0, 0), ġ(0) = ut(+0, 0). Ç îñòàííiõ
òðüîõ ðiâíîñòåé i ïî÷àòêîâèõ óìîâ äëÿ u çíàõîäèìî g(t) = −a

r t
0
µ(τ)dτ .

Ïiäñòàâèâøè öå â (10.31), îäåðæèìî âiäïîâiäü

u(x, t) = −a
(t−x/a)+w

0

µ(τ)dτ. �
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Ïðèêëàä 10.8
ut = a2uxx, x > 0,
u(x, 0) = 0,
u(0, t) = µ(t).

(10.32)

� Ïåðøèé ñïîñiá. Âèêîíà¹ìî ïåðåòâîðåííÿ Ôóð'¹ ïî çìiííié x. Íàãà-
äà¹ìî, ùî äëÿ ôóíêöié íà ïiâïðÿìié âîíî iñíó¹ ó äâîõ ôîðìàõ: êîñèíóñ-
i ñèíóñ-ïåðåòâîðåííÿ. Ó öüîìó ïðèêëàäi çðó÷íiøîþ ¹ äðóãà. Îòîæ, äëÿ
äîâiëüíî¨ ôóíêöi¨ g ∈ L1(R+) ïîçíà÷èìî

ĝ(λ) =

∞w

0

g(x) sinλxdx. (10.33)

ßêùî g êóñêîâî íåïåðåðâíî äèôåðåíöiéîâíà, òî â òî÷êàõ íåïåðåðâíîñòi

g(x) =
2

π

∞w

0

ĝ(λ) sinλxdx. (10.34)

ßêùî g íåïåðåðâíî äèôåðåíöiéîâíà, à g′ êóñêîâî íåïåðåðâíî äèôåðåí-
öiéîâíà, îáèäâi ôóíêöi¨ àáñîëþòíî iíòåãðîâíi i ïðÿìóþòü äî íóëÿ íà
íåñêií÷åííîñòi, òî, çàìiíèâøè â (10.33) g íà g′′ i äâi÷i ïðîiíòåãðóâàâøè
÷àñòèíàìè, îäåðæèìî

ĝ′′(λ) = −λ2ĝ(λ) + λg(+0).

Çâiäñè, ïðèïóñòèâøè òèì÷àñîâî, ùî ïðè êîæíîìó t u(·, t) ìà¹ ïåðåëi÷åíi
âëàñòèâîñòi, i âðàõóâàâøè óìîâó çàäà÷i (10.32), äiñòà¹ìî

ûxx(λ, t) = −λ2û(λ, t) + λµ(t).

ßêùî äî òîãî æ

∂

∂t

∞w

0

u(x, t) sinλxdx =

∞w

0

∂u

∂t
(x, t) sinλxdx

i

lim
t→0

∞w

0

u(x, t) sinλxdx =

∞w

0

lim
t→0

u(x, t) sinλxdx,

òî çàäà÷à (10.32) ïåðåâîäèòüñÿ ñèíóñ-ïåðåòâîðåííÿì ó òàêó:

ût = −a2λ2û+ a2λµ,
û(λ, 0) = 0.

Ðîçâ'ÿçîê îñòàííüî¨ äà¹òüñÿ, î÷åâèäíî, ôîðìóëîþ

û(λ, t) = a2λ

tw

0

e−a
2λ2(t−τ)µ(τ)dτ.
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Ç íå¨, âåðíóâøèñü äî îðèãiíàëiâ, çíàõîäèìî

u(x, t) =

tw

0

K(x, t− τ)µ(τ)dτ, (10.35)

äå K(·, t) � òàêà ôóíêöiÿ, ùî K̂(λ, t) = a2λe−a
2λ2t. Ïîðiâíÿâøè öþ ðiâ-

íiñòü iç (10.33) i (10.34), áà÷èìî, ùî

K(x, t) =
2a2

π

∞w

0

e−a
2λ2t sinλxdλ ≡ −2a2 ∂

∂x

1

π

∞w

0

e−a
2λ2t cosλxdλ.

Çâiäñè, çàïèñàâøè íà ïiäñòàâi (9.15) i (9.4)

1

π

∞w

0

e−a
2λ2t cosλxdλ =

1

2a
√
πt
e−

x2

4a2t = G(x, t),

îäåðæó¹ìî
K = −2a2Gx, (10.36)

ùî ïåðåòâîðþ¹ ðiâíiñòü (10.35) äî âèãëÿäó

u(x, t) = −2a2
tw

0

Gx(x, t− τ)µ(τ)dτ ≡ −2a2 ∂

∂x

tw

0

G(x, t− τ)µ(τ)dτ.

(10.37)
Âèðàç ôóíêöi¨ Gx, ÿê âèäíî ç íàïèñàíîãî âèùå âèðàçó G, òàêèé:

Gx(x, t) = − x

4a3
√
πt3/2

e−
x2

4a2t . (10.38)

Çðîáëåíi âèùå ïðèïóùåííÿ ïðî u òåïåð ïåðåâiðÿòè íå ïîòðiáíî, áî
áåçïîñåðåäíüî âèäíî, ùî çàäàíà ðiâíiñòþ (10.37) ôóíêöiÿ ñïðàâäæó¹ âñi
ñïiââiäíîøåííÿ çàäà÷i (10.32).

Äðóãèé ñïîñiá âèêîðèñòîâó¹ ïåðåòâîðåííÿ Ëàïëàñà ïî t. Ïîçíà÷èìî

ũ(x, p) =

∞w

0

e−ptu(x, t)dt

(àíàëîãi÷íî µ̃(p)). Òîäi çà äåÿêèõ òèì÷àñîâèõ äîäàòêîâèõ ïðèïóùåíü,
àíàëîãi÷íèõ çðîáëåíèì ó ïåðøîìó ñïîñîái, ç (10.32) äiñòà¹ìî çàäà÷ó
Êîøi

pũ = a2ũxx,
ũ(0, p) = µ̃(p),

â ÿêié p âiäiãðà¹ ðîëü ïàðàìåòðà. Çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-
ãî ðiâíÿííÿ äëÿ ũ äà¹òüñÿ ôîðìóëîþ

ũ(x, p) = C1(p)e−
√
px/a + C2(p)e

√
px/a.

Àëå e
√
px/a ÿê ôóíêöiÿ âiä p íå íàëåæèòü ïðîñòîðîâi ïåðåòâîðiâ, òîæ
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C2(p) = 0, ùî ñïiëüíî ç ïî÷àòêîâîþ óìîâîþ äà¹

ũ(x, p) = e−
√
px/aµ̃(p) (10.39)

i çà âiäîìîþ âëàñòèâiñòþ ïåðåòâîðåííÿ Ëàïëàñà (äîáóòîê ïåðåòâîðiâ ¹
ïåðåòâîðîì çãîðòêè) ïðèâîäèòü äî ôîðìóëè (10.35), ó ÿêié öüîãî ðàçó
K(x, ·) � ôóíêöiÿ òàêà, ùî

∞w

0

e−ptK(x, t)dt = e−
√
px/a. (10.40)

Ïîçíà÷èâøè

U(x, t) =

tw

0

K(x, τ)dτ (10.41)

i çàïèñàâøè
∞w

0

e−ptdt

tw

0

K(x, τ)dτ =

∞w

0

K(x, τ)dτ

∞w

τ

e−ptdt,

âèâîäèìî ç (10.40) i (10.41), ùî
∞w

0

e−ptU(x, t)dt = p−1e−
√
px/a.

Ïðàâà ÷àñòèíà öi¹¨ ðiâíîñòi ¹, ÿê âèäíî ç (10.39), ïåðåòâîðîì ðîçâ'ÿçêó
çàäà÷i (10.32) ç µ = 1, à çíà÷èòü U i ¹ ñàì öåé ðîçâ'ÿçîê. Ïîêàæåìî, ÿê
çíàéòè éîãî, íå âèêîðèñòîâóþ÷è ôîðìóëó (10.41), ó ÿêié ïiäiíòåãðàëüíà
ôóíêöiÿ ïîêè ùî íåâiäîìà.

Ïîçíà÷èìî

H(x, t) =

tw

0

Gx(x, τ)dτ. (10.42)

Óçÿâøè äî óâàãè (10.38) i çðîáèâøè â iíòåãðàëi çàìiíó τ = x2/4a2s,
äiñòàíåìî

H(x, t) = − 1

2a2
√
π

∞w

x2/4a2t

s−1/2e−sds,

çâiäêè âèäíî, ùîHt = a2Hxx,H(x,+0) = 0 iH(+0, t) = −(2a2
√
π)−1Γ(1/2)

≡ −(2a2)−1.Îòæå, ôóíêöiÿ −2a2H � òàêîæ ðîçâ'ÿçîê çàäà÷i (10.32) ç
µ = 1, à çíà÷èòü −2a2H = U , ùî ðàçîì iç (10.41) i (10.42) ïðèâîäèòü äî
(10.36).
Çàóâàæåííÿ. Ç (10.35) i (10.41) âèïëèâà¹ ïðèíöèï Äþàìåëÿ: ðîçâ'ÿçîê çàäà÷i
(10.32) äà¹òüñÿ ôîðìóëîþ

u(x, t) =

tw

0

µ(t− τ)U̇(x, τ)dτ, (10.43)
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äå U � ðîçâ'ÿçîê öi¹¨ æ çàäà÷i ç µ = 1. Âií ìà¹ ìiñöå i äëÿ õâèëüîâîãî ðiâíÿí-
íÿ. Ñïðàâäi, âèâåäåíà â ïðèêëàäi 10.6 ðiâíiñòü (10.30) ïîêàçó¹, ùî ðîçâ'ÿçîê
çàäà÷i (10.27) ç µ = 1 ¹ U(x, t) = θ(t − x/a). Äëÿ íüîãî U̇(x, t) = δ(t − x/a) i,
òàêèì ÷èíîì, ðiâíiñòü (10.30) ðiâíîñèëüíà (10.43).

Îïåðàöiéíå ÷èñëåííÿ äà¹ íàéêîðîòøå, õî÷ i äåùî ôîðìàëüíå äîâåäåííÿ
öüîãî âàæëèâîãî ïðèíöèïó. Ôiçè÷íî âìîòèâîâàíå äîâåäåííÿ íàâåäåíî ó [24,
ñ. 238�240].

Òðåòié ñïîñiá. Ïðèïóñòèâøè òèì÷àñîâî íåïåðåðâíó äèôåðåíöiéîâ-
íiñòü µ, øóêà¹ìî ðîçâ'ÿçîê çàäà÷i (10.32) ó âèãëÿäi

u = v + µ. (10.44)

Òîäi v ïîâèííà áóòè ðîçâ'ÿçêîì çàäà÷i

vt = a2uxx − µ̇,
v(x, 0) = −µ(0),
v(0, t) = 0.

Çà ôîðìóëîþ (10.22)

v(x, t) = −µ(0)

∞w

0

G1(x, ξ, t)dξ −
∞w

0

dξ

tw

0

G1(x, ξ, t− τ)µ̇(τ)dτ. (10.45)

Çàïèñàâøè
∞w

0

dξ

tw

0

G1(x, ξ, t− τ)µ̇(τ)dτ = lim
ε→+0

∞w

0

dξ

t−εw

0

G1(x, ξ, t− τ)µ̇(τ)dτ,

t−εw

0

G1(x, ξ, t− τ)µ̇(τ)dτ = G1(x, ξ, ε)µ(t− ε)−G1(x, ξ, t)µ(0)

−
t−εw

0

µ(τ)
∂G1

∂τ
(x, ξ, t− τ))dτ

(ε ââîäèòüñÿ äëÿ òîãî, ùîá íå îïåðóâàòè ç G1(x, ξ, 0) = δ(x − ξ)) i âðà-
õóâàâøè, ùî â îñòàííüîìó äîäàíêó ∂G1/∂τ = −∂G1/∂t, ïåðåòâîðèìî
(10.45) äî âèãëÿäó

v(x, t) = −µ(t) lim
ε→+0

∞w

0

G1(x, ξ, ε)dξ− lim
ε→+0

t−εw

0

µ(τ)dτ

∞w

0

∂G1

∂t
(x, ξ, t− τ)dξ.

(10.46)
Ðîçâ'ÿçêîì çàäà÷i (10.19) & (10.20) ç m = 1, f = 0, u0 = 1 ¹, çãiäíî
ç ôîðìóëîþ (10.22), ôóíêöiÿ

r∞
0
G1(x, ξ, t)dξ. Òîäi ç ïî÷àòêîâî¨ óìîâè

(10.19b) (i = 0) ìà¹ìî

lim
ε→+0

∞w

0

G1(x, ξ, ε)dξ = 1.
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Öå ðàçîì iç ðiâíiñòþ

∂G1

∂t
= a2 ∂

2G1

∂x2
, t > 0,

(ôóíêöiÿ Ãðiíà êðàéîâî¨ çàäà÷i ïðè äîäàòíèõ çíà÷åííÿõ ÷àñîâîãî àð-
ãóìåíòó çàäîâîëüíÿ¹ îäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ öi¹¨ çàäà÷i)
ïåðåòâîðþ¹ (10.46) äî âèãëÿäó

v(x, t) = −µ(t)− a2 lim
ε→+0

t−εw

0

µ(τ)dτ

∞w

0

∂2G1

∂ξ2
(x, ξ, t− τ)dξ. (10.47)

Çâàæàþ÷è íà (9.4) i (9.15) ïðè s > 0

lim
ξ→∞

∂G1

∂ξ
(x, ξ, s) = 0.

Òîäi çà ôîðìóëîþ Íüþòîíà�Ëåéáíiöà
∞w

0

∂2G1

∂ξ2
(x, ξ, s)dξ = −∂G1

∂ξ
(x, 0, s),

ùî ðàçîì iç (10.47) i (10.44) äà¹

u(x, t) = a2
tw

0

∂G1

∂ξ
(x, 0, t− τ)µ(τ)dτ.

Ùîá çâåñòè öþ âiäïîâiäü äî âèãëÿäó (10.35), çàóâàæèìî, ùî çãiäíî ç
(10.24)

∂G1

∂ξ
(x, ξ, t) = −∂G

∂x
(x− ξ, t)− ∂G

∂x
(x+ ξ, t),

òàê ùî ∂G1

∂ξ (x, 0, t) = −2∂G∂x (x, t). �

Ïðèêëàä 10.9
ut = a2uxx, x > 0,
u(x, 0) = 0,
ux(0, t)− hu(0, t) = −hµ(t).

� Ïåðåéøîâøè, ÿê ó äðóãîìó ñïîñîái ïîïåðåäíüîãî ïðèêëàäó, äî
ëàïëàñîâèõ ïåðåòâîðiâ, äiñòàíåìî çàäà÷ó

pũ = a2ũxx,
ũx(0, p)− hũ(0, p) = −hµ̃(p),

ç ÿêî¨ çíàõîäèìî

ũ(x, p) =
ah

ah+
√
p
e−
√
px/aµ̃(p).
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Çàïèñàâøè
a

ah+
√
p

=

∞w

0

e−(h+
√
p/a)ξdξ,

ïåðåòâîðþ¹ìî öþ ðiâíiñòü äî âèãëÿäó

ũ(x, p) = h

∞w

0

e−hξe−(x+ξ)
√
p/adξ µ̃(p). (10.48)

Çâàæàþ÷è íà (10.40) i (10.36)

e−
√
px/a = −2a2

∞w

0

e−ptG′(x, t)dt

(øòðèõ îçíà÷à¹ äèôåðåíöiþâàííÿ ïî ïðîñòîðîâié çìiííié), òàê ùî

h

∞w

0

e−hξe−(x+ξ)
√
p/adξ =

∞w

0

e−ptR(x, t)dt,

äå

R(x, t) = −2a2
∞w

0

e−hξG′(x+ ξ, t)dξ.

Òîäi ç (10.48) ìà¹ìî

u(x, t) =

tw

0

R(x, t− τ)µ(τ)dτ. �

Ïðèêëàä 10.10

utt = a2uxx + f, 0 < x < l,
u(x, 0) = u0(x), ut(x, 0) = u1(x),
u(0, t) = 0, u(l, t) = 0.

(10.49)

Õâèëüîâå ðiâíÿííÿ íà âiäðiçêó ìè âæå ðîçâ'ÿçóâàëè â � 3 ìåòîäîì âiä-
îêðåìëåííÿ çìiííèõ. Ðîçâ'ÿæåìî éîãî òåïåð ìåòîäîì áiæó÷î¨ õâèëi, ìà-
òåìàòè÷íî åêâiâàëåíòíèì çàñòîñóâàííþ ôîðìóëè Äàëàìáåðà äî ôóí-
êöié, çàäàíèõ ïî÷àòêîâî íà âiäðiçêó i ïðîäîâæåíèõ ñïåöiàëüíèì ÷èíîì
íà âñþ ïðÿìó.
� Ó ïðèêëàäi 10.4, ìàþ÷è òiëüêè ïåðøó ç ìåæîâèõ óìîâ (10.49), ìè

ïðîäîâæóâàëè ôóíêöi¨ u0, u1 i f(·, t) ÷åðåç ëiâèé (i ¹äèíèé) êiíåöü ïðî-
ìåíÿ íåïàðíèì ÷èíîì, òîáòî òàê, ùîá ïî÷àòîê êîîðäèíàò áóâ öåíòðîì
ñèìåòði¨ ¨õíiõ ãðàôiêiâ. Òåïåð æå, ìàþ÷è äâi ìåæîâi óìîâè, îáèäâi ïåð-
øîãî ðîäó, ïðîäîâæó¹ìî ôóíêöi¨ òàê, ùîá öåíòðàìè ñèìåòði¨ ãðàôiêiâ
áóëè îáèäâà êiíöi âiäðiçêà [0, l] íà îñi àáñöèñ. Àíàëiòè÷íî öÿ âëàñòèâiñòü
äîâiëüíî¨ ôóíêöi¨ ϕ íà R âèðàæà¹òüñÿ ðiâíîñòÿìè

ϕ(−x) = −ϕ(x), ϕ(l − x) = −ϕ(l + x), (10.50)
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ç ÿêèõ âèïëèâà¹ 2l-ïåðiîäè÷íiñòü (ϕ(x − l) = −ϕ(l − x) = ϕ(x + l)).
Çà òàêîãî ïðîäîâæåííÿ ïðè âiëüíèõ êîëèâàííÿõ íåîáìåæåíî¨ ñòðóíè
êiíöi âiäðiçêà [0, l] çàëèøàòèìóòüñÿ íåðóõîìèìè, òîæ ïðè 0 < x < l
ôîðìóëà Äàëàìáåðà äàâàòèìå ðîçâ'ÿçîê ïîñòàâëåíî¨ êðàéîâî¨ çàäà÷i.
Çàëèøà¹òüñÿ, ÿê i â ïðèêëàäi 10.4, âèêëþ÷èòè òi çíà÷åííÿ àðãóìåíòiâ
ôóíêöié, ÿêi íå âõîäÿòü ó ïîñòàíîâêó.

Çàôiêñó¹ìî â ìiðêóâàííÿõ öüîãî àáçàöó iíòåãðîâíó íà êîæíîìó ñå-
ãìåíòi ôóíêöiþ ϕ i ïîçíà÷èìî

r c
b

=
r c
b
ϕ(ξ)dξ. Ïðèïóñòèìî, ùî ϕ íåïàð-

íà i 2l-ïåðiîäè÷íà. Òîäi äëÿ áóäü-ÿêîãî α ∈ R
r α+2l

α
= 0, à çíà÷èòü äëÿ

áóäü-ÿêèõ b, c ∈ R, m,n ∈ Z
cw

b

=

c−2nlw

b−2ml

≡
lw

b−2ml

−
lw

c−2nl

.

Âèáðàâøè m i n òàê, ùîá íèæíi ìåæi â îñòàííiõ äâîõ iíòåãðàëàõ áóëè
ìåíøi çà l i íå áiëüøi çà −l, i ñêîðèñòàâøèñü âèïëèâàþ÷îþ ç íåïàðíîñòi
ϕ ðiâíiñòþ

r |α|
α

= 0, îäåðæèìî

cw

b

=

lw

|b−2ml|

−
lw

|c−2nl|

≡
|c−2nl|w

|b−2ml|

(10.51)

(íèæíÿ ìåæà ìîæå áóòè áiëüøîþ çà âåðõíþ). Ñôîðìóëüîâàíå âèùå ïðà-
âèëî âèáîðó ÷èñëà m âèðàæà¹òüñÿ íåðiâíîñòÿìè

−l 6 b− 2ml < l.

Çàïèñàâøè ¨õ ó ôîðìi

2ml 6 b+ l < 2(m+ 1)l,

áà÷èìî, ùî m = [b/2l + 1/2], äå [α] � öiëà ÷àñòèíà α (à {α} íèæ÷å �
äðîáîâà ÷àñòèíà α). Çâiäñè, ïîçíà÷èâøè

χ(α) = 2l{α/2l + 1/2} − l, (10.52)

(ãðàôiê öi¹¨ ôóíêöi¨ çîáðàæåíî íà ðèñ. 1), îäåðæó¹ìî

b− 2ml ≡ 2l(b/2l + 1/2−m− 1/2) = χ(b) (10.53)

i, àíàëîãi÷íî, c− 2nl = χ(c), ùî ïåðåòâîðþ¹ ðiâíiñòü (10.51) äî âèãëÿäó

cw

b

=

|χ(c)|w

|χ(b)|

. (10.54)

Òàêîæ iç (10.53) i 2l-ïåðiîäè÷íîñòi ϕ ìà¹ìî

ϕ(b) = ϕ(χ(b)), (10.55)
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à ç íåïàðíîñòi ϕ i χ �

ϕ(χ(b)) = ϕ(|χ(b)|)(−1)[b/l]. (10.56)

0

l

−l

−3l −2l −l l 2l 3l

Ðèñ. 1. Ãðàôiê ôóíêöi¨ χ.

Ðiâíîñòi (10.54) � (10.56) ïåðåòâîðþþòü ôîðìóëó Äàëàìáåðà ç íå-
ïàðíèìè 2l-ïåðiîäè÷íèìè ôóíêöiÿìè u0, u1 i f(·, t− τ) äî âèãëÿäó

u(x, t) =
u0(|χ(x+ at)|)(−1)[(x+at)/l] + u0(|χ(x− at)|)(−1)[(x−at)/l]

2

+
1

2a

|χ(x+at)|w

|χ(x−at)|

u1(ξ)dξ +
1

2a

tw

0

dτ

|χ(x+aτ)|w

|χ(x−aτ)|

f(ξ, t− τ)dξ.

Öÿ ðiâíiñòü ñïiëüíî ç (10.52) (àáî ðèñ. 2) äà¹ âiäïîâiäü. �

0

l

−4l −3l −2l −l l 2l 3l 4l

Ðèñ. 2. Ãðàôiê ôóíêöi¨ |χ|.

Ïðèêëàä 10.11. Âèðàçèòè ôóíêöiþ Ãðiíà ðiâíÿííÿ äèôóçi¨ àáî êîëè-
âàíü íà âiäðiçêó [0, l] ç ìåæîâîþ óìîâîþ ïåðøîãî ðîäó íà ëiâîìó êiíöi i
äðóãîãî íà ïðàâîìó ÷åðåç ôóíêöiþ Ãðiíà öüîãî æ ðiâíÿííÿ íà ïðÿìié.

Ó äåòàëÿõ öå çâó÷èòü òàê (ôîðìóëþ¹ìî îêðåìî äëÿ êîæíîãî ç äâîõ
ðiâíÿíü).

1. Íåõàé G = G(x, t) � ôóíêöiÿ íà R×R+ òàêà, ùî ðîçâ'ÿçîê çàäà÷i
(9.1) íà ïðÿìié äà¹òüñÿ ôîðìóëîþ (9.2) ç d = 1. Âèðàçèòè ÷åðåç íå¨
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ôóíêöiþ G12 = G12(x, ξ, t) íà [0, l]2 × R+ òàêó, ùî ðîçâ'ÿçîê çàäà÷i

ut = a2uxx + f,
u(x, 0) = u0(x),
u(0, t) = 0, ux(l, t) = 0

(10.57)

íà [0, l] äà¹òüñÿ ôîðìóëîþ

u(x, t) =

lw

0

G12(x, ξ, t)u0(ξ)dξ +

tw

0

dτ

lw

0

G12(x, ξ, t− τ)f(ξ, τ)dξ. (10.58)

2. Íåõàé G � ôóíêöiÿ íà R×R+ òàêà, ùî ðîçâ'ÿçîê çàäà÷i (10.1) íà
ïðÿìié äà¹òüñÿ ôîðìóëîþ (10.3). Âèðàçèòè ÷åðåç íå¨ ôóíêöiþ G12 íà
[0, l]2 × R+ òàêó, ùî ðîçâ'ÿçîê çàäà÷i

ut = a2uxx + f,
u(x, 0) = u0(x), ut(x, 0) = u1(x),
u(0, t) = 0, ux(l, t) = 0

(10.59)

íà [0, l] äà¹òüñÿ ôîðìóëîþ

u(x, t) =
∂

∂t

lw

0

G12(x, ξ, t)u0(ξ)dξ +

lw

0

G12(x, ξ, t)u1(ξ)dξ

+

tw

0

dτ

lw

0

G12(x, ξ, t− τ)f(ξ, τ)dξ. (10.60)

� Ïðîäîâæèìî ôóíêöi¨ u0, f(·, t) i (â çàäà÷i (10.59)) u1 íà âñþ ïðÿìó
íåïàðíèì ÷èíîì ÷åðåç ëiâèé êiíåöü âiäðiçêà i ïàðíèì ÷åðåç ïðàâèé, òîá-
òî òàê, ùîá äëÿ ¨õíiõ ãðàôiêiâ ïî÷àòîê êîîðäèíàò áóâ öåíòðîì ñèìåòði¨,
à âåðòèêàëüíà ïðÿìà x = l � âiññþ ñèìåòði¨. Àíàëiòè÷íî öÿ âëàñòèâiñòü
äîâiëüíî¨ ôóíêöi¨ ϕ íà R âèðàæà¹òüñÿ ðiâíîñòÿìè (ïîð. ç (10.50))

ϕ(−x) = −ϕ(x), ϕ(l − x) = ϕ(l + x). (10.61)

Iç ïåðøî¨ ç íèõ ìà¹ìî ϕ(0) = 0, à ç äðóãî¨ çà óìîâè äèôåðåíöiéîâíîñòi
ϕ â òî÷öi l

ϕ′(l) = lim
h→0

ϕ(l + h)− ϕ(l − h)

2h
= 0.

Òîìó ðîçâ'ÿçîê çàäà÷i (9.1) àáî æ (10.1) íà âñié ïðÿìié ç òàê ïðîäîâæå-
íèì uj i f(·, t) àâòîìàòè÷íî çàäîâîëüíÿ¹ ìåæîâi óìîâè çàäà÷i (10.57) i
(10.59).

Òàêîæ iç ðiâíîñòåé (10.61) ìà¹ìî ϕ(x+ 2l) ≡ ϕ(l+ l+ x) = ϕ(l− (l+
x)) = −ϕ(x), çâiäêè ϕ(x + 2kl) = (−1)kϕ(x). Öå äîçâîëÿ¹ ïåðåòâîðèòè
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ïåðøèé äîäàíîê ó (9.2) òàê:

∞w

−∞
G(x− ξ, t)u0(ξ)dξ =

∞∑
k=−∞

(2k+1)lw

(2k−1)l

G(x− ξ, t)u0(ξ)dξ

=

∞∑
k=−∞

lw

−l

G(x− ξ − 2kl, t)u0(ξ + 2kl)dξ

=

∞∑
k=−∞

(−1)k

 0w

−l

G(x− ξ − 2kl, t)u0(ξ)dξ +

lw

0

G(x− ξ − 2kl, t)u0(ξ)dξ

 .
Àíàëîãi÷íî ïåðåòâîðþ¹òüñÿ äðóãèé äîäàíîê ó (9.2) i âñi òðè â (10.3).
Òåïåð çðîáèâøè â

r 0

−l çàìiíó ξ = −ξ′ i ñêîðèñòàâøèñü íåïàðíiñòþ ïðî-
äîâæåíü, çàïèñó¹ìî ðîçâ'ÿçêè çàäà÷ (10.57) i (10.59) ó ôîðìàõ (10.58) i
(10.60) âiäïîâiäíî, äå, â îáîõ âèïàäêàõ,

G12(x, ξ, t) =

∞∑
k=−∞

(−1)k [G(x− ξ − 2kl, t)−G(x+ ξ − 2kl, t)] . �

(10.62)
Çàóâàæåííÿ. Âèâîäÿ÷è âèðàç ôóíêöi¨ G12, ìè âíåñëè íåñêií÷åííó ñóìó ïiä
çíàê iíòåãðàëà. Äëÿ õâèëüîâîãî ðiâíÿííÿ öå îáãðóíòîâó¹òüñÿ òèì, ùî, ÿê âè-
äíî ç (10.4), ñóìà â (10.62) ìiñòèòü òiëüêè ñêií÷åííå ÷èñëî íåíóëüîâèõ äîäàí-
êiâ. Äëÿ ðiâíÿííÿ äèôóçi¨ ðiâíiñòü (9.4) ïîêàçó¹, ùî ïðè âñiõ x i t ðÿä

∞∑
k=−∞

(−1)k [G(x− ξ − 2kl, t)−G(x+ ξ − 2kl, t)]u0(ξ)

çà ìàæîðàíòíîþ îçíàêîþ Âåé¹ðøòðàñà çáiãà¹òüñÿ ðiâíîìiðíî ïî ξ ∈ [0, l], à
çíà÷èòü éîãî ìîæíà, çà âiäîìîþ òåîðåìîþ ìàòåìàòè÷íîãî àíàëiçó, ïî÷ëåííî
iíòåãðóâàòè.

Ðîçâ'ÿçàòè çàäà÷ó Êîøi:

1.
utt = uxx,
u(x, 0) = 0, ut(x, 0) = θ(x)e−x.

2.
utt = uxx,
u(x, 0) = 0,
ut(x, 0) = θ(π − |x|) sinx.

3.
utt = uxx + e−|x|,
u(x, 0) = 0, ut(x, 0) = 0.

4.
utt = uxx + 2e−|x| cos t,
u(x, 0) = 0, ut(x, 0) = 0.

5.
utt = uxx + θ(x),
u(x, 0) = 0, ut(x, 0) = 0.

6.
utt = uxx + θ(1− |x|),
u(x, 0) = 0, ut(x, 0) = 0.

7.
utt = a2uxx + g(t)δ(x− bt),
u(x, 0) = 0, ut(x, 0) = 0.
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Ðîçâ'ÿçàòè êðàéîâó çàäà÷ó íà ïiâïðÿìié:

8.
ut = a2uxx,
u(x, 0) = 0,
ux(0, t) = µ(t).

9.
ut = a2uxx + f,
u(x, 0) = u0(x),
ux(0, t)− hu(0, t) = 0.

10.
utt = a2uxx,
u(x, 0) = 0, ut(x, 0) = 0,
ux(0, t)− hu(0, t) = −hµ(t).

11.

utt = a2uxx + f,
u(x, 0) = u0(x),
ut(x, 0) = u1(x),
ux(0, t)− hu(0, t) = 0.

Ðîçâ'ÿçàòè êðàéîâó çàäà÷ó íà âiäðiçêó:

12.
utt = a2uxx,
u(x, 0) = 0, ut(x, 0) = 0,
u(0, t) = µ1(t), u(l, t) = µ2(t).

13.
utt = a2uxx,
u(x, 0) = 0, ut(x, 0) = 0,
ux(0, t) = µ1(t), ux(l, t) = µ2(t).

14.
utt = a2uxx,
u(x, 0) = 0, ut(x, 0) = 0,
u(0, t) = µ1(t), ux(l, t) = µ2(t).

15.
utt = a2uxx,
u(x, 0) = 0, ut(x, 0) = 0,
ux(0, t) = µ1(t), u(l, t) = µ2(t).

16. Âèðàçèòè ôóíêöiþ Ãðiíà G11 ðiâíÿííÿ äèôóçi¨ àáî êîëèâàíü íà âiä-
ðiçêó [0, l] ç ìåæîâîþ óìîâîþ ïåðøîãî ðîäó íà îáîõ êiíöÿõ ÷åðåç ôóí-
êöiþ Ãðiíà öüîãî æ ðiâíÿííÿ íà ïðÿìié.

17. Âèðàçèòè ôóíêöiþ Ãðiíà G21 ðiâíÿííÿ äèôóçi¨ àáî êîëèâàíü íà âiä-
ðiçêó [0, l] ç ìåæîâîþ óìîâîþ äðóãîãî ðîäó íà ëiâîìó êiíöi i ïåðøîãî
íà ïðàâîìó ÷åðåç ôóíêöiþ Ãðiíà öüîãî æ ðiâíÿííÿ íà ïðÿìié.

18. Âèðàçèòè ôóíêöiþ Ãðiíà G22 ðiâíÿííÿ äèôóçi¨ àáî êîëèâàíü íà âiä-
ðiçêó [0, l] ç ìåæîâîþ óìîâîþ äðóãîãî ðîäó íà îáîõ êiíöÿõ ÷åðåç ôóí-
êöiþ Ãðiíà öüîãî æ ðiâíÿííÿ íà ïðÿìié.

Âèðàçèòè ÷åðåç ôóíêöiþ Ãðiíà Gij ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i íà [0, l]:

19.
ut = a2uxx,
u(x, 0) = 0,
u(0, t) = µ1(t), u(l, t) = µ2(t).

20.
ut = a2uxx,
u(x, 0) = 0,
ux(0, t) = µ1(t), ux(l, t) = µ2(t).

21.
ut = a2uxx,
u(x, 0) = 0,
u(0, t) = µ1(t), ux(l, t) = µ2(t).

22.
ut = a2uxx,
u(x, 0) = 0,
ux(0, t) = µ1(t), u(l, t) = µ2(t).

Çíàéòè ôóíêöiþ Ãðiíà ðiâíÿííÿ íà ïðÿìié:

23. utt + γut = a2uxx (ðiâíÿííÿ çãàñàþ÷èõ õâèëü).

24. utt + γut = a2uxx + cu (òåëåãðàôíå ðiâíÿííÿ).
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25. iut = −a2uxx (ðiâíÿííÿ Øðåäiíãåðà äëÿ âiëüíî¨ ÷àñòèíêè).

26. iut = −a2uxx − bxu (ðiâíÿííÿ Øðåäiíãåðà äëÿ ÷àñòèíêè â îäíîði-
äíîìó ïîëi).

27. iut = −a2uxx + 1
2ω

2x2u (ðiâíÿííÿ Øðåäiíãåðà äëÿ îñöèëÿòîðà).

Ðîçâ'ÿçàòè çàäà÷ó Êîøi:

28.
iut = −a2uxx − bxu,
u(x, 0) = exp

(
−x2 + ikx

)
.

29.
iut = −a2uxx + 1

2ω
2x2u,

u(x, 0) = exp
(
−x2 + ikx

)
.

� 11. Õâèëüîâå ðiâíÿííÿ â Rd

Ðîçâ'ÿçîê çàäà÷i Êîøi

utt = a2∆du+ f,
u(x, 0) = u0(x),
ut(x, 0) = u1(x)

(11.1)

â Rd äà¹òüñÿ: ïðè d = 3 � ôîðìóëîþ Êiðõãîôà

u(x, t) =
1

4πa2

1

t

w

|ξ|=at

u1(x− ξ)dσ(ξ) +
∂

∂t

1

t

w

|ξ|=at

u0(x− ξ)dσ(ξ)

+
w

|ξ|6at

f (x− ξ, t− |ξ|/a)

|ξ| dξ

 , (11.2)

ïðè d = 2 � ôîðìóëîþ Ïóàññîíà

u(x, t) =
1

2πa

 w

|ξ|6at

u1(x− ξ)√
a2t2 − |ξ|2

dξ +
∂

∂t

w

|ξ|6at

u0(x− ξ)√
a2t2 − |ξ|2

dξ

+

tw

0

dτ
w

|ξ|6aτ

f(x− ξ, t− τ)√
a2τ2 − |ξ|2

dξ

 , (11.3)

ïðè d = 1 � ôîðìóëîþ Äàëàìáåðà (10.2).
Î÷åâèäíi ðiâíîñòi

w

|ξ|6R

P (ξ)Q(x− ξ)dξ =
w

|ξ−x|6R

P (x− ξ)Q(ξ)dξ,

w

|ξ|=R

P (ξ)Q(x− ξ)dσ(ξ) =
w

|ξ−x|=R

P (x− ξ)Q(ξ)dσ(ξ)
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äàþòü åêâiâàëåíòíi ôîðìè çàïèñó iíòåãðàëiâ ó (11.2) i (11.3), ÷èì ìè äàëi
êîðèñòóâàòèìåìîñü áåç ïîÿñíåíü.

Ðiâíîñòi (11.2) i (11.3) ¹, ÿê i (10.2), îêðåìèìè âèïàäêàìè çàãàëüíî¨ ôîð-
ìóëè

u(x, t) =
∂

∂t

w

Rd
G(x− ξ, t)u0(ξ)dξ +

w

Rd
G(x− ξ, t)u1(ξ)dξ

+

tw

0

dτ
w

Rd
G(x− ξ, t− τ)f(ξ, τ)dξ, (11.4)

ÿêà äà¹ ðîçâ'ÿçîê çàäà÷i Êîøi (11.1) â ïðîñòîði Rd äîâiëüíî¨ ðîçìiðíîñòi (ó
� 10 ìè çàïèñóâàëè ¨¨ äëÿ âèïàäêó d = 1). Ôóíêöiÿ G íàçèâà¹òüñÿ ôóíêöi¹þ
Ãðiíà îïåðàòîðà �d = ∂/∂t− a2∆d.

Ïðèêëàä 11.1
utt = a2∆du+ F (bx, t),
u(x, 0) = U0(bx),
ut(x, 0) = U1(bx)

(b � ñòàëèé âåêòîð).
� ßê i â àíàëîãi÷íîìó ïðèêëàäi 9.10, øóêà¹ìî ðîçâ'ÿçîê çàäà÷i ó

âèãëÿäi
u(x, t) = U(bx, t), (11.5)

äå U � ðîçâ'ÿçîê çàäà÷i

Utt = (ba)2Uxx + F (x, t),
U(x, 0) = U0(x),
Ut(x, 0) = U1(x)

(íàãàäà¹ìî ïîçíà÷åííÿ b = |b|). Çàïèñàâøè U çà ôîðìóëîþ Äàëàìáåðà,
îäåðæèìî ç óðàõóâàííÿì (11.5) âiäïîâiäü

u(x, t) =
U0(bx+ bat) + U0(bx− bat)

2

+
1

2ba

bx+batw

bx−bat

U1(ξ)dξ +
1

2ba

tw

0

dτ

bx+baτw

bx−baτ

F (ξ, t− τ)dξ. � (11.6)

Ïðèêëàä 11.2
utt = a2∆u+ tebx,
u(x, 0) = ut(x, 0) = 0.

� Ïåðøèé ñïîñiá. Çà ôîðìóëîþ Êiðõãîôà

u(x, t) =
ebx

4πa2

w

|ξ|6at

(t− |ξ|/a) e−bξ

|ξ| dξ.
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Ïåðåéäåìî â öüîìó iíòåãðàëi äî ñôåðè÷íèõ êîîðäèíàò, ìiðÿþ÷è øèðîòó
ϑ âiä íàïðÿìêó âåêòîðà b, òàê ùî bξ = bρ cosϑ, äå ρ = |ξ|. Îñêiëüêè
ïiäiíòåãðàëüíà ôóíêöiÿ âiä äîâãîòè φ íå çàëåæèòü, òî iíòåãðóâàííÿ ïî
φ ðiâíîñèëüíå ìíîæåííþ iíòåãðàëà íà 2π, òîæ

u(x, t) =
ebx

2a3

atw

0

(at− ρ)ρdρ

πw

0

e−bρ cosϑ sinϑdϑ =
ebx

ba3

atw

0

(at− ρ) sh bρdρ.

Ïðîiíòåãðóâàâøè ÷àñòèíàìè (sh bρdρ = b−1d ch bρ), îäåðæó¹ìî âiäïîâiäü

u(x, t) =
ebx

(ba)2

(
sh bat

ba
− t
)
. (11.7)

Äðóãèé ñïîñiá. Öåé ïðèêëàä ¹ êîíêðåòèçàöi¹þ ïîïåðåäíüîãî: U0 =
U1 = 0, F (x, t) = tex. Ïiäñòàâèâøè öi âèðàçè â (11.6), äiñòàíåìî

u(x, t) =
1

2ba

tw

0

(t− τ)dτ

bx+baτw

bx−baτ

e−bξdξ =
ebx

ba

tw

0

(t− τ) sh baτdτ,

ùî ÷åðåç iíòåãðóâàííÿ ÷àñòèíàìè ïðèâîäèòü äî (11.7).
Òðåòié ñïîñiá (ïîð. ç ïðèêëàäàìè 9.1�9.3 i 9.6). Çàñòîñóâàííÿ îïå-

ðàòîðà ∆3 äî ôóíêöi¨ ebx ðiâíîñèëüíå ìíîæåííþ ¨¨ íà ÷èñëî b2. Òîìó
ìîæíà øóêàòè ðîçâ'ÿçîê ó âèãëÿäi

u(x, t) = T (t)ebx. (11.8)

Ïiäñòàâèâøè öåé âèðàç ó ðiâíÿííÿ i ñêîðîòèâøè íà ebx, äiñòàíåìî ðiâ-
íÿííÿ äëÿ T :

T̈ = (ba)2T + t.
Ïðè¹äíó¹ìî äî íüîãî íóëüîâi, ÿê i äëÿ u, ïî÷àòêîâi óìîâè i çàïèñó¹ìî
ðîçâ'ÿçîê

T (t) =
1

ba

tw

0

(t− τ) sh baτdτ

(iíòåãðàë òîé ñàìèé, ùî â ïîïåðåäíüîìó ñïîñîái) îòðèìàíî¨ çàäà÷i Êîøi,
ïiñëÿ ÷îãî ðiâíiñòü (11.8) ïåðåòâîðþ¹òüñÿ íà (11.7). �

Ïðèêëàä 11.3
utt = a2∆u,
u(x, y, z, 0) = 0,
ut(x, y, z, 0) = x2yz.

� Çà ôîðìóëîþ Êiðõãîôà

u(x, y, z, t) =
1

4πa2t

x

Σ

(x− ξ)2(y − η)(z − ζ)dσ(ξ, η, ζ), (11.9)

äå Σ =
{

(ξ, η, ζ) : ξ2 + η2 + ζ2 = a2t2
}

= {ξ : |ξ| = at}. Î÷åâèäíî, ÿêùî
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õî÷à á îäíå ç öiëèõ íåâiä'¹ìíèõ ÷èñåë k, l,m íåïàðíå, òî
s

Σ

ξkηlζmdσ = 0.

Òîìó ïiñëÿ ðîçêðèòòÿ äóæîê ðiâíiñòü (11.9) íàáóâà¹ âèãëÿäó

u(x, y, z, t) =
1

4πa2t

(
4πa2t2x2yz + yz

x

Σ

ξ2dσ

)
(ìíîæíèê ïðè x2yz ó ïåðøîìó äîäàíêó � ïëîùà ñôåðè Σ). Çâiäñè,
çàïèñàâøè î÷åâèäíi ðiâíîñòi
x

Σ

ξ2dσ=
x

Σ

η2dσ=
x

Σ

ζ2dσ=
1

3

x

Σ

(ξ2+η2+ζ2)dσ=
a2t2

3

x

Σ

dσ=
4πa4t4

3
,

îäåðæó¹ìî âiäïîâiäü: u(x, y, z, t) = tx2yz + a2t3yz/3. �

Ïðèêëàä 11.4
utt = a2∆3u+ F (|x|, t),
u(x, 0) = U0(|x|),
ut(x, 0) = U1(|x|).

�Øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi

u(x, t) = U(|x|, t). (11.10)

Ïðèãàäàâøè âèðàç

∆3 =
1

r2

∂

∂r

(
r2 ∂

∂r

)
+

1

r2
∆ϑφ

îïåðàòîðà ∆3 ÷åðåç éîãî ðàäiàëüíó i êóòîâó ÷àñòèíè, áà÷èìî, ùî ôóí-
êöiÿ U çìiííèõ r i t ïîâèííà çàäîâîëüíÿòè ðiâíÿííÿ

Utt = a2
(
Urr + 2r−1Ur

)
+ F (r, t), (11.11)

i ïî÷àòêîâi óìîâè

U(r, 0) = U0(r), Ut(r, 0) = U1(r). (11.12)

Êðiì òîãî, ïîêëàâøè ó (11.2) uj(x) = Uj(|x|), f(x, t) = F (|x|, t), áà÷èìî,
ùî äëÿ áóäü-ÿêèõ äîäàòíèõ t, R sup|x|<R |u(x, t)| <∞, à çíà÷èòü i

sup
r<R
|U(r, t)| <∞. (11.13)

Ââåäåìî íîâó ôóíêöiþ V (r, t) = rU(r, t). Òîäi U = r−1V , Ur =
r−1Vr − r−2V , Urr = r−1Vrr − 2r−2Vr + 2r−3V , òîæ iç (11.11) � (11.13)
ìà¹ìî êðàéîâó çàäà÷ó äëÿ V

Vtt = a2Vrr + rF (r, t), r > 0,
V (r, 0) = rU0(r), Vt(r, 0) = rU1(r),
V (0, t) = 0,

ðîçâ'ÿçîê ÿêî¨ çàïèñó¹ìî çà ôîðìóëîþ (10.18) ç î÷åâèäíèìè ïåðåïîçíà-
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÷åííÿìè i ç óðàõóâàííÿì òîòîæíîñòi |x| sgnx = x:

V (r, t) =
(r + at)U0(r + at) + (r − at)U0(|r − at|)

2

+
1

2a

r+atw

|r−at|

ρU1(ρ)dρ+
1

2a

tw

0

dτ

r+aτw

|r−aτ |

ρF (ρ, t− τ)dρ.

Ïîäiëèâøè îáèäâi ÷àñòèíè ðiâíîñòi íà r, äiñòàíåìî âèðàç U(r, t). Âiäòàê,
ïåðåïîçíà÷èâøè r íà |x| i âçÿâøè äî óâàãè (11.10), îäåðæèìî âiäïîâiäü:

u(x, t) =
(|x|+ at)U0(|x|+ at) + (|x| − at)U0(||x| − at|)

2|x|

+
1

2a|x|

|x|+atw

||x|−at|

ρU1(ρ)dρ+
1

2a|x|

tw

0

dτ

|x|+aτw

||x|−aτ |

ρF (ρ, t− τ)dρ. � (11.14)

Ïðèêëàä 11.5
utt = a2∆3u,
u(x, 0) = |x|−1,
ut(x, 0) = 0.

� Ïåðøèé ñïîñiá. Çà ôîðìóëîþ Êiðõãîôà

u(x, t) = gt(x, t), (11.15)

äå

g(x, t) =
1

4πa2t

w

Σ

dσ(ξ)

|ξ − x| ,

Σ � ñôåðà ðàäióñà at ç öåíòðîì ó íóëi. Ïåðåéäåìî â iíòåãðàëi äî ñôå-
ðè÷íèõ êîîðäèíàò, âiäðàõîâóþ÷è øèðîòó ϑ âiä íàïðÿìó âåêòîðà x, i
ïîçíà÷èìî r = |x|. Òîäi dσ(ξ) = a2t2 sinϑdϑdφ, çâiäêè

g(x, t) =
t

2

πw

0

(
r2 − 2atr cosϑ+ a2t2

)−1/2
sinϑdϑ

=
1

2ar

√
r2 − 2atr cosϑ+ a2t2

∣∣∣π
0

=
r + at− |r − at|

2ar
,

òîáòî

g(x, t) =
|x| ∧ at
a|x| .

Çâiäñè i ç (11.15), çàïèñàâøè

∂

∂t
(|x| ∧ at) =

{
a, t < |x|/a,
0, t > |x|/a,
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çíàõîäèìî

u(x, t) =
θ(|x| − at)
|x| .

Äðóãèé ñïîñiá. Äàíèé ïðèêëàä ¹ êîíêðåòèçàöi¹þ ïîïåðåäíüîãî: U1 =
F = 0, U0(ρ) = ρ−1. Òîìó çà ôîðìóëîþ (11.14)

u(x, t) =
1 + |x|−at

||x|−at|

2|x| ≡ θ(|x| − at)
|x| . �

Ïðèêëàä 11.6

utt = a2∆u+ x2−3y2+2z2+xy
t2+1 ,

u(x, y, z, 0) = ut(x, y, z, 0) = 0.

� Ôóíêöiÿ P (x, y, z) = x2 − 3y2 + 2z2 + xy ãàðìîíi÷íà: ∆3P = 0.
Òîìó (ïîð. ç òðåòiì ñïîñîáîì ó ïðèêëàäi 11.1) ìîæíà øóêàòè ðîçâ'ÿçîê
çàäà÷i ó âèãëÿäi

u(x, y, z, t) = T (t)P (x, y, z). (11.16)
Ïiäñòàâèâøè öåé âèðàç ó ðiâíÿííÿ äëÿ u i ïî÷àòêîâi óìîâè, äiñòàíåìî

T̈ (t) = (t2 + 1)−1, T (0) = Ṫ (0) = 0.

Çâiäñè çà ôîðìóëîþ Òåéëîðà ç iíòåãðàëüíèì çàëèøêîâèì ÷ëåíîì

T (t) =

n−1∑
k=0

T (k)(t0)

k!
(t− t0)k +

1

(n− 1)!

tw

t0

(t− τ)n−1T (n)(τ)dτ

(ôóíêöiÿ âiäíîâëþ¹òüñÿ çà ïîõiäíîþ n-ãî ïîðÿäêó î ä í î ð à ç î â è ì
iíòåãðóâàííÿì) çíàõîäèìî

T (t) =

tw

0

t− τ
τ2 + 1

dτ = t arctg t− 1

2
ln(t2 + 1),

ïiñëÿ ÷îãî ðiâíiñòü (11.16) ñòà¹ âiäïîâiääþ. �

Ïðèêëàä 11.7
utt = ∆u,
u(x, y, 0) = 0,

ut(x, y, 0) = x2

x2+y2 .

� Ïåðøèé ñïîñiá. Çà ôîðìóëîþ Ïóàññîíà

u(x, y, t) =
1

2π

x

ξ2+η26t2

(x− ξ)2dξdη√
t2 − ξ2 − η2 ((x− ξ)2 + (y − η)2)

.

Ó ïîëÿðíèõ êîîðäèíàòàõ ξ = ρ cosφ, η = ρ sinφ iíòåãðàë íàáóâà¹ âèãëÿ-
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äó

u(x, y, t) =

tw

0

ρdρ√
t2 − ρ2

(
1

2π

2πw

0

(x− ρ cosφ)2dφ

(x− ρ cosφ)2 + (y − ρ sinφ)2

)
.

Âíóòðiøíié iíòåãðàë îá÷èñëþ¹ìî çà äîïîìîãîþ òåîði¨ ëèøêiâ, ïåðåõî-
äÿ÷è äî êîíòóðíîãî iíòåãðàëà ïî çìiííié z = eiφ:

1

2π

2πw

0

(x− ρ cosφ)2dφ

(x− ρ cosφ)2 + (y − ρ sinφ)2
=

1

2πi

∮
|z|=1

f(z)dz,

äå

f(z) =

(
x− ρ z+1/z

2

)2

z−1(
x− ρ z+1/z

2

)2

+
(
y − ρ z−1/z

2i

)2 ≡
(ρz2 − 2xz + ρ)2

4z2((x− iy)z − ρ)(x+ iy − ρz) .

Â îäèíè÷íîìó êðóçi ôóíêöiÿ f ìà¹ äâà ïîëþñè:

z1 = 0, z2 =

{
ρ/(x− iy), ρ < r,
(x+ iy)/ρ, ρ > r,

äå r =
√
x2 + y2. Äîäàâøè ëèøêè â öèõ òî÷êàõ, äiñòàíåìî

1

2π

2πw

0

(x− ρ cosφ)2dφ

(x− ρ cosφ)2 + (y − ρ sinφ)2
=

1

2
+
x2 − y2

2r2

(
1− ρ2

r2

)
+

.

Îòæå,

u(x, y, t) =

tw

0

(
1

2
+
x2 − y2

2r2

(
1− ρ2

r2

)
+

)
ρdρ√
t2 − ρ2

.

Ðàöiîíàëiçóþ÷à ïiäñòàíîâêà t2 − ρ2 = t2s2 ñïðîùó¹ öåé iíòåãðàë äî âè-
ãëÿäó

u(x, y, t) = t

1w

0

(
1

2
+
x2 − y2

2r2

(
1− t2

r2
(1− s2)

)
+

)
ds

≡ t

2
+ t

x2 − y2

2r2

1w

√
(1−r2/t2)+

(
1− t2

r2
(1− s2)

)
ds.

Ïiñëÿ ðóòèííèõ ïåðåòâîðåíü îäåðæèìî âiäïîâiäü:

u(x, y, t) =
tx2

x2 + y2
+

y2 − x2

3(x2 + y2)2

(
t3 −

(
t2 − x2 − y2

)3/2
+

)
.
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Äðóãèé ñïîñiá. Çàïèñàâøè â ïîçíà÷åííÿõ ïîïåðåäíüîãî ñïîñîáó

x2

x2 + y2
= cos2 φ ≡ 1

2
+

1

2
cos 2φ,

áà÷èìî, ùî â ðÿäi Ôóð'¹ ôóíêöi¨ u(r, ·, t) ïðèñóòíi òiëüêè äâi ãàðìîíiêè:
u(r, φ, t) = U(r, t) + V (r, t) cos 2φ.

Ïiäñòàâèâøè öåé âèðàç ó ðiâíÿííÿ i äîäàòêîâi óìîâè, îäåðæèìî ñòàí-
äàðòíèì ÷èíîì, ÿê ó � 5, êðàéîâi çàäà÷i

r2Utt = r2Urr + rUr,
U(r, 0) = 0, Ut(r, 0) = 1/2,
U(·, t) ∈ C1(R+);

r2Vtt = r2Vrr + rVr − 4V,
V (r, 0) = 0, Vt(r, 0) = 1/2,
V (·, t) ∈ C1(R+).

Ðîçâ'ÿçîê ïåðøî¨ î÷åâèäíèé: U(r, t) = t/2. Ðîçâ'ÿçîê äðóãî¨ øóêà¹ìî
ó âèãëÿäi V (r, t) = rQ(t/r). Çàïèñàâøè Vtt(r, t) = r−1Q′′(t/r), Vr(r, t) =
−r−1Q′(t/r)+Q(t/r), Vrr(r, t) = r−3Q′′(t/r), áà÷èìî, ùî Q ïîâèííà áóòè
ðîçâ'ÿçêîì çàäà÷i

(1− s2)Q′′ + sQ′ + 3Q = 0,
Q(0) = 0, Q′(0) = 1/2,
sups>0 |Q(s)| <∞.

(11.17)

Ðiâíÿííÿ äëÿ Q ðàçîì iç ïî÷àòêîâèìè óìîâàìè íå ìîæíà ðîçãëÿäàòè
ÿê çàäà÷ó Êîøi íà R+, áî êîåôiöi¹íò ïðè Q′′ ïåðåòâîðþ¹òüñÿ â íóëü
ó òî÷öi s = 1 i ôóíêöiÿ (1 − s2)−1 íåiíòåãðîâíà â îêîëi îäèíèöi. Òîìó
îáìåæåíèé íà R+ ðîçâ'ÿçîê òðåáà �çøèâàòè� ç ðîçâ'ÿçêó çàäà÷i Êîøi íà
[0, 1[ i îáìåæåíîãî íà ]1,∞[ ðîçâ'ÿçêó ðiâíÿííÿ.

Ðiâíÿííÿ äëÿ Q âèçíà÷à¹ ãiïåðñôåðè÷íi ìíîãî÷ëåíè (ïîëiíîìè Ãå-
ãåíáàóåðà [1, 3, 14]). Ó ïîçíà÷åííÿõ çàäà÷i 2.17 a = −3/2, m = 0, n = 3.
Îòæå, îäíèì iç ðîçâ'ÿçêiâ ¹

Q1(s) = (s2 − 1)3/2 d3

ds3
(s2 − 1)3−3/2 ≡ 3s(2s2 − 3),

ó ÷îìó ìîæíà ïåðåñâiä÷èòèñü i áåçïîñåðåäíüî. Ôóíêöiÿ −Q1/18 çàäî-
âîëüíÿ¹, î÷åâèäíî, ïî÷àòêîâi óìîâè äëÿ Q. Ùå îäèí ðîçâ'ÿçîê ðiâíÿí-

íÿ çíàõîäèìî çà ôîðìóëîþ Àáåëÿ: Q2(s) =
∣∣s2 − 1

∣∣3/2. Òåïåð ðîçâ'ÿçîê
çàäà÷i (11.17) øóêà¹ìî ó âèãëÿäi

Q(s) =

{
−Q1(s)/18, s < 1,
AQ1(s) +BQ2(s), s > 1,

(11.18)

ïiäáèðàþ÷è ñòàëi A i B òàê, ùîá Q çàäîâîëüíÿëà âñi íàêëàäåíi íà íå¨
óìîâè. Óìîâà çøèâàííÿ Q(1 + 0) = Q(1− 0), äà¹ A = −1/18, à ç óìîâè
îáìåæåíîñòi íà íåñêií÷åííîñòi ìà¹ìî B = −6A = 1/3. Ïiäñòàâèâøè
çíàéäåíi A i B ó âèðàç (11.18) i ïåðåïèñàâøè îñòàííié ó êîìïàêòíié
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ôîðìi, äiñòàíåìî

Q(s) =
s

2
− s3

3
+

1

3

(
s2 − 1

)3/2
+

.

Âåðíóâøèñü äî äåêàðòîâèõ çìiííèõ, îäåðæèìî òó ñàìó âiäïîâiäü, ùî é
ó ïåðøîìó ñïîñîái. �

Ïðèêëàä 11.8

utt = a2∆u+ Iν(ρ) sin νφ cosωt,
u(ρ, φ, 0) = ut(ρ, φ, 0) = 0

(ω 6= 0; Iν � ìîäèôiêîâàíà áåññåëåâà ôóíêöiÿ ïîðÿäêó ν).

� Ïîçíà÷èìî g(ρ, φ) = Iν(ρ) sin νφ. Ïðèãàäàâøè âèðàç îïåðàòîðà ∆
â ïîëÿðíèõ êîîðäèíàòàõ, áà÷èìî, ùî

∆g(ρ, φ) = ρ−2
(
ρ2I ′′ν (ρ) + ρI ′ν(ρ)− ν2Iν(ρ)

)
sin νφ.

Àëå çà îçíà÷åííÿì ôóíêöi¨ Iν âîíà çàäîâîëüíÿ¹ ìîäèôiêîâàíå ðiâíÿííÿ
Áåññåëÿ

ρ2I ′′ν + ρI ′ν − ν2Iν = ρ2Iν .
Îòæå, ∆g = g, ùî äîçâîëÿ¹ øóêàòè ðîçâ'ÿçîê çàäà÷i ó âèãëÿäi

u(ρ, φ, t) = T (t)g(ρ, φ). (11.19)

Î÷åâèäíî, òàêà ôóíêöiÿ çàäîâîëüíÿòèìå ðiâíÿííÿ i ïî÷àòêîâi óìîâè
çàäà÷i, ÿêùî

T̈ = a2T + cosωt, T (0) = Ṫ (0) = 0.
Ðîçâ'ÿçàâøè ñòàíäàðòíèì ÷èíîì öþ çàäà÷ó Êîøi, çíàõîäèìî T (t) =
ch at−cosωt
a2+ω2 , ïiñëÿ ÷îãî ðiâíiñòü (11.19) ñòà¹ âiäïîâiääþ. �

Ïðèêëàä 11.9 (ïðîäîâæåííÿ ïðèêëàäó 10.1). Ïîáóäóâàòè ôóíêöiþ Ãði-
íà îïåðàòîðà ∂2/∂t2 − a2∂2/∂x2 − µ2, òîáòî ôóíêöiþ H = H(x, t) òàêó,
ùî ðîçâ'ÿçîê çàäà÷i (10.5) äà¹òüñÿ ôîðìóëîþ (10.6).

� Ïåðøèé ñïîñiá ïîáóäîâè äàíî â ïðèêëàäi 10.1.
Äðóãèé ñïîñiá [28]. Ââåäåìî, çáiëüøèâøè ÷èñëî ïðîñòîðîâèõ çìií-

íèõ, íîâi ôóíêöi¨ v(x, y, t) = eαyu(x, t), Ψ(x, y) = eαyψ(x), äå, ÿê i â
ïåðøîìó ñïîñîái, α = µ/a. Çàïèñàâøè vxx = eαyuxx, vyy = α2eαyu, çâî-
äèìî (10.5) äî çàäà÷i Êîøi äëÿ v

vtt = a2∆v,
v(x, y, 0) = 0,
vt(x, y, 0) = Ψ(x, y),

ðîçâ'ÿçîê ÿêî¨ çàïèñó¹ìî çà ôîðìóëîþ Ïóàññîíà

v(x, y, t) =
1

2πa

x

ξ2+η26a2t2

Ψ(x− ξ, y − η)√
a2t2 − ξ2 − η2

dξdη.
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Ïîìíîæèâøè îáèäâi ÷àñòèíè ðiâíîñòi íà e−αy, ïåðåòâîðèìî ¨¨ äî âèãëÿ-
äó

u(x, t) =
1

2πa

x

ξ2+η26a2t2

e−αηψ(x− ξ)√
a2t2 − ξ2 − η2

dξdη.

Çàïèñàâøè ïîäâiéíèé iíòåãðàë ÿê ïîâòîðíèé
r
· · · dξ

r
· · · dη i çðîáèâøè

ó âíóòðiøíüîìó iíòåãðàëi çàìiíó η =
√
a2t2 − ξ2 cosφ, òàê ùî çìiíi η

âiä −
√
a2t2 − ξ2 äî

√
a2t2 − ξ2 âiäïîâiäà¹ çìiíà φ âiä π äî 0 (íà öüîìó

ïðîìiæêó sinφ =
√

1− cos2 φ), äiñòàíåìî

u(x, t) =
1

2πa

atw

−at
ψ(x− ξ)dξ

πw

0

e−α
√
a2t2−ξ2 cosφdφ,

çâiäêè çà ôîðìóëîþ (7.16)

u(x, t) =
1

2a

atw

−at
I0

(
α
√
a2t2 − ξ2

)
ψ(x− ξ)dξ.

À öå i ¹ ðiâíiñòü (10.6) iç çíàéäåíîþ â ïðèêëàäi 10.1 H. �

Ðîçâ'ÿçàòè çàäà÷ó Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ:

1.

utt = ∆u+ ect,
u(x, y, z, 0) = x3 − 3xy2−

2x2y + y3 + 3x2z − yz2 − z3,
ut(x, y, z, 0) = 0.

2.
utt = ∆3u,
u(x, 0) = sin bx, ut(x, 0) = 0.

3.
utt = ∆3u+ tz,
u(x, 0) = 0, ut(x, 0) = ebx.

4.
utt = ∆u+ txyz2,
u(x, y, z, 0) = sin(x− 2y + 2z),
ut(x, y, z, 0) = 0.

5.

utt = ∆u+ e−tx2y,
u(x, y, z, 0) = 1

1+(2x−y−2z)2 ,

ut(x, y, z, 0) = 0.

6.
utt = ∆u,
u(r, ϑ, φ, 0) = 0,
ut(r, ϑ, φ, 0) = r sinϑ sinφ.

7.
utt = a2∆u+ t

(t+1)2 r
2 sin 2ϑ cosφ,

u(r, ϑ, φ, 0) = 0, ut(r, ϑ, φ, 0) = 0.

8.

utt = a2∆u,

u(x, y, z, 0) = xJ0

(√
y2 + z2

)
,

ut(x, y, z, 0) = 0.

9.
utt=∆u+ 4eyJ0

(√
x2 + z2

)
cos 2t,

u(x, y, z, 0) = 0, ut(x, y, z, 0) = 0.

10.

utt = ∆u,
u(x, y, z, 0) = 0,

ut(x, y, z, 0)=I0

(√
x2 + y2

)
sin z.

11.
utt = ∆u+ ey

(t+1)2 J0

(√
x2 + z2

)
,

u(x, y, z, 0) = 0, ut(x, y, z, 0) = 0.

12.
utt = ∆u+ exy2z2 sin t,
u(x, y, z, 0) = 0, ut(x, y, z, 0) = 0.

13.
utt = ∆3u,
u(x, 0) = 0, ut(x, 0) = |x|.
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14.
utt = ∆3u+ et+bx,
u(x, 0) = |x|2, ut(x, 0) = 0.

15.

utt = ∆3u+ cos(t+ bx),
u(x, 0) = (1 + |x|2)−1/2,
ut(x, 0) = 0.

16.
utt = ∆u+ t

(
x2 + y2 + z2

)−1/2
,

u(x, y, z, 0) = 0,
ut(x, y, z, 0) = (x+ y − z)2.

17.
utt = ∆3u+ (|x|+ t)−1,
u(x, 0) = 0, ut(x, 0) = 0.

18.
utt = ∆u+ x4−6x2y2+y4

t+1 ,
u(x, y, 0) = 0, ut(x, y, 0) = 0.

19.
utt = a2∆u,
u(x, y, 0) = x2 + y2, ut(x, y, 0) = 0.

20.
utt = 210∆u+ 6tx2y2,
u(x, y, 0) = 0, ut(x, y, 0) = 0.

21.
utt = ∆u+ 15

√
t,

u(ρ, φ, 0) = Iν(ρ) cos νφ− 1,
ut(ρ, φ, 0) = 0.

22.
utt = ∆u+ 2I0(ρ) ch t,
u(ρ, φ, 0) = 0, ut(ρ, φ, 0) = 0.

23.
utt = a2∆u,
u(x, y, 0) = 0, ut(x, y, 0) = x

y2+1 .

24.
utt = ∆u,
u(x, y, 0) = 0, ut(x, y, 0) = exy2.

25.
utt = ∆u+ tx2 cos y,
u(x, y, 0) = 0, ut(x, y, 0) = 0.

26.
utt = ∆u+ t(6x+ 8y)2,
u(x, y, 0) = 0, ut(x, y, 0) = xy2.

27.
utt = ∆u+ txyey,
u(x, y, 0) = 0, ut(x, y, 0) = x3y.

28.
utt = ∆u+ xety,
u(x, y, 0) = 0, ut(x, y, 0) = 0.

29.
utt = ∆u+ ty

x2+1 ,
u(x, y, 0) = 0, ut(x, y, 0) = 0.

30.
utt = ∆u,
u(x, y, 0) = 0, ut(x, y, 0)= x cos y

x2+1 .

31.
utt = ∆u,
u(x, y, 0) = 0, ut(x, y, 0)= xy

x2+y2 .

32.
utt = a2∆du+ g(t)δ(x− bt),
u(x, 0) = 0, ut(x, 0) = 0.
Ðîçãëÿíóòè âèïàäêè d = 1, 2, 3.

33. Ïîáóäóâàòè ôóíêöiþ Ãðiíà îïåðàòîðà ∂2/∂t2 − a2∆2 − µ2.

34. Ïîáóäóâàòè ôóíêöiþ Ãðiíà îïåðàòîðà ∂2/∂t2 − a2∆2 + µ2.

� 12. Ðiâíÿííÿ åëiïòè÷íîãî òèïó â Rd

Ó öüîìó ïàðàãðàôi âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ: r = |x|, ρ = |ξ|, n =

x/r, ν = ξ/ρ, cosϑ = nν, σd = 2πd/2/Γ(d/2) � ïëîùà ñôåðè Sd−1.

Ðîçâ'ÿçîê ðiâíÿííÿ åëiïòè÷íîãî òèïó â îáëàñòi D ç ìåæîâîþ óìîâîþ ïåð-
øîãî ðîäó

Lu = f,
u|∂D = ϕ, (12.1)

äå L = ∇ · (p∇)− q, äà¹òüñÿ ôîðìóëîþ

u(x) =
w

D

G(x, ξ)f(ξ)dξ +
w

∂D

H(x, ξ)ϕ(ξ)dσ(ξ), (12.2)
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äå

H(x, ξ) =
∂G(x, ξ)

∂nξ
, (12.3)

à G � ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i

LxG(x, ξ) = δ(x− ξ), x, ξ ∈ D,
G(x, ξ)|x∈∂D = 0. (12.4)

Ôóíêöiþ G íàçèâàþòü ôóíêöi¹þ Ãðiíà çàäà÷i (12.1), à H � ôóíêöi¹þ âïëèâó
ìåæîâèõ óìîâ àáî ïîâåðõíåâîþ ôóíêöi¹þ Ãðiíà. Äëÿ âèïàäêó ìåæîâèõ óìîâ
äðóãîãî àáî òðåòüîãî ðîäó ôîðìóëà (12.2) çàëèøà¹òüñÿ â ñèëi, çìiíþ¹òüñÿ
òiëüêè âèðàç H. Çîêðåìà, äëÿ ìåæîâèõ óìîâ äðóãîãî ðîäó

H = G, (12.5)

à ìåæîâà óìîâà â çàäà÷i (12.4) çìiíþ¹òüñÿ íà òàêó3:

∂G(x, ξ)

∂nx

∣∣∣∣
x∈∂D

= 0. (12.6)

Ó âèïàäêó îïåðàòîðà Ëàïëàñà â Rd ôóíêöiÿ Ãðiíà ìà¹ âèãëÿä G(x, ξ) =
Gd(|x− ξ|), äå

Gd(r) = − 1

σd


ln

1

r
, d = 2,

1

(d− 2)rd−2
, d > 3.

(12.7)

Ùîá ïîáóäóâàòè ôóíêöiþ Ãðiíà, ïîòðiáíî àáî ðîçâ'ÿçàòè çàäà÷ó äëÿ ñàìî¨
ôóíêöi¨ Ãðiíà àáî çíàéòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i ç íåâèçíà÷åíèìè ïðàâèìè
÷àñòèíàìè. ßêùî âiäîìà ôóíêöiÿ Ãðiíà øèðøî¨ îáëàñòi D̃ ⊃ D, òî ôóíêöiþ
Ãðiíà îáëàñòi D ìîæíà øóêàòè ó âèãëÿäi

G = G̃+ g, (12.8)

äå g � ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i

Lxg(x, ξ) = 0,

g(x, ξ)|x∈∂D = −G̃(x, ξ)
∣∣∣
x∈∂D

(12.9)

(i àíàëîãi÷íî äëÿ ìåæîâèõ óìîâ iíøîãî ðîäó).
Äî çàäà÷ ç âèñîêîþ ñèìåòði¹þ çàñòîñîâíèé ñïåöiàëüíèé ìåòîä, ÿêèé óìîâ-

íî íàçèâàþòü ìåòîäîì çîáðàæåíü. Íåõàé ìíîæèíà ðîçâ'ÿçêiâ ðiâíÿííÿ Lu = 0
iíâàðiàíòíà âiäíîñíî äåÿêîãî ïåðåòâîðåííÿ x 7→ x∗, òîáòî ÿêùî u(x) � ðîçâ'ÿ-
çîê, òî A(x)u(x∗(x)) � òàêîæ ðîçâ'ÿçîê, ïðè÷îìó ìíîæèíà íåðóõîìèõ òî÷îê
ïåðåòâîðåííÿ ¹ ìåæåþ äåÿêî¨ îáëàñòi D ⊂ Rd, i A(x) = 1 ïðè x ∈ ∂D. Òîäi,
ÿêùî G(x, ξ) � ôóíêöiÿ Ãðiíà Rd, òî

G̃(x, ξ) = G(x, ξ)−A(x)G(x∗, ξ)

3Ó äåÿêèõ âèïàäêàõ êðàéîâà çàäà÷à ç ìåæîâèìè óìîâàìè äðóãîãî ðîäó ìà¹
ðîçâ'ÿçîê íå äëÿ áóäü-ÿêî¨ ïðàâî¨ ÷àñòèíè. Òîäi ôóíêöiÿ Ãðiíà âèçíà÷à¹òüñÿ iíàêøå
(äèâ. ïðèêëàä 12.7).
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áóäå ôóíêöi¹þ Ãðiíà îáëàñòi D (à òàêîæ ¨¨ äîïîâíåííÿ äî Rd) ç ìåæîâèìè
óìîâàìè ïåðøîãî ðîäó. Íàïðèêëàä, ÿêùî iíâàðiàíòíèì ïåðåòâîðåííÿì ¹ âiä-
äçåðêàëåííÿ â ãiïåðïëîùèíi i A ≡ 1, òî

G̃(x, ξ) = G(x, ξ)∓G(x∗, ξ) (12.10)

áóäå ôóíêöi¹þ Ãðiíà ïiâïðîñòîðó ç ìåæîâèìè óìîâàìè ïåðøîãî (âåðõíié
çíàê) i äðóãîãî (íèæíié çíàê) ðîäó (öå ÷è íå ¹äèíèé ïðèêëàä, êîëè ìåòîä
çàñòîñîâíèé äî çàäà÷i ç ìåæîâèìè óìîâàìè äðóãîãî ðîäó). Çàóâàæèìî, ùî ó
âèïàäêó, êîëè G(x, ξ) = G (|x− ξ|), ó ôîðìóëi (12.10) ìà¹ìî

G (|x∗(x)− ξ|) = G (|x∗(x∗(x))− x∗(ξ)|) = G (|x− x∗(ξ)|) ,

à òîìó äðóãèé äîäàíîê ó (12.10) ìîæíà iíòåðïðåòóâàòè ÿê ïîòåíöiàë çàðÿ-
äà, ðîçòàøîâàíîãî ñèìåòðè÷íî âiäíîñíî ãiïåðïëîùèíè � çâiäñè íàçâà ìåòîäó.
Íàâåäåíà ñõåìà ëåãêî óçàãàëüíþ¹òüñÿ íà âèïàäîê êiëüêîõ ãiïåðïëîùèí (ïðè-
êëàäè 12.1 � 12.3).

Ôóíêöiþ Ãðiíà îïåðàòîðà Ëàïëàñà ó äâîâèìiðíié îáëàñòi ç ìåæîâîþ óìî-
âîþ ïåðøîãî ðîäó ìîæíà áóäóâàòè ìåòîäîì êîíôîðìíèõ âiäîáðàæåíü. Äëÿ
öüîãî òî÷êè ïëîùèíè îòîòîæíþþòü iç êîìïëåêñíèìè ÷èñëàìè. Â îñíîâi ìåòî-
äó ëåæèòü òàêå òâåðäæåííÿ: íåõàé G � ôóíêöiÿ Ãðiíà îáëàñòi D i w � ôóíêöiÿ
êîíôîðìíîãî âiäîáðàæåííÿ îáëàñòi D′ íà îáëàñòü D, òîäi

G′(z, ζ) = G(w(z), w(ζ)) (12.11)

� ôóíêöiÿ Ãðiíà îáëàñòi D′. Çà G ìîæíà âçÿòè âiäîìó ôóíêöiþ Ãðiíà ïiâïëî-
ùèíè:

G(z, ζ) =
1

2π
ln

∣∣∣∣z − ζz − ζ̄

∣∣∣∣ .
Äî çàäà÷ åëiïòè÷íîãî òèïó çâîäÿòüñÿ i çàäà÷i Êîøi äëÿ ðiâíÿíü êîëèâàíü

i äèôóçi¨ â ðåçóëüòàòi çàñòîñóâàííÿ ïåðåòâîðåííÿ Ëàïëàñà ïî ÷àñîâié çìiííié.
Ó âèïàäêó õâèëüîâîãî ðiâíÿííÿ êðiì çàäà÷i Êîøi

c−2utt − Lu = f, t ∈ R+,x ∈ D,
α ∂u
∂n

+ βu = ϕ, x ∈ ∂D,
u(x, 0) = u0(x), ut(x, 0) = u1(x)

(12.12)

ó ôiçè÷íèõ çàñòîñóâàííÿõ âèíèêàþòü çàäà÷i áåç ïî÷àòêîâèõ óìîâ

c−2utt − Lu = f, t ∈ R,x ∈ D,
α ∂u
∂n

+ βu = ϕ, x ∈ ∂D,
u íå çàëåæèòü âiä çíà÷åíü f i ϕ â ìàéáóòíi ìîìåíòè ÷àñó.

(12.13)

Îñòàííÿ óìîâà íàçèâà¹òüñÿ óìîâîþ ïðè÷èííîñòi, à ðîçâ'ÿçêè âñi¹¨ çàäà÷i íà-
çèâàþòü ïðè÷èííèìè àáî âiäñòàþ÷èìè4. �õ ìîæíà iíòåðïðåòóâàòè, ÿê àñèì-
ïòîòè÷íèé ïðè t→ +∞ ðîçâ'ÿçîê çàäà÷i Êîøi, â ÿêîìó, î÷åâèäíî, âòðà÷à¹òüñÿ

4Àíòîíiì äî ñëîâà âèïåðåäæàþ÷i.
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iíôîðìàöiÿ ïðî ïî÷àòêîâi óìîâè. Ðîçâ'ÿçêè îáîõ çàäà÷ ìîæíà çàïèñàòè ÷åðåç
î ä í ó ôóíêöiþ Ãðiíà òàêèì ÷èíîì:

u(x, t) =

tw

−∞

dτ
w

D

G(x, ξ, t− τ)f(ξ, τ)dξ+

tw

−∞

dτ
w

∂D

H(x, ξ, t− τ)ϕ(ξ, τ)dσ(ξ)

+
∂

∂t

w

D

G(x, ξ, t)u0(ξ)dξ +
w

D

G(x, ξ, t)u1(ξ)dξ, (12.14)

ïðè÷îìó äëÿ çàäà÷i Êîøi òðåáà îáíóëèòè f i ϕ ïðè âiä'¹ìíèõ çíà÷åííÿõ ÷àñî-
âîãî àðãóìåíòó, à äëÿ çàäà÷i ç óìîâîþ ïðè÷èííîñòi ñëiä ïîêëàñòè u0 = u1 = 0.

Ïåðåòâîðåííÿ Ëàïëàñà íåçàñòîñîâíå äî çàäà÷i (12.13), îñêiëüêè ÷àñîâà
çìiííà ïðîáiãà¹ âñþ ÷èñëîâó âiñü. Ó öüîìó âèïàäêó âèêîðèñòîâóþòü ïåðå-
òâîðåííÿ Ôóð'¹, ñêîðèñòàâøèñü òèì, ùî ó (12.14) çíà÷åííÿ ôóíêöié G i H
ïðè âiä'¹ìíèõ çíà÷åííÿõ ÷àñîâîãî àðãóìåíòó íå âèêîðèñòîâóþòüñÿ. Ïîêëàâ-
øè éîãî íóëüîâèì5, ìîæíà iíòåãðàëè ïî ÷àñîâié çìiííié ó (12.14) çàïèñàòè ó
âèãëÿäi çãîðòêè, ïiñëÿ ÷îãî ïåðåòâið Ôóð'¹ ôîðìóëè (12.14) ìàòèìå âèãëÿä:

û(x, ω) =
w

D

Ĝ(x, ξ, ω)
[
iωu0(ξ) + u1(ξ) + f̂(ξ, ω)

]
dξ+

w

∂D

Ĥ(x, ξ, ω)ϕ̂(ξ, ω)dσ(ξ),

äå Ĝ(·, ω) =
r∞
0
G(·, t)eiωtdt. Ôóíêöiÿ Ĝ ìà¹ êiëüêà î÷åâèäíèõ i âîäíî÷àñ âà-

æëèâèõ âëàñòèâîñòåé: 1) Ĝ àíàëiòè÷íà ó âåðõíié ïiâïëîùèíi; 2) Ĝ(·, ω) → 0

ïðè Imω → +∞ (ïîêàçíèêîâî); 3) Ĝ(·,−ω) = Ĝ(·, ω); 4) 2 Re Ĝ � ïåðåòâið
Ôóð'¹ ôóíäàìåíòàëüíîãî ðîâ'ÿçêó. Ïåðåéøîâøè äî ïåðåòâîðiâ Ôóð'¹ â çàäà÷i
(12.13), îäåðæèìî

Lû+ k2û = −f̂ , x ∈ D,
α ∂û
∂n

+ βû = ϕ̂, x ∈ ∂D,
û(·, ω)→ 0 ïðè Imω → +∞,

(12.15)

äå k = ω/c, à óìîâà ïðè÷èííîñòi äëÿ ïåðåòâîðó âèïëèâà¹ ç âëàñòèâîñòåé Ĝ
i îáìåæåíîñòi ôóíêöié f i ϕ. Îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ çäiéñíþ¹òüñÿ çà
ôîðìóëîþ

F (t) =
1

2π

∞+i0w

−∞+i0

F̂ (ω)e−iωtdω.

Íàñàìêiíåöü çàóâàæèìî, ùî âèêîðèñòàííÿ ôîðìóëè (12.2) äëÿ ðîçâ'ÿçà-
ííÿ çàäà÷i (12.1) ïðè íàïåðåä âiäîìié ôóíêöi¨ Ãðiíà íåäîöiëüíå ó âèïàäêàõ,
êîëè ôóíêöi¨ f i ϕ ìàþòü âèñîêó ñèìåòðiþ (ïðèêëàä 12.8, ôàêòè÷íî æ, ìàéæå
â óñiõ âèïàäêàõ, êîëè iíòåãðàë (12.2) áåðåòüñÿ ÿâíî, çàäà÷ó ìîæíà ðîçâ'ÿçàòè
ïðîñòiøèìè ìåòîäàìè).

Ïðèêëàä 12.1. Çíàéòè ôóíêöiþ Ãðiíà ÷àñòèíè ïðîñòîðó Rd, îáìåæåíî¨
äâîìà ãiïåðïëîùèíàìè, ùî ïåðåòèíàþòüñÿ ïiä êóòîì π/3 (äâîãðàííèé
êóò). Ðîçãëÿíóòè âèïàäêè ìåæîâèõ óìîâ ïåðøîãî i äðóãîãî ðîäó.

5Òàê äîîçíà÷åíó ôóíêöiþ Ãðiíà iíîäi íàçèâàþòü ïðè÷èííîþ. ßêùî æ çðîáèòè
ïàðíå ïðîäîâæåííÿ, òî îäåðæèìî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê õâèëüîâîãî ðiâíÿííÿ.
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b

b

b

⊗

⊗

⊗
c3

c23

σy

c3σy

c23σy

Ðèñ. 3. Ðîçòàøóâàííÿ ôiêòèâ-
íèõ çàðÿäiâ.

� Çîði¹íòó¹ìî ñèñòåìó êîîðäèíàò
òàê, ùîá îáëàñòü çàäàâàëàñü íåðiâíi-
ñòþ 0 < y <

√
3x. Âiääçåðêàëåííÿ â

ãiïåðïëîùèíàõ äàþòü äâà ïåðåòâîðå-
ííÿ, çàäàíi ìàòðèöÿìè

σy =

(
1 0
0 −1

)
, σ′ =

(
−1/2

√
3/2√

3/2 1/2

)
.

Ðiâíÿííÿ Ëàïëàñà iíâàðiàíòíå, î÷å-
âèäíî, i âiäíîñíî áóäü-ÿêèõ êîì-
áiíàöié öèõ ïåðåòâîðåíü, ìíîæèíà
ÿêèõ óòâîðþ¹ øåñòèåëåìåíòíó ãðó-
ïó6: {1, c3, c23, σy, c3σy, c23σy}, äå

c3 =

(
−1/2 −

√
3/2√

3/2 −1/2

)
≡ σ′σy

� ìàòðèöÿ ïîâîðîòó íà êóò 2π/3. Óìîâíî êàæó÷è, ïîòðiáíî ðîçòàøó-
âàòè ï'ÿòü ôiêòèâíèõ çàðÿäiâ ó òî÷êàõ, îäåðæàíèõ äi¹þ ïåðåòâîðåíü
ñèìåòði¨ íà òî÷êó x (ðèñ. 3). Âåëè÷èíè çàðÿäiâ îäèíè÷íi äëÿ ìåæîâèõ
óìîâ äðóãîãî ðîäó, à ó âèïàäêó ìåæîâèõ óìîâ ïåðøîãî ðîäó ïîòðiáíî
ïîìiíÿòè çíàêè çàðÿäiâ ó òî÷êàõ, îäåðæàíèõ íåâëàñíèì ïåðåòâîðåííÿì
(íåïàðíà êiëüêiñòü âiääçåðêàëåíü). Îòæå,

G(x, ξ) =

2∑
k=0

[
Gd
(∣∣ck3x− ξ∣∣)∓Gd (∣∣ck3σyx− ξ∣∣)] , (12.16)

äå Gd äà¹òüñÿ ôîðìóëîþ (12.7), âåðõíié çíàê âiäïîâiäà¹ âèïàäêó ìåæî-
âèõ óìîâ ïåðøîãî ðîäó íà îáîõ ïëîùèíàõ, à íèæíié çíàê � äðóãîãî.
Ïåðåâiðÿ¹ìî ìåæîâi óìîâè: íà ïåðøié ïëîùèíi σyx ≡ x, òîäi àðãóìåí-
òè â îáîõ äîäàíêàõ ñóìè (12.16) ñòàþòü îäíàêîâèìè, à çíà÷èòü ìåæîâi
óìîâè çàäîâîëüíÿþòüñÿ. Íà äðóãié σyx ≡ c−1

3 x, i ïiñëÿ ïåðåãðóïóâà-
ííÿ äîäàíêiâ ó ïðàâié ÷àñòèíi ñóìè (12.16) òàêîæ îäåðæèìî ñòâåðäíó
âiäïîâiäü.

Äëÿ çàäà÷i ç ìåæîâèìè óìîâàìè ïåðøîãî ðîäó íà îäíié iç ïëîùèí
i äðóãîãî íà iíøié, ÿê íåâàæêî ïåðåêîíàòèñÿ, íåìîæëèâî óçãîäæåíî
ïiäiáðàòè ðîçòàøóâàííÿ ôiêòèâíèõ çàðÿäiâ. Ó öüîìó âèïàäêó, à òàêîæ
ó âèïàäêó ìåæîâèõ óìîâ òðåòüîãî ðîäó çàäà÷à ðîçâ'ÿçó¹òüñÿ ìåòîäîì
âiäîêðåìëåííÿ çìiííèõ (äèâ. ïðèêëàä [5, ñ. 47] ïðî êëèí). �

Ïðèêëàä 12.2. Çíàéòè ôóíêöiþ Ãðiíà ÷àñòèíè òðèâèìiðíîãî ïðîñòîðó,
îáìåæåíî¨ òðüîìà ïëîùèíàìè, ùî ïåðåòèíàþòüñÿ â îäíié òî÷öi òàê, ùî
äâîãðàííèé êóò ìiæ êîæíèìè äâîìà äîðiâíþ¹ π/3 (òðèãðàííèé êóò).
Ðîçãëÿíóòè âèïàäêè ìåæîâèõ óìîâ ïåðøîãî i äðóãîãî ðîäó.
� Çîði¹íòó¹ìî ñèñòåìó êîîðäèíàò òàê, ùîá íîðìàëi ïëîùèí áóëè

6Ãðóïà D3, içîìîðôíà òî÷êîâié ãðóïi C3v .
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íàïðÿìëåíi âçäîâæ [011], [101] i [110], òîáòî îáëàñòü çàäàâàëàñü íåðiâ-
íîñòÿìè: y+ z > 0, z+ x > 0, x+ y > 0. Ìà¹ìî òðè áàçîâi ïåðåòâîðåííÿ
ñèìåòði¨:

σyz =

(
1 0 0
0 0 −1
0 −1 0

)
, σzx =

(
0 0 −1
0 1 0
−1 0 0

)
, σxy =

(
0 −1 0
−1 0 0
0 0 1

)
.

Âîíè ïîðîäæóþòü 24-åëåìåíòíó ãðóïó ñèìåòðié òåòðàåäðà Td (åëåìåíòè
òåîði¨ ãðóï âèêëàäåíî â [13], òåîðiþ ñèìåòðié � ó [26]). Îòæå,

G(x, ξ) = − 1

4π

∑
g∈Td

(∓1)P (g)

|gx− ξ| ,

äå P (g) = 0 äëÿ âëàñíèõ ïåðåòâîðåíü (îáåðòàíü) i 1 äëÿ íåâëàñíèõ (âiä-
äçåðêàëåíü), à âåðõíié i íèæíié çíàêè âiäïîâiäàþòü ìåæîâèì óìîâàì
ïåðøîãî i äðóãîãî ðîäó âiäïîâiäíî. �

Ïðèêëàä 12.3. Çíàéòè ôóíêöiþ Ãðiíà ÷àñòèíè ïðîñòîðó Rd, îáìåæåíî¨
òðüîìà ãiïåðïëîùèíàìè, ÿêi â ïåðåðiçi ïåðïåíäèêóëÿðíîþ äî íèõ ïëî-
ùèíîþ óòâîðþþòü ïðàâèëüíèé òðèêóòíèê çi ñòîðîíîþ a. Ðîçãëÿíóòè
âèïàäêè ìåæîâèõ óìîâ ïåðøîãî i äðóãîãî ðîäó.

b

b

b

⊗

⊗

⊗

~e1

~e2

Ðèñ. 4. Ðîçòàøóâàííÿ ôiêòèâ-
íèõ çàðÿäiâ.

� Çîði¹íòó¹ìî ñèñòåìó êîîðäèíàò
ÿê ó ïðèêëàäi 12.1. Ãåîìåòðè÷íi ïî-
áóäîâè ïîêàçóþòü, ùî âiääçåðêàëåííÿ
â òðüîõ ïëîùèíàõ i âñiëÿêi êîìáiíà-
öi¨ ¨õ (ãðóïà P3m1), çàñòîñîâàíi äî çà-
äàíî¨ òî÷êè, ïîðîäæóþòü äâîâèìiðíó
 ðàòêó ç ïðèìiòèâíîþ êîìiðêîþ, çî-
áðàæåíîþ íà ðèñ. 4. Åëåìåíòàðíi âå-
êòîðè òðàíñëÿöi¨ (áàçèñ ãðàòêè) òà-
êi: e1 = (a3/2,−a

√
3/2, 0, . . .), e2 =

(a3/2, a
√

3/2, 0, . . .). Îòæå, ôîðìàëüíî
â ïîçíà÷åííÿõ ïîïåðåäíüîãî ïðèêëàäó

G(x, ξ) =
∑

g∈P3m1

(∓1)P (g)Gd (|gx− ξ|) .

Âèäiëèâøè îêðåìî ñóìó ïî ïðèìiòèâíié êîìiðöi, îäåðæèìî

G(x, ξ) =
∑
n,m∈Z

G̃ (x+ ne1 +me2, ξ) ,

äå G̃ � ôóíêöiÿ Ãðiíà (12.16) (çáiæíiñòü ðÿäó âèïëèâà¹ ç iíòåãðîâíîñòi
ôóíêöi¨ Gd). �

Ïðèêëàä 12.4 (ìåòîä êîíôîðìíèõ âiäîáðàæåíü). Çíàéòè ôóíêöiþ Ãði-
íà êóòà π/α íà ïëîùèíi.
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� Âiäîáðàæåííÿ z 7→ zα ïåðåâîäèòü êóò ó ïiâïëîùèíó, îòæå çà ôîð-
ìóëîþ (12.11)

G(z, ζ) =
1

2π
ln

∣∣∣∣zα − ζαzα − ζ̄α
∣∣∣∣ ,

àáî â ïîëÿðíèõ êîîðäèíàòàõ

G(r, φ; ρ, ψ) =
1

4π
ln
r2α + ρ2α − 2rαρα cosα(φ− ψ)

r2α + ρ2α − 2rαρα cosα(φ+ ψ)
.

Ùîá îá÷èñëèòè ôóíêöiþ âïëèâó ìåæîâèõ óìîâ çàóâàæèìî, ùî íîð-
ìàëüíà ïîõiäíà íà îáîõ ñòîðîíàõ êóòà � öå êóòîâà êîìïîíåíòà ãðàäi¹í-
òà. Òîìó

H1(r, φ; ρ) = −1

ρ

∂G

∂ψ

∣∣∣∣
ψ=0

i H2(r, φ; ρ) =
1

ρ

∂G

∂ψ

∣∣∣∣
ψ=π/α

íà íèæíüîìó i âåðõíüîìó ïðîìåíÿõ âiäïîâiäíî. �

Ïðèêëàä 12.5 (ãiïåðñôåðè÷íi ôóíêöi¨). Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà-
÷ó äëÿ îïåðàòîðà Ëàïëàñà íà ñôåði Sd−1.

� Ïîçíà÷èìî n = d− 2 i çàïèøåìî ñïåêòðàëüíó çàäà÷ó ó âèãëÿäi

∆nY + l(l + n)Y = 0,

äå ∆n � îïåðàòîð Ëàïëàñà íà ñôåði â Rn+2. Ââåäåìî ãiïåðñôåðè÷íi êî-
îðäèíàòè (r, ϑn ≡ ϑ, ϑn−1, . . . , ϑ1, ϑ0 ≡ φ), ϑk ∈ [0, π], k > 1, φ ∈ [0, 2π],
çà ôîðìóëàìè:

xk = r cosϑk−2

n∏
m=k−1

sinϑm, k > 2, x1 = r

n∏
m=0

sinϑm.

Îïåðàòîð Ëàïëàñà ìîæíà çàïèñàòè â ðåêóðåíòíié ôîðìi:

∆n =
1

sinn θn

∂

∂θn

(
sinn θn

∂

∂θn

)
+

∆n−1

sin2 θn
,

(
∆0 =

∂2

∂φ2

)
,

ç ÿêî¨ âèäíî, ùî çìiííi ïîâíiñòþ âiäîêðåìëþþòüñÿ â ïîðÿäêó ϑ0 → ϑ1 →
ϑ2 → . . ., à çíà÷èòü âëàñíi ôóíêöi¨ ìîæíà çàïèñàòè ó âèãëÿäi

Yn(ϑn, ϑn−1, . . . , ϑ1, φ) = X(ϑn)Yn−1(ϑn−1, . . . , ϑ1, φ).

Äi¹ìî çà iíäóêöi¹þ. Íåõàé ∆n−1Yn−1 = −ln−1(ln−1 + n − 1)Yn−1, äå
ln−1 ∈ Z+ (â R3 öå ñïðàâäæó¹òüñÿ). Òîäi äëÿ X îäåðæèìî ñèíãóëÿðíó
çàäà÷ó ØË

1

sinn ϑ

d

dϑ

(
sinn ϑ

dX

dϑ

)
+

(
l(l + n)− ln−1(ln−1 + n− 1)

sin2 ϑ

)
X = 0,
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âëàñíèìè åëåìåíòàìè ÿêî¨ (äèâ. çàäà÷ó 2.17) ¹

l ≡ ln = ln−1 + k, k ∈ Z+, X(ϑ) = P
ln−1,

n−1
2

ln
(cosϑ),

äå Pm,an � ãiïåðñôåðè÷íi êâàçiïîëiíîìè (ïîëiíîìè âiä cosϑ i sinϑ):

Pm,an (x) =
(
1− x2

)m/2 dmP 0,a
n (x)

dxm
,

P 0,a
n (x) =

(2a+ 1)n
(a+ 1)n

1

2nn!

(
x2 − 1

)−a dn

dxn
(x2 − 1)n+a.

Îòæå, ∆nY + ln(ln + n)Y = 0, äå ln ∈ Z+, ùî é òðåáà áóëî äîâåñòè.

Ïiäñóìó¹ìî ñêàçàíå. Âëàñíi ôóíêöi¨ îïåðàòîðà Ëàïëàñà íà ñôåði,
âiäïîâiäàþ÷i âëàñíèì çíà÷åííÿì ∆Y = −l(l + d − 2)Y , íàçèâàþòüñÿ
ãiïåðñôåðè÷íèìè ôóíêöiÿìè ïîðÿäêó l. � âñüîãî (2l+d−2)(l+d−3)!

l!(d−2)! ãiïåð-
ñôåðè÷íèõ ôóíêöié ïîðÿäêó l, ÿêi ïåðåâîäÿòüñÿ îäíà â îäíó ïîâîðîòà-
ìè ñèñòåìè êîîðäèíàò. Ïîçíà÷àòèìåìî ¨õ Yλ, äå λ � ñóêóïíiñòü iíäåêñiâ
(âêëþ÷àþ÷è l), íóìåðóþ÷èõ ãiïåðñôåðè÷íi ôóíêöi¨. Êîíêðåòíèé âèáið
îñòàííiõ íåîäíîçíà÷íèé. Çîêðåìà, â ïðèêëàäi ìè îäåðæàëè ãiïåðñôåðè-
÷íi ôóíêöi¨ â òàêîìó âèãëÿäi:

Yλ(n) = Yld−2...l1m(ϑd−2, . . . , ϑ1, φ) = Φm(φ)

d−2∏
k=1

P
lk−1,

k−1
2

lk
(cosϑk),

äå ld−2 ≡ l, l0 ≡ |m|, iíäåêñè ld−2 > . . . > l1 > |m| > 0 � öiëi ÷èñëà, à Φm
� òðèãîíîìåòðè÷íèé áàçèñ (ó ôîðìi eimφ àáî (5.4)). Ôóíêöiÿ

Yl(n) ≡ Yl0...0(n) = P
0, d−3

2

l (cosϑd−2)

íàçèâà¹òüñÿ ñòàðøîþ ãiïåðñôåðè÷íîþ ôóíêöi¹þ ïîðÿäêó l. Çàóâàæèìî,

ùî P
0, d−3

2

l ¹ íå ùî iíøå ÿê ïîëiíîì Ãåãåíáàóåðà C
d−2
2

l [1, 3, 14]. �

Ïðèêëàä 12.6. Çíàéòè ôóíêöiþ Ãðiíà îïåðàòîðà Ëàïëàñà â ãiïåðêóëi
ðàäióñà a ç ìåæîâèìè óìîâàìè ïåðøîãî ðîäó.

� Ðîçâ'ÿçêè ðiâíÿííÿ Ëàïëàñà iíâàðiàíòíi âiäíîñíî iíâåðñi¨ â êóëi ç
x∗ = (a/r)2x i A(x) = (a/r)d−2. Îòæå,

G(x, ξ) = Gd(|x− ξ|)−
(a
r

)d−2

Gd

(∣∣∣∣a2

r2
x− ξ

∣∣∣∣) ,
äå Gd äà¹òüñÿ ôîðìóëîþ (12.7). Çíàéäåìî ïîâåðõíåâó ôóíêöiþ Ãðiíà:

∂G(x, ξ)

∂nξ

∣∣∣∣
|ξ|=a

=
1

σd

ξ

|ξ|

[
− x− ξ
|x− ξ|d

+
(a
r

)d−2 a2

r2x− ξ∣∣a2
r2x− ξ

∣∣d
]
|ξ|=a

.
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Âèêîðèñòîâóþ÷è òîòîæíiñòü∣∣∣∣a2

r2
x− ξ

∣∣∣∣ ≡ a

r
|x− ξ| ïðè |ξ| = a,

ïðèâåäåìî öåé âèðàç äî îñòàòî÷íîãî âèãëÿäó:

∂G(x, ξ)

∂nξ

∣∣∣∣
|ξ|=a

=
1

σda

a2 − r2

|x− ξ|d

∣∣∣∣∣
|ξ|=a

. �

Ïðèêëàä 12.7. Çíàéòè ôóíêöiþ Ãðiíà äëÿ îïåðàòîðà Ëàïëàñà â ãiïåð-
êóëi ðàäióñà a ç ìåæîâèìè óìîâàìè äðóãîãî ðîäó.

� Ïî÷íåìî iç çàóâàæåííÿ. Ðåãóëÿðíà êðàéîâà çàäà÷à

∆du = f,
∂u
∂n

∣∣
∂D

= ϕ,

íå çàâæäè ìà¹ ðîçâ'ÿçîê, à òiëüêè çà î÷åâèäíî¨ óìîâè
w

∂D

ϕdσ =
w

D

fdV. (12.17)

Äî òîãî æ, ðîçâ'ÿçîê ¨¨ âèçíà÷åíèé ç òî÷íiñòþ äî àäèòèâíî¨ êîíñòàíòè.
Òîìó ðiâíÿííÿ (12.4) ç ìåæîâîþ óìîâîþ (12.6) íå ìà¹ ðîçâ'ÿçêiâ. Ùîá
çíàéòè òàêè ôóíêöiþ Ãðiíà, âðàõó¹ìî, ùî âîíà âèçíà÷åíà ç òî÷íiñòþ
äî äîäàíêà, ÿêèé ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i ç íóëüîâèìè ïðàâèìè
÷àñòèíàìè, â äàíîìó ðàçi � äîâiëüíî¨ ñòàëî¨ C. Âèáåðåìî ¨¨ òàê, ùîá
çàäîâîëüíèòè óìîâó (12.17):

r
∂D

Cdσ = Cσ(∂D) =
r
D
δ(x − ξ)dV = 1.

Îòæå, ìåæîâó óìîâó (12.6) ñëiä çàìiíèòè íà òàêó:

∂G(x, ξ)

∂nx

∣∣∣∣
x∈∂D

=
1

σ(∂D)
.

Âåðòàþ÷èñü äî íàøî¨ çàäà÷i, áà÷èìî, ùî ìåòîä çîáðàæåíü ó éîãî
çâè÷íié ôîðìi íåçàñòîñîâíèé, òîìó ñêîðèñòà¹ìîñÿ ìåòîäîì âiäîêðåì-
ëåííÿ çìiííèõ, øóêàþ÷è ôóíêöiþ Ãðiíà ó âèãëÿäi ñóìè (12.8). Äëÿ g
îäåðæèìî êðàéîâó çàäà÷ó

∆xg(x, ξ) = 0,

∂g(x, ξ)

∂nx

∣∣∣∣
|x|=a

=
1

σdad−1
−∂Gd(x, ξ)

∂nx

∣∣∣∣
|x|=a
≡ 1

σdad−1

(
1− ad−2 a

2 − xξ
|x− ξ|d

)∣∣∣∣∣
|x|=a

.

Ñïðÿìó¹ìî ïîëÿðíó âiñü ãiïåðñôåðè÷íèõ êîîðäèíàò óçäîâæ âåêòîðà ξ.
Òîäi xξ = rρ cosϑ, à |x− ξ| =

√
r2 + ρ2 − 2rρ cosϑ. ßê áà÷èìî, ïðà-

âà ÷àñòèíà ìåæîâî¨ óìîâè çàëåæèòü òiëüêè âiä êóòà ϑ, òîìó ðîçâ'ÿçîê
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ìîæíà øóêàòè ó âèãëÿäi

g(x, ·) =
∞∑
l=0

gl(r)P
0, d−3

2

l (cosϑ),

äå gl çàäîâîëüíÿ¹ ðiâíÿííÿ

1

rd−1

d

dr

(
rd−1 dgl

dr

)
− l(l + d− 2)

r2
gl = 0.

Éîãî çàãàëüíèé îáìåæåíèé â îêîëi íóëÿ ðîçâ'ÿçîê � gl(r) = Alr
l. Ùîá

ðîçêëàñòè ïðàâó ÷àñòèíó ìåæîâî¨ óìîâè

1− ad−2 a
2 − xξ
|x− ξ|d

∣∣∣∣∣
|x|=a

= 1− 1− ts
(1− 2ts+ t2)

d/2
,

äå t = ρ/a, s = cosϑ, ñêîðèñòà¹ìîñü òèì, ùî q(t) =
(
1− 2ts+ t2

)−n−1/2

� òâiðíà ôóíêöiÿ ïîëiíîìiâ Ãåãåíáàóåðà [1, 3, 14], òîáòî

q(t) =

∞∑
l=0

P 0,n
l (s)tl, |t| < 1. (12.18)

Ó òàêîìó âèãëÿäi ôîðìóëà íåïðèäàòíà äëÿ ðîçêëàäó. Òîòîæíèìè ïåðå-
òâîðåííÿìè äîñÿãà¹ìî áàæàíîãî ðåçóëüòàòó:

1− ts
(1− 2ts+ t2)

n+3/2
≡ q(t) +

t

2n+ 1

dq

dt
=

∞∑
l=0

P 0,n
l (s)

2n+ 1 + l

2n+ 1
tl.

Ïiäñòàâëÿþ÷è n = (d− 3)/2, îäåðæèìî

dgl
dr

∣∣∣∣
r=a

=
1

σdad−1

[
δl0 −

d− 2 + l

d− 2

(ρ
a

)l]
.

Çâiäñè

g(x, ξ) = − 1

σdad−2

∞∑
l=1

d− 2 + l

l(d− 2)

(rρ
a2

)l
P

0, d−3
2

l (cosϑ).

Ðÿä ìîæíà ïiäñóìóâàòè, ðîçêëàâøè d−2+l
l(d−2) = 1

d−2 + 1
l . Òîäi g = g1−c0+g2,

äå

g1(x, ξ) =
−1

σdad−2(d− 2)

∞∑
l=0

(rρ
a2

)l
P

0, d−3
2

l (cosϑ) ≡
(a
r

)d−2

Gd

(∣∣∣∣a2

r2
x− ξ

∣∣∣∣) ,
g2(rn, ξ) = (d− 2)

rw

0

g1(r′n, ξ)− c0
r′

dr′, c0 = − 1

σdad−2(d− 2)
,
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ïðè÷îìó iíòåãðàë áåðåòüñÿ â åëåìåíòàðíèõ ôóíêöiÿõ. �

Ïðèêëàä 12.8. Ðîçâ'ÿçàòè òðèâèìiðíå ðiâíÿííÿ Ïóàññîíà ∆u = f(r).
� Ïåðøèé ñïîñiá. Çà ôîðìóëîþ (12.2)

u(x) = − 1

4π

w

R3

f(ρ)

|x− ξ|dξ.

Ïåðåéøîâøè â iíòåãðàëi äî ñôåðè÷íèõ êîîðäèíàò, ïåðåòâîðèìî öþ ðiâ-
íiñòü äî âèãëÿäó

u(x) = − 1

4π

2πw

0

dφ

∞w

0

f(ρ)ρ2dρ

πw

0

sinϑdϑ√
r2 + ρ2 − 2rρ cosϑ

.

Iíòåãðàë ïî ϑ çâîäèòüñÿ äî òàêîãî:
1w

−1

ds√
r2 + ρ2 − 2rρs

=
2

r ∨ ρ .

Îòæå,

u(x) = −
∞w

0

f(ρ)

r ∨ ρρ
2dρ = −1

r

rw

0

f(ρ)ρ2dρ−
∞w

r

f(ρ)ρdρ. (12.19)

Äðóãèé ñïîñiá. Îñêiëüêè çàäà÷à ñôåðè÷íî ñèìåòðè÷íà, òî u(x) =
U(r). Ïiäñòàâèâøè â ðiâíÿííÿ, äiñòàíåìî:

1

r2

d

dr

(
r2 dU

dr

)
= f(r).

Ðîçâ'ÿçêè îäíîðiäíîãî ðiâíÿííÿ 1 i r−1 ç âðîíñêiàíîì W1,r−1 = −r−2

çàäîâîëüíÿþòü ëiâó (îáìåæåíiñòü â îêîëi íóëÿ) i ïðàâó (ïðÿìóâàííÿ
äî íóëÿ ïðè r → ∞) ìåæîâó óìîâó âiäïîâiäíî. Òîäi, ôîðìóëà (4.16)
ïðèâîäèòü äî (12.19). �

Ïðèêëàä 12.9. Çíàéòè ôóíêöiþ Ãðiíà íåñêií÷åííîãî öèëiíäðà îäèíè-
÷íîãî ðàäióñà ç ìåæîâèìè óìîâàìè ïåðøîãî ðîäó.
� Ðîçâ'ÿçó¹ìî êðàéîâó çàäà÷ó

∆u = f(ρ, φ, z),
u(1, φ, z) = 0

ìåòîäîì âiäîêðåìëåííÿ çìiííèõ. Âiäîêðåìëþ¹ìî â ïîðÿäêó φ→ ρ→ z,
îñêiëüêè ïî çìiííié z íåìîæëèâî çàïèñàòè çàäà÷ó ØË. Ðîçêëàäà¹ìî
ðîçâ'ÿçîê ïî âëàñíèõ ôóíêöiÿõ âiäïîâiäíèõ çàäà÷ ØË:

u(ρ, φ, z) =
∑

m∈N,n∈Z
unm(z)Jn(jn,mρ)Φn(φ),
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äå jn,m � íóëi ôóíêöi¨ Jn. Äëÿ êîåôiöi¹íòiâ ðîçêëàäó îäåðæèìî êðàéîâó
çàäà÷ó

u′′nm − j2
n,munm = fnm,

äå

fnm(z) = ‖Rnm‖−2 ‖Φn‖−2
1w

0

ρdρ

2πw

0

Jn(jn,mρ)Φn(φ)f(ρ, φ, z)dφ,

òóò ‖Rnm‖2 =
r 1

0
Jn(jn,mρ)2ρdρ = J ′n(jn,m)2/2. Ðîçâ'ÿçêè ejn,mz i e−jn,mz

ç âðîíñêiàíîì −2jn,m çàäîâîëüíÿþòü ëiâó i ïðàâó ìåæîâi óìîâè, âiäïî-
âiäíî, òîìó çà ôîðìóëîþ (4.16)

unm(z) = − 1

2jn,m
e−jn,mz

zw

−∞
ejn,mz

′
fnm(z′)dz′

− 1

2jn,m
ejn,mz

∞w

z

e−jn,mz
′
fnm(z′)dz′ ≡ − 1

2jn,m

∞w

−∞
e−jn,m|z−z

′|fnm(z′)dz′.

Îòæå,

G(ρ, φ, z; ρ′, φ′, z′) = −
∑

m∈N,n∈Z

Jn(jn,mρ)Φn(φ)e−jn,m|z−z
′|Jn(jn,mρ

′)Φn(φ′)

jn,mJ ′n(jn,m)2 ‖Φn‖2
,

çâiäêè çà ôîðìóëîþ äîäàâàííÿ òðèãîíîìåòðè÷íèõ ôóíêöié

G(ρ, φ, z; ρ′, φ′, z′) = −
∑

m∈N,n∈Z+

Jn(jn,mρ)Jn(jn,mρ
′) cosn(φ− φ′)e−jn,m|z−z′|

π (1 + δn0) jn,mJ ′n(jn,m)2
.�

Ïðèêëàä 12.10. Ðîçâ'ÿçàòè ðiâíÿííÿ Ãåëüìãîëüöà ∆u+ k2u = f â Rd
(k > 0).

� Ðîçãëÿäàíà êðàéîâà çàäà÷à ìà¹ òó îñîáëèâiñòü, ùî ïðè k2 > 0
ñòàíäàðòíi ìåæîâi óìîâè îáìåæåíîñòi íà íåñêií÷åííîñòi íå çàáåçïå÷ó-
þòü ¹äèíîñòi ðîçâ'ÿçêó. Ñïðàâäi, ðiâíÿííÿ Ãåëüìãîëüöà â ãiïåðñôåðè-
÷íèõ êîîðäèíàòàõ ìà¹ âèãëÿä

1

rd−1

∂

∂r

(
rd−1 ∂u

∂r

)
+

∆̃u

r2
+ k2u = f,

äå ∆̃ � îïåðàòîð Ëàïëàñà íà ñôåði Sd−1. Ðîçêëàâøè u â ðÿä ïî ãiïåð-
ñôåðè÷íèõ ôóíêöiÿõ, äiñòàíåìî

u(x) =
∑
λ

Rλ(r)Yλ(n), (12.20)
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äå
fλ(r) = ‖Yλ‖−2

w

Sd−1

Yλ (n)f (rn) dσ (n) . (12.21)

Ôóíêöi¨ Rλ çàäîâîëüíÿþòü ðiâíÿííÿ

R′′λ +
d− 1

r
R′λ +

(
k2 − l(l + d− 2)

r2

)
Rλ = fλ, (12.22)

äå l � ïîðÿäîê Yλ. Çàãàëüíèì ðîçâ'ÿçêîì âiäïîâiäíîãî îäíîðiäíîãî ðiâ-
íÿííÿ ¹, ÿê íåâàæêî ïåðåêîíàòèñÿ, ôóíêöi¨

r1−d/2Zd/2−1+l(kr), (12.23)

äå Zν � öèëiíäðè÷íà ôóíêöiÿ. Îñêiëüêè áóäü-ÿêà ôóíêöiÿ Zν(x) äié-
ñíîãî iíäåêñó íà íåñêií÷åííîñòi ìà¹ àñèìïòîòèêó O

(
x−1/2

)
, òî óìîâà

îáìåæåíîñòi àáî áóäü-ÿêà óìîâà, ôiêñóþ÷à ïîðÿäîê ñïàäàííÿ íà íåñêií-
÷åííîñòi, íå âèçíà÷àþòü öèëiíäðè÷íó ôóíêöiþ ç òî÷íiñòþ äî ñòàëîãî
ìíîæíèêà.

Íà ïðàêòèöi ðiâíÿííÿ Ãåëüìãîëüöà ç k2 > 0 âèíèêà¹ ÿê ïåðåòâið
Ôóð'¹ ïî ÷àñîâié çìiííié õâèëüîâîãî ðiâíÿííÿ. Òîäi çãiäíî ç (12.15)
éîãî òðåáà äîïîâíèòè óìîâîþ ïðè÷èííîñòi: u → 0 ïðè Im k → +∞.
�äèíîþ ôóíêöi¹þ âèäó (12.23), ÿêà çàäîâîëüíÿ¹ öþ óìîâó, ¹ ôóíêöiÿ
r1−d/2H+

d/2−1+l(kr), äå H
+
ν = Jν + iNν � ôóíêöiÿ Ãàíêåëÿ ïåðøîãî ðîäó.

Çãiäíî ç (4.16) äðóãèé ðîçâ'ÿçîê òðåáà âçÿòè ó âèãëÿäi r1−d/2Jd/2−1+l(kr)
� âií çàäîâîëüíÿ¹ óìîâó îáìåæåíîñòi â îêîëi íóëÿ. Âðîíñêiàí öi¹¨ ïàðè
òàêèé: WJH(r) = (2i/π)r1−d. Ïiäñòàâèâøè â (4.16), îäåðæèìî

Rλ(r) = r1−d/2Jd/2−1+l(kr)
π

2i

∞w

r

ρd/2H+
d/2−1+l(kρ)fλ(ρ)dρ

+ r1−d/2H+
d/2−1+l(kr)

π

2i

rw

0

ρd/2Jd/2−1+l(kρ)fλ(ρ)dρ,

ùî ðàçîì iç (12.20) i (12.21) äà¹ âiäïîâiäü.

Çíàþ÷è çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíîãî ðiâíÿííÿ Ãåëüìãîëüöà, óìî-
âó ïðè÷èííîñòi ìîæíà çàìiíèòè íàî÷íiøîþ óìîâîþ: ó âiëüíié âiä äæå-
ðåë ïîëÿ îáëàñòi ïðè |x| → ∞

u(x) ∼ A(n)r1/2−d/2eikr + uext(x), (12.24)

äå ïåðøèé äîäàíîê ó êîíòåêñòi õâèëüîâîãî ðiâíÿííÿ îçíà÷à¹ íàÿâíiñòü
íà íåñêií÷åííîñòi òiëüêè éäó÷î¨ íàçîâíi õâèëi, à äðóãèé � çàäàíå çîâ-
íiøí¹ ïîëå. Ôóíêöiÿ êóòîâèõ çìiííèõ A (â çàäà÷i ðîçñiþâàííÿ ¨¨ íàçè-
âàþòü àìïëiòóäîþ ðîçñiþâàííÿ) îäíîçíà÷íî âèçíà÷à¹òüñÿ ôóíêöiÿìè f
i uext. �
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Ïðèêëàä 12.11. Çíàéòè ôóíêöiþ Ãðiíà îïåðàòîðà Ãåëüìãîëüöà ∆+k2

â Rd (k > 0) ç óìîâîþ ïðè÷èííîñòi.

� Ðîçâ'ÿçó¹ìî ðiâíÿííÿ (12.4). Îñêiëüêè çàäà÷à içîòðîïíà i îäíîði-
äíà, øóêà¹ìî ôóíêöiþ Ãðiíà ó âèãëÿäi G (|x− ξ|). Îäåðæèìî ðiâíÿííÿ
âèäó (12.22) ç l = 0:

G′′ +
d− 1

r
G′ + k2G = δ (rn) .

Éîãî ðîçâ'ÿçîê (12.23), ÿêèé çàäîâîëüíÿ¹ óìîâó ïðè÷èííîñòi, ìà¹ âè-
ãëÿä G(r) = cr1−d/2H+

d/2−1(kr). Ñòàëó c ìîæíà âèçíà÷èòè ç ðiâíîñòi
r
r<ε

(
∆G+ k2G

)
dx = 1, äå ε � ÿê çàâãîäíî ìàëå äîäàòíå ÷èñëî. Òîìó

çàìiñòü G ìîæíà ñêîðèñòàòèñü åêâiâàëåíòíîþ â îêîëi íóëÿ ôóíêöi¹þ:

G(r) ∼ cr1−d/2iNd/2−1(kr) ∼ − i
π

(
k

2

)1−d/2

Γ

(
d

2
− 1

)
r2−d.

Îòæå,

w

r<ε

(
∆G+ k2G

)
dx = −

w

r=ε

∇Gdσ (x) + k2
w
Gdx = c 4i

(
k

2π

)1−d/2

= 1.

Âiäïîâiäü:

G(r) =
1

4i

(
k

2πr

)d/2−1

H+
d/2−1(kr).

Ïîðiâíÿííÿ îäåðæàíî¨ â ïîïåðåäíüîìó ïðèêëàäi âiäïîâiäi ç ðîçâ'ÿç-
êîì, çàïèñàíèì ÷åðåç ôóíêöiþ Ãðiíà, äà¹ ðîçáèòòÿ îñòàííüî¨ (r > ρ):

G (|x− ξ|) =
∑
λ

π

2i
‖Yλ‖−2

r1−d/2H+
d/2−1+l(kr)Yλ(n)

× ρ1−d/2Jd/2−1+l(kρ)Yλ(ν), (12.25)

â ÿêîìó ëiâà ÷àñòèíà âèðàçó ïiä ñóìîþ çàëåæèòü òiëüêè âiä x, à ïðà-
âà òiëüêè âiä ξ. Ïîäiáíi ðîçáèòòÿ ó ôiçèöi ¹ îñíîâîþ ìóëüòèïîëüíèõ
ðîçêëàäiâ (ïðèêëàä 12.13).

Ó äåÿêèõ çàäà÷àõ (äèâ. ïðèêëàä 6.3) âèíèêà¹ íåîáõiäíiñòü ðîçêëàñòè

âèðàç G
(√

r2 + ρ2 − 2rρ cosϑ
)
â ðÿä ïî ñòàðøèõ ãiïåðñôåðè÷íèõ ôóí-

êöiÿõ. Ùîá çðîáèòè öå, ñêîðèñòà¹ìîñÿ ôîðìóëîþ (12.25), çîði¹íòóâàâøè
ñèñòåìó êîîðäèíàò òàêèì ÷èíîì, ùîá ïîëÿðíà âiñü ãiïåðñôåðè÷íèõ êî-
îðäèíàò áóëà íàïðÿìëåíà âçäîâæ ξ. Òîäi ïðè ôiêñîâàíîìó l óñi ôóíêöi¨
Yλ(ν) îáíóëþþòüñÿ, êðiì ñòàðøî¨ Yl0...0 = Yl (íàãàäà¹ìî, ùî âîíà çàëå-
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æèòü òiëüêè âiä ïîëÿðíîãî êóòà ϑ). Ó ðåçóëüòàòi (12.25) ñïðîùó¹òüñÿ:

G
(√

r2 + ρ2 − 2rρ cosϑ
)

=
π

2i

∞∑
l=0

r1−d/2H+
d/2−1+l(kr)ρ

1−d/2Jd/2−1+l(kρ)
Yl(ϑ)Yl(0)

‖Yl‖2
(r > ρ).

Ïiäñòàâèâøè ÿâíèé âèðàç Yl, îäåðæèìî îñòàòî÷íî

G
(√

r2 + ρ2 − 2rρ cosϑ
)

=
Γ(d/2− 1)

8iπd/2−1

×
∞∑
l=0

(d−2+2l)r1−d/2H+
d/2−1+l(kr)ρ

1−d/2Jd/2−1+l(kρ)P
0, d−3

2

l (cosϑ) (r > ρ).

Öå îäíà ç òàê çâàíèõ ôîðìóë äîäàâàííÿ öèëiíäðè÷íèõ ôóíêöié, à (6.20)
i (12.18) � ãðàíè÷íi âèïàäêè ¨¨. �

Ïðèêëàä 12.12. Ìåòîäîì ôóíêöi¨ âïëèâó çíàéòè ïðè÷èííi ðîçâ'ÿçêè
õâèëüîâîãî ðiâíÿííÿ c−2utt −∆u = f â Rd × R.
� Çà ôîðìóëîþ (12.14) â åêâiâàëåíòíîìó ôîðìóëþâàííi

u(x, t) =

∞w

0

dτ
w

Rd
Gd(ξ, τ)f(x− ξ, t− τ)dξ. (12.26)

Ïåðåòâið Ôóð'¹ ôóíêöi¨ Ãðiíà îïåðàòîðà Äàëàìáåðà ñïiâïàäà¹ ç òî÷íi-
ñòþ äî çíàêà çi çíàéäåíîþ â ïðèêëàäi 12.11 ôóíêöi¹þ Ãðiíà îïåðàòîðà
Ãåëüìãîëüöà:

Ĝd(r, ω) ≡ −GHelm
d (r) = − 1

4i

( ω

2πcr

)d/2−1

H+
d/2−1

(ωr
c

)
.

Îñêiëüêè Ĝd(r, ω) ∼ ωd/2 ïðè ω →∞, òî çà âèíÿòêîì îäíî- i äâîâèìið-
íîãî âèïàäêiâ ôóíêöiÿ Gd áóäå óçàãàëüíåíîþ. Íàñïðàâäi íàñ öiêàâèòü
íå ñàìà ôóíêöiÿ Ãðiíà, à ôîðìóëà (12.26), äå âîíà ñòî¨òü ó çãîðòöi. Òîìó
ñêîðèñòà¹ìîñü iäåÿìè ðîçìiðíî¨ ðåãóëÿðèçàöi¨, ÿêi ÷àñòî âèêîðèñòîâó-
þòüñÿ ó ôiçèöi: ïîáóäó¹ìî Gd äëÿ íèæ÷èõ ðîçìiðíîñòåé, à ðåçóëüòàò ó
ôîðìi (12.26) óçàãàëüíèìî äëÿ âñiõ d.

Îñíîâîþ äëÿ öüîãî ñëóæèòü ðåêóðåíòíå ñïiââiäíîøåííÿ

Ĝd+2n(r, ω) =
1

(2π)n

(
− d

rdr

)n
Ĝd(r, ω), (12.27)

ÿêå íåâàæêî âèâåñòè ç ôîðìóëè äèôåðåíöiþâàííÿ öèëiíäðè÷íèõ ôóí-
êöié, çàïèñàíié ó ôîðìi

z−ν−nZν+n =

(
− d

zdz

)n
z−νZν .
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Ñàìà ôîðìóëà (12.27) íà Gd íå ïåðåíîñèòüñÿ, àëå äî ÷àñîâî¨ çãîðòêè,
î÷åâèäíî, çàñòîñîâíà:

Gd+2n ∗ ϕ =
1

(2π)n

(
− d

rdr

)n
Gd ∗ ϕ. (12.28)

Ôóíêöiþ Gd äëÿ íèæ÷èõ ðîçìiðíîñòåé ìîæíà îäåðæàòè âèêîðèñòîâóþ-
÷è òàáëè÷íèé iíòåãðàë [14, ñ. 441]
∞w

a

eiωtdt

(t2 − a2)
ν+1/2

= i

√
π

2
Γ

(
1

2
− ν
)(

2ω

a

)ν
H+
ν (ωa), −1

2
6 Re ν <

1

2
,

ÿêèé ¹ ïåðåòâîðîì Ôóð'¹ ôóíêöi¨ θ(t− a)
(
t2 − a2

)−ν−1/2
. Çâiäñè

Gd(r, t) =
c

2π
d−1
2 Γ

(
3−d

2

) θ(ct− r)
(c2t2 − r2)

d−1
2

, 1 6 d < 3. (12.29)

Îòæå, Gd âèðàæà¹òüñÿ çà ðåêóðåíòíèì ñïiââiäíîøåííÿì (12.28) ÷åðåç
G1 äëÿ íåïàðíèõ ðîçìiðíîñòåé àáî ÷åðåç G2 äëÿ ïàðíèõ, äå

G1(r, t) =
c

2
θ(ct− r), G2(r, t) =

c

2π

θ(ct− r)√
c2t2 − r2

.

Ó ïåðøîìó âèïàäêó (12.26) êîíêðåòèçó¹òüñÿ òàê:

(G1 ∗ ϕ) (t) =

∞w

−∞
G1(r, τ)ϕ(τ)dτ =

c

2

∞w

r/c

ϕ(t− τ)dτ,

(G3 ∗ ϕ) (t) =
1

2π

(
− d

rdr

)
(G1 ∗ ϕ) (t) =

1

4π

ϕ (t− r/c)
r

,

(G3+2n ∗ ϕ) (t) =

(
− d

2πrdr

)n
(G3 ∗ ϕ) (t) =

1

2(2π)n+1

(
− d

rdr

)n
ϕ (t− r/c)

r
.

Îòæå, äëÿ d = 3 + 2n

u(x, t) =
1

2(2π)n+1

w

Rd

(
− d

ρdρ

)n
f (x− ξ, t− ρ/c)

ρ
dξ,

äå ïiñëÿ äèôåðåíöiþâàííÿ ñëiä ïiäñòàâèòè ρ = |ξ|.
Äëÿ ïàðíèõ ðîçìiðíîñòåé

(G2 ∗ ϕ) (t) =
c

2π

∞w

r/c

ϕ(t− τ)dτ√
c2τ2 − r2

,

(G2+2n ∗ ϕ) (t) =
c

(2π)n+1

(
− d

rdr

)n ∞w
r/c

ϕ(t− τ)dτ√
c2τ2 − r2

.
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Ó ïðàêòè÷íèõ çàñòîñóâàííÿõ, êîëè iíòåãðàë â îñòàííüîìó âèðàçi íå îá-
÷èñëþ¹òüñÿ ÿâíî, îäåðæàíà ôîðìóëà íåçðó÷íà, îñêiëüêè ïiäiíòåãðàëü-
íèé âèðàç íåäèôåðåíöiéîâíèé ïî r. Òîìó ïåðåïèøåìî ¨¨ â iíøîìó âè-
ãëÿäi, ñêîðèñòàâøèñü òîòîæíiñòþ

I =

∞w

r/c

ϕdτ√
c2τ2 − r2

≡ − 1

r2

∞w

r/c

√
c2τ2 − r2

(
τ

dϕ

dτ
+ 2ϕ

)
dτ.

Ïðîäèôåðåíöiþâàâøè ïðàâó ÷àñòèíó, äiñòàíåìî(
− d

rdr

)
I =

1

r2

∞w

r/c

1√
c2τ2 − r2

(
−τ dϕ

dτ

)
dτ,

çâiäêè

(G2+2n ∗ ϕ) (t) =
c

(2π)n+1

1

r2n

∞w

r/c

1√
c2τ2 − r2

(
− τd

dτ

)n
ϕ(t− τ)dτ.

Îòæå, äëÿ d = 2 + 2n

u(x, t) =
c

(2π)n+1

∞w

0

dτ
w

|ξ|6cτ

(
− τd

dτ

)n
f (x− ξ, t− τ)

|ξ|2n
√
c2τ2 − |ξ|2

dξ. �

Ïðèêëàä 12.13. Ïîáóäóâàòè ìóëüòèïîëüíèé ðîçêëàä ïðè÷èííîãî ðîç-
â'ÿçêó ðiâíÿííÿ Äàëàìáåðà â Rd × R.

Ìóëüòèïîëüíèé ðîçêëàä âèêîðèñòîâó¹òüñÿ â òèõ âèïàäêàõ, êîëè ïîòðiáíî
çíàéòè ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (12.1) ó âiëüíié âiä äæåðåë ïîëÿ ïiäîáëàñòi
D′ ⊂ D (òîáòî f(x) = 0 ïðè x ∈ D′). Iäåÿ éîãî òàêà: ÿêùî ôóíêöiþ Ãðiíà
ìîæíà ïîäàòè ó âèãëÿäi

G(x, ξ) =
∑
λ

uλ(x)vλ(ξ),

äå uλ çàäîâîëüíÿþòü îäíîðiäíå ðiâíÿííÿ Lu = 0 â D′, òî øóêàíèé ðîçâ'ÿçîê
âèãëÿäà¹ òàê:

u(x) =
∑
λ

uλ(x)Qλ, x ∈ D′, (12.30)

äå

Qλ =
w

D

vλ(ξ)f(ξ)dξ +
w

∂D

∂vλ(ξ)

∂n
ϕ(ξ)dσ(ξ). (12.31)

Äëÿ iíøèõ ìåæîâèõ óìîâ ôîðìóëè àíàëîãi÷íi. Ïðàêòè÷íà öiííiñòü ôîðìóëè
(12.30) ïîëÿãà¹ â òîìó, ùî ÷èñëîâi iíòåãðàëè (12.31) çíà÷íî ëåãøå îá÷èñëèòè,
íiæ ïàðàìåòðè÷íèé iíòåãðàë (12.2). Äëÿ õâèëüîâîãî ðiâíÿííÿ ìóëüòèïîëüíèé
ðîçêëàä áóäóþòü äëÿ ïåðåòâîðiâ Ôóð'¹, ïðè öüîìó ó ôîðìóëi (12.30) çàìiñòü
äîáóòêó áóäå çãîðòêà.
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� Ïåðåéøîâøè ó õâèëüîâîìó ðiâíÿííi c−2utt−∆u = f äî ïåðåòâîðiâ
Ôóð'¹, îäåðæèìî ðiâíÿííÿ Ãåëüìãîëüöà: ∆û + k2û = −f̂ , äå k = ω/c.
Íåîáõiäíå ðîçáèòòÿ ôóíêöi¨ Ãðiíà îïåðàòîðà Ãåëüìãîëüöà äà¹òüñÿ ôîð-
ìóëîþ (12.25). Óçÿâøè äî óâàãè, ùî Ĝ(r, ω) ≡ −GHelm(r), i çãðóïóâàâøè
íàëåæíèì ÷èíîì ìíîæíèêè ó (12.25), ìàòèìåìî ìóëüòèïîëüíèé ðîç-
êëàä âèäó (12.30):

û(x, ω) =
∑
λ

ĥ+(r, ω)Yλ(n)Q̂λ(ω),

äå

ĥ+(r, ω) =
i

4

(
k

2π

)d/2−1+l

r1−d/2H+
d/2−1+l(kr) ≡ rlĜd+2l(r, ω),

Q̂λ(ω) = 2π

(
2π

k

)d/2−1+l

‖Yλ‖−2
w

Rd
ρ1−d/2Jd/2−1+l(kρ)Yλ(ν)f̂(ξ, ω)dξ.

Ôóíêöiÿ h+Yλ � ïîòåíöiàë λ-¨ êîìïîíåíòè ìóëüòèïîëÿ ïîðÿäêó l (íåçà-
ëåæíèõ êîìïîíåíò ñòiëüêè, ñêiëüêè ãiïåðñôåðè÷íèõ ôóíêöié ïîðÿäêó
l), Qλ � ¨¨ çàðÿä.

Ó âèïàäêó, êîëè ðîçìiðè îáëàñòi ç äæåðåëàìè ïîëÿ íàáàãàòî ìåíøi çà
äîâæèíó õâèëi, ôóíêöiþ Jd/2−1+l(kρ) ðîçêëàäàþòü ó ðÿä7, ùî äîçâîëÿ¹
â ÿâíié ôîðìi îáåðíóòè ïåðåòâîðè Q̂λ:

Q̂λ(ω) =

∞∑
n=0

(−iω
c

)2n

Q̂λn(ω), àáî æ Qλ(t) =

∞∑
n=0

1

c2n
d2nQλn(t)

dt2n
,

äå

Qλn(t) =
πd/2+l

22n−1n!Γ(d/2 + l + n)
‖Yλ‖−2

w

Rd
ρl+2nYλ(ν)f(ξ, t)dξ.

Âèðàç u ñïðîùó¹òüñÿ â òàê çâàíié õâèëüîâié çîíi: kr � 1. Òîäi

ĥ+(r, ω) ∼ 1

2(2π)
d−1
2 +l

r
1−d
2

(−iω
c

) d−3
2 +l

eikr,

à çíà÷èòü

û(x, ω) = r
1−d
2 eikr

∑
λn

1

2(2π)
d−1
2 +l

(−iω
c

) d−3
2 +l+2n

Yλ(n)Q̂λn(ω),

7Óòâîðåíèé ïðè öüîìó ðÿä äëÿ Q̂λ áóäå ñòåïåíåâèì ðÿäîì ïî ka, äå a � ðîçìiðè
ñèñòåìè.
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ùî äëÿ íåïàðíèõ ðîçìiðíîñòåé äà¹

u(x, t) = r
1−d
2

∑
λn

1

2(2πc)
d−1
2 +l

Yλ(n)

(
d

cdt

) d−3
2 +l+2n

Qλn

(
t− r

c

)
. �

Ìåòîäîì çîáðàæåíü çíàéòè ôóíêöiþ Ãðiíà îïåðàòîðà Ëàïëàñà çàäàíî¨
îáëàñòi â R3. Äå ìîæëèâî, ðîçãëÿíóòè ìåæîâi óìîâè ïåðøîãî i äðóãîãî
ðîäó. Äëÿ ïðîñòèõ îáëàñòåé çàïèñàòè ïîâåðõíåâó ôóíêöiþ Ãðiíà:

1. Ïiâïðîñòið: z > 0.

2. Äâîãðàííèé êóò: x > 0, y > 0.

3. Äâîãðàííèé êóò 2π/n.

4. Îêòàíò: x > 0, y > 0, z > 0.

5. Äâîãðàííèé êóò 2π/n ç òðåòüîþ
ïëîùèíîþ, ïåðïåíäèêóëÿðíîþ äî
ïåðøèõ äâîõ.

6. ×îòèðèãðàííèé êóò, ùî ïðîõî-
äèòü ç öåíòðà êóáà ÷åðåç ðåáðà.

7. Ï'ÿòèãðàííèé êóò ç äâîãðàííè-
ìè êóòàìè 2π/5.

8. Ïiâêóëÿ: r < b, z > 0.

9. r > a, x > 0, y > 0, z > 0.

10. r < b, x + y > 0, y + z > 0,
z + x > 0.

11. Ïëîñêèé øàð: 0 < z < 1.

12. 0 < x < a, 0 < y < b.

13. Êóá ç äîâæèíîþ ðåáðà a.

Ìåòîäîì âiäîêðåìëåííÿ çìiííèõ ïîáóäóâàòè ôóíêöiþ Ãðiíà îïåðàòîðà
Ëàïëàñà çàäàíî¨ îáëàñòi ç ìåæîâèìè óìîâàìè ïåðøîãî ðîäó:

14. Ïiâïðîñòið â R3: z > 0.

15. Ñôåðè÷íèé øàð: a < r < b.

16. Ïiâöèëiíäð: z > 0, ρ < 1.

17. Ãiïåðêóá â Rd ç äîâæèíîþ ðå-
áðà a.

Ìåòîäîì êîíôîðìíèõ âiäîáðàæåíü ïîáóäóâàòè ôóíêöiþ Ãðiíà îïåðàòî-
ðà Ëàïëàñà çàäàíî¨ îáëàñòi íà ïëîùèíi ç ìåæîâèìè óìîâàìè ïåðøîãî
ðîäó. Äëÿ ïðîñòèõ îáëàñòåé çàïèñàòè ïîâåðõíåâó ôóíêöiþ Ãðiíà:

18. Ïiâêðóã: y > 0, x2 + y2 < 1.

19. Ñìóãà: 0 < y < π.

20. Ïiâñìóãà: 0 < y < π, x > 0.

21. Ïðÿìîêóòíèê: |x| < a, 0 < y < b.
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Ìåòîäîì êîíôîðìíèõ âiäîáðàæåíü ðîçâ'ÿçàòè ðiâíÿííÿ Ëàïëàñà:

22.
∆u = 0 (0 < x < π, y < 0),
u(0, y) = 0, u(π, y) = 0,
u(x, 0) = 1.

23.
∆u = 0,
u(x, 0) = 1 ïðè x < −a,
u(x, 0) = 0 ïðè x > a.

24.
∆u = 0 (x2/a2 + y2/b2 < 1),
u(x, y) = 1 íà âåðõíié ïiâäóçi,
u(x, y) = 0 íà íèæíié ïiâäóçi.

25.
∆u = 0 (|x| < a, 0 < y < b),
u(±a, y) = 0,
u(x, 0) = 1, u(x, b) = 0.

26. Çíàéòè ôóíêöiþ Ãðiíà îïåðàòîðà Ãåëüìãîëüöà ∆−κ2 â Rd (κ > 0).

27. Çíàéòè ôóíêöiþ Ãðiíà ðiâíÿííÿ ∆3 −κ2 â ïiâïðîñòîði. Ðîçãëÿíóòè
ìåæîâi óìîâè ïåðøîãî i äðóãîãî ðîäó. Çàïèñàòè ïîâåðõíåâó ôóíêöiþ
Ãðiíà.

28. Ïîêàçàòè, ùî ðîçâ'ÿçîê ðiâíÿííÿ ∆u− κ2u = f (b1x, . . . , bnx) â Rd
(n < d) âèðàæà¹òüñÿ ÷åðåç ôóíêöiþ Ãðiíà îïåðàòîðà Ãåëüìãîëüöà â Rn.
29. Îöiíèòè çâåðõó ðîçâ'ÿçîê òðèâèìiðíîãî ðiâíÿííÿ Ïóàññîíà ∆u = f ,
ÿêùî f(rn) 6 e−αr.

30. Îöiíèòè çâåðõó ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ Ïóàññîíà

∆u = f, z > 0,
u(x, y, 0) = ψ(x, y),

ÿêùî e−α
′r 6 f(rn) 6 e−αr i ψ(r, φ) 6 e−βr.

Ðîçâ'ÿçàòè êðàéîâó çàäà÷ó, ïåðåéøîâøè äî ïàðàáîëi÷íèõ êîîðäèíàò çà
ôîðìóëàìè x = (ξ2 − η2)/2, y = ξη, ξ ∈ R+, η ∈ R:

31.
∆u = u,
u(x,±0) = ψ±(x), x 6 0. 32.

∆u− κ2u = 0,
u(x, 0) = eκx, x 6 0.

Ðîçâ'ÿçàòè êðàéîâó çàäà÷ó, ïåðåéøîâøè äî åëiïòè÷íèõ êîîðäèíàò çà
ôîðìóëàìè x = a ch ξ cos η, y = a sh ξ sin η, ξ ∈ R+, η ∈ ]0, 2π[:

33.
∆u− κ2u = 0,
u(x, 0) = ψ(x), |x| 6 a.

34. Ðîçâ'ÿçàòè ñïåêòðàëüíó çàäà÷ó ∆u + λu = 0 â d-âèìiðíié ãiïåðêóëi
ç ìåæîâèìè óìîâàìè ïåðøîãî ðîäó.

35. Ðîçâ'ÿçàòè çàäà÷ó ðîçñiþâàííÿ (äèôðàêöi¨) íà ñôåði:

∆3u+ k2u = 0 (r > a),
u(x) = 0, ïðè r = a,
u(x) ∼ eikz +A(n)eikr/r, ïðè r →∞.
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36. Ðîçâ'ÿçàòè çàäà÷ó ðîçñiþâàííÿ (äèôðàêöi¨) íà ïiâïëîùèíi:

∆2u+ k2u = 0,
u(x) = 0, ïðè y = 0, x > 0,
u(x) ∼ eiky +A(n)eikr/

√
(r), ïðè r →∞.

37. Îäåðæàòè ìóëüòèïîëüíèé ðîçêëàä ðîçâ'ÿçêó òðèâèìiðíîãî ðiâíÿí-
íÿ Ïóàññîíà íà íåñêií÷åííîñòi.

38. Îäåðæàòè ìóëüòèïîëüíèé ðîçêëàä ðîçâ'ÿçêó òðèâèìiðíîãî ðiâíÿí-
íÿ Ïóàññîíà â îêîëi íóëÿ.

Ðîçâ'ÿçàòè ðiâíÿííÿ Ëàïëàñà:

39.

∆u = 0 (y > 0, r < 1),
u(x, 0) = 0,
u(x, y) = y3 − 3x2y,

ïðè x2 + y2 = 1.

40.

∆u = 0 (z > 0, r < 1),
u(x, y, 0) = 0,
u(x, y, z) = (x2 − y2 + xy)z,

ïðè x2 + y2 + z2 = 1.

41.
∆u = 0 (y > 0, x2 + y2 < 1),
u(x, 0) = 1,
u(x, y) = 0 ïðè x2 + y2 = 1.

42.
∆u = 0 (y, z > 0),
u(x, y, 0) = 0, u(x, 0, z) = 1.
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Ïîçíà÷åííÿ:

• Φm, m ∈ Z � äiéñíèé (5.4) àáî êîìïëåêñíèé (eimφ) òðèãîíîìåòðè÷íèé
áàçèñ.

1.4. uξη − (uξ − uη)/16 = 0, ξ = x− y, η = 3x+ y.
1.5. uξξ + uηη + uξ = 0, ξ = x, η = 3x+ y.
1.6. uηη + uξ = 0, ξ = x− 2y, η = x.
1.7. uξξ − uηη + 2x−y

2(x−y)2
(uξ − uη) = 0, ξ = y − 2x+ yx−2, η = y − 2x− yx−2.

1.8. uξξ−uηη− x+y
(x−y)2

(uξ−uη) = 0, ξ = x+y+x2/2+y2/2, η = x+y−x2/2−y2/2.

1.9. uηη +
(
ey + e2y−x)uξ = 0, ξ = ex + ey, η = y.

1.10. uξξ+uηη+2uη = 0, ξ = 1
2

ln(y+x)− 1
2

ln(y−x), η = − 1
2

ln(y+x)− 1
2

ln(y−x).

1.11. uξξ − uηη − 2xy(x+2y)

(x2−y2)2
(uξ − uη) = 0, ξ = x/2 + y − x3/6 + y3/3, η = x/2 +

y + x3/6− y3/3.

1.12. uξξ − uηη − 3+x4

8xy
uξ + 3−x4

8xy
uη = 0, ξ = xy + yx−3, η = xy − yx−3.

1.13. uξξ + uηη + 5(x2−y2)

4x2y2
uξ + 5

2x2
uη = 0, ξ = y2/2− x2/10, η = x2/5.

1.14. uηη + 4x2−8xy−4y2

(x−y)2
uξ = 0, ξ = −x2 + 2xy + y2, η = y.

1.15. uξξ − uηη +
uη−uξ cos x

1+sin 2x
= 0, ξ = y − ln tg(x/2), η = x+ ln sinx.

1.16. uηη +
uξ√
x2+y2

= 0, ξ = x+
√
x2 + y2, η = y.

2.1. νn = πn/l, Xn(x) = sin νnx, ‖Xn‖2 = l/2, n ∈ N.
2.2. νn = π(n+ 1/2)/l, Xn(x) = sin νnx, ‖Xn‖2 = l/2, n ∈ Z+.
2.3. νn = π(n+ 1/2)/l, Xn(x) = cos νnx, ‖Xn‖2 = l/2, n ∈ Z+.
2.4. νn = πn/l, Xn(x) = cos νnx, ‖X0‖2 = l, ‖Xn‖2 = l/2, n ∈ Z+.
2.5. νn = πn/l,Xn(x) = cos νn(x−a), ‖X0‖2 = l, ‖Xn‖2 = l/2, n ∈ Z+ (l = b−a).
2.6. νn = πn/2a, Xn(x) = sin νn(x+ a), ‖Xn‖2 = a, n ∈ N.
2.7. νnl = πn− arctg(νn/h), Xn(x) = sin νnx, n ∈ N.
2.8. νnl = π(n+ 1/2)− arctg(νn/h), Xn(x) = cos νn(x− l), n ∈ Z+.
2.9. Òóò p = ρ = ex, q = 0. Ìà¹ìî νn = n2 + 1/4, Xn(x) = e−x/2 sinnx, n ∈ N.
2.10. Òóò p = ρ = e−2x, q = 0. Ìà¹ìî νn = κ2

n + 1, äå κn = π(n + 1/2) −
arctg(κn/2), Xn(x) = ex cosκnx, n ∈ Z+.

2.11. (p = x, q = 0, ρ = 1/x) νn = π(n+ 1/2), Xn(x) = sin(νn lnx), n ∈ Z+.
2.12. (p = x, q = 0, ρ = 1/x) νn = πn/2 ln a, Xn(x) = sin(νn ln ax), n ∈ N.
2.13. λn = ν2

n, Xn(x) = sin νnx, äå νn � n-é ó ïîðÿäêó çðîñòàííÿ äîäàòíèé êî-
ðiíü ðiâíÿííÿ tg lν = ν/h; ïðè hl > 1 ¹ ùå âëàñíå çíà÷åííÿ λ0 = −ν2

0 i âëàñíà
ôóíêöiÿ X0(x) = sh ν0x, äå ν0 � äîäàòíèé êîðiíü ðiâíÿííÿ th lν = ν/h. Öå
íå çàäà÷à ØË, áî â óìîâi êîåôiöi¹íòè ïðè X(l) i X ′(l) ìàþòü ïðîòèëåæíi
çíàêè (ìåæîâi óìîâè íå ¹ äîäàòíî âèçíà÷åíèìè).
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2.14. λn = n(n+α−1), n ∈ Z+, Xn(x) = P a,bn (x) (ïîëiíîìè ßêîái [1, 3, 14, 18]),
äå a = (α+ β)/2− 1, b = (α− β)/2− 1.

2.15. λ = ν(ν + 1), Xν = P−µν (x) (ïðè¹äíàíi ôóíêöi¨ Ëåæàíäðà [1, 2, 14, 18]),
ν âèçíà÷à¹òüñÿ ç ðiâíÿííÿ P−µν (a) = 0, ìíîæèíà ðîçâ'ÿçêiâ ÿêîãî çëi÷åííà
i òàêà, ùî ν > µ > 0. Âêàçiâêà: ôóíäàìåíòàëüíîþ ñèñòåìîþ ðîçâ'ÿçêiâ ¹
ïàðà ôóíêöié (P−µν , Q−µν ), ïåðøà ç ÿêèõ îáìåæåíà â îêîëi îäèíèöi (â öüîìó
ìîæíà ïåðåêîíàòèñÿ ç ïðåäñòàâëåííÿ P−µν ÷åðåç ãiïåðãåîìåòðè÷íó ôóíêöiþ
ïðè µ > 0). Îá÷èñëèâøè âðîíñêiàí, áà÷èìî, ùî äðóãà ôóíêöiÿ íåîáìåæåíà.

2.16. λ = (µ+k)(µ+k+1), Xk = P−µk+µ(x) ∝ (1−x2)−µ/2 dk

dxk
(1−x2)µ+k, k ∈ Z+,

2.17. λ = n(n+ 2a+ 1), n > m, Xn(x) = Pm,an � ãiïåðñôåðè÷íi êâàçiïîëiíîìè:
Pm,an (x) = (1− x2)m/2 dm

dxm
P 0,a
n (x), äå P 0,a

n (x) = (2a+1)n
(a+1)n

1
2nn!

dn

dxn
(x2 − 1)n+a �

ïîëiíîìè Ãåãåíáàóåðà [1, 3, 14, 18] (ïîð. ç ïðèêëàäîì 2.5).
2.18. λn = n, Xn(x) = Lan(x) � ïîëiíîìè Ëàãåðà [1, 3, 14, 18], n ∈ Z+.
2.19. λn = n, Xn(x) = Hn(x) � ïîëiíîìè Åðìiòà [1, 3, 14, 18], n ∈ Z+.

2.20. Xn(x) = Hn(x)e−x
2/2, λn = 2n+ 1, ‖Xn‖2 = 2nn!

√
π, n ∈ Z+.

2.21. Çàëèøà¹ìî òiëüêè ïàðíi ôóíêöi¨ ç 2.20 (òîáòî ïàðíi n).
2.22. Äèâ. [5, ñ. 69].

3.1. u(x, t) = (e−t − 1 + t) sinx+
∑∞
k=1

8k
π(4k2−1)

e−4k2t sin 2kx.

3.2. u(x, t) = l2

π2

(
e−tπ

2/l2 − 1
)

sin πx
2l
− l2

9π2

(
e−9tπ2/l2 − 1

)
sin 3πx

2l

+
∑∞
n=0

4
π(2n+1)

e−(2n+1)2tπ2/l2 sin π(n+1/2)x
l

.

3.3. u(x, t) = 1
3

(
1− e−9t/4

)
cos x

2
+ 1

81

(
1− e−81t/4

)
cos 3x

2

+
∑∞
n=0

4(2πn(−1)n+π(−1)n−2)

π(2n+1)2
e−9(2n+1)2t/4 cos

(
n+ 1

2

)
x.

3.4. u(x, t) = 1
2
(1+t)+ sin 4

8
(1−t)+

∑∞
n=1

4(−1)n sin 4

(π2n2−16)

(
2
πna

sin πnat
2
− cos πnat

2

)
cos πnx

2
.

3.5. u(x, t) = − cosπt sin πx
2

+ cos 5πt sin 5πx
2

+
∑∞
n=0

4
π3(2n+1)3

(
t− sinπ(2n+1)t

π(2n+1)

)
sinπ

(
n+ 1

2

)
x.

3.6. u(x, t) =
(

1 + 2e−π
2t
)

sinπx+ 1
4

(
1− e−4π2t

)
sin 2πx− e−9π2t sin 3πx.

3.7. u(x, t) = sh t sinx+ e−9t sin 3x.

3.8. u(x, t) =
(
t+ e−t − 1

)
cosx+ 2

π
− 4

π

∑∞
n=1 e

−n2t cosnx
4n2−1

.

3.9. u(x, t) = (cos 3t− t) sin 3x
2

+
(

1
5

sin 5t+ cos 5t
)

sin 5x
2
.

3.10. u(x, t) =
∑∞
n=0

8l(−1)n

π2(2n+1)2
cos π(2n+1)at

2l
sin π(2n+1)x

2l
.

3.11. u(x, t) =
∑∞
n=0

4
π(2n+1)

exp
[
−π

2(2n+1)2

4(b−a)2
t
]

sin
[
π(2n+1)(x−a)

2(b−a)

]
.

3.12. u(x, t) =
∑∞
k=1

2l(−1)k

πk
e−tπ

2/l2 sin πkx
l
.

3.13. u(x, t) =
∑∞
n=0

48(−1)n

π3(2n+1)3

(
1− e−π

2(2n+1)2t/12
)

cos π(2n+1)(x+2)
6

.

3.14. u(x, t) = 1
4π2

(
1− e−4π2t

)
cosπx+

∑∞
k=0

8(−1)k+1

π(2k−1)(2k+3)
e−π

2(2k+1)2t sinπ
(
k + 1

2

)
x.

3.15. u(x, t) = cos πt
2

cos πx
2
.
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3.16. u(x, t) =
∑
n

(1,Xn)

‖Xn‖2
Xn(x)e−ν

2
nt, äå (νn, Xn) � âëàñíi åëåìåíòè çàäà÷i 2.7.

3.17. u(x, t) =
∑
n

(x,Xn)

‖Xn‖2
Xn(x)(1− cos νnt)ν

−2
n , äå (νn, Xn) � âëàñíi åëåì. 2.8.

3.18. u(x, t) =
(

3
4

+ t
)
e−t

2

cosx+ 1
4
e−9t2 cos 3x.

3.19. u(x, t) =
∑∞
n=0

16(−1)n

π(2n+1)3
e−t sin

(
n+ 1

2

)
t sin

(
n+ 1

2

)
x.

3.20. u(x, t) =
(

1− 1
3
e−t − 2

3
et/2 cos

√
3t
2

)
sinx.

3.21. u(x, t) = 2ω(cos t−cosωt)+t sinωt(1−ω2)

(1−ω2)2
sinx, çîêðåìà ïðè ω = 1

u(x, t) = 1
4
t(sin t− t cos t) sinx.

3.22. u(x, t) = 1 + t2

2
− t2(2t+3)

6(t+1)
cos πx

l
+ 1

(t+1)4
cos 2πx

l
[27, ñ. 35*].

3.23. 3
4
(1− e−t) sinx− 1

36
(1− e−9t) sin 3x+

∑∞
n=1

2n(−1)n+1 sinπµ

π(n2−µ2)
e−n

2t sinnx.

3.24. e
π−1
π

+ 3
8
t+ 1

8
(1− e−4t) cos 2x+ 1

128
(1− e−16t) cos 4x

+
∑∞
n=1

2(eπ(−1)n−1)

π(n2+1)
e−n

2t cosnx.

3.25. [27, ñ. 41].

3.26. u(x, t) =
∑∞
k=1

(−1)k+1(4k−1)
2k!

Γ(k−1/2)
Γ(1/2)

P2k−1(x)e−2k(2k−1)t.

3.27. u(x, t) = 1/3 + sin t+ (x2 − 1/3) cos
√

6t.

3.28. u(x, t) = 1

|cos α
2 |
∑∞
n=0 tgn α

2
e−n(n+1)tPn(x).

3.29. u(x, t) =
∑∞
k=1

8
4k−1

(
Γ(k−1/2)

k!

)2

e−2k(2k−1)tP2k−1(x).

3.30. u(x, t) = t/2 + 2x2−1
8

(
1− e−4t

)
+ (3/4)xe−t + x(x2 − 3/4)e−9t.

3.31. u(x, t) = 1√
2(1+α)

∑∞
n=0

1
22nn!

(
1−α
1+α

)n
e−(2n+1)tHn(x)e−x

2/2;
r∞
0
e−αx

2

H2n(x)dx =
√
π(2n)!(1−α)n

2n!αn+1/2 .

3.32. u(x, t) =
∑∞
k=0

1−cos(
√

4k+1t)
(4k+1)

(−1)k

22k−3/2(2k)!
e−(α2+x2)/2H2k(α)H2k(x)

+
∑∞
k=0

sin(
√

4k+1t)√
4k+3

(−1)k

22k−1/2(2k+1)!
e−(α2+x2)/2H2k+1(α)H2k+1(x);

r∞
0
e−x

2/2H2k(x) cosαxdx = (−1)k
√

2πe−α
2/2H2k(α),

r∞
0
e−x

2/2H2k+1(x) sinαxdx = (−1)k
√

2πe−α
2/2H2k+1(α).

3.33. Äèâ. [27, ñ. 37].
3.34. Äèâ. [27, ñ. 38].
3.35. Äèâ. [27, ñ. 44].

3.36. w(x, t) = t+x, v(x, t) = (1−e−t) sinx+
∑∞
n=0

4
π(2n+1)

e−(2n+1)2t sin(2n+1)x.

3.37. w(x, t) = t(1− x), v(x, t) = cos 2πt sinx+ cos 6πt sin 3πx
−
∑∞
k=0

2
π2(2k+1)2

sin 2π(2k + 1)t sinπ(2k + 1)x.

3.38. w(x, t) = xπ(t− 1) + x2, v(x, t) = 2t+ (1− t)π
2

2

+
∑∞
n=1 (1− (−1)n) 2

n4

(
1− (n2 + 1)e−n

2t
)

cosnx.

3.39. w(x, t) = x sin t, v(x, t) = −(sin t+t cos t) sinx+
∑∞
n=2

2(−1)n

n(n2−1)
(n sinnt− sin t) sinnx.
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3.40. u(x, t) = t+ x+
∑∞
n=0

8l(−1)n

π2(2n+1)2
cos π(2n+1)t

2l
sin π(2n+1)x

2l
.

3.41. u(x, t) = t
(
x− π

2

)
+ π

2
(1− e−t) cosx.

3.42. u(x, t) = x−l
4
t2 + 2l

3π
sin 3πt

2l
cos 3πx

2l
+ 2l3

π2

(
1− cos πt

2l

)
cos πx

2l
.

3.43. u(x, t) = x sinωt+∑∞
n=0

(−1)n16ω

π(2n+1)2((2n+1)2−ω2)

[
2ω sinωt− (2n+ 1) sin

(
n+ 1

2

)
t
]

sin
(
n+ 1

2

)
x.

3.44. u(x, t) = x cos t + sin t +
∑
n

sin t−νna sin νnat
ν2na

2−1
Xn(x), äå (ν2

n, Xn) � âëàñíi
åëåìåíòè çàäà÷i 2.8.

3.45. w(x, t) = tx3+
∑∞
n=0

32(−1)n

π4(2n+1)4

[
π
(
n+ 1

2

)
t− sinπ

(
n+ 1

2

)
t
]

cosπ
(
n+ 1

2

)
x.

3.46. w(x, t) = − sinx, v(x, t) = 2
π

+
∑∞
k=1

4
(4k2−1)π

e−4k2t cos 2kx.

3.47. w(x, t) = t sinx, v(x, t) =
(

1
4
t+ 3

16
(1− e−4t)

)
sin 2x.

3.48. u(x, t) = e−2t+
∑∞
k=1

(−1)k

(k−1)(2k+1)(4k−1)
Γ(k−1/2)
k!Γ(1/2)

(
e−2t − e−2k(2k−1)t

)
P2k−1(x).

3.49. u(x, t) = e−x
2/2

[
x cos t− 1√

π
t sin t+ 1√

π

∑∞
n=1

(−1)n(cos t−cos
√

4n+1t)
2n(2n−1)22nn!

H2n(x)

]
;

r∞
0
xe−x

2

H2n(x)dx = (−1)n22n−1Γ
(
n− 1

2

)
/Γ
(
− 1

2

)
.

4.1. u(x, y) =
(

4 sh x
ch a
− x
)

cos y + sh 3x
3 ch 3a

cos 3y.

4.2. u(x, y) = 1

ch πb
2a

ch π(b−2y)
2a

cos πx
a

+ 1

sh πb
a

sh π(b−2y)
a

cos 2πx
a

+
(
y
b
− 1
) r y

0
sf(s)ds+

y
r b
y

(
s
b
− 1
)
f(s)ds.

4.3. u(x, y) = sh 3x
sh 3a

sin 3y − sh x
sh a

sin y +
∑∞
n=1

a
n3

(
shnx
shna

− x
a

)
sinny.

4.4. u(x, y) = 3 sh y
sh b

sinx− sh 3y
sh 3b

sin 3x+ 4
π

∑∞
n=0

(−1)n

(2n+1)2
sh(2n+1)(b−y)

sh(2n+1)b
sin(2n+ 1)x.

4.5. u(x, y) =
(

sh x
sh b

sin b− sinx
)

sin y.
4.6. u(x, y) = (xex − (π + 1) shx) cos y.

4.7. u(x, y) = 3
2

(
x+ e−x − ex−2a

)
cos y + a 2e3x+e−3x

2e3a+e−3a cos 3y.

4.8. u(x, y) = 2
π

∑∞
n=1

1−(−1)n

n

(
ha ch πnb

a
+ πn sh πnb

a

)−1
ch πny

a
sin πnx

a
.

4.9. u(x, y) = x− 2
∑∞
n=1

(−1)n

λn shλnb
sinλnx shλny, λn = πn

a
, n ∈ N.

4.10. u(x, y) = y2 + y(x− 2) + 32
π2

(
ch−1 π

4
ch π(1−y)

4
− 1
)

cos πx
4
.

4.11. u(x, y) = cos y +
(

ch y−sh(π−y)
chπ

− 1
)

sin y.

4.12. u(x, y) = y
6

(
3− π2 + y2

)
+ π

2
sh 2πy
sh 2π2 cos 2πx+

(
2

sh 1
chx− x

)
sin y +

2
ch(1/2)

sh
(
x− 1

2

)
sin 3y.

4.13. u(x, y) =
∑∞
n=1 (1− (−1)n) 2

π3n3[(
π2n2+a2b

sh πnb
a

sh πny
a
− a2y

)
sin πnx

a
+
(
π2n2+b2a

sh πna
b

sh πnx
b
− b2x

)
sin πny

b

]
.

4.14. u(x, y) = sh−1 π2

2
sh π(π−y)

2
sin πx

2
+ shπ2 shπy sinπx+ 1

2
sh(x−1)

sh 1
sin y

+ 1
2

(
e2 sh 2x

sh 2
+ (1− x)e2x

)
sin 2y.
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4.15. u(x, y) = sh−1 πb
2a

sh πy
2a

cos πx
2a
− sh−1 3πb

2a
sh 3πy

2a
cos 3πx

2a

− b
2π

ch−1 2πa
b

sh 2π(a−x)
b

sin 2πy
b
.

4.16. u(x, y) = xy+
∑∞
n=0 2 1−(−1)nλn

λ2
n

1+h
chλn+h shλn

shλnx cosλny, äå λn = π
(
n+ 1

2

)
.

4.17. u(x, y) = xy(1− y)− 2
(ey−1)(e1−y−1)

e+1
sinx.

4.18. u(x, y) = sh−1 πb
2a

sh π(b−y)
2a

sin πx
2a

+ sh−1 3πb
2a

sh 3πy
2a

sin 3πx
2a

− b2

π2

(
1− ch−1 πa

b
ch π(a−y)

b

)
sin πx

b
.

4.19. u(x, y) = −2a
∑∞
n=1

1−(−1)n

π2n2 exp
(
−πny

a

)
sin
(
πnx
a

)
.

4.20. u(x, y) = 1
2

+ 1
4

(
3e−2y − 1

)
cos 2x.

4.21. u(x, y) = − a
π+2ha

exp
(
−πy

2a

)
cos πx

2a
− a

3π+2ha
exp

(
− 3πy

2a

)
cos 3πx

2a
.

4.22. Ùîá óíèêíóòè óçàãàëüíåíèõ ôóíêöié, çâîäèìî äî çàäà÷i â ïiâñìóçi.

u(x, y) = x
π
e−|y| + |y|−1

π
e−|y| sinx+ 2

π

∑∞
n=2

(−1)n

(n2−1)

(
e−n|y| − 1

n
e−|y|

)
sinnx.

4.23. u(x, y) = 4
π

∑∞
k=0

1
2k+1

e−(2k+1)y sin(2k + 1)x.

4.24. u(x, y) = − 1
2

cos y
[
ex ln

(
1 + e−2x

)
+ e−x ln

(
1 + e2x

)]
.

4.25. Íåõàé ϕn � êîåôiöi¹íòè Ôóð'¹ ðîçêëàäó ϕ ïî áàçèñó Xn(x) = sinnx,
n ∈ N. ßêùî ϕ1 = 0, òî ìà¹ìî îäíîïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ u(x, y) =

C sinx sin y +
∑∞
n=2 ϕn sinnx

sh
√
n2−2 y

sh
√
n2−2 π

, iíàêøå ðîçâ'ÿçêiâ íåìà¹.

4.26. u(x, y) = − exp
(
−x

2+y2

2

) r∞
0
e−η

2/2−η ch(yη)dη.

4.27. u(x, y, z) = Y11(y) sinx cos z +
∑∞
n=1 Yn0(y) sinnx+∑

n=1,m=0 Znm(z) sinnx sin(m+ 1/2)y, äå Y11(y) = sh
√

2y√
2 ch(

√
2π)

,

Yn0(y) = (1)n
n2

(
shny
n chnπ

− y
)
, Znm(z) =

(1)n(1)m ch
√
n2+(m+1/2)2z√

n2+(m+1/2)2 sh
√
n2+(m+1/2)2π

,

(1)n = 2 1+(−1)n

πn
, (1)m = 4

π(2m+1)
.

4.28. unm(x, y) = sin πnx
a

sin πmy
b
, λnm = π2n2

a2
+ π2m2

b2
, n,m ∈ N.

4.29. unm = sin π(2n+1)x
2a

cos π(2m+1)y
2b

, λnm = π2(2n+1)2

4a2
+ π2(2m+1)2

4b2
, n,m ∈ Z+.

4.30. u(x) =
∏d
i=1 sin πnixi

ai
, λ =

∑d
i=1

π2n2
i

a2i
, ni ∈ N, òóò ai � äîâæèíè ñòîðií.

4.31. u(x) =
∏d
i=1 Φmi

(
2πxi
ai

)
, λ =

∑d
i=1

4π2m2
i

a2i
, mi ∈ Z, ai � äîâæèíè ñòîðií.

4.32. unm(x, y) = (−1)m sin πnx
a

sin πmy
a
−(−1)n sin πmx

a
sin πny

a
, λnm = π2(n2+m2)

a2
,

n > m > 1, òóò a � äîâæèíà êàòåòiâ.
4.33. Çàôiêñó¹ìî òðèêóòíèê íåðiâíîñòÿìè x > 0, y > 0, x + y < a. Íåõàé íà
ãiïîòåíóçi u(x, y) = ϕ(x−y), äå ϕ � çàäàíà ôóíêöiÿ. Ðîáèìî çàìiíó u(x, y) =
v(x, y) + ϕ(x − y). Êðàéîâó çàäà÷ó äëÿ v ïðîäîâæó¹ìî íåïàðíèì ÷èíîì
÷åðåç ãiïîòåíóçó äî òàêî¨ çàäà÷i ó êâàäðàòi: ∆v = 2 sgn(x+ y− a)ϕ′′(x− y),
v(0, y) = −ϕ(−y), v(a, y) = ϕ(a− y), v(x, 0) = −ϕ(x), v(x, a) = ϕ(x− a), ÿêà
ñòàíäàðòíî ðîçâ'ÿçó¹òüñÿ ìåòîäîì âiäîêðåìëåííÿ çìiííèõ.

4.34. Â ïîçíà÷åííÿõ çàäà÷i 4.33 ìåæîâà óìîâà íà ãiïîòåíóçi òàêà: ux(x, y) +
uy(x, y) = ϕ(x−y). Çàìiíà u(x, y) = v(x, y)+(x+y−a)ϕ(x−y). Ïðîäîâæó¹ìî
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ïàðíèì ÷èíîì äî òàêî¨ çàäà÷i â êâàäðàòi: ∆v = 2|x+y−a|ϕ′′(x−y), v(0, y) =
(a− y)ϕ(−y), v(a, y) = yϕ(a− y), v(x, 0) = (a− x)ϕ(x), v(x, a) = xϕ(x− a).

4.35. unm(x, y) = sin πnx
a

sin πmy
a

, λnm = π2(n2+m2)

a2
, n,m ∈ N.

4.36. f � íåïàðíà ïî îáîõ àðãóìåíòàõ i ñèìåòðè÷íà âiäíîñíî ¨õ ïåðåñòàíîâ-
êè ôóíêöiÿ. Äîñòàòíüî çíàéòè ðîçâ'ÿçîê ó êâàäðàòi [0, a]2 ç îäíîðiäíèìè
ìåæîâèìè óìîâàìè, à ïîòiì ïðîäîâæèòè éîãî íåïàðíèì ÷èíîì.

4.37. ßêùî ìåæîâi óìîâè óçãîäæåíi, òîáòî χi(0) = χi(1) = 0, òî w(x, y) =

(1− x)χ1(y) + xχ2(y), iíàêøå w(x, y) = [(1− x)χ1(y) + xχ2(y)] y(1−y)
y(1−y)+x(1−x)

.

5.1. u(ρ, φ) = ρ
2

+ ρ(2ρ+1)
6

cos 2φ.

5.2. u(ρ, φ) = 7
72

+ 5
18
ρ3 − 1

2
ρ3 cos 2φ+ 1

8
ρ4 cos 4φ.

5.3. Ðîçâ'ÿçîê iñíó¹, ÿêùî g0 = 0, äå g =
∑
m∈Z gmΦm. Òîäi u(ρ, φ) = C +∑

m 6=0
gmρ

|m|

|m|b|m|−1 Φm(φ), äå C � äîâiëüíà ñòàëà.

5.4. u(ρ, φ) = 2
π

∑∞
n=1

1−(−1)n

n(n2−9)

(
3+h
n+h

ρn − ρ3
)

sinnφ.

5.5. u(ρ, φ) =
∑∞
m=0 ρ

m cosmφ ≡ 1−ρ cosφ
1−2ρ cosφ+ρ2

.

5.6. u(ρ, φ) = C +
∑∞
m=1

ρm(m ln ρ−1)

2m2 sinmφ.

5.7. u(ρ, φ) = 1
2

ln(1 + 2ρ cosφ+ ρ2)− ln 2.

5.8. u(ρ, φ) = a2b2ρ−2+ρ2

a2+b2
cos 2φ+ b8ρ−4−ρ4

b8a−4−a4 cos 4φ.

5.9. u(ρ, φ) =
[

1
3

(
ρ− ρ−1

)
(1 + sin ln 2)− 1

2
sin ln ρ

]
sinφ+ 4

65

(
ρ3 + ρ−3

)
sin 3φ.

5.10. u(ρ, φ) = 7
8

(1 + ρ ln ρ− a ln a ln ρ) + r4(4+a5)+r−4a5(4a3−1)

32(1+a8)
cos 4φ.

5.11. u(ρ, φ) = C + 8
π

∑∞
m=1

(−1)m

m2(4m2−1)

(
m ln r + ambmr−m−rm

am+bm

)
sinmφ.

5.12. u(ρ, φ) = 2b
π2

ln ρ
1+hb ln b

− 4b
π2

∑∞
m=1

ρm−ρ−m
m(bm+b−m)+hb(bm−b−m)

cosmφ
4m2−1

.

5.13. u(ρ, φ) = 4
π

∑∞
k=0

ρ2k+1

2k+1
sin(2k + 1)φ.

5.14. u(ρ, φ) = 1
2

+ 1
2
ρ2

b2
cos 2φ.

5.15. u(ρ, φ) = 2
∑∞
n=1

ρn−ρ2
n(n2−4)

sinnφ.

5.16. u(ρ, φ) = ρ3 + 1
2
ρ cosφ+ 1

2
ρ3 cos 3φ+

∑∞
n=0

9(−1)n(ρ3−ρ2n+1)
π(n−1)(n+2)(2n+1)

cos(2n+ 1)φ.

5.17. w(ρ, φ) =
√

2ρ cosφ, u(ρ, φ) =
√

2ρ sinφ+ 1
6
ρ3 ln

(√
2ρ
)

(sin 3φ+ cos 3φ).

5.18. u(ρ, φ) = φ−π
2

+ 1
4
(ρ2−b2)+

[(
4
πb
− b2

8

)
ρ+ ρ3

8
+ 4

π

∑∞
k=1

(ρ/b)2k+1

(2k+1)2
cos(2k + 1)φ

]
.

5.19. u(ρ, φ) = a
ρ
b2−ρ2
b2−a2 sinφ+ b2

ρ2
ρ4−a4
b4−a4 cos 2φ.

5.20. u(ρ, φ) = 3ρ2−2
5ρ

sinφ+ 2(ρ4+1)

17ρ2
sin 2φ.

5.21. u(ρ, φ) = ln(b/ρ)
ln(b/a)

− a3

ρ3
b6−ρ6
b6−a6 cos 3φ+

[
a2b2ρ−3/2+(a+b)ρ3/2

a2+b2+ab
− ρ1/2

]
sin 3φ

2
.

5.22. u(ρ, φ) =
[
(ρ2 − 1)b cos ln b− (b2 + 1)ρ sin ln ρ

]
sinφ.

5.23. u(ρ, φ) = 2φ(ρ−1)+2
∑∞
n=1

(−1)n+1

n

(
22n+1−1

24n−1
ρ2n + 24n−22n+1

24n−1
ρ−2n − ρ

)
sin 2nφ.
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5.24. u(ρ, φ) = −φ− sinφ+ shφ
chπ

cos ln ρ.

5.25. u(ρ, φ) = 1+ρ−eρ
ρeρ

cosφ.

5.26. u(ρ, φ) = 2+ln ρ
2ρ

+ 2ρ−2+3 ln ρ
18ρ2

cos 2φ.

5.27. u(ρ, φ) =
∑
m∈Z fm

ρ−µ−ρ−|m|
µ2−m2 Φm(φ).

5.28. u(ρ, φ) = e−ρ+ 1
2

∑∞
k=0

(
ρ−2k−1

r ρ
0
ξ2k+1e−ξdξ − ρ2k+1

r∞
ρ
ξ−2k−1e−ξdξ

)
×

cos(2k + 1)φ (âèðàæà¹òüñÿ ÷åðåç iíòåãðàëüíó ïîêàçíèêîâó ôóíêöiþ).
5.29. Ùîá óíèêíóòè óçàãàëüíåíèõ ôóíêöié, ðîçáèâà¹ìî íà äâi îáëàñòi: ρ < 1 i
ρ > 1. Çøèâàþ÷è ðîçâ'ÿçêè, îäåðæèìî ïðè ρ < 1 u(ρ, φ) = 1− 1

2

∑∞
m=0 ρ

m sinmφ,
à ïðè ρ > 1 u(ρ, φ) = 1

2

∑∞
m=0 ρ

−m sinmφ.

5.30. u(ρ, φ) = k−2
(
ρ− bJ1(kρ)

J1(kb)

)
cosφ+

∑∞
k=0

4
π(2k+1)

J2k+1(kρ)

J2k+1(kb)
sin(2k + 1)φ.

5.31. u(ρ, φ) = N1(a)J1(ρ)−J1(a)N1(ρ)
N1(a)J1(b)−J1(a)N1(b)

cosφ− N1(b)J1(ρ)−J1(b)N1(ρ)
N1(a)J1(b)−J1(a)N1(b)

sinφ.

5.32. unm(ρ, φ) = Jm (jm,nρ/b) Φm(φ), λnm = (jm,n/b)
2, n ∈ N,m ∈ Z.

5.33. unm(ρ, φ) = Jm (µm,nρ/b) sinmφ, λnm = (µm,n/b)
2, n,m ∈ N, äå µm,n �

n-é êîðiíü ðiâíÿííÿ J ′m(µ) = 0.

6.1. u(r, ϑ, φ) =
[
r
3

(
1
b3

r b
0
f(ρ)ρ3dρ−

r b
r
f(ρ)dρ

)
− 1

3r2

r r
0
f(ρ)ρ3dρ

]
sinϑ sinφ.

6.2. u(r, ϑ, φ) = 1− cos ln r − sin ln r + r2 sin 2ϑ cosφ.

6.3. u(r, ϑ, φ) =
(

13
300

r3 − 1
10
r ln r − 3

100
r
)

sin3 ϑ cos 3φ+ r3

3
sinϑ sin 2ϑ sin 2φ.

6.4. u(r, ϑ, φ) = C + (r3 − 3r) sinϑ sin(φ− φ0) + r2 sin 2ϑ sinφ.

6.5. u(r, ϑ, φ) = 1+r2
(
3 cos2 ϑ− 1

)
+cosϑ

[
r
r 1

0
f(ρ)ρ3dρ− r

r 1

r
f(ρ)dρ− 1

r2

r r
0
f(ρ)ρ3dρ

]
.

6.6. u(r, ϑ, φ) = (b/4)
(
(r/b)2 cosϑ− 2 ln r − 1

)
sinϑ sinφ.

6.7. u(r, ϑ, φ) = 4
5

(r −
√
r) + 3

5
r cosϑ+ r3 cosϑ

(
cos2 ϑ− 3

5

)
.

6.8. u(r, ϑ, φ) = 3
50

(r − r3) cosϑ + 8
70
r3 ln r · (5 cos2 ϑ − 3) cosϑ − 1

5
r sinϑ sinφ +

4
5
r3(5 cos2 ϑ− 1) sinϑ sinφ.

6.9. u(x, y, z) = 5
h

+ 3z
1+hb

+
5(3x2−r2)
b(2+hb)

+ 3z(5x2−r2)

b2(3+hb)
.

6.10. u(r, ϑ, φ) =
∑∞
k=1

4k+1
2k(k+1)(4k2−1)

(
r
b

)2k
P ′′2k(cosϑ) sin2 ϑ cos 2φ.

6.11. u(r, ϑ, φ) =
∑∞
l=0

[
rl
(r 1

0
f(ρ)ρl+2dρ−

r 1

r
f(ρ)ρ1−ldρ

)
− r−1−l r r

0
f(ρ)ρl+2dρ

]
×

clPl(cosϑ), äå c2k = 1
2

r π
0
P2k(cosϑ) sin2 ϑdϑ = − 1

8
Γ(k−1/2)Γ(k+1/2)

Γ(k+1)Γ(k+2)
, c2k+1 = 0.

6.12. Ïîâåðíåìî ñèñòåìó êîîðäèíàò, íàïðàâèâøè âiñü z′ âçäîâæ îñi y, òîäi

sgn(π−φ) = sgn
(
π
2
− ϑ′

)
i u(r, ϑ′) =

∑∞
k=0

(−1)k(4k+3)
(k+1)!

Γ(k+1/2)
Γ(1/2)

(
r
b

)2k+1
P2k+1(cosϑ′).

6.13. u(r, ϑ, φ) =
(
r2

4
− r

2

)
cosϑ+

(
8r
17

+ 4
17r2

)
sinϑ sinφ.

6.14. u(r, ϑ, φ) =
(
r2

4
− 17r

20
+ 3

5r2

)
sinϑ sinφ+

(
r
5

+ 4
5r2

)
cosϑ+ 4

3

(
1
r
− 1
)

+ 32
201

(
r2 − 1

r3

) (
3 cos2 ϑ− 1

)
.

6.15. u(r, ϑ, φ) = sin ln r−sin ln a−cos ln r+cos ln a+2 1−ar−1

1−a2 sin ln a+ a
r2

r3−a3
1−a6 sinϑ cosφ.
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6.16. u(r, ϑ, φ) = 13
3
− 2 ln 2− 2+ln r

r
+
(

4r2

67
+ 8

201r3

) (
3 sin2 ϑ cos2 φ− 1

)
.

6.17. u(r, ϑ, φ) = (r − 2 ln r − 1) sinϑ cosφ+
(
r + 4

r2

)
sin 2ϑ cosφ.

6.18. u(r, ϑ, φ) = − 1−2r−1

2+h
+2 r

2−32r−3

98+31h

(
3 cos2 ϑ− 1

)
+ 8

5
(2+h)r+(1−h)r−2

17+7h
sinϑ cosφ+

32
5

(4+h)r3+(3−h)r−4

515+127h

(
5 cos2 ϑ− 1

)
sinϑ cosφ.

6.19. u(r, ϑ, φ) = 1−br−1

1−ba−1 +

1
3(b3−a3)

[(
r − b3

r2

) r r
a
f(ρ)

(
ρ3 − a3

)
dρ+

(
r − a3

r2

) r b
r
f(ρ)

(
ρ3 − b3

)
dρ
]

sinϑ cosφ.

6.20. u(r, ϑ, φ) = a2
(

1
b
− 1

r

)
+ 1

3(a3+2b3)

[(
r − b3

r2

) r r
a
f(ρ)

(
2ρ3 + a3

)
dρ+(

2r + a3

r2

)(
3b2 +

r b
r
f(ρ)

(
ρ3 − b3

)
dρ
)]

cosϑ.

6.21. u(r, ϑ, φ) =
∑∞
k=2

4k−1
k(k−1)(4k2−1)(b4k−1−a4k−1)

P ′′2k−1(cosϑ) sin2 θ ×[(
r2k−1 − a4k−1r−2k

)
b2k cos 2φ+

(
b4k−1r−2k − r2k−1

)
a2k sin 2φ

]
.

6.22. u(r, ϑ, φ) = ab2

b3−a3

(
r
a
− a2

r2

)
cosϑ+

∑∞
l=0

al+1bl

b2l+1−a2l+1

(
bl+1

rl+1 − rl

bl

)
clPl(cosϑ),

c2k = 2(−1)k+1(2k−2)!

4k(k−1)!(k+1)!
, c2k+1 = 0.

6.23. u(r, ϑ, φ) = 1−ln r
r
− cosϑ

r2
.

6.24. u(r, ϑ, φ) = 1
3r

+ 3 sin2 ϑ sin2 φ−1
3r3

.

6.25. u(r, ϑ, φ) =
[

1
3r2

(
a3

r∞
a
f(ρ)dρ−

r r
a
f(ρ)ρ3dρ

)
− r

3

r∞
r
f(ρ)dρ

]
cosϑ.

6.26. u(r, ϑ, φ) = e1−r (1 + 2
r

)
+
(
r − 1

r2

)
cosϑ.

6.27. u(r, ϑ, φ) = − arctg r
2r

.

6.28. u(r, ϑ, φ) =
[(

2
r2
− 1
)

sin r − 2
r

cos r
]

sinϑ sinφ+C, äå C � äîâiëüíà ñòàëà.

6.29. u(r, ϑ, φ) = 1 +
∑∞
k=1(−1)k 4k−1

2
Γ(k−1/2)
k!Γ(1/2)

P2k−1(cosϑ)r2k−1.

6.30. u(r, ϑ, φ) =
∑∞
k=1(−1)k 1

8
Γ(k−3/2)

(k+1)!Γ(1/2)
P2k−1(cosϑ)

(
r−2k

r r
0
e−ρρ2k+3dρ+ r2k−1

r∞
r
e−ρρ4−2kdρ

)
.

6.31. u(r, ϑ, φ) =
∑∞
k=2(−1)k 1

4
Γ(k−1/2)
k!Γ(1/2)

P 2
2k−1(cosϑ) sin 2φ

(
r−2k

r r
0
ρ2k+1f(ρ2)dρ+ r2k−1

r∞
r
ρ2−2kf(ρ2)dρ

)
.

6.32. λnlm =
(
jl+1/2,n/b

)2
, unlm(r, ϑ, φ) = r−1/2Jl+1/2

(
jl+1/2,nr/b

)
Ylm(ϑ, φ).

6.33. λnlm = (µln/b)
2, unlm(r, ϑ, φ) = r−1/2Jl+1/2 (µlnr/b)Ylm(ϑ, φ), äå µln � n-é

äîäàòíèé êîðiíü ðiâíÿííÿ µJl−1/2(µ) = (l + 1)Jl+1/2(µ).
6.34. Äèâ. [5, ñ. 37].
6.35. Äèâ. [5, ñ. 41].

Ó âiäïîâiäÿõ äî öüîãî ïàðàãðàôà âæèâàþòüñÿ ïîçíà÷åííÿ: cνm = ‖Rνm‖−2,
Rνm(ρ) = Zν(κνmρ), κνm = µνm/b, äå µνm � m-é ó ïîðÿäêó çðîñòàííÿ äîäà-
òíèé êîðiíü ðiâíÿííÿ αZν(µ) + βZ′ν(µ) = 0, Zν � ÿâíî âêàçàíà ó âiäïîâiäi
öèëiíäðè÷íà ôóíêöiÿ, à ÷èñëà α i β âèçíà÷àþòüñÿ ìåæîâèìè óìîâàìè çàäà÷i.
ßêùî β = 0, òî çàìiñòü µνm ïèøåìî jν,m. ßêùî ñóìà ìiñòèòü äîäàíêè, âiä-
ïîâiäàþ÷i òiëüêè îäíîìó çíà÷åííþ ν, òî ν â ïîçíà÷åííÿõ (êðiì Zν i jν,m) íå
ïèøåìî.

7.1. u(ρ, φ, z) =
∑∞
m=1

(
sh j0,m(z−1/2)

2j0,m ch(j0,m/2)
− 1

j20,m

)
J0(j0,mρ) +

cos 2φ
∑∞
m=1

sh j2,m(z−1/2)

2j2,m sh(j2,m/2)
J2(j2,mρ).
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7.2. u(ρ, φ, z) = cos 2φ
∑∞
m=1 cmum(z)J2(κmρ), äå um(z) =

j2,mJ1(j2,m)+2J0(j2,m)

κ3
m chκml

×[
chκm(l − z)

r z
0
f(ζ) shκmζdζ + shκmz

r l
z
f(ζ) chκm(l − ζ)dζ

]
.

7.3. u(ρ, φ, z) =
∑1
k=0 cos 2kφ

∑∞
m=1 c2k,mu2k,m(z)J2k (κ2k,mρ), äå

unm(z) = (κnm shκnml)−1 [u′nm(l) chκnmz − u′nm(0) chκnm(l − z)],
u′0m(0) = b4 [j0,mJ1 (j0,m) + J2 (j0,m)] /2j2

0,m, u
′
0m(l) = b2J1 (j0,m) /2j0,m,

u′2m(0) = −b41J3 (j2,m) /2j3
2,m, u

′
2m(l) = −b2 [j2,mJ1 (j2,m) + J0 (j2,m)] /2j2

2,m.

7.4. u(ρ, φ, z) =
∑1
k=0 cos(2k+ 1)φ

∑∞
m=1 c2k+1,mu2k+1,m(z)J2k+1 (κ2k+1,mρ), äå

µnm � m-é äîäàòíèé êîðiíü ðiâíÿííÿ µJ ′n(µ) + bhJn(µ) = 0,
unm(z) = anm

(
Anm chκnm(l − z) +Bnm shκnmz − κ−2

nme
z
)
,

a1m = 3b5 [µ1mJ2 (µ1m)− 2J3(µ1m)] /4µ2
1m, a3m = b5J4 (µ3m) /4µ1m, Anm =(

κ2
nm chκnml

)−1
, Bnm = el

(
κ3
nm chκnml

)−1
.

7.8. u(ρ, φ, z) = 2b2

π2√ρ sin φ
2

∑∞
m=1

(−1)m+1

m2 chκml
shκm(l − z) sinκmρ, äå κm = mπ

b
.

7.10. u(ρ, φ, z) = −b4 sin 2φ cosπz
∑∞
m=1 cm

(
π2 + κ2

m

)−1
j−1
2,mJ3 (j2,m) J2 (κmρ).

7.11. u(ρ, φ, z) = sin(3φ/2)
∑∞
m=1 cmum(z)Rm(ρ), äåRm(ρ) = (κmρ)−3/2 sinκmρ−

(κmρ)−1/2 cosκmρ, µm � m-é äîäàòíèé êîðiíü ðiâíÿííÿ tgµ = µ;
um(z) = [um(0) shκm(l − z) + um(l) shκmz] / shκml,
um(0) = κ−5/2

m (2− µm sinµm − 2 cosµm), um(l) = −κ−7/2
m µ2

m sinµm.
7.12. u(ρ, φ, z) = cos(3φ/2)

∑∞
m=1 cmum(z)Rm(ρ), äå Rm òàêà æ, ÿê ó çàäà÷i

7.11, à µm � m-é äîäàòíèé êîðiíü ðiâíÿííÿ 3 ctg µ = 3µ−1 − 2µ;
um(z) = −

(
(π/2)2 + κ2

m

)−1
µ2
m sinµm sin(πz/2).

7.13. u(ρ, φ, z) = 2
π
√
ρ

cos φ
2

∑∞
m=1

a+(−1)m+1b
m

sh γm(z−l) sin γm(ρ−a)
γm ch γml+h sh γml

, äå γm = mπ
b−a .

7.17. u(ρ, φ, z) =
∑∞
k=0

2(−1)k

ωk

I0(ωkρ)
I0(ωk)

cosωkz, äå ωk = π(k + 1/2).

7.18. u(ρ, φ, z) = I−1
0 (ωb)

[
V (ωρ)

r ρ
0
xf(x)I0(ωx)dx+ I0(ωρ)

r b
ρ
xf(x)V (ωx)dx

]
+

I−1
1 (b)I1(ρ) cosφ, äå ω = π/l, V (y) = K0(ωb)I0(y)− I0(ωb)K0(y).

7.19. u(ρ, φ, z) = 1
2

cosφ
(

I1(3πρ) sin 3πz
3πI′1(3πb)+I1(3πb)

− I1(πρ) sinπz
πI′1(πb)+I1(πb)

)
.

7.26. u(ρ, φ, z) =
√

b
ρ

sin φ
2

∑∞
k=1 gk

shωkρ
shωkb

sinωkz, äå ωk = kπ
l
, gk = 2

l

r l
0
g(z) sinωkzdz.

7.31. Ìåæîâi óìîâè ðîçðèâíi, òîìó äîöiëüíî ðîçêëàñòè íà äâi çàäà÷i:
u(ρ, φ, z) = φ− v1(ρ, φ, z)− v2(ρ, φ, z).
Òîäi v1(ρ, φ, z) =

∑∞
n=1(φ)n sinnφ

∑∞
m=1(1)m

ch(z/2)
ch(l/2)

Rnm(ρ),

äå (φ)n = 2n−1(−1)n+1, Rnm(ρ) = Nn(γma)Jn(γmρ)− Jn(γma)Nn(γmρ),
γm �m-é äîäàòíèé êîðiíü ðiâ-íÿ Jn(γa)

Nn(γa)
= Jn(γb)

Nn(γb)
, (1)m = ‖Rnm‖−2 r b

a
Rnm(ρ)ρdρ;

à v2(ρ, φ, z) =
∑∞
n=1(φ)n sinnφ

∑∞
k=0

Kn(ωka)In(ωkρ)−In(ωka)Kn(ωkρ)
Kn(ωka)In(ωkb)−In(ωka)Kn(ωkb)

cosωkz,

äå ωk = π
l

(
k + 1

2

)
.

7.32. u(ρ, φ, z) =
(
z
ρ

+ 2
π

∑∞
n=1

(−1)n

n
K1(πnρ)
K1(πn)

sinπnz
)

sinφ.
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7.33. u(ρ, φ, z) = e−z +
∑∞
n=1(1)n

exp(−z)−j0,n exp(−j0,nz)
j20,n−1

J0(j0,nρ),

äå (1)n = ‖J0‖−2 r 1

0
J0(j0,nρ)ρdρ.

7.35. u(ρ, φ, z) = z
ρ2

cos 2φ+ 2 sinφ
∑∞
n=0 κ

−2
n

(
K1(κnρ)− 1

κnρ

)
sinκnz,

äå κn = π(n+ 1/2).

7.36. u(ρ, φ, z) =

[
K1(
√

2ρ)√
2
− 1

2ρ
+

(
K1(
√

10ρ)√
10

− 1
10ρ

)
(4z2 − 1)

]
e−z

2

sinφ.

8.2. xn−1.
8.3. P 1

x
ïðè n = 1 i xn−2 äëÿ n > 2.

8.4. (f(Ax+ b), ϕ(x)) =
(
f(ξ),

∣∣detA−1
∣∣ϕ(A−1(ξ − b))

)
.

8.5. δ(x)/|α|.
8.6. δ(x+a)+δ(x−a)

2a
.

8.8.
(
δ

(n)
a , φ

)
= (−1)nφ(n)(a).

8.9. (−1)nn!δ(x).
8.10. 2δ(x).
8.11. sgnx.
8.12. θ(x).
8.13. δ(x+ 1)− δ(x− 1).
8.14. θ(x) cosx.
8.15. δ(x)− θ(x) sinx.
8.16.

∑∞
n=−∞ δ(x− πn).

8.17. θ(sinx) cosx.
8.18. P 1

x
.

8.19. −2P 1
x3
, äå P 1

xn
=

r∞
−∞

(
ϕ(x)−

∑n−1
k=0

ϕ(k)(0)
k!

xk
)
x−ndx.

8.20. ∓δ′(x)− P 1
x2
.

8.21. e−ikxf̌(k).
8.22. πδ(k) + ieiakP 1

k
.

8.23. 2iP 1
k
.

8.24. −2P 1
k2
.

8.25. 0 ÿêùî n > m, iíàêøå (−i)n+m m!
(m−n)!

km−n.

8.26. 2πδ(k − ia).
8.27. iπ [δ(k − a)− δ(k + a)].
8.28. π [δ(k − a) + δ(k + a)].

9.1. u(x, t) =
(
1 + 4c2t

)−1/2
exp

(
− c

2x2+t
1+4c2t

)
cos
(

x
1+4c2t

)
.

9.2. u(x, t) =
(
2t+ (x+ 2ct)2

)
ecx+c2t.

9.3. u(x, t) =
(
1 + 4c2t

)−1/2
exp

(
− c

2x2+t
1+4c2t

)
sin
(

x
1+4c2t

)
.

9.4. u(x, t) = ecx+c2t−t cos(x+ 2ct).
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9.5. u(x, t) =
(
1 + 4c2t

)−3/2
x exp

(
− c2x2

1+4c2t

)
.

9.6. u(x, t) = ecx+c2t−t sin(x+ 2ct).
9.7. u(x, t) = e−t (x cosx− 2t sinx).
9.8. u(x, t) = e−t (x sinx+ 2t cosx).
9.9. u(x, t) = ex(et − 1− t).
9.10. u(x, t) = tex+t.
9.11. u(x, t) = (e−t − 1 + t) sinx.
9.12. u(x, t) = e−t.
9.13. u(x, t) = et

(
1− ln 2 + ln(1 + e−t)

)
− 1.

9.14. u(x, y, t) =
(
et/6− e−t/2 + e−2t/3

)
cos(x− y).

9.15. u(x, y, t) =
(
x+ y2

)2
+ 4tx+ 12ty2 + 12t2 + 2t.

9.16. u(x, y, t) = (1 + 100t)−1/2 exp
(
− (3x+4y)2

1+100t

)
.

9.17. u(x, y, t) = e−2t sin(x+ y).

9.18. u(x, y, t) = 1
2
√
π

r t
0

[
(t− τ)(169τ2 + 1)

]−1/2
exp

[
− (12x−5y)2

169τ2+1

]
dτ .

9.19. u(ρ, φ) = I0(ρ) sh t.
9.20. u(ρ, φ) = e−tJ0(ρ).
9.21. u(ρ, φ) = etIν(ρ) sin νφ.
9.22. u(ρ, φ) = (e−t − 1 + t)Jν(ρ) cos νρ+ (ρ cosφ)2 + 2t.
9.23. u(x, y, z, t) = (y + 2t)eyJ0

(√
x2 + z2

)
.

9.24. u(x, y, z, t) = ((4t+ 1) cosx+ 4t sinx)e2x+4tI0
(√

y2 + z2
)
.

9.25. u(x, y, z, t) = (x sinx+ 2t cosx)I0
(√

y2 + z2
)
.

9.26. u(x, y, z, t) = (1− (t+ 1)e−t + (1− e−t)z2)J0

(√
x2 + y2

)
.

9.27. u(x, y, z, t) = e−9t sin(x− 2y + 2z).
9.28. u(x, y, z, t) = 1

730

(
e27t − 27 sin t− cos t

)
ch(x+ y − 5z).

9.29. u(r, ϑ, φ, t) = r cosϑ.
9.30. u(r, ϑ, φ, t) = −(2/3)t3r sinϑ sinφ.
9.31. u(r, ϑ, φ, t) = (1− e−t)r sinϑ cosφ+ r2 cosϑ sinϑ cosφ.

9.32. u(r, t) = 4
√
πTeTr

2

I0(Tr2), äå T = (8t(1 + 4at))−1.

9.33. u(r, t) = e−c
2tr−1 sin cr.

9.34. u(r, t) = ec
2tr−1 sh cr.

9.35. u(r, t) = ec
2t
(
ch cr + 2ctr−1 sh cr

)
.

9.36. u(r, t) = e−c
2t
(
cos cr − 2ctr−1 sin cr

)
.

9.37. G(x, t) = ectGd(x+ bt, t), äå Gd äà¹òüñÿ ôîðìóëîþ (9.3).
9.38. u(x, y, z, t) = e−t

(
x2y − 4x2t+ 4xty − 16xt2 + 4yt2 − 16t3 + 2yt− 8t2

)
.

10.1. u(x, t) = θ (t− |x|) + 2et−xθ(x− t)− 2e−t−xθ(x+ t).
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10.2. u(x, t) = 1+cos(t−x)
2

θ (π − |t− x|)− 1+cos(t+x)
2

θ (π − |t+ x|).
10.3. u(x, t) = 1

2
e−|t−|x|| + 1

2
e−t−|x| − e−|x| + (t− |x|)+.

10.4. u(x, t) = 1
2
e−|t−|x|| + 1

2
e−t−|x| − e−|x| cos t+ θ (t− |x|) sin (t− |x|).

10.5. u(x, t) = 1
4
(x+ t)2

+ + 1
4

(x− t)2
+ −

1
2
x2

+.

10.6. u(x, t) = 1
4
h(x+ t) + 1

4
h(x− t)− 1

2
h(x), äå h(y) = (y + 1)2

+ − (y − 1)2
+.

10.8. u(x, t) = −2a2
r t
0
G(x, t− τ)µ(τ)dτ , äå G äà¹òüñÿ ôîðìóëîþ (9.4).

10.23. G(x, t) = 1
2a
θ
(
t− |x|

a

)
I0

(
γ
2

√
t2 − x2

a2

)
e−γt/2.

10.24. G(x, t) = 1
2a
θ
(
t− |x|

a

)
I0

(
µ
√
t2 − x2

a2

)
e−γt/2, ïðè c+ γ2/4 = µ2 > 0;

G(x, t) = 1
2a
θ
(
t− |x|

a

)
J0

(
µ
√
t2 − x2

a2

)
e−γt/2, ïðè c+ γ2/4 = −µ2 < 0.

10.25. G(x, t) = 1√
4πia2t

exp
(
i x

2

4a2t

)
.

10.26. G(x, ξ, t) = 1√
4πia2t

exp

[
i
(x−ba2t2−ξ)2

4a2t
+ ibxt− i b

2a2t3

3

]
.

10.27. G(x, ξ, t) = 1√
4πia2ω−1 sinωt

exp
[

2xξ−(x2+ξ2) cosωt

4ia2ω−1 sinωt

]
.

Ó âiäïîâiäÿõ äî öüîãî ïàðàãðàôà r = |x|, b = |b|.
11.1. u(x, t) = x3 − 3xy2 − 2x2y + y3 + 3x2z − yz2 − z3 + c−2((1− ct)ect − 1).
11.2. u(x, t) = cos bt sin bx.
11.3. u(x, t) = t3z/6 + b−1 sh bt ebx.
11.4. u(x, t) = 20t3xyz2 + (t5 + t)xy + cos 3t sin(x− 2y + 2z).
11.5. u(x, t) = (e−t + t− 1)(x2y + 2y) + (t3/3− t2)y + 1

2
[u0(2x− y − 2z + 3t) +

u0(2x− y − 2z − 3t)], äå u0(ξ) = 1
1+ξ2

.

11.6. u(x, t) = tr sinϑ sinφ.
11.7. u(x, t) = ((t+ 2) ln(t+ 1)− 2t)r2 sin 2ϑ cosφ.

11.8. u(x, t) = xJ0

(√
y2 + z2

)
cos at.

11.9. u(x, t) = eyJ0

(√
x2 + z2

)
sin2 t.

11.10. u(x, t) = tI0
(√

x2 + y2
)

sin z.

11.11. u(x, t) = (t− ln(t+ 1))eyJ0

(√
x2 + z2

)
.

11.12. u(x, t) = ex
[
y2z2(sh t− sin t) + (y2 + z2)(t ch t− sh t+ sin t) +

(t− 2)(t ch t− sh t)− 2 sin t].
11.13. u(x, t) =

(
(r + at)3 − |r − at|3

)
/6ar.

11.14. u(x, t) = r2 + 3t+
(
b2 − 1

)−1 (
ch bt+ b−1 sh bt− et

)
ebx.

11.15. u(x, t) = t sin t cos bx(t cos t− sin t) sin bx+

(2r)−1
[(

1 + (r + t)2
)−1/2

(r + t) +
(
1 + (r − t)2

)−1/2
(r − t)

]
.

11.16. u(x, t) = (6r)−1t3θ(r− t) + (r2/6− tr/2 + t2/2)θ(t− r) + t(x+ y− z)2 + t3.
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11.17. u(x, t) = (4r)−1 [2t+ r ∨ t− (r + t) ln(r + t) + (r − t)+ ln(r − t)].
11.18. u(x, t) = ((t+ 1) ln(t+ 1)− t)(x4 − 6x2y2 + y4).
11.19. u(x, t) = x2 + y2 + 2a2t2.
11.20. u(x, t) = t3x2y2 + 21t5(x2 + y2) + 2t7.

11.21. u(x, t) = Iν(ρ) cos νφ ch νt+ 4t5/2 − 1.
11.22. u(x, t) = t sh tI0(ρ).
11.23. u(x, t) = a−1x(arctg(at+ y) + arctg(at− y)).
11.24. u(x, t) = e−x((y2 − 1) sh t+ t ch t).
11.25. u(x, t) =

[
(t− sin t)x2 + t(2 + cos t− 3 sin t)

]
cos y.

11.26. u(x, t) = txy2 + t2x+ t3(6x+ 8y)2 + 10t5.
11.27. u(x, t) = tx3y + t3xy + xey((y − 1) sh t+ t ch t).

11.28. u(x, t) = x
r t
0

sh τ(t−τ)
τ

eτydτ .

11.29. u(x, t) = y
[
2(1− x2) arctg x− 2t ln(x2 + 1) + ((x+ t)2 − 1) arctg(x+ t) +

((x− t)2 − 1) arctg(x− t)− (x+ t) ln((x+ t)2 + 1)− (x− t) ln((x− t)2 + 1)
]
.

11.30. u(x, t) = 1
2

cos y
r t
−t J0

(√
t2 − ξ2

)
x−ξ

(x−ξ)2+1
dξ.

11.31. u(x, t) =
(
t/2−

(
t3 −

(
t2 − r2

)3/2
+

)
/3r2

)
sin 2φ.

11.32. Ïðè d = 1 u(x, t) = 1
2a

r t
0
θ (aτ − |x− bτ |) g(t− τ)dτ ; ïðè d = 2 u(x, t) =

1
2πa

r t
0

θ(aτ−|x−bτ |)√
a2τ2−|x−bτ |2

dτ ; ïðè d = 3 u(x, t) =
(
4πa2 |x− bt|

)−1
g
(
t− a−1 |x− bt|

)
.

11.33. G(x, y, t) = θ(s) (2πa
√
s)
−1

ch
(
a−1µ

√
s
)
, äå s = a2t2 − x2 − y2.

11.34. G(x, y, t) = θ(s) (2πa
√
s)
−1

cos
(
a−1µ

√
s
)
, äå s = a2t2 − x2 − y2.

12.1. Ôiêòèâíèé çàðÿä ó òî÷öi (x, y,−z).
12.2. Ôiêòèâíi çàðÿäè â òî÷êàõ (−x, y, z), (x,−y, z), (−x,−y, z).
12.3. Ôiêòèâíi çàðÿäè îäåðæóþòüñÿ äi¹þ ãðóïè Cnv.
12.4. Ôiêòèâíi çàðÿäè ó òî÷êàõ (±x,±y,±z).
12.5. Ôiêòèâíi çàðÿäè îäåðæóþòüñÿ äi¹þ ãðóïè Dnh.
12.6. Ôiêòèâíi çàðÿäè, îäåðæóþòüñÿ äi¹þ ãðóïè Oh.
12.7. Ôiêòèâíi çàðÿäè îäåðæóþòüñÿ äi¹þ ãðóïè Yh.
12.19. Âiäîáðàæåííÿ íà âåðõíþ ïiâïëîùèíó: w(z) = ez.
12.20. Âiäîáðàæåííÿ íà âåðõíþ ïiâïëîùèíó: w(z) = sh z.

12.22. u(x, y) = 1
π

[
arctg 1−cos x ch y

sin x sh y
+ arctg 1+cos x ch y

sin x sh y

] (
w(z, ζ) = cos z−cos ζ

cos z−cos ζ∗

)
.

12.31. Ó ïàðàáîëi÷íèõ êîîðäèíàòàõ ∆u =
uξξ+uηη
ξ2+η2

.

u =
∑∞
n=0

Γ(n/2+1)√
πξ

W−n
2
− 1

4
, 1
4
(ξ2)ψnHn(η)e−η

2/2, äå

ψn = 1
2nn!

√
π

(r 0

−∞ ψ−(−η2/2)Hn(η)e−η
2/2dη +

r∞
0
ψ+(−η2/2)Hn(η)e−η

2/2dη
)
,

à Wµ,ν � ôóíêöiÿ Âiòåêåðà [1, 2, 14]. Çàóâàæèìî, ùî âêàçàíié îáëàñòi çìi-
íè ïàðàáîëi÷íèõ êîîðäèíàò (ξ ∈ R+, η ∈ R) âiäïîâiäà¹ ðîçðiç äåêàðòîâî¨
ïëîùèíè ïî ïðîìåíþ {x 6 0, y = 0}.

12.32. u = (1− erf (
√
κξ)) eκx, äå erf x = (2/

√
π)

r x
0
e−t

2

dt � iíòåãðàë ïîìèëîê.



156 Âiäïîâiäi äî çàäà÷

12.33. Â åëiïòè÷íèõ êîîðäèíàòàõ ∆u = 1
a2

uξξ+uηη
sh2 ξ+sin2 η

.

u =
∑∞
n=0

Cen(ξ,q)
Cen(0,q)

ψncen(η, q), äå ψn = 2
(1+δn0)π

r π
0
ψ(a cos η)cen(η, q)dη, à cen

i Cen � ôóíêöi¨ Ìàòü¹ i ìîäèôiêîâàíi ôóíêöi¨ Ìàòü¹ ïåðøîãî ðîäó ìî-
äóëÿ q = k2a2

4
[4, 14]. Çàóâàæèìî, ùî âêàçàíié îáëàñòi çìiíè åëiïòè÷íèõ

êîîðäèíàò (ξ ∈ R+, η ∈ ]0, 2π[) âiäïîâiäà¹ ðîçðiç äåêàðòîâî¨ ïëîùèíè ïî
âiäðiçêó {|x| 6 a, y = 0}. ßêùî æ ðîçðiç íåîáõiäíî ïðîâåñòè ïî ïiâïðÿìèõ
{|x| > a, y = 0}, òî ξ ∈ R, η ∈ ]0, π[.

12.39. u(x, y) = y3 − 3x2y.
12.40. u(x, y, z) = (x2 − y2 + xy)z.
12.42. u(x, y, z) = (2/π) arctg(z/y).
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