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r JIaB a 7 

TEOPU5I B03MymEHHH 

B rrpeAblJlYll.lIIX rJlaaax :Hoii KHHrt! Mbl nOJlY41MH HeCKOJl bKO TOllHbl X 
peweHHH ,ll,Jlll HCJlIJHeHHbix AHHaMH 4eCKHX ypaBHeHHH : 6bl.1H nOJlV'leHbl 
cpOp~1V.~bl ll.Jlll OAHHO'IHor o COJlHTOHa H A.~ll N -COJlHTOHOB, a T310Ke ApyrHe 
peweHHll 6erYll.leH BOJlHbl Ha peweTKax H B CHCTN1ax c HeJ1HHe~\HoH .ll.HCP­
cpY3He ii To, liTO TaKHe peweHHfI cyweCTBYloT - BaIKllblH cjlal<T, I<OTOP blH 
cBfl3aH C napa.ll.Hr;\IOH, OXBaTHBweH 06J1 aCTb npHKJla,llHblX HCCJlcn,oBaHHH c 
cepeAHHbl 1970-x ron.oB . 

HeC~lOTpll Ha TO, YTO HelWTopble J.f3 3HIX T04HbiX PC3Y.~bTa TOB MoryT 
6blTb HCnOepC.ll.eTBeHHo npHMeHeHbi a onpen.eJlelll1blX npHJlOlKeHHflX, 4a­
eTa 01,a3blsaeTcfl liTO HHTepeCYIOll.lafl 3KcnepHMCHTaTopOB AHHaMJ.!4eCKafl 
CHCTeMa He MOIKer 6blTb T04HO onHcaHa CKaIKeM Cr- ypaBHeHl1eM HJlH CH­
eTCMOH cl>HTuXblO-llarYMO. Ol1a MOIKeT OTJlHyaTbCll OT IKeJJaeMoii Mon,eJIH 
4JleH aMH, npeAcTaBJ111IOll.lHMH JlOnOJlHHTeJl bHblC ~lex aHH3Mbl HaKon.nCIlHfl H 

n,l1ccHnaUHH 3HepniH HJlH .lI.pyrHx npH6J1H3lneJlbHO coxpaHHIOUl.HxCll eeJlH­
4HII. LJTO cJlen.yeT npell.npHHHMaTb B non,06HblX c.nyyaHX) C,lellyeT o1I-f. HaM 
onycTHTb pyKH H 3allBI1Tb, YTO HHTepeCYIOll.lafl Hac CHCTeMa MOIKeT 6blTb 
HCCJlen.oaaHa 4HCJleHHblMH MeTOtI,aMH) BOBee HeT - eJlenyeT HcnO.Qb30eaTb 
pe3y_nbTaTbl , npeLJ,CTaSJleHHble B 3TOi1 rJlase. 

TepMHH, BbIBe,ll,CHHbIH B 3arO.10BOI< 3TOI';\ rJlaBbl, MO>Ker C6HTb C TOJlRy, 
nocRoJl bl,y TeopHfl B03MYll.lel-IHH He HB.nHeTCH Cll.HHblill , YHHCPHUHposaHHblM 
nOllXOnOM .ll..nfl peweHHll CJlOlKllblX 3alla4 aHa CKopee npell,CTaBJllleT C060H 
Ha60p CneUHaJlbHblX cpeACTB ueJleHanpaBJ1eHHOrO al-laJlH3a . JIml Toro , lITO­
6bl ycnewHo npHMeHHTb 3TY TeOpHIO , HC06XO,llHMO OBJJaAeTb nOllnl Bce~'HI 

ee MeToJ],3MH ~I HHTYHTHBHO nOHHM3Tb CTpaTerHIO npoBOJ],HMoro aHa,lH3a. 

i) AeTOp 6J1arOJl,apeH M. n.CepeHceHY 38 HanltCaHl1e nepeOHa4 a.1bHoH eepCHH 
pa3.ll.c:1oB 7.2. '2 . 73.3 H 7.4.2 ,nOH f.laBb! 

http:J1aH.ll.ay


339 338 A. 7. reOprai e03MyU{eHUU 

U e.l1blO :nOH rJlaSbl llBJlHerCR I1rOll.eMOHCTpHposaTb OCHOBbl TeopHH S0 3MY ­

IlleHHH Ha lieKOTOpblX I1pHME'paX , C Kor o p blM H 3Ha KOM aSTOp . 

B 0 6w.eM c .nY'lae CTpaTerHH aHaJlH3a 3aI<JlIO'laeTOI S CJlell.YlOllleM . 

npell.nOJlO>KIiM , Mbl IiMeeM yrasHeHHe (JHIHeHHOe IiJlH HeJlHlleHlIoe) , ltJ151 

KOTop o r o MOlKeT 6b!Tb lIaHll.eHO TO'lHOe peweHHe: 

E(¢) = 0, 

r,'r,e 11 - H3BeCTHoe TO'lHOe p eweliHe . D pell,nOnO>KHM, '-fTO ltOnOJlHH TeJlbHble 

3cp<j>eKTbl Mo ryT MOJ].eJlHpOSa TbcH nYTeM SSE'll,eHHR MaJIOr O 4J1eHa B npas)' 10 

4aCTb HCCJletl,ye~lOro yrasHeHHR: 

E(¢;) = ER(¢). 

B 3TOM cJlyyae YJleIl £R(;;;) BblcTynaer 8 POJ11i s 0 3Myw.eHH>1, rp - B03 -

Myw.eHH o e reweHHe if ~ - MaJlblH napaM€Tp. C rr OMOWbl{l KOToporo Mbl 

l,.tOlKeM npeKpaTHTb H B0306HOBHTb nciicTSHe B03MyweHHH (npH nposeAe­

HHH aHa .~ HTH yeCKOrO HJlI1 YHCJTeHHOrO aHamna ) . 

Bo MHnnlX CJlY4aRX paCOlaTflHBaeMYIO 3aAa4Y MO>KHO HCCJIeJ].OBaTb B 
npenno.l0IKeHIHI, 4TO 

if! -+ d:> npH E........, O. 


ECJlH ;-rapaMerp E AocTaT0 4!1£ MaJ] , Mbl MO>KeM OueHIlTb pa3Ho cTb rP _ 1; 

MelKllY HCKOMblM rewcHHeM rb Ii H3B€CTHbIM peweHHeM I) nYTeM aHaJHl3a 

JlHHeHHOro ypasIIeHHR, KOTopoe TaHreHUHaJlbHO HCXOtJ,I10MY ypaBHeHH!O B 

6. CYlllecTBY!OT HE'CKOJlbKO nofJ,xoJ].OS JlJlSl peaJlH3a llHH 3TOii CTpaTerHH . 

7.1. B03MymeHHbIe MaTpHlJ.bI 

HaYHNl c npOCToro npHMepa: (2 x 2 )-MaTpHUbl 

Mo = [-34 _ 2IJ . 
H OpMa!f1l30BallHb1C co6c:rBeHHble BCKro pa 1;0 H COOTBC TCTBy!OwHe c 0 6 -

CTBeIlllblC 3 11a 'leHH>1 ,\n 3TOi-l MaTpHubl ynOBJIeTBopR!OT ypaBHeHH!O 

Mo¢o = >'090 , (7 1 ) 

H paBHbl COOTseTC TBeHI!O 

,\(1) = 1 ( I ) _ _ I [2] 
u H dJo - /T3 -3 

H 

, (2) = 2
/0 H ¢~2) = ~ [~ d . 

PaCCMOTpHM S03MYllleHlIe MilTPHUbJ !lIn 

.\1 = [:3 (2!()] . (7. 2) 

7.1. B 0 3JlYU{eHHl>le .IlampUt{bl 

T 0 4 Hbie co6CTseHHbie 3Ha4elHlH 3T0[1 MaT pHUbJ HMelOT SHA 

( I ) (2) I- [.J -1AO ' /\0 - '2 3 ± I - I 2" , 

H , CJleJlOSaTeJlbHO, 

A~ I ) = 1 -l... 3c -l... 0(£2) H A~~) = 2 - 3£;- 0([2) . (7.3) 

Ami 110JlyyeHHH al1npOKCH~1auHH co6CTBeHHblX 3HayeHHH (7 3) He 06>1­

3areJlbHO npHMeH5ITb cTaHAapTHYIO npoue,nypy. 3aMeTH~I , 4TO paseHcTBo 

(7.2) MO>Ker 6blTb npeACraSJTCHO S CJlE'AY!OUl.ei-i QJOpMe : 

/If = Mo +cR. (74) 

r Ae 

R = [~ b]· 
Co6CTBe HIIbiC BeK Topa H c06CTseHHbie :3Ha',eHHf! , yn.OBJIeTBOp5110W H.e ypas­

Hell H!O M1> = M> (7.5) 

Moryr 6blTb npetJ,cTaSJleHbl B Bllne CTeneHHblX P51J],OB no E: 

(76)A = '\0 T f /\ 1 - f2 A2 + .. . 
(77)<P = cPo + ~1>1 + c2cP2 + .. . 

D peJl.llOJlaraeTCR, cl TO npH )1,OCTaT04HO MaJIblX c 3TH pRAbl CXOtl,RTCR. 

nOnCTaBJIR51 (74),(7.6) Ii (77) S (7.5) Mbl nOJly4ae~1 ypaBHeHHc. llJlCHa­

~Hl l<OTOpOro HS.nRIOTCR c reneHH napaMcTpa B03MyUl.eIlHSI E. nOCl\OJlbKY :no 

ypaBHeHHe D,On>K HO 6blTb BbtnOJlHCIIO npH acex E. , Mbl MO>KeM llpHp3BH5!Tb 

COOTBercrSYIOWHe lIJleHbl npH paSHblX CTe n eHSlX s. Tor,[l,a: 

• npHpaBHHBa51 nOCT05l!lHbiC 4JIeHbl , IlOJIyyaCM 

[Mo - AolcPo = 0, (7.8) 

• npHpaaH HsaSl 4JIeHb! npH E., nOJlY4aeM 

(79)(Mo - /\OltPl = /\ltPO - RtPo· 

• D pllpasHHBa51 4J1CHbl npll E2 , nOJIY4aeM 

(7 10) IMo - AoltP2 = A2<P0 + AI<PI R(Pt 

• npHpasHHBaR lIJleHbl npl'l E", nOJlY4 aeM 

[MO-Aol<Pn=An<PO+ "' -+ AI¢Il _I- R<P n _l ' (7.1 1) 

OYeBHtl,HO paBeHcTBo (78) H.1I.eHTI1Yl lO paseHcTsy (7.1) H n03ToMY sce 

4JleHbi B npa s o H 4aCTH ra BeHcTBa (79) H3seCTHbi 3a HCK.ll!04eHl1eM "'\1 . 

D o Teo p eMe ¢pC.ll r OJIbM a He o 6xoJ].HMblM 11 D,OCTaTOYHbIM YC JlOBHCM c y ­

weCTBOBaHHR peLUeHHH ypasHeHHR (7.9) RSJH1eTC5I TO. liTO npaBaR 'laCTb 

http:MaTpHlJ.bI
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:noro ypaBHeHlill opTOrO HaJ1 b Ha Bc eM IIYJ1eBbl M BeKTopa M (aIlHYJ1l1TOpa M) 
cOnpl1>KeflHOH MaTpHu bl 

AOJ 1'.iAIo - AOP = [_Ho -

LlJll1 BbInOJIHeHHR .noro yC .~OSHR opTo rOHaJlbHOCTH Al .iJ.O.n>l< HO HMeTb CJIe ­
llYlowee 3Ka4el-Hle : 

(1/), R<po) 
(7 12)AI = (t/J , <Po) , 

fAe 

[Mo - AoJ1 'IjJ = 0 

Ii (-. . ) 0603H242eT CI{amlpHOe npOH3BelleHHe . 


npH ,\() = 1 HMeeTcSl TOJl b l{Q OAHH aH HY~l'!TOp MaTpH llbJ IAIo - Ao:T 


'IjJ = [ :] 

H, C.1enOB3TeJlI>HO. H3 (7.12) Mbl n OJlYLlaeM '\1 3. Toraa paBeHCTBO 

'\61
) = I -:- 3[ + 0(£"2) 

COrJI3cyeTcR C nepBblM pa BeHCTBOM (73). 
01'11 Ao - : 2 

w= [~] 
H AI = -3 . Torlla paBeliCTBO 

A~~l = 2 - 3=-;- 0(=2) 

co r.~;]CYCTCl'1 co BTOPbl.\1 p aBeHCTBOM (7. 3) 
B ::;rUM npHMepe Mbl nOKa3aml, 4TO TeopeMa ¢pCA rOJlbMa MO>l<e 

6blTb Hcno.rlb30B2l1a .lI.Jll'! SbI4~Ic.~eHHfI H3MeHeHHH co6CTBeHHblX 3H a4eHr!l1 

B03~1YLUeIIHOW ~faTpHUbl C TOYHO CTblO AO nepBoro n opSlJll,a no napaMeTPY 

s03MywelHI5! 6cs HCn0 J1 b30BaHHS! CTaHD,apTHoii npoueA) pbl C Bbl'lHCJleHHeM 

onpe;r.eJllITCJIfl . l-lc nOJl b30BaHHe TeopC\ibl ¢pe.nro.nbMa B 3 TOM npHMepe HJI ­

JlIOCTpHpyeT APYrHC Bb1411CJIHTeJ1 bHble npOllellypbl B TeopHH B03MYLUeHI1H . 

7.2. fapMoHHLfecKHH OCll,HJlJHITOP C )I.eMmimpoBaHHeM 

7_2.1 - AHaJlH3 C HCnOJIb30SaHHeM 3HepnHf 

PaccMOTpHM ypaBHeHHe 

{ ') 

("J" rlx 

r/1,2 - ~ rtf + x = 0 (7.13) 


7. 2. rapI>IOHu,/ecKllu OCL{U.I1Ml tnOp c ae"tfL<pupo8aHue_~1 34 1 

c Ha4aJlblib!MH YCJIOSHl1MH x (O) = 1 Ii i (O) = O. C HC nOJIb30SaHHeM npeA ­

CT28J1eHHblX B r JIase 2 Me TO.ll.OB, MO>KHO HaHTl1 T04Hoe peweHHe 

et 2
J:(t) = f- / [CO:; (tVI - c 2/4 )+ ) 1 ~:2/4 s in (tVI - c

2j-1)J . 
( .1 4) 

TaKHM 06pa30 M, J1.J1 R peweHHfI :nor o ypa sHeHlifl He 06Sl 3aTeJ1bH O n p HMe ­

HflTb Teopmo B03MyweH~lH , HO Mbl C.ll.eJl aeM :no B Ka4e CTBe npaKTH4eCKOfO 

npHMepa 

A~tnJIHTYlla T04110ro CHH YCOHAaJlbHoro p eWeHH l'! (71 4) 0 4eSHllHO pasHa 

,-~ ' / '2 
A(t) = c = l-~t/2 [l -;- 0{[2)J . (71S)

)1 - [2/4 

LlaJlee Mbl nOI<2>Ke:'l, KaK :nOT p esy.nbTa T ~!O>KeT 6blTb nOJl Y4eH 6 e3 

HCnOJlb30SaHHR TOYHOfO peWeHHl'! . 

O PH E = 0 paBeHcTBo (7.14) CBOAHTCl'! I{ x (l) = cos t H 3Hepfl1H 

E = (i:2 + J., 2)/2 = .4(0)2/2 = ~ (7.16) 

HBJI l'!eTCH coxpaHHIOLUewcH nepe:-leHHo H. 

n pH 0 < E« I H3 ypaBHeHHH (7. 13) c,nenyeT, 'ITO MrHOBeHHoe 3Ha<leHHe 

npOH3S0JlHOH E no BpeMeHH Y.lI.OBJ1eTBOpHCT pa BellCTBY 

dE ~ -<"i.2 _ 4 dA 
dt - - dt ' 

B KOTOPOM 6 blJ1H onYllleHbl H3MeHelH1H CPOP~lbl KOJlc6aHHH nOpl'!llKa E. 

nOCKOJlbKY x= A(t ) Rin t. npH ycpeAlleHliH -c::i;2 n o UHKJ1 Y KOJlc6 aHHl'! Mbl 

nOJlY4aeM, 'fTO aMnJIIITY.ll.a KOJle6a HHll .4(t) onpeJlCJlSleTC5! ony n epBo f o 

nOpRJlKa 
dA. = - ~ ---I (7.17)
elt 2 ' 

C Ha4a JlbHj,1~1 yCJlOBHC~1 .4(0) = 1. npl1 11lITefpHpoBaHHH 3Toro ypasHeHHfI 

C JlaHHblM !1a'JaJlbHbiM YCJlOBHeM Mbl nOJlY4aeM 

.4.(1) == e- O / 
2[1 + 0 (£2 )1 , (7 18) 

4 TO cor.nacyeTCl'! C paBeHcTBoM (71 5). 
T aKHM 06pa 30M , Bblpa>KeHHe llJll'! 3HeprHH ~fO>KeT 6bl Tb HCnOJlb30BaHO 

llJlSl OnpelleJleHHR 33SHCHMO CT H OT Bp eMeH H a~InJIHTYD.bl cJIa60 AeMncpHpo ­

BaHHoro OCllHJlJl Sl TOpa 6C3 HCnOJlb30BaHHH [l ewCHH5! y pa s HCHH9. , OITI1CblBa ­

IOUlero :ny CHCTeMY. B npettCTaSJleHHOM nOllX ()lle HHKa K He HCnOJlb30Ba .~C9. 
TOT cpal,T , 4TO ypaBHeHHe (7. 13) HBJlReTCR JUIHeHll bl M H, C.nellOBaTe.nbHO , 

3TOT MeTOll ,\l O>KeT 6blTb 060 6 weH H Ha CJIY 4a i1 HCCJle.n.OBaHHR aHrapMo ­

HH4eCKHX OCllHJlJ1RTOPOB H COJ1HTOHOB . 3 T2 H.Qefl flBJl fl eTCH KJlI04eBoi1 S 

MeTOlle yc p ellHeHHR , npeACTa BJ1eH HOM Ba H Jlep nOJle~f B 1934 r OAY [26] 
11 HC nOJlb30BafiHOM npH aHa JI H3e KBa3H r apMOH H4eCKHX peweTOK B pa 311CJle 

54. 1. 
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7.2.2. BpeMeHHoe MyJIbTn~tacwTa6"pOBaH"e 

n pe)!<.lle 4e\1 nepeHTH K pacc~1OTpeHHIO TeopHH B0 3MymeHI1H ll.JlH ypall ­

HeHHH COJ111TOH08 , pacCMOTpHM CI1CTeManl 'lecKY IO npouell.YPY HaXO>KAeHIH! 

npl16Jll1311TCJlbHbi X pe wNfHH .lleMfH!mpoBa Hlior o r ap MOHHYCCI<Oro OCUHJlJ1H­

Topa [1:3 , ]9-2I J P e weHlie x(t;€) y p aBHeHHH (71 3) 3aBHCHT He TOJ1bKO OT 

Bp eMeHI1, flO TaK>Ke H OT napa MeTpa E. P<lCKJ1aAbISaH no peweHHe B pH.D. 
no E. , MLT nOJlY 4 aeM 

.( . -) - . ( . 0) f).r(t : 0)_ iJ2.T (t ; 0) _2 O· (",3) _
.1 t , c . -.r t , + 	 !Ol c -r !:l? C + ~ _ 

u E u c" 

=·,'0(1) + £".1' 1(t) -r £2Tz (t.) + O(c: 3). (7.19) 
rJle 

,,( ) _ 1 i)n.r(t ;O) 
.I· n t - I -7",~....:... n = 1,2 . .. .. 

/1.. 0:::" 
rIPIl n OJl,CT3HOBl<e (7. 19) B (7.1 3) Mbl nOJ1Y 43eM nOJlHHOM 110 ': . KOTOPblH 

pa SCH I lyJlIO . C JJe1l.0a3 TCJlbH O. K3>K1l.h1H l<03cpcpHUHeHT npH En 1l.0JllI<eH 6 blTb 
paBCH I-Iymo . 

npH ~ --> 0 tlJlCH EI I (t) npc,o,CTaBM!eT c060 H MaJlYIO f10npaBKY Beml ­

4HHbl .fO(t). n03To MY C T04HOCTbIO 1l.0 '1JleHOB nOpHJlK3 O( €) Mbl HMeeM 
cJleAYIOLUYIO CHCTCMY ypaBHeH IIH : 

d2.ro 
-·2- t:ro =0t 
d2:r I doro 
d{2 +;1'1 = Tt 

PCWIIB nep Bo e y p aBHellHe OTHOCHTeJJbHO .ro, a 30TCM IlTOpOe OTHOCHTeJlbHO 

T I C Hatf2J1bllblMH YCJlOBIlRMH :1'(0) = 1 H j·(O) = 0, n O.ny'!aeM 

I'{J (I) = co,:; I . 

.1'1 (I) = ~ si n t - !f('osl 

" aMeTHM. 'lTO B Bbl p a>KCHHH AJl H .c! (I) npHCYTCTByeT 'MeH t cos t. KO TOPbli-i 

HcorpaHll 4eHHo B0 3pacTaeT npl1 t , cTpeM HUJ.cM cH K 6 ecKoHe4HoCTH . n OA06-

HblH 4JleH Ha3blBaeTCH «BeKOBbIM» , nOCKO.IlbI\Y e r o HaJlH4HC npHBOJlHT c o 

IJpCl\1CHe \l I< HapyweHHIO npeJl,IlOJlOlI<eHHH 0 TO~I , 4TO .1.' 1 HB.~ HeTCR MaJlOH 

n o npaBKoi-i X'o , T. e. pa CCMaTpHBaeM a 51 annp OKCHMaUHR aepHa .~HWb npH 

BpeMeHax MeHbwe I lf 1\ 


- YLUeCTBYIOT ABe npH4l1Hbl . no KOTOPbl~1 4JleII n OnpaB I< H YBe.'lH4HBaeT­

CH C Te'lellHCM BpeMe llH: (i) aM nmnY1l.3 B0 3MyurcHHoro peweHHH Me.ll.JleHHO 

I) B allrJlI-1?icKOM 5l3blKe npH.IIilraTeJlbHOe «BeKOBOii. (secular) H"B.~ReTCR (KOPCC 

BpeMcHHoii X(lpaKTepHcTHI<oii, HC)f(eJlH llYXOBHOfi (spiri1ual) B He6eCHOH MCxaHI1Ke 

3TOT repMHH x apaKTcpH3ycr HCYCTOHYI1Bble Op61-1Tbl nJlaHCT (MOiKHr'i JlH npell ­

CTaSIiTb ce6e cYlllecTBo B<!HHe 110.a.06Hb1X Op6 1-1T B KocMoce») b OJlee np03aH4ecKoe 

ynoTpe6,~eHl1e 3Toro TepMHHa I-1MeeT MeCTO B npl-1 KJlallHOH MaTeMantKC It COOTBeT ­

crByeT Xapal\Tcpf1CTI1I<C B03pacTalOIllHx c Te4eHI-1CM epeMcHH 4.~eHOB. 

7.2. rap,uoHU'lecKUll OC4uAAJlmop C oeMIlq;upoeaHue,\( 

e-E1 lYMeHb w ae TCH BCJleJl,CTBH e HaJlH4HH 4 J1eHa / B ee Bblp3>KeHHH. H 

Oi) 4aC TOT3 l{oJle63 HHH B03 ~YUJ.eHHoro pe weHHH HeCKOJlbKO OTJl H4aeTC51 OT 

4aCTOTbi .1'0. nOCKOJlbKY aMnJlHTYJla H 4aCTOTa peWeHH51 HYJleBOr O nOp51AKa 

.l:o(t) He H3MeHHIOTCH. 4JleH nOnpa BI<H B X l n blTaeTCR CKOM neHCH pOBaTL 

YBeJlf14 HBalOUJ.eecSl p a CXO>Kll.eHH e Me>KJl,Y xo(t ) H T04 HbiM peweH HeM . J1.Jl51 

MOMeHTOB speMelHl , 60JT bW HX O( l /E ), Bbl p3>KeHHe AMI n pH6mlll<CHHOrO 

p eweHHH CTaHOBHTbCH HeBep HbiM . 

Mbl MOlI<eM e W HTb 3 TY n p 06JleMY C Y4eTOM TOro, 4TO aM n Jl HT YAa H 

4aC TOTa w = 1 - ~2/4 \1eAJleHl-IO YMeHbw a lOTCH C Te4eHHeM BpeMeH H. 

T. K B 3TOM CJlY4ae MOII<HO Bblnl1C3Tb Bblp3>KeHHe .ll,JlH n [lH6J1H>KeHHOrO 

peweHHH 
x(t } = A(ct) cos[w(s) tJ +£B(£/ ) sill[w (~ ) tl· (7.20) 

T or.ll.a rt OACTaBJlMl 3TO Bblpa>KeHHe B (7.1 3) H HC n OJJb 3YR pa3J10ll<eHHe 

wee) = 1 --r ~kI + E2kz, M bl n OJlY4aeM 

x(t) = (,-d/2 cos [ (1 - ~£z ) f] + ~E e-<l/2 Sill [ ( 1- ~c2) t] + O(~3) . 
(7 '2 1 ) 

4TO COOTBeTcTBycT 

1.:1 = 0 
k2 =-{ 

A(El} = C£t/2 

B(C't) = ~ c-·t/ 2 . 

nOJlyyeHHblH pe3YJlbTaT _ny 4we IlCpBOrO BapIla rua II npc!l,CTaBJlReT COOOH 

XopoWYIO annpOI,CHMaUHIO T0 4Ho r o peWl:HH!1 !l,a>KC npH E n opSlAKa I. 
CJlCAyeT OTMCTHTb , 4TO npeACTaBJJeHHblH MeTOA nOJlY4eHHH npIl6,nH­

>KeH HOro pewe~IHH OCHosaH Ha 3HaHHH T0 4H o ro pCWeIlH51. HO B 06LUeM 

CJlyttae Mbl ~1O>KeM ero He 3HaTb H n 0 3TOMY lle06XO.ll.HMO Bblpa60TaTb 

npOue.ll.YPY, KOTopaH He Tpc60BaJla 6bl an p l1opHoi-i HHCPOPM3UHH nOJJ.0 6 Horo 

pO.ll.a 3aMeTI1'1 , '-ITO aMnJlH TYA3 3aBHCHT OT MeA,neHHOH nepeMellHOH d . 
KpOMe Toro, apryMeHTbl CPYHJ<UHH Iwc HHyca H cHH)'ca 3aBHCRT OT ~2t. 
3TO Ha BO.'l.HT Ha MblCJlb 06 HCnOJl b30 BaHHH n ep eMeIlHbl x MaCUlTaOH p OBaHHH 

BpeMeHH 

To = t , TI = Et , T2 = E2,.• H T A (722) 

B TepMHHax 3 THX «pacTHIlYTbIX nepeMcHHbIX» peweHHe Aer.1ncpHpoBall ­

Horo rapMoIIH4ecKoro OC UHJlJHl TOpa MO>KeT 6blTb 3anllCaHO B cpop Me 

x: (f) = .L'(To, TI • T2•. .. ). 

B :HOH tjl0PMYJlHpOBKe Mor YT 6bl Tb 1l0JJY'feflbl B TcpMlIHax To , T1 , 

T2 11 T. ll. . Bblpa)!(CHIIH AMI npOH3BOAHbiX H HepapXIlH COOTBeTCTBY ­

IOLUHX 06blKIlOBeHflblX .Il,Hcp(pep eHUHaJl bHbl X ypaBHeHHH JlJJH c TeneHeH E. 

nOCJleilOBaTeJlbHoe peweHHC 3THX y p aBHeHflH npHBO.11H T I< nOJlY4e l l HIO 

nOc.1eJl,OBaTeJlbHO 60Jlee TO'lHOH 3nnpOKCH~\aUHlI T04Ho r o peweHHSl . J1.e ­

http:HaBO.'l.HT
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TanH :Horo «3 HaJlH3a apeMeH Horo MYJl bTHMaCWTa 6 HpOBaHHH» n p HBelle Hbl 

B npHJlO)!{eHHH G, r lle nO]( a3aHbl MeT01l0 JlOr H4 eCKHe OCHOBbl n onY4eHHH 

paBeHc TBa (7.21) . 
nOCKo.nbKY 3HaJlH3 orpallH4HBaJlCH 4JJeHaM H n opSlD.Ka 0([2) , B HeM 

HC nOJlb30Ba.nHCb nepeMeHHbl e paCT Sl HYToro Bp eMeHH Toro )!{e nOpSlllK3 . 

LlpyrHM CJlOBa MH , llJl5I n pOBelleHIHI aH a JlH3 a B0 3MYlu eHHH HC n OJlb30BaJlH Cb 

TOJlb l<O nep eMeHHble 7(,,1'1 H 1''1 . ECJlH np fi a HaJlH3e HCnOJJb 3YKJTCSI pa3JJO­

)Ke HHSI B pSl }l. n OpH !l:K a 0 (::") , TO HeOOXOllHMO HCllOJJ b 30BaTb nepeMeHH ble 

Ma CWTa6HpOBa HH SI r i ~ 0, 1, ... , n.
" 

7.3. 3HepreTJ1ljeCKH" aHaJlH3 .ll.J1HaMJ1KJ1 COJlJ1TOHa 

B rJl3 Be 3 6b1Jl V\ pacct>lOTpeHbI KJlaCCH4eCK He ypa BHeHHR COJIIHOHa H 

HX 06w.ee caOH CT BO - Ha peweHIHIX 3T HX CHCTeM 3 HeprHSI cox paHSleTcSI . 

n pH HCCJle,a.OBaHHH CHCTeM peaJlbHOrO MHpa 31'0 caoHcTBo '-IaC TO Hapy­

llJaeTCR BCJle)l.CTBHe 3cp (?el<TOB }1I! CCHnaUHH 3Hepnl l1 H HaJlH'lHSI SHeWHHX 

B03)l.eHcTBHH TaKHM 06pa30M , AMI aH3J1H3a 110)l.OOHhIX CHCTeM B KJlaC­

CH4eCI':He y paBH eHHSI AJHI comnOH a HeOOXOAHM O BBeCTH AOnOJ1lIHTeJlbHble 

4.neHb! , onHcblB3lOw.He 3TH B03Myw.eHHSl . B 3THX CJlY4aSlX .ll.JlR nOJlY4eHIHI 

,llOCTosepHblX C Ka4eCTBeHHo~i H Koml4eCTBCHIIOH TOLIKH 3peHHSl peWCHHH 

cJlellyeT HCnOJlb30SaTb KOM6HH<lUHIO TeopHH B03MyuteHHI1 H 'lH CJ1eHHOrO 

aHa.~H3a . 

7.3.1. C OJHITOHbl KOpTe Ber a -JI,e Bpu3a 

B 3TOM pa3AeJJe 6Y!l.CT HCCj leAOBaHO B03M} w.CHHoe KnB-ypaBHeHl1e C 

Hcnollb30saHHeM npCD,CTaB.1eHHoro B npeAbl Ayw.eM pa3AeJ1e 3HepreTHye­

CKoro aH aJll13a. 3TO ypaBHeHHC C BBelleHHblM B npaBylO 4aCTb L[JleHOM 

B03Myw.eIlH~ HMeeT cJle.nYIOw.BH BHll I 

'Ut -'- U(/x + !Jxx~' :=: ~ R, (7.23) 

me c: - MaJlblfl n apaMeTp Ii ER npellCTaS.Ii5l eT CC6 0H 4J1eH, KO TOPbl H HBHO 

3aSHCHT OT x , t, 11 H L[aCTH bl X npOH3S0!l.H bI X n o H. 

n pH r:: = 0 OAHOCOJlHTOHHOe pewcHHe KAB- ypa BHeHHSl loDleeT SHA 

u(, I:.I) = ? (fo "t) . (724) 3ustcil- T(:r - ) 
B BelleM CP YHKLl.HIO I1J pa BeHCTBOM U'x := 11 . Tor Aa K.ll.B -y paBHeHHe MO)!{eT 

OblTb n OJlY4eHO H3 nJIOTHOCHI .1a rpaH l'K HaHa (tM IlpHJlo)!{eHHe A ) 

r I + I 3 I '1)2
N = 'i Wx'U 'i iiWx - 2 ' .rx · (7 25) 

I) 3 11.eCb HcnoJlb3yeTcH ApyraR HOpMaJlH3au.HlI 1(1I.B -ypaBHeH HS! , ilOCKOJlbKY MHO ­

>KHTeJlb «-6,) npH 'lJleHe tW r He HrpaeT cyweCTBeHHOJ1 POJlI1 npH aHaJl H3e B03MY ­

UleHHi1. 

7.3. 3H.epzemU'teCKUU aHQAU3 a UHQ)fUI\U CO.1(ImOHQ 

COOTBeTCTBYIOw.a H nJl OTHOCTb r aMI1JlbTOH HaHa onpeAeJlHeTCSl p aseH CTBOM 

'1J _ HI fJi:., _ r _ _ 1 1,,3 -1. 1'11,2 (7 26)
Jl - Let ~ N - 6 "x'" 2 I.e 

vUlt 

H npe.nCTaBJl5IeT C0 6 0H n JlOTHOCTb 3Hcprl111 CHneMbl. 

O CHoBHaH HAeH 3Hepr e THL[ eCI<o ro aHaJll13a AHHaMH I< COJlHTOHa 3aKJl IO­

aeTCSI B TO M, 'lT06 bl paCCMOTpeTb BapHaUI1H n OJ1HOH 3HeprHH CHCTeMbI n pH 

B03Myw.eH HHX, OIlHCbIBa lOw.HX n OTepH I.J npHTOK 3HcprHH , H B n pellnOJlO)!{e ­

HHH . 4TO y neH eR HaCTOJIhKO MaJl , 'ITO MO)!{ HO npeHe6pe'lb H3MeHeH HSlMH 

nopSlAKa E B p eWeHHI1 OAHH04Horo COJlHTOH a (7.24 ). B 3TOM CJlYllae B03-

Jlei1cTBHc B0 3My w.eHHH 6YAeT SbJpa)!{aTb CSI B MellJIeIWOM H3MeHeHH H C Te­

L[eHHeM spe~eHH CKOPOCTH v. E CJ1H B03Myw.eHI151 H3BeCTHbl , npH BbIn OJlHe­

HHH 'lHCJleH HbIX Bbl 'lHCJleH HH CJlellyeT nposepSl Tb BblnOJ1HeHI1e YKa3aHHoro 

npellno,~O>l<eHH H. ( 3 aMeTHM , 'lTO 3TO T aHaJlH3 He n03BomiCT HCCJleAOBaTb 

B03HHKH o s e HHe 11 pa3pyweHHe COJIHTOHa . Mbl TaK)!{e He 6 YAeM Y4HTbiBaTb 

BOJlHbl MaJlOH aMnJlHTYllbl , KOTOpbJe MoryT B0 3HIl KaTb nOll B03AeHCTBHeM 

B03MYW.eHH fL ) 

.llJHI K)l.B-ypaBHeHI1H nOJlH3S1 :!IleprHH onp e}l.eJll'leTCH paBellCTBOM 


"'" 
(727)H = f :){d~ , 

-x 

H ee npOH3BOllHaH no BpeMeHH 

00 00 

(728)d:: f (Wx l/ 'xx+ tL'XXX2)7/'t d,1'= f (- wxl+ER)//ltd:r: . 

- "X. -= 

3TO Bblpa)!{eHHe nOJIY4eHO npl1 HHTeqmpo BaHHH no 4atTRM B npe}lnOJlO ­

)!{CHHH , 4TO npOH3BOAHbl e /1; CTpeMSlTCSl K HYJlIO npH :1: -t ±:X:'. T o r.n.a 

oc 

dH = E J H lL'i d.l: . (729) 

dt -x 

OIlCTaBHM (7.24) B (7.27) 11 BbI411cm1~1 I1HTerpaJlbl, npeHe6peraH MeA.1ell ­

Hbl:>l H3MerleHHCM C Te4eHHeM speMeHH CI<OPOCTI1 11 . T oma 

!I = _ 36 t l5/ 2 (7.30)
5 

- lJWx -U'II, HLlHcpcpepeHUHpYfi (730) n o BpeMeHI1 C Y'lCTOM /1't. 


npHp3BHHBaH 1< (7.29). nOJlYL[aeM pe3YJlbTaT 


du :x 
(7.31 )

dt = + Isfi f Ru d,l;. 
- 00 

http:OIlHCbIBalOw.HX
http:B03Myw.eH
http:COOTBeTCTBYIOw.aH
http:cJle.nYIOw.BH
http:npeAblAyw.eM
http:onHcblB3lOw.He
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B J< a4eCTBe nOJl.TBep >KJleHIHI JlOCTOBepHocTH 3Toro Bblpa >KeHHH pacc MoT­

pHM B03MVweHHe BHJl.a 
. eR = -cu, 	 (7. 32) 

COOTBeTCT BYIOLLlee nOCTcnCHHOMY yseJIH'1eHHIO rny6HHbi B Kn.B-MOJl.enH 

JlSH>KCHlIR BonH Ha MeJlJ<OBOJl.be. 

1·13 paBeH c Tsa ( 73 1) BHJl.H O, "I TO 3G OJllO UHR CKOPOC TH COJlHTOHa onpe ­

n.eJIReTC 51 OllY nepBoro nOpRJlI<a 

dl' . 4 
- = --·to 	 (733)
dt r ' 

rlle 3Ha J< == YI<a3biBaeT H3 TO, 'lTO B o u.eHKe 6blJlH onYUleHbl H3MeHeHIHI 

CPOPMbT conHTOHa n op}'tJlKa E. 

jI\3 (7.24) BHJlHO, 'ITO u n p onopUHOHaJlbHa a~1nnHTyu.e COJlHTOHa . TOrJl.3 

H3 (7.33) CJIeJlyeT, "ITO aMnnHTy.n.a 3 BOJIIOU fioHHpyeT C TC'1eHHeM BpeMeHH 

B COOTBeTCTBHH C 3al(OHOM 

A(I) == A(O ) p-4a/3 , 	 (734) 

ljTO c o rJIacyeTcH C pe3yJlbTaTO~1, 11 0 nY4CHHbJM 13 1970-M rOJlY O TTOM H 

CYJl.aHoM [ 23 ]. H nOATsepll<JI,aCTcH 411CJIeHHblMH HCCJlellOBaHIISlMH KHHKl(ep ­

60KI,cpa H I I 10eJIJl 3 , Sbl110JlHCHHblMH AeCHTHJleTHeM paHce [15] . 
HeCI\IGTpH Ha TO, '1TO 3TOT npHMep 1i0,UTBCp>KJl.aeT B03MOiKHOCTb HC­

nOJl b30SaHHfI !l pa(:CMaTpHBae~toH 3a,Ua'1e 3HepreTH4E'n.oro aHa,nH3a , B03HH­

l,alOT HeKOTopblC BOnpOCul. IlPH allaJlH3e Mbl liCnOJlb30BaJl H t'J1.HHCTBeHHblH 

(pariT - TO , 'HO 3!1eprHSI OCTaeTCH nOCTOSlHHOI\ Ha peweHHSlX l!eB03 ­

~lYWCHHOH CHCTeMbl. Ollila 1\0, KilB-ypaBHeHII€, 6YlY'1H HIiTeqmpyeMbl:'l , 

HMeeT 6eCKOHe'IHoe 'IHCJlO TlOll06HbiX 1l0CTOHHHbi X .nBH>KeHHSI . rlO.~Y4H~1 JlH 

i ~Ibl aU3norH4Hbll1 pe3YJlbTaT, eCJlH 6yn.eM HCrrOJIb30BaTb J1I06ylO H3 3THX 

II coxpaHfllOlllHXCfl BeJlWnHI~ 

B 1<34eCTRe npHMcpa paCCMOTl)HM OAHY H:J 3THX BeJIH'1HH 

2II 	
00 

QJ = Ju dr, 

II 
-x 

KOTo pan 04eSH}lHO OCTaeTCR 110CTOSlHHOH IlJlH Bcex 'fl, $lBJlRlOwHXCH pewe­

HHSlMH K,a.B -ypaBHellliSl. MO>KIIO nOKa3aTb, 4TO C HCnOJlb30BaHHe~1 npeJl. ­

II 	 ,~O>KeHHorO Bblwe nO.1l.Xona MO>KH O 1l0JlY4HTb ypaBHeHHe (7.33) H, CJlen.OBa­

TenbHO , nOl\a3aTb, 4TO 3~m .'lHTYll.a COJlH TO lia y~!eHbWaeTCR S COOTBeTCTBHH 

C 3a KOHOM (7.34) . 
O.nHaKo , eCJ1H paCOtOTpeTb

If :x. 

QI = J llcix, 
-x 

TO MbJ n O -'1y'1H~ 

dl' :: -2£11 
t 

7. 3. 3H.ept?(!mu<!eCKul1 QltQAU3 d tUiQ,IIUKU CO.1umOHU 

H, c.neJl.OBaTeJlbHO , (7 35)A(I) == A(O) €-2~' , 

'1TO npOTHSOpe'1HT paBeHcTBY (7 34) H '1 HCJl€HHbIM pe3YJlbTaT3M [1 5 ] . B 

lie\\! J1.eJlO '> 
rlapan.oKc Hep5110 weHc H MaCCbl>} paCCMaT[HIBaJ1CH f~ e C T<onbl<HMH HCCJle-

JlOBaTemlMH Hero pa3peweHHe CB}'t 3aHO C B03HYlKH OBeHH€M " ureJIb<p a 
>} 

(YCTYl1a) (shelf) KOHe41-IOH )l.flHHbl H nocToSl HHOH aM nJlfnyn.bl Typ6YJleHT ­

HOro CJIeAa COJlHTOHa [ 2,8 , 10 , 15, 16,:22 ] . nOC({O,~bKY BblCOT3 :nora WeJlb<pa 

nOpSlJl.Ka 0 , aero AJHiHa npo n o puHoHanbHa BpeMeHIi . OH a6cop6lipyCT 

pa3HocTb nOpflD,Ka ~f ~1e>KJ!Y OllCHKaMH (7.34) Ii (735) . B CJ1YlJaHX IlC­

nO.1b30BaHHH H Ii Q2 Mbl nO.IlY4anH Ko ppeKTHble pe3YJJbTaTbi BClIeD,CTBHe 

TOro, 4TO Ha HHX He 01,a3blBaeT BJlIiSlHHe lUeJlb<p nOpHJl.Ka c. C 60Jlee 

o6wei1 T04KH 3PCHHfl, B031lHKHOBellHe weJJb<pa MO>KeT paccMaTpHBaTbC$1 

KaK 1-13.~y4eHHe H3 COJlHTOHa , I1f lAyulip oBaHHoe B03MywellHe1I1 . C JleJl.CTSH ­

eM paCC/l-lOTpeHfHI 3TOl'0 npHMepa D,OJ1>KHO Sl SJlJlTbCfl TO, 4TO I1pOBeAeHrle 

3HepreTH4eCKoro aHaJll13a cnen.yeT COBMeW3Tb C npOBeAeHHeM '~HCJleHHoro 
aHaml3a, KOTOPbll1 n03BO.~ReT BblSlBHTb CKpblTble acneKTbl np06JleMbl. 

vb npoBencHHoro aHaJll13a R03MYWeHHH CJleJl.yeT , "ITO nocTynJleHHe 

311eprHH B CHCTeMY, 06yc.1l0BJleHHoe HaJlI14HE'~1 AHCCHnanlBHoro B0 3MYWE'­

HHR (732), He npHBOAIiT K yseJlHyeHHIO J1.JH1Te.QbHOCTIi c ywecTBOBaHI1$1 

COJlI1TOHa. B AeikTBIiTenbHOCTl1, npo,UOJl>KHTeJlbHOCTb c ywecTBOBaHli$l 0.11.1-1 -

H04HOH BOJlHbl MaJ10H aMnJlHTYAbl paBHa 1/£, B TO BpeMSI KaK npOAOJliKH ­

TeJlbHOCTb cywecTBosaHHH COJlHTOHa MCH bwe 3TOH BenH411Hbi Ha 25"1<, H 

pasHa 3/4=: 

7.3 .2_ C OJUITOHbl ypaBHeHIHI CHHYC-fopiloHa 

PaCCMOTpHM cr -ypaBHemle 

(7.36)
'fLIt - 'UJ'r + sin 'U = £R. 

rAe [R - B03MyweHHe . [lPH [ = 0 peWCHHe 0D,HH04Hor o KHHKa HMceT 

cne.nYIOUJ,H H SHA: 

- :ro-tlf )] (7.37)I/(J.' , I) = 4aTctg exp ~ .[ (x

IlecMoTpR Ha TO , "ITO SOJlHOBOe peWeH l-le HeB03MYWCHHOrQ ypaBHeHHR CO­

ll,ep>KHT ABa napaMeTpa U H Xo, COOTseTCTBYlOwee Bblpa>KeHHe Anti 3Heprl-tH 

He 3aBHCHT OT :.t'o - n OJlO>Kt!HHR KIiHKa B MOMeHT t = 0 n 0 3TOMY, eCJlH 

B03Myw.eH l-le R He 3aBHCHT OT x, Mbl MOa<eM I-ICnOJlb30BaTb 3ltepreTH ' lecKHli 

aHaJlH3 , npeACTaBJleHHbl H B npCJlblll,yweM pa3}leJle . 
HeB0 3MyweHHoe cr -ypaBlleHHe MO>KeT 6bITb nOJlY4euo H3 nJlOTHO CTH 

Jla rpaH>KHaHa 
I'J I 2f., = 2Ui -lUX - ( I - cosv), 

http:B03Myw.eH
http:nOpHJl.Ka
http:nOpSlJl.Ka
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CO OTBeTCTBYfOllla H nJIOTHOC Tb r aM HJIbTOHHaH a o npeJleJlReTCR pa BeH CTBO M 

( CM . n p HJIO>KeHHe A) 

of:., I 2 I 2 )
1{ = u, ~ - f:., = rUt + :l Ux + (1 - cos u . (7 38 

uU / 

T aK )Ke Ka l\ H B c Jlyyae K JlB-ypaBHeH HR, HHTepecHo paCCl\lOTpeTb nOJlHYfO 

3Hep r HfO H , o npe.ll.eJI fl e~ t Y fO p al:leHCTBOM (7.27) . B npelHIOJIO)KeHHH 0 MeJl­

JleHHOM H3MeHeHHH C TeYf'HHeM BpeMeHH Cl<OPOCl H t' H HC nOJIb3YR (7 27) 1-1 

(736), MO>l<HO 1l 0JlYYHTb Bblpa >l<eH>le D,JIR npOH3BO.ll.HOH no speMeHH nOJlHOH 

3 HeprHH: 

00 00 

dH 
= f (Utt - 'U l 'J: si.nu)utd.r= E f RUt dx (739)

dt 
-:>0 - oc 

(3aMeH IM , YTO .Il.JIR Hes0 3MYlll eHHoro Cf- ypasHeHHR (E = 0) 3HeprHH co­

xpaHReTcR.) flO.ll,C TaSJIRR peUleHI1t> O.ll,HHO'lHOr0 KHHKa B (7.27) H npeHe6pe­

r aR Mell,JlCHHbtM H3MCH elHleM C TeqCHHeM BpeMeHH CIW POCTH Lt, nOJlyyaeM 

8
H 

.J 
(740) - J- 1 - '1.'-

C n p a«THYeCKOH T04KH 3peHHR HHTepeCHO pacCMOTpeTb B03 ~l yLUeHHe, 
OnHCblBafOlllee nOTepfO 3HeprHH H ee n ocTyn.JJeHHp. B CHCTeMY [301 

ER = -QUI T 1311 r:rt - 'Y, 74 1) 

nOc(<O.rJ b KY B0 3MYllleHHe :noro THna COOTBeTcTByeT C.rJYY3fO .Il.HCC>lnaUHH 

MarH IITHor o 110 TOl\a B .Il,mlHHOM CBepXnpOBO.ll.RllleM 1 YHHeJIbHOM nepeXO.ll.e 

,LI)K03ecpCOHa ( CM PHCYIIOI\ 71 ). 
4 JICH npH II onHCbIBaer n o rcplO 3Hepnm npH TYHHeJll1pOnaHfH1 HOp­

MaJlbH blX ( r . e . Hecaep>. npo Bo.Q5IIl.lH X) 3MI< T!,OHOB y epC3 (Sap be p Ha nepe­

xo)].e . 4J1eH fJuul raK>I<e c o oTBeTcTByeT nOTepe 3HeprHH , 06YCJIOBJ!eHHblH 

KOHeYHOCTl:.fO rJly6HHbi npOHHKHoseHHSl 3J1eKTpOMarHHTHoro noJlS; B caepx­

npOBO,rJ,Rlllylo n.'lellKY [271· npOcTpa HcTBeHHo 01lHOPO,'J,HbIH TOI< cMeLUeHHSl 

onpeneJl5leTCR YJleHOM / . 

B npe1l,110JlO>l<ellHI1, 'lTO O:Op OC Tb nOCTORHHa (T. e . npeHe6pera R Me1l,­

•'leHHbIMH H3MeHellHflMII CKOPOCTII 1.' ), HHTerpa.q (7.39) Mow;eT OblTb Bbl­

YHCJIeH il,JIH pe WellH5I O.QHHOY HOr O KHHKa 11 C yyeTOM Bblpa>l<eHHR .uJlR 

B03MYllleH Hfl (741 ) . C .upyroH CTOP OHbl , npOH3BOIl.HaH no BpeMeH I1 H S 

JleBo (1 yaCTH (7.39) MO)KeT OblTb BblYHC,leHa C HcnO.rJb30B2HHeM (740) H 

TO n 0 3BOJlReT onpeneJlHTb ~te)]..1eHHble H3Me HeHHR C Teyel1HeM BpeMeHH 

CKOPOCTH V. T a KHM 0 6pa30M , O ,LIY nepBo ro nOpR,Il,l\a .uJIR CI<OPO CTH COJ1H ­

TOHa HMeeT CJIe.nYfOlllHH BHA [ 18J: 

dv ,,'/ :2 3/2 2 (3
- = - (1 - 1') - QV( I - v ) - -1' . (742)& 4 ' 

Cnpaae.nJIHBOCTb 3To r o ypa s lIeHHH nO,ll,TSepW;!l,aeTCSl MHOrH:\1H 3KcnepHMeH ­

TaJlbHblMH H YHCJJeHH bl MH HCC,lell,OBaHHHMH . 
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PHC . 7. 1. C BepxnpoBoAfllUHH nepexoll ,ll)i(03e<jJcoHa .IlJH!HbI I c <jJltaKCOHOM (KflH­

KOM ), AB~lr aIOIUIiMCH B x- HanpaBJleH~Hl co CKOPOCTblO V. 

C HCnOJIb30BaHlle~! 3Toro ypaBHeHHR MOW;HO HCCJIe,ll,OBaTl> BJlHRHHC 

pa3.rJHYHbIX ' !J[CHOB B03MYllleHH5! Ha Il.HHaMHKY KHIIKa . ,LIBa YJIeHa npH 

0: H /3 3aMe)lJI5IIOT ,UBHw;eHHe npaBo ro H JleBOrO pacnpo cTpaHRfOLUHxCR 

KHHKOB . n O.nO)KHTeJlbHbIH TOK CMelUeHHR / CMClllaeT I{HIIK BnpaBo , a 

oTpHuaTe.~ b Hb!li TOI, cMellleHHH CMeLu,aeT KHHK BIleBO . EC.~H BblwenpHBe­

neHHble BbI!\Jla,nKH npo BoASlTCR LJ.JIR aH THKHHKa, B ypaBHeHHH (7.42) YJleli 

npH 'Y LlOJ1W;ell H3MeHI1TU 3Hal< Ha npoTHBOnOJl O>l<HhlH B 31'0M cJJyyae 

n O,nOW; J.l TeJlbHbI H TOK CMellleHHH CMelllaeT KHIII< BJleaO, a OTpHUaTeJIbHblH 

OK CMeLUeHHR CMeLUaeT KHHK BnpaBO. 

npH .uOCTaTOYHO ,ll,,~HHHOM nepeXO,ll,e ypaBHeHHe (7.42 ) HMeeT paBHOBec ­

Hoe peweHHe 1'"" npH t --t OC , onpe!l,eJlReMOe yCJ10BHe~1 i ' = 0. npH i3 = 0 
3TO ypaBHeHHe Mow;eT 6blTb peweHO aliamlTHYCCKl1: 

- I /2 
Voo= 1+(4Q/7f'))Z . (7,43)[ ] 

3TO CTa UHOHapHOC 3HaqeHHe CIWPOCTH COOTBcTcTByeT 6 aJlaHCY 3HeprHH 

Me>l<JlY LlHccHnanlBHblMH 3¢ cpeKTaMH H nocTynJleHHeM 3HeprHH , 06YCJlOB­

.rJeHH bl M HaJ1H'-IHeM TOKa c MeLUeHHR ~I ' BemlLfHHY '1100 nplllHlTO Ha3blBaT 

'CKOpOCTb~ 6 an aHca 3Hep r HHI . 

B npaKTHyeCKHX cHTyaUHHx npOCTpaHCTBCHHble pa3Merbl BcerJ],<l KOHeLJ­

Hbl H n 03TOMY CJJe.uyer Hal<JIa.nbIBaTb rpaHHYHble YCJIOBrIR . nOKa3aHHblH lIa 

PHCYHI<e 7.1 cJlyyaH nepeKpblTHH HM'~eT Ba>l<HOe n pa l<HlyeCI\Oe 3HayeHHe H 

eMY COOTBeTcTSYfOT rraHHYHble YCJIOBHR p a 30MKHYTOH uel1H: 

ux(O, I) = U:r;(I, t) = O. 

http:KOHeYHOCTl:.fO
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OpH OTp 3)KeHHH KI1HK3 OT rp3HHUbl 3aMKHYTOH uenH OH CT3HOBHTClI aH­

THKHHKOM H, CJle,lJ.OSaTeJ1bHO , nOKa3aHHafl Ha pHcYHKe 71 CHOCMa MO)KCT 

paCOlarpl1SaTbCfl Kal< cp.~aKCOl!Hbll1 OC UHJ1J1SJTOp . B TaKOI1 CI1CreMe nocne­

AOB3Te,~bHOCTb .QHHaMH'leCKHX C06bl THI1 CJ1eAYIOw.aS!: (i) KHHK ABHX(eTClI 

Hanpaso, HaKanJJHB3H ::lHeprHIO OT -y, (ii) OH oTpaiKaeTclI OT r paHHubl 

3a MKHYTol1 ueml H CTa HOBHTCH 3 HTHKHHJ<OM, (i ii ) aIlTHJ<HHK ,lJ.BH)KeTCIl 

HaJJeSO , CHosa H3KaOJlHB311 3HeprHlO OT ~" (iv) OH oTpaiKaeTcH OT APyroH 

r p aHHUbl 3aMKHYTOH uenH H CTaHOSHTClI KHHKOM, (v) H T.,lJ. . 

e TO'1HOCTblO no YJJeHOB HYJIeSOro n Opfl,lJ.Ka S Bbl paiKeHfHI .uJJH B03-

Myw.eHHH (T c. e npeAI10nO}/(eHHH , '1TO cr . tJ H " p aBllbl HYJJIO) paBeH­

CTBO (3 .80) onHCblBaeT nOLl06Hble KOJJe5aHHH S TepMHHax 3JJJIHnTHyeCKlfX 

cjJYHKUHH. 4TO npeAOcraBJISlCr OCHOSY ,.!l,JJIl npOBe,lJ.eHHH 3HcpreTH4ecKoro 

aHaJIH3a [51. Tal<I1M 06 [1a30M Bblxo.uHaH MOW.HOCTb paBHa SXO,lJ.HOHPOUl 

~lOllJ.HOCTH TOKa CMCW.CHHIl MHHYC lI,HCCHnaUHlI . Bblpa)KeHHe AJlll noro 
6aJ1aHCa MOllJ.HOCTH "lOiKeT 6blTb nOJIyyeHO C HCnOJlb30BaHHeM (7.39) H 
(741 ): 

I l 

Pulit = hJll/d.T = f (Q'UT+/,JU;t)dX (714) 

o 0 

[3 :nOH cjJ0PMYJIHpOBKe Bbl.'(Oll,Ha51 MOW.HOCTb SbICSo60)K!l.aeTC51 nYTeM H3JJy­

'i('HHH na O)lHO~1 H3 KOHl(OB YCTpoiiCTBa. OPH :nOM aMnJlHTY,l.la A S (3.80) 
ca!>wnOll,CrpaHBaCTC51 Tal<, ..,TOObl 6blJlO BbIl10J1HeHO YC.IJOSHC (7.44). ECJ1H 

B t<a..,eCTBe , BhlCTynaeT np51Moi-i TOK, Mbl nOJlyttaNl YCTPOHCTBO , npe06­

pa3YlOLUce 3J1el<TpH'iCCKYI0 3HeprHlO B KOMOaHH51 C 4aCTOTOH Kone6aHH51 
HeCKOJlbKO Teparepu 

7.3.3. COJlHTOHbl HeJlHAeifHOro ypaBHeHHg IIIpeAHHrepa 

B03MYLUCHH51 IIrpalOT BalKHYIO pOJIb S npHJlOiKeHHlIx IIYW H lI,OJl)KHbl 

6blTb BKJllO..,CHbl B lIero .uJlSl nOJlliOTbl onHcallHH HCCJIe.uyeMoii cpH3HyeCKOH 

CHCTeMbl. B03Myw.CHHoe HYW I1MCe T BHA 

iii! -r /l XI +2!'/I jL'1l = [R . (745) 

OPH £ = 0 Mbl MO}/(eM nOJlYYHTb H3 (3 .106) CJJeAYIOw.ee Bblpa>KeHHe 

J1,J11l T04HOro pewellHSI O,lJ.HHO'lHOr O COJ1HTOHa. 

u( .r, f) = a secll [rJ (.1' - I!cl- :1:0)) exp [i~vr.J' .r (a2 - t1.;)t - i(TO] • 

rll,e a - aMnJ1HTY.'l.a H l ie - rpynnOB3n CKOPOCTb, ,ro H (To - 1\0HCTaHTbl, 

COOTBeTC TBYIOw.He l.(C'HTpy COOl BeTCTBeliHO orH6alOw.CH H Hecyw.eii BOJlH . 

lIJIIl npOBe.i\CHHH nOCJleLlYIOw.erO aHaJlH3a Y..'l.06HO SSeCTH nepcMeHHYIO E== 
== "t /2 H 3an HcaTb Bbipa>KeH l1e ,aJJfl COJIHTOlla B CJlell,YIOw.eH cpopMe : 

u(,r, f) = (] sech(I1B) exp(i~O + iO'). (7.46) 

rilC 

() = :1: 2~1 - :1'0 H (T = (a 2 -! ~ :2 )t - 0'0 + ~J·o . 

7.3. 3Heplemu'cec"uu QHO.1.U3 OUHCUIUKIl COilumOHa 35 1 

3 aMCTHM, 4TO 3TO Bblpa }/(eHHe COjl,CP>KHT 4eTbi pe He3aBHCHMbIX napa MeTpa 

a, (, Xo H (To. HO n OCJ1ell,HHe ABa onpeAeJl51IOT nOJIO>KeH He COJ1HTOHa H cpa 3Y 

e ro Hecyw.eA 11 n 03TOMY He Y4aCTBY IO T S n pouenype BbI4HCJIeHH 51 3lleprH H. 

nJlOTHOCTb J1arpaH}/(HaH a AJlR HCB03Myw.eHHoro HYW o npe.ueJllleTCR 

p aseHCTBOM 

f.- = ~('lL·'I/ - u; tt) - lux l2 + lul4
, (747) 

r,lJ.e u' - KOMnJJeKCHO cOnp51>KCHHall BeJlH4HHa lI,JHI 1/.. nepeMeHH bl e U H 'U' 

He3aSHCHMbl. T. K. U onpell,eJl51eTCSI JlByM51 He3aSHCHMblMH aew.eCTseHHblMH 

<PYHKl(HRMH: Bew.ecTseHHoH H MHH~10i1'1aCT51MH 3TOH BeJIH4HHbl. Bbl'II1CJISlH 

SapHal(HIO f.- no uT
, Mbl nOJIY'13eM Heso 3Myw.eHHoe HYW , a SbIYHCJlSlH 

BapHaUHIO no U - KOMnJleKCHO conpSliKeHHoe ypasHeHlfc . 

n JlOTHOCTH HMnYJ1b CO B onpeneJ1S1IOTCH paBeHCTsaMH 

Of.- i . 
7T = - = +-11 

[jUt 2 
• Of.- i 

1T = -- = --;:- 'U 
OUr 

H, CJle.QOBaTeJIbHO. nJlOTHOCTb raMHJIbTOHl1aHa 

l2 luI 4
J( - UI7T + u;rr' - f.- = lUx -

H nOJlHaH 3HeprH51 

H = 
00

f :H.dJ' . (7.48) 

--ex: 

e HCnOJlb30BaH HCM B0 3Myw.eHHoro HYI1I (745) Mbl nOJJY<laeM 

ex: 

elf{ = _ r (lLa +2;uI2 n)u; d:r.,... cc = 
dt , 

-00 

oc 

-£ f Ru; (l.~ + ce. (7,49) 

-Xl 

r.ue «ce* 0603HayaeT KOMnJIeKCHOe COnpHll<eHHe npe,l.lWecTBYIOw.HX 'weHOB . 

J151 OAHIIOYHOrO COJlI1TOlia (7.46) raMHJ1bTOliHaH (7.48) HMeeT BHA 

H = 2ae - 1a3 (750) 

H. CJle.ll.OSaTeJIbHO, npOH3S0)J;H a R ::merrHH no spCMeHH o npe.ueJ1l1eTCH p3seH -

TSOM 

dH = 2(e _ a2) da +4at;d( . (7.5 1 ) 
dl df dl 

http:npe,l.lWecTBYIOw.HX
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3aMeTH 1\1, 'ITO pa seHCTBO CO.Qep iKH T ABe npmB BOJl.Hbl e aI H Et H :ITO 

06CTOHTe.'lbCTBO npe.ll.C TaBJlReT c06011 npenllTcTBHe ,n.nS! Henoc peACTBeHHo ro 

npI-IMeHeH Hll 3Hep r eTHye CKOro MeTOAa, T. K . 1I1bl He 1\1 0)l(eM Ha HTH 06e 

3TH BeJl HYHHbl H3 oAlIo r o p a BeHcTsa (7 49) . O,nH2KO, n OJl a r a ll rpynnoBYKl 

CKOPOCTb paBHoH HyJlKl ( T e . npe,nnoJiara f! ~ = 0) K Bbl6paB B0 3MYllleH He 

Ta KHM 0 6pa30M . YTo 5bl OHO He H3MeH llJlO rpyn nOBYIO CKOPOCTb , M bl MO)!(eM 

nO.J1Y'IHTb CJle.ltYKllllee paBeIICTBO: 

00 

dH _ -2 2 do = -E f flu; dr + cc .dt - a dt (7 52) 
-00 

P aCCMOTpHM B KayeCTBC n p HMep a B03MYllleHHe 

R= 'u. 

KOTopoe He cMelllaeT COJlIHOH (nOqeMy:n ITPH TaKOM B03MYW.eHHH CHHy ­

COHIl.3.%HOe BonHOBoe peweHHe H Y W M3J10H ClMn,nH T),.ll.bl 6Y.ll.eT 3aTyx3Tb 

l<aK (>xp( -~t) . Vl3 (752) BH,ll.HO, 'ITO aI\InJJl.lT¥A3 CTaUHOHapHo r o COJlHTOHa 
onpeJl.CmleTCli paseHCTBOM 

./Il 
dt = -2~a 

11, C.nCIl.OBare.'lbHO, 

0(1) = a(o) (,-2« . 

TaKHM 06pa30M , npOCToe AHCCHnarHBtIOe B0 3Myw.CHHe .lle~lncpHpyeT a~t­
nJlJ1TY,llY CTaUHOHapHoro I IYW-coJlHTOHa B ,naa pa3a 6blCTpee. 4eM Ma.nYKl 

aMIlJlIHY.ay CH HYCOHll.a.1bHoH BOJlHbI . 

7.4. lioJlee o6~M'e MeTO.ll.bl aHaJll13a COJlHTOHa 

B 3TOM pa3,neJle 3Hepr CTHyeCKIIH MeTO,ll 6y,ner YC OBepweHCTBosaH C 

HCIlOJl b30BaHHeM .llBYX nOllXO.llOB : ~IY.%T1iMaCWTa6HoH TeopHH B03Myw.e ­

HHH )lJlll Cf-COJifITOHOB H l\IeTO!l y cpe,il,HCHHoro ,l]arpaH)!(HaHa .llnS! HYW­

COJIHTOHOB . 3TH MeTo.a.bl MoryT 6blTb IlpHMeHCHbl .a.nf! HCC.J1C,ll.OBaHHf! He 

TO.J1bKO CO.J1HTOHHbIX CHereM , HO TaK>Ke H .ll..nH ,npyrHx Jl.Hcp¢epCHUHa.nbHbIX 

ypaBHellHii B yaCTHblX npOH3B01l.HbIX, ;:wnYCKaKlUHIX peweHHH BH,ll.a ye.llH­
HeHHO I~ BOJlHbl. 

7.4.1. MYJlbTliMacIIITa6HaH TeopliH B03MymeHuii .IJ.JIH cr-KlittKa 

Pacc~lOTpHM B03MYllleHHoe cr -ypasH eHHe 

U. u - nxx + sin u = cR, 

O CHOBH2H HJIen MYJlhTH ."I aCllJTa5 HOH TeopHH B03J1IYllleHHH 3aKJlIOyaeTCll 

BO Bpe ,\feHHOM YBcJlH'1eHHH 4Hcna He33BHCHMbiX nepeMeHHblx, YTO n 0 3BO­

JlfleT OTlH!JlbHO paCCMOTpeTb ::'BOJlKlUHIO 6bICTPblX nepeMNIHbl x 

To H Xo = :C, 

7..1. SO)lee o6u-{ue .~!e rnOab' a Ha ,7U3a CO.1UmOHa 

COOTBeTCTBYKllllHX nepe~leHH bl M HeB03MYllle HHoro peweHHll , 11 MeJl)leHHbIX 

nepeMeH Hbl X 
TI = f.t H XI =~x. 

Jl.J111 peam!33U fHI 3Toi1 CTpaTc r fHl, 3aml w eM pcw e HHe B03MYllleHHOH 33,na ­

'UI B BHAe 
u(x, t) = 'lL(X o, 16, X I, T 1) , 

r1l.e Xo H To co o TBeTcTBY IO T n ep eMeH HblM x H t B HeBO.3I11Y llleH HoM p e­

weHHH, a nepe\1eHHble X I H TI - MeAJleH Hbl M (nop llAKa E) H3MeHeHHllM 

napa MCTpOB HCB03MYlllCHHOii O ICTeMbl. B 3 THX 0603HaYCH HHX CJleAyeT 

CLleJlaTb CJleJl.YI<)LUYIO 3aMeHY 4 aCTHblX npOH3BOilHbIX : 

() 8 U 
-- - + c­
~ [Y[;o 8~ (753) 

?l -> ·:lX + .: ;," . 
UT 0 0 Uj~ I 

T al<oe paCWHpeHl1e npoCTpaHcTBa n epeMeHHblx n03BOJHleT nO,D,CTp3 HBClTb 

Me1l.J1eHHbl e l3apH3UHH naraMeTpoB 11 O,1l,H OBpeMeHHO 06eCne'lHB3Tb o r p aHH ' 

4eHHOCTb R03MYllleHHo ro pew eH HH 

llJlH ,nOK3J1H 30BaHHOH 6erYllleH BOJlHbl Me,D,JJeHHble H3MCHeHHf! n o npo ­

CTp3HCTBeHHblM H Bp eMcHHblM nepeMeHHblM n ereCT3HOBO'lHbl. n 0 3TOMY 

YJl.06HO npeJl.l1o,nOil<H Tb, 'lTO 

u(.r. t ) = u(Xo. Tu,TI). 

lla.nee , CTaH1l.apTHail cpopMa Cf-ypaBHeHHH co,neplK HT 'lJl ell BH,D,a []2u/u(2 , 
'lTO npHBOJl,HT K HaJlHYHKl 4J1eHa BTOrOH npOH3BOJl.HOH n o MeAJleHHOIi nepe ­

MeHfjQrl Bpe~eHH TI. YJ.106HO TaKtKe 3a n HC3Tb B0 3MYLueHHoe Cf-ypaBHeHHe 

B BHJ.lC CHC TeMbl nerBo r o n OpH,1l,K3 

/) rv] [ 0 -I] ['tI] [0] __
()t lUI + - 8xx +sill(- ) 0 v ( =E H . (( ;>4) 

B npell,noJl0 )!(e llH.H 

u = 110 + EU, 

(CYMMa ye,D,HHeHH OH BonHbl C MenJIeHHO H3MeHS!lOlllHMHCH nap3MeTpaM H 

H nOLlCTpOC'!HOro YJle H3 . n03BOJlHKllllerO MOAHCPHUHPOB3Tb CPOPMY BOJlHbl ) 

BBeLleHHC 6biCTPbl X 1-1 MeA.1CH HbIX nepCMeHH bl X H rpynnH p oBK 3 'lJleHOB npil 

0AH Ha KOBbIX CTeneHllX E r: PH BOIl.H T K nony'-!eHHfO ll,BYX y p3BHeHHH : 

UO.To,To - 11lJ,Xo,Xo + sin '/1 = 0 (7.55) 

H 

1J-, r III J ...L [ . 0 _ -1] [U I ] =t: [ - O. l j 1.aTo LlI l.To (-OX(l Xu +C05 'Uu) 0 ILI, T~ R- 1l0,1: ,.TI 

7 56) 

Mbl nOJlYY l-iJlH 3TH ypa BH eH HR C TO'-!HOCTbKl JIO q neHOB n o pSlA K3 O(c) . 


Ec.nH He06xollH~tO BKJl Kl4 HTb 6 0 JlbWCe KOJlHyeCTBO 4neHOB, C./le!l.yeT BBeCTH 
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.llOnOJlIfHTCJlhllblC lfer{>M\.'III1 I ~l· MilCIII1..JdHpOII.11I1I11 11.,IIjIlI/.lI·P. 11PII ill r.J JII I ~ C 
C T04liOCTbfO 1l.0 4J1CHOB nOpfl1l.K3 O(e:! ) J1{'\)(lXOJIl IMO IICllIlJtL IOI~iJl L llu 
nOJlH IHeJl bHYfO n epeMCHH YfO T2 = E2t llJlSl Toro. 'ITO()bl 6611111 BCpllbJ nce 
BbIKJIa.ll.KH. 

vb y p a BHeH HSl (7. 55) BH1l.HO , 'no 110 . p a3YMeCTCR , RBJIHeTCH pCWI;!HHeM 

He B0 3MYll.lCH HOrO Cr-ypaBHeHIHl , HO n apa MeTpbl , OT I{OTOPbIX 3aSHCHT 3TO 

peweH He Un, 3aSHCRT OT Tr· I1 MeRRo :na Me1l.JleHHaSl TI -3aBHcHMoCTb 

napaMe Tpo B 'Un npHBon.HT K n OR8JlelHifO .Il.OnOJlHHTeJlbHbl X 4J1eHOS -'UO,T, H 

- UO,To,TI B n paBOH 4 3CTI1 y p a BHell HH (7, 56), 
B K34e CTBe npocTor o npHMepa pacOlOTp HM 01l.HHOlJHbIH KHHI{ (I1J1H 

aHTI1 1H1H K) 

110 = ± n.rctg rcxp ( ..-Yo -X(To,Tr)) 1 (7.57) J I - v2(Tr) , 

rlle 
aX 
oTo = u(TI) 

H oX/DT, .llOJDl< Hbl 6blTb onpe1l.e.~eHw B XO.ll.e aHaJl l1 3a . 

n O,QCTp OelJHbIH 'IJlCH v I Sl 13JH!eTCH peWeHl1eM JlI1 HeHHOro ypasHeHHSl 

756) C napa MeTp"l'~ecJ{I1M s 036Y)f{,QeHHeM cOS( /LO ) U I H 4Jt€HOM BHeW He r o 

B0 3MYll.leHHfl B npaBoii 4aCTI1 . napa MeTpli4ecJ{oe B036Y>K1l.eHl1e 06YCJIOBJIe­

HO .QHHaMHKoH peWeHI1Sl 110. a SHe W HC'e Il03MYll.leHHe - HaJlH4HeM !10 3MY ­

ll.lafOll.lHX 4JIeHOB B R. a TaKII<e .lI.l1 HaMHKoH Uo. 3a nH w eM ypaBHeHHe .lI.JlR 

lt l B CJIe.nYlOllleH cpopMe: 

'U I ]L =9"[ tL l ,To ' 

f.lle 

L == [ oro ~I ] (758)(- oxoxo + cos tio) Oro 
H 

il9" = [ - uo,v - 110,x X .] 
(7 59) R - 'ttO.1". i' - HO,Tox X . 

B Bblpa)f{ellHH .ll.J1Sl :T 

AU DX 
HiJ == aT x '= oTI I 

H 

UO.T = 'tto.l' ,:' + lIo, X X 

lLO,ToT, = UO,'li1" I) + 1I{J,r"XX. 

vb TeopeMbl ¢pen.rOJIbMa CJIe.ll.yeT, lJTO ypaBHeHlie 1l.JHI til IiMeeT 

e.llHHCTSeHHoe peweH HC, TOJlbKO ecml peweHHSl 1/1 ypasHeHH H L t 1/) = 0 
o p-rorOHaJlbHbl :T. I)l.e Lt - onepaTop , COnpSl)l{e HHbIH L . 

. rd ~ 1 

Jt' l ll olqH '/ll'JJ ~ III" 1 l' ( III fill )I(CIiIIOfD onere lOpu p aCCMOTpHM BeKTOp ­

qlYIi 1<11 1111 

11'2 
[VI ] , W = W I ] H = 

[ u tL2 

I(OT(l pbJI~ (i) On pelleJleHbl Ha 06Jl 3CTH - x < Xo < +00 H - 00 ~ To ~ 
rno, (ii) llS3)l{}lbl AHcpcpepCH llHpyeMbl H (iii) CTa HOBfl TC51 pa BHblMH HyJlIO 

npH Xu H To -t ± oo . llpl1 Sbll1 0JlHeHHH 3THX YCJlOSHH o ne [J aTOp L t o npe­

AeJlHeTCSl paaeH CT BOM 

'00 00 00 00

j j wTLudXodTo = j J(Ltw)T u dXo(lTo. (7.60) 

- oc'-cc· -x,-oo 

I1HTe rpHpYR no 1.{ 3CTRM , nOJlY1.{3CM P3BCHCTBO 

Lt = [-rhu (- oxoxo +cos vo)] (7.61 )
- 1 - OTo ' 

1-13 KOTopo r o BH}lHO, 4TO y p asl-lelll1e 

£Tw = 0 

IiMeeT 1l.S3 p eWeHIUI: 

[11 0,701°] 11 _ ['I1o.Tnv ] .W I = 
-UO,To 1/12- -Uo,v 

1--13 YCJIOS HSl o p TO r OH3J1 bHOCTH WI H 9" CJlen.yeT 

[1 (,"" r,, ", T, - UO, '4J, T,T, ) dXo1;;,+ 

L [I ("'T. X Uo T, - '~.x,"" To'r, ) dX.]~ 
00 

JRUO.To dXo · (7.62) 

- 00 

EC-Hi Uo - On.HHO 'lH bIH KHHK , TO ltO.To H lLO.X fl BJlRIOTCSl 4CTHblMH ¢YI-II\ ­

11I1SlMH n o X o - X, a 'IIO,'JoX H 1LOTo'f" - He'leTHbIM H To r .ll.a 1<03Q)(IJHUHeH T 

n p H fJX/8Tl p aseH liylllO H n p l1 nO.£l.CT3 HOSKe UO,ToTo = 11 0, X uX n - sin 1£0 

HHTerp Hp o s a llHH no '4aCTRM nepsoe yCJ10B~l e opTOr OH 3 J1 bHOCTH CB01l.HTCf[ K 

CJlenY fO llleMY p3 BeH CT SY : 

d I ? 1 2 dv00 ]
dv -L ( 2U,O,70 T 2(10..\'0 + 1 - cosvo)dXo dT 

00 

J RUO.T~ dXo, 
[ 1 

-00 

(763) 

12 
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KOTopoe nre,nCT3 B .~ He T C060K y p a BHe HHe ,nJlH 3HepnUJ 

ex:; 

~~ = E JRUt d:r , 
- ClC 

KOTop oe 6bl JI O n o -n Y 4 eHo B p33,ne JIe 7.32 C fJC n OJlb30 B3 HHeM MCHe e cp op­
MaJlbHbl X pa c c Y)K,neHHH 

n p H paccM01'peHH H YCJ1 0 BH51 o pTOrOHa Jl bHOCTH '1/;2 H :-r MO)KHO 33-

Me THTb, YTO K0 3 q)QJHL1I1eH T npfJ dt, /dTI TO)KLleCTSeIlH O pasell IfYJl lO H. 

CJ1e)l.OB3 TeJI b HO, 3TO YCJlO BfJ e opTOr OHaJ1 b HOCTH CBOt\HTOT K CJlen Y IOllleMY 

paBeHCTBY : 

CXJ 

JX [I (''<IT,X "0., ' - Uo.x "or, .. ) .LX01 JR no. !! dXo,dT1 
-= 

!{OTOpO e C YLJeTOM '/lo .x = -VO. X d H npH H1lTerpHpOBalI HH no Y3CnTM MO)Ke r 

6 bITb nepenHcal l O B CJle.u.YlOweM BHAe : 

C<J 

dX f Rua.v ci Xo· (7 64 )[:" I ("<lx, ""r, dx'l dTI 
,- 00 

vb r aBeHCTBa (7 57) BHnH O, t ITOUO, t' HSJl51eTCH He'leTHOH CPYHKLlHei-i OT 

XO - X [eJUf B03MYllleliHe R HBJl51eTC5l 'IeTH OH CPY 1'IK UHCH OT XO - X, TO 

npaBaH y a CTb paseH c TB a (7 64 ) paBHa HyJliO H, CJle.u.OBaTeJTbHO , ax/aTi = 
= O. B 3TOM c.~Y'Iae npOSelleHHbl H 3HaJlH3 3KBHBaJleH Tt'T·1 3Heprenf4eCKOMY 

aH3JII-I3Y, npeLlCTa[L~eHHOMY 8 p a 3,neJlC 7.3.2 
11.JIH KHIIKa HJlH 3 HHIKIIHK3 (757) y paBHeHH H (763) H (7.64) npHlm ­

~ la lOT c.~eJlyIOWHH BHJl : 

riu 
dT = +t(! - v2)V2 I I (765)

I 
dX 
dT) ~'" - t( J - 1; 2):1/ 2 h (766) 

rAe 

II == 
00

f R[uo(8)]sech8dG 
-x, 

ex: 

12 = f R[llo(8) ]8 scch 8 dG 
- 00 

'Uo(8) ."" I arc tg( /~) 

e = "'\0 - X (10. Ttl . 
VI - u2m) 

7. 4. DOJ!ee o6 U1 ue ;.lemo8bl a HaJ!U3O cOJwmolio 

Y p a BHeH HH (7 65) Ii (7.66) onH CblBa lOT Me.llJl eHH Oe fJ 3MeHeH I1e C Te t]eH He M 

Bp eMeHH Be "~HYHH V(T I ) H X (To ,T1 ) B HCXO,nHbIX He 33BHCHMblX n epeMeH ­

HbI X x fJ t 3TH ypa BHelIHH Mo ryT 6 blTb n epem l c aHbI B CJ1e.llYIOLUeM SHAe ' 

d'L' - = ±lc( J - '/)2 )3/2[1 
dt 4 

(767) 
dX ( ) ! ( 9' [dt = v t - F V 1 - u-) 2 · 

D epsoe H3 3TH X yp3BHeHHH MO>KeT 6blTb p eweHO OTHOCHTeJl bHO v(t) H, 

Cne.ll.OS3 TeJlbH O, p e weHHe BT op oro yp3 SHeHH fl HMeeT CJlell.YIOLUH H BH.u. : 

X (t) = J
I 

v(t') dt' + Io(1), 

o 
rne 

dxo-;It = -~cl: ( I - ('2)h (7.68) 

B HeS0 3MYllLeHI-IOH 3a)J,3'Te Be.~l1'IHHa .1'0 cooTBeTCTBye T nOJlO>KellHIO 

K HHl<a B t = 0 n pH c i= 0 :> r a Be J1H4HHa co o TBeTCTs y eT ,QBH)KeH HIO BHP ­

Ty a JlbHorQ nOJlO>KeHHiI co CKOPOCTb lO nOpR)l.K3 c H 0 6 YCJlOBJlHBaeT S0 3-

HHKH o seH I1e HOBblX t]JleHOB B Ol<Oll43TeJlbllOM BbTpa)KeHHli . onHcbls31Ow.e~t 

,nBH)KE'HHe KI-IHKa 

r (J; - I' U(tl )dtl- XO(t )) ]
UOl .I · , f) = 4 fiiTtg lexp 0 , (769)J 1 - (12(1) 

r .u.e iI(t) H .To \W)KHO n OJ1Y4HTb COOTBeTCTBeHHO n pH HI-ITerp i1poBaHHH 

nepBoro yp3BHeHHiI (767) H ypaBHeHI-IR (768) 
B 06ll1,eM CJlY4ae HHTerpanbl I I Ii [ 2 MorYT 6bIT b cjJ YHI\LlT~flMH BpeMe HH 

fJ n OJIO>KeHH R KHHK3 , HO B CJlY43e, l<orAa B03Mymel·me onpe,neJlSleTCSI pa­

BeHC1'BOM (741), R[ua(f))J il13,Tl ileTCR 4eTHOH CPYHI{LlHeH 8 . TaKHM 06pa30M, 

[ 2 = 0 H BeJlH4HII 3 !1'0 pasll a I<OHCT3HTe , "ITO CO[JlacyeTCf! C pe3YJIbT3TaMH 

3Hep r eTH4e CKOfO aHaJlH3a , SbInOJl HeHHOro B p a3,QeJle 7.3 2. 

7.4.2. Bapl1au,HoHHbTit aHaJTH3 HYill-coJUIToHa 

BTOPblM npH MepOM 60.nee o6ll1,ero aH3nlBa Jl,H H3MHKH yeJJ,HHeHHoH 

BOJlHbl i1BJ1i1eTC5l BapHau.HoHHbIH Mero,a. , Hcno,nb3yeMblH )l.JHI onpeneJleHHSI 

MeJJ,J1eHHOH 3BOJlIO U,HH npH H3MeHeHI-IH :t 1-1 t nap3MeTpOB, onHCblS a !()llI,l-I X 

peweH HC COJlHTOH3 HYW npl-l H3.~1-I4HH B HeM 4 J1 eHOB B03MYlll,eHI-H'1 3 TH 

n ap3 ~leTPbl Ha 3blS31OTCH KOJlJlE'KTH BUbIMH KOOPIU1ll3T3M H H OCHOBHaf! HneH 

HX f-ICnOJlb30BaHHf! 3aKJlIO t taeTCSI B TOM. 4 To6 bl no,nCTaBHTb COJlHTO HHOe 

peweHHe B n JlOTHOCTb JlarpaH)Kl-laH3 . 8bl'lHCJHITb y cpe.1lHE'HHY IO CPYHK­

UHIO JIarpaH)K3. C4HT3H npH HHTerpHpOBaHHH KOJIJleKTHBHble KOOpD,HHaTbl 

n OCTOHI-IHbIMH. H, HaKOHeu , n p OBapb f-l pOBaTb n OJlyyeHHblH ycpe.u.HeHHblH 

Jl a rraH )KHaH no KD.n.nCKTH BHbIM KOOPD,Hli3T3M f3] . 3 Ta C'TpaTerH SI COOTH O­

Cl-lTCll C MeToJJ,OM Yl-t3E'M3 . p3ccr.mTpeHHblM B rJ1aBe 3 

http:nOpR)l.K3
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HeCMOTpH Ha TO. lfTO B03MYllleHHH MoryT HapYWHTb r aMHJlbTOHOBO 

CBOHCTBO HeB03MYllleHilbIX ypaBHeHHH COJlHTOHa, ll.HCCl1naTHBH.hI H 3<jl<jleK­

Tbl 11 BHe WH He HeKOHcepBaTHBHble CHJlbf Mory T 6blTb Y4TeHbi npH BapH2llHH 

.narpaH>KHaHa nYTeM BBeneHHH o606111eHHb1X CHJJ, cooTBeTcTBYJOlllHX 0 606 ­

llleHHblM KoopnHHaTaM. HB>Ke 6Yll.eT nOKa3a HO. 4 TO B X0ll.e :noH npOllell.ypbl 

0606111eHHble CI1Jlb1. cooTBeTCTBYJOllll1e 1\0JJJJeKTHBHbIM KOOpll.HHaTaM, 6 YJlYT 

BBell.eHbI TaKHM IKe 06pa30M, KaK 3 TO ll.eJlaeTCH B KJJ3CCH4ecKoH MeX3HI1Ke . 

)lJl 5! HJJJJJOcTpallHH npell.JJarae~\Oro MeTOlla paccMoTpHM B03Myw.eHHoe 

HYW 
Wt + Un +21ul2u= €R 

H peweHHe 01l.H'H04HOro COJJHTOHa 

u(.r. t) = a secb(aB) exp(dJ + ia) , (770) 

r.ue 

() == x - n. 

Boo6111e rOBOp5!. B 3TO~1 BbipaIKeHI'I H HMeJOTCH 4eTbipe He33BHCHMbIX napa­

MeTpa ( HJlH KOJ1J1e KTHBHbIX KOOP.ll.HH3TbI) Ii ABa H3 HHX - a H ~ - HBJlH ­

IOTCSl KOHCTaHTaMH B CJlY4ae, Korlla U(.T. t) npeJlCTaSJ1HeT C060H peweHHe 

HCB03MYllleHHoro ypaBHe!lHll . 

IleBo3MYIllf' HHOe l lYW (1-1 ero KOMnJleKCHO conpHlKellHblH aHaJlOr) MO­

ryr 6bITb nOJlY4eHbi H3 nJlOT!lOCTH J1arpaHlKl1aHa 

f.., = ~(-It"Ut - u;'U) _IV,T 11 I lull , 

C HcnO.~b30BaHHeM KOTOPOH MO)Ker 6bITb onpeJleJ1eHa <PYHKUHfI J1arpaHlKa 

co 

L = f Ld.r. (771 ) 

DC 

Tor.n.a MO>KHO HenocpeAcTBeHHo nOKa3aTb . 4TO 

L = ~(JJ - 2ae + 2a~ da./dt - 2a c/(J /dt , (7. 72) 

H BapbHpyH 3TO Bblpa)!(eHHe llJlH L no a,~. Q H a, Mbl MOlKeM 1l0J1Y411Tb 

a/dt = 0, d(/dt -= O. 
dn./dt = 2~ . da/dt = a2 +e. 

Dpl1 HaJlH4HH B03Myw.eHHH 3TH I<OJlJleKTHBHble KOOpJlHHaTbi CTaHOBHTCH 

60Jlee HHTepecHblMH <jlYHKUHHMH apeMeHH . JlJ1H YAo6CTBa 3anHCH BBelleM 

o603Ha4eHHe 

[o , ~ , u , (J] = [VI (t) , lJ2(t) , Y3(t). Y4(t)1 · (773) 

3597. 4. Do.we o6U{ue ,I"emOabL al-taAU3a COAIWIOIIQ 

T o r .ua 

0C 

L = J ,C(U, U' , Lit, u.; ,u.;t , u;) d.l: = 

-:lQ 

= L(U" Yi.d, i = 1, 2, 3, 4. 

n OCJle nOAC1'3HOBKH 3Toro Bblpa)!(eHHH B (A.2) He06xo)l.HMO Bbl'IHCJlHTb 

oL d ( oL ) 
oy; - dt aYi.! . 

P aCCMOTpHM 3TH llBa 4JJeHa no OTAeJl b HOCTH. MeHHH nopRAOK HH TerpH­

posaHHH H l1.H<jl<jlepeHllHpOBaHHR npH onpeneneHH H nepBoro 'lJleHa. Mbl 

nOJlY4aeM 

8L o 
'Xl 

f)Yi alli JLdx= 
-oc 

;xc 

~L OU + DL OUt + of., ~lJx] dx-f- cc =f [ ou oy; ou, oy; 8u]: oy, 
-:>0 

ox: 

= f [Df.- 0!.. + IJL VUt _ -/!.- (~)L ) i)U] dx + cc, 
ou oy. Oil, ayj (]x Du,: /)1/, 

- 00 

r .n:e HHTerpl1pOB3HHe no 4aCH1M (no .1) BbIIlOJlHeHO C Y4eToM Toro <jlaKTa, 

4TO <PYHKllHRU H ee npOH 3BO)J,Hble CTpeMIHCH !( HyJlKl npl-l :1' -t ±oo. 
JIll BbI4HC.Ilel·ll-I51 BToporo 4J1eHa 3aMeTHM . 4TO L 3aBHCHT OT Y,.I TOJlbKO 

BCJJe.ll.CTEHIe H3JlHLJHfI B Bblpa)!(eHHH .lI.Jlfl L 4J1eHOB Ut H u; . T or.ua 

~ (~) = Xf !!.. [ 8£~] tl.rTcc = 
dt UYi .t at aUt aY;.t 

-:')() 

X =J !!.. [oJ:. ~] dJ; + cc 
= at 011/ ay, 

- 00 

= :xlf [!!.. ( ()L) au
ot ou, oy; 

_ oL au,] dx + cc 
OUt (')YI • -

-:;,0 

H 

8L d ( oL ) oc

J
[0£ 0 (OL \ 0 (8J:.) ] ou 

oy, - dt DYi.t = au - ot aUt ) - 0:1' Oll: oy, dJ- +('c. 
-:>0 
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n OCKOJIbKY Bblpa)!<eHHe B CJW6 KJX ~to)!<eT 6bl Tb HJ].eHTHrjmuHpOBJIIO KJl{ 

fJ = - iu; +- U;x +- 21uJ2 U • = EW . 

Mbl nOJIY4aeM B03Myw.eHHoe ypaBHemle 3iL~E.'pa-J1arpJHiKa 

DL d ( DL ) =I Du'

'~Y i - dt 0Y/.f = :: R dY i dx - ce. (7.74 ) 


-00 

YpaSHE.'IIHC (7. 74) flBJlflerCfl BJ)!<HbIM pe3y.~bTaTOM , nOCKOJlbKY 3TH 

06LIKHOBellHble J].Hcjl¢epeHUH8J1bHbIE.' ypaBHe Hl1 fl Onpell.eJlfllOT 360Jl lO UHIO 

KOJlJleKTHBHblX KOopllHHar 11 . {, 0: H a noll. B03l{ei1cTBHeM o606w.eHHblX CHJI. 

HaJlH4J.ie lW TOPblX 06YCJlOBMHO .lleHCTBHeM B03Myw.eHHH. . n OC l<OJlb I<Y n pH 

npOBe.o.eHHH npencraBJJeH HOro aHaJlH3a Mbl npeHe6perJlH 0 6 YCJlOBJleHHbIMH 

.ueKCTBHeM B03Myw.eHlli:j H3MeHeHHflMH ¢OpMbJ COJJHTOlia . 3TH 06bll<HOBeH­

Hble AH(jl¢epeHl(HaJlbHble ypaBHeHHfl BepHbl C T04HOCTblO 110 0(.0). 
B l,a4eCTBE.' nepBoro npHMepa paCCMOTpHM B03Myw.E.'HHe BHl{a 

R = - iu(x . t) . 

B 	 3TOM cJJyyae ypaBHeHHI1 (7. 74) npHo6 peTa lOT cnell.YIOw.ylO ¢OPMY 

cia/ill == -2w, dUdl == O. 
dO'/dt = 2{, da/dt '=- {/2 +- e. 

rJJ.e 3HaK == YI,a3bIBaeT lia TO, 4TO npH nOJl Y4eHH H 3Toro paBeHCTsa 6blJll1 
onyweHbl nOnpaBf<H nopll,ll,KJ C'I . 

PaCC~lOTpJ1M CJJeAYlOlLll1H npHMep 

Igo'U£R = - ifu t· --- . (7. 75)1+ piPs 
COOTBeTCTBY10lUHH CJlY4310 pacnpocTpaHeHHll CBeTa 'lE.'pe3 OnTOBOJIOKOH HblH 


YCHJlHTeJlb , HCnOJJb3YE.'MblH B KOMMYH HI,au,H OHHbl X C'HCTeMax B nOM c.ny­

'lae Be.Ht4HH3 U COOTscTcTByeT 3neKTpH4eCKOMY n omo , -i[u - .1YIHCHHblH 


4.qeH 1l0Tf'Pb Ii 4.~eH np'" flo - K03¢¢~IUl1eHT YCI1J1eHIHI . BKJlIO'~aIOWHi.j 

HaCblllleHHe llPKOCTH npl1 60nbWI1X 3Ha4eHHllX MOWHOCTH p 

')0 

p = I lu j2d.1:. 
-;x. 

napa MeTp [I. - yp06CHb HaCbl weHHH , HBJlHIOWHikl1 xapaKTepHCTI1KOH ,ll,311 -
Horo YCHJH!TeJJH . 

n pH TaKOM B03MyweHHH E · ..... r Ii .llHIi3MH4eCl<He ypasHeHHll npHHHMalOT 
CJl e,nY l0WHH BH.n. : 

do 
dt == -2[a + 2,goa dE, ~ 0, 
do . I + 2a2/1? dt 
_ =2C s 	 (7.76)

du ~ 2 -' /: 2. !II <" . - - 0 '''' ell 

7.5. TeopuR 803.l(yu-{eHUU aMi ,lfHO'JICeCm6eHHblX COAumOH08 36 1 

n p H Yo = 0 ~nl ypaB HeHHI1 Moryr 6blT b pe WellbI: 

a = (Lo e-2l' t 

E= ~o (nO CTOI1HHaH). 

['lle aD - H.a4aJlbHaSi aMnJIIHYll.a COJlHTOHa . n pH aHaJIH 3e 3HlX paBCHCTB 

MO)!<HO C,ll,eJIJTb ABa BbIBO,ll,a : 

• 	 A~wJHlTY!l.a nO,ll,BH>KHOrO H YW -COJlHTOHa .lJJ~Mll¢HpyeTcH B Asa pa3a 

6blCTpee. 4eM MaJl all aMnJlliTY.ll.a CHHYCOH.n.aJlbHOH BOJIHbL 

• 	 B03MywefU1e (7.75) He BJIHlleT Ha rpynno sylO CI<OPOCTb COJl HTOHa c 

T04HOCT blO flO 4JleHOB nepflor o nOpH,ll,Ka B CKOPOC TH ,ll,eMnqlHpoBaHHll . 

n pH go > a 4 J1eH -2fa 11.eMn¢HpyeT CBeTOBOH. HMnYJlbC npH ero npo ­

XO)!<,ll,eHHH n o B0J10KHY. a '-lJJeli +2goa/( 1 T 2a2/p~ ) - YCHJlHBaeT e ro . 3 a­

MeTliM, liTO npH YBeJlH4ellHH aMnJlHTY,ll,bl YBE'JlH4lISaeTCll 4J1eH YOtJleIlHH , 

4 TO n p l1BOAHT K H3CblweHHIO YCHJlCHHH . TaKHM 06pa30M . YCJlOBHe 6aJJa [{ca 

MO)l{H O rrOJlY4HTb H3 paBeHCTB3 af = 0, T. e. paBHOBeCHaH aM n JlHTYll.3 ac... 

onpe11.CJlHeTCH paBeHCTBOM 

(go - r)ps 
ace = 	 (777)

2[ 
vb 3Toro paBeHCTBa BI1!lHO, 4TO lI.J1ll Toro, 4T06bI KOHe<JHhlii cseTOBOH 

HMnVjlbC lie npCKpan!J1 CBOC cywecTBoBalirle B YCHJJHTeJle Hco6xo.lIl'tMO. 

4 T06bI K03¢¢Ht1.HeliT 9 0 6lM l 60JlbWe r. 

7.5. TeopHSI B03Myw.eHHH AJISI MH01KeCTBeHHbIX 

COJIHTOHOB 

01lllHM H3 caMblX BalKHblX pe3YJlbTaTOB TeopHH COJJHTOHOB HBJllleTCR 

nOJJY4eHHe T04HblX peweHHH MHOiKeCTBeHHblX COJ1HTOHOB AJl H pa3JlH4HblX 

HeJIHIleHHblX BOJlHOSblX ypaBHellHH , onHCbIBalOWHX pe aJlbHble ¢H3Ii<JccKHe 

CHe TeMb!. Vl HTepec Ho HCCJl e.ll.Oa3Tb Bonpoc 0 B.nrIHHHH H3 3TH T04Hb!e re ­

WNIMll MJJJbIX B03MYlUE.'HHH. B ~TO~t CJlY4ae C' JleJl.yeT OiKHD,aTb npOHBJlE'HHH 

no Kpai-iHeH Mepe nHTH 3¢¢el(TOB: (i) H3MeHeHlie CKopocTeH COJlHTOHOB. 

(ii) M3Mt"HeHI1e HX OTIIOCHTeJlbHblX !pa3 , (i ii) M3MeHeHHe ¢OP~lbl COJlHTOHOB, 

( iv) rCHepHpoBa HHe H3J1Y4eH1HI , H ( v ) A03HHI{HOBeHHe HOBblX HJlH pa3pywe­

HHe cYluecTBYIOw.HX CN1HTOHOB . B 3TOM pa3,ll,eJle MbI pacolOTpHM a H3J1H3 

3HIX 51 SJleH H ft. 
O llHHM H3 nOllX01l0B TeopHH B03MYLUeHHH .1l.J1H ~IHO>KeCTBeHHb[X COJlM ­

TOHOB HBJlRE.'TCH ILQnyweHHe Mell.JleHHblX BapHaUHH napaMeTpoB paCCCHHHI1. 

paccMaTpHsaeMblx B paM Kax TeopHH 0 6paTH0r1 33tJ,3YH pacceHHH51 . 3TOT 

BapHaHT aliaJl H3a , paccMoTpeHHblM B npe,ll,bI.olYlLl,eW rJla Be, npHMellHM BO 

MHOII1X cJlyyal1X [8 .10 J, 1i0 Tpe6yer 3HaH MH ME.'TO,ll,3 o6paTHoH 3aila4H 

p accellHHll KHHep H MaKJlacjMHH n OKa3aJlH S pa60Tax rII , 12J Ka({ TeopHH 

B03MyweHHM MO>KeT 6bITb n pHMeHeAa HenOCpejlCTBCHHO B TepMJ.lHaX CI<OPO ­

c TeH H !pa3 COJ1HTOHOB , a Taf()!<e aMnJlHTY.il.b1 co nYTcTBYIOw.ero H3JlY4eHHI1 . 

B KOHTeKCTe 3TH X HCCJ1en.o samll1 MOIKHO CKa 3aTb , cITO 

http:aMnJlHTY.il.b1
http:cYluecTBYIOw.HX
http:HaJlH4J.ie
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362 f.1 . 7. TeopuJI 603..ltYl.4eHuu 

1. 	ECJlH He06xo.nH~!0 Bb!I.fHCJlHTb MO.1lYJ1HUH H nOpH.1lK3 c: cKopo CTei-i co ­

JlI1TOHOB 11 HX OTHOCHTeJlbH ble ¢a3bl , TO cJleAyeT HCnOJlb30 BaTb Jll1Wb 

cjl0pMy.1Y AJIH MHOlKeCTBeHlibiX COJlI1TOHOB. 3Ta Tl'OpHH 6YAeT pa c ­
CII!OTpeHa B nOM pa3AeJlc. 

2. 	B TeopHH B03MYLUeHI1H npouecc 06pa30BaH HH 11 p a3pyweHH5I co ­

JlIiTOHOB H3YlJeH K HaCT05lllJ.eMY BpeMeHH HeJIOCTaT0 4 HO rJly60Ko . 

3 aTyxa HHe C f -I\HHKa H C f -aHTI1KHHK a H HX npeapameHHe B 6pH3ep 

- :no o.nHH 11 3 CJ1Y4aea, IWTOP I>IH MO>KeT 6 bITb I1CCJ1CAOaaH B paMKax 

TeoplHI B03MYllJ.eHH H AJlll MHOlKeCTaeHH bl X COJlHTOHOB . 

3. 	 ,llJl51 o npCAeJ1eHI111 aMnJlHTYAb! H3JlY4eHH5I OT OD,HOro I1J1H HeCKOJlbKHX 

COJlHTOHOIl nopRAKa c. HJlI1 AJIR HaXQ)KAeHHR H3MeHeHHH HX q)OPMbl, 
II 	 (KoTopaR MO)!(eT paccMaTpHBaTbcR KaK «6 JlHIKHee nOJle,), ABI1>KYUle ­

eCH co CKOPOCTbIO COJlI1TOHa) HeAOC TaT04HO cjlOpMyJl .nJ1R MHO>Ke ­

CTseHHblX COJlI1TOHOB H He0 6xo.nHMO I1CnOJlb30BaTb AOnOJlH HTeJ1bHbleII 
pe3YJlbTaThl. JJec/'!oTpH Ha TO, 'lTO na .nonOJlH HTeJlbHaR HHcjlOpMa Ul.tR 

MOIKeT 6blTb nOllY'leHa C HCn0J1b30 aaHl1eM Teop HH 06pantor o npe06 ­

p a30 Ba1HHl. ee MOIKHO nOJlY4HTb npH BblOOJllleHHH npe06pa30aaHIH! 

63KJJYHA2. 3TOT no.nxo.n paCCMaTpHBaeTCH B npHJlOIKellHI1 H . 

7_5_1. 06w.CUI TeOp"H 

II, 
PacCMOTpH;\1 B03MYLUCHHoe Cf-ypaBHeHHe (7.36) r18] H 3anHweM ero 

B BI·tAe CHc-reMbl nepBoro nOpHD,Ka 

1Ot 	 [u] + [ f) O . ( ) -0 ] [7L] = E [RO] . (7.78)u/ - .CJ' 7 SID . II/ 

rD,e 0 < [ « 1. HanOMItHM , 4TO B03MYLUeHI1e R MOlKeT 3aBHceTb OT 71( .1; . t). 
ro npOH3BOl{HbIX no BpeMcHH HJ111 npocTpaHcTBeHHoH nepeMcHHoH H RB­

ItblM o6pa30M OT x 11 t. 
Bae.ll.H BeKTop Hoe 0 6 0 3Ha'leIlHe 

W ~ [
Ut
'tI] 

' 

Mbl MOlKeM nepenHcaTb (7. 78) B cJJeD,YfOLUeil KOMnaKTHOH !jJopMe 

f) 
ot W + N(W) = d , (7.79) 

rlle 

f = [~J 
H HeJlHHeH ItblH ofiepaTop 1\-(-) onpe.neJIHCTCll paBeHcTBoM 

X (W) ~ [- OX1: ~ siu( ) 0
1
] . 

n [lI1 e = 0 HeB0 3Myw.eHHaR BOJ1Ha MHOIKeCT BeHHblX COJ1HTOHOB MOlKeT 

6 blTb 3a n Hc aH a B o6LUeM BHAe 

W (N+AI+2L) = W( x. V lt + X l, ... , U(N+M! ni', + X(N+Af +2L) : v) , (7 80) 

r Ae v - nocToRHHbl H (IV + Ai + 2L) - BeKTOp, KOMnOHeHTa MH KOToporo 

RBJ1R IOTCH CKOpOCTH N KHHKOB H AI aHTHKHIIK08 BOl1Hbl 11 2L 4aCTOT 

H CKopocTei1 6pH3epoD napaMeTpaMH x = (;r I . . .. . xlN+M -2L) HBJlRfOTCR 

nOJlOlKeHH5I KI1HKOS, aHTHKHHKOB, 6 pl13epoB. a TaK /Ke ¢a3bl 6pH3epoB. B OJ1 -

Ha MHO>KeCT BeHHbIX COJHITOHOB (7.80) HMeeT 2(N ..1_ AI +2/.-) nap aMeTpoB , 

f1BJ1RIOW.HXCR 311eMeHTaMH BeKTo p a p = (v, x). (3aMcTHM. 'l TO SpCMR t 
axo.nHT B BblpalKeHHe AJIR aOJlHbI MHOlKeCTBeHHblX CO.~HTOHOB W TOJlbKO B 

BHAe KOM6HH aUHH r iC (i = 1, 2. .. . , N + AI + 2L) , HO CKOPOCTH Vi MoryT 

c aMOCTORTeJ1 bHO BXO.nHTb BO Bce npyrHe 4.J1eHbl 3Toro Bblpa lKeHHH.) 

nepBblM 3TanOM HaLUero aHaJJH3a f1BJl5!e TC5! n peAfl0J10lKeHHe 0 TOM , 'lTO 

peWeHl1e W ypaBHe HHR (7.78) HMceT BHA 

(7. 8 1)W = Wo+ oWl + 0(:2), 

rAe B KayeCTBe Wo HcnoJlb3yeTcfI Bblpa /KeHHe JlJ15! COCTOflHH5! HCB03MY ­

w.eH HOf'O MH OlKeCTBellHOf'O COJ1HTOHa (7.80). B KOTOpO~l Bce nap aMeTpbl, 

BXOA5IllJ.l1e B cocraB Belnopa p, ~lOryT Men.neHHO H3MeHHTbCfI C TC4eHHeM 

BpeMeHH CJleJlYIOLUIiM 06pa30M : 

Wo = W U"+M+2L) [x, X I(t) J.-:41 (t), 
(782)

X('oJ+.Il4 2L)(/) T ·1'\1\ j M+2/,) (t) :v(t)J. 

r Ae dXddt = I', . 
C.ne,ll,YIOLUHe KOMMellTapHH np05!CHRIOT npHBeAel-tHYIO CPOPMYl1 HPOBKY 

3ana4H. 
1. 	 r1p e>KJl.e Bcero , BpeMeHHaH ~IO.u.yJlHllHH napaMeTpOB p(t) HHAY­

11l1pyeTcR B03M)'LUeHHeM £i nOCKOJlbKY B03MYlllelll1e nOpHtl
Ka 

0(:), dp/dt = 0 (£). MOAYJ15!UHR He H3BeCTHa Ha 3TOH CTa.o.HH 

allaJlH3 a H ee CJleAyeT onpeneJIfiTb 
2. 	 LJ.aJlee , Heo6xo.nHMO KoppeKTHo HAeHTII!jJHuHposaTb COOTBeTCTBYIO ­

lllHe «CKOpocTHble» napaMeTpbl (Vi . .. · , V(N-:\,...2L ») .no 3a MeHbl l 'i t Ha 

X,(t) . O,ll,HHM H3 n OAXOflOB K peweHHIO 3TOl1 3a.naYH HAeHTli tPHKauHH 

5!BJl5IeTCR I1Cn0J1b30BaHHe aCHMn TOT HyeCKOM !jJ OpMbl Wo tl.JlR 60J1 b ­

WHX L B n OM n peAc.ne W OMOIKHO p a 3J10iKHTb Ha KHHKH. aHTI1KHIIKH 

H 6pH3epbl. KOTopb1e Moryl 6blTb HCCj1eAOBaHbi OTtleJlbHO . 

3. 	\;f AeIlHHjJHKauH R 4aCTOTbl 6pH3epa MOlKeT 6 bITb KOppel<THO BbJnOJ[­

IleHa, ecnH Y4.eCTb npH 310M TO 06CTOflTeJ1bCTBO, 4TO ¢op~la BOJlHbI 

6pH3ep a RBJlHeTCH aHaJlHTH4eCKI1M npOAo .l)!(eIlHCM B npOCTpa HCTBe 

n apaMeTpOB ABOHH OH ¢OPMbl BOJl Hbl AJlfI napbl KI1HKa 11 aHTHKHH I<a. 

B l<a4eCTBe npHMepa pe WeHI1H HYJlCBor o nOpHJll\a paCCMOTpHM on HH0 4 -

Hwi KHH K (N = 1, AI = L = 0), KOTOPblH paccMaTpHBaJlC5! B KOHTeKCTe 

http:CTa.o.HH
http:HHcjlOpMaUl.tR
http:cjl0pMy.1Y
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TeopHH MYJlbTHMaCw Ta6 HpoBa lfHfl ( CM . p a3!}.eJl 7.4 .1). B 3 TOM CJlY lfae H3 
(7. 69) CJI e.u yeT. 'ITO 

4 cwc(g 
[
exp 

(
X-XO(t)- :rO(l) )l j

.}1 - u2(t)Wo = 
(783)

- 2u(t ) sech (..r - Xo (t ) - xo(t» ) , 
.}1 -1:2(t) .}1 - v2 (t ) 

[ 

rLle 

Xo{t) ;: J
t 

V(t') d[ '. 

o 

Ha BTOPOM wa r e 3HaJlH3a CJlen:yeT HaHTI-f CHCTeMY 0 6 blKHOBeHHbi X JUlcjJ­

cjJepeHUHaJl b HblX ypa aHeHHH , IWTOpa51 on HCbJBaeT 3BOJllOl(111O MO.uYJlflUI1H 

napaMeTp OB p(t) . llJlfl 3To r o n01l.CTa SHM Bbl pa >KeHHe (7.8 1) S HeJlHHeHHYIO 

cHcTe~ly ypaBllcHI1i1 (7. 78) Ii JlI1Heap l-t3yeM B oKpeCTHoCTH Wo: 

LWI = :r{Wu). W 1(t=O)= O, (7.84) 

rAe .IJI1HeHHbIH onepaTOp L OlJpe,ne.rr51eTCA pa aeHcTsOM 

0, L :;::: .
[ -0,IJ . (7.85)(-D.1'.J; +CO:; t'o 

TorD,a nonpasl\a nepsoro nopA!J,K3 WI Y.l1.0BJleTaOp51e T JlH HeHHOMY HeOD,Ho­

POAHOMY ypasHcHHIO C nepe~teltHblM K0 3cjJcjJI1UHeHTOM . EC.'IH pacCMaTpHBaTb 

3~O ypallHemle C HaYaJlbHblMJt JlaHHwMH. CTpeM51W,HMHCSI K HyJl 10 , TO 3TO 

3KBI1BaJlCHTltO npe,:r,no.10)J,eHI/£0 0 TOM. 'ITO njJl1 I == 0 BOJl Ha npe.n:CTaBJlHeT 
C060H HeB03MyweilHoe CO CTOHHHe CO.1HT0 l1a Wo0 

B paBeHCTBe (7.8'1) 3cjJcjJ e lm'IBH b£H HCTO'lHHK 1" onpe,ueJlHeTCR paBeH ­
CTBOM 

1 2(S+ M + 2L) "'W J 
~ v 0 (JI)::f = I(Wo) - - ~ __, (7. 86 ) 

E: ) ~ I up} dt 

B KOTOPOM npH BbllfHCJl eHl-I H ' JaCTliWX n pOH 3BO.LlH bIX BeJlH4HHbi XI (t) , 
X (X+M i 2L)(/) CLIHTaJOTCn cjJHKcHp oBaHHbl MI1 3a MeTliM. lfTO 3<jJcjJeKTHBllbIH 

I1CTOlf HHK BI(Jl lO lfaeT If.fJeHbJ nonpaBOK B03MyweHHA f, nOCI<OnbKY Wo He 

SlBJIneTCfl TOlfHblM pcweHHeM HeBo3Myu.\el·IHoH Cr-CHCTeMbJ (T. K. napa ­

MeTpbl Wo H3MeHRlOTCR C Te'leHHeM BpeMeHH ) . npH BbJ4HC.1CHHH :,lToro 

3cjJcjJeKHIBHoro I1CTOlfHHKa cJleAyeT >lMeTb B BHJlY, 41'0 dpJ/dt :: 0 (:-) 11 , 

CJleLlOSaTeJlbllO, nonpaBKa I1MeeT nOpA1I.0K 0(1), a lie 0( 1/£), KaK :no 

MOrJIO 6bl nOKa 3aTbCH np" Hcnon b30BaHI1H n pHHSlTblX 0603HalfeIiHi-i . 

PaBeHcTBo (7.84) npe.n:CTaSJlSle T C060H JlH HeH Hoe ypaBHcHHe n:JJn WI, 
RBHOe peweHHe KOToporo MOiKeT 6 blTb HaHn:eHo C >lCno.1b30saHHeM c.jJYHK­

UHH fpHHa . 8 YaCTHOCTI1 , 3T3 cjJYHI< UHH rpHHa MO)J{eT HCnOJlb30BaTbCSI .ll.JlA 

OnpeLleJleH HR H3J1YlfeHHR 113 YCKopSlIOw,eroc SI KHHKa , HO B cnYlfae, Kor .ll.a 

7.5. TeopuR 803Myr ILl< ,\(/to:JICeCrII 8 eHHbfX COA u m OH08 

Tpe6yeTc fl HaHTl1 JIHW b Mon YJl 511.1HH COJlHTO HOB, 3TH 8bllf HCJICHH 51 Mo ryT 

6blTb BblnOJllleHbl Henoc p eLlcTBeHH blM 06p330 M. 

B 06we~1 CJly yae p e We Hl-1e W I ypaB HeHHSI (7.84) B03pacTaeT C Te4e­

HHeM BpeMeH H. B 3THX c J1Y4allx lfJlCH 1I 0 npaBKH n epBoro nop"AKa EW I 
CTaHOBHTCfl n OCTaTOY HO 6 0 Jlb W HM H annp ol<c HMa UI-1 5! (7.8 1) nepecTaeT 6blTb 

BepHoH. npl-1lfHH OH 3Toro pocTa 5!BJI 51 eTCSI p e 30H aHC MeIKllY I-1CTO YHH KOM ~ 
H cjJYH Ku He H fpHHa llJISI onepaTopa (7. 85). 

B o H36eIKa llHe 310ro po cTa MO.n.yJlHUHIO napaMeTpoB {pj} CJleilycT 

Bbl6paTb TaK, '-!TOO bl HCKJ1IO'lH Tb 310 T pe30Ha Hc . J1 HHeHHw H pOCT no t 
np05!BJl Sle TC51 B Ha I-160JlbW €H CTe neHH B Tex CJIYlf a 51x . Kor,ua pe30ll aHc 

B0 3HHKaeT Me>KJlY COJI HTOHaMH B 3cjJ Q)eI-,THBHOM HCTOY HHI,e :T(Wo ) H TeMH 

IKe COJl HTO H3 MH B qJY HKUHH r p HHa. 3 TOT pOCT He B03HHKaeT, eCJlH 3cjJcjJe K­

TI-1B HblH H CTO'-1H ~IK opTOrOH3J1eH HeKOTopOMY n01l.npOCTpaHCTBY KOHelfHO H 

pa 3MepHOCTH HYJl b - npOCTp aHC TBa on epaTopa 

Lt == _ [Ot (oxx - COS "U.O) ] (787) 
I Ot ' 

conp RlKeHH oro o nepaTopy L. 
0603I1a'lI1\1 rr YJlb-npOC TpallcTs a onepaTopoB L 11 Lt 4epe3 

N(L) 11 N(L I). H AHcKpeTHbie n O.ll. l1pOCTpa HcT sa lferC3 XJ(L) H N<l(Lt) . 
3 TH nOA npOCTp aHCTsa I1Me /OT pa3Me pHOCTb 2( /I.; + .u +2L). 

VI.Il.efl 3aKJllOlfaeTC5! B TOM, '110 6bl Bb16p~ Tb MO,uy.~R I.J. HIO 2(N + /\1 + 
+ 21) n apaMeTpoB {p; } T31\ . '1T0 6 bl 3cjJCPCI<THBJlbI H HCTOYHHK :T(Wo) CTaJ! 

pTOrOH3J1eH Nd(LI). 3aMeTHM , lfTO Tpe60B31me 

:T(Wo ) .LNJ (U ) 

n pe.nCTa BJlReT c06011 YCJlOBHe pa3pe w 11~I OCTH H 3 TeopeM bl <Ppen.r o,n bl\·ta . 

3TO YCJlOBHe o p -ro r OHaJlbIJOCTH MO>KeT 6 blTb npcn.CTaBJlCH O B BltIle CH ­

CTeM bl 113 2(N +M + 2L) 06bIKHOBeHHblX AHqJcjJer eHUHaJI bHblX ypaBHeHHi-i 

nep Bo r o nOpR.l\Ka. o nHCblBalOwCH BJll1flHHe a0 3M) weltH5! ER Ha COJlHTOHbl 

J1.JlR BblB01l.a 3nlX ypaBHeHH H 0 603H a<IHM 6 a3 HC JlHCl<peTIIOr o nOJl.np OCTpaH ­

rTBa Nd(L1) lfepC3 {b) (:r ) , j = 1, 2, .. . , 2(N-r .U + 2L). Tor Jla C Y'l eTOC\ 

BbIpalKCH HH n.JlSl '1 cjJ epC'KHIBlioro I1CTO'IHHKa (7.86) Mbl MOIKeM npe.n.cT313HTb 

YCJlOB He opToro HanbHocTH B c.fJe.nYlowci1 rj)OpMe : 

"(N + JII+2L) ( . __OWo ) dPkL b ::l I - c(bJ , i ), (7. 88) 
k =1 " V PI; ( t 

rJle j = 1. 2, .. . ,2(N + M ..J... 2L ) H o603H a4ell He 

00 

(F, G) ;: _ Fr (.T) G(X) dx r 
-x 

COOTSeTCT13yeT CKaJIRpHoMY npOH313C.ll.CHHI() >lIITe r paJlOB flO .7: 

http:nOpA1I.0K
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Pa seHCTsa (7.88) npellCTa SJl 5IIOT C060H CIiCTeMY 2(N +- /II + 2£) 06b11(­

HoseHHbl X JlIiqJcjJepeHUHaJJbHblX ypa sHeHIii1 nepsoro n Op5l )l.K a, on liCbl s a lO ­

ll.lYIO Me)l.JleHHbIe 1i3MeHeH HR C Te"leH HeM speMeHIi napaMerpOB KHH KO B, 

aHTHKHHKOB H 6p li3epoB. H a 3TOM ::nane aHaJl l13a Mbl He HMeeM JlHWb 

6a3Hca llJl51 Nd(L t ), HO OH MOlKeT 6 blTb On pelleJlell Heno cpe,il,CTBeH HO 

11 3 BOJl Hbl MH OlKeCTseHll bl X COJl HTOHOB Wo Ii, CJJe.ll.OSar eJlbHO, MOllYJl 5I UHH 

napaMerp o s Pj( t) 3aSliC5IT JIfl Wb OT BOJl Hb! MHOlKeCTBelillbl X COJlHTOIIOB. 

3 a MeTliM , 'I TO 6 a3liC bj nO)l.npocrp a HcTB3 Nol{Lt ) llOJJlKeH 6 blTb o npe­

.neJleH JlHWb C TO"lHO CT b}O llO 0(1) no c. n 03TOMY npli on pell.eJJeHH H {bj } 

Mbl MOlKeM n pelle6p eLJb 3aBHCHMOCTblO Pj(t) OT speMeHH Ii C'IHTaTb 3TH 

BeJlH"lHHbl cjJH I<C HpOBaHHblM Ii Tor.na n p H HaXOlKn,eHHH ::nora 6 a 3Hca Mbl 

MO}KeM IiCnOJl b 30BaTb HfB0 3MY LUeH Hoe p eweHlie (7.80) BMeCTO (7.82). 
3 a MeTH M TaK lKe, LJTO 4J1eHbl 6 a3Hc a Nd (L ) MorYT 6bITb nOJlY4eHbi npli 

AHcjJcjJepeHuHpo BaH HH Wu n o 2(N + AI + 2L) nap aMeTpa M p llJlSl To r o, 

"lTo6 b! y 6 e)l.HTb c5I B 3TOM 3aMeTH~1 , 4TO ypa BHeHHe (7.78) He 3aBHCli T 51 B­

Hb!M 06pa 30M OT 3THX napaMeTpOB n03TOMY )l.HcjJ\jJepeHuHpoBaHHe (7.78) 
n o Pj CSOAH TC5I K CJJe)l.YIOLUeMY paseHcTsy 

L riWo = o. 
dpj 

JT.eikTsy51 TaKIiM 0 6 pa30M, Mbl MO}KeM n OJlY"lHTb 2(N -1 !If + 2£) He33BH­

CH MblX 3.nCMCHTOB 
dWu N (
dpj E J u L) . 

llJJ5I Ha XO)KACHH 5I 3J1(,MCII TOB Nd(Lt) 33MeTHM , 4TO eCJlI1 V E Nd(L). TO 

JV E Nd(LT), rAe 

[0-1].J =- I 0 . (7.89) 

n03TOMY C TOet HOCrblO AO BeAYLUero n O!.HlAKa no c 

)\d(Lt) = SpCU I { /~~O ; j = 1,2, . . , 2(J\' - M ., - 2L) } . 

I IaKoHeu , nOCKOJlbKY 

Wu ~ Wei:, 1' 1t -I X I, ... •1'(!HAl.p r./ -I- .T( \' + M + 2[.) ; v), 

0 4CB11il1l0, etTO 
dWo fJWo aWn 
- ~t--+ --
dVj - a .Tj aVj • 

r.uc npli Bbl 4HCJleHHH '~aCTHbIX n p OH3BOJlHbiX SeJ1H4HHbl {X } nOJlaraJlHCbJ 
cjJHKcHposaHHbTMH . T aKHM 06pa 30M. n pH cjJ HKc HpoBaHHoM t I<al{ qlYHKUIHI 

OT .T f dW } { DWo } 
span tJ dpJo = sp an J OPJ 

7.5. 


H p a BeH cTBa npHHHMa lOT CJleJW IOLUHH BHA: 


2 (N.,..~I-t·2L ) ( aWo EJW. 0) dPI, _ _ ( OW. o ) (7.90)I: .J~.~ d -~ J 8 ,[ , 
k= ! VPj VPk t ]Jj 

rAe j = 1,2, ... , 2( N + !If + 2L) . 3TH p aseHCTBa n pe)lCTaBJJ5IIOT C060H 

OCH OS!-IOH pe3YJl bTa T nora p 33AeJla. 
C HCnO JJ b30Ba HHeM 3THX 0 6 bl KHOBeHHbi X AHcjJcjJepeHUHaJJbllbl X ypaBHe -

HHH MoryT 6 blTb Henoc p e,ncTBeHHO onpe)l.eJleH bl 113MeHeHH5I n ap aMeTpOB 

CKopOCTeH H no.nO)!(CHHfl . )lJlH n ora Heo6xOAHMO Jl HIll b 3Ha HHe BOJlHb! 

MHO>KeCTSeHH bIX CO.nHTOflOB. B WHPOKOM CMblCJlC HCnOJlb30 BaH He Teo pHH 

B03MYLUeHH5I n03BOJJliJlO cBeC TH aHa JHl3 6 eC KO He4 HOMep HOH cHcTeMbl (HC­

xOARoe )lHqlcjJep e HUHaJJbHOe ypa BHeHHe B 4acTHbl X npOH3BOJlHbIX) K a Haml­

3y I<OH e4HOMepII0 ~i CHcTeMb!. 3Ta peAYUHp OBaH Ha 51 CHCTeM a npe,nCTa BJJ 5IeT 

C060H MHolKec TBO 06blKHOBeHHbiX )l.HcjJ cjJepell UJ.1 aJlbHbIX ypasHeHIiH. onHCbl­

BalOill.HX OcHOBHble x apaKTepHCTHKH COJlHTOHa: erO n OJ10lKeH He H CKOPOCTb 

7.5.2. C TonKHoBeHiHI KHHKa C aHTHK~UlKOM 

B K8eteCTse npHMepa n p HMeHeHH 5I TeopHH B03MYll.leHHH AJl51 MHOlKC ­

CTBeHHbl X COJlHTOHOS paccMoTpHM CTOJJKHOBeHlie KHHKa C aI!HIKHHKOM 

B03MYLUcHHoro cr -ypa BHeHHfl 

(7.91 )
Ute - 1/ ;r;r --'-- ~in v = -nUt - I ' 

r)l.e -00 < x < +00 B 3TOM npliMcpe (\ - M8J1bTH napaMeTp , COOTBeTCTBY ­

IOWHH ,ClH CCHn aT HBHbIM 3cjJ\jJeKTaM B JlJlHHIIOM nepeXOJl.e lllK03ecjJCOHa , \I 

~r - napaMeTp CMe LUeB HH, HrpaIOUJ.HH pOJJb HCT04HH!<a 3HeprHH npep,no ­

JlaraeTC5I, 'lTO },HHK H aHTHK HHI< HMCIOT CKOPOCTH COOTBeTcTBeHHO v H - II. 

ECJJH napaMeTp I ilOCTaT04HO MaJl , CKOPOCT b 'U 6Y.ll.eT YMeHbwaT hCfl 

BO BpeM5I CTOJJKHOBeHH SI AO HeKOTo poro MH HHMaJl bHOr O 3Ha'leHI151 , a noure 

C TO,~KHOBeH HS1 - C!lOBa 1l0 3paCTarb AO p a SHOBCCiloro 3H34eHHfl voel' onpe­

ACJJeHHo ro paBeHcTBoM (7.43). B 3TO M cJlyet ae , napa KHHKa H a HTHKHHKa 

n p OLl.OJllKar CBoe CYLUeCTB OBaHHe nocne CTOJJK HOBeHH5I . E CJlI1 Be JJ H4liH3 I 
MfHbwe HeKOToporo KpHTH4eCKo ro 3a H4eHH5I IC. C.KOPOCTb YMeHbWaeTC5I no 
HYJJeBOr O 3HalleHHIol Ii napa KI1HKa H aHTHKHHKa n peBpawaeTCSI B KOJle6JJIO­

LUHik51 6 p H3ep , I{OTOPblii He cnoc06eH a6cop6H pOB3Tb 3Hepmlo c~ellleHHR 

H nOCTeneHHO 3aTyxaeT. 
Ouel-ll{a l<pHTH4eCI<O rO 3Ha4eHHSl 3HeprH H CMeUleHHSI MO}KeT 6 blTh nOJlY ·· 

'leT la C HcnOJl b30SaHHeM CJle,ClYlOlllero 3HCp reTHlJe CKOrO aHaJl H3a nOJJHa 51 

KITHCTH4CCI<af! 311c p rHSI KHHK3 H 3HHIKHIIKa, JlUH)!(YLUHXC5I co CKOPOCTblO 

V ox;, onpeD.eJJRerC5I paBeHCTBOM 

8 
! 8 2 - ?'Ekill == 2 x 2 X Xl''X) - \ ~ (4nj-rf)­

http:6Y.ll.eT
http:HrpaIOUJ.HH
http:BalOill.HX
http:1'(!HAl.pr
http:nOp5l)l.Ka


I 

I 

~ T' 

I 

I 

I 

II I 

368 

rae 1100 3aAaeTClI paue HCTBOM (7.43). n OTep 51 3HeprlH I BO !lp eM 51 CTOJlKH O­

BCHHfI E ,o", 6 br.n a BbIYl1c.neHa neAepcc HoM C coaBTOpaM H: 

Elos;; = 41i 2oJ(v), 

rae l tv) - CPYH KU,HII , KOTOpa51 rJl aD.KO y6bl Bae T OT 3Ha4eHHll 2 n pH v = 
= 0 .uo 1 npH v = I [241. (K HBwap H MaJlOMCD. no.nYYIIJl H A p yrylO 

o uell KY n OT€' p H 311ep nr H 81T2(l [141 .) Kp HTH4ecKoM Y 3Ha4eHHIO nap a MeTpa 

"Ie COOT BeTCTByer c lnyaUHll , KorAa Ekin = £'0" : 

2 16(l3j
"I = ~-;;--

c 2 - 1i2af' 

T o raa npH n « J / rr2 MbI HMeeM CMAYlOlllYIO Oll,eH KY 3Hep rH H: 

2V2 Q 3/2 < "Ie < 40:3/ 2 . 7.92) 

.LLaJ1ee Mbr par CMOTpHM AOn r OC 0 TOM , Ka K 3TOT pe3YJlbTaT corJlacyeTcfI C 

OOJlC€' TO'llIOii OueHKOH, nOJlY4eHHOH C HCflOJlb 30BaHHeM TeOplfH B0 3MYIll,e­
HI1H. 

.LLJl51 pa3J10)!{eHHfl W = W o -t nW1 + .... rile 

Wo = [vol 
UO.t • 

Me~lJ1eHHall MOJlYJlflU"HI KI1HK -aHTH I\HHK-peWE'H H!! HMe€T fll l 

Sh f: ,,(I') df + IOU ~) 1
'lIu = 4 aret,!!, 

[ '(' lOil (.1' - .TI(t) /V' l - (,2 ) 

COOTBeTC TBYlOlll a51 ¢ o p MyJla AJ1 !! BToporo KOM rrOHcH Ta Wo ~lOiI<eT 6 blTb 

nOJlyyella aHaJlOrll YHblM 06pa30M. B 3TOM BbrpJ>K€H HH H~1peTCA .n Hl,U b Tf'lH 

He3JBHCHMblX napa~I CTpa V, Xu H ·1'1 , riO He ljCTbrpe, KJ K 3TO MO>KHO 6 blJlO 

6 bl OiKHtI,JTb aJl !! KHHK-aH THKH HK- pe weHHA . 3 TO n pOH30WJ10 n OTOMY. YTO 

OHO OblJlO nOJ1Y4eHO B npeJ\ flOJlO>KeH HH 0 pa Be HCTBe CI(op OCTeH I( HHK a H 
a HTHKH HKa. 

B 0 3MY llleHHe n epBoro n OpflD. Ka 

WI ['U I ] 
'111./ 

rCHepHpyeTcSl 3¢tpeKTIIB HbIM HCTOYHHI\O M 

:T(WO) = ~ [ - U{) ,I;i) T lIO:.J..i, + /J{).xo:tu J-
If - 0 ' 110 I -- ~l - 110 V + '{I ~ X - v( r'" ,. ,vi "\J .rl I . ',xo /' () 

I' 
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KO TOPbl H AOJl >KeH 6 hlTb opTor OHaJleH a HcKpe THoM Y HYJTb - n p OCTpaH cTsy o ne­

pa Topa Lt . TPH He3a BHCHMbl X 3J1CMCHTa 6 a 3Hca npOCTpallCTBa N,I{L i) 
MoryT 6blTb H2HJl.CHbl rryn'M JlH cpcpepCH Ul1pOS3HH fl 1Lo 110 J.', I H v : 

tI= [UO'I t] . b2 = [Uo. ] , Ii b3 = [ua
.!!! j . b l - U U.T -Uo.!. - uO.1 

[CJl H X I = 0, qJYHI\LlHH lLO .xt H 110 ,x 51 BJl llIOTCfl yeTHblMH no nep!"MellHOl1 

X H. CJlCAOSaTeJlbHO, YCJlOBHC opTOrmlaJlbHOCTH (:F,bI) = 0 [l bInOJlHeIlO 

aBTOMaT!fYeCKH 11 A.~lI era BblnOJllleHIHI HaM He CJlellYCT lIaKJlaAl>IBaT b 

K2I\Hx - .nH60 OrpaHHYCH HH H2 il. il H io . K p oMc Toro , K03cpcpH u,HeHTbl npH 

:h B Bblp3>KeHHIIX AJlfl (:1'. b? ) H (:1', b ,) paBlIbl HyJl lO n03TOMY n apaMcTp 

.1'1 MOiKeT 6bIT!> Bbl6 paH p a BHbl M HYJlIO, YTO c ooTBeTc TByeT CJlY4a lO , KorAa 

CTOJlKHORCHHe I\H HKa c a llTHKHHKOM npOHCXO!HI T B lla4aJle !{OOPJl,IIH31' , 

nocJlc I1CI,JlIOyeHlifi HYJleBblX 4JlCHOB YCJlOBHR (:1'. b~ ) = 0 H (:1'. b3) 0 
npHHHMalOT CJJeAYIOWHH BHA: 

.x. ) ox: 
(7.93) -l(uo,1I1l0," - liQ, t,t 110,/ ) dx i) = -l(n'll 6.t +- ~('ILO {) (LT 

( 

( (791)J(u o. lI t'U XO -110,xo/ V O.,,) dX) Xu = J(o.uo .• ,UO.1 + )UQ" ,) d.l' . . 
~ 

klHTerpIIPYSI n o 

nOKa 33Tb, YTO 

rH I1 

rAe 

- 00 

4aCT5I\I C Y4CTOM paBcllcTDa (({I,ll = 1l0 ,./·,; - l>iu 110, MOiKHO 

n ep[loe H3 3H1X paBcHcTB 3KBHBaJlCHT HO yp3BHCHIlIO 3HCP­

dII (uo) I' = -
co

J ((} II ~ , t + ~I IJ O, t) d.l'. 
rio 

-'' ­

H(1I0l = .Vi - v2 

Tor!l,a CKOPOCTL v ~IO>KeT OblTb o npeACJleHa Kal{ peweHHe 06blKHOBeHHoro 

1111cpepepellUl13JlbHOrO yp3BHeHHfl 

I(I. I _

de ­
r.----;2,/ 1 - t''''f' 

u 
e ~ .)P(?' . (\, I ,v , . rAe 

e ~ f~ {' (t/)dt'.L :1:0(1. ) 
'1 - 1,2 

(7.95 ) 

H 

.) " 12 ell e J ,)
F= ')' 71( l - l' -)~ - nil ( l -I'-) x 

4 J:'lh2 e + u~ 

[ 

-'­ _ log I ( i ,h' ,,)+ ", - , h e) /vl ] 
2 ..; ') .

V sh (~ sh- e -1- I '} 

ch 2 e 
x ......-,,,.----:::­

"h2 e + .(' 2 
(7.96) 

1 
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P HC. 7.2. i aBHCHMOCTb ~1ClKllY 0 H 1( I1pl! KHHK -a HTHKH HK -aHHHrHJl~UHI1, nOJJY4eH ­

Hall npl1 4HCMHHOM IlHTerpHpOB3HI1H ypaBHeHHIl (7.95). 

n pH 'HICJleHHOM HI:ITerpHpoBaHHH nora ypaBlleHH5I npH Ha'laJlb llbiX 

ycnoBII5Ix I' = "x> npH t . , - JC 6bWO OnreAeJleHO l<pHTH4ecKoe 3H84eHHe 

3HeprHH Ie . npH IWTO[lOM Ii YMCHbwaeTCH D,O Hynesoro 3H34eHHl1 . T. P. . nro ­

HCXO,il,HT aHHHrtlnHUHH KHHKa H aHTHI'HHKa. Jt!.306pa>KeHHble Ha pHCYHKe 

2 pe3YJlbT<JThl COfJlaCYIOTClI C 'lHC.neHHbIM HHTerpHp08aHileM ypaBIIeHHH 

(791) npH 3Ha'leliHRX (} no (}:::::: 0 .. '3 118J. a TaK>Ke C oueHKOH (792) 

7.5.3 _ H3J1YQeHHe <pJ1aKCOHa 

B f1pHnO>KeHHH H nOI<a3aIlO , 'lTO H3J1)'41.'IiH€ CO.~HTOHa 'IO>KeT 6b1Tl> 

BLJ4HCJJeHO C T04HOCTbJO ;to nepso ro nOpH.ll.I<a no qJOrMY/le 

W1 (.T. t) = J 
Ix

f 9(·{,(i J:' . t')'Y(x' .t')d.r'([I' , ( 7.97) 
1) - :><. 

r;,\(' 9(:r , tlx' . t') - H3JlyyaT<~nbHaH (PYHKUHH fpHHa H :r(.x' , tIl - HCTOYHHK . 

B HanORl1leM pa3AeJle Mb\ 6YAeM HCIIO,lb30BaTb 3Ty cpopMynHpOBl<y .ll,J1R 

HCC.1enOBaHHH H3JlyYt'HIHl cpnaKCOila B nepeXO.D,e ,U>K03ecpcoHa. pacnpocrpa ­

HfllOUlerOCR B 06Jl aCTH nepHOAH4eCKOH npo crpaHcTBeHl-fOH MonYJIlIUHH (HJIH 

s 06JlaCT"I H3MeHeHHH WHpHHbl nepeXOAa) r18]. 
non BJlHRlmeM AH CCllilaTli8HbiX 3cj:J<jle!<To8 CKOPOCTb KHHKa 6y.n.eT KOJle · 

6 aT b CH 86,1 H3H )-'Cpe:1.Hell Horo 3H<J t jCHJ.lfl Un. C 4aCTOTOH 

..u() = 27rI'm / a. 

rAP a - IlCPHOJl. npocTpa HCTsPHHOH MOAYJlHUHH. Tal<HM 06pa30M. HCT04H~IK 
B (7.97) 6 YJl.C T HMeTb BHA pl1Aa ¢YPbC no Wa: 

,I I _ • (.I I ') . • ' I ILo.l u,' "( . .1 ' ) -i ......'u tl:r(.r . t) -Fa.l. - Imi + F r(.1. -om/.)e + FI .I - lIml C + 
+ r arMOHHKH oOJJee BbICO !WrO nOpH.Il.Ka . 

\ 

7.S. TeopuJ! e03Myu~e/l.wl OAII "'-H01lCeC lneeHHbIX CO,1UlnOHOe 

PaC C~IOTpHM CHa'laJl3 YJleH ycpell,HeH HH 

W1 0(1' , i) = 
00 t 00 

i [k(A)(X - .r') + w( .\) (1 - t'm 
= 4~i J <1,\ Jde J d:r'cxP{ A«(2 _ ,A2)2 X 

-::>(; 0 -')0 

(7.98) x (gtJ] Fo(x' - v",t'), 

rAe KOMoOHeHTbl (~yHKUHH r pHH3 onpeAeJleHbI pa seHcTBoM (11.8) 11 .\ ­

cneKTpaJlbHblH napaMeTp, n 0 3S0JlHIOUJ.l{H SbtnOJlIHlTb I1H Te rpHpo saHHe no 
'laCTOTe. 3TO Bb1ra>KeHHe. B COeTaB KOToporo BXO,rUH HHTeqJHpOSaHHe no l' 
OT 0 .11.0 t, n03BO.UleT onre,lleJlHTb nepexoAIlYIO XapaKTepHCTHKY npH BKJlIO' 

eHHH Fa B MOMeHT BpeMeHH t = O. D.JUI onpe.n.eJleHH51 Xapa l<TepHCTHKH 

YCTaHoBHswero cH re>KHMa Mbl MO>KeM C'1l-IT3Tb . 'lTO 

t 00 

lim Jdt' = J £It' 
1-00 

-I -00 

n pH HHTerpHposaHHH no .1" Mb\ I-I MeeM 'I/le llbl 

'Xl

J dx' F(;T.' - um !') exp(ik:r') (X CXp(iJl 'm t') . 

-:x: 

TaK 'ITO npH HHTerpHpOBaHHH no t' HMeeTC5I MHO>KIHe/lb 

00

J dt' f'xp ii(kvm T w)t'1= 2.,.cS({..;vm +w) . 

-00 

TaKHM 0 6pa30 M. B paseHcTBe (7.98) w = kl l m • H3 ',ero CJJeAyer, 4TO 

WIO(:l' . t) - (PYHKUIHI JIHWb X - v,,,t. D.pyrHMH CJlOSaM H , B03MYl1leHHe 

YCTaHoBHswcrocR pe>KHMa ABHraeTCfl BMecre C KHIIKOM l-t npHBollHT K 

Koppel<uHH nOpRJlI<a £ cj:JOPMbl 3Toro KHIIKa . 3TOH nonpasKoH MOiKHO npe­

He6 p€:4b npH OnpeAeJleH I1H I!3JIy"!eItH5I C TO'lHOCTbIO AO nepBoro nOp5lAK(l. 

PaccMoTpHM AaJlee OCHOBHYIO rap MoHHKy :r 

W 'I(X,t) = 
00 cc co 

= _I. J riA J dt J d:r:' cxP{ -i[k(A)(:e - x') I »(.\)(t - n1) 
41Ti ' . .\((2 _ ,\2)2 X 

-:xc -x -'X 

X [YtJ] [F ,(.r'-l'mt')e' '''-' ' + F~ (.r:' - (,,,,t')r.-iW' j . (7.99) 
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K aK H B npCJl.brAYLUeM CJJY4ae, npH HHTerpHpOBa HHH n o :r ' Mbl n o.nY4ae1o( 

4JleH cxp(il,""rn t ') H. CJleAoaaTCJJbH O, llpH HI-ITerpHpOBa IiHH n o I' Mbl fTOJJy ­
yaCM x

f exp{i tkL'rn + w ± wal t'} LIt' = 27r(5(kl'lII +- 1.<. ' ± we), 
- :>v 

T. C . • 13JlY4CII He HMeeT .no n nJlepOBCKll ij Cn,ElH r ' laCTOTbl I): 

w = - kvn, ± uJo , 	 (7 100) 

v!cnYCK aeMOC H3JlY4CHHe yn,OBJlCTBOpfteT C.OOTHOWCHHIO ,J.HcnepCHH, KO­

Topoe B CPH3H'TCCKHX eJlHHHuax HMeeT cnenylOLUHH BHn: 

u)2 = 1,:2('2 + W] , 	 (7 10 1) 

rAe . H COOTBCTCT[]Hlt C TepMHHOJIOrHeij 1l}K03c lpcoHa , C - <' CKOPOCTb 

CBHxapTa» H I.<.' } - «nJIa3MeHHaH 'l aCTOTa ,) nepexona . PewaSl YraBHeHIlR 

(71 00) H (7 10 1) OTHOCHTCJlb HO W , Mbl nOJ1Y4aeM 4acToTY H3.nY4 eHHR 

f- (Om/r')II- (-v}/wg)( 1 - v;,J(:2) 
l.4' = WO 

1 - V~,IC" 

3HaLfeJJl.tC IWTOPOH CTpe\H! TCR 1< LJo/( I -' ,,2/(;2) Il pH crreMJleHHH ycpcn:­

flCHHOil CI<OPOCTH <j.lJlaKCOIl8 K C!\OpOCTl1 CB~I.XapT3, 

7.6 . B03MYlll.eHlul HeHpoHoB 

O .l1,Ha 113 OCJ!OBHbIX HCJleH !lTOH KHlI f lf - nOKa 3aTb , LfTO COJlHTOHbl XOT51. 

H flrpaloT B311<Hyro PO,% H TeopHH l<orepCHTHl>IX crpyl<TYP, 110 HB.rJSlIOTCR 

JlIHUb yaCTblO sceil KapTHHbl r ,nasa 4 6blJla 1l0 CBftWeHa IfCt : lenosallHIO 

CH CTC\1 pea KIU'IH -AHCprj>PIIH , B I<OTOPblX Ko repeH THble CTPYI<Typ ul B03HHK3 -

JI I! B xo.ne lfCJIHI·Iel·i1lblx H321IMo,nei-icTBHH MeA,llY HCTO'lHHl\aMH 3HeprHH H 

.nIlCCH naTHBHbIMI! 3cp<j.leKTaMH , 8 3TOM pa3.Qt'Jle MbJ n OKa)KeM, KaK TeOpH51 

B03MYlllellH H Mo*eT 6blTb npHMeHCHC! K IICHPOHlIbtM CHCTeMaM , o nHCblBae­

Mbl M ypasHeHHRM H peaI\UHH -.llHCPCPY3HH . 

7.6.1 . CHcTeMa ~HTu,XblO-HaryMo 

8 pa3.11,eJle 4,3.2 Mbl p acolOTpe.rIH Mo,neJlb <PHTllXblO-lla r YM o (cDH ­

MOJleJIb), o nHcblBalOlllY lo pacnpocTp aHeHHe HepBHOr() HMItyJlbca. H nOKa ­

3a.nH , 'ITO CI(OPOCTb 6 el'yweii 130JIHbi t' B ':lTOr-1 lIepBc 5lB.1HCTCft qlYHK­

aHeil OT TeMnepa TYflHo r o napaMcTpa ~ (CM PHCYIIOI{ 4. 12) , H H)Ke 6Y)l.CT 

npe.ncT3BJleH o CHor;3HHbIH Ha HCnOJlh30BallHH TCOpllH B03~IYUleHIIH MeTO,n . 

II pen.1I0iKeH H blii KacTcHo~l If ero KOJlJJeraMH Ii n03BOJJHIOUlH i1 nOJly'1HTb 

H306pa)KeHHY10 lIa pHcYHKe 4.1 2 KPHBYKl B AHana30He 0 < E« 1 [Il l 

1) KPHCTH:lH ~! oraH )lOrI n,1ep (1803- 185:3) - ascTpHHCKHfi cpll 3HK II M3TeMaTHh . 

, 

eHWl lieilpOIiOB 

P aCCM OTp H),i ypaBHelI HH (425) H (4.26) n p H b = 0 H C = 0 

f)2V 	 8\/ 
(11) R(}(2 + 1) 	()~ = 

DR cV 
8~ = - -;- ' 

( rIpeJl. nOJl O*!'HHC U TOM, ' ITO II H ( . p3BHbi HYJIIO, CAeJiaHO AJl H ynpoLUeHH H 

BblkJI3AOIC rIpenCT3 SJ1eHHble PC 3YJJbT2Tbi MoryT 6blTb nOJlY4elibl 11)151 06LUC­

r o c .ny '1aft 211aJIOrHYHblM 0 6pa3 0 M. ) 118Jlee , npCJl.CT8SHM v , V H R B BH)l,e 

CTenCHHblX pRAoa no c: 

L' = Vo + H I -+ ;? U2 +- ' .. 
V = \10 -I fJ'1 + c2V2 + . 

'J
R =Re +cRI -l cR2 +· ··· (7 102) 

rIPHP2BHHB2 R lIJIeHl>1 npH paBllblx CTeneHHX ~, Mbl nOJlY4aeM 

d2FO 11\'0' . , _- + 1'0 - - 1F(Vo) - RoJ = 0
dc2 d~ 

dRo = 0 (7 103) 
d~ 

H 

2 
VI d\ '1 

- -I- Va ,./f;r/ d~'l -1'1F'(VO ) = HI -- '1'1 d( (7 104) 
df.2 (I" • 

dRI \to 
(71 05 ) 

d~ 1'0 

8 npc.nllo.llo*eHHli . 41'0 HMnYJlhC pacnpOCTpaHfteTCH B o6.~ac Tb "YJJCBoii 

nepeMel!1I0H BOCCTaHOBJleH >1ft (CM PHCYHOK 4, 10). Mbl nOJIYLwcM Ro = 0 
II 113 HaWNO HCCJle.ll.OBa IIH51 3cD -ypaBHeHp.H B p a3Ae.ne 4,1.1 CJlcJlyeT, 4TO 

yparllleHHe (7, 103) liMeeT peweHHe 

\~)(O - [1 +exp (OJ2)r l 
(7106) 

nl)H HI-ITCrpUpOBa I IHH (7. 105). Mbl nOJlY'lacM 

00 

R\ (C) = ~ J 1"0(.:') df,' , 
110 

~ 

TaKHM o opa30M. B npa BoH 4aCTH ypaBHeHHR (7 104) lIaM I1 3BeCTHbi Bce 

YJlCHbl 3a HCKJlf04eHIleM BeJlH'-Hilibl VI , HO OHa Mo*eT 6blTb Bbl6paHa TaK, 

4T06bl 3TO y paBllcHHe YJlOBMTBOPHJ10 YCJI OBHIO <ppcArOJlb~1a lIa cYlllecTHo­

BaHHe peweHHSl, 

http:pa3Ae.ne
http:3HaLfeJJl.tC
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Jl.Jlfl o cyweCTBJIeHHH YI(2 3a HHOr o Bbl60pa 'V I nepenHWeM ypa BHe l lHe 
(7104) B CJlellYlolue i \ <jJopMe: 

d\' 1 
L \ , = RJ - VJ dE . 

rAe OlIepaTOp 

d2 d ,/ .
L = - . + VO - - F ( ~o ).

de d~ 

n pOJlH<jJ<jJepE'Il UHpOBaB (71 03) n o ~ MOI!\HO nOI{a3aTb, YTO elVo/elf, HB.J1HeTCH 

HYJIb-<jJYHKuHeH onepaTopa L. C OnpHl!\eHHblH onep2Top 

d2 d 
[,t = - - IJo- - F '(Vo)

d~2 d~ 

HMeeT Hynb - qJYHKUlilO 	V, : 
£11/-'=0 

Ii 

I 1'O cdlij
~' - (. ' d[ ' 

C OrJ1aCHO Teo pcMc <1>pen,rOJlbM3 He06xo.lIJIMbllll yc .noBHeM Cyw,eCTBOBa ­

IiIHl reweHHA ypallHcHHH (/. 104) HBJlHeTCfI opTOrOllaJlbHOCTb lj.' npaBoH 
lJaCTli 3Toro y p asHCHHH. TaKH .\l 06pa30M, 

11 CKOPOCTb 6erYlllci-i BOJlHbl onpeAe.rJHeTcfI pa BeHcTBo~1 

} _ .} ( c ) f:-x [J~ Fu(n d~'] (ri Va/dO e"~E d~ ",2 

t - 10 + 1'0 I~=(d\lo/rl0 2 e ll()~ d~ + 0(_) . (7.1 07) 

nCpBbil~i lIJICH S n p3S0H 'Jacm 3Toro paSe l !CTSa onpe.llenfieT CKOPOCTb 

6crYlllCH BOJlllbl B CJ1Y'lac. KOI n,a E 11 nepeMeHHafi BOCCTaH OBMHHfI R paBHbl 

HYJlfO. O Tpl1UaTCJlbHbl H BTopoi1 4JIeB npeACTaSJlRCT c 0 60H I10npaSK)' nopflA ­

f-:a 0(- ) AJlfI CKOPOCTH 6ery w.eH BOllHbl B npe.ll.nOJ10iKemlH , 'ITO rilllnYJlbC 

coxpa HAeT CBOIO qJOPMY HY.ilellOro I IOpflJl!<a . nOC'Jlen,HHH lJJleH COOTSCTCTBY ­

eT BapH3UI1HM CKOPOCTH 6eryw.el-i BOJlHbl , o6yCJ I OBneIlHbl~1 113~eHeHHHMH 
<jJOPMbl HMnyJJb Ca 

npCACTaBJJeHHaH npOUC.llypa He nfHlMeHHMa B OTHOWCHHl.f HeYCTOKYH ­

BOl'O HMrPIJl bCa MelluweK Cf{OPOC TH n pH /lo - 0, HO C HCllOJlb30BaHHeM 
pa3J10>KCH HH [4 [ 

V VO ;-~VI -EV?7 ' " 
H = .;E R I + E.R2 .;.. 

V ..j£ VI -:- EU2 + .. 

, 

.6. B03.MYUjeHwl HelipoHo8 

MOiKHO n OJlYYH Tb cnen,YlOutee paBeHCTBO: 

l ' = .ji L'I + O(C), 	 (7. 108) 

rAe r J~oo \/02 ~ 11 /2 
LJ_= lO Vc .. - , ~ .­

~ 

ACI1MnTOTI14eCI{ Oe n OBen,eH He B6Jll1311 E = 0 HMn y.%C OB co CKOPOCTfl MI1 

(71 07) 11 (7108) COr.J1 2cyeTcH C r p a<jJHKaMI1 pe WeH I1 K 6eryweH BO.J1H bl n,nH 
<1>H-cHcTeMbl . H306p2iKeHllblMH Ha (u ,c) -nJIOCKOCTH (C M PHCYHOI( 4 12) 

7.6.2. 	3J1eKTpO}lH Hal\Uf 4eCKoe (3cpanTH'feCKoe) B3a H MOJl.ei1cTBHe 

HepBHblx HMnYJlbCOB 

B npeJl.bln,y uteM pa3D.e.~e npen,03BMH aH3 J1H3 B03MYW.eHI1H .llJIH ctJH ­
onHcaHHR pacnpoc TpaHcHHH HepBHoro I1M n yJlbca C Hcnonb30Ball l1eM lII a­

.J1oro napaMeTp3, B Ka4eCTBe KOToporo 6w.J1a Bw 6 paHa 06paTHaA BeJIH411 -

Ha BpeMeHHo K noc ToHHHOK , onpe.lleJlHIOllleH nepeMcHHY IO BOCCTaHOBJIeHHH . 

IIHiKe 6 Y.llYT pacc~lOTpeHbl n,Ba HepBHblX BOJIOKHa , I\oTOPblC pacnOJlO>KeHbl 

napaJlJle.J1L l lO n,pyr n,pyry H Ha He60J1bWOM paCCTOHHI1I1 . B 3TOM cnY4ae 

3J1eKTpOAl1l!aMII4CCKHe npoueCCbl B OAHo~1 BOJlOI(He Mory! n OB.lIHHTb ria 

3J1eKTpon,HHa~H14CCJ<He npoueCCbl S ll.pyroM BOJlOKHC. O o,no6Hwe B3aHMO­

JleiicTBHfI napaJlJle.'1bHbIX BOJIOKOH HCCJleAY IOTC51 3J1eKTpo<jJ113H o.~oraMH C 

1940-x rOAOB [9.28]. TepM HH O<jJ311TH'leCKoe» B3aJlMon,ei1cTBl1e (no KOH­

TpacTy C <' CHl'lanTI14eCKI1M» I) S3aI1MOlIeH CTBl1e~t) YKa3bl BaeT Ha TO, 'ITO 

3TH B3aI1MO.llei1cTBHfI MoryT CJIV>KI1Tb B Ka4eCTlle cpellCTB !(OMMYHHKaUHfI 

MeiKAY COOTBeTCTBYIOWHM 06pa301\1 0pHeHTl1pOBaHHbIX aKCOHOB H n,eHAjlH­

TOB [7.29] 
11 HTerecYIOw,afl Hac CHCTeMa omiCbIBaeTC5I COBMeCTH bl M H <P H-ypaBHe ­

HHSlMH [31 ] 

8\11 D2 1'1 (p , . ~ 

-,,- = ( 1 - (l)~ - 0:-') - (I 'd - HI 


I ux- 3:r -

DRI =.1'at - I 
(7 109) 

8\'~ 821'2 D2V1 
- = (I - n )-- -	 C\'-- - F( \ '~) - 1l ~ Dt D.1;2 (J.r2 - '. 

r')~~ == E\ 2, 

rn,e HH>KH He YKa3bl Ba 101' Ha nepCMellllble , COOTBeTCTBYIOw,He BOJlOKHaM 

1 112 
npH npOSl'ACIIIlH aHaml3a Mbl He 6Y,Q,eM npeAn OJlaraT b. 4TO BeJlH ' IHlla 

£ MaJla, T. K . JlJIH pcaJlbHoro uepBHor o BOJlOKHa 3Ha 'leH Hl' 3T0l1 SeJlHLJ.HHbl 

I) n pHM . pe.!l nepel:l. - CHHanCbl npe.llCraBJlIlJOT C060H KOHTaKTbl Me)KJlY HepB­

HblMH KJleTKaM H ( O,uIlOCTOPOHHHM npOBeJleHHCM HMn~!.ijbC a, MC3, T 8. 1960. 
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paBHO npH6J1 H3HTe.~bHO 0.1. C Apy r oH CTOPOH bl , BeJlHYHHa ex, COOT BeT ­

cTBylOwast HH Te HCH BHOCTH B3aHMOII.eHCTBIHI Me}/(AY ABYMH BOJlOKHaMH, 6y ­

)leT npelJ,nOJl a ;'aTbCll M3J10H . H aJlH'·IH e 3Tor o B3aHMo.n.eik TBH5! 06YCJlOBJleHO 

TN! , YTO :iJlel{TpHYCCI\He TOKY! , CB5I3allHble C npOXO}/(JlCHHeM HMnYJlb Ca 

n o OD:H OMY 11 3 BOJlOl{OH , BJJHHlOT Ha n OTeHLl,HaJl Me~t6p a Hb! A pyroro Hep B­

Horo BO ,~ OK Ha. llpH (l - 0 BOJlOI{Ha CTa HOB5ITCll He CB5I3allllbIMH 3THMH 

B3aH~1O)lcikTBHllMH H HepOllble .IMnYJl bCbI pa cnpoC'rpaHlllO TC Ii 11 BOJ10KHax 

lIe3aB I~ CHMO Apyr OT Apyr a. 

Il a4l-1Ha51 afia JlH3 B03MYWCHHii A,MI paCCMaTpHBaeMOH CHCTeMbI, pac ­

CMOTPHM peweml5! 6 crY lileH BOJIHbl BH!l3 

Vd:r, I) = VA:(c) = '-i..(.t - vt) , J..; = 1, 2, 

rAe v - c " opoc n. pacnpocrraHcHIHI JlByX HMnym,coB , D.BHr310WllXCH B 

CHHX POH H3MC . Tor)la ypaBHe!lH5! (7.1 09) Mor yr (jr-.lTb nepenHcaHbl B BI-tAe 

CHCTeMbI 06bIKHOBe H!lbIX A HcjJcjJ epeHLl,H3J1bH LI X ypaBHeHH H 

dVI (P V1 d212 ' 
- v-=( l -o)--. - (\-, ·- F(Vd - RI 

d( d~l de 
dR I 


'V drl
ric 
rt F? d2\ ,~ rPFI - v-- = ( I - C\)-f - Q-o- - F(\"2) R2 
d~ d(- dE­

dR2-'/'-- = .- \1.,. 
d~ -

P ewCHH(> (VI (0 · "2 (~)1 t'O CTOHT H3 nsyx HMnym,coB, JlBH}/(ywHXCH B 

OT)I,CJlbHbl X B0J10I<Hax co CKOPOCTblO v. nOCKOJ1bKY C\ « 1 \fbl MO)KeM 

I1pCACTaBI1Tb 3TO peWeHI!C B BIIAe CTenel!!!Oro pll)l,a 

\ "" = 1'1.-0 + n Fu -j (\ 2 "1.'2 - . Ie = 1,2. 

cl<orOCTb T31{)Ke MO)KCT OblTb 3anHC<rHa B llHAe pSl.la : 

. (I.') 2 ( 10:)
u( k) = I'U -r n/ ' I -f n 1'2 

rJl,e Mbl apeMeH I!O npeAno.nQ)KH JI I-t, 'H O p ewcHHSl MoryT HMeTb p a3m,I'IHble 

KOPOCTH HMflYJlbCOB B .lI,ByX Bon OKHax . I1cKJ1Io4afl RI 11 R2 , nOJIY'laeM 

ypaI3HeHH 5I 

d3\ i.o 2 
d \ i.·o F' (\') dVI.'() E 1 ". - ° (7110)"O-?- _. 1'0 -" -~I.()-

d~1 d(- d~ Va 
H 

dJVkl d~\lI.· 1 ' d\~l ( " d\l,·o E) ,- + i'O -?- -- F I ( \' kO)- - F (V/.;o)-- - - ~id =de r.U" t!~ rl~ 1'0 

d"\ " dJ \ ' d3\' 
_,(Al E \1 _ ~) . _' _10 , ~ (7. 111)- I I ( ~ kO Ie? T i C' -I [C " 

1'0 i..,- ("," (.., ' 
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rAe J..; = 1,2, 
riF(Vk ) ] 

F' (1 ~·o) =' [ r1 VA: 1'\ = V,.O 

H Bbipa}!<eHHe FI/(\ rkO) MO}/(eT 6 blTb n OJlYC!eH O a HaJlOrHYllblM o 6pa 30 M. 

Ta KHM 06pa30M , HCXO)lH a5! CB1l 3alllla51 CH CTeMa HeJIHHei1Hbl )" ypa BHeHII~i 
CBetleHa K CHCTeMe , Coc ToHweH H3 He CBR3aHll bl X HeJ1HlleiiHblx y p aBHeHHH 

(7. 110) H .HfHeHHblx yp a BHeHHH (7.111 ) ll,J15! n on paBoK nepBoro n Op5lJlK a. 

3aMeTHM , 4TO ypaBHcHH5I (7.1 J 1) HeCBfl3 a HHb! no n e peMeHH of:! Fl.- I H lJJleHbI 

B npaaoH 4aCTH BKJ1!04alOT TonbKO peWeHH5! HYJleBOr O nOp5lAKa H ABa 
'I (?)

B03MyweHIH! CKOPO CTII nepBoro nopSW.K3 l'i ) H '0 1- TorAa Ka}/(AOe H3 

ypaBHellHH (7.1 11) MO)KeT 6blTb 3a nHcaHO a BHAe HeoAHOpOtlHOrO JIH HeH ­

Horo onepaTopHoro ypaBHeHHR 

kVk l = h,. 

no TeopeMe ¢pCAro.nbMa Heo6xOAHMbl\1 YCJ10BHeM CYIUCCTBoa3 IIH R pewe ­

HH5! RBJIflf'TCR paaellCTB O HYJIlO CI, anflpHoro npOH3BCneItiHI 

00 

ty,·, fd =: JydOfdf.) d~ = 0, 
- IX 

r.le :t)J.. - pcweHHe ypasHcHHH 

(7 112) LtYk = 0 

H Lt - oncpaTOp, conp5l}/(Cl!HbliI o nepaTopy L no Bblweo npeil,eJ1eHHOMY 

BH yTpeH HeMY npOH3Be)letiH IO. 

nOCI<o.1bKY o nepaTop , COnpH)KeHHbIH onepaTOpy 

F'(l r ) d F"(" )rlVI.-O\. 1.0 - -, I 1.(1 - ­
d~ dc ' 

HMeeT BHtl 
.1 

+F'(1'ko )-,c ' 
( c., 

ypaBReH HR (7.112) MoryT 6blTb nepenHc3Hbi B c Jle.ny!owe i1 cjJopMe: 

J,O Yk d2Yi , dYk E 
-- '- ' /'0-- F(VkO)- - - Yk = 0, J..; = 1, 2. (7.113) 
d~3 ' rI~2 d~ '1)0 

C HCnOJlb 30BaHHeM BbIpa)KeHHH Jl.JU! peWeH H H ypaBHeHHH (7.113) MO}/(' 

HO Bbl4ECJIHTb COO Tl3eTCTBY!OW He BHyTpellHHe n pOH3Be,ll,eHHH C npaBb!MH 

4aCTllMH y paBHeHH H (7.111) H nOJlY4HTb Bblpa}/(eHH5! ,Il,.nSl B03MyweHHH 

nepBoro nOpRll.Ka 6erywHX BOJ1H v~~ J 3 TH BbIlJHCJleH HS1 CJletlyeT BbtnOJlHSlTb 

CJTe.u.ylOwH~! 06pa30M : 

http:nOpRll.Ka
http:nopSW.K3
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1. 	 PewlHe ypaBHeHHe (7 110) OTHOO lTeJlbHO \ '~'O(O 3Ta CPYHK l(HR I1Me­
eT CPOPMY HOp MaJlbHOr o Hep BH OfO I1MnYJlbca . 

2. 	 P eWI1 Te ypaBHelHlc (7. 113) OTHOCHTeJlbilO ydO, peweHHR conpR ­
>Kl"'HHOH 3a.n.a 'fH. cDOPM3 3TOH q)YHKl.f.I·IH aHaflOrH'fHa C Ka'feCTBeHHOH 
TO'1KI~ 3pelfl1 11 cpopw:' VkO(- O 

3. 	fTpe.n.I IOJlO>K HTe , 4TO 11:20 OTJlH'IaeTCll OT VIO JlI1Wb C.llBHrO.\1 r5 nepe ­
MeHH()11 6erYIl1ei-i BOJlHbl ~. T Ofn,a 

V20 (0 = VIO (~ - 0) 

Y2(O = YI(~ - 6) , 

T. e HMnYJlbC B BOJlOKHe 2 npe.llWecTByeT HMny.lJbcy B BOJlOKHe I H 
HX pa3)le.ll lleT npOMe>KYTOl< 6. 

C OrJJaCHo YCJlOBI1IO cI>peJJ,rOJlbMa pa3pew HMOCTH ypaBHeHlij1 ( 7111 ) 
CIW JlSlpHbl e npOrI3Be.!l,elll111 npaBbl x 4aCTeH C Yk AOJl>KHbl 6brTb paBHbr HyJlIO 
.vb ~lToro YCJlOBHH 13 CBOIO O'lep eAb CJle.ll.yeT, 'ITO 

'X 

(dJVIO\i-	 (A-) r r/3\r;)o)1 	 ii I = Yk - - + __­ dE. . . d~3 de 
-"' ­

me 

.x. ? . )d-\l1O E: _ 
ex \ i:JO E _)

N 	= J.IJ 1 ( d~2 - I.g \ 10 
(d2 

df, = !J2 --;- - - \'20 d~.l ('6- .'X; 	 df.­
- 'X 

C TO'fITOCTbIO .n.o 4J1eHOB nepBoro n opllnKa B 0: YCJlOHHe cywecTBoB3 HHll 
peWCHH}"! 6eryweA BOJlHbl HMeeT BHA 

u(l) = Vo + aufl) = v(2) = 1'0 +01,1 2) 

HJl /l 

1,( I ) - (,(2) 
I - 1 (7 114) 

a PHCYHKe 73 H30fipa>KeH bI nonpasl<H nepBoro nopHnl<a B BH,Ile cjJYHI< ­


l(HH OT Ii ( cM eweHHe HMnyJlbca 2 OTIiOr.HTeJlbHO H'.1nyJlbca I ). Bbl 'lHC'JJeH ­


Hble BbiweYI\a3a HHbfM 06pa30M l l.Jlll TllnHlJlIOrO ct>/-I -HMnYJlbCa [1 7J 

Ha 3TOM jJI1CYHKe H306paIKeHbl nRTb pellleHHH ypaBHeHHR (7114) , 

HO TOJ1b hO TpH H3 IHlX ( 0603HalJeHbl '1epHLIMH -rO'll<a MH) YCTOHlJ HBbl B 

CJle.QYlOweM CMbICJle . npH YBeJ1 H4eHH,j <5 , T. e . Korna HMnyJl bc 2 el.l(e 

60.Qee C,IlBHraeTCH BJll."pe1l. OTHOC1HeJJbliO HMnYJlbc3 I. CI<OPOCTb HMnYJlbCa 

1 CT8HOBHTCR 6 0JJbWe CKOPOCTH HMnyJJbCa 2 3TO npHBon,HT 1< '1
Me

libWeHHIO 

paCCTomlHH <5. 4TO H 03Ha4aCT YC TOH4HBOCTb AHaJlOrH'IHbIM 06pa30M 

onpeAeJlll eTcH nOHHTHe He'lCTOH'IHBOCTH .ll.Jlll ,IlBYX .llpyrHX peweHHH , 060­
:lHalJeHHbl.\ 6 eJl bl MH T0'11< 2MH . 

7.7 3aKAIO'l eliue 	 379 

1.0 

-20 

V , (2)/vo - -,"., V, (i )/VI) 

- 10 10 20 

ii 

HcycroilqH.BblH 

- 2.0 

PHC. 7.3. n onpaBKH nepBoro nopRllKa IVH! CKOPOCTH HMnyJlbca IlpH HaJlH'IHH B38H ­
MOAei.\cTBI1R Me)!(Il), llonOKHaMH (BocnpoH3BeaeHo C pa3peweHHlI CTHBa .I1pallepa 

[17 )) . 

HeC MOT pH Ila TO. 'ITO npe1l.CTaBJleHHblH MeTO.a. 6blJl p a3pa60TaH B npe.n. ­

nOJlOIKeHHH 0 paBeHCT Be cKopocreii HMnYJlbCOB. H3 nOJlY '1eHHbIX pe3YJlb Ta-

TOB CJleAyeT, lJTO 

db _ (2)( ') _ . (I ) (r)- vI " v I u .dt 
Jri HTepecHO OTMeTHTb , '1TO no,n.o6HaH 3BOJllOUHfl n O)lTBep>K,UaeTCSI '1HCJleH ­

HblMH HCCJJeAOBaRHSlMH peWeHHft HCXOAH blX .lUlqJcpepeHUH aJlbHblX ypaBHe ­

HHH B 4aCTHbi X npOH3BO,UHbIX [6]. 
PacolOTpeHHblH xapal{Tep 3 BOJ11OUHH CKopoc Teii Yf nOJlOIKeHHK Hep BHblX 

HMnYJlbCOB B napaJlJleJlbHblX BOJlOKHaX COOTHO CHTCSI C xapaK TepOM 380-

JlIOUHH <jla3 H 'lac TOT cJla60 CB Sl 33HHbiX HeJlHHei:JHbl x OCUHJlJl llTOpOB . I [a­

o JlIOAaBWHecH H o nHcaHHhle B J940 r o.a.y [9 ] B3aHMoAeilc TBH5J HMnYJlbCOB 

B 6J1H3KO paCnOJlOIKeHHblx a KCOHax 1-1 .n.eH,Up I1TaX MorYT HrpaTb CP YHKU.H ­

OHaJlbHYIO pOJlb B CHoeM3X 06pa60TIm HHcpopMau.HH IKilBblX opraHH 3MoB 

[7,28,31] . .llonOJllHlTeJlbHa Sl HHCPOPM8 UHH n o 3 THM BonpOC3M MO>KeT 6blTb 

HaHAeHa B pa60Tax [1 ,29]. B l\OTOPblX onHC3Hbi COOTBeTCT BYIOl.l(He HCCJle ­

.a.OBaHHH CBH3aHHbi X 3ct> -ypaB HeHHi-i . M4- C' HCTeM H B3aHMOJ1.eHcTBYIQl.l(HX 

M~le.nHHH3HpOBaHHblX HepBHblX BOJlOKOH. PaccMo rpeHHblH n OJ1XOA MO)l{er 

TaK>Ke HCIlOJlb30B3TbCH llJlH HCCJleAOBa HHH CBH3aHHbl X CHCTeM COJlHTOHO B. 

B '1aCTHOCTH . B33HMoneikTBHe cp Jlal<coHoB B MHorOC11 0 HHblX nepexonax 

ll)l{03ecjJcolIa Ilpe,nCTaBJJHer oc06eHIlblH HHTepec [25 ,32] 

7.7, 3aKJUO'leHne 

MaTepHan 3TOii r JlaBbl He paCKpblBaeT Bce acneKTbl TeopHH B03MY ­

weHHH. HO reM He MCBee n03BOJJHer HHTepeCYlOweMYCH YHraTeJIIO no ­

3HaKOM I1 TbCH C 06 w eii cTpaTerHeH BbInO,QHeHHH aHaJlH3a B03 MyweHI1H H 

H3 MeyaeT nyTH. KOTOPblX cJle.n.yeT npH.ll.ep>KHB aTbCH n p H HCnOJlb30BaHHH 

::nOH TeopHH . 

http:HHcpopMau.HH


J80 
r l!. 	7. TeopuJl 803Myu{eHuLl 

Hawe oocY>K lleHHe Ha'iaJ10C b c pacCMoTp eHHeM il.oy x BBOll,H bIX npHMe­

pOB HCnOJl b30BaIlH 5! TeOp11 11 il.M I HCCJleiLOSaH IHI MaJlbI X B03Myw.eHHH ~laT ­
pHU H .IleM ncjJl1 pOSaHll blX JII Ille~IHbIX OCUHJI.lIHTOpO B. B 060H X c.~yclaHx 6bIJIH 

nOJ1YYCHbI TOYHble peWelHHI. .11Jlfl aHa,nH 3a OCUHJlJlSlTOpa 6blJl n peil.CTaSJleli 

:mepr enlye CKHH Me T Oll, , nocJle yero 6 bIJla paCC/l.lO TpeHa MY_~bT I1 MaCWTa6-
Ha >! TeOpH5! B03Myw.eHHH . HeCMOTp fl Ila TO. lI TO 3TH llBa npHMepa 6bI JII1 

npeil.CTaBJleHbI llJlR To ro . 4T06 bl n p OH.nJIlOCTpflpOBaTl> OCIlOBHbIP KOHUenUHH 

rcopllH B03MYilleliHH 6eJ yrJlYOJle IHfSl B ee lleTaJlH, OIlH He TpHBHaJJb­

lib!, HaXO>KLl.eHHe o npellemlw.lJeH 6 0 ,nbWHX MaTpHU ilBJHleTCSl HenpOCToii 

SbIYHc,nHTe,n b HOH 3a nalJeH . f10:nOMY ObI,n npellJJO>Kell MCTOil. ycpC!.lHeHHH, 

nOjlC3HblH n pB aHa,nH3<' npH6.nff3HTE',nbIl0 CHHYCOHj\aJlbHbIX He,nHlle~iHbIX 
OCUHJJJlSlTOpOB. 

nepso e npH,nO>KeHHe TeOpl1H 1\ HCCJJeJ].OBaHHIO HeJlHlleHHbIX cHcTeM 6hl­

J10 npenCTaB,leHO B pa3.QCJle 7.3 , rile MeAJIeHHl::Ie BapHaUHH 3Heprmr Hcnonb­

30BaJJHCb A,n51 nOJJy ' !eHHll C6bI I< HOBeHHbl x llHcjJcjJepC'HuHanbHblx ypaBHeHHH 

nepBor o nopil,n Ka , OI1 HC bl Sa rOUlHX H3MeHCH HSI CKOPOCTH H aM nJlII TYllbl OJIH­

H0411bIX BOMI npH HaJIH'IHH B03Myw.eHHSl . H eCMOTp>! Ha TO, YTO HCCJIeJ1.0­

Sal/ He COiIHTOllOS K llB-, C r -ypaoHCHHll, H HYW 6bIJIO npe,nCTaSJleHO s 

l\a4eCTBe npHMepa Hcnonb30saHHil 3HepreTH4eCKoro aH3nH3a , 3TOT MeTOA 

MO>KCT 6blTb II PH MelleH nIH! HCC.neAOBalIl1 if nlO60H yeAH lleHHOH BOJJH bI , 1<0-

TopaH xapaKTepH3yeTCSI el J,;IHCTseHHbIi\! napaMeTpO\f H coxpaHReT ,meprHIO 

[J npellCJlbHOM CJ1YlI ae -'-' 0 , YTO .ll.onYCl\aeT H3MCHeltl1e CJ{OPOCTH 60 JlHbi B0 

HenpcphIBHOM npOMeli<YTI{e 3HayeHlIH. 

Eo.nbWI!M 1l0 CTOHHCTBOM 3Heprel'HlJCCl<Oro aHamJ3a 51 BJHICTCSl TO, YTO 

3TOT MeTOll, cjH!3HYeCKH MOHI[JHposaH . Oll,HaKO 0 11 HMeeT H ABa lIeJl.o­

cTaTK3 . Bo- nepBbIX, MCTO!l, HenpHMeHHM K C OJlHTO Ha~l, KOTopbIe xapal\ ­

Tep H3YlOTCH 60.nee lleM Oll,HHM MeJl.JleIIIIO H3MeHlllOw.HMCH nap aMeTpOM . 

B O- BTOPbIX , MeTOl! He npe)J.on30JlReT cpellC TB Jl.JHl OueH I{ H 3cjJcjJeKTOB, 

06YCJ10BJH! HHbIX H3MeHeJlHeM cjJOPMbl OAHH04HOii BO,nHbl. JlJlSl n peOll()J1eHH 5I 

nepl:loro He,nOCTaTK<l CJJellyeT BOCnOJlb30Ba TbCR nH60 Me1' 0,n0 ~1 speMeHflO­

ro .~IYJlbnlM3CWTa6HpOBaH IH1 , JlH60 MeTOllOM ycpellHeHHoro J1arpaH)KHaHa 
(C M pa3Ll..eJJ 7.4 ) 

H ecMoTpSl Ha TO, 'ITO 13 l<a'leCTSC npHMcp0 6 HcnO.%306(1J1HCb cj:J0pMyJTbI 

J].JlR OAHHO"l HbL\ H MIIO)K€CTlleHHbIX COJll-lTOHOS, HH"lTO B npe,llCT3BJleHHOM 

MilTCpHa.lle He Tpe6yeT l-ICno,nb30 BaHHR aHaJJHTHlIeCKofi MOW.H Me TO,lla 0 6 ­

paTrIOH 3alla 4H pa cceAHHA (M03P), o nHcaH Horo B npellblllYlllei-i rJlaB€ . 

B pa3,neJle 7 5 HeKoTopble pe3YJJbTaTbI Teop HH COJI HTOIJOB l-ICrrOJJb30aa,nHCb 

.uJJ>! pa3p a6oTKH aHaJIIHH4eCI,HX CpC~1CTB, KOTop bIe OKa 3blBalOTCR f.(OCTaTo lI ­

JlO MOUlHblMH AJISI HCC Jle,nOBaHHfI B03MYillCHHH !V' -comnoHoB. ::hOT n o.n;x oJl. 

HMeeT !lse n o,ne3HblC oco6ellHocTH: BO nepBbIx , j\JJA npHMeHeHHSI MeTO,Qa 

3HaflHe TeOpl1H M03P He r pe6yeTc5I H, BO BTOPbIX, cjJYHI<U HH rpHH3 MorYT 

6bI Tb nOJlyyeHbI B ABHOM BHlle. "lTO n03Bo.~HeT Bbl"lHCJlHTb .n;ecjJopMaUHIO 

nepBoro nOpHAI(a cjJOPMbl N - COJJflTOHa H H3./lyyeHHe H3 Hero . nOJlY"leHHbl € 

cj:J °PMYJlbl Bbl r Jl Sl ,ll.51T 04eHb CnOli<llbIMH , HO 3TO OTpa)KaeT C,nO)KHOCTb npo­
Bell,eHHbIX BbI4HCJleH H H. 

7.8. 	3a aal/. 381 

TeopH H B03My w.eHH H lJ,,nR COJll-lTOHOB n pHBJ1eKaeT BHHMaHHe HCCJlell,O­

BaTeJle H Ha n pOTH li<eHI1 H nOCJleJl.HHX Jl.ByX lJ,€CSlTHJleTH H H sce nOJJY4eHHbie 

pe 3y,nbTaTbl lIe MOrJl H 6bITb npeJl.CTaSJICHbl H 3TOH BSOJl.HOH r.naBe. 3a HH ­

Tep eCOBa lll-lbI H 4HTaTeJl b MO>l<e T HaHnl 60nee nOllp06HOe H3nO)!(eHHe (J 06-

WHPHOM 0 6 30pe, no.o.rOTOBJleHHOM K Hs wapoM H MaJlOMellOM [141· O ,nlla Ko 

o,nHa H3 OCHOBHblX 3aJ].alJ 3TO H KHH rH 3aKJl104ae TC fI B TOM , YT06bl n OKa 3aTb, 

41'0 0 6 J1aCTb npHMeHel!H 5I TeOpH I1 lleJlHHeHHblX BOJIH WHpe, 'leM HCCJJeJl.OBa ­

!tHe CHCTeM KOTopble MorYT 6blTb n OJlY "leHbI H3 CPYHKUHOHaJlOB J1 arpaH>Ka. 

B pa3.ll.e,ne 7 .6 pa ccMoTpelio B 3 TOM KOHTeKCTC npHMeHeHHe TCOpH H B0 3MY ­

Ill.CHHH K HCCJlCJ].OBaHHIO Ba>KHOi1 Mo,neJIH HepBHo H npOBo,nHMOCTH B 6110-

J10nI CleCKHX CHCTeMax - ct>H ~ ~lOAeJII1 . fJ1asa 3asepwaeTCR paCCMOTpeHHeM 

np06Jl€MbI , Haxo,nSlw.eHc il Ha nepeJlHeM py6c)I\e HaY4HbIX Hcc.1e,nosaHHH B 

06naC TH llHllaMI1KH HCJ1HHe~IHbIX BOJlH: -rpa HcBepCaJlbHOrO B3aHMoneHcTsHH 

Me)KllY YCJlHHeHHbl MH BOJIHaMH B napaJIJleJIbHbIX CHCTeMa x. 

7.8. 3a)J.atfH 

I . Bb!nOM!HTe BbI"lHCJIeHHSI p33,neJJa 7.1 llJl>! c,neIlYlOw.llX MaTpHU ' 

R = [~ ~], [~ :], [: 6] H [~~] . 
Bb!BellHTC HepapXHIO ypaBHeHHM 	( 7 .8) - ( 7 . 11 ) 

3. 	 nOKa)KHTe, YTO COn pR>KeHHaR MaTpHua Belll.e CTSeHHoH KBallpaTHOH 

MarpHUbl paBHa ee TpallCnOH l1 pOBaHHoH 

4. 	( a) JlJ1Sl 


R = [~ 6] 

H AI ~13 pa3ACJJ 3 7.1 Bbl"ll1CJlUre cp(l) H cp(2) C HCnOJlb30BaHHeM 

(7.9). 

(b) 	 VlcnoJlb3yihe n O.~yljeHHbli-i PC3YJJbTaT ll.,nA Haxm K,neHHR 

A ( I) H 1\(2) C Hcno,nb30BaHHe;\l (7.10). 

(c) 	Cpasmne nOJIY'.jeHHble pe3Y,llbTaTbl C T04HblM pewcHHeM (7.5) 
5. (a) Hai-iJl.I1Te Bce co6cTHeHHble 3HaYCHHR H c06CTBeHHble BeKTopbI 

(100 x 100)- ~!aTpHllbl 

Alo :: diag[ 1 , 2. 3, .. . ,98, 99, 1001· 

(b) 	 YIcnO.~b3yHTe pe3ynbT3T1;l pa3.Qe.na 7.1 AJISI BhlBOLla o6w.ero BbIpa ­

)KeHl1il C T04HOCTblO Jl.0 4J1eHOB nOpHlu{a E ll,Jl>! Bcex c06cTBeHHb!X 

3H a"lellHM ( 100 x 100)-MaTpHubI 

M = Mo ! En, 
me R - n pOH3BonbHaA (100 ""' 1OO)-M3TpHua . 
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(e) 	C paBH HTe 4HCJleHHYlO 3¢QleKTHBHOC Tb HenOJIb30BaHHH TeopHH 

B03Myu.teHHH C Henocpe.n.CTBeHH blM p e w e HHeM ypaBHeHHH 
clet(M) = O. 

6. 	 PewHTe n pe.llbl.llYu.tylO 3a.a.a4Y .a.JlH c06eTBeHHbiX 3Ha4eHHH, on pc)l.e ­
JleHH blX C TOllHOCTblO )1.0 tMeHOB nop>!LlKa c? . 

7. 	 I1cnOJlb3yi-iTe MeTO)l. n peo6pa30 BaHHH JlanJlaca Ll!lR nOJlY4eHHR 

T04Ho r o peweHHfl tleMn¢Hpo BaH lio r o rapM o HH4ec Koro OC UHJlJlR ­
Topa (7.14) . (YKa3aHHe CM. l'JlaBY 2.) 

8. 	n OK amH Tc , 4 TO dE/dt = 0, rAe E - 3Hep r HR rapMOIIH '-IeCKOro OC­
UHnJlHTOpa (71 G). 

9. 	n O'leMY BblpameHHe B cl(06KaX paBeHCTBa (7.1 8) HMeeT BHLl rI + 
+O(c2 )]. a He [I + O(c)p 

10. 	(a) ylcnOnb3y~iTe aHaJlH3 B03M y u.teH HH 1i3 pa3,lleJla 7.2 I AJlR Haxom ­

)l.ellHfI 	A(I) , B CJlyyac, KOr,!la BMe CTO ypa BHellHfl (7.13) HccneAY­
TC fI LJ1CAYlOwce : 

d2 
.1' " dx 

-d2 	 ..L.:(x-- I)-d +.r = O,
t t 

r,lle .t(O) = b, :i:-(O) = OliO < E « I. 

(b) npOHJlJlIOCTpHpyihe Baw pe3y.~bTaT aHa.'1H 30M ¢ a30Boi-i KapTHHbl 
CHCH'Mbl. 

II . 	( a ) BblOOJIHHTC Bb!KJlaAKH, Be)l.YWHe OT peweHHH (7.20) K peweHHIO 

(72 1) /lJlR aeMn¢upoBa HHo ro rap Mo HHLlecKoro OClUIJlJlHTOpa. 

(b) 	 C paBJHnC peweHHe (7. 21 ) C TO'-lHbI M peweHHeM ypaBHeHHfl 
(7. 1.3) 

12. 	 BblBe)l.HTe BblpalKeHHfI (G.4) AJI>! B03Myu.tCHH H AeMn¢HpoBaHllor 

r apMoHH4ecKoro OCUHJlnATopa . 

13. 	 I1cITOJlb3Ylhe BapHauHoHHblH MeTOA llarpaHma - 3HJlepa H3 n pUJ10 -

mCI·IHH A ,1l.J1fl ITOJ!Y' ICHHA HeBo3MyweHHoro KnB· ypaBHeHHH 113 nJlOT­
HOCTH .narpaHml!aHa (725) . 

I". 1l0l\amHTe, 'lTO Jl.nll HCB03MYLUeHfloro KAB-ypaBHeHHSl onpe)l.eJleH­

HblH paBeHCT8aMH (7.27) H (7.26) raMHJJbTOHH a H He 3aSHCHT OT 
BpCMeHH. 


IS. ( a) nOKaiKHTe, '-ITO BeJlH'-IHHa 

x 

Q2 = -u 
2 d.cI 

-oc 

COXpaHI1(>T n OCTORHlloe 311a4eHHe H2 peweHHHX U HeB03MYLUeH ­
Horo K n B- ypaB HeHHI1 . 

(b) I1cnOJl b3YHTe 3TOT pe3YJlbTaT llJlSl BbIBOJl,a pa BeHCTBa (7.34) 

16 (a) nOKaiKHTe 4TO BeJl HYHHa 


cc 

QI 	= I Ud;): 
-Xl 

3837. 8. 3aaa tLu 

coxpa HHeT nOCT05l HHOe 3Ha'-lell Yl e Ha pe w eHH Hx U HeB0 3MyweH ­

HOI 'O KJl,B-ypaBHeHH 5I. 

(b) I1cnoJl b3yih e 3TOT pe3YJlbT2T LlJIH llblBOll.a paBeHcTBa (7.35) . 
17 PaecMoTpHM KJl,B-ypaBHeHHe, B KOTOpOM B03Mywel·me 

eR = -IOU 

B03HHKaeT B MOMeHT Bp eMeHH I = Ot l<D r Aa peweHHe npoxoAHT 'lepe3 

TO'-!K-y x = O. C Y'-IeTOM Bbl'-!HCJleHHOH B n peAblAYLUHX llBYX 3aA3'l3 X 

pa3HOCTl-I B YMeH bweHHH MatCh! Bbl'-!HCJlHTe pa3Mepbl WeJlb¢a , pac ­

npOCTpaH Sl IOu.terocSl OT J' = 0 AO 3allHero tjJpOHTa COJllHOHa . 

18. \.1cn OJl b3yHTe 3HepreTH4ecKHH aHaJlH3 llJISl H3Y'leHIHI 3BO.nIOUHH pe­

weHHH B03MyweHHoro K .a.B-ypaBHcHHSl 

l1t + l1Ux + '/lXJ:X = ::UXX ' 

rAe -00 < :1' < +OC, 0 ~ t < + 00 H 

u(x.O) = 3 sech2(x/2) . 

VlCCJlenYHTe CHCTeMY H3 npeAblllywei{ 33AaYH C HCnOJlb30BaHHeM 19 (a) 

aHa.n H3a 6c ryw.eH BOJlH bi . npCACT2BJleHHOrO B r.rtaBe 3. 


CpaBHI--lTe pe3YJlbTaTbi npHMcHeHHH AByX nOAXO/lOB . (b ) 
C HCnOJlb30BaH HeM 3a,!laHIl0i-i paBeHcTBo~l (7 38) nJlOTHOCTH20 (a) 
:mcp ntH 9-( 11.-'151 Cr-ypa BlleHHH, a T3K}Ke C Y4CTOM 3al\OHa cox pa -

HeHHH m{ DP 
at + iJ.r = 0, 

HMIAHTe BblpameHl-le AJIA nOTOKa MOLUHOCTH P LlJl A 0 6u.tero pc " 

luellHH ¢ (YKa3aHHe: eM . npHJlOlKeHHe A .) 

(b) )lJlH JIHK-peweHHH d> = 4 arctg(exp 8) . rAe e =: (:t ­
_ 1'1)/ I - v2 • Bbl4HCJlHTe nOJlHYlo 3!-1eprHIO, npoxOAAWYIO 

TOYK)' :c = 0 :x.-I 'J'dt 
-00 

(c) 	Bbl4HCJlHTe 3HeprH IO KH HKa l<aK 

?C 

J 9{ elt 
- :)0 

H cpaBHHTe nonY4CHHblii pe3YJlbTaT C pe3YJlbTaTOM nyllKTa (b). 
BblBeAHTc BblpalKeHHc (7.42) AJHI B03MywellHoH CKOpOCTH <jJJlaKCOHa21. 
B nepexoll.e )llKo3e¢coHa . 
(a) 	nOKa)!{HTC , 4 TO 6 3J1aHC 3Hepnm ¢J1aKCOHa (7.43) c.~e.a.yeT 1122. 

y paRHeHHH (7.4 2) npH iJ = O. 
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(b) 	06cYLliHe peweHIHI ypaBHeHH H (7.42), nOJl Y4eHH bie IIpH pa3-
JlHllH blX Ha4aJ1bHbl X YCJ10SHHX Ha 'U H B npe,nnOJl O>KeH HH, 4TO 

napaMeTpbl YllOBJleTBopHIOT Cj leAYIOw.HM paBeHc TBaM : (i) 'Y = O. 
(i i) 	P= O. (iii) 0 = O. (iv ) 0 = 0 H {J = 0 

23. 	 B bI BCD.HTe HYW C HCnOJlb30SaHHeM n.'10THOCTH J1arpaH>KHaHa (747) . 
24. 1l0Ka>KHTe, YTO Bbl pa>KCHHH .Il,JHI 3HeprH H (7.50) sepHbl 
25 PaCCl\WTp HM y paBli ellfl e 

i ll t + 11Xj; + 21ul 2 u= ie ll . 

rAe 	 - 00 < x < +:xJ , t ~ 0 H 

1.t\./: , 0) - 0 sech ax . 

(a) 	 IlpeACTaBbTc qlH3H4ecKoe 060CIIosaHI1e Taro, 4TO n0J10>KeHHe 

uelnpa Macc peWeHHlJ He H3MeH51eTCH no.ll, B03AeHCTSHCM B03MY ­
lllCHHfl. 

(b) HaHAf1Te npH 0 < E « 1 oueH I<Y v(.L', I.) C T04HOCTbIO AO OCt) . 
26 1l0Ka>KHTe, 'lTO con p51>KeftHbtH onepaTop K onepaTopy L (7.58) onpe­

AeJlfleTCfl paseHcTBoM (7.61) . 

27 IlpoBepbTe Sbl l IHCJleHHH, seAyuH1c K Bblpa>KeHI151M (7.63) H (7 64) ,nJl51 

B03Myw.emILIX 3Hal{cHHfl CKOPOCTl1 H nOnO>KeHHfl Cf-KHHK3. 

8 	 C HCnOJlb30BallHeM cpa30BoH KapTHHbl Ha (u , X)-Il.noCKOCTH 06CYD.HTC 
peWCHHfl ypasHellHi-i (7.67) npH B03MYllleliHH 

R = 6(.1') sin 6 . 

29. 	PaCCMOTrHM HCB03MYW.eIIlIOC HYW 

iu, + Ux.r 

(a) 	 1101<a>KuTe. 'lTO nJlOTHOCTb 
CTBOM 

£., = ~(1L. LIt ­

+ 211l12 u = O. 

JI ar paH>Kl1alia onpe,neJHleTCH raSeH ­

/l U;) -11I.c12 + lui . 

(b) 	 IlrellrlOJlOIKHM , 41'0 pCIJJCHHe ye,nHHeHHoif BOJlUbl HMeeT BHJl 

/.1(:1' . 1) = a $('('0 (aO) exp(i~e + i(1) , 

r,ne 0 = x + () H nara:l1e'l p bl (/.~. 0 H ()' MorYT 6blTb CPYHKlJ.HllMH 
BpeMeHH. n OKa>K1He. 'iTO 

:xc 

L == L aT == ·jU)3 
- 2o{- - 2at;fl't - 2o(T/.f	 

? 

-~ 

(c) 	 nO,Tv4IfTC BapHaUHII L no n, ~ , n H (T, nOKa 3aB . 4TO 

cia =: 0, d~ = 0, do = --2~ , ri<1 2
H 	 -I = 1). ..L J: 2d .., .dt J( dt 

, ! 

7. 8. 	 3a oat/U 

30 . 	Pacow TpHM B0 3MyuteHHo e HYW 
2

ill t + 11:rJ: + 21u1u = r R 

H ero peweHHe yeAI1 HeHHo if BOJI 1-1 bl 

11 (.r , r) = (I scch(a8) cxp(i~O t .. ia) , 

co CBOHCTBaMH napaMeTpOB, onpeAeJleHHblM H B npeAblAy uteii 3a,na4e . 
Ilpl1 R = - itt nOJlY4HTe BapHaLlHH L H3 npe,nbl,nYlue~1 3aAa4H , nOKa ­

3aB, 4TO C T04HOCTblO AO 	 'I JleHOS nopHAl<a E 

do. = - 2w, d~ = O. 	 del = -2~, H dO' = 0 2 + ( . 
dt dtdl dt 

31. 	 PewHTe npell,blAY wylO 3aLlayy npH R = iux , : 

32 . 	 PeWHTe npCJlblAYWYIO 3aJla l lY npH R = -i!nI 2u. 
3 3 . 	 vi306pa3HTe Ha PHCYHI<C ce:'leticTBo peweHHH yp aBHeHHH (776) npH 

f>gO H r<gu
34. 	 Y! c: n0J1b3y ihe TeopHIO B03MyweliH H AJIH HCCJleAOB3H Hll CHCTeMbl 

iuJ 
hit + I I J: :1: +21vf u = - i EU + n c ! , 

rAe 	0 < E « I H Inl « 1. ( YKa3a liHe : peal<UHH nepBoro nopstLlI<a Ha 

:: H 0 JTHHeMHbl ) 
35 OnHwH Tc npH MaJlbl X 3H a'leHHHX OJ , j = 1, 2 , 3 nOBeJleHHC CHCTCM bl 

711 ,. + /l XT + 2111 1211, = i«(}1U + (\'21ix + 0 '3 I1x",) 

B npOCTpa HCTBe (0 1, (12, (3 )-napaMeTpOB . 

nOAcTaBbTc (7.81 ) B (7.78) H BblBeAwre Bblpa>KeHHe LlJIH JlI1HeHHOro
36 
oncpaTopa ,n.nA B03MYW.eH HH ( 7 85) Cf-ypaBHeHHSl . 

lloKa>KHTC, 4TO £t (7.87 ) n peJlCTaBJlHeT c060ii COnpH>KeUllbli1 onepa­3 7. 
TOp JlJlH onepaTopa L (7.85) . 
IlYCT b V - HyJlb -CP YHKUHR onepaTopa L (7 85). nOK3>KIITe , 38. 
4~0 .IV - HyJlb-CPYHI<IJ,HH COnpH>KeHHorO oncpaTopa Li (787), rAe 

(2 x 2)-M arpHua .J on peAeJleHa paBeHcTBoM (7.89). 

npeAnOJlO>K HM , liTO B03Myw.eIlHa 51 CHCTCMa (778) HMeeT peweHHe
39. 
O,nHHOYHOrO COJlHrOH3 ( 7 8 3 ) . Y!cnOJlb3Y5I (790) nOKa>KHTe, 4TO 3BO -

Jl lQ UHR napaMeTpoB v(t) H .Lo(t) OnpeAe J1HeTC5I 06b1 KHOBeHHbIMI1 JlHCP­

¢epeHlJ,lIaJlbHblMH y p3B HeHI1llM H 

dv ;c 
2 

= 

'ril = - ~ (1 - v ) J RI¢o(8 . xJ)! sech e dx 


- x 

H 	

dxo = _~ 1'~112 
DC

J Rl¢o(0),x.t)]8 sech 8dx. 
fit 1\ 

- co 

13 
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r .ll.e 

.r -	 f~ I{ I/ ) dt.' - 1'0(1)
8 = 9(:r. t ) == + ~ 

1-/,2 

40. B YCJlOBHflX n pe.ll.blAY UleH 3a.ll.aYH n pellIlOJlO)!{HM, YTO B03MYUleHI1C 

3a BHCH T TOJlbKO OT X, T. e R = R(x) H He 3aB I1CHT OT d.>o(x , t) 
11 n p 0J.l3BO.llHbIX :nOH QJYHKUH I1 . nOKa>KHTe , '-ITO CKOPOCTb KI1H1\a 

Y.1l.0BJleTBOpfieT BTOPOMY 3aKOHY H LIOTOHa 

dv 	 8U 
di = -;)x, 

r Ae 
oc 

= €( I - u2 )1/ JR(9 ~ - x )¢o(e) de 8 
- :x; 

H BeJ1H4HH a 

X = X (t) == f
t 

0(1' ) rit' +X'o 

o 

onpe.1l.eJ1f1eT n 0J10iKeHHe KHHKa Ka K rpYHKUHIO BpeM€HH . 
4 1. nQ[( a )!{HTe , li TO paBeHcTBO ( 793) MO)!{eT OblTb mlT€ pnpenlp oBaHo 

K3 K 3aKOl! 6aJla HCa 3HeprHH. 
42. v!306pa3HTe Ha pHcYliI<e TpaeKTopH H y paBHeHHfI (7.95) npH : (i) " > 

> Ie H (ii) 1 < ')'c 
43. nOKa )!{H Te nYTeM HenOepeD.CTBeHHo H nOD.CTaIlOBKH ( l-J . 1) B (7 84) , 

4TO CPYHKUHfI rpHHa S(.r , lix', t') .1l..n fl Cf-ypaBHcHHH .IlOA)!{Ha y.nOBAe ­
TBOPflTb YCAOBJ.fflM (1i .2) H (H.3). 

44 PaCC ~IOTpHM B01MYLUeHH O'~ ypaBHeHHe KAeHHa- f oPllo Ha 

f) 2dJ D2, , 
-?--?-J...<p=:RDt· DJ:-

C HallaA bHblMH yeJJ OBHflMH dJ(J.:, 0 ) = 0 H epi(J: , 0) = O. 
( a) 3an HwHTe :no ypaBH€HHe B BHJl.€ MaTpH4Horo ypaBHeHHfI nepBO­

r o nOpRJl.Ka .nJJfI nepeMeli 1l0H 

W == [:] . 

(b) B npeAI1 0,n0>KCHHH , YTO W = Wo + ,:-W 1 + O(c2). HaHJl.HTe Wo 
H HHTerpaJ1bHOe Bbrpa >KeHl1e Jl.Jl51 W I C HC nOJlb30 SaHI1eM MaTpH'l ­

Hoii cpyltKUHH r pHHa .nJlfl HYJlb -COJ1H TO Ha ( H .5) 

(e) f1po sepbTe npaBHJl bHOCTb n0J1 Y4 eHHoro peweH HH. 
45 ITo Ka)l{H Te, liTO H3,nY4aTeJ1 bHaH cjJ YHKU HH r pHl! a ,[lJIfi 01lHH0 4Horo 

KHHKa ( H .8) YJl.OBJJeTBOrmeT YC,nOBI1f1:11 ( H 2) H ( H. 3 ) 
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46. 	 0 6cYllH re ( 6e3 y r J1y6J1eHHfI B lleTaJUI) c Tparer HIO nOCTpoeH I151 H3J1y­

'1ar eJlbH OH CPYHI<UIHI r p HHa llJHl B3aHMO.ll.e HCTBHS'i llByX cr -KHHI(OB . 

47. 	 f1ol<a)!{Hre C HCn0J1b 30BaHHeM ( 7.9 8 ). 4TO B YCTaHoBHBweMcH p e)!{HMe 

U -> 00) 


W IO = W IO(:C - vrn t ). 


48 	 nepcxo.n I[>K03e~)COHa , H3r OTOBJI€ HH bIH 113 HH06rHI H OJIOBa, omlCbl ­

BaeTCR y paBHeHH€M 

02rp I (Pm Q Deb 1 . 
!'l .2 - -') ~ - ~-D = 2 5m </! ,
uJ; (;- u t c/\./ t A) 

r .ne <p - HOpMaJ1H30B3 HHa fi nJlOTHOCTb MarHHTHo ro nOTOKa H H3Me ­

PC HHbl€ 3Ha4eHHH nap aM erpoB npJ.lBe)l,eHbl B cJleAYIO w,eH Ta6.nJ.lue 

n apaMeTp E 1 E 2 E nHHHllbl 

c 176 x 109 2.3 X 109 CM/c 

>-'J 0.0263 0.1 27 CM 

(I' 5.55 X 10­ 3 5.52 X 10- 3 

C HcnOAb30Ba Hl1 e:v1 n p e,D.AO)!{eHH oi-i B pa3.1l.eAe 7.5.3 KOHuenUI-IH o 6cy ­

D.HTe B03MO)!{HOCT b nOCTpoeHfHI OCUHJlJlflTOPOB , xapaKTepH 3YlOUl l1 XCfI 

1012 4aC TO TOH 113J1Y4eHHfl \010 , lOl l H ru 

49 . 	t a l IToKa)!{HTC , l ITO cpopMa 3aJl.HerO CPPOHTa HM n yJ1bCa He BJl l1 RCT Ha 

Bbl pa>KeHHe .nJ1 fl 'lJleHa no npaBKH nepBoro nOpflll.Ka no c: CKOPOCTH 

6er yw,eA 1l 0AHbi ( 7. 107). 

(b) B.n HfleT JlH lIJ1eH no npaBKH nepBoro nopHllKa nepeMeHHoH BOC­

CTaHOBJleHHfl ( npOBO,D.HMOCTb HOHOB KaJl Hfl ) Ha YBeJ1 J.1'leHHe HJ1H 

YMeH b weHHe CKOPOCTH 6e r ywei--! BOJ1HL>I? IT0 5lCHHTe OTBeT. 

(c) 	 BblYHCJ1HTe (7.1 07) n pH F(V) = V(V - a)(V -- I ). 

(d) 	 0 6 cy.nHre 3BOJllOUHIO CKOPOCH I 6eryulel~ BOJ1Hbl v npH -+ '2
I 

eHH3y. 


5 0 PaceM o TpHM <t>H-ypaBHeHHe npH 


F (V ) = 	V(V - 0. 25 )(\1 - I) . 

(a) 	C HenOJlb30 BaHHeM Bbl paiKeHHi-i (7 107 ) H (7 108) HapHcYHTe 

rpacpl1K O(€) -o ueHKH MeCT0I1 0JlO)!{eHHH pe w eH Hi-i 6e r y u leii BOJ1Hbl 

Ha (I.', .:) -nJlOCI<OeT H. 

(b) 	 KaK CO OTHo eHTCfl pe3YJlbTa T nyHKT3 ( a) e HCTHHHblM MeCTono.rlO ­

>KeHHCM 3TH X TpaCKTopmi . 

I~ ' 
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51. Pewlne npeD.hlnywylO 3ana'lY npH 

npH V < 0:, 

r(V ) = {~'- l rrpH 	 V > 0: . 

52 	 PaCCI\lOTpl-lM I-lMrryJlbC ¢H-Mo.neJl I1 , pacnpOCTpalH!IOUJ,HH CH S 06JlaCTb. 
rne ncpeMCHHa5! LlOCCraIlOBJ1eH I!R n = fl{J > O. Kal<osa 3a BHCH MOCTb 
CKOPOCTH 6erywefi BOJl HbI OT fl{J ) 

53. 	 (a) llJlH ¢H-CHC TCM bl npH e: = 0 nOl\alKHTe, qTO CYUJ.E-CTByeT CTa UH­
OHapHoe (llenOD.BH}I(fIOe) pewellHe HMnYJIbCHOrO THna C ,,~ ( ~) = 
= VO(.1:) , r.r.r,e 

d2 Vo/de = F(Vo,· 

(b) 	 B npeD.110nOlKelllHf 0 TOM, '-ITO Bblpa)j«~H H H .lI.JJH B03MYW.CHHH 
H'-lelOT BHD. 

v = \'0 + .jEVI + .. 
R = .jE HI + ... 
r = -I...Jf. PI 

flOK3ilHlTe. YTO 

[X 11.2d{ ]1 /2 
VI = [J=~ (,~''o;d~ )2 d~ . 

(c ) 06CY1l.HTe 1l0JlY'IeIlHbIH pe3YJI bTaT JJ,.1H CJlY'-laH. KOrll.a F( V) = 
= F(V a)(V - I) npH a ---+ ~ CHH3Y 

54 	 (a) Bbll10JIHHTe Bbl'-lHCJleHH5! H3 pa3)leJJa 7.6.2 Jlnll ypaBHeHHI1 (7109) 
B 3¢-npeD.eJIe (e: = 0) . 

(b) 	 KaK B 3TOM CJIyyae H3MCHHJlOCb Llbl pa)!(eH He .ll.JlH v ( I', (o)? CYKa · 
3aH I1C eM. [Il ) 

(c ) HapHcYHTC cooTBeTCTSYIOUJ,HH BapHaHT pHcYHKa 7.3 . 
55 . C Hcnonb30SaI-HleM Ml{ -M01l.eJlH HcpBHoro HMnyJlbca H3 r a3D.eJIa 4 3 1 

H30opa3HTe 3<jlaI1TH'-ICCKOe B3a HMOD.eHCTBI·le. altaJIOfH'IHOe TOMY. '-ITO 
H306palK(,HO Ha pHcyHl\e 7.3 (YKa3aHHe CM. [29).) 

6. 	 (a) BblBenHTe ypaBHeHHH (71 10) II (7. J 11) D.,1H B3aHM o.neHcTBYIOIUHX 
HepBHblx HMI1YJlbCOB I1pH 

F (V) = \lev - a)(\1 - I ) . 

(b) nposepbTe. 'ITO JIHHeHHble onepaTopbl B MBOH '1aCTH paseHcTBa 
(7.1 J3) HBJlHIOTCR conpHlKeHHbIMH onepaTOraMH JI.JHl onepaTopOB 
B JleBOH yaCTlI paBcIIcTs3 (7. 11 1). 

57. 	 C<jl0PMYJlHPYH Te H reW HTe HHTepeCHYIO D.JUl Bac 3aJla4Y H3 B03MY­
lueHHH. 

.llum epamypa 	 389 

JblTepaTypa 

[ I) 	 S.Binczak. J.CEilbeck, and A .C.Scott. Ephaptic coupl ing of 
myelinated nerve fi bers, Physica D 148 (2001) 159· 174. 

[2] 	 S.Chandler and R.S.Johnson. On t he asymptotic solutions of the 
pertu r bed KdV equation using the inverse scattering method Phys. 
Lett. A 86 (1981) 337 -340. 

[3] J.G.Caputo, N .Flytzanis, and MPSorensen The ring laser configu­
ration studied by co llective coordinates. 1. Opt . S oc. Am. B 12 (1995) 
139- 145 . 

[4) 	 RG.Castcn . H .Cohen. and PALagerstrom. Pertu rbation analysis 
of an approximation to Hodgkin- Huxley theory. Q Appl Math . 32 
(1 975 ) 356-402. 

[5J 	 G.Costabile, R.D.Parmentier, BSavo. D.W McLaughlin, and 
A.CScott. Exact so lutions oj the SG equation describing oscillati ons 
in a long (but finite) Josephson junction . Appl. Phys Lett . 3' 
(1978) 587-589 . 

[6] 	 J.C Eilbeck. S.D. Luzader, and A .C.Scott. Pulse evolut ion on coupled 
nerve fibers. l3ull. Math. BioI. 43 (198 1) 389-400. 

[7) J.G.R.Jefferys. Nonsynaptic modul atIOn of neuronal activity in the 
brain Electric currents and extracellu lar IOns. Physiol. Rev. 75 
(1995) 689·723. 

[8] 	 V.l Karrman and E.M.Maslov Structurc of ta ils produced under the 
action of perturbations on soiitons . Sou. Phys . JETP 48 (1978) 252­
259. 

[91 B.Kat7. and OH .Schmitl Electric interaction between two adjacent 
nerve fibcrs . J. Physiol. 97 (1940) 471-488. 

[!OJ D.J.Kaup and A.CNewell. Solitons as particles and oscillators in 
sl owly varying media Proc. R . Soc. (London) A 361 (1978) ·11 3­
466. 

[ 11] J.P.Keener and D \V.McLaughlin . A.Green function for a lincar 
equa1ion associated with solilons. J. Math . Pltys . 18 (1977) 2008­
2013. 

[121 	J PKecner and D.W.M cLaughlin Solitons under perturbations. 
Phys. Rev A 16 (1977) 777-790. 

f13 ] J.Kevorkian and J.D.Colc. MuWple Scale and Singular Perturba ­
tion Methods. Springer-Vcrlag. Nc\v York , 1996. 

[14] 	 Y.S.Kivshar and B.A .Malomed . Dynamics of solitons In nearly Inte­
grable systems. Rev. Mod Phys . 61 (1989) 763-915 

[ 15) C.1.Knickerbocker and A.C.Newell. Shelves and the Korteweg-de 
ries equation . J Fluid Mec!!. 98 (1980) 803-818 

[ 16] G.L Lamb, Jr. Elements of Soliton Theory . John Wilcy, I\ew York, 
1980. (ll }l{ J13M . B8eoeHue 8 meopLllo CO,lumOH06 MHP, M 1983. 
(TaKlKe MepKYPHH- npCCC , M . 2000)) 

[ 17] S.D Luzader. Nell rophysics of Paral!el Nerve Fibers PhD thesis . 
University of Wisconsin, Madison. J979. 



I 
r.~. 7. Teopwi B03,\lyw,eliuu 390 

[1 81 o W.Mc Laughlin and A C.Scott . Perturba tion analysis of fluxon 
dynamics . Phys. Rev . J1 18 (1978) 1652- 1680 

[1 9J A H Nayfeh . Perturbation Methods John Wiley, New York, 1973 . 
HaH<p3 A . Memoobl 603_'-tyl.u,euuu . M : M HP, 1976 ) 

[20] AH. Nayfeh and D T .Mook. Nonlinear Oscillations John Wiley & 
Sons, New York, 1979. 

[21] 	 A.H Nayfeh . Introduction to Perturbation Techniques . John Wiley 
& Sons, Ne\\' York, 198 1 (H aH<p3 A . B8eoeHue 6 MemOGbl 803J.!y ­
u{euUL1 . M M HP 1984.) 

[22] AC.;.Jewell. SOli/OilS in Malhematics and. Physics SIAM, 
Philadelph ia, 1985. (A . H bI03J1J1. COJ/umOubt 6 ;Iwme.«amUKe u 
cjJU311Ke. M M Hp. 1989. ) 

[23 ] E.Ot! and RNSucian . Damping of solitary waves. Phys. Fluids 13 
(1970) 1432- 1434 

[24] 	 N.F.Pedersen. MR.Samuelscn. and o Weiner. Sol iton annihilation 
in the perturbed SG system Phys. Rev . B 30 (1984) 4057·4059 

[25 ] A Petraglia , AVUstinov, NFPedersen, and S.Sakai , 0iumerical 
study of fluxon dYnamics in a system of two-stacked Josephson 
junction s. j J1 ppl. Phys . 77 (1995) 117 1- 11 77. 

[26] 	 B. van cler Pol. The nonlinear theory of electric oscillations Proc. 
IR E 22 (1931) 1051 -1086 
A C.ScotL Distribu ted device applications of the superconducting[27 1 

tunnel junction. Solid S tale Electron . 7 (1964) 137-146 


[28] A C.Scott . The electrophvsics of a nerve fiber. Rev Mod . Phys 47 
(1975) 487-533. 

[29] 	 A .C. Scott . Neuroscience : A .Mathematica l Primer Springer-Verlag, 
New York 2002 

[30] A .C.Scott, FYFGhu , and S. AReib le Magnetic-flux propagation on 
a Josephson transmission li ne. J App/ Phys. 47 (1976) 3272-3286 

[31] 	 AC.Scoli and SD.Luzader Coupled solitary waves in neurophysics 
Phys. Scr ~O (1979) 395-40 1. 

[32 ] A CScott and APetragha Flux interactions on slacked Josephson 
junctions. Phys . Lel l. A 2 11 (1 996) 16 1-1 6 

r JIasa 8 

COJUITOHhI B KBAHTOBhIX PEmETKAX 

Bo06wc rOBopR. COJ1HTOH - n o KJlaCCH4eCKoe RBJ1eHHe. HeT Heo6xo.nH­
MOCTH R BbtnO,~HeHHH BbI4H CJ1eHIH1 HBaHTOBblX nonpa BOK .nJ1H HCCJleAOBall ­
Hoii lI.>KOHOM CKOHOM PaCCeJlOM «BOJlllb! nepelioca~, JlJlR UYHaMI1 HJ1H A.ijl1 
60JlbWOrO Kpaclloro nRTHa Ha lOnHTepc - nOA06Hall AeRTeJlbHOCTb 6blJla 
6bl aOcYPJlHOH. OJlHaKO CO.1HTOHbl MorYT B03HHI,aTb Ifa MOJleKYMlpHOM 
ypOBHe IMII B MOJ1eKymlpHblX "pHCTaJ1J1aX Ii B ~THX CJlY4allX He06xOAHMO 
Y411TbiBaTb KBaHTOBble oc06eHHOCTH npouecca. UeJ1blO 3TOH rJlaBbl RBJlHer ­
CH npe,.'lCTaBHTb TeopHIO COJlHTOHOB B HBaHTOBhlX peweTKax B TaKOM BHAe. 
YTOObl ';i TO OKa3aJlOCb nOJle3HblM npH HHTepnpCTaUHI1 3KcnepHMeHTaJ1bHblX 
HCCJleAOBa H H ii . 

nOCI\OJlbKY RBJleHHH amapMoHH4HOCTH B MO.neKYJ1aX 06ycJlOBJ1eHbl XH ­
MH4eCI,!1MH CB1I3HMH, Mbl Ha'lIlCM H3J10>KeIHfe C pacCMoTpeHHlI OCUHJlJlRTOpa 
«rpy3 Ha npy>KHHe» , RBJlRIOwe rOCR npHMepOM c.na60 lIeJlHHC iiHO~1 CHCTCMbl. 
Yl3J10>KeHHe KBaHToBoi1 TeopHH npeACTaBJlReT onpeAeJ1CHHYIO TPYJlHOCTb 
aH3.~HT['!4eCKoro xapaKTepa, 110 nOJl[4eHHble pC3Y"QbTaTbl \\OryT 6blTb 0606­
w.eHbl C ueJiblO HHTcpnpeTaUHH npHMeHcHHH :noH TeOpHfo!. MOTHBHpoBaH­
HblX Hcc..le)lOBaH H R~H K0J1e 6aTeJIbHbIX cneKTpoB MOJ1CKYJl. MOJleKYJlRpHblX 
KpHCTaJlJlOB H 6HOM0J1CI\YJI . 

fJlaBa 3asepwaeTcH KOMMeHTapHRMH . KacalOIUHMHCR 06wci'i TeopHH 
KBaHTOBblX peweTOK H OTl<pbIBalOlllHMI1 nynl AJIH Jl.3J1blleiiwHx HCCJle.ll.OB3-
HHH . 

8.1. KBaHToBble OCU.HJJJUITOPbl 

8.1.1. Knacoi 'IeCKlI" tlen HHe"Ublli OCLI,HJlJUrrOp 

PaCC~lOTpH M Macey. nO.l\BeWeHHY IO Ha HeJlHHeHHOH npy>KHHC K lIeno­
ABHiKHOMY nOllBecy (CM . PHCYHOK 8.1) HeJlHHeHIlOcTb npy>hHHbl MO>KCT 
6blTb onHcaRa nOTellUHaJlbHOH <PYHKUHei'i 

2 4 
" (x) = J(x _ o.r (8 1)

2 4' 
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