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IlepeagmoBa

3a 0CHOBY BUKOPUCTAHO 3aBIAaHHS, 5IKi BIPOAOBXK 6araTb0X pPOKiB BUKOPUCTO-
BYIOTbCSl aBTOpaMHu Ha paniodisuuHomy ¢akynbTeTi KUIBCbKOro HalioHa/JbHOrO
yHiBepcutetry imeHi Tapaca [lleBuenka. OcCHOBHa YacTHHA 3a/au CKJagaJnaacs aB-
TOpaMH crelianbHo MJsi «36ipHUKa», iHLIi 6y/0 3amno3uueHo 3 [6-8].

«30ipHUK» MOKe OyTH pEeKOMEHJO0BAaHO CTYyIeHTaM, aclipaHTaM i BUKJajauyam
(isMyHUX Ta (Pi3UKO—MaTeMaTUYHUX ClelliaJbHOCTeH BULIMX HaBUaJbHUX 3aKJia-
niB. «36ipHUK» MOXe OYTH KOPUCHUM TaKOXK i I/ CaMOMiArOTOBKH.



I'naea 1
Beryn

§ 1. Kunacudikauia aiHiiHux gudepeHuiajdbHUX PiBHAHb 3
YaCTUHHMMU MOXiJHUMH

PosrisiHemo JqiHiliHe nudepeHlliasbHe PiBHSAHHS APYTroro Mopsiiky 3 IBOMa
He3aJJeXKHUMU 3MiHHUMMU:

a(z, Y)uzy + 2b(x, y)ugy + c(z, y)uy, = ®(x, y, u, ug, uy). (1.1)

s nmpoBeneHHs1 Kyacugikallii TakuxX PiBHAHb CYTTEBi Ti BJIACTHUBOCTi PiBHSHB,
10 He 3MiHIOIThCS TPU MepeTBOPEHHSAX KOOpAMHAT. Takow iHBapiaHTHOW Xapa-
KTEPUCTHUKOIO € 3HAK NUCKPUMIHAHTY

A £ b —ac, (1.2)

ToOTO BesnnuyuHa sign A. Mu kjacudikyeMo piBHSIHHSI 3a Lli€l0 iHBapiaHTHOMO
BEJIMUUHOIO.
piBHsiHHS (1.1) HasWBaeThbCs:

1. einepboriunum, skuo A > 0;
2. eainmuunum, axumo A < 0;
3. napaboariunum, Ko A = 0.

[lns mpuBeneHHs piBHSIHHA 1O KaHOHIYHOrO BUIJISIY BBENEMO Xapakmepu-
cmuuny dyskuio (1.1), abo foro xapaxmepucmuxy w(z,y), MO 32T0BOJbHSE
HacTyIHe XapaKTepUCTUYHe PiBHAHHA:

a(z, y)w? + 2b(z, y)w,w, + c(z, y)ws = 0. (1.3)

KpuBa w(z,y) = const, mo € po3p’a3koM xapaktepucTudHoro piBHsHHA (1.3), Mae
Ha3By xapakmepucmuuroi Kpusol, a Hanpsimok {dz,dy} — xapakmepucmuurum
Hanpamkom. 3 yMoBU w(z,y) = const BUmaMBaTUMe, 10 w,dzr +w,dy = 0, T06TO

XapaKTePUCTUYHUH HAMPSIMOK JyKe MPOCTO MOB’SI3aHUM 3 w: g—g = —%, 3BiIKH
d b+ VA
Y+ _ +—’ (1.42)
dx a
dy_ b— VA
av- _ N — (1.4b)
dx a

[nterpanu piBHsiHb (1.4) € xapakrepuctukamu w(z,y) = const. B 3amexxnocti
Bin 3Haky A MaeMmo pi3Hi TUMH XapakTepucTHUHUX KpuBHX (1.4). PosrasiHemo
KOXXHHUH 3 BUIAAKIB OKPEMO.



6 [naBa 1. Beryn

1. A > 0, piBusHHA rinep6osiuHoro tumy. O6uaBa po3s’si3ku y.(x) Ta y_(z)
nilicHi ta pisHi. B npomy Bumamky Mu Maemo ABi ciM'i XapaKTepHCTHK,
w4 (x,y) = const Ta w_(x,y) = const. 3amiHOIO 3MiHHHX

£:w+(ac,y), n:w—(x7y)a

piBHAHHS 3BOAUTBCS 10 TaK 3BAHOI nepuloi KAHOHIUHOI opmu PiBHSHHS
rinep6oJIiuHOr0 TUIY

uen = P1(&, M, u, ug, uy). (1.5a)
3amiHoto

{=a+p, n=a-p
MOKHa MPUBECTH PiBHSHHS N0 Opyeoi KAHOHIUHOI opmu

Uaa — Ugp = Pala, B, u, U, ug). (1.5b)

2. A < 0, piBHSIHHS eqlinTHYHOTO THUIY. P03B’s13KH ¥4 () Ta y_ () € KOMIIEKCHO
CIIpsKeHUMU. B 11bOMy BHMAAKY BiAMOBiIHI XapaKTePUCTHKH MAIOTh BUIJISL

we(z,y) = &(z,y) T in(z,y).

B 3minnux &(x,y),n(x,y) piBHIHHS €JINTHYHOTO THIY NPUAMAE KAHOHIUHY
Gopmy
Uge + Upy = @1(57 n,u,ug, un)- (15C)

3. A = 0, piBHsiHHS napabosiyHoro TUMy. B 1bOMy BHUMAaAKy XapaKTepPUCTHUKH
wy (z,y) Ta w_(x,y) 3b6iratoTbes. Bubepemo HesasexXHi 3MiHHI Y BUTISI

SZUJ(I',y), 77:77(1’79)7

ne n(z,y) — 6ynb — sika QyHKUisA, HezanexHa Bix &(z,y). TakuM yHHOM MU
OTPUMAeMO /s PiBHSHHS NapabosliuHOTO TUIY KAHOHIUHY Popmy

gy = By (€, 17,1, ug, ). (1.5d)

Ilpuknan 1.1. < Hocaiguty tun piBHAHHA Yanaurina—Tpikowmi

Ta TIPUBECTH HOr0 MO KAHOHIYHOTO BHIJISIIY.
>
Poss’azarnns. 4 duckpuminant piBHsHHA (1.1) € A = —z. OTxe, piBHAHHSA

Yannurina-Tpikomi Mae pi3HHU THN B Pi3HUX 00JACTAX He3a/JeXXHHUX 3MiHHHUX:
npu x < 0 BOHO rinepOogsiuHe, npu x > 0 eqinTuuHe, a npu x = 0 — napaboJiiyHe.
PoarsisHeMo KOXHY 3 nepeJsiiyeHUX 006JacTen:

['inepbomiuynnii tum, x < 0. PiBHAHHS XapaKTepUCTHK Mae€ BUIJIAL:

dy-
dx

v. 1 Bepecus 2015 p. © €. 1. binokonoc, M. 1. Illeka, 2015
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Poapin 1. Knacudikauis ainiiHux nudepeHuiasbHUX piBHSIHb 3 YACTUHHUMH MOXiAHUMH 7

[[i piBHAHHS MalTh HACTYIHIi iHTerpaiu wy = const, U0 BU3HAYaKOTh HOro xa-

PaKTEPUCTHUKHU:
2

we(r,y) =y F 5 (-0)"*,
OTe, MepeTBOPeHHSIM KOOPAUHAT
2 2
E=wi(ny) =y—3(=2)%  n=w ey =y+(-2)" (1.7)
PiBHSIHHSI IPUBOJAUTHCS 10 KAHOH{UHOr0 BUTJISAY
Ug — Uy
Uey = ——-. (1.8)
Y 6(E—n)
Enintuunuii tun, z > 0. PiBHAHHSA
dy+ . —1/2
I _ 4 /
1 1
Ma€ XapaKTepUCTUKHU:
2
wi(z,y) = y & iz’
Orxe, mepeTBOPEHHSM KOOpAMHAT
2
E=Rew,(v.y) =y, n=Tmw(ey) =" (1.9)
PiBHSIHHSI 3BOJMTbCS 10 KAHOHI{YHOT'O BHUIVISILY
3u,
Uge + Upy = — 77]' (1.10)

[lapa6oniunuit Tun, x = 0. B He3aneXXHUX 3MiHHUX z,y piBHAHHSA Yansauri-
Ha—TpikoMi Mae KaHOHIYHUN BUTMSL

Uy = 0. (1.11)

>

B npuknanax (1)-(29) tpe6a mocaiiuTH THN PiBHSHB.
1. (1+2?)upe+(14+y?)uyytrutyuy, = | 7. y2upe — 22uy, = 0.
0. 8. ug,signy + 2u,, — uy,signe = 0.
2. 2Uypy + 20YUyy — 3y uyy — 23U, + | Q. 4, + 2uy, + (1 — signa)uy, = 0.
dyuy + 162w = 0. 10. u,,signy + 2u,y + uyy, = 0.
3. 4y*uy, — exp(22)uy, — 4y%u, = 0. 11. uy, + 2yuy, = 0.
4. 2y, + 20YUyy + yQUyy =0. 12. yu,, + zu,, = 0.
5. y2um + 22yt + SUQUyy = 0. 13. zu,, + Yy, = 0.
6. 22U, — y2uyy =0. 14. zuy, + yuy, + 2u, + 2u, = 0.

© €. 1. binokonoc, M. 1. Illeka, 2015 v. 1 Bepecus 2015 p.



8 [naBa 1. Beryn

15. e*uy, + 2e" Wy, + e*uy, Su, —u =0.

—ru =0, 23. 2(z+4y)Upy — 30Uz — AT Uy + 22U, —

16. u,, — (1—|—y2)2uyy Su, —u = 0.

—2y (14 y*) u, = 0. 24. 2(z+y)Uyy — 3TULy — TUyy + 2,y —
9 Su, —u =0,

17. uy, + 2sinvug, — (cos x

— sin? ) uy, + cos Tu, = 0. 25. (z + y)ter — (37 — Yty — (y +

4)y, — 3u, — 8uy + du = 0.

18. uy, — 2sinzuy — cos’zuy, — | 2. (22 — Y)Ugy — (32 — Y)Uyy — DUy, +
3 cos zuy = 0. 2u, — 8u, —u = 0.

19. 2zuy, — yuay — 62Uy, — e uy = 0. 27. sinyu,, — 5cos Yuy, + 4 cos yu,, —
20. zuy, — |ylugy — 6uy, — |zju, = 0. 2uy, + 4du, — Tu = 0.

21. 2sin Uy, — €S TUyy — 6 cos xuy, — | 28. 4sin(x + y)ug, + 5 cos(x + y)ugy +
12uy + uy, — 11u = 0. 2 cos(z + y)uyy — duy, + 1du, — 6u = 0.

22. 2(z4Y)Upy — 32Uz — 4Ty +2uy — | 29. chyuy, —shauy, — 3u, = 0.

ko B piBHsiHHI (1.1) KoedillieHTH € cTaNMWMHU, TO TMicJs 3BeleHHsS 10 KaHo-
HiYHOTr0 BUIJIAY MOXKHa 3pOoOUTHU TofaJblile crnpolleHHs. Hexall piBHsIHHS 3Belne-
HO 10 oxHiel 3 KaHOHIYHUX ¢opMm (1.5) 3aminow 3miHHUX &(z,y), n(z,y). Ko
BBECTH HEeBiIOMY (DYHKILi{O U(ﬁ,n) 3TiJHO 3 CIiBBiAHOIIEHHSIM

u(,m) = v(&,n) - e, (1.12)

TO BUOMpa4u cTani o ¥ [ BiAMOBiAHUM UMHOM, 3aBXKIHW MOXKHa 1M030AaBUTHUChH B
piBHSIHHI ofHiel, a60 ABOX MepUIMX MOXiTHUX PYHKLIT v(£,n).

IMpukaag 1.2. < 3BecTH 10 KaHOH{UHOTO BHUIJISILY Ta CIPOCTHUTH HACTYyIHE PiB-
HSTHHS:
Uzy — OUyy + YUy — Uy + 2uy, = 0. (1.13)

>

Poss’sasarnns. 4 Jluckpuminant piBHsiHHS (1.13) mopiBHIOE HYJIEBi, OTXKe MaeMO
piBHAHHA napaboJiiyHOro TUMy. PiBHAHHSA XapaKTepUCTHUK

dy _

= -3
dx

Ma€ HACTyMHHUU iHTerpad:
w(z,y) =y + 3,
OT2Ke HepeTBOpeHHHM KOOp,[LI/IHaT

§=y+ 3z, n=zux
piBHHHHH HpI/IBOILI/ITbCH o0 KaHOHi‘—IHOI‘O BI/II‘JIHILYZ

Has Toro, mo6 CHOPOCTUTH Le pPiBHAHHSA J[aJji, CKOPUCTAEMOCH IiACTaHOBKOIO
(1.12), 3Bigku MaeMo:

vnn:vg—vn(Zﬂ—1)—v(ﬁ2—a+ﬁ). (1.14)

v. 1 Bepecus 2015 p. (© €. 1. Binokonoc, M. 1. Illeka, 2015




Poapin 1. Knacudikauis ainiiHux nudepeHuiasbHUX piBHSIHb 3 YACTUHHUMH MOXiAHUMH 9

O6epemo ctani « i [ TaKUM 4YUHOM, 111006 MO30YTHUCS OCTAaHHIX NBOX NOAAHKIB B
piBusinHi (1.14). Ins uporo moknagemo o = 1/4 i § = —1/2. Takum uuHOM,

3aMiHOIO
£—2n

£-2n zty
uwE,n) =er v(n) =ertvn)
piBHsiHHA (1.13) 3BOOUTBCSA 0 HACTYMHOTO CIPOIIEHOTO KAaHOHIYHOTO BHUTJISIIY:

v7777 = Uf.

>

(1.15)

B npuknanax (30)—(57) 3BecTH piBHSIHHS 10 KaHOHIYHOTrO BHUIJISAY Ta CIPO-

CTUTHU.

30. wuy, —4ugy+5uy, —3u, +uy+u =0
31. 2uyy, —4uyy +u, —2uy+u+a = 0.
32. uyy + 2uyy — Uy +4uy, +u =0
33. 2uyy + 2uyy + uyy + 4u, + 4uy,

+u=20
34. g, + 2uyy + Uy, + 3u, — duy
+4u =0

35. Uyy — Uyy + Uy +uy —4u =0
36. u,y +uy, —uy —10u+x =0
37. 3uy, +uyy +3u, +uy, —u+y =0

38. gy + 4uyy + duy, — 2u, — 2u,
+u=20

39. 5ty + 160, + 16wy, -+ 241, +32u,+

64u = 0
40. Uy —2Upy+Uyy—3up+12u,+2Tu =
0

41. g, + 4ugy + 13wy + 3u, + 24u, —
Yu+9(z+y)=0

42. uy, — 6uyy + wyy + 10w, — 15u, —
Vu+x—2y=20

43. Upy+Ugy— 2y — 33Uy — 15U, +27T2 =
0

A4, 22U+ Uy +uyy + Tu, +4u, —2u =

0

45. Uy, — 2Ugy + Uy + Yu, + Yuy
—9u =0

46. 3uy; — Uy — Uyy + DUy +uy—5u =0
47. 2ugy + duyy + 2uyy — 6u, +Tu =0
48. 3ugy, + Yuyy + 27wy, — 2uy, + Tuy —
2u =10

49. 2uy, + 6uyy + 17wy, + Su, —
Tu=20

50. 12uy, —Yuyy +uyy +u, +4u,—du =
0

51. Uy, +6(x 4 2y)uyy + yuy, + 15u, +
120y —u =10

52. 3xUyy+6yuy,+2(x—3y)uy,+4u,+
uy — 21lu =10

53. TUyy+5Ytsy+ (32 —2y)uy, —2u, +
uy —4u =10

54. 3xuy, + 6yuyy + TUyy + 2u, + 3u, —
4u =20

85. 2uy, — duyy, + 6uy, + 4du, — 3u, —
15u =0

86. 11w, —Tuyy+Tuyy+u,—8u,+5u =
0

57. Txuy, +3uyy —11u, +2uy, —3u =0

2uy —

(© €. . Binokosoc, M. 1. llleka, 2015

v. 1 Bepecus 2015 p.



I'naBa 2

MeTon BigokpeMJeHHS 3MIHHUX

Merton BimoKpeMJieHHsI 3MiHHUX IJ51 AU(depeHLiaJbHUX PiBHAHb 3 YaCTUHHU-
MU TOXiIHUMH 3BOAMThbCS n0 3apadi lrypma—Jliysinaa nas ¢yHKuii Big onHiel
He3aJexKHO1 3MiHHO1.

§ 2. 3agaua Hlrypma-JliyBinas

§ 2.1. Peryaspna 3agaua lIrypma—JliyBinns

B ubomy maparpadi mu po3risiHeMO TakK 3BaHY peryaspHy 3agady Lltyp-
ma—JliyBinns (LJI). [ToctaHoBka 3amaui: 3Ha#iTH HeTpuBianbHi (TO6TO He piBHI
TOTOXXHbO HYJIeBi) PO3B’sI3KH 3ajaui

— (p(x)X'(x)) + q(x )X (z) = Mo(x)X (x),  z € (a,b)
a1 X(a) + /i X'(a) =0, af+pf>0 (2.1)
ar X (b) + o X'(b) =0, a3+ 5 > 0.

[Tpu nocranosui 3anaui [IJI BBaxkaetwbes, mwo p € Clla,b], ¢ € Cla,b] Ta p(x) > 0
npu x € [a, b|.
[Tepeniunmo mesiki BaxkJsMBi BJacTUBOCTI po3B’si3kiB 3amaui IIIJI:

e iCHy€ 3JliueHa MHOXHMHA BJACHUX 4yuces A < Ao < ..., gKi BiANOBigalOTh
BaacHUM ¢GyHKUiAM Xi(z), Xo(z), .... [Ipu ubomy A; > 0, sikmwo g(x) > 0.

e BjyiacHi Pynkuil X,, ta X,,, 10 BiANOBiAAOTb Pi3HUM HyMepaM nj Ta Ny €
OPTOTOHAJBHUMHU 3 Barow p(r):

b
(X0, X)) = / Dp@)dz = [ X|200n,  (22)
1/2

b
1X] = (X, X) = / X(2)Pple)dr | 2.3)

e cucrtema BiaacHux GyHkUid {X,(x)} € moBHOW0, TO6TO Oymb-Ky (QYHKLIiO
f(x) € L*[a,b] moxxHa noxaTH y BUTJISLI 361}KHOI‘O B CepellHbOMY KBaJpaTH-
yHoMmy pady Pyp’e 3a po3p’saskamu 3anadi HIJI:

10



Posnin 2. 3apaua Ilrypma-Jliysinas 11

ne xoedinientu dyp’e

1

C, =
X2

[ 1@ e 5)

Akuro dyskuis f(z) € Cla,b], To psin 36iraeTbcsi MTOTOYKOBO.

3ayBaxkumo, 1o BaacHi ¢pyHkuii samaui IJI 3aBxxau mMoxHa obpaTu y Hiii-
CHOMY BWIVIANi, TOMY 110 KoedilieHTH AudepeHUianbHOTO PiBHSAHHSA p(z), q(T) i
p(x) e nificHUMH.

Ilpukaan 2.1. < Posp’d3aTu HacTynHy peryasipHy 3agauy IJI:
X"(2) = vX (@)
X(0) = X (1) =0, =9
>
Poss’szanns. 4 B 3anexHocTi Bil mapameTrpa v piBHAHHSI MaTUMe TaKi PO3B I3KU:

X(z) = {on + By KoJHU v = 0, ©.7)

Ay,shve + B, chvxe xoau v # 0,

A, Ta B, — nesiki ctani, iKW BU3HA4YalOTbCsl MeXOBUMU yMoBaMu. HAkiio v = 0,
MaTHUMeMO:

X(0) =0 = By =0,
X(Z)ZO:AOZO

Otxe mpu v = 0 MOXJUBI Jinie TpuBiadbHi po3s’siaku 3amaui UIJI: X(z) = 0.
Hexa#t v # 0:

X(0)=0= B, =0,
X()=0= A,shvz =0.

dxumwo A,, 3amauya Mae nulle TpUBiaJbHi po3B’si3KU. BukJ/ioudawouu el BUMAJOK,
3 OCTaHHbOT YMOBH MaeMo sh vl = (0, ssike Mae PO3B’sI3KH JMIlle NPU ySIBHUX 3Ha-
yeHHsX napametpa v. [loknagemo v = ¢\, ne A € R. Toni 3amaya UIJI HabOyBae
BUTJISIY:

X"(z) + X (x) =0,
X(0) = X(1) = 0. (2.8)
3arajbHUM PO3B’I30K PiBHAHHS
X(x) = Aysin Az + B) cos \x (2.9)

a MeXOBi YMOBU NPUUMAIOTh HACTYIMHY (HOpMY

X(0) = 0= By =0,
X(l) =0= Aysin Az =0,

© €. 1. binokonoc, M. 1. Illeka, 2015 v. 1 Bepecus 2015 p.



12 [naBa 2. Meton BinokpemJ/ieHHS] 3MiHHHUX

sIKe Ma€ HeTpHUBiaJbHi PO3B’A3KH, SIKIIO
sinA\l=0 = M =mn, néeN.

OTxe MaTUMeMO Habip BJIACHUX UHCEJ

{An T e N} , (2.10a)
[
SKUM BiANOBiIAOTh BJACHI (PyHKIii
{Xn(:z:) = sin A\, = sin ?az, x € (0, l)} . (2.10b)
>
B npuknanax (58)—(64) poss’szatu 3anaui 111JI:
58 X"(z) + XX (x) =0, X"(z) + XX (x) =0,
1l x(0)= Xx"(1) = 0. 64. | X(0) =0, ne
) , ) X (1) +hX'(1) =0,
59. X"(z) + X'(x) + X (x) =0, h> 0.
X(0)=X(l) =0. X"(x) + N2 X (z) =0,
/ _
60, | X'(@) = X'(@) + XX (x) =0, | 88 E%) HAX0) =0, e
X(0)=X({)=0 b0 ’
61 || X/ (@) + XX (x) =0, X"(z) + X'(x) + M*X (2) = 0,
+ | X'(a) = X(b) = 0. 66. | X(0) +hX10) =0,
= 07
62. X"(z) + X'(z) + N2 X (z) = 0, e h > 0.
X'(a) = X(b) = 0. X"(z) + N2X (z) = 0,
53, | X7+ XX (@) =0, Y S
" X(0) = X'(I) =0. b0, ’

§ 2.2. CunryaspHa 3agauya IIrypma—JliyBinas

B ubomy naparpadi Mu posrisiHeMo Tak 3BaHy CUHrynaspHy 3azaady LIJI. 3a-
naua IlItypma—JliyBisis Ha3WBaeTbCs CHHTYJSIPHOWO, SIKIIO 1) B OfHIH KiHLEBiH
Touli (abo B 060x) KoediieHT p(z) obepraeTbes B 0, abo 2) B iHTepBadi [a, b]
OllHa rpaHWuYHa Touka (abo oOHIBi) € HecKiHUeHHOCTSAMH. Bin mboro 3anexxartb
YMOBH, 110 HaKJaJalThCs Ha po3B’sidok 3anaui [Itypma—JliyBisnais.

IMpuknan 2.2. < [locranoBka 3amaui y Bunaaky p(x) > 0 Vz € (a,b), p(a) =0,
p(b) # 0, Mae TaKHUH BUTJISA:

— (p(2)X'(x))" + q(z) X () = Ap(x) X (2), = € (a,D)
| X (a)| < o0, (2.11)
s X (b) 4+ B2 X'(b) = 0, a3 + B2 > 0.

>

v. 1 Bepecus 2015 p. (© €. 1. Binokonoc, M. 1. Illeka, 2015
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Posnin 2. 3apaua Ilrypma-Jliysinas 13

Mu posrasiuynu 3anady LIJI, cunrynspHy Ha JqiBomy KiHii, koau p(a) = 0.
AHasoriuHUM YMHOM MOXKHa PO3IVISHYTH 3afauy, CHHTYJASPHY Ha MPaBOMY KiHILi
(p(b) =0, p(a) # 0). B ubomy BUManKy Ha po3B’30K 3a/aui HaK/JIaJaEThCsl YMOBa
| X (b)] < +00. MoXHa pPO3TISTHYTH TaKOXK CHHTYJSIPHY Ha 060X KiHIAX 3amauy
3a BiAMNOBIAHWUMH YMOBAMH.

Ilpuknan 2.3. < Posp’si3aTu HacTynHy cUHTyasApHY 3agaudy Lltypma—Jliysinns
[10]:

(2.12)

—(1 =2 X"+ 22 X' = \X, re(—1,1)
| X(—1)| < +o0, | X (1)] < +o0.

>

Poss’azanns. 4 lykaemo po3B’si3ok piBHsAHHS (2.12) y BUr/IsAAi cTeneHeBoro psi-

ny: X (z) = > ", c,x™. B iHTepBani 36ixkHOCT] cTeneHeBUit psia MOXKHa MOUIEHHO

nuepenuiroBary, Tomy X'(z) = > (n+ 1)cpqa”, X' (z) =Y " y(n+ 1)(n +
2)cppoa”, zX'(x) = D07 neya”, X" (x) = Y o2 n(n — 1)e,a". Tigcrasasio-

un ui Bupasu B (2.12) i npupiBHIOIOUK KoedillieHTH NMpPU ONHAKOBUX CTENEeHsX,
OJIep2KYEMO PEKYpPEeHTHE CIiBBIIHOIIEHHS

n(n—+1)— A

. Z,. 9.1
nt Dt e (2.13)

[1lo6 obuucyatoBaTH 3a HUM, MOTPiOHO 3amaTH ¢y, ¢; (Ue i € MOBiNbHI cTaJi, 110
BXONSATh y 3arajbHUH PO3B’sI30K), MPUUYOMY SIKIIO OAMH i3 MUX KoedilieHTIB mo-
KJaJla€MO PiBHHUM HYJIO, TO AJ51 OTPUMAHHS HEHYJbOBOrO PO3B’'SI3KY iHILWH MOBHU-
HeH OYTH HeHYJbOBUM. Po3ryisiHeMo 1Ba BUIAAKH.

a) c; = 0 # ¢y. Toni 3 popmysu (2.13) BUNIMBAE, 110 A/ Oyab-siKoro k € Z
2k(2k+1) — A
(2k + 1)(2k + 2)
oyne copio = 0, gK TibkH k > j, 1 cor # 0, k < j, To6TO0 X Oyme moJsiHOMOM
crerieds 2j. OueBHAHO, BiH 3a/l0BOJIbHSIE MexKOBi yMOBH. TakuMm 4HHOM, 4HCJa
Noj = 2j(25 + 1), j € Zy, € BnacuuMH i BignosigHi im BaacHi yHKUIT Xo; —
MOJIIHOMU CTeleHs 27.

6) co = 0 # ¢;. Toni 3 dopmynu (2.13) BunauBae, Mo Mg OyAb-IKOT0 k €
2k(2k — 1) — A
2k(2k + 1)
epeKoHyeMocCs, 10 Yhcaa Agj—; = 25(2j — 1), j € N, e BnacHumu i BignosinHi

iM ByacHi QyHKUiT Xo;_1 — mosiHOMHU cTeneHsa 2j — 1.
O6’enHy04YH BUMAAKU a) i 6), OTPUMY€EMO TaKy CHUCTEMY BJIACHHUX €JIEMEHTIB
zanaui [IJI:

Corr1 = 0, Copyo = Cor. 3BICH BHOHO, 10 TpU A = 2j5/(25 + 1)

N cop = 0, copr1 = Cok—1. MipKytoun aHajoriyHo BUMAAKoBi 1,

A =n(n+1), X, —noniHoMm n-ro creness, n € Z.,.

[lokakemo, 1110 iHIIKUX BJAACHUX (PYHKLiH HEMaeE.

Ocki/TbKM MHOXWHA CKiHUEHHX JiHIHHMX KoMmOiHaui# QyHKuid X, MicTHUTb,
OYeBUIHO, YyCi MOJIIHOMH, TO 3a TeopeMow BelepimiTpacca BOHa BCIOAM IliJibHA
B C[—1;1], BigTak i B Lo[—1;1]. 3HaunuTh, €IMHUH ejeMeHT npocTopy Lo[—1;1],

© €. 1. binokonoc, M. 1. Illeka, 2015 v. 1 Bepecus 2015 p.



14 [naBa 2. Meton BinokpemJ/ieHHS] 3MiHHHUX

opToroHanbHu# ycim X, € HyJboBa (QyHKIlisg. BogHouac, 3a BiactusicTio 2° crie-
KTPaJbHUX 3a1a4, KOXKHa BJacHa (DYHKLis OPTOroHaJbHa pelITi BJACHUX (DYH-
Kiid. OTxe, BAacHUX (YHKIiH, BiAMIHHUX Bim 3HalIeHUX, He icHye. 3amauy
(2.12) posB’sizaHo.

Harapaemo, 1o BaacHi ¢yHKUiT BU3HAUAIOTBCS 3 TOUHICTIO O CTaJOro MHO-
JKHHKA. ¥ HalloOMYy BUMNANKY 1€ PiBHOCHJIbHO 3aJaHHIO Ti€l 3 IBOX KOHCTAHT cy, C1,
fiKa BiIMiHHa Bif HYJs. 3araJbHONPUHHATHUM € TaKWi BUOIp KOHCTAHTH, 32 SKOTO
B Touli 1 BJacHa (yHKLiA HaOupae 3HaueHHs 1. Baachi QpyHKUii, ninnopsakoBaHi
il nonaTKoBidl BMMO3i, Ha3uBalTbCS nosiHomamu Jlexwcarndpa i 1o3HAYAOTHCS
P,. Takum uuHoM, P, — 1le €IMHUH PO3B’S30K JiHiliHOT nudepeHIiaabHOT 3a1aui

(1—2)X" - 20X +n(n+1)X (2.14)
[ X(~14+0)| <oo, X(1)=1. (2.15)

dx nokaszaHo Bulle, P, € moJiHOMOM n-ro cteneHsi. HaBegemo <siBHUIi» BHpa3
noJsiiHoMiB JlexxaHapa Ta iXHiX HOPM:

1 dn 2 n
Pu(e) = g (@ =1)", (2.16a)
2
PI? = : 2.16b
L (2.16b)

>

ITIpuknax 2.4. < IlocraHoBka 3amaui y Bumagky p(z) > 0 Vo € (a,+00), Mae
TaKUW BUTJIAL:

— (p(@)X'(2)) + q(2) X (2) = (@)X (2), @ € (a,D)

a1 X (a) + 41X (a) =0, a? + 57 > 0, (2.17)
| X(x)| =0 (|z|7), x = +oc.
>
Mu posrasgHynu cuHrynspHy 3apady LIJI, konu npaBuiél kiHeub b = —+oo.
AnasoriuHUM UMHOM MOXKHA PO3TJISIHYTH 3ahauy, KOJU JiBHH KiHelb a = —o0.

§ 3. PiBHaHHA Audy3ii Ha BIAPI3KY
KaHOH{UHUH BUT/ISA OMHOBUMipPHOTO PiBHSIHHS NHUQy3il Mae HACTymHY dhopmy:

Up — aPUyy = f(z,t). (3.1)

Axmo f(z,t) = 0, piBHSIHHSA Ha3uWBaeTbcs OfHOPiAHUM; KO f(x,t) # 0, piBHS-
HHSI Ha3WBa€TbCsl HeofHOpimHUM. KpaiioBa 3amaya 1Jjisi OXHOBHUMIPHOTO PiBHSHHS
nudysii Mae HAcCTynHy Qopmy:

Uy — a*Ugy = f(2,1), r € (0,1), te(0,00),

O41“(07 t) + ﬁluaz( t) p(t)7 (07 OO)? (3 2)

@2u(l7t) + 62ux(l t) Q(t)a t e (07 OO): '
u(z,0) = ¢(x), z € (0,1).
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Posnin 3. PiBHsinHA nudysil Ha Bigpisky 15

IMpuknanx 3.1. < Hexaiét v = u(x,t) 3anana Ha Binpisky = € (0,1), t € (0,00).
[loTpi6HO 3HAUTH PO3B’I30K PiBHAHHS AUGY3il

U — a*Uyy = 0 (3.3)
MPH HACTYMHUX KPaHOBUX yMOBAaX:

u(z,0) = o(x), x€(0,1), (3.4a)
u(0,t) = wu(l,t) =0. (3.4b)

YmoBa (3.4a) € mouatkoBot, a yMoBH (3.4b) — omHOPiAHUMH MEXOBUMHU YMOBaMH.
>

Possg’asanns. € OcHOBHA iess MeTona moJsirae B TOMYy, 1100 MoOymayBaTH M0-
CUTb BEJIUKY KiJIbKiCTh YaCTUHHUX PO3B’SI3KiB PiBHSHHS (3.3), 110 MalTh BUILJISL
N0OyTKY

vz, t) = X(x)T(t) (3.5)

Ta 3aJ0BOJILHAIOTH MeXOBUM yMoBaM (3.4b). 3 mux pos3p’s3kiB Oymyemo JiHIHHY

KoMOiHal {0, iKa 32 MPUHLHMIIOM JiHiHHOT Cyneprnosullii TaKOXK € PO3B’I3KOM 3a-

nadi. [IpuponHo odikyBaTH, 110 3HaHAeHa JiHiHHA KoOMOiHallisg Oyne 3a10BOJbHATH

TaKoXK MOYaTKOBUM yMmoBaM (3.4a), To6TO Oyme po3B’si3KOM KpaloBOi 3amaui.
OTtxe, miacraBasitoun Bupas (3.5) no piBHsAHHA (3.3), OTPUMAEMO

X(2)T'(t) — a*X"(x)T(t) = 0.
Beaxatouu, mo v # 0, Ta noninuemu Ha v(z,t), MaTUMe

T/ B 2‘)(//

JliBa yacTUHA PiBHOCTI (3.6) He 3anexuTh Bif x, npaBa — Bif ¢, TOOTO KOXKHaA 3
HUX € crajnow. [lopiauemu (3.6) Ha a?, mosHauumo i crany Ak —\2. Lle — tak
3BaHa KOHCTAHTA BiJOKpPEMJEHHS 3MiHHUX:

1 T/ X//
2r=x =N (57

3BiIKM BUIIJIMBATHMe, 1110 PiBHAHHS B YACTUHHHUX IMOXiAHUX PO3OUBAETHCH HA [Ba
3BUYaHUHUX DiBHSIHHS, KOXKHE 3 SIKMX 3aJIe’KUTb TiJlIbKK BiJ CBOIX 3MiHHHX, TOOTO
3MIHHH PO3IiJiyince,

XV(z) + M X)\(x)

0; (3.8a)
T3(t) + a®NT)(t) = 0;

(3.8b)

3aBaskM JiHiAHOCTi, MOXKeMo 1oOynyBaTH (popMabHUN P

u(a,t) =Y Xa(z)Tx(t). (3.9)
A

© €. 1. binokonoc, M. 1. Illeka, 2015 v. 1 Bepecus 2015 p.



16 [naBa 2. Meton BinokpemJ/ieHHS] 3MiHHHUX

[le#t po3B’sI30K NMOBUHEH 3aI0BOJIHATH MeXKOBHUM yMoBaM (3.4b):

u(0,8) =0=">Y _ X,\(0)Tx() Vi = X,(0) = 0;
A

u(l, ) =0="> X\()T\(t) Vi = X,(I) = 0.
A

Takum ynHOM, MOTPiGHO 3HAUTHU PO3B’SI3KU X(a:) KpanoBol 3axaui

X{(x) + N2 X (x) =0, € (0,0), (3.10)

XA(0)=0, X,\() =0,

a TaKoXX YMCeJsibHi 3HaYeHHS MapameTpa A, IpH SKUX PO3B’'S3KH icHYIOTb. [locTas-
JileHa 3ajadya BimHocUTbCsl Mo Kaacy 3amad Lrypma—Jliysinasa (2.8), po3p’a3kom
SIKOT € TIOBHA CHUCTeMa OPTOroHasbHUX PyHKIiH (2.10):

™
7
[lell po3B’130K BU3HAUAETHCS 3 TOUHICTIO 0 MHOXKHHUKA, SKUH MU MOKJAJIU PiBHUM

onuuuli. PosrnsiHemo Ttenep piBHsHHA (3.8b) mns ¢yukuii 7'(t). HenynaboBum
BJIACHUM UMCJaAM A, BiAMOBigal0Th PO3B’SI3KU

{Xn(x) =sin A\, x; N\, = n e N} .

T (t) = Cre Nt (3.11)

3BiIKM 3arajbHUH PO3B’si30K (3.9) MaTthMe BUTJISAN
u(@,t) =Y Che MY, (). (3.12)
Koncranrty C),, ninbepeMo TakMM UYMHOM, 11100 33J0OBOJIbHUTH MOYATKOBUM YMOBaM
(3.4a):
u(@,0) = ¢(z) = > Cu X (2), (3.13)
n=0

Ane cdopmyna (3.13) — ue dopmyna posBuHeHHs QyHKUIT ¢(x) B psn Pyp’e 3a
BJacHUMHU dyHKIuismMu 3anaudi LIJI, nop. (2.4). Koedinientu dyp’e uporo pos-
BHHEHHSI, 3TigHO 3 (2.5) MalTb BUIJISI:

1

C, =
X2

l
/ o(2) X, (2)de, (3.14)
0

a HopMa || X || mae BUTISAA

l l
[
i = [P = [a 4=t
0 0
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TakuM unMHOM, PO3B’A30K KpaiioBol 3agadi 3 OAHOPiITHUMH MEKOBHMH YMOBaMHU
IJis piBHAHHSA OUQy3ii MaThUMe BUIJISA:

>

68.

69.

70.

71.

72.

73.

74.

75.

u(x,t)

Xn(z)

n

~| Do

= ) CoXy(x

/ &(2) X (z)dz

sin A\,

—a2)\2

(3.15a)

(3.15b)

(3.15¢)

B npuknanax (68)—(94) posp’sisaTv KpaHoBy 3amady AJsi OQHODiIHOrO PiBHSI-
HHA Oudy3il Ha BiapisKy:

up = dug, + u,
u.(0,t) = 0,u,(1,t) =0,
u(x,0) = 2 cos 2mx cos = 3”
Ut = Ugy + U
ug(0,t) = ugg(7r t) =0,
u(x,0) = 8cos .
Up = Ugpy — U+ 1
u(0,t) = uy(m, t)
3z
u(x,0) = 4sin” 7.
Ut = DUy
uz(—1,t) =0,
(1,t) =0,
(2,0) = 3+ 2%
Ut = 4u:vx
u(0,t) =0,
uzy(2,t) =0,
u(r,0) = 3sin® .
U = 4y,
u(l,t) =0,
uzy(2,t) =0,
u(x,0) = xsinz.

r°—1+sinx.

76.

77.

78.

79.

80.

81.

82.

Uy = 16Uy,
uz(—3,t) =0,
u(3,t) =0,
u(x,0) = (22 — 1)e™®
U = Oy,
uz(—2,t) =0,
u,(0,t) =0,
u(x,0) = (32% — 1) sin x.
U = (Ugpy
uz(0,t) =0,
u(b,t) =0,
u(z,0) = ( 1) sin(x 4 3).
Ut = 5ux:r
uz(0,t) =0,
u(2/3,t) =0,
u(z,0) = (r — 1) sin(z + 3)—
—(z + 1) sin(z — 3).
U = 4ty
u(—1,t) =0,
u(3,t) =0,
u(z,0) = e Lsin®(z + 1).
u = 3um
ug(—1,t) = 0,
(1/2 t) = 0,
u(@,0) = (2% — 2)¢’
U = Uy
u(—1,t) =0,
uz(1,t) =0,
u(z,0) = (2 + 1)’

(© €. . Binokosoc, M. 1. llleka, 2015
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18 [naBa 2. Meton BinokpemJ/ieHHS] 3MiHHHUX

Up = 2Uyy up = 1, 44u,,
u,(0,t) =0, u,(—5,t) =0,

83. | u(1,8) =0, 89. | (3,8) = 0,
u(x,0) = (z + 2)%sin(3z — 1). u(x,0) = %e* cos x
w = 12Uy, up = 2, 25Uy,
uy (1/3,t) =0, u(1/5,t) =0,

84 (1) =0, 90- 1, (1/3,1) =0,
u(x,0) = [2 + sin(3x — 1)]e™ %%, u(xz,0) =e "+ (x—1)cosx
wur = 10Uy, u; = 0,49u,.,
up(—1/3,1) = 0, o1 | u(2/3,1) =0,

85. | u(1/3,t) =0, " lu(3/2,t) =0,
u(z,0) = 2+ u(z,0) = (23 + 2)e ™
+(3z — 1)(3 — 2x) sinx. u; = 0, 81,
Ur = 4tyy u(1,t) =0,

86 U(O,t) =0, 92. um( /2at) =0,

"l ua(1/3,t) =0, u(x,0) = (z+ 1)e *+

uw(x,0) =2 + (z — 1)(2? + 1). +22(1 + cos ).
up = 6, 25Uy, wr = 30Uy
u(0,t) =0, uz(—1/2,t) =0,

87. uz(3,t) =0, 93. u.(0,t) =0,
u(x,0) = e + cos(x + 2). u(x,0) = z(e* + cosw).
U = dUypy up = 0, 64u,,
u(0,t) =0, u(—1/2,t) =0,

88. | ,(1/3,t) =0, M. ,3/2,1) =0,
u(x,0) =2 + (z — 1)(2? + 1). u(x,0) = 22(sin 2z + 2 cos x).

B npuknanax (95)-(97) posp’sizaTu KpaHoBy 3amauy JJisi HEOMHOPiIHOTO PiB-
HAHHA OU]y3il Ha BiAPi3KY:

Ut = Uy + U + 28in 2 8in 22 Up = Upy + U+ 4dcos®
95. || u,(0,t) = u(5,t) =0, 97. || u.(0,t) = u(5,t) =0,
u(z,0) =0. u(z,0) = 0.

u; = 49u,, — u + cosmx
96. || u,(0,7) = uy(1,¢) =0,
u(x,0) = 2 cos? 27.

B npuknaanax (98)-(129) poss’sizaTu MilnaHy KpadoBy 3amauy AJs piBHSHHS
nudysii Ha BiapisKy:

Ut = Ugy utzufm‘_"u"i_t(t_z)(%_
gg. | U:(0,1) =1 —1) +sin 3z
U(l, t) =Y, 99. ’u,(O7 t) — t27
u(z,0) = 0. u(m, 1) = 0,
u(x,0) = 2sin 3x cos 2.
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100.

101.

102.

103.

104.

105.

106.

107.

108.

U = Upp + 0 —x + 14+
+4 cos® 2%

uz(0,t) =1,
u(l,t) =0,
u(z,0) =2 — 1.

Ut = Upy + U — T + 281N 2T COS T
u(0,t) =0,

UT(%,t) = 17

u(z,0) =

Uy = um + du + 2 — 2t — 4%+
+2cos’x

u,(0,t) =0,

ug(m, t) = 2mt

u(z,0) =0.

U = Mgy +u — 7+ Atz — 22>+
+18¢% — 2t%x + 222+
+2sin 37z sin bwx

u.(0,t) = 22,
uz(1,t) =0,
u(z,0) =T7.

Up = Uyy + U — = (sint + cost),
u(0,t) =0,

u(m,t) = cost,

u(z,0) = £ + 4sin® 3a.

up = 25Uy, — u + 3+ €l (27+
+2z — 25),
u,(0,1) = €,
uy(1,1) = 2¢,
u(z,0) = 2% + 2v — 22+
+2cosmz cos Imx.
Uy = 4Upr + U—
—(Bx+1)(3z — 1)
u(0,t) = sint,
u(l,t) =0,

u(z,0) = 2 cos 2mx cos 2.
Up = Uy + (L —2)(2 = 1)+
+ sin 3x

u(0, t)—t2

u(m,t) =

u(x, )—281n3x0082:13.
Ay = Uyy + u+ e P cos’x
u ,t)—tsmt

,O):a:+8008 .

109.

110.

111.

112.

113.

114.

115.

116.

117.

Up = Upy + 20 — x + 14+
+4 cos® 2L

uy(0,t) =1,

u(l,t) =0,

u(z,0) =2 — 1.

U = MUy —u+ 1—
—2xe %" cos 3,
u(0,t) = 2t,

u(m, t) = 3;

u(z,0) = 4sin® Z.

Ut = Ugy + 3U — T+
+2sin 2x cosx

u(0,t) = 2+ sint,
uz(Z,t) =1,
u(x,0) = 2z cos® z.

up = (1/4)uge — 2u+
+sin(t 4 2x)

u(0,t) = sin’t,

u(l,t) = 5+ 2t;

u(x,0) = (423 — 1) cos 2x.

Up = Ugy + du + 2% — 20—
—42%t 4+ 2cos’

u(0,t) = t* cost,

uz(m, t) = 27t

u(z,0) = (2% + 3)e >

Up = Uypy + 3u + 28in 2 sin 2x
u,(0,t) = 2t?sint,

u(g,t) = 1;

u(z,0) =1+ e"cosz.

U = gy + u + 4tz + 182 —

—2t%x + 2sin 37z sin brx
u,(0,t) = 2t% — 3,

uz(1,t) =0;

u(z,0) =7.

up = 49U, — u + cos T
u,(0,t) = (t* +t — 1) sint,
uz(1,t) = 2;

u(x,0) = 2 cos? 27z.

Up = Ugy +u — = (sint + cost),
u(0,t) = 2t3,

u(m,t) = cost;

u(z,0) = £ + 4sin® 3a.
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20 [naBa 2. Meton BinokpemJ/ieHHS] 3MiHHHUX
Up = Ugy + U+ 4dcos® 16U = Upy + Sug ?L x sin(2t)
u,(0,1) = e’ cos 2t, u(0,1) = (t + 2)%,
118. u(%,t)): 2% — 3; 124. ux@,,?s) :(3,
u(z,0) = (sinz + 2)e". u(x,0) = 2xe” cos 2.
up = 25Uy, — u + 3+ up = Az — 2u + (t — 2) cos(mz),
tel (22 4 22 — 25) 195, | u=(0,0) =1* =2,
119 um(07t) :€t7 . ”U,x(ﬂ',t) :t/gv )
g (1,t) =24 % u(z,0) = o — sin®(mx).
u(z,0) = 2% + 3+ dup = Ugy + du—
+2 cosmx cos 9T, —cos(t+ 1) sin(x — 1)
Up = Uyy — 2U + COS® T 126. || u;(0,1) = cos(t + 1),
120 u,(0,1) = cost + t?sint, Uy (%) :2752_%)3
“lug(1,t) =€ u(x,0) =1 — cos’ x.
u(x,0) = (322 — 1)(cosz — 1). uy = 16Uy, + uy — (74 1)%+
uy = Upy — u + 3+ +3 cos? 377737
+e' (22 4+ 8z — 9), 127. || u,(0,t) = (e* + cost)(t — 1),
121. | u,(0,t) = 4e, u(l,t) = 2;
up(1,) = 2 + % u(@,0) = (z+1)°.
u(x,0) = 22 — 25 + 2sin 9. U = 2y — 3u + e T sin(t + 2),
Uy = Ay, — 4u, + xsin(2t) 128. u””(g’ t) =1+ cost,
w(—1,8) = e 2(cost + 1), uy(5,t) = —1 +sint;
122. | u,(1,1) = 0; u(z,0) = (z + 1) cos® .
uy(z,0) = (22 + x + 1) (sin z+ Yup = Ugy — 2+ 4cos ZF
+ cos ). 129 u(0,t) =2,
U = 2ugy + 3u + t? sin(2mx), (L 1) = t§2 + cost);
123 u.(0,1) =1 —1t, u(x,0) =z + 1.
" ug(m,t) = 3t3;
u(z,0) = (22 — 3)* — 5cos 27z,
§ 4. XBuaboBe piBHIHHS Ha BiJpPi3Ky
KaHoHiuHU# BHUIJISA OZHOBUMIPHOTO XBHJIBOBOTO DIBHSIHHSI Ma€ HACTYMHY
opmy:
Uy — a2y = f(2,1). (4.1)
ko f(x,t) =0, piBHAHHS Ha3UBAE€TbCS OJHOPIAHHUM.
Npukmaan 4.1. < Hexait u = u(x,t) 3amana Ha Bigpisky x € (0,1), ¢ € (0,00).

[ToTpi6HO 3HAUTH pPO3B’30K HACTYMHOI KpaHoBOI 3ajaui AJs XBHUJIbOBOI'O PiBHSH-

HA:
Uy — aug, =0, x € (0,1), te(0,00),
u(0,t) = t € (0,00),
u(l,t) =0, t € (0,00), (4.2)
u(t,0) = b(x), =€ (0,0),
w(z,0) =(z), z€(0,1)
>
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Posnin 4. XBu/aboBe piBHSAHHS Ha BiIpi3Ky 21

Poss’szanns. 4 llykaTumeMo 4acTHHHI PO3B’SI3KH y BHUIVISIAI
= g T, (t) X, (x
n

[lincraBasioun Lell BUpa3 A0 XBUJIbOBOrO piBHSAHHSA (4.2), oTpuMaeMo

T"(H) X (z) = a*T() X" (z).
ko nominuTH 06MABI YaCcTHHM LbOro cniBBigHOeHHS HA X (x)T'(t), OTpUMAEMO
1110 JIiBa YaCTHHA € (PyHKUi€ Julle KOOPAWHATH x, mpaBa — t, TOOTO PiBHICTb
MOXKe CIPaBIXKYBAaTHCS JHILIE, KOJHU KOXKHA 3 YaCTHH € CTajow (Mo3HayuMo ii
—)\?),

17"(t) X"(x)

a2 T(t)  X(z)
OTxe 3minHi Bigokpemunucs. das GyHkuii X (x) oTpuMasau Bxe po3ibpaHy 3ana-
uy IlItypma—JliyBinas, po3p’sa3ok skoi naetbes popmynamu (2.10). Has GyHkuii
T,(t) orpuMaemMo piBHAHHS

—)\2

T"(t) + a* 2T, (t) = 0,
110 Ma€ PO3B’SI30K
T.(t) = A, cos (aApt) + By sin (aA,t) . (4.3)
OTxe 3arasbHU# po3B’s30K naethes psagoM Pyp'e 3a X, (x):

— Z X, (z) {An cos (aAnt) + By, sin (G)\nt)} :

l
=7
0

I
/Xn(x)zp(x)dx
0

Koncranrtu An Ta Bn 3HAXOOWMO 3 MMOYATKOBHUX YMOB!.

N|[\’)

2
V() = Z n@ == a l

OcraTo4yHO, PO3B’A30K KpakoBol 3amaui (4.2) n/si XBUJIbOBOTO PiBHSIHHS Mae
BUTJISIL

— Z X () {An cos (aA,t) + By, sin (a)\nt)} : (4.4a)
Xo(x) = sin (\z), A = ”l—” (4.4b)
l l
2 2
-2 / X, (a B= / X, ()b (x)d. (4.4¢)
0 0

| 4
B npuknanax (130)—(137) posp’sa3atu omHOpigHY KpaHoOBYy 3amauy AJsi XBHU-
JIbOBOTO PIBHAHHSA Ha BiApi3KYy:
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130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

Uy = 16U,

u(0,t) = 0,u(l,t) =0,
u(z,0) =0,

w(z,0) = sin .

U = 4Um,

u(0,t) = 0,u,(l,t) =0,
u(z,0) = sin 2L,
ug(,0) = cos 57
Ut = gy,
u(0,t) = 0,uz(l,t) =0,
u(z,0) =0,

uy(z,0) = sin 57 + sin

3ra
20
Uy = azuxxa

u (=1, t) =u(l,t) =0,
u(z,0) = cos Z¥

brx

Y
u(z,0) = COSZ%—;” + cos L.

2l
Up = AUy,
u.(0,t) = 0,u,(l,t) =0,
u(z,0) = x,

u(z,0) =1

Upt = 2DUygy,

u.(0,t) =0,

uz(l,t) + hu(l,t) =0,
u(z,0) =0,

ut(x,0) =1,h >0

u(0,t) = ug(l,t) =0,
u(z,0) =1,
ug(z,0) = sin 57

ux( 1) =0,

u(3,t) =0,

u(x,0) = cos TF,

w(z,0) = cos 22 + cos 27X,
U = Ay,

u,(—1,t) =0,

u,(l,t) =0,

u(z,0) =z,

u(z,0) = 1.

140.

141.

142.

143.

144.

145.

146.

147.

_ 2
U = 4a Uy,

uz(0,t) =0,
u,(20,t) + 2u(2l,t) = 0,
u(z,0) =0,
u(z,0) = 1.

u.(0,t) = 0,

uz(l,t) =0,

u(z,0) =22 + 1,
ur(z,0) = 2sin(x + 1)

u(0,t) =0,

uz(l,t) =0,

u(x,0) = 2% + 1,
ut(x,0) = sinx + cos .

Uy = a2um — 2u,

Ugp = @ Uy — 2U,
u(=1,t) =0,
u.(0,t) = 0,
u(x,0) = sin 27,
u(z,0) =1+ sin 2ZL.

U = a*Uyy — 20,
ul’(_l7t) =Y

Uy lat) - Y

u(z,0) = sin?(3rz/1),
u(z,0) = 1.

Uy = 49Uy,

u(0,t) =0,

uz(3,t) =0,

u(x,0) =2 —z,

u(0,t) =0,
u(l,t) =0,
u(x,0) =3+ 2cosw,
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0, 8luy = Uy, + 2u,
u,(0,t) =0,
148. | u(l,t) =0,

u(z,0) = (x + 2) cos z,
ug(z,0) = 1+ 2,

Ut = 2DUgy,
uz(—1,t) =0,
u(l,t) =0,
u(x,0) = 2% cos z,
u(x,0) = 451113:2

149.

25Uy = Uy,
uz(—3,t) =0,

150. | u(0,t) =0,

u(z,0) = cos(x — 2),
ug(x,0) = 4 — 22

U = 16Umx + u,
t) =

up(—3,1) = 0,
151. U(O, t) =0,
u(x,0) = +(3082:U,
uy(z,0) = 8 — a3,

Uy = 36Uy, — 2u,

x(_27t) = 07
152. || u(2,¢) = 0,
u(z,0) = xcosz,

,0)
ug(2,0) = 3+ 3.

153.

154.

155.

156.

157.

158.

duy = Uy + u,
uz(1,t) =0,

u(2,t) =0,

u(x,0) = x — cosz,
u(x,0) =2+ x.

Ut um + 4u,

ux( ) 0,

u(2, ) 0,

U((IJ, ) =T — ]-7

ut(x, 0) = 3cos(2 + z).
= 4y,

um( 3, )

u, (3,1) =

u(z,0) = xtg(x/B)
ur(z,0) = 3 + cos z.

duy = gy,

u(—=1,t) =0,

uz(1,t) =0,

u(z,0) =z + 2tgx,

ur(z,0) = 2 + 3z.

Ut = Ugyx — 3“7

u(—=2,t) =0,
uI(O,t) =0,
u(x,0) = tg(z/8),
u(z,0) = bz.
(m 4um + ux,
uz( )
U( : ) (5'3+ 1)tgz,
ut(x,0) = expx.

B npukmaanax (159)-(182) poss’sizatu mimany kpa#oBy 3amady AJsi XBHJbO-

BOrO piBHSAHHA Ha BIiApPI3KY:

uy = 0, 81uy, +u 4+ e,
u(0,t) = t,

159. | u(1,t) = 281nt,
u(z,0) =1,

ur(z,0) =2 — cosz.

u(—1,t) = cost,
160. | u(1,t) =2 +t%
u(z,0) = 2 + 3z,
u(z,0) = cosx.

Ugp = 36Uy, — 2u + x exp(—t?),

161.

162.

(4/9)uy = Upy + 2u + ch™?(z),

<_27 ) = 2t,
uw(2,t) =1+ Cost
u(x, ) 212,
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163.

164.

165.

166.

167.

168.

169.

170.

Uy = 25um + 3u+
+ costcos 2(x),

u(0, )—2s1n2t
u(3, 1) = (1L+1)%
u(@,0) = a?

ut(x 0)—1—|—2008x

Uy = 16Uz, + u+
+(3 + cost)(1 + z*)72,

u(0,t) = 4,
u(l,t) = 3+cos2t
u(z,0) =1+¢€"

u(z,0) = (x + 1)2.

u(O,t) =4,
u(1,t) = 3t,
u(z,0) =z + 2,
ur(z,0) = 0.

Uy = @ Uyy + U + 2 COS 3,
1z (0, 1) + 3u(0, 1) = 0,
u(2,t) = 1+t2

u(z,0) =1+sinz,
uy(2,0) = 222 + 3.

Uy = @*Uyy + 2uy + T cos 3z,
Ju,(—2,t) +u(—2,t) =1,
u(0,t) = 2t,

u(z,0) = cos(x + 1),
ui(z,0) = sin(x — 1).

Ut = A" Ugy — Uy + U,
u(0,t) = 2,
uaz( at) =1,
u(a:,O) = 2z,

Ut = Ugy + U, — 2u + 2t cOS T,

u(0,t) = 5t,
uz(l,t) = tcost,
u(z,0) = 2z,

u(x,0) =1+ 2* + sin Z=

Ust = Ugy + 4u — costsin =,
u(0,t) = sint,

ug(l,t) = cos?t,
( ) — 1 + 5174,
(x, 0) = 3 + cos 3z.

171.

172.

173.

174.

175.

176.

1717.

178.

Uy = 16y, +u — (1 + 2t) cos?
u(0,t) = t(t* + 1)

u(4,t) = 3 +sin’t,

u(x,0) = 2z + cosx,

u(x,0) = x cos 2.

16y = gy + 3u, — cost(TE)?,
u(0,t) = tsint,
u (l,t) = (2 + 1)1
u(x,0) = 2xsinz,
uy(z, 0) — 24+ 32
(
t

uy = (1/3) gy + 4u, — 2t(?”TTI),
u(—I,t) =t + sint,
uy(l,t) = 2t2,

u(z,0) —ch_2(x+1),

ut(x 0)=(z+2)™*

duy = Ugy + 12u, — 8xt(x + 1),
u(0,t) = 3t + 1,

uz(1,t) +u(l,t) = sin(t + 2),
u(z,0) = 3 4 cos(2x + 3),
ug(z,0) = 22 + sin z.

Ut = Ugy + 3Uy — 8T cos(x + 1),
u(=1,1) =t +3,

uz(0,t) +u(0,t) = 2tsint,
u(z,0) = exp(z + 1),

ur(z,0) = exp(x + 2).

+sin(x + t),

uz(0,t) =t + 3,

Uz (m/4,t) + 2u(m/4,t) = t+
+sint,

u(zx,0) = 2z,

u(x,0) = tg .

uy = 64u,, + du+

+exp(x + t) sint,

u.(0,t) = 3t,

uz(4,t) + 4u(4,t) = cost,

u(x,0) =2 +sinx,

uy(z,0) = 22

uy = Uy, + 3u + exp(—t) sinz,

u,(0,8) = 347,

20, (4, 1) + u(4 t) = cos(1 +1),
u(zr,0) = 2%sin(z + 2),

u(z,0) = o + 2.
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Posnin 5. Kpaiiosi 3anaui nis piBHsHHs Jlamsaca Ha MJIOMIMHI. 25

Buy = 2uyzy + u + || cosz, Uy = 144U, — 3u, + (2t + x)e!

u,(0,t) =3+, Bug(—2,t) + 2u(—2,t) = %,
179. | 5u,(1,t) +u(l,t) = 4 + 4, 181. || u,(2,t) = 7cost,

u(z,0) =sinz, u(z,0) = (z + 3)sinx,

u(,0) = 2. u(z,0) = (2 + 2)°.

U = 2Uyy + Uy + (1 4 cos z), 81uy = Uyy + Du + 2te”,

u.(0,t) + 4u(0,t) = 3t + 12, 2u,(0,t) + 5u(0,t) = (1 + 1),
180. || u,(2,t) = (1 + cost), 182. || u,(2,t) = 3t + cost,

u(z, O) = 2z + 3sinz, u(z,0) = (34 z)sinz,

ug(2,0) = 2 — 22, uy(x,0) = (2 + z) cos .

§ 5. KpaiioBi 3agaui aia piBHIHHSA Jlamjaca Ha MJIOLIMHI.

§ 5.1. lekapToBi KOOpAUHATHU

KpaiioBa 3apmaua pnsi piBHAHHA Jlansnaca B mpsamokyTHHKY [0,a] X [0,b] mae
BUTJISIAL

Ugy + Uyy = 0, r € (0,a), ye€0,b),

anu(0,y) + B (0,y) = dn(y), y € (0,),

aru(a,y) + Bauz(a,y) = ¢2(y), y € (0,0), (5.1)
agu(x,0) + Bauy(x,0) = ¢3(x), x € (0,a),

aqu(x,b) + 64uy( ,b) = gu(z), x€(0,a).

Ilpukaan 5.1. < PosrasgHemo npoctimy 3anauy HipixJae nnas piBHsHHS Jlannaca
B MPSIMOKYTHUKY:

Uy + Uyy = 0, x € (0,a), ye€(0,b),
u(z,0) = o(x), z € (0,a),
u@,b) = v(x),  we(0.0) 62
u(0,y) = u(a,y) = 0.
>
Poss’szanns. 4 lllykaTumeMo 4aCTHHHI PO3B’SI3KH y BUIVISAAI
v(z,y) = X(2)Y (y) (5.3)

Binokpemso04u 3MiHHi, OTpUMaeMO ABa PiBHSAHHS
X" = \X, Y = -\Y.
3aBasiku opHopinHuM ymoBaM u(0,y) = u(a,y) = 0, oTpuMaemo
X(0)=X(a) =0,

T06TO 0151 PyHKUIT X (z) maemo 3anauy Llrypma—JliyBinns, po3s’sa30k skoi Mae
BUIJISL] TOBHOI cucteMu GyHKUid X,(z) (2.10). 3aranbHuii po3B’si30K PiBHSHHS
nas Yy, (y) MOXKHa MOJATH y BUTJISALI

Y,(y) = C,ch (A\yy) + C) sh (\y).
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26 [naBa 2. Meton BinokpemJ/ieHHS] 3MiHHHUX

OpHak 6ifbll 3py4yHOIO € popMa PO3B’A3KY
Ya(y) = Ansh (Ay) + Bpsh (An(b —y)) .

3aranbHUl PO3B’SI30K 3ajaaui

= X, (2)Y,
Koncrantu A, ta B, 3HaxoauMo 3 J0JaTKOBHX yMOB
o(x) = u(z,0) ZX ZX )B,, sh (Anb)
W(x) = u(z,b) ZX ZX ) Ay sh (AD) |

3BiIKU

A, sh(Ah) = 2 / X, ()0(2)dz,

Bysh(\b) = 2 / X, (2)6(x)da.

Takum unHOM, po3B’si30k 3amaui Jlipix/je mae BUTASL

u(z,y) = > Xu(2)Ya(y), (5.4a)
Xo(z) = sin (M), An:%, (5.4b)
Yo.(y) = Apsh (/\ny )+ Bnosh(\(b—1v)), (5.4c)
Ay = ———s A 3 /X (5.4d)
B, = ash /X (5.4e)

>

B npuknanax (183)-(190) po3p’sizaTu BHyTPilLIHIO KpaHoBY 3anauy AJs piBHS-
HHs Jlannaca B npsaMokyTHHKY [0, a] x [0, b], K110 MeKOBi YMOBY MaiOTb BUIJISL:

ul0.y) = Asin g, ufa.p) =0,

183. u(z,0) = Bsin=*, u(x,b) = 0.
( ) Vh u(avy) = Vs,
184 (@, 0) =0, ulz,0) = 0.
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Posnin 5. Kpaiiosi 3anaui nis piBHsHHs Jlamsaca Ha MJIOMIMHI. 27

u(0,y) =sin g, wu(a,y) = smlby
185. u(z,0) =0, : uy(z,0) = 0. :
186 w(0,y) =0, u(a,y) = (b—y)*sin R
" uy(x,0) =0, uy(x,b) =0.
187. U(O, y) — 07 u(a, y) - O
uw(z,0) =0, uy(z,b)+ hu(:z; b) =
u(0,y) =sin* 3, u(a,y) =0,
188. uy(z,0) =0, uy(z,b) = 0.
ux(O, y) - 07 ux(a, y) = COS %7
189. uy(,0) =0, uy(x,b) = cos L
190 U(O, ) + Bux(()?y) — A7 U’(CL?y) - 07
" lu(x,0) =0, u(z,b) =

191. O6uucauTH PO3MONiJ MOTEHIialy eNeKTPOCTaTUUHOrO moJsi u(z,y) Bcepe-
nuHi npsMokyTHHKa [0, a] X [0, ], K110 MOTeHIiaJ B3A0BXK OOKY LIbOTO MPSMOKY-
THHKA, L0 JIEXKUTh Ha oci x, mopiBHIOE V), yci iHmi 60ku 3a3emseHi (ycepenuHi
MPSIMOKYTHUKA 3apsifiiB HEMAE).

192. O6uUUCAUTH PO3MOAI MOTEHIliaNy eJeKTPOCTAaTHUHOro moJs u(x,y) Bcepe-
IMHI PSMOKYTHHKA [—a, a] X [—b, b], AKI10O MOTeHILia 1 IBOX MPOTHIEKHHUX OOKIB
(r = 4+a) nopiBHWOW0OTL V|, iHII GOKH 3a3eMJeHi.

§ 5.2. CpekrpaJjbHa 3ajgaua AJ4 oneparopa Jlanjaca y npaMOKYTHHKY
(piBasiHHS T'ebMrosbBIIS)

Ilpuknan 5.2. < [loctaHoBKa 3amadi HacTyIHA:

Upy + Uy + K*u =0, €

0
u(0,y) = u(a,y) =0, y € (0
u(z,0) = u(z,b) =0, € (0

,CL), y E (07b)7
,0) (5.5)
,a).

Hesinomumu € BaacHi QyHKuii u(x,y) Ta BaacHi uucaa k, Mpu SIKUX 3amada Mae
pO3B’A30K. >

Poss’azanna. 4 Bigokpem/o04u cTaHAapTHUM YHHOM 3MiHHi, MaTHMe

X'(z)  Y'(y)

X@) Ty O

3BiIKM NPAMYE, 110 KOXeH 3 JOJAHKIB € CTaJjol0 Ta 3ajada po30OHWBAEThbCS Ha ABI
He3anexHi 3anadi [rypma—Jliysinas

X"(z)+XNX(z)=0, X(0)=X(a)=0, (5.6a)
Y'y) + Y (y) =0,  Y(0)=Y() =0, (5.6b)
k> = \2 + )\, (5.6¢)

Posp’sa3ku 3amau lrypma—JliyBinas € Bimomumu, nus. (2.10), oTke 3aranbHUi
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pO3B’sI30K 3anaui Mae BUIJsA noaBiliHoro psiny Pyp’e

u(:c, y) = Z Cnan(x)Ym(y); (5721)
Xo(z) = sin(Anz), Aip= ”a—” (5.7b)
Yin(y) = sin(Aony), Aom = % (5.7¢)

kom = \JAZ 4+ A2 (5.7d)

§ 5.3. IloaspHi KoopauHaTu

PiBusHHsa Jlansaca Ha NJOLMHI B MOJSPHUX KOOPAMHATAX MA€ BUTJIAL!
u
Upp + L 4 22 —Z=0. (5.8)
PP

3arasbHUE po3B’si30K piBHAHHS (5.8) Mae dopmy:

u(p, ) = Ag+ Byln(p Z( )\p +BA),0 )cos)\go
W (5.9)
+Z( AanBA)p )Sin)\go.
{A}

Ilpuknanx 5.3. < Posrasinemo 3anauy [Hipixse njs piBHsHHs Jlanjaca B Kpyai:

u(p, ) : Au(p, ) =0, pcl0,R),peS, (5.10a)
u(a, ) = f(p), (5.10b)

>
ne S' — oguHWUYHE KoJse (BiILpiSOK [0,27r] 3 OTOTOXXHEHUMH KiHISIMH).

Poss’sazannsa. 4 Ockinbku 00J1aCTh Ta MeXKOBi YMOBM 3aJaHi y MOJSPHUX KOOP-
IUHATaX, iCTOTHO 3amucaTH piBHAHHA Jlamaaca TakoX y MoJsipHUX KOOPAUHATAX:

2
Ay = pgp (p?—iﬁ) +%g—£:0. (5.11)
[IlykaTnmMeMo 4yacTHHHI PO3B’A3KH y BUTJISAAI
v(p, ) = R(p)®(p) (5.12)
BinokpeMsoouu 3MiHHi, OTpPUMAEMO ABa PiBHAHHS
() + N2®(p) = 0, e S (5.13a)
pR"(p) + pR'(p) — N*R(p) = 0. (5.13b)
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Posrnsinemo piBHsinHA (5.13a) nas ¢yskuii . Moro 3aranbHuil po3B’s30K Mae

BUTJIS
(I)( )_ Aog + Byp npu A =0,
? AycosAp + Bysin Ap  npu A # 0.
KpaiioBi ymMoBM O/ 1bOTO PiBHSIHHSI SIBHUM UMHOM He 3aaaHi. Bimomo Tinbkw,

mo ¢ € S'. Ane S’ He e cnpapxHim Bigpiskom. Horo kiHii oToToxHeHi, TO6TO
MaeMo, 3anavy lrypma—JIiyBinag 3 Tak 3BaHUMHU MepiOAUYHUMU YMOBAMHU

O(p) = P(¢ + 2m). (5.14)

3aBasikyd ymoBam (5.14) ByacHi uncsaa A MOXKYTh MPUHMATH TiJIbKHU 11iJ1i 3HaYeHHS,
Ta PO3B’SI30K MaTHMe BHUIJISI]

D, (p) = A, cosny + By, sinngp, n ez, By=0,

KOHCTaHTYy A( ToAi, 3BiCHO, MOXKHA MOKJIACTU PiBHOIO ONMHMILi, TOMYy BBaXKaTUME,

o Po(p) = 1.
[Tepefinemo nmo piBHsHHS (5.13b). ko n = 0, #oro po3s’si30K

Ro(p) = Ao+ BoIn(p),

B peLUTi BUIIAAKiB
Ry(p) = Anp" + Bup™
B pesyabrari 3arajbHUE PO3B’A30K

WK

u(p, ) = Ao + By ln(p) + (Aé”pn + Bff)p‘”) cos nip
! (5.15)

(Afll)p” + Bfll)p_”) sin np

n

NE

+
1

n

Ilnst BHYTpiIHBOT 3a1a4i u(p, ) Mae 3aqOBOJILHSITH YMOBI u(p, gp)’ < 00, 3BiI-
p—0

K1 yci B, = 0 Ta po3B’I30K Mae BUIJISAL

u(p, ) = —|—§:( ) (A, cosny + B, sinny) . (5.16a)

Koediunientn A, Ta B, 3HaxomsiTbcs 3 MexXoBUX yMoB (5.10b),

A, = %/f(go) cos npdyp, (5.16b)
] 27
B, = - / F(e) sin npdy. (5.16¢)

0
>

B npuknagax (193)-(201) posp’a3aTu BHYTPIllIHIO KpaloBy 3agauy OJjs piB-
HaHHsA Jlansnaca y kpysi Ug, SIKLIO MeXOBi YMOBU MaiOThb BHUIJISA!
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193. u(R, ) = Asin® .
194. u,
195. u,
196. u(R, )+ hu,(R, ) = Asin3¢p.

197. u(R,p) = Acos’ p.
198. u(R,p) = Acostp.
199. u(R,p)

200.
201.

R, p) = Acos® ¢ + Bsin® .
o(R, ) = Acosp.

u
uy(R,p) = Acos2ep.

B npuknanax (202)—-(205) po3p’sa3aTy 30BHILIHIO KpaloBY 3anauy AJs piBHS-
nHs Jlannaca y kpysi Ug, SIKI1O MeK0OBi YMOBH MalOTb BUTJISL:

202. u(R,p) = A+ Bsinbp.
203. u,(R,p) = Acos® .

204. u,(R,p) = A+ Bsin2op.
205. u(R, ) + hu,(R, @) = Asindp.

B npuknanax (206)—(211) poss’sisatt BHyTpilHIO 3agauy Jlipixje /s kpyra
Ug, axkuwo npu x> + y?> = R? noje MaTHMe BULISAL:

206. u(x,y) =z + xy.
207. u(z,y) = 2(2*+vy).

208. u(z,y) = 2% — 9>,
209. u(z,y) = 2t + y*.

210. u(z,y) = 2° + 29>
211. ugx,y) = ' +
23y + 222 +

B npuknanax (212)-(217) po3s’sizatu BHYTpilHIO 3anauy HelimaHa misi Kpy-
ra Up, fKwo npy o2 + y?> = R? HopMaJbHa MOXifHa NODPiBHIOE:

212. u, = zy. 214. u, = 2°.
215. u, = y*.

213. u, =2 —y.

216. u, = vy + 2° — %
217. u, = 3z%y>.

B npuknanax (218)—-(223) posp’sasaTtu 3oBHimH0 [ipixJe 3amauy s Kpyra
Ug, Ko npu 22 + y? = R? noje MaTHMe BHIISL:

218. u(z,y) =y + 2zy.
219. u(z,y) = 2° + 1.
220. u(z,y) = 2° — y>. C.

221. u(z,y) = y*+x+y.
222. u(z,y) = ax+by+

223. ugx,y) = ay? +

ac2y—|—:1: —y3.

B npuknanax (224)—(231) posp’sa3atu KpaloBy 3anauy 1jsi piBHsiHHs Jlamsa-
ca y Kizbli, paniyc sikoro p € (Ry, Ry), K0 MeXOBi YMOBH MalOTh BUIJIS:

224. u,(Ry,¢) =T, u,(Ry, ) =U.
225. u,(Ry, ) — hu(Ri,p) = T,
up(RQ, QD) + hu(Rg, Q)= U

226. u,(Ri,¢) = A, u(R2,¢) = B.
227. w(Ry = 1,9) = 1 + cos?op,

u(Ry = 2, ) = sin® .
228. u(Ry,p) =0, u(Ry, ) = sinp +

2 cos? .

229. u,(Ry,¢) = 4sin®p, u(Ry, ) =
0

230. u(Ry, o) = 1,

up(RQ,SO) -
2 sin? ©.
231. u,(Ri,¢) = sing, uy,(Ra,p) =
COS .
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§ 6. KpaiioBi 3amaui nng piBHsaHHA Jlanjgaca y TpuBumip-
HOMY MPOCTOPi

§ 6.1. [lekapToBi KOOpAUHATHU
PiBusuHs Jlannaca B 1ekapTOBUX KOOPAMHATAX Ma€ BUTJIS!
Uy + Uyy + Uz = 0. (6.1)

Ilpukaan 6.1. < Posrasnemo npoctimy 3anauy Hipixsae nnas piBHaHHA Jlannaca
B IIPSAMOKYTHOMY NapaJeJieninesni:

Uzy + Uyy + Uz = 0, r € (0,a), ye€0,b), =z€(0,c),

u(w,y,0) = o(z,y), z € (0,a),

u(w,y,c) = (z,y), z € (0,a), (6.2)
uw(0,y,2) =u(a,y,z) =0, y€(0,b), z€(0,c)

u(z,0,2) =u(x,b,2z) =0, z€(0,a), z€(0,c)

>

Poss’szanns. 4 lllykaTumeMo 4aCTHHHI PO3B’SI3KH y BUIVISAAI

v(@,y,2) = w(z,y)Z(2), (6.3)

Ie MU BiZIOKpDEMHJIM caMe Ty 3MiHHY, 3a SIKOI J0AaTKOBi yMoBM B 3ajxadi (6.2) e
onHopimHumu. IlincraBastoun Bupas (6.3) no piBHsHHS Jlansiaca, oTpuMaeMo:

Wey + Wy 2"
w(z,y)  Z(z)

3minHi Bigokpemseno. Has pyHKUii w(x,y) MaEMO CrieKTpadbHY 3amady 5.2:

Wy + wyy + K2u =0, x€(0,a), y € (0,b),
w(0,y) = w(a,y) =0, y € (0,b) (6.4)
w(z,0) =w(z,b) =0, =€ (0,a).

Posp’sizkom 11i€i 3amaui € moBHUI Habip BJIACHUX eJeMeHTIB {Wyy; Knm}, AUB.

(5.7):
Wy (T, y) = sin (A1,2) sin (Aemy) ,
L S
st pyskuii Z(z), 3rigHo 3 (6.3) MaeMo piBHSIHHS:
7"+ k., Z(z) =0, z € (0,¢),
3araJibHUU PO3B’SI30K SIKOT'O 3alHUIIEMO Y BHIJISAL:

Znm(2) = Apmshkymz + By shkym(c—2).
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3arajqbHUH PO3B’SI30K IIYKAEMO Y BHUIVISIII PO3BHHEHHS MO YAaCTHHHHUX PO3B’si3KaX
(pakTHUHO, MO PO3B’sI3KaX CreKTpaJibHOT 3aj1aui):

WK
NE

u(:v,y,z) = wn,m(x7y)Zn,m(z)7

i
I
3
l

I
NE
NE

W (2, Y) (Apm sh kpmz + By shkym(c — 2)).

S
[
o
3
[
-

Koediuientn A, ,, i B, BU3HAUAIOTHCS 3 MEXKOBHX YMOB!

¢z, y) = u(z,y,0) ZZB Wi (T,7),

nlml

w(xay)_uxya ZZA mwnmxy)

n=1 m=1

K Koe(diuientn Pyp’e pos3Kaany MeKOBUX yMOB B mnoaBidHuil pin Pyp’e 3a
pO3B’sI3KaMH CIeKTpaJsbHOI 3anaui (6.4):

a b
1
An,m: HU}HQ/dx/dygb(x y)wn,m(xvy)v

b

w|// O, ) (,9).

7m ‘

B npuknanax (232)-(235) po3p’sizaTi BHyTPilLIHIO KpaHoBY 3anauy AJs piBHS-
HHs Jlannaca B npsiMmokyTHOMY napadneJenineni [0, a] x [0, b] X [0, ¢], K110 MeXOBi
YMOBH MalOTh BUIJISL:

uz(0,y,2) =0, uz(a,y,z)=A, u(0,y,2) =0, u(a,y,z) =1,
232. | uy(x,0,2) =0, uy(x,b,2) =B, | 234. | u(z,0,2) =0, u(z,b,z) =1,
u,(z,y,0) =0, u.(x,y,c)=C. u(z,y,0) =0, u(z,y,c)=1
u(0,y,2) =0, U(ﬂy,)ZO, uz(0,9,2) =0, uy(a,y,z) =0,
933 uy(x,0,2) =0, uy(z,7,2) = 235. | uy(x,0,2) =0, uy(x,b,2) =0,
" u(x, y,O) =sinx cosy, u(z,y,0) = A, u(z,y,c) = B.
u(z,y,c) = sin 2x cos 2y.
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§ 6.2. Cdepuuni KoopaguHaTH

Onepatop Jlannaca y cepuyHHX KOOpAMHATAX Ma€ BUIVISA!

A=A+ 50,

Cr29r or or?2  ror

A L 9 60— 0 1 & KYTOBa 4YaCTUHA
sin — - .
%~ sinf oo ! 00 sm2 0 0p? y

Cdepuuny pyHKIli€I0 MOXKHA 3a1aTH gopmyroro Jlaniaca
2w

Yin (6, 0) = Nppe™? / dt) (cos @ + isin 6 cos ¢)l ey (6.6)
0

10 < 6) 0* 20 .
A, =——|r"— | ===+ —-=— — paniajbHa 4acTHHA; (6.5)

ne crany NVj, oOUpalTb 3 YMOBH HOPMYBaHHS

1Yiml2 = / Vi (6, 9) 0 = 1. 6.7)

[Ipocrtiwi chepruHi GyHKIIT MalOTh BUTJSL

1 3
\/47'("

Yio
Hﬂ::l:\/ism@eiw Yoo =1/ 71— > (SCOS 0—1)
’ s 61
15 - 15 .
Y541 = £4/ =—sin0 cos fe™'¥ Yoio =1/5— n? et
s 327r

CcepuuHi (pyHKUIT yTBOPIOIOTH NIOBHY OPTOHOPMOBAHY cHCTeMy (YHKIiH Ha cdepi
ONMHUYHOrO pamiyca, Tomy Oyab-aKy (ynkuio f(0,¢) € L?(S?) MOXJIUBO DPO3-
Kjaactu B pan Pyp’e no chpepruyHUX PyHKUIAX:

0 l
=3 finYm(0,9), (6.8)

=0 I=—m

Yoo = —

)_l

ne xoeiunientn dyp’e

— [ 16,0700 010 (6.8b)

[le nae MOXJ/UBiCTb LIYKaTH pPO3B’S30K KpPaloBHUX 3amady y c@epuyHUx obJa-
CTSIX caMe y BUIJISIAi PO3BUHEHHS B psil 3a c(hepUUHHMH (DYHKLiIMU. 3arajibHUH
po3B’si30K piBHAHHSA Jlamiaca B cq)equHHX KOOpPAMHATAX Ma€ BUIJISAI

u(r,0,¢) = i Z <Azm7“ + By,r— (Hl)) Yim (6, ). (6.9)
=0 I=—m
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Ilpuknan 6.2. < PosrsnsgHemo npocrtimy 3anavy ipixnae nas piBHsaHHA Jlangaaca
B KVJIi:
Au(r,8,p) =0, r € [0,R),

u(R,0,p) = Csind cos p. (6.10)

>

Poss’szanns. 4 3aranbHUE po3B’si3oK piBHSAHHA Jlamjaca y cdepruyHHUX KOOp-
IWHaTaX MO)Ke OYTH TMONAaHWUH y BHUIIANI po3BuHeHHs (6.9) B psim mo cdepu-
yHuX ¢GyHKUigx. [aa BHyTpimHboi 3amadi [ipixae 3 yMoB 0OMeXKeHOCTi Ma-
eMo mnokJjactu By, = 0. Iloku koHcTaHTa A;, He BHU3Ha4YeHa, Meperno3HauuMo
Apart = Apa(r/R)L. Otxe

u(r0,0) =37 3" Au () Vinlb,) 6.11)

Crani Ay, BU3HAUUMO 3 Mex0oBUX yMoB. Ha cdepi r = R
: .27
u(R,0,p) =Csinfcosp = —iy/ ?C (Yii+Y11)

00 l
= Z Z Alm}/lm(ea 90)7

(=0 I=—m

. . /27 . .
3BimkH A4 = —1i ?C, Ajy =0 B pewuti BUNagKis.

[TincraBasitoun 1i crani B 3arajbHUU po3B’sa30K (6.11), oTpumMaemo:

u(r,0,¢) =C (%) sin 6 sin .

>

B nmpuknanax (236)—(237) posB’sizaTu BHYTPIillIHIO KpaloBy 3amgady AJjsi piB-
usaHHsA Jlannaca y kyai pamiyca R, SIKIIO MeXXOBi YMOBH MalOTh BHTIJISL:

236. u(R,0,p) =sinf (sinp +sinfd). | 239. u(R,0,9)—u.(R,0,p) = sin(20).

237. u,(R,0,0) + 2u(R,0,p) = 1+ : : :

2 cos 9u+(3 COSQSOQ). i ) 240. u(R,0,p) =sinf (sinp +sinb).
238. u,.(R,0,¢) + u(R,0,¢0) = 3+ | 241. u(R,0,p) + 2u.(R,0,9) = 1 +
sin @ (sin ¢ + sin6) . sin @ (sin ¢ + sin6) .

B npuknanax (242)—-(243) posp’sa3aTu 30BHILLHIO KpaloBY 3anauy AJjs piBHS-
HHA Jlansnaca y KyJai pamiyca R, SIKIIO MeXKOBi YMOBU MarOThb BHIVISIA!

242. u(R,0,0) —u.(R,0,0) =sin?0. | 243. u,(R,0,p) + 2u(R,0,p) = 1+

cos 0.

B npuknanax (244)-(259) posp’ssaTu KpaloBy 3anauy ajsi piBHsHHS Jlamnsa-
ca y ceppuuHomy mmapi r € (Ry, Ry), K10 MeXOBi YMOBH MalTh BHUIJISI:

v. 1 Bepecus 2015 p. (© €. 1. Binokonoc, M. 1. Illeka, 2015



Posnin 6. Kpaiiosi 3anaui nns piBHsHHS Jlansiaca y TpUBUMipHOMY MpPOCTOPi 35

244. u(1,0,¢) = cos® 0, u(2,6,p) = g (cos? 0 + 1), paniycu Ry =1, Ry = 2.
245. u(1,0,9) =1 —cos20, u(2,6,p) = 2cosf, paniycu Ry =1, Ry = 2.

246. u(1,0,p) = 3cosb, u(2,0,p) = (1 + cos 20), paniyen Ry =1, Ry = 2.

247. u(1,0,p) = 00520 u(2,6, ) = 3 (cos? 0 + 1), paniycu Ry =1, Ry = 2.
248. u(1,0,p) =sinfsin p, u(2, 9,90) =0, pamyCH R =1, Ry =2.

249. u(1/2,0,0) =0, u(1,0,¢) = 6cos® psin®@, paniycu Ry = 1/2, Ry = 1.
250. u,(1,0,9) =1 —cos20, u(2,60,p) = 2, paniycu Ry =1, Ry = 2.

251. u,(1,0,¢) + u(1,6,0) = 0, w(2,6,¢) = 1(1+ cos26), paniyen Ry = 1,
Ry = 2.

252. u(1,6,p) = 5sin’6, u.(2,6, ) = (cos? 6 + 1), paniycu Ry =1, Ry = 2.
253. u(1,0,p) = sm@sm ©, ur (2,0, )+ du(2, (9,g0) = 0, paniycu Ry =1, Ry = 2.
254. u,(1/2,0,¢0) =0, u(1,0,p) = 6cos? psin® 0, paniycu Ry = 1/2, Ry = 1.
255. u(Ry,0,¢) =sin(20), u(Rs, 0, p) = 2cosb.

256. u(1,0,p) =sinfsinp, u(2,0,p) =0, paniycu Ry =1, Ry = 2.

257. u(1/2,0,0) =0, u(1,0,p) = 6 cos® psin® 0, paniycu Ry =1/2, Ry = 1.
258. u(1,0, ) =sinfsing, u(2,6,p)+5u.(2,0,¢) = 0, paniycu Ry =1, Ry = 2.
259. u,.(Ry,0,p) =sinf, u(Ry, 0, ) = 6 cos® psin? 6.

dyHnameHTaNbHUAN PO3B’sI30K piBHSAHHSA Jlansiaca mae Takui po3kyaan no cde-
PUUHUX (PYHKUiIX

1 Zl 0( ) Py(cosb), 7’<R. (6.12)
\F—R\ IS (8 ) P(cosf), r>R
[Tpu 3anucy (6.12) BBemeHo moJiiHoMm Jlexxannpa
Yio(0, ) A \3/2
P ="\ Y; . B!
1(cos ) Yi(0, 0) <2l+1) 0(0, ¢) (6.13)

Ilpukaanx 6.3. < 3HaliTH NoTeHLiaJ/, CTBOPIOBAHUH 3a3eMJIEHOI0 MeTaJIeBOI0 Cc(e-
poto pamiyca R Ta TOUKOBUM 3apsfoM BeJUYHUHHU ¢, OMILEHUM Ha BincraHi a < R
Bil leHTpa cepu Ta I'yCTUHY iHAYKOBAHUX 3apsiliB. >

Posg’asanns. 4 B chepi OR Buapinumo cdepy Oa Ta posrisiHeMO NOTeHIliaJ B
chepyuyHOMy 11api, u = u; + U2, A€ u; — MNOTEHIiaJ TOYKOBOIO 3apsmdy, U —
noTeHUian 3apsfiB, iHAYKOBAaHUX Ha cdepi.

uy(r, 6) = r—a\ zz< )PZCOSG
_ ZAZ(£> Yio(6, o) = icl (g)lpl(cosé).
1=0

3 rpannuHoi ymoBH u(R,#) = 0 BUN/IMBATHUME, 10

5O ral) <0 = a--§(0)
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TakuM 4yMHOM, OJIST us MOXKEMO 3allUCcaTH

e = 54 ()G

(=0

Je

)ZPZ(COS ) = Z—ii(%)lﬂ(cos 0),

=0

4 .

OTxe moJe us iHAYKOBAHUX 3apsifiiB €KBiBaJeHTHO MOJI0 <300pakKeHHs> 3apsiaa
a BiTHOCHO c(epH, TOOTO MoOJIO 3apsifa ¢', PO3TAIIOBAHOTO Ha OAHIN mpsiMmii 3 Oa
Ha BigcraHi o' (ToukM a Ta ¢’ € 3B’A3aHMMHM omepauiew iHBepcii, a-a’ = R?). B
1bOMY TIOJISITA€ BiIOMHUH 3 eJIeKTPOCTATUKH memod 306paxeHs. »

260. Kynsa paniyca a 3 niesleKTpUUHOIO
CTaJIOK €] MICTUTbCS B CepeNoBHIUI 3
NieJeKTPUUHOIO CTaJsol €9. Ha Bigcra-
Hi b Big UeHTpa KyJi pPO3TallOBaHWUH
TOUKOBUH 3apsifi BEJWYHWHU e. SHAUTH
pO3MOoAia eJeKTPUUHOr0 MOTeHIlialy B
KyJi Ta cepefoBUILI.

261. JlienektpuuyHa kyns papniycy R
3 JNieJIEKTPUUHOIO CTaJO £y 3HAXOAU-
TbCA B CePEeNOBHILI 3 MieJIeKTPUUYHOIO
CTaJIOI0 &£1. 3HAHUTH MOTeHLiaJ, 110
CTBOPIOETHCH TOUKOBUM 3apsilOM BeJIu-
YUHU ¢, AIKAU 3HAXONUTbCS Ha BiacTa-
Hi a Big ueHTpy Kyai. BBaxartu, 1o
a < R.

262. JlienektpuuHa KyJas paniycy Ry
3 [ieJIEKTPUUYHOIO CTaJIOl &) IOKPH-
Ta JAi€JeKTPUYHUM LIAPOM 3aBTOBLIKH
d = Ry — Ry 3 LieNeKTPUYHOIO CTaJIO0
€1 1 BCe 1le 3HAXONUTHCH B CEPENOBHUIIL
3 JieJIeKTPUUHOK CTaJol £y. 3HAUTH
MOTeHL{aJ, 10 CTBOPIOETHCA TOUKOBUM
3apsIOM BeJHMYHMHU ¢, AKHU 3HAXOAU-
TbCA HA BIACTaHI a BiJ LEHTPY KYVJIi.
Bsaxatu, mo a > Rj.

263. [lienektpuyHa KyJas paniycy Ry
3 [ieJIeKTPUYHOIO CTaJIoOl &) MOKPH-
Ta [ieNIeKTPUYHUM LIAPOM 3aBTOBLUKH
d = Ry — Ry 3 HieJIeKTPUYHOI CTaJIO
€1 1 BCe Lle 3HAXOAUTLCHA B CepelOBHIILI
3 JieJeKTPUUHOIO CTaJjol c5. Ha He-
CKIHUEHHOCTI 3ajaHe cTaJjie OLHOpiIHe
eJIeKTPUUHe ToJie BeTUunHu F. 3HalTH

pPO3IIOAIJI MMOTeHIliany B CUCTEMI.

264. 3asemsieHa MeTaJsieBa KyJs papi-
ycy Ry nokpura AieJeKTpUYHUM Lua-
poM 3aBTOBWIKH d = Ry — Ry 3 niedse-
KTPUYHOIO CTaJ/IOI €1 I BCe L& 3Haxo-
OUTHCA B CEPENOBHILLI 3 LieJIEKTPUUHOIO
CTaJIolo &o. Ha HeckiHueHHOCTI 3amaHe
CTaJjle ONHOpifHE eJeKTPHUUYHE M0J€e Be-
JuuuHy F. 3HalTH po3mnofin MoTeHLi-
aJly B CUCTEMI.

265. Ha BigcraHi a Big 3asemJsieHol
MeTaJseBoi cdepu paaiycy R 3Haxonu-
TbCSl KBAJPYNOJb BeJUYHUHU () B HAiese-
KTPUYHOMY CEpPelOBUIII 3 [ieseKTpH-
YHOIO CTaJIol €. 3HAWTHU PO3MOoAiJa Mo-
TeHIialy B CHUCTEMI.

266. Mix nBomMa MeTaJjieBUMHU cdepa-
MU paniyciB Ry ta Ry, ogHa 3 AKUX
3aszeMJieHa, 3HaXOAUTbCS TOUKOBUU 3a-
psAL BeJIMYMHHU ¢ HA BiACTaHI a Bix LeH-
Tpy cdep. Cepenonuille MiK MeTadi-
YHUMHU cpepaMu 3all0OBHEHe NieJleKTpH-
KOM 3 JlieJIEKTPUUHOIO CTaJol €. 3Ha-
UTH PO3MOJLiJ MOTeHLiany B CUCTEMI.

267. Ha Bincrani a Bim ueHTpy He-
3azeMJieHOI MeTaJieBoi cepu pamiycy
R nowmilleHW# OUNOJNb BEJUYHUHU p =
ql, ne ¢ — abcos0THA BeJIUUYUHA Pi3HO-
MMEHHUX 3apsiiB, L0 CTBOPKWTH OH-
nmoJsb, a [ — BigcTaHb MixK HUMHU. Bichk
JNUIIOJNI0 HalpaBJieHa B3JI0BXK JiHil, 110
3’elHy€ [HUIOJNb i3 LeHTpoM cdepHu.
3HalTH PO3MOMiJ MOTeHIiaay B CHUCTe-
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Mi Ta pO3MOAiJN 3apsay Ha IOBepXHI
cepm.

268. 3azemMmJsieHa MeTaJjieBa KyJsi pafi-
ycy [y NOKpUTa AieJeKTPUUHUM IlIa-
poM 3aBTOBWIKH d = Ry — Ry 3 nieJe-
KTPUYHOIO CTaJ/IOI €1 I BCe L& 3Haxo-
IUTHCA B CEPEOBHUILI 3 HAieJIEKTPUYHOIO
cTanow €9. Ha BimcraHi a Big ueHTpy
KyJli 3HaXOAWUTbCS TOUKOBUMU 3apsl Be-
JUUWHU ¢. 3HaWTH pPO3MOAia moTeHLia-
JIY B CUCTEMI.

269. [ienektpuuyHa KyJas paniycy Ry
3 [ieJIEKTPUYHOIO CTa/OK &y MOKPH-
Ta [NieJIeKTPUYHHUM IIapOM 3aBTOBLUKH
d = R; — Ry 3 niesleKTPUUHOIO CTaJI00
€1 1 Bce 1le 3HAXONUTLCH B CE€PENOBUIILI
3 NieJIeKTPUYHOI CTaJol £y. 3HAHUTH
MOTeHL{aJ, 10 CTBOPIOETHCA TOYKOBUM
3apsAAOM BeJHUYUHU ¢, AKUU 3HAXOLU-
TbCA Ha BIACTaHI a Big LEHTPY KYJIi.
Bsaxatu, mo a > R;.

270. Mix nBoma MeTajieBUMH cdepa-
MU paniyciB Ry ta Ry, ogHa 3 AKUX
3a3eMJ/eHa, 3HaXOOUTbCs TOYKOBUHU 3a-
pAL BEJUYUHU ¢ HA BiACTaHi a BiJ LieH-
Tpy cep. CepenoBuile MiK MeTaJi-
YHHUMHU chepaMH 3aroOBHEHE JlieseKTPHU-
KOM 3 JieJIEKTPUYHOI CTaJow £. 3Ha-
UTHU PO3MOAiN MOTEHILiany B CUCTEMI.

271. 3azeMmJsieHa MeTaJjieBa KyJsl pafi-
ycy Ry mokputa AiesleKTPUUYHUM Ila-
poM 3aBTOBLIKK d = Ry — Ry 3 niese-
KTPUYHOIO CTaJol €1 | BCe Lie 3Haxo-
JATHCA B CEPENOBUILLI 3 IieJIEKTPUYHOIO
cTanow €. Ha HeckiHyeHHOCTi 3agaHe
CTaJjle ONHOpiAHE eJleKTPUYHe ToJie Be-
JUUAHA E. 3HaliTU po3noiis MoTeHLi-
any B CUCTEMi.

272. Ha Bigcradi a Big 3asemJjieHOl
MeTaJseBol cdepu paaiycy IR 3Haxomu-
TbCSl KBAJPYMOJIb BEJTUUUHU () B Hiese-
KTPUYHOMY CepeNoBHIi 3 HdieJeKTpH-
YHOIO CTaJsol €. 3HAUTH PO3MOMiJ MO-
TeHIlia/Ny B CUCTEMI.

273. 3HaliTh TmOTeHILiaJ, CTBOpIOBA-
HUH MeTaJsieBOl 3a3eMJieHow (i30J1b0-

BaHOW0) cepoto paniyca R i TOUKOBUM
JUIIOJIEM BEJIUYHMHU p, NMOMILLlEeHUM Ha
BifCcTaHi a BiJ LeHTpa cdepu i HanpsM-
JIEHHUM Yy310BxX i1 pamiyca. PoarsasiHy-
TH BUINAJLOK, KOJIH JUII0Jb 3HAXOAUTbHCSA
BCepenrHi cdepH.

274. 3HaliTu mnoTeHUias, CTBOPIOBA-
HUH MeTasieBOl 3a3eMJieHow (i301b0-
BaHOW0) ceporo paniyca R i TOUKOBUM
JUIIOJIEM BEJIWYHMHU p, MOMIILIEHUM Ha
BifcTaHi a BiJ LeHTpa cdepu i HanpsIM-
JIEHHUM Yy310BX i1 pamiyca. Poarsasiny-
TH BUIAA0K, KOJIU IUII0Jb 3HAXOAUTHCSA
30BHi c(epu.

275. Kyas paniyca a 3 fiesleKTPUUHOIO
CTaJIOI0 €1 MICTUTbLCA B CEpPENOBUIII 3
LieJeKTPUYHOI cTanow €. Ha Bincra-
Hi b BiI LeHTpa KyJi pO3TalLOBAHUH
TOYKOBHUH 3apsiji BeJUUUHU e. 3HAUTH
pO3IOAiJ eJeKTPUUHOr0 MOTEeHIlialy B
KyJi Ta cepenoBHlli. Po3risiHyTH BHU-
NajoK, KOJU 3apsii 3HAXOAWUTbCH BCe-
penuHi cgepw.

276. Kyas paniyca a 3 LiesleKTPUUHOIO
CTaJIOI0 €1 MICTUTBHCA B CEpPelOBHILI 3
LieJIeKTPUYHOI cTaJsow €o. Ha Bincra-
Hi b Bil LeHTpa KyJi pO3TalllOBAHUH
TOUKOBUH 3apsifi BEJUYHMHU e. SHAUTH
pO3MOMiJ eJeKTPUYHOro IOoTeHLiany B
KyJi Ta cepeloBulli. Po3risiHyTH BU-
NafoK, KOJU 3apsl 3HAXOAUTLCS 30BHI
cepu.

277. [ienekTpuyHa KyJas paniycy a 3
NieJIEKTPUUYHOI CTAJIOK £, MOKPUTA Mi-
eJeKTPUYHUM LIAPOM 3aBTOBLIKU h =
a—0b 3 NieJIeKTPUUYHOIO CTaJIOK0 €, i BCE
L[e 3HaXOAUThCA B CepeNoBUIILi 3 nieJje-
KTPUYHOK CTaJIol0 &£p,. 3HAUTH MOTeH-
iaJ, 110 CTBOPIOETHCS TOUKOBUM 3apsi-
IOM BEeJIMYMHHU ¢, IKUH 3HAXONUTbCS Ha
BifcTaHi I Bix ueHTpy Kyai. BBaxaty,
mwo a < R < b.

278. Mix nBomMa MeTajieBUMH cdepa-
MU paniyciB Ry Tta Ry, ogHa 3 AKUX
3a3eMJieHa, 3HaXOOUTbhbCSI TOUKOBUH 3a-
pAL BeJMYUHU ¢ HA BiACTaHi a BiJ LieH-
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Tpy cdep. CepenoBuille MiX MeTasi-
YHUMHU cepaMu 3allOBHEHe [ieseKTpHU-
KOM 3 JieJIeKTPUYHOI0 CTasol £. 3Ha-
WUTHU PO3MOMiJ MOTEHIiany B CUCTEMI.

279. Ha Biacrani a Bim LeHTpPy He-
3a3eMJIeHOT MeTaJsieBOI c(epu paniycy
R nomilieHny OMINONb BeJUUYHMHH p =
ql, ne q — abCoJ/IIOTHA BeJUUYHHA Pi3HO-
MMeHHHX 3apsfiB, IO CTBOPKOTH IU-
noJb, a | — BigcTaHb MixK HUMHU. Bick
NUIIOJII0 HalpaBJeHa B3HO0BXK JIiHII, 110
3’€IHy€ [OUIOJNb i3 LEHTPOM cdepH.
3HalTHU PO3MONiN MOTEHLialy B CHUCTe-
Mi Ta pO3MOAIJN 3apsiy Ha IOBEepXHi
cepu.

280. 3asemsieHa MeTaseBa Kyjasi papui-
ycy Ry TOKpUTa HieJeKTPUYHHUM Lla-
poM 3aBTOBWIKH d = R; — Ry 3 nieJe-
KTPUYHOIO CTaJ/IOI £ i BCe L& 3HaXo-
OUTbLCA B CEPelOBHUILL 3 ILieJIeKTPUYHOIO
cTanow €9. Ha Biacrani a Bim ueHTpy

§ 6.3. IluniHgpuuHi KOOPAMHATH

KyJli 3HAXOAWUTbCSA TOYKOBHUU 3apsil Be-
JUUYUHHU . 3HAUTH PO3MOMIiJ MoTeHlia-
JIY B CUCTEMi.

281. 3HaiiTu moTeHLiaJ, CTBOpIOBA-
HUH MeTaJjeBOl 3a3eMJieHol (i30J1b0-
BaHOW0) c(epoto paniyca R i TOUKOBUM
IWII0JIEM BEJUYUHU p, MOMILLLEHUM Ha
BifcTaHi a BiJg LeHTpa cdepu i HanpsM-
JeHUM Yy310Bx i1 papmiyca. PosrasHy-
THA BUNALOK, KOJIH JIUI0Jb 3HAXOAUTbCH
30BHi cepu.

282. Kyns paniyca a 3 AiesleKTpUUHOIO
CTaJIOI0 €] MICTUTBHCA B CEpPeloOBHILI 3
LieJIeKTPUYHOI cTanow €9. Ha Bincra-
Hi b Big UeHTpa KyJi po3TallOBaHUH
TOUKOBUH 3apsifi BEJUYHMHU e. SHAUTH
PO3IIOAII €JIEeKTPUYHOTO IOTeHIliany B
KyJai Ta cepenoBulli. PosrisiHyTu BHU-
NajgoK, KOJMU 3aps] 3HAXOOUTbCH BCe-
penvHi coepw.

Onepatop Jlansaca y uuaiHIPUUHUX KOODAUHATAX MA€ BUIJISL!

A—lg 2 4+ —
~ pOp p@p 022

[lepeniumo nesiki BMacTUBOCTI LUJMIHAPUYHUX (DYHKILIH.

p

3arasbHUH PO3B’sI30K piBHAHHSI Deccesisi MoxKHA MPeNCTaBUTH Y BUTJISAMI

0 10 0*
=—+ =+ . 6.14
0p? * pOp * 022 (6.14)
Luningpuuni pyskuii w = Z,(kp) 3a00BOJbHSIOTE pigHanHs becceas:
1 2
w” + —w' + </€2 — —2) w = 0. (6.15)
p
w = Clju(kp) +02Nu(k:0)7 (6163)
CLHM (kp) + CoHP) (kp), (6.16b)

w =

ne J, — ¢yukuia beccens, N, — ¢pyHkuia Helimana, qi — ¢yHKLiT XaHKesd

1-ro/2-ro pony.

ACUMNTOTUYHUH BUIJISA UMJIHAPUUHUX (YHKIIH NMPU Manux 3HaYeHHSX ap-
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TYMEHTY':
1 Z\V
1)~ 50D (5) ivez Jo(z) ~ 1; (6.172)
N, (2) ~ —FET”) ()" vro No(2) ~ %lnz; (6.17b)
HW(2) ~ iN,(2), H®(2) ~ —iN,(2). (6.17¢)

AcUMNTOTHUHUE BUpa3 AJs UUJIHAPUUHUX QYHKUIH Z,(x) IpH & — 00

Jy(x) ~ \/%COS (x — Vg — Z) (6.18a)
Ny(z) ~ \/%sin (:c — Vg — %) : (6.18b)

HI) () ~ 1| —c*ievE3) (6.18¢)
™

PekypeHTHi cniBBigHOWeHHS Ta (POpMynH OH(epeHLil0BaHHSA:

Zur() + () = 2 2,02),

Zy-1(2) = Zu11(2) = 27,(2),
% 2"Z,(2)] = 2" Z,1(2),

= 2] = (2) 19
<_£%> (7 2,(2)] = =" 2y (2).

3a J0MoMOrolo 1ixX peKypeHTHHUX CMiBBiHOLIEHb MOXXHa OOUMUCJUTH iHTerpaju 3
UUJAIHAPAYHUMH (DYHKLiIMHA. 30KpeMa:

/z”Zl,l(z)dz =2"Z,(2), /z_” pi1(2)dz = —27"Z,(2). (6.20)

J1s unaiHgpuuHUX (PyHKLIHA MOXKHA MOCTaBUTH CleKTpaJsbHy 3anady Lltypma—
JliyBinas:
/ V2 9
(pul) - —u=—k pu, p e [CL?b]

au(a) + Bu'(a) =0, a*+3>>0
yu(b) + ou'(b) = 0, 0%+ > 0.
Posp’sizku 3amaui [1JI (6.21) ckJagaoTbes 3 BJACHUX €JIEMEHTIB: BJACHUX YHCEJT

k;?(ng/), ne n € N Ta BiANOBIAHUX OO HUX BJACHUX (PYHKUIA u = Z, </~c7(f)p>, 110

(6.21)
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YTBOPIOIOTb MOBHY OPTOTOHAJBHY 3 Barow p cucteMy (YHKIIH Ha Biapi3ky |[a, b].

dxuo k; = k{”) Ta ky = k;y) — nBa BJacHUX uucaa 3apadi UIJI, 1m0 3am0BifbHS-
I0Th MexKOBUM yMmoBaM (6.21), u; = Z, (k1p) ta us = Z, (kop) BiamoBimHi 10 HUX
BJIACHI (pyHKLII, TOAI yMOBa OPTOTOHAJNBHOCTI A/ LUJIHAPUYHUX (PYHKLIA Mae

BUTJIAL:
b

[ o i = b1, 12, (o) (6.222)

a

ne HopMma ||Z, (kp)|| BusHauaeTbes sIK

5 b
07, (kp) aZy(k/))) _ Zy(kp)azv_UfP)” . (6.22b)

2 _[r
12, (o)l = |4 (P02 i

3aBAsSKK BJIAaCTUBOCTI MOBHOTH Oynb-aky dyHkuino f(p) € L?(p, [a,b]) MOXIHBO
po3kJacTu B psia Pyp’e 3a UUAIHAPUUHUMH (DYHKILISIMH, TaK 3BaHUU psd Dyp’e—

beccens N
n=1

ne koediuientn Pyp’e

0 Z, 6.23b
fn = HZ T /p p flp np) - ( )

[le mae MOXJ/HBiCTh WIYKaTH PO3B’S30K KPaHOBUX 3ajau y LUMUJIHAPUYHUX 00Ja-
CTSIX caMe Yy BUIVISAI PO3BUHEHHS B psl 32 UUJAIHAPUUHUMH (DYHKLiAMU. 3araJb-
HUH PO3B’130K piBHAHHSA Jlanjaca B LUAIHAPUYHUX KOOPAMHATaX Ma€ BUIJISAL

u(p, ,2) = Z (A,(;Zt]y(k’p) - B,(CBNV(kp)) (A,(fi Cos vy + B,(fl)/ sin wp)
kv (6.24)
(AR B

Ilpuknan 6.4. < Poss’sizatu npoctimy 3anauy ipixJse nas piBHsiHHs Jlannaca

B LUMUJIHAPI:
Au(p, p,z) =0, e [0,R), p €St 2€(0,h),
u(p, p,0) = f(p, )7 € [0, R), pes (6.25)
u(p, . h) =0, € [0,R), pe 5! '
u(R,p,z) =0, goESl, z € (0,h).
PosrisiHyTH OKpeMuil BUNamoK
fp, ) = Ap®sin2¢. (6.26)

>
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Poss’sizanns. 4 3arajbHUN pPO3B’s130K PiBHSIHHSA Jlamjaca B UUJAIHAPUUHUX KOOP-
nuHatax Mae Burasg (6.24). Ilas BHyTpimHbol 3amaui Jlipixje mMaeMo MmokJacTh
By = 0 BHacainok posbixkuocti N, (kp), koau p — 0. Kpim Toro, ¢pyHKuis u Mae
OyTH OQHO3HAUYHOIO, TOMY

U(p,g&—f-Z?T,Z) :U(,O,QO,Z),
3BiIKK v Mae OyTH 1inum. OTxKe A/ BHYTPIlIHbOI 3aaaui

u(p, p, z ZZJ (kp) ( kncosnngrBégsmngp)

x (Agj’; sh(kz) + B sh(k(z — h))) .

3 ymoBHU u(p, ¢, h) = 0 BUMIUBATHME, 10 CTaJa A,(f; = 0. 3 ymoBu u(R,p,z) =0
OTPUMAEMO, 110 ’
(1)

T (kR) =0 = kM= %, (6.28)
ne j,(ﬁf) — m-d HyJab (QyHKuUii Beccensa J,, 1o 3anoBinbHIOE YMOBY J, (jﬁ,ff)) =
0. Lle — Bimomu npotabynboBaHi BeanduHu. OTxke, 3arajbHUN pPO3B’SI30K 3adaui
(6.25) mae BUrIST

u(p, ¢, 2 f: iJn (350/R) sh (3= = w)/R) (6.29a)

m=1 n=0

X (Cpm cosnp + Dy, sinngp) .

Koediuientu C),, ta D, 3HaXoAsaThcs 3 MexKoBol yMoBH u(p, ¢, 0) = f(p, ¢):

Z ZSh (450n/R) 1, (350/ ) (6.29b)

m=1 n=0

X (Cpm cosng + Dy, sinne) .

Ane ust dpopmyna — ue po3knaan GyHkuii f B monBidHUH psg Pyp’e, 3BiAKH Koe-
dinientu dyp’e

27 R
1
Crim = / de / pdpf(p, @) cosnpJ,(kp),  (6.29¢)
(1 + 6u0) [|Ju (kp)|I* S
i R
nm = 7 / dg / pdpf(p, @) sinngp, (ki p). (6.29d)
Tl Ju ko)™

IMigpaxyemo vopmy ||.J, (kp)|°. 3rigmo 3 (6.22b):
R
p (0J,(kp)0oJ,(kp 02 J,(kp
R e e e ROk
0

dp ok 0kop
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3aBnusiku (6.28) J,(kp) Ha Mexax NOpPiBHIOE HYJIEBi, OTKe

PACOIRSESVAOS (6.30)

Hna Bunanka (6.26), koau (QyHKIis f(p, @) = Ap?sin2yp, pPo3paxyHKH MOXKHA
N0BeCTH 10 KiHusi. MexoBa ymoBa (6.29b) HaGyBae BUTISALY:

= = (i i,
Ap*sin2p = — Z Z sh mT J,, % (Crm cosnp + Dy sinng)

m=1 n=0

3BinKHU 3 ycix Pyp’e-koediuieHnrtis C,,, Ta D, HEHYNbOBUMH € Jaulle D)o,
SIKi BU3HAUAIOTbCSI 3 YMOBH:

Ap® = — fj Dy, sh (jé?h/R) J (jﬁ?p/R) -
m=1

Lle#t psn — psn @yp’e-Beccens, koedinientu Pyp’e, 3rigHo 3 (6.23b):

R
A
Do =y [ Ao ' (30 R). (6.31)
a2 lerR)
3rigHo 3 (6.20)
R
. R . R R
/dP p°Js (]7(73),0/3> = @PSJ:s (Jg)P/R> ‘o =~ (Jm>) :
Jm ]m

0
[TincraBasitoun 1el Bupas no (6.31)pasom i3 Hopmoto (6.30), ocTaToyHO MaeMo:

u(p; ¢, z) = sin2¢p Z Doy - J (]m p/R> sh (an (2 — )/R>

24 J3 <]T(n)> (6.32)

Doy = —5 - 5-
)
>

Ilpuknanx 6.5. < Posp’asatu HactynHy 3anauy [ipixge nas piBHsiHHs Jlangaca
B LMJIIHADI:

Au(p,p,z) = 0, €[0,R), pe S, 2 €(0,h),

u(p, ,0) =0, €[0,R), pe S

u(p, o, h) =0, €[0,R), p€ S (6.33)

w(R, ¢, 2) = flp,2), 90 € S, 2 €(0,h).
PosrnisiHyTH oKpeMH# BHIIaI0K

2
flp,2) = Acosgosm% (6.34)

>
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Poss’sazanns. € Po3p’sa30Kk 3anaui mae Burasa (6.27). Ane onHopinHi ymMoBH Ha
ocHoBax wuJainapa u(p,¢,0) = 0 ta u(p, p,h) = 0 o3Ha4awTh, WO QYHKLIA 3a
3MiHHOIO z Mae OyTH He rimep6oJiiyHOI0, a TpuroHomerpuuHow. Lle o3Haudae, 110
B BUpasi ymoBH (6.27) mapamerp k mMae OyTH CyTO ySBHUM, k = i

u(p, p, 2 ZZI 7p) ( A®) cosng0+B%2Lsinngp>

X (A(%?’)n cos(»z) + B 321 sin(%2)> ;

7,

(6.35)

ne I, — monudixkoBana pyHkuis beccens, J,(iz) = i"I,(z). 3 ymoBu u(p, p,0) =0
BUIJIMBATHME, 1[0 CTaJa Aﬁf% = 0. 3 ymoBu u(p, p,h) =0

sin(xh) =0 = %m:$,m€N

3arajbHUN PO3B’'sI30K 3anaui (6.33) mMae BUTISAL

u(p, @,z i i I, (me> sin (W?;ZZ) (Crm cosng + Dy sinng) . (6.36a)

m=1 n=0

Koediuientu C,,, ta D, 3HaxoasTbhes 3 YMoBH u(R, ¢, 2) = f(p, 2):

i i I, <7TmR> sin (sz> (Cpm cosnp + Dy sinng),  (6.36b)

h
m=1 n=0
3BIIKH
1 1 2 h
. [TmZ
Chm = I (Z8) 71 +5nO)E/dgp/dzf(<p, Z) sm( : )cosngp, (6.36¢)

1 . m™Tmzy .
Dy = T (W?R) (1+5n0 /d@/dzf 0,2 sm< ; )Slnngo (6.36d)

Jlnst Bunazka (6.34), konu dyHKuist (¢, z) = Acos@sin 272, po3paxyHKH MOXKHa

noBecTH 1o Kinusg. Mexosa ymoBa (6.36b) HaGyBae BI/IFJIHILy

2 (0. ¢] (0. ¢]
Acos psin LZ = Z Z (mnR) sin (WZLZ) (Cpm cosnp + Dy, sinny)

m=1 n=0

3BiiKkH 3 ycix Pyp’e-koediunieHtiB Cy,py Ta D,y HEHYIbOBUMH € qulle Cp—j o,
SKUH BH3HAYaAlOThCS 3 YMOBHU:
A

A=Coy, ol (27 Rh Coyy =
1m=2lt @rRh) = bm=2 = T OrR/h)
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[TincraBasitoun 1el KoedillieHT 10 3arajbHOro po3B’si3Ky (6.36a), oTpuMaeMo:

u(p,p,z) = A

>

Li(2mp/h)
]1(27TR/h)

sin(2mz/h) cos ¢.

(6.37)

B npuknanax (283)-(293) posp’ssatu BHYTPIlIHIO KpaloBYy 3ajady OJjs piB-
HsAHHA Jlannaca B uuninapi pagiyca R i BUcOTOW0 h, SIKIIIO MeXOBi YMOBHU MaroThb

BUTJISIL
U( 79070) = Ala
283. || u(p, ¢, h) = As,
(R, ¢, 2) = As. 288.
u(p, ,0) = Ap®;
284. | u(p, gp, h) = B cos yp;
u(R,p,z) = C cos(az)
8u
%—i_a—lu (R,QO,Z) = 07 289
285. 0 y
a—ZJragu (p, . h) =0,
(p7 ¥, ) (R2 —p )
%(p p,0) = Apsinp;
u
286. || = (p, 0, h) = Bpcos ¢ 290.
u(R,p,z) = Ccospsin(rz/h).
u(p, ,0) = A(R* — p°);
287. u(p,go, ;
u(R, ) C cos(az).
8u
a_n+01u (p,c,0,0):O,
ou
291. || { o= +oou | (p, 0, h) =0,
Az, 0<2< l/2,
u(B, 0, 2) {A(h —2), h/2<z<h
ou
i — ApF
ana(p,sa,()) P
292. (8—Z—I—0u> (p,p, h) = Bp™;
ou 5
8_?1(}%7%0’ ) C+DCOS (WZ/Z)
ugp,so,%)) %
ulp,p,n) =";
293.
du _ J(a/k)cose,
(an + Ju) (R7 907’2) - {07

b o) () = O
0
8—Z+02u (R,p,2) =0
ou B I, 0<p< Ry,
%(/%9070)_{0’ R1Sp<R
ou o I, 0<p< R
%(p,w,h) {0’ R1</)<R,
ou
“(R _
5, L #:2)
u(p, ,0) = Vi
Vi, 0<z<h/2
“(R"p’z>_{w, h/2<z<h
0<@<7/2;
T/2<p<m
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Posnin 6. Kpaiiosi 3anaui nns piBHsHHS Jlansiaca y TpUBUMipHOMY MpPOCTOPi 45

B npuknangax (294)-(298) posp’sa3aTd BHYTPIllIHIO KpaloBy 3amauy OJjs piB-
HaHHA Jlannaca B uu/aiHgpuuHOMYy mmapi, pamiyc sikoro p € (Rj, Ry), BucoTa h,
SIKIIIO0 MeKOBi YMOBH MarOTb BUTJISIL:

U(,O,Q0,0):Ul, U’( y P ) (Rl )(p_R2)7
U(,O, ¥, h) - U27 U’( y P h) _B
294. | u(Ry, ¢, 2) =0, 296. | u(Ry, ¢, 2) = O
ou ou
%(Rg, 0, z) =0. 8—n(R2, 0, z) =0.
u(p, ¢,0) = a1 + bip, u(p, ¢,0) = Acos p,
u(gﬂO?h) :a'2+b2p7 U’(ga 2 h) :BpSIIlQO,
u U T2
295. a—n+au (R1,0,2) =0, 297. a—n+ozu (R1,9,2) = CSIDT
ou ou
%Jrﬁu (Ra,¢,2) = 0. a—nﬂLﬁu (Ra,,2) = 0.
u(p,p,0) = 0,
U(g, @, h) = p’,
298. a—z +au | (Ry,¢,2) = Beosy + Csin(nz/h),
0
8—“ + Bu | (Ro, ¢, 2) =sinp.

B npuknanax (299)-(302) posp’sizaTu BHYTpIlIHIO KPaloOBY 3aiauy AJs piBHS-
HHs Jlansiaca BcepeauHi MpsiMoro UUJIIHAPY BUCOTH h, OCHOBOIO SIKOTO € KPYTOBHH
cermeHT p € [0, R), ¢ € [0, @], AKI10 MeX0Bi yMOBH MalOTb BHIVISL!

u(p,0,2) =0, u(p,0,2) =0,u(p,a,z) =0,
u(p, a, z) =0, 301. | ulp 9. 0) = 0 Ju(p; o, h) = O
299. | u(p, ¢,0) = a1 + bip, u(R,p,2) = Asm—cos—gp
u(p, . h) = as + bap, o
u(R,p,z) =0. w(p,0,2) =0,
u(p,0,2) = Apcos(mz/h), ou
u(p, o, z) = Bsin(mz/h), a—n(p,w,z) =0,
300. u(p, ,0) =0, 302. | u(R,p,z) = O
u(p, ¢, h) =0, U(p, ,0) =
%(R, ,z) = Czcosp. u(p, p, h) = 2/3 sin 3790

B npuknanax (303)-(306) posp’s3atu BHYTPIllIHIO KpaloBy 3amady mAJjs piB-
HsHHs Jlamimaca BcepequHi ceKTopa MPSIMOrO KPYroBOTO TOpa MPSIMOKYTHOTO Ie-
petuny: p € [Ry, Rso], ¢ € [0,a], z € [0, h], K110 MeXXOBi YMOBU MalOTh BUIJISI:

u(p,0,z) =0,
U(p, a, Z) - 07
0)=A
303. U(p, 2 )
u(p, ¢, h) = Bp,
U’<R17 2 Z) - 07
U(R27 ¥, Z) =0
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46 [naBa 2. Meton BinokpemJ/ieHHS] 3MiHHHUX

( 0 Z)_Oa
(p.7.2) =0,

( 7907 )—Psm%
(

(

(

U
u

g

304.

g

, 0, h) =0,
Rl P,z ) _0
R27907 )

1, ¥, =% ) - ZCOS2SO7
(R27907 ) 07

g

306.

g

u(R

305.

Ou ) 0.2) = 0.

2—(,0 7/3,2) =0,
" (Rip,2) =0,
g—(Rzy% ) 0,

( ) ,
ulp, ¢, h) = B.

B npuknanax (307)—(308) posp’si3atu KpaloBy 3amauy 1jsi piBHsiHHs Jlamsa-

ca B UMJIHAPiYHiIH obsacTi

D={R<p<o00,0<p<2m,0<z<h},

SIKIIIO MeXXOBi YMOBH MdA€Tb BUTJAL:

u(p,p,0) =0,
307. | u(p,,h) =0,
uw(R,p,z) = Az(h — z).
. Al, R<p<R1
u(p,gp,O)—{()’ R<p<oo’
A R<p<R
308. _ 25 Y 2
UMwﬁ)'%y R<p<oo’
U(R,QO,Z):BZ(}I—Z),
u(p, ¢, 2) < +o0, p — +00|.

309. 3naiitu dysxuino u(p, ¢, z), 1e p, @, 2 — UAJHIPUYHI KOOPAUHATH, 110 3a-
noBoJibHsiE piBHSIHHA kAu+ Q) = 0 B unuiinapuunuil o6aacti D = {0 < p < R,0 <
¢ < 27m,0 < z < h}. Ha noBepxHi uiei o6macti QpyHKIis MOBUHHA 3aI0BOJbHSTH

TaKHW YMOBH!

MQ)
u(p, ¢, h)
(R¢)

0,
0

Y

Tyt k, () o3HauatoTh cradi.

0.
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I'n1aBa 3

Y3araabHeHi (PyHKIII|

§ 7. OcHOBHi 03Ha4YeHHH

BBenemo nosHaueHHs, SIKi € 3pyYHUMH NPU BUKOPUCTAHHI (PYHKIIH NeKiJbKOX
3MiHHUX Ta AU(epeHLialbHUX ONepaTopis.

a) x = (z1,...,7,) € R" —Touka n-BUMipHOr0 NiHCHOTO €BKJiIOBOI'O MPOCTOPY
Rn
0) a = (a1, ,...,0p) — MyJbTHIHAEKC v (IPU LBOMY «vj € Zy).

B) fKIIO v — My/NIbTHIHAEKC, TO MU TOKJIAIeMO

lal =1 +as+ -+ ay,
ol = ajlag! -+ o)

(67

— a1 062-.‘ Qp
T =T Ty X

n

0
r) [loknagemo 0; = —
8$j
olal
0z{'0xy? - - - dxp™’
a) Ilpoctopom ocrosnux @ynkuiti D = D(R"™) 6ymemo BBaxKaTH MPOCTip ycix
(hiHITHUX HeCKiHYeHHO nudepeHLinoBHUX B R" QyHKUiH;

, 0 = (01,09,...,0,); 0% = 0{'05%...0%, To6TO 0% =

n

e) Hociem HemnepepBHO! PyHKLIT ¢(x) (MO3HAUATUMEMO SUPP () HA3UBAIOTb MHO-
XKHUHY YCiX TOYOK x, IS IKUX ¢(x) # 0:

supp ¢ ={z : © € R", ¢(x) # 0}. (7.1)
€) Jlinitnuti dugheperyiarvruil onepamop TMOPSIAKY m — Iie ONepaTop BUTJISLY:
L= Z Ao ()0, (7.2)

|a|<m

k) Cumeonrom onepamopa (abo noBHUM CUMB0A0M OTIepaTOPa Mm-ro MOPSAKY L
Ha3WBAETHCSA (PYHKILif:

a(z, k) = Z aq(z)k%;

3) lon06HUM cumB0OLOM Onepamopa orepaTopa m-To TMOPsSAKY L Ha3HBaETbCS
GyHKLiA:
(0%
am(z, k) = E ao(x)k”.
lal=m

47



48 [naBa 3. ¥Y3arasnbHeHi DyHKILii

§ 8. V¥YzaraabHeHi (pyHKLIi Ta iX BJIACTUBOCTI

§ 8.1. OcHoBHi 03HaueHHd i MPUKJIAAU y3arajJbHEeHUX (PYHKIIN

Y3azanroreroro QyHKyiero HaA3UBaKTh OyAb—AKHH JiHIHHUN HenepepBHUN PyH-
KlioHaJ Ha mpocTopi OCHOBHUX (TOOTO ycixX (piHITHUX HecKiHUeHHO AidepeHLiHOB-
HUX) GyHKIiA D. Posmndpyemo o3HaueHHs y3arajbHeHOT QyHKIILI.

a) YsarasnbHeHa ¢yHKUis f € dhyHKIioHasoM Ha D, To6TO KOXKHIl OCHOBHIN (yH-
Klii ¢ € D cTtaBUTbCS y BiANOBiAHICTb KOMIIJIEKCHE UUCJIO:

fo—=(f¢),0€D,(f¢) eC

0) YszarasbHeHa QyHKLiA f € JiHiHHUM QyHKUioHasoMm Ha D, TO6TO

£.) Cron | =D Cil(f. ér)-
k k

B) Y3arajbHeHa (YHKUis f € HemepepBHUM (IpyHKU,iOHaJIOM Ha D, To6TO

k—o0
HaBenemo nekinbka NpuKaaniB y3arajbHeHUX (DYHKILIH.
IIpukaan 8.1. < [lpocrilinM npuk/aagoM ysarajbHeHUX (PYHKLIH € <KJIaCU4Hi>,

TaK 3BaHi pecyasiapri yzaearvHeHi Qyuxuii — e (PYHKIiOHAAU, fKi MOPOIKEHO
JokaJabHO—i{HTerpoBHUMH y R" dyHKUismu f(x):

(f.6) = t/f beD. @.1)

BaxX/MBUM NPUKJIANOM PeryasipHuX (PyHKUiHA B Teopii y3arajbHeHHUX (PYHKUIH €

dynkuia Xesicakna
05 (6.6) = [ ola)ds
0

T06TO  0(1) = {g’ i i 8

(8.2)

>

Ilpuknan 8.2. < 3 ¢yHkuieto Xeicalina nos’sa3aHa HAaCcTYNHi (PyHKUIT, 9Ki 10-
CUTb 4aCTO 3yCTpiyarTbCsA B Teopii y3arajbHeHUX (PYHKLIH:

0, z<0

r, <0
x_:—xQ(—x):{O 20"

3a3HayuMo, 0 & = T4 — T_,

(8.3)

x| =z 4+ - = xsign z. >
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Posnin 8. VY3aranbHeHi (yHKILiT Ta X BJIaCTHUBOCTI 49

Ilpuknan 8.3. < IlpocTimiuMm npuKaIafoM CHHIYJSPHOI y3arasJbHeHOI (yHKILIi €

0—-pynkyis [Hipaka:
(6,6) = 0(0), ¢€D. (8.4)
>

Mpukaan 8.4. < Oyukuis f(r) = 1/z He € JOKaNbHO-IHTEIPOBHOI, TOMY 10
He iHTerpoBHa B OKOJIi MMoYaTKa KoopauHat. Ilns toro, mo6 3100yTH JIOKAJbHO-
iHTerpoBHy (PyHKIL IO, CJil MPOBECTH peryaspusauit. s 1boro BBeneMo y3a-
rajpHeHy ¢yHkuio P(1/z):

(730) = £, %= w0 /¢

= Jm, / o / ®ar . oeD®)

sIKa Ha3UBAETbCs pecyaapudayicto GyHKUii 1/x; iHTerpas, mo BU3HAYAE IO PYH-
KIi10 € ToJI0BHOW uacTHHO 3a Kouri pos6ixkHoro iHTerpana Bix f(z). >

Ilpuknan 8.5. < [HIIa MOXJUBICTb perysspusauii noB’sidana 3 ncegdopyHKyis-
mu. Posrasinemo ¢yukuino f(z) = 1/2?. BoHa He € J0KaJbHO-iHTETPOBHOI, TOMY
10 He iHTerpoBHA B OKOJIi MOYaTKy KOOpAMHAT. BBeneMo y3arajbHeHY (PyHKILiIO
Pf (1/2%), sika Ha3uBaETbCA MCEBNOPYHKILIE 1/352:

(Pf %,gb(x)): G [, @ . (86)

(8.5)

e—>+0 a;Q a;Q
— 00 £

AHnasoriuHuM UMHOM MOXKHa BU3HAuuTH y3arasbHeHi pyukuii P (0(z)/x) 1 P (6(

6(x) L o(x)
(Pf — (a:)) —51_1&10 / ——dz + ¢(0)Ine |, (8.7a)
(pf 9<_$),¢(x)> = lim /¢ ’ $(0)Ine| . (8.7b)
x e—=+0
>
Ilpukaan 8.6. < Hosectu gpopmyry Coxoybvxoeo:
1 1 .
i TE —imd(x). (8.8)
>
Posg’azanns. €4 O6uncanMo iHTerpasn
_ o ¢(z)
1= <x+ O’d)( )> _51—1330 x+i5dX

© €. 1. binokonoc, M. 1. Illeka, 2015 v. 1 Bepecus 2015 p.
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50 [naBa 3. ¥Y3aranbHeHi QyHKILIT

T — 1€

I=lim | o adlo)dx
R
_ T — 1€ X — 1€
= ¢(0) lim [ — oy paxt limf e [¢(z) — ¢(0)] dx
R R
=¢(0) lim [ ——=dx —i¢(0) lim arctg 9lz) = ¢(0)
5%+0 562 + 2 e—=+0

— ing(0 JW do = (—ind(z), d(x)) + (?;,qé(a:)),

3Bigku oTpumaemo (8.8). »
310. Hoectu HactynHy (opmynay CoxoubKoro:

1
x — 10

I
= TE +imd(z).

311. [Mosectu HACTynHy (opmyJay:

pL _pp ) | pp 0=2)
X

T T

312. Hexait F(1/|x|) — ysaranbHeHa (hyHKIis, 110 BU3HAYAETHCS HACTYHUM CIIiB-

BiTHOILLIEHHSM:
o) [ S | 5%

|z[>1 |x|<1

JloBecTu HacTynHy (Gopmy.y:

gL _pp @) pp 0(=2)

|| T x

§ 8.2. Onepauii 3 y3araJbHeHUMH (PYHKLiIMU: MHOMKEHHS i 3aMiHa
3MiHHUX

Jlo6yTok ysaranabHeHo! ¢GyHKUIT f € D’ Ta HeckiHUeHHO AU(epeHIiHoBHOT
a € C°° BU3HAUAETHCS HACTYMHUM YHHOM:

(af,¢) = (f,a0). (8.9)

IIpuknanx 8.7. < PosrasiHemo no6yTok (GyHKUiN a(x)d(x).

(a0, ¢) = (0,a¢) = a(0)$(0) = (a(0)J, ¢) ,

3BiIKU

>
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Posnin 8. VY3aranbHeHi (yHKILiT Ta X BJIaCTHUBOCTI 51

Ilpukaan 8.8. <

(xg%,qs) _ (?lgb) — £ #%as — [ otays = (1,0),

3Bigku xP— =1.
x

>
3aMiHa 3MiHHUX B y3arajbHeHill (yHKIii BU3HAYA€TbCS HACTYNHUM YHUHOM:

(Fue), 62) = (Lyj@(ww))) . (8.10)
’det (ﬁ)

IMpukaanx 8.9. < Hexait y = x+a — 3cys, Toni (f(x + a),é(z)) = (f(y),d(y — a)).
>

Npuknan 8.10. < Hexaét y = Az, ne A—wmatpuus, toni (f(Az),¢(x)) =
(44, 0(471y)) . &

IMpukaan 8.11. < Jleabra-dyHKIig Bin cKJaagHOrO apryMmeHty, o(y(z)):

(5(y(w)). 6(x) = (@,as(x(y))) - (5@),M>

d d
py(e)=0 | 2|, owoled=0 i,
3BiIKHU ( )
o(x — xp,
o(y(x)) = " (8.11)
rpy(zr)=0 dx
T
3okpema, Akwmo y(x) = 22 — a?, x4 = +a Ta ‘% — 2a, 3BiiKHU
Ty
2 9 1
St — %) = o (3 + a) + 3z — )
>

B npuknanax (313)-(318) noBecTH cmiBBimHOIIEHHS:
316. /(ax) = ﬁ5(:1:)

317. §(2*—T2+6) = 1o(z—1)+ L5 (z—
314. 2"6(z) =0, ne n € N. 2) 4+ 50(z + 3).

315. §(—z) = d(x). 318. §(ax + ) = d(x + /),

313. I’mﬂ)l = gm 1
T
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52 [naBa 3. ¥Y3aranbHeHi QyHKILIT

B npuknanax (319)-(321) cnpocTuTH BUpas:

319. 6(z3 — a?), ne a € R. 322. §(cosx).
320. 6(z" —1), ne n € N. 323. zd(sinx).
321. (sin(mz)).

324. PosrisinyTH ysaranbHeHy ¢ynkuio P(1/x?):

(?iz,qs(x)) _ JC o) 00,
1

IloBecTH, 110 xQT—Q =1.
x

§ 8.3. Onmepauii 3 y3arajsbHeHUMU (PYHKUiAMU: AUepeHLIIOBaAHHS

[loxigHa Bing y3ara/jbHeHO! (yHKILIi:

(0°,6) = (1) (f.0"0). (8.12)
IIpuknanx 8.12. < §'-pyHKIis:

5 1 (§,0) = — (5.9) = ~¢/(0).

>
IIpukaan 8.13. < lloxigHa ¢yukuii Xesicaiuaa:

wmwz—wﬁv:—/dex:mm—¢w»:mm:wwx
0

3Binku 6 =6.

>
B npuknanax (325)-(330) o6uucautu yci noxinHi QyHKILT.
1, x <0 327. y(z) = (v —2)kW) (2) + 209,
325. y=qz+1, 0<z<1 328. y(x) = 20(z).
2?41, z>1 329. y = 0(x)e™
|sinz|, —r<z<nm 330. f(x)—2m-nepionguuHa (yHKIIf,
326. y = 0 | > . npudomy f(z) = 1/2 —x/27m, ne x €
’ - (0, 27].
B npuknanax (331)-(350) noBecTH criBBigHOIIEHHS.
d 1 d 1 1
331. —1 =P—. 332. —P-=-P—.
dz = x dx x x?
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Posnin 8. VY3aranbHeHi (yHKILiT Ta X BJIaCTHUBOCTI 53

333. ddxx :Ii i0 = Fole) - ?%'

334. a(z)d'(z) = —=d(0)o(x) +
a(0)d'(z), ne a(z) € €' (RY)

335. (0(x)cosz) = 6(z) — O(x) sin z.
336. (0(x)sinz) = 0(z) cos x.

337. 26" (z) = —nd(z)" Y, ne n €
N.

338. (v4) = 0(x).

339. (z_) = ( ).

340. (z2) =pa? ' ne p & Z_.

341. (z") = —pa’ ' ne p € 7Z._.

342. 270" (z) = (=1)"n!é(z), ne n €
N.

343. |z| =20(x) — 1 = sign x.

344. (sign z) = 26(x).
d
345. —1 0) = :
e n(x + 10) 0
346. (z +1i0) = 24 + ™2’ ne p &
7.
d : -1
347. — (z +10)" = p(x+i0)" ", ne
T
p#0.
348. (z —i0) =28 + e ™2 nep ¢
7.
d : 1
349. e (x —10)Y = p(x —i0)'"", me
T
p#0.
350. 0y = Ty
gy (xg)=0

i <y/(1m)%>n Sz — xp).

§ 8.4. Omnepanii 3 y3arajbHeHUMHU (PYHKIIIMU: IPIMHUA 100YTOK, 3rop-

TKa i neperBopeHHs Pyp’e

[Ipamuii dobymox nBoX y3arajbHeHUX (yHKIIH:

(f ©9.9) = (£.(9.9)). (8.13)
3eopmKa NBOX y3arajJbHeHUX (PYHKIIiM:
(fx9,0) = (f(x) @ g(y), ¢(z +y)) . (8.14)
IMpuknanx 8.14. < OyHKuisg §(r) BUKOHYE POJIb OMUHHIL MPU 3TOPTILI:
(0(z) x f(2), ¢(x)) = (6(zx) @ f(y), do(x +y)) = (f(y), (6(x), ¢(z +y))) (8.15)
= (f(y),0(y)) = o(x) x fx) = f(x). '
>
B npuknanax (351)-(359) noBectH cniBBigHOILIEHHS.
351. 6(r—a)xd(x—b)=d(x—a—0b). | 357. O(x)sinzx0(x)cosx
352. 0(x —a)x f(x) = f(x —a). _ X4SIna
353. 0(z) x0(x) = x4. 358 % Bl s
354. O(z—a)x0(z — ) b) = (x—a—b).. o) gﬂ ;”jxxi CE)”;);m v
355. O(z) x 1, = . N 2
2 359. 0(x)cosx *0(x)cosx
356. 0(z)+ 1" — 2! 0(z)sinz + x4 cosx
' Ton+1 N 2 '
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v. 1 Bepecus 2015 p.



54 [naBa 3. ¥Y3aranbHeHi QyHKILIT

Hexait ¢(z) € D. Toni MoxxHa BBeCcTH omepallito nepemsoperns Pyp’e:

_ / b (@) F ) dz, (8.16)
Rn
ne (k,x) = > I, x;k; — ckaaspHuil 1o6yToK B R"™. 3BopoTHe neperBopeHHs Pyp’e:
(k) = [ ROFlgR)e D S (8.17)
(2m)"
[lepetBopenHs Pyp’e ysarajbHeHOT PYHKILI:
(Ff],¢) = (f. Flg]). (8.18)
Ilpukaanx 8.15. < [lokaxemo, 1110
F[6(x — x0)] = e'F20), (8.19)
Jli¥icHo,
(F1o(x = x0)],¢) = (6(x — x0), F[¢]) = F[¢](20)
/¢ kxo (62(167350), ¢> '
3okpema, nokaasmu y (8.19) xy = 0, matume
Fl§] =1, (8.20)
3BiIKHU .
_ -1 _
TOOTO
F[1] = (2n)"(k). (8.21)
>
ITpuknanx 8.16. < 3uaiimemo F [0(x)e .
(F[0(z)e ], ¢) = (0(z)e ™, Fl¢]) = / dze™ / dkp(k)e™
0 —00
— [ arowr( = (1.9).
I(k) = /dxexp [ikx — ax] = /dxexp li(k +ia)x] = k‘—iza
0 0
. —ax] __ i
sBinku F [0(x)e ] = PR
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Posnin 8. VYaaranbHeHi (hyHKIT Ta X BJACTUBOCTI 55

3okpema, Ko a — +0, MaTUMEMO:

1 1 1
F = lim = 1P— .
0(x)] = a—+0 k 4+ 1a k + 10 Z:Pk + o (k)

>
OcHoOBHi BJacTUBOCTI nmepeTBopeHHs Pyp’e ysarajbHeHUX (YHKIIH:

a) [udepenuioBanus nepetBopeHHss dyp’e: 0°F|[f| = F [(iz)* f].
0) [leperBopenns @yp’e moximHoii: F [0%f] = (—ik)*F [f] (z).

B) Ilepersopenns Dyp'e scysy: F [f(x — zo)] = '@k P[f].

r) 3cys nepersopents Pyp'e: F[f](k + ko) = F [¢!*o2) f] (k).

n) [leperBopenns ®Pyp’e sroptru: F[f *x g| = F[g|F[f].

B npuknanax (360)-(379) noBecTH cniBBigHOILIEHHS.

.
]

| N
360. F [0(— = wi(k) — iP— = :
Z. b2 = molk) — P 369. F[z] = —2ind (k)
_ , 1
k — 0 370. F[|z|] = —QTE.
361. F'[sign x| = 22?; 371. F[P(1/z)] = imsign k.
362 [5( )] — /{. 372. F [$n] = 2(—i)n7'('5(n)(/{3).
C_ml! Em—n
364. F [5 )] = (- )"k2” (m=n)!
365. F [5 2n+1 () ] [yt 374. F [sinax| =in[6(k —a) — d(k+ a)].
| " ' 375. F'[cosaz] —W[é(k—a)+5(k+ a)).
366. F[0(a— |z|)] = 28””‘ ,a>0. | 376. Flshaz]=7[5(k —ia) — 6(k + ia)
. k 377. Fchazx] =7m[d(k —ia)+ 0(k + ia)].
367. Flz,] = ——7—. 378. F[z%sin2x](€) = in[0"(€ + 2) —
(ke +:0)" 5'( —2)].
nli 2,
. nyo— —alz|l
368. I'[z1] T e €| 879 F [e=elel] = et

B npuknanax (380)-(382) o6uucautu Bkazauuii Pyp’e obpas.

380. F [(2+x)%(x)]. y(z) = 0(x® + 2x — 15).
381. Fly(z)], Fly(x)], Fly"(x)], ne | 382. F[|z[*d(a — |2])], z € RY.

Ilpuknan 8.17. < 3HaliTu Bci po3B’A3KM anredpaiyHOro piBHSAHHSA
zu(z) =0 (8.22)

B KJlaci y3arajbHeHUX (DYHKILiH. >
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56 [naBa 3. ¥Y3aranbHeHi QyHKILIT

Poss’szanns. 4 Obunciumo Pyp’e o6pas (8.22), F [zPu(z)] = 0. 3a Bracrusi-
cTio nudepeniiitoBanHsi Pyp’e nepeTBOPeHHST MATUMEMO:

F [(iz)’u(z)] = O°Fu] =0 = Flu)(k) = c1 + ek + c3k%/2

B npuknani 363 mosomutbes, wo k" = i"F [6("(x)]. Tlepenosnauarouu craii
0CTATOYHO MaTHMEMO:

u(x) = Ad(z) + B (z) + C"(x).

>

B npuknanax (383)—-(385) metomom nepetrBopeHHss Pyp’e 3HAUTH BCi pO3B’si3-
KU PiBHfIHb B KJiaCi y3arajJbHEHHUX (PyHKILiH.

383. z"u(x) = 0. 385 xndum(:ﬁ)
du"(x) ' dz™
n = 0.
dz™

=0, 1e n > m.

384. «»
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I'nasa 4

PDyHIaMeHTaJdbHI PO3B'SI3KM KpaloOBHUX
3agau

§ 8.5. PyHpameHTaNbHUU PO3B’A30K JiHIHHOTO AU epeHLiaIbHOrO ore-
patopa

Yaacanrvrenum po3s’a3Kom piBHSHHS

Lu = Z a,0%u = f(x), a, = const (8.1)

|a|<m

B oOsacTi (G Ha3WBalOTh OyAb—sKYy y3arajibHeHy ¢GyHKLi0 u € D', 110 3a10BOJIb-
Hsie Le piBHSAHHA B (G B y3arajbHeHOMY ceHci, TOOTO nJjs Oyab—sikoi ¢ € D,

(Lu, @) = (f, ) -

DynoamenmanroHum pos3s’askom (Qynkuyiero snausy) omnepatopa L Ha3WBAOTh
y3arajbHeHy QyHKIliio & € D', o 3anoBosbHse ¥ R™ piBHAHHS

LE =(x). (8.2)

Hasa 6yap-gkoro JiiHidHOTO nU(epeHUianbHOro omnepatopa L icHye (yHIaMeH-
TaJbHUU PO3B’SI30K MOBIJIBHOTO 3pOCTaHHA i Llel po3B’sI30K 3a10Bi/bHSE anredpa-
IYyHe PiBHAHHA:

L(—ik)F[E] =1

Hexaii f € D' Taka, mo &€ x f icnye B D’. Toni poss’sizok piBHsAHHS (8.1)
€IMHUH Ta Ma€ BUIJISAL

u=_~&xf. (8.3)

PosrasiHemo niHiAHUE audepeHUialbHAU onepaTop i3 3BUUAWHUMH MOXiAHH-
MU

k=0
dyHnaMeHTaNbHUN PO3B’si30K omepartopa (8.4) mMae BUTISAL:
E=0(x)X(x), (8.9)

ne ¢pyHkuis X (x) € po3B’ss3KOM onHOPigHOrO AHdepeHlianbHOTO piBHSIHHS LX =
0 3 MOYaTKOBUMU YMOBAMM:

X(0)=X'(0)=---=X"20)=0, X" V0)=1

o7



58 [naBa 4. dyHnameHTa bHi PO3B’SI3KH KPAaHOBUX 3amau

ITpuknanx 8.18. < 3HaiiTu QyHIaMeHTa bHUH PO3B’sI30K &(z) omepaTopa

d

L =—+np, p = const.
dx
3a poromoroio &(x) po3B’si3aTH pPiBHAHHS:
Y (x) + py(z) = q(=).

>
Poss’asanns. €4 PynnamenrtanbHui po3s’sa3ok € = ()X (z), ne X (z) € po3s’ss-

KOM 3ajadi
X'(z)+pX =0, X(0) = 1.
OueBHaHO, 110 PO3B’A3KOM 1li€l 3anaui € (yHKILis ( )

E(x) = 0(x)e P*.

Y ToMy

Toni po3B’si3koM HeomHOpPiAHOTO PiBHAHHS Ly = g € 3ropTKa

Dg(€)de = / PE)g(6)de,

—0 X

>
B npuknanax (386)—(410) 3HaiiTu QyHnameHTaJbHUE po3B’si30K £ omepaTtopa

L. 3a nonomorotw & posp’sa3atu piBHsHHA Ly(x) = 0(x)f(x).
d? d d2y dy
386. L=——-2—+1 =z—e®. | 392. L = — 2= =
da? d:1:+ flz) =a—e da? dx + 9, (@)
A2y dy l—2x+4+2Inz.
387. L = ——4— oY = 14ux. d?y
a2 tar Y fle) = 14w 393. L—d——ay,f():e%—x?.
d?y dy v m
= —_— — d
388. L = -5 +3- +y f@) 394.L:<—:Fa) y, fla) = 2* -
1 +sinx. ) dx
d3y d2y dy ger.
389. L = — —3— +2-—=, f(x) = d3y  d%y dy
dx3 dx? dx’ 395. [, = — 2 4+ = _ 97 —
62 — COS . d:c3 + dCUZ dx’ f(CC)
3y 322,
_ 29 _ d d?
390. L =5 —ay, f(z) = 2tgz. 396. L — ——2 — 40— —44ly, f(z) =
d* 3 _23135 o
391. L—d—Z—ay, f(x) = 2sinx + exp(3z d'4 2y
" 397. L= -2 —9-Y _ 400y, f(z) =
x 1~ 97 y, f(z)
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Posnin 59
1 + 3z exp 3z. xIn(z + 223).
d3y d?y 5 dy dty _d% d*y
_ Y 3 Y g2 W La0a. 1=SY 557 148 ) =
398. L= —g—3n_——(3n’—1) o1 g g f@)
n(n*—1)y, f(z) =z — 2sinz. zexp(x + 2).
2
d?y . dy . _ &y Ldy _
399. L= — —(1+id)=" — (5+i)y, | 205 L = gz 03, — 9y /()
f(x) = sin(z + 2). TSI, 46 4 P2
. —@—< —|‘22 )a—F(— 9+ 1+ 1.
131)y, f(z) = (x — 1)*sinx. d? d
)yf()d3( )d 407.L:d—xz—2£+2y,f(x):
201. L= S 1% ooy, fla) = | 14¢".
3 dz? da ddy  d%y dy
(z+1)" == 408. L = —2 —4—2 2217 f(z) =
d3y dy 5 dx3  dx? dz
402. L = — + 10-= + 25y, = | ““°*
da:?;) i dz 2y, f(@) 409 d3y 6d2y 25dy _y
cos(x + 1) + z°. c g Vgt @,f(x)— :
d? d d? d
403. L = d_xgé —1, 5% — 2,5y, f(x) =] 410. d_a:% + 4%, () = 2z + sin(z?).

411. JoeecTH, 1o (yHIaMeHTaJbHUMH PO3B'A3KaMu omnepatopa L = As + k? B

R? € pyHKLii

i 1
—i 25 (k|z)),
LHP (k).

81,2($) = {

3a poromoroio €1 9(x) po3B’s3aTH PiBHAHHSA

(A + Ky = 0(|z] — 3)0(8 — |x|).

412. JlosectH, o (HyHAAMEHTaJIbHUMU PO3B’s3KaMu omepatopa L = Az + k* B

R3 € pyHKuii

+ak|x|
&(r) = —=

Anlz|”

3a ponomoroto &(x) po3B’si3aTH PiBHSHHS

(A3 +k%)y = 0(2 — |]).

413. JlosectH, mo (yHAAMEHTaJbHUMHU PO3B’s3KaMu oneparopa L = Ay — k* B

R? € QyHKLii

1

1) /.
1Ho' (k).

E(x) =

3a nornomoroto €(x) po3B’A3aTH PiBHAHHS

(As = K*)y = (|| - 3).

(© €. . Binokosoc, M. 1. llleka, 2015
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60 [naBa 4. dyHnameHTa bHi PO3B’SI3KH KPAaHOBUX 3amau

414. osecTH, 1o GyHIaMeHTaJlbHUMH PO3B’'A3KaMu onepatopa L = As — k? B
R3 e dyHKuii
€—k|x|

&(r) =

Adrlz|
3a poromoroio & () po3B’si3aTH piBHAHHSA
(A3 = k)y = |2]0(2 — |a).
415. JloBecTH, 110 (PyHOAMeHTaJbHUH PO3B’sI30K orepaTopa

P
L = % — a2% - b@%} — ¢ pe a,b,c - const,

E(x,t) = 25% exp (ct — %) .

3a ponomorow &(x) po3B’s3aTH PiBHSAHHS

Ma€ BUJ

416. [osecTH, 1110 (pyHOAMeHTaJbHUH PO3B’S30K OlepaTopa

a k
L:<§—a2Ad> B R¢

Ma€ BUI

IR B e
Sy = L'(k) (2av/mD)" p<4a2t )

3a pomnomoroio &(x) po3B’si3aTH piBHAHHSA

a k
<a — azAd) y = 3el”0(2 — |z|).

417. [osectH, 110 pyHAAMEHTaJbHUN PO3B’I30K ormepaTopa

0
L=%
Ma€ BUJ |

3a poromorow E(x) po3B’A3aTH PiBHSHHS

ouw z—a

— = , zeC.
0z z—7%2
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Posnin 9. ®dynnameHTa bHUE po3B’si30K i 3amaua Kouri nsis piBHsiHHA nudysii 61

418. [oBectH, 110 pyHAAMEHTAJbHUN PO3B’30K OnepaTopa

o k
b (20)

Ma€ BUJ
Zh—1

exp(AZ)
C(k)rz

3a nonomorow &(x) po3B’sA3aTH PiBHAHHS

E(x) =

N

Q%_AYQ:IFZ—%% =

J=1
419. [oectH, 110 (pyHAAMeHTaJbHHUH PO3B’I30K orepaTopa

6k+m

[ ==
Ozkzm

Mae€ BUJ
2—k 1 M= 1

['(k)T(m)m
3a nornomorow &(x) po3B’s3aTH PiBHAHHS

0 -
_ -1
<&—>\> u-H(z—a,j) , zeC.

J=1

E(x) = Inlz|, km=12....

420. [HoectH, 110 K10 (yHIAMEHTAJbHUH PO3B’S30K OnepaTopa

0
L==+AD) e &fx.1),

TO (pyHIAMeHTaJJbHUU PO3B’30K omepaTopa

tk’l

k
L= <8+A( )) e &(z)= F(k)&)(xt)

ot

3a noromorow &(x) po3B’sA3aTH PiBHAHHS

<§t+A(D >>ku—9<1— ), a0

§ 9. PyHmpameHTaJbHHUU PO3B’A30K i 3agaya Komi gasa pis-
HAHHA AUy3ii

piBHAHHA AU(Y3il Mae BUNIAL
Lu = f(z,1), xreR" teR, (9.1a)
L 2 9,—d’A,, (9.1b)
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62 [naBa 4. dyHnameHTa bHi PO3B’SI3KH KPAaHOBUX 3amau

ne A, — n-BUMipHUH onepaTop Jlannaca, L mae Ha3By onepamopa ougyasii.
HudepenuianbHuil onepatop audysii Mae ¢hyHaaMeHTaJbHUHE PO3B’ 30K

|]*

_ )
&, 1) = ek 4a?t (9.2)

3anaua Kouri n/s piBHAHHS Au(y3il cTaBUTbCS HACTynHUM 4uHOM. [loTpi6HO
3HAUTH PO3B’A30K piBHAHHS nudy3il (9.1a) mpu ¢ > 0, 110 3aH0BOJIBHSIE TOYATKOBY
YMOBY
u(z,0) = ug(x), r € R" (9.3)
Posp’ss30k 3amaui Ko nnsi piBHsnus nudysii (9.1a), (9.3) 3biraetbes 3
pO3B’I3KOM PiBHSIHHS

(0 — @A) u(z,t) = F(z,t), zeR"teR (9.4)
F(x,t) = 0(t) f(x,t) + 0(t)uo(), '
1[0 Ma€ BHUIJISL
u(z,t) = (€, x F) (x,t), (9.5)

B npuknanax (421)—(448) po3B’a30K HacTynmHUX 3aaad Koimi ajst omHOBUMIp-
HOTo piBHAHHSA AUQYS3il:

a2, | e e, 820
22 [0 3. o) e
Sl e A S
424, Z%;O%uf&tcosx’ 435. Z’Z;fég)’ =8 (zo — ).
azs. | = e 1 36 | oo )
426. iY(L;,T))uim ’sin x exp(—1z?). 437 Zt(;(%m:tlit;m ;
427. iz(tgjyzo)uf;sl(n_tgg) 438. i?:tz:,:())uf’sinxexp(—ﬁ).
498. Zt(;()l;m:%i.sintsinx, 439 i%;)zo)u:;;tn_t;;?)
a0, | o e Mo | o

430. i?;’zo)uf’ezx_xz_ 441 | Olslx:;(e;)x
B M2 |
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Poznin 10. ®dynnameHnTanbHui po3’si30k i 3amaya Koii asis XBUIbOBOTO PiBHSAHHS

63

Ut :um—l—IQ, Ut :Uxx+€x,
3|2, 0) = 22 6. | 0) = 0(2)a.

u = 9uy, + sinx, Uy = 16Uy, + t?sinz,
444. u(z,0) = 1. 447 u(z,0) = 230(5 — x).

duy = Uz, Ut = Ugy + 6aﬁ5($)7
5. | (2,0) = 22 4 o 8. |20y = 6(1 - |a)).

B npuknanax (449)-(464) posB’s3ok

MipHOTO PiBHSIHHSA AU(DY3ii:

HACTYIIHUX 3aaayd Kommi JJIsA O6araToBu-

ur = Au + 2xyz, = a’Au,
449. ut(x, y,2,0) 22{52 +y? — 222 458. Zt(x, ya, z, g) = COST.
450. || = Au + sint cos , u; = 9Au + e 222 siny,

" ul(z,y,2,0) = e Vcosz. 459. | u(z,y,2,0) = 0(1 — |x|)-

451, || v = Au+e 3 cos, O(1 — |y)o(1 — |z|).

u(z, 3/22 OZ: ysin z. up = 25Au + (4 — t) sin z-

u = 2Au + tcosx, -sin z sin y,
452. u(z, y,;’, 0) = cosy cos z. 460. u(a;,y, Z§>O) =132+

= a*Au Ty +27).

453. || " = 420

u(z,y, 2,0) = (z° + y* + 2%)°. 461, | W= a?Au + (22 + y* + 2%)e!,
454, | W= Au + 2xyz, " u(z,y,2,0) =0.

| U(.T, Yy, =z, O) - 'CC2 + y2 - 222' _ 4A —(a:2+y2+22) t

w = Au + 6ayt 462, |t = FAuTC fEeEE
455. || " Jh u(z,y,2,0) = 1.

U(l’,y,O) ==y

u; = Au + sint sin x sin u=Au+t e gl
456. t — Y, 463. o 5 4 Yy 9

u(x,y,())zl u(x,y,z,())—xy ( -z )
A57. | W= Au + 2y, 464, | W= Au + cos(z? + y* + 2%)e ",

u(z,y,0) = x. u(z,y,z,0) =0.

§ 10. PynpameHTa bHUN PO3B’A30K i 3agaua Komi ajs xBu-
JIbOBOTO PiBHSIHHS

n—BUMIiDHe XBUJbOBE PiBHAHHA MA€ BUIJISAL

Ou(z,t) = f(z,t), O, 2 0% —d®A,. (10.1)

dyHnaMeHTaAbHUHE PO3B’SI30K XBUJBOBOrO ornepatopa [J, Mae BUTJISNL

(10.2)

e.ot) =007 |2

alk|

Hns 1, 2 i 3-BUMipHOTO XBUJIBOBOTO PiBHSAHHS (PyHAAMeHTaJbHUH PO3B’S30K
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64 [naBa 4. dyHnameHTa bHi PO3B’SI3KH KPAaHOBUX 3amau

Ma€ BUIJISIJ, BiIIOBiJHO:

& (2, t) = % Oat — a)), (10.3a)
Eo,t) = 271m - % (10.3b)
Ealz.t) = 4%?93,5(% ~lal). (10.3¢)

(10.3d)

3anava Kouwi a1 XBUIbOBOrO PiBHAHHS CTABUTHCS HACTYNHHUM YHUHOM:

Ohu(z,t) = f(z,t), xeR"teR,,

10.4
u(w,0) = u(e),  wlw,0)=w(z), vER" 1o

Posp’si30k 3amaui Komi (10.4) 36iraeTbcsi 3 po3B’si3KOM pPiBHSHHS
(07 — a®Ay) u(z,t) = F(z,t), z€R"tER (10.5)

F(xz,t) =0(t)f(x,t) + 0 (H)ug(x) + 0(t)ui (),

10 Ma€ BHUTJIS,
u(z,t) = (Epx F) (z,1),

B npuknanax (465)—(489) po3’a30K HacTynmHUX 3aaau Kot ajst omHOBUMIp-
HOTO XBHJIbOBOTO DiBHSIHHSI:

Ut = Ugy + T, Upy = Ugy + 2,
465. || u(z,0) = o(x), 471. | u(z,0) = x,

ui(z,0) = 1. ur(z,0) = d(x).

Ut = Ugpg, Ut = a2uxx7
466. | u(z,y,0) =0, 472. || u(z,0) = cosz,

u(z,y,0) = (g — ). u(z,0) = cosx.

Uy = Ugy + (9(t>5<$), Ut = Mgy + Sinxa
467. || u(z,0) = 0(x — ), 473. | u(x,0) =1,

u(z,0) = zd(x). ur(z,0) = §(x).

Ut = 0P Uy, Ut = 0PUgy + 27 - €,
468. | u(z,0) = 22, 474. || u(z,0) =0,

ug(z,0) = a. u(x,0) = 6(x).

Ut = Ugpy + x, Uy = Ugy + eaté(aj)a
469. | u(z,0) = o(x), 475. || u(z,0) = o(1 — |z|),

u(x,0) = 0. ut(x,0) = 0.

U = Ugyy + SIN T, U = Ugy + TE”,
470. | u(z,0) = sinz, 476. | u(x,0) = 0(x)x?

u(z,0) = 0. ur(z,0) = 0(1 — z).
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Poznin 10. ®dynnameHnTanbHui po3’si30k i 3amaya Koii asis XBUIbOBOTO PiBHSAHHS 65

477.

478.

479.

480.

481.

482.

483.

Uy = Nyy + € ' cos a,
u(z,0) = cosx
u(z,0) = sin 2x.

Ut = Uy + 0()0(),
U(x, O) - 5(56 - xO)n
u(x,0) = zé(x).

Uy = Ugy + €' sina,
u(z,0) =sinz,
u(x,0) = e ".

duy = Uyy — 0(2 — t) exp(—x),
u(x,0) = sin z exp(—2?),
u(x,0) = 36(z — 2).

AUy = Ugpy + x SINT,

u(z,0) = exp(—a?),

ur(z,0) = exp(—2x).

Ut = Uy + e_Qtexa

u(z,0) = z6(x),

ug(x,0) = 220(z).

Augy = Uge +€'0(2 — |]),
u(z,0) = e2r—a*
u(z,0) = 2"

484.

485.

486.

487.

488.

489.

Ut = Ugy + .I2,
u(x,0) = x2,
wl(z,0) = (1 — Jal)

dugr = Ugy,
u(z,0) = 2% + 24,
uy(z,0) = 325,

Ut = Ugy + 61‘7

u(z,0) = 0(z)x,

u(z,0) = §'(2x).

u = (1/9)ugy + 0(t — 1)e”,
u(z,0) = sinzf(x),

u(z,0) = cos(2x).

Usp = Uy + (¢ — 1) sin(e?),
u(z,0) = rsinz,

Ut(l', O) = 3.

Upp = Ugy + 2t4sin(x — 1),
u(x,0) = sin 2?2,
uy(2,0) =2 + e 47,

B npuknanax (490)-(505) po3r’sizok HacTynmHUX 3anad Komri asis 6araToBu-
MipHOIO0 XBUJ/IBOBOT'O PiBHAHHS:

uy = Au + e H2zyz2,

uy = 4Au + 6xyt,

490. || u(x,y, 2,0) = 22 + 9% — 222, 495. | u(x,y,0) = 2% — 92,
w(z,y, z,0) = 1. w(x,y,0) = zy.
= Au + sintsinx siny
uy = Au + cos 3t Uzt ;
521 _ (ZIZ'Z ° y2)1/2) 496. U,(SU,y, 0) = 172 B
491. || u(z,y,0) =0, ’ ut(x,y,0) = x.e .
u(x,y,0) = 8 (g — ) uy = Au+sinr,
O0(yo — ). 497. || u(r,0) = rcosr,
A uy(r,0) = r?.
uy = 2Au + tcosx, .
492. ut(tx Yy, z,0) = cosx cosy 1321: A‘u|)+2s1nt9(1 — |=])-
Y Y Y - 9 . . y ’
u(z,y, z,0) = cosycos z. 498. w(z,y,0) = z.
Uit = QAU, 'U,t<.CU, Y, O) =Y.
493. | u(z,y,2,0) = (22 + 14> + 22)?, uy = 2Au,
u(z,y,2,0) = (2% + 3> + 222 499. || u(z,y,z,0) = cosr,
u(z,y, z,0) = rcosr.
3uy = Au + 2xyz, .
494. | u(z,y, 2,0) = 2> + y? — 22> =00 ?tt(;%lu“ostsmﬁ
y Yy <y . y ) r, =1,
ut(.flf,y,Z,O) =L Ut(T’,O) _ (2_'_7“2)_1'
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66 [naBa 4. dyHnameHTa bHi PO3B’SI3KH KPAaHOBUX 3amau

uy = 25Au + (22 + y* + 2%)e, uy = Au ~+ cos(wt—

501’ U(.T,y,Z,O) - 07 504 —04(1172—{—y2+22)),
u(z,y,2,0) = 1. “u(x,y, 2,0) = (z —y + 2)%

Uy = AU+ e*0(2 — 1), u(,y, 2,0) = 6(x — 2).

502. || u(r,0) =0(1 — 1), 10uy = Au+ (0(5 —t)—
u(r,0) = 3sin 3r, =05 —0(2 —t)o((z2+ y> + 22) — 1),
uy = Au + cos(wt — a)f(1 — z)- " u(z,y,2,0) = sinz cos ye*

" u(z,y, 2,0) = xy,
ut(x,y, 2,0) = 3sin 3z.

§ 11. PyHpameHTaJbHUN PO3B’SI30K i MeEKOBI 3ajadi AJs
piBHgaHb Jlaniaca i IIyaccona

Onepatop Jlansnaca B n—BUMipHOMY NPOCTOPi Ma€ BUIVISL:
no92
Ap=>" g (11.1)

dyHpameHTaNbHUN PO3B’I30K n—BUMipHOro onepatopa Jlamnnaca mae BUNISL

1 1

Ex(x)=—Inr=—1Inr, n=2, (11.2a)
09 21

& (x) ! ! >3 (11.2b)

n x —_- — * 9 n - 9 .
(n—2)o, r"2
272 . .
fe o = & ) — MJI01Ia MOBEPXHi OAHHUUHOT n—CcdepH.

Dynxyiero I'pina 3anaui Hipixae nas obaacti D HasuBarwTh GyHKIi0 G(x,y),
x,y € D C R", K110 BOHA 3a0BOJIbHSE IBi BUMOTH:

1. AG(z,y) =0(x —vy), z,y € D CR"

2. G(z,vy) = 0.

yedD
Oyukuito I'pina 3anaui JlipixJae MoxHa MpeACTaBUTH y BUIISAI

G(z,y) = Eu(x —y) + g(z,y), (11.3)
[ie TapMOHiuHa (PyHKUis g(:p,y) 3HaXOAUTHCH 3 OLHOPIAHHUX MEXKOBUX YMOB

g(z, y)] = —&u(z —y) (11.4)

yeodD ye@D.

Posp’si30k 3amaui [ipixsne nas piBHsinHsa [lyaccona A,u = f(z)B obaacti D
Ma€ BUIJISI

u(z) :/f(y)G(:c,y)dy+/uo(y)ainyG(x,y)dSy. (11.5)

oD
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Poznin 11. ®ynnameHTanbHU# po3B’si30K i MexoBi 3anaui s piBHsiHb Jlamsaca i Ilyaccona 67

B npuknanax (506)—(512) sHaéitu dyHKuito ['piHa 3amaui Hipixae nas 3ana-

HUX 00JiacTeu.

506. Hanisnpoctip 23 > 0 B R3.

507. JlBorpaHHHUU KYT xo > 0, x3 > 0
B R3.

508. Oktant 1 >0, 20 >0, z3 >0 B
R3.

509. Kyns |z| < R B R,

510. Haniskyns |z| < R, 73 > 0 B R?,
511. YerBepra uactuna Kyai |z| < R,
x9 >0, x3 > 0 B R3.

512. Bocbma uwactuHa Kyai |z| < R,
r1 > 0, $2>O,$3>OBR3.

B npuknanax (513)-(519) metonom ¢ynkuiit ['pina posp’sasatu 3amauy Hipi-

XJIe.

Au = f(z), x3 > 0,
513. | f(z) =0,

2y = COS L1 COS Ty,

Ay = f(x)7 T3 > 07
514. || f(x) = e " sin x1 cos xo,

u‘xszo = 0.
Au = f(z), x3 > 0,
515. | f(z) =0,
Lae0 = (9(3:2 — Zlfl)
Au = f(x), x5 >0,
516. | f(x) =0,

Au = f(x), x5 >0,
f(x) =0,
517. ‘ B _1 T < O,
x3=0 +1 21>0
Au = f(x), z3 >0,
flx) = 2(3:% + 22+
518. +($3+ 1)2>_2’
~1/2

AUIO, r9 > 0,23 >0
519. | ul, =0,

Au=0, 29 >0,23 >0
520. | ul,,_o =0,

u|a:3:O =y (1+af+ x%)—i%/? :

AUZO, T9 > 0,23 >0
521. | ul, =0,

Au= f(x), |z| <R,
522. | f(z) = a = const,

U|\pep = 0.

Ay = f(ilj’), ‘x‘ <R,
523. || f(z) =|z|", n €N

uhx‘:R = a = const.

Au = f(x), [z] <R,
524. | f(z) =€,

U‘MZR = 0.

(© €. . Binokosoc, M. 1. llleka, 2015
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