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5. <eZklb\hkl��gZ^ijh\�^gbd�\�m�^�ZiZahg��G<Q�

�����Ijh\�^g�klv�gZ^ijh\�^gbd�\�gZ�af�gghfm�kljmf�

Ih\_^�gdZ� gZ^ijh\�^gbd�\� gZ� \bkhdbo� qZklhlZo� fh`_� [mlb� yd�kgh� ijhZgZe�ah\ZgZ� aZ

^hihfh]hx� ^\hj�^bggh�� fh^_e��� a]�^gh� a� ydhx� m� gZ^ijh\�^gbdZo� �kgmxlv� ghjfZevg�� lZ

gZ^ijh\�^gbdh\�� _e_dljhgb�� d�evd�klv� ydbo� m� h^bgbp�� h[
}fm� \�^ih\�^gh� ng lZ� nk�� GZ

ihkl�cghfm� kljmf�� ghjfZevg�� _e_dljhgb� g_� [_jmlv� mqZklv� m� ijh\�^ghkl��� hkd�evdb� iZ^�ggy

gZijm]b� gZ� gZ^ijh\�^gbdm� ^hj�\gx}� gmex�� GZ� \bkhdbo� qZklhlZo� q_j_a� kd�gq_ggm� � fZkm

gZ^ijh\�^gbo� _e_dljhg�\� gZ� gZ^ijh\�^gbdm� \bgbdZ}� g_gmevh\Z� j�agbpy� ihl_gp�Ze�\�� ydZ

ijbkdhjx}� yd� gZ^ijh\�^gm�� lZd� �� ghjfZevgm� _e_dljhgg�� dhfihg_glb�� Jmo� ghjfZevgbo

_e_dljhg�\�ijba\h^blv�^h�\ljZlb�_g_j]���m�gZ^ijh\�^gbdm�gZ�\bkhdbo�qZklhlZo��Q_j_a�fZem

fZkm�_e_dljhg�\�p��\ljZlb�klZxlv�ihf�lgbfb�gZ�qZklhlZo�∼108 
=p�lZ�\bs_��?d\�\Ze_glgZ�ko_fZ

gZ^ijh\�^gbdZ�gZ�G<Q��sh�\�^ih\�^Z}�\bdeZ^_gbf�\bs_�f�jdm\Zggyf��gZ\_^_gZ�gZ�jbk�����

AZ��g_jp�x�gZ^ijh\�^gbo�lZ�ghjfZevgbo�_e_dljhg�\�\�^ih\�^Zxlv��g^mdlb\ghkl��Lk�lZ�Lg

�� ^h� \ljZl� ijb\h^blv� kd�gq_ggZ� ijh\�^g�klv

ghjfZevgh��dhfihg_glb�σg.
H[qbkebfh� ijh\�^g�klv� gZ^ijh\�^gbdZ� gZ

G<Q�� dhjbklmxqbkv� ^\hj�^bgghx� fh^_eex� lZ

\\Z`Zxqb�� sh� =ω << ∆ �� <bdhjbklh\mxqb� ^jm]bc

aZdhg�GvxlhgZ��^ey�gZ^ijh\�^gbo�_e_dljhg�\�fh`gZ

aZibkZlb�
2

2 ,c e c

d x
n m n eE

dt
= (5.1)

^_� ?� �� gZijm`_g�klv� _e_dljbqgh]h� ihey� m

gZ^ijh\�^gbdm��E=E0e
jωt. <jZoh\mxqb�� �sh� �]mklbgZ

gZ^ijh\�^gh]h�kljmfm� Jc=nce dx/dt���fZ}fh

me dJc /dt=nce
2E (5.2)

:gZeh]�qg_� ki�\\�^ghr_ggy� ^ey� ghjfZevgh]h� kljmfm� Jg� ih\bggh� fZlb� qe_g�� sh

\jZoh\m}��kd�gq_gg�klv�qZkm�j_eZdkZp����fimevkm�ghjfZevgbo�_e_dljhg�\�τ_.

me dJg /dt+meJg /τ =ng e
2E (5.3)

Jha\
yaZ\rb�kbkl_fm� ������� �������hljbfZ}fh��\\Z`Zxqb�^ey�ijhklhlb�ωτe<<1 ��\\h^yqb
iblhfm�ijh\�^g�klv�σ =1/ρ :

J=σE;  J=J0 e
jωt =Jc+Jg; J0=σ E0; σ=σ1-iσ2 (5.4)

σ1=ng e2τ/me; σ2=e2{ nc+ngω2τ2} /meω (5.5)

A�������fh`mlv�[mlb�hljbfZg��iblhf��iZjZf_ljb�_d\�\Ze_glgh��ko_fb��ah[jZ`_gh��gZ�jbk�

5.1:

σg=σ1; Lc=m_ /(e
2nc)=

2 2
02

4
(K1��L Lc

π λ µ λ= Lg=me/e
2ngω2τ2;

( )2 2 2
2

0

/ 4 (K1��e
L e c

c

m
m c n e

e n
λ π

µ
= =

L
k

L
g

σ
g

Jbk� ���� ?d\�\Ze_glgZ ko_fZ

gZ^ijh\�^gbdZ m ^\hj�^bgg�c fh^_e��
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GZ\_^_g�� \bjZab� \dZamxlv� gZ� l_�� sh� ebr_� gZ� gbavdbo� qZklhlZo� ijh\�^g�klv

gZ^ijh\�^gbdZ� amfh\e_gZ� gZ^ijh\�^gbfb� _e_dljhgZfb��GZ� ^m`_� \bkhdbo� qZklhlZo� σ2→ 0,
lh[lh�p�� _e_dljhgb� ah\k�f�g_�ijbcfZxlv� mqZkl�� m� ijh\�^ghkl���QZklhlZ�� ijb� yd�c�ωLc=σg

 -1

gZab\Z}lvky� ]jZgbqghx� qZklhlhx� ω]j=nce
2/σgme�� Ihjy^hd� \_ebqbgb� ]jZgbqgh�� qZklhlb

klZgh\blv�^_d�evdZ�khl_gv�]�]Z]_jp��GZijbdeZ^��^ey�g�h[�x�ω]j /2π≅����==p�

�����Ih\_jog_\bc��fi_^Zgk

Q_j_a�l_��sh�\bkhdhqZklhlg��kljmfb�ijhl�dZxlv�m�f_lZeZo�g_�ih�\kvhfm�h[
}fm��Z�ebr_�m

ijbih\_jog_\hfm� kd�g�rZj�� lh\sbghx� δ�� gZ� G<Q� ajmqg�r_� dhjbklm\Zlbky� g_� iblhfhx

ijh\�^g�klx��σ��Z�ih\
yaZghx�a�g_x�\_ebqbghx�ih\_jog_\h]h��fi_^Zgkm�Z=ZR+jZI=RS+jXS.

ε
µππ

F+

(

F
=

W

W
�� == , (5.6)

^_� Et lZ� Ht� �� lZg]_gp�Zevg�� dhfihg_glb� _e_dljbqgh]h� lZ� fZ]g�lgh]h� ihe�\� gZ� ih\_jog�

ijh\�^gbdZ�� µ ε� ��o\bevh\bc�hi�j�k_j_^h\bsZ��µ, ε� �\�^ih\�^gh�fZ]g�lgZ� lZ�^�_e_dljbqgZ
ijhgbdghkl�� pvh]h� k_j_^h\bsZ�� A� j�\gygv�FZdk\_eZ� \bieb\Z}�� sh� ijb� �kgm\Zgg�� kljmf�\

ijh\�^ghkl�� ε →ε - i4πσ/ω�� ^_� ^jm]Z� qZklbgZ� ki�\\�^ghr_ggy� ^ey� ohjhrbo� ijh\�^gbd�\

aZ\`^b�agZqgh�[�evr_�i_jrh���GZ�hkgh\��pvh]h�\bkgh\dm�fh`gZ�aZibkZlb

( ) 2
1 .

2 S S R IZ i R jX Z jZ
c

π µω
πσ

= + = + = + (5.7)

>�ckgZ��ih\_jog_\bc�hi�j��lZ�my\gZ�qZklbgb��fi_^Zgkm�gZ^ijh\�^gbdZ�m�\�^ih\�^ghkl��a

��������������������^hj�\gxxlv
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( )[ ]5
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= ⋅
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� (5.8)

( )
( )

22
2
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1 / 12
.

1 /

g Fe
s

c g F

n nm
X

c e n n n

ωτω µπ
ωτ

+ +
= ⋅

 + 
(5.9)

=eb[bgZ� ijhgbdg_ggy� _e_dljhfZ]g�lgh]h� ihey� m� f_lZeZo� ±� ]eb[bgZ� kd�g�rZjm

δ
ω εµ

=






















−

,P
F

�

fZ}�\b]ey^

( )δ
π

π

µω σ σ σ
=

+ +

F

�

�

� �

�

�

�

� (5.10)

>ey�ghjfZevgh]h�f_lZem��σ1≈σg, σ2≈����kgm}�\�^hfbc�\bjZa
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δ δ
π

π
µωσ

= =








g

g

k

�

�

�

�

,

aZ�^hihfh]hx�ydh]h�lZ�������fh`gZ�aZibkZlb��fi_^Zgk�ghjfZevgh]h�f_lZem

( )= 5 M; L
g g g

g g

= + = +






�

�

σ δ
�

HklZgg}�j�\gyggy�^Z}�afh]m�ajhamf�lb�af�kl�^�ckgh��qZklbgb�ih\_jog_\h]h��fi_^Zgkm�±

p_� }� hi�j� h[
}fm� f_lZem� ih\_jog_x� �kf
2
� lZ� ]eb[bghx�� ydZ� ^hj�\gx}� kd�g�rZjm�� >ey

gZ^ijh\�^gbdZ�a�nhjfmeb��������aZ�^hihfh]hx��������fZ}fh�

1 1
2 2 2 2

2 2 2 2 2 2
2 2 2

2
1 1 1 1 .

2
e ’ L ’

c
c c c

m c n n

e n n n

λδ δ ω τ ω τ
πµ µ

− −
   

= = + + = + +         
(5.11)

Ijb�ω=0, µ=1, L=0 (ng ��� ������� i_j_l\hjx}lvky� m� \�^hfbc� \bjZa� ^ey� ehg^hg�\kvdh�

]eb[bgb�ijhgbdg_ggy�δc
2=λL

2=mec
2/4πe2nc.

G_a\Z`Zxqb� gZ� gZ[eb`_g�klv� ^\hj�^bggh�� fh^_e��� nhjfmeb� ������� ������� ������� m

[�evrhkl�� \biZ^d�\� \�jgh� oZjZdl_jbamxlv� ih\_^�gdm� gZ^ijh\�^gbd�\� gZ� G<Q�� Ahdj_fZ�

_dki_jbf_glZevgh� aZn�dkh\ZgZ� qZklhlgZ� aZe_`g�klv� ZR∼ω2
� [ebavdZ� ^h� ������� <bjZa� ������

^h[j_�hibkm}�aZe_`g�klv�]eb[bgb�ijhgbdg_ggy�\�^�l_fi_jZlmjb��sh�\oh^blv�^h�kdeZ^m�������

q_j_a�ki�\\�^ghr_ggy

nc=n - ng=n (1 - t0
4); t0=T/TK . (5.12)

H^gZd�� m� \bdeZ^_gbo� \bs_� j_amevlZlZo� �kgmxlv� �� i_\g�� ijhlbj�qqy� a� _dki_jbf_glhf�

H^g_�a�gbo�±�aZe_`g�klv�]eb[bgb�ijhgbdg_ggy�\�^�^h\`bgb�\�evgh]h�ijh[�]m�_e_dljhg�\�λe,
sh� ah\k�f�g_�\bieb\Z}� a� ��������P_�ijhlbj�qqy� }�gZke�^dhf�ehdZevghkl��\bdhjbklZgh��\bs_

l_hj_lbqgh�� fh^_e��� EhdZevgbc� a\
yahd� f�`� kljmfhf� lZ� gZijm`_g�klx� _e_dljbqgh]h� ihey

������fh`eb\bc�ebr_�aZ�mfh\b�λe<<δ��ydZ�hagZqZ}��sh�_e_dljhg�f�`�a�ldg_ggyfb�agZoh^blvky

\� h^ghj�^ghfm� ihe��� Ijb� λe>δ� �ZghfZevgbc� kd�g�_n_dl�� r\b^d�klv� _e_dljhgZ� [m^_

\bagZqZlbky��gl_]jZevghx�^�}x�g_h^ghj�^gh]h�_e_dljbqgh]h�ihey�

Ih^Zevr_� ihdjZs_ggy� n_ghf_gheh]�qgh�� fh^_e�� ihey]Z}� m� aZf�g�� ������� gZ

ki�\\�^ghr_ggy��sh�\bieb\Z}� a�d\Zglh\hf_oZg�qgh��fh^_e��;DR��GZj_rl���gZc[�evr� lhqg�

jhajZomgdb�]eb[bgb�ijhgbdg_ggy�fh`mlv�[mlb�\bdhgZg��aZ�^hihfh]hx�f�djhkdhi�qgh��l_hj���

<_ebq_ag��fZl_fZlbqg��ljm^ghs��ijba\h^ylv�^h�lh]h��sh�j_amevlZl�lml�fh`_�[mlb�hljbfZgbc

l�evdb�aZ�^hihfh]hx�?HF�>�@��>ey�qZklhl ω <<∆/��lZ�ijb�t0≤����fh`gZ�aZibkZlb

5 $
7V

N7=












−
ω �

�
H

∆

.  (5.13)

( )∆ ∆= W
�

; ∆ ihf�lgh�af_grm}lvky�ijb� ( )W
�

� � � �> =� � ∆ .
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<_ebqbgZ� :� keZ[h� aZe_`blv� \�^� qZklhlb� lZ� l_fi_jZlmjb�� IjbdeZ^� jhajZomgdm

ih\_jog_\h]h� hihjm� Rs aZ� ^hihfh]hx

f�djhkdhi�qgh�� l_hj��� ah[jZ`_gbc� gZ

jbk����Z.� GZ� jbk�� ���[ ij_^klZ\e_g�

_dki_jbf_glZevg�� qZklhlg�� aZe_`ghkl�� Rs

^ey�Cu, Nb lZ�<LGI�YBCO.
Hkh[eb\h]h� jha]ey^m� aZkem]h\m}

�fi_^Zgk� lhgdbo� ie�\hd�� lh\sbgZ� ydbo� d
kmll}\h�f_grZ�]eb[bgb�ijhgbdg_ggy� �δc.�M
pvhfm�\biZ^dm�fh`gZ�aZibkZlb�

( ) ( )=
G G

L
G

= =
+

+
+

� �

�

�

�

�

�

�

�

�

�σ
σ

σ σ
σ

σ σ

GZ� jbk����� py� aZe_`g�klv� a

mjZom\Zggyf� ������� ah[jZ`_gZ� ]jZn�qgh�

\�^agZqbfh� kmll}\bc� aj�kl� j_Zdlb\gh]h

�fi_^Zgkm� gZ^ijh\�^gh�� ie�\db� ijb� th→1,
amfh\e_gbc� ajhklZggyf� �g^mdlb\ghkl�� gZ^ijh\�^gh�� dhfihg_glb� Lc�� <b^gh�� sh� zI  m
gZ^ijh\�^gbd�\� fZc`_� gZ� ^\Z� ihjy^db� i_j_\bsm}� \�^ih\�^g_� agZq_ggy� ^ey� ghjfZevgbo

f_lZe�\�

5.3.  AZebrdh\bc�hi�j

A]�^gh� a�n_ghf_gheh]�qghx� lZ� d\Zglh\hx� l_hj�yfb� ijb� L=0 ih\_jog_\bc� hi�j Rs=0.
H^gZd�m�\k�o�\biZ^dZo��sh�fZxlv�f�kp_�\�_dki_jbf_glZo��ijb�L→0 Rs�g_�agb`m}lvky�gb`q_

i_\gh]h�kd�gq_ggh]h�agZq_ggy��sh�gZab\Z}lvky�a\bqZcgh�aZebrdh\bf�hihjhf�Rs0� ��P_c�nZdl

ij_djZkgh� �exkljm}� jbk�� ����� gZ� ydhfm� ah[jZ`_gh� aZe_`g�klv� \�^� l_fi_jZlmjb� \�^ghkgh]h

Z� [�

Jbk� ���� Z� AZe_`g�klv ih\_jog_\h]h hihjm Pb lZ Nb\�^ qZklhlb ijb L ��� . lZ ��� .�

[� QZklhlgZ aZe_`g�klv ih\_jog_\h]h hihjm Rs ^ey�YBCO ijb����K lZ�Nbijb l�c kZf�c \�^ghkg�c

l_fi_jZlmj� 7,7 K � >ey ihj�\gyggy gZ\_^_g� ^Zg� ^ey \bkhdhqbklh� f�^�� <klZ\dZ kijZ\Z \gbam
ihdZam} qZklhlgm aZe_`g�klv nZah\h� r\b^dhkl� \ g�h[�}\�c f�djhkfm`dh\�c e�g�� �^b\� ��������  

1 50

0,8 40

0,6 30

0,4 20

0,2

0,6 0,8 10,7 ���  t0

 zR  zI

 zI

 zR

Jbk� ���� AZe_`g�klv \�^ghkgh� \_ebqbgb my\gh�

lZ ^�ckgh� qZklbgb ih\_jog_\h]h �fi_^Zgkm

lhgdh� ie�\db zI =XS/Rg
, zR=RS/Rg

\�^

l_fi_jZlmjb� ωτ =10-2.

Nb, 1,8°KPb, 1,8°K

Pb, 4,2°K Nb, 4,2°K
RS,�Hf

     10-7

     10-8

     10-9

    10-10

             108          109         1010  
ω
π�

RS,�Hf

     10-1

     10-2

     10-3

     10-4

     10-5

       10-6
1     10   100 F,  ==p

        1               10              100  F, ==p

Nb

Nb ijb�����K

77 K

YBCO

Cu

T=1,0 K

T=4,2 K

T>9,2 K

vf, 107
f/k

3,2

3,0

2,8
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ih\_jog_\h]h� hihjm zR= Rs/ Rg = Rsσgδg� � ^ey� LC dhglmjm� a� ihdjbllyf� ����� Pb-0.25 Sn� gZ
qZklhl�����F=p��A�mjZom\Zggyf�aZebrdh\h]h�hihjm�\bjZa�^ey��fi_^Zgkm�gZ^ijh\�^gbdZ�������

ke�^�aZibkZlb

5 $
7

5
V

N7
V

=












+
−

ω �

�

�
H

∆

.

(5.14)

?dki_jbf_glZevgh� \klZgh\e_gh�� sh

agZq_ggy�aZebrdh\h]h�hihjm�∼ω2 
lZ�ijZdlbqgh�g_

aZe_`blv� \�^� l_fi_jZlmjb�� 1kgm}� [_ae�q� ijbqbg

ihy\b� kd�gq_ggh]h� 5
V�
��h^gZ� a� ]heh\gbo� ±� \ieb\

ah\g�rgvh]h� ihkl�cgh]h� fZ]g�lgh]h� ihey�

>`_j_ehf�\ljZl�m�pvhfm�\biZ^dm�}�aZo\Zl�\bohj�\

fZ]g�lgh]h� ihlhdm� �i�gg�g]�� gZ\dheh� h[eZkl_c� a

ghjfZevghx� ijh\�^g�klx�� Ijbqbghx� ml\hj_ggy

lZdbo�h[eZkl_c�fh`mlv�[mlb��gZijbdeZ^��^_n_dlb

]jZldb� a� jhaf�jZfb� [ebavdh� ]eb[bgb

ijhgbdg_ggy�� <bgbdg_ggy� \ljZl� ih\
yaZgh� a

�kgm\Zggyf�kljmf�\�m�ghjfZevgbo�h[eZklyo�q_j_a

[_aihk_j_^g�c� \ieb\� G<Q� ihey�� Z� lZdh`� q_j_a

dheb\Zggy� aZohie_gbo� \bohj�\�� <by\behkv�� � sh

agZq_ggy� aZebrdh\h]h� hihjm� 5
V�

∼G2
�� lh[lh� \�g

fh`_� [mlb� kmll}\h� af_gr_gbc�� ydsh� jhaf�klblb

gZ^ijh\�^gbd�m� ki_p�Zevg��dhfi_gkmxq�� dhlmrdb

=_evf]hevpZ�� GZ� kvh]h^g�� \^Z}lvky� dhfi_gkm\Zlb� ah\g�rg}� fZ]g�lg_� ihe_� ^h� ��
-6
� ?�� sh

ijZdlbqgh�ih\g�klx�mkm\Z}�ch]h�\ieb\�gZ��fi_^Zgk�gZ^ijh\�^gbdZ�

S_� h^g�}x� ijbqbghx� \bgbdg_ggy� 5
V�
� }� ]_g_jm\Zggy� m� gZ^ijh\�^gbdm� G<Q

_e_dljbqgbf�ihe_f�Zdmklbqgbo�dheb\Zgv�±�nhghg�\��P_c�_n_dl��kgm}���m�ghjfZevgbo�f_lZe�\�

Ze_�lZf�\�g�fZebc�m�ihj�\gygg��a�hf�qgbfb�\ljZlZfb��Ihjy^hd�\_ebqbgb�ih\_jog_\h]h�hihjm

m� pvhfm� \biZ^dm� 5
V�

∼10-7
� Hf� gZ� qZklhl�� ��

10 
=p�� :dmklbqg�� \ljZlb� m� ^_d�evdZ� jZa�\

a[�evrmxlvky� ijb� gZy\ghkl�� lj�sbg� lZ� klbd�\� gZ� ih\_jog�� gZ^ijh\�^gbdZ�� GZ^ijh\�^gbc

\bkhdhqZklhlgbc�kljmf��sh�h[l�dZ}�lj�sbgm�ih�h[’}fm�f_lZem��gZ�ih\_jog��kl\hjx}��d�gp_\m
j�agbpx� ihl_gp�Ze�\�� M� \biZ^dm� \mavdh�� lj�sbgb�� i_ji_g^bdmeyjgh�� ^h� ih\_jog�

gZ^ijh\�^gbdZ�� py� j�agbpy� ihl_gp�Ze�\� kl\hjx}� \k_j_^bg�� lj�sbgb� agZqgm� gZijm`_g�klv

_e_dljbqgh]h� ihey�� Ijb� aZih\g_g�� lj�sbgb� ^�_e_dljbdhf� �a\bqZcgh� hdbkeZfb� f_lZem�� p_

fh`_� ijba\_klb� Z[h� ^h� hf�qgbo� \ljZl�� Z[h� m� \biZ^dm� fZeh�� ijh\�^ghkl�� ^�_e_dljbdZ�� ^h

�gl_gkb\gh��]_g_jZp���nhghg�\�

>m`_� \_ebd_� agZq_ggy�fZ}� aZebrdh\bc� hi�j� m� \bkhdhl_fi_jZlmjgbo� gZ^ijh\�^gbdZo�

F�g�fZevg_� agZq_ggy� ih\_jog_\h]h� hihjm� <LGI� m� ljbkZglbf_ljh\hfm� ^�ZiZahg�� ^h\`bg

o\bev�kdeZ^Z}�∼10-5
�Hf��sh�gZ�^_d�evdZ�ihjy^d�\�]�jr_��g�`�m�djZsbo�GLGI��H^gZ�a�ijbqbg

pvh]h� �� ]jZgmeyjgZ� kljmdlmjZ� <LGI� lZ� gZy\g�klv� fZeh�� lZ� \bkhdhdmlh\bo� ]jZgbpv� f�`

]jZgmeZfb��GZ�pbo� ]jZgbpyo�ml\hjxxlvky�^`ha_nkhg�\kvd��dhglZdlb��hi�j�ydbo�gZ\�lv�ijb

t0 ��g_�^hj�\gx}�gme_\��

�����G_e�g�cg�klv�ih\_jog_\h]h��fi_^Zgkm

�AZe_`g�klv� ih\_jog_\h]h� �fi_^Zgkm� \�^� d�evdhkl�� gZ^ijh\�^gbo� _e_dljhg�\� nc� �^b\�

nhjfmeb���������������ijba\h^blv�^h�a[�evr_ggy�Z��a�ajhklZggyf�kljmfm��Z[h��sh�l_`�kZf_���a

ZR

��
��

��
��

��
��

�⋅����

��� ��� ������ t0
Jbk� ���� AZe_`g�klv \�^ghkgh� \_ebqbgb

ih\_jog_\h]h hihjm zR \�^ l_fi_jZlmjb�

h �_dki_jbf_gl� ∆� l_hj�y�

       zR

    10-3

    10-4

 2⋅10-5

   0,3     0,5     0,7     0,9      t0
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ajhklZggyf�gZijm`_ghkl��G<Q�_e_dljbqgh]h�ihey���>�ckgh��cfh\�jg�klv�kl\hj_ggy�a[m^`_gh�

d\Za�qZklbgdb� �ghjfZevgh]h�_e_dljhgZ��ijb�jhak�x\Zgg��iZjb�gZ�nhghgZo� lbf�[�evrZ��qbf

[�evrZ� d�g_lbqgZ� _g_j]�y� iZjb�� ydZ� ijhihjp�cgZ� s�evghkl�� kljmfm� m� gZ^ijh\�^gbdm�� Ijb

af_gr_gg�� l_fi_jZlmjb� p_c� _n_dl� af_grm}lvky�� Z� ijb� L �� \�^qm\Z}lvky� ebr_� ijb

∆>eF mPp 2/ . � Ijb� fZebo� s�evghklyo� kljmfm� n_ghf_gheh]�qgZ� l_hj�y� ijb\h^blv� ^h

gZklmigh�� aZe_`ghkl�� j_Zdlb\gh�� ijh\�^ghkl�� gZ^ijh\�^gbdZ� \�^�s�evghkl��G<Q� kljmfm� lZ

l_fi_jZlmjb�

( ) ( )
( ) ( )

22
2 0 2 0 20

02
2

0, , 24

0,0 k

t J t
f t J

c H

σ σ λπ
σ

−  
=  

 
, (5.15)

^_� λ0, Hk� �� ]eb[bgZ� ijhgbdg_ggy� lZ� djblbqg_� fZ]g�lg_� ihe_� ijb� t0 ��� aZe_`g�klv� \�^
l_fi_jZlmjb�\��������hibkm}lvky�nmgdp�}x

f(t0)�� ijb� t0=0: f(0) ��� lh[lh� _n_dl

\�^kmlg�c�� � =jZn�d� aZe_`ghkl�� ������

ah[jZ`_gbc� gZ� jbk�� ����� <b^gh�� sh� ^ey

^hky]g_ggy� agZqgbo� g_e�g�cghkl_c

g_h[o�^gZ�s�evg�klv�kljmf�\��J ∼106
�:�kf

2

lZ�gZ[eb`_ggy�jh[hqh��l_fi_jZlmjb�^h�Ld.
1grbc� \b^� g_e�g�cghkl�

gZ^ijh\�^gbdZ� amfh\e_gbc� jmcgm\Zggyf

gZ^ijh\�^ghkl�� G<Q� kljmfhf� Z[h� G<Q

fZ]g�lgbf� ihe_f�� QZk� i_j_dexq_ggy� τ0

f�`�ghjfZevgbf� lZ�gZ^ijh\�^gbf� klZghf

ijb�ijhimkdZgg��kljmfm� 1>1d�aZe_`blv�\�^
\�^ghr_ggy� 1�1d� lZ� \�^� �g^mdlb\ghkl�

gZ^ijh\�^gbd�\�� >ey� lhgdbo� gblhd�� yd�� }

kdeZ^h\hx� qZklbghx� dhZdk�Zevgh�� e�g��

τ0< 5⋅10-11
� k_d��Ijb� i_j_dexq_gg�� gZ^ijh\�^gbd�\� a� h^gh]h� klZgm� m� �gr_�G<Q� fZ]g�lgbf

ihe_f��djblbqg_�agZq_ggy�pvh]h�ihey�q_j_a�\ieb\�^_n_dl�\�^_sh�f_gr_��\���������jZab���g�`

ijb� ihkl�cghfm�fZ]g�lghfm� ihe���GZ� kvh]h^g�� hljbfZg�� Zfie�lm^b�G<Q�fZ]g�lgbo� ihe�\� m

j_ahgZlhj�� ih[ebam� kl�ghd� [_a� kmll}\h]h� af_gr_ggy� ^h[jhlghkl�� [�evr_� ��
3
� ?� ijb

fZdkbfZevg�c� gZijm`_ghkl�� _e_dljbqgbo� ihe�\� m� p_glj�� j_ahgZlhjZ� [�evr_� ��
6
�<�kf�� LZd�

\_ebd�� ihey� ly]gmlv� aZ� kh[hx� ihy\m� gh\bo� f_oZg�af�\� g_e�g�cgbo� \ljZl�� lZdbo� yd

Z\lh_e_dljhggZ�lZ�\lhjbggZ�_e_dljhgg��_f�k���

�����GZ^ijh\�^g��dheb\Zevg��kbkl_fb�lZ�e�g���i_j_^Zq�

Af_gr_ggy�ih\_jog_\h]h�hihjm� Rs�ijb�i_j_oh^��f_lZem�m�gZ^ijh\�^gbc�klZg�^ha\hey}

dhgkljmx\Zlb� j_ahgZlhjb� a� ^m`_� \bkhdbf� agZq_ggyf� \eZkgh�� ^h[jhlghkl��� >h[jhlg�klv�

amfh\e_gZ�\ljZlZfb�m�kl�gdZo�j_ahgZlhjZ�Qc�gZ�qZklhl��ω0�^hj�\gx}

2⋅10-3

10-3

0.5⋅106 106

[σ2(0,t0)-σ2(J,t0)]/σ2(0,0)

J, :/kf2

t0=0.9

t0=0.78

Jbk� ���� =jZn�d aZe_`ghkl� �������
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        (5.16)

Lml� G� �� G<Q� fZ]g�lg_� ihe_� m� j_ahgZlhj��� h[
}f

ydh]h�Vp�lZ�iehsZ�ijh\�^gbo�kl�ghd�Sk��A� �������lZ

jbk�� ���� \b^gh�� sh� \eZkgZ� ^h[jhlg�klv

gZ^ijh\�^gh]h� j_ahgZlhjm� fh`_� kmll}\h

i_j_\bsm\Zlb�^h[jhlg�klv�j_ahgZlhjZ�a�ghjfZevgh

ijh\�^gbfb� kl�gdZfb�� H^gZd�� \eZkgZ� ^h[jhlg�klv

Q0� \bagZqZ}lvky� g_� l�evdb� \ljZlZfb� m� kl�gdZo�� <

aZ]Zevghfm�\biZ^dm�ke�^�aZibkZlb�

� � � � �

�
4 4 4 4 4F \ ^ _

= + + + +!� (5.17)

^_� Q\, Q^, Q_ �� ^h[jhlghkl��� yd�� amfh\e_g�

\�^ih\�^gh� \ljZlZfb� gZ� \bijhf�gx\Zggy� �m

\�^djblbo�j_ahgZlhj�\���m�^�_e_dljbdm���gZ�_e_dljhggm�_f�k�x��<k_�p_�ijba\h^blv�^h�lh]h��sh

hljbfZggy��\bkhdbo�^h[jhlghkl_c�Q0 >105
�ih\
yaZgh�a�\_ebdbfb�l_og�qgbfb�ljm^ghsZfb��yd�

fh`gZ��ih^heZlb��klZjZgghx��jhajh[dhx��dhgkljmdp����_djZgm\Zggyf�\�^�fZ]g�lgbo�ihe�\�lZ�l�

�g���Mkmg_ggy��^`_j_e�mk�o�^h^Zldh\bo��\ljZl��^ha\hey}��^ey��g�h[�}\bo��j_ahgZlhj�\��hljbfZlb

Q0 ∼ 5⋅1011
�gZ�qZklhlZo���

9-1010
�=p��L=1.2 K��lbkd�\k_j_^bg��j_ahgZlhjZ���-9

�ff�jl��kl���

H^g_� a�]heh\gbo� aZklhkm\Zgv�gZ^ijh\�^gbo�j_ahgZlhj�\� ±�\bdhjbklZggy� �o�m�kbkl_fZo

klZ[�e�aZp��� qZklhlb� G<Q� ]_g_jZlhj�\�� GZ� jbk�� ���� ah[jZ`_gZ� [ehd�ko_fZ� klZ[�evgh]h

]_g_jZlhjZ�G<Q� gZ�E;O� a� eZgpx]hf� ihablb\gh]h� a\hjhlgvh]h� a\
yadm�� m� ydbc� \dexq_gbc

\bkhdh^h[jhlgbc� j_ahgZlhj�� Ydsh� ihagZqblb� q_j_a� ϕ1, ϕ2� lZ� ϕ3� \�^ih\�^gh� akm\� nZa� m

j_ahgZlhj��� m� E;O� lZ� \� _e_f_glZo� eZgpx]Z� a\hjhlgvh]h� a\
yadm� [_a� j_ahgZlhjZ�� lh� mfh\Z

]_g_jZp���fZ}�\b]ey^�

ϕ1+ϕ2+ϕ3=2πn, (5.18)

ϕ1 = arctg [(ω-ω0)/∆ω0@�� ^_� ω0 �� ∆ω0 - \eZkgZ� qZklhlZ� �� gZi�\rbjbgZ� kfm]b� ijhimkdZggy

j_ahgZlhjZ��Ijb� g_agZqgbo� jhakljhx\Zggyo� � ϕ1 = (ω-ω0)/∆ω0�� a\�^db� aZ� ^hihfh]hx� ������

fh`gZ�agZclb�agZq_ggy�\�^ghkgh]h�akm\m�qZklhlb�ω ]_g_jZlhjZ��sh�jha]ey^Z}lvky

( )G G Gω
ω

ω
ω

ω ϕ ϕ
ω

= +
+

�

�

� � �

�

∆
� (5.19)

Ijb� \_ebd�c� ^h[jhlghkl�� j_ahgZlhjZ�� lh[lh� fZehfm� ∆ω0,� ]heh\gbc� \g_khd� m

g_klZ[�evg�klv�]_g_jZlhjZ�\ghkblv�i_jrbc�qe_g�\���������Akm\�qZklhlb�j_ahgZlhjZ�dω0 fh`mlv

\bdebdZlb�gZklmig��ijbqbgb�

Z��af�gZ�e�g�cgbo�jhaf�j�\�j_ahgZlhjZ�q_j_a�dheb\Zggy�ch]h�l_fi_jZlmjb�dω0/ω0=β∆T,
^_� β� �� dh_n�p�}gl� e�g�cgh]h� jharbj_ggy� fZl_j�Zem�� a� ydh]h� \b]hlh\e_gbc� j_ahgZlhj�� ∆T -
af�gZ�l_fi_jZlmjb�j_ahgZlhjZ�

 A NO

J

Jbk� ���� <bkhdhklZ[�evgbc ]_g_jZlhj a

eZfihx [�`mqh� o\be� �E;O��

J� j_ahgZlhj� :� Zll_gxZlhj� NH�

nZahh[_jlZq�
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[��l_fi_jZlmjgZ���aZe_`g�klv����my\gh����qZklbgb�ih\_jog_\h]h��fi_^Zgkm��������∆ω0/ω0 =
Xs / (2QRs );

\��\ieb\�ihkl�cgh]h�fZ]g�lgh]h�ihey�G��amfh\e_gbc�af�gZfb�yd�]eb[bgb�ijhgbdg_ggy�

lZd���qbkeZ�gZ^ijh\�^gbo�_e_dljhg�\��∆ω0 ∼G�2���kdeZ^Z}�^_d�evdZ�d�eh]_jp�ijb�G�∼ 103
�?�

Ijb�jh[hl��]_g_jZlhjZ�G<Q�m�ydhkl��_lZehgm�\bgbdZ}�ijh[e_fZ�\�^l\hjx\Zggy�qZklhlb

ijb�l_jfhpbdex\Zgg���Q_j_a�]�kl_j_abkg��y\bsZ�∆ω0/ω0 ∼ 10-7.
KlZ[�e�aZp�y�qZklhlb�de�kljhggbo�]_g_jZlhj�\�fh`_�\bdhgm\Zlbky�aZ�^hihfh]hx�\�^hfh�

ko_fb�IZmg^Z��H^gZ�a�fh`eb\bo�ko_f�i�^\bs_ggy�klZ[�evghkl��]_g_jZlhjZ�=ZggZ�ah[jZ`_gZ

gZ�jbk������<�^[blZ�\�^�j_ahgZlhjZ�J�ihlm`g�klv�ihiZ^Z}�gZ�\ZjZdlhj��af�gx}�ch]h�iZjZf_ljb�

Z�jZahf� a�gbfb�c� qZklhlm� ]_g_jZlhjZ��NZahh[_jlZq� \bdhjbklh\m}lvky�^ey�gZkljhx\Zggy�gZ

fZdkbfZevgbc�dh_n�p�}gl�klZ[�e�aZp���

<bdhjbklZggy� gZ^ijh\�^gbo� j_ahgZlhj�\� ^ha\hey}� agbablb� \�^ghkgm� g_klZ[�evg�klv

]_g_jZlhj�\�G<Q�aZ�dhjhldbc�ijhf�`hd��∼���k_d���^h�∆ω/ω ∼10-13.
1grbfb� i_jki_dlb\gbfb� aZklhkm\Zggyfb

gZ^ijh\�^gbo� j_ahgZlhj�\� }� \bdhjbklZggy� �o� m

\mavdhkfm]h\bo�\o�^gbo�n�evljZo���ij_k_e_dlhjZo�

yd��i_j_[m^h\mxlvky�ih�qZklhl���m�\bkhdhqmleb\bo

^_l_dlhjZo� qZklhlgh� �� fh^mevh\Zgh]h

\bijhf�g_ggy� ijb� ^hke�^`_gg�� \eZklb\hkl_c

^�_e_dljbd�\� lZ� gZi�\ijh\�^gbd�\�� m� l_og�p�

ijbkdhjx\Zq�\� _e_f_glZjgbo� qZklhd�� m� kbkl_fZo

gZdhibq_ggy�G<Q�_g_j]���a�]mklbghx�∼���d>`�f3.
J�ad_� af_gr_ggy� \ljZl� m� gZ^ijh\�^gbdm� ijb

L<Ld� fh`gZ� \bdhjbklh\m\Zlb� lZdh`� �� m� e�g�yo

i_j_^Zq���LZd��gZijbdeZ^��\ljZlb�gZ�qZklhl�����==p�m

k\bgp_\hfm� dZ[_e�� ^�Zf_ljhf� ����� ff� lZ

^h\`bghx� �����f��sh�fZ}�o\bevh\bc�hi�j� ���Hf�

af_grm\Zebkv� a� ���^;� ^h� ∼�^;� ijb� i_j_oh^�
dZ[_ex� m� gZ^ijh\�^gbc� klZg�� M

ljvhokZglbf_ljh\hfm� ^�ZiZahg�� gZ^ijh\�^gbdh\�

dhZdk�Zevg�� dZ[_e�� fh`mlv� fZlb� \ljZlb� ∼�� ^;�df�� ijbqhfm� \� hkgh\ghfm� \hgb� [m^mlv
amfh\e_g�� \ljZlZfb� m� ^�_e_dljbdm�� 1grhx� i_j_\Z]hx� gZ^ijh\�^gbo� e�g�c� i_j_^Zq� }� �o

f�g�Zlxjg�klv�� h[mfh\e_gZ� \eZklb\�klx� gZ^ijh\�^gbd�\� ijhimkdZlb� agZqgh� [�evr�� kljmfb�

g�`�ghjfZevg��f_lZeb��Py�h[klZ\bgZ�kihgmdZ}�^h�kl\hj_ggy�f�g�Zlxjgbo�gZ^ijh\�^gbdh\bo

e�g�c� aZljbfdb�� sh� fZxlv� fZem� ^bki_jk�x� lZ� \ljZlb� m� rbjhdhfm� qZklhlghfm� ^�ZiZahg��

AZe_`g�klv�my\gh��qZklbgb�ih\_jog_\h]h��fi_^Zgkm�gZ^ijh\�^gbd�\�Xs�\�^�fZ]g�lgh]h�ihey�lZ

l_fi_jZlmjb��^b\��jbk������^ha\hey}�e_]dh�i_j_l\hjblb�p��ijbkljh��m�d_jh\Zg��e�g���aZljbfdb

lZ�nZahh[_jlZq���NZah\Z�r\b^d�klv�_e_dljhfZ]g�lgh��o\be��m�gZ^ijh\�^g�c�f�djhihehkdh\�c

e�g���i_j_^Zq��\bjZ`Z}lvky�nhjfmehx�>����klhj������]

,
2

1
™

c

d

ευ
λ

≅
+

(5.20)

^_� d�� lh\sbgZ� �aheyp�cgh]h� ^�_e_dljbdZ�� Q_j_a� a[�evr_ggy� ]eb[bgb� ijhgbdg_ggy� λ
mih\�evg_ggy� nZah\h��r\b^dhkl�� ������� fZdkbfZevg_� ijb� L→Ld�� >ey� af�gb� qZkm� aZljbfdb

i�^deZ^dZ� e�g��� fh`_� i�^�]j�\Zlbky� agbam� aZ� ^hihfh]hx� lhgdhie�\dh\h]h� i�^�]j�\ZqZ�� >ey

af_gr_ggy� \ljZl� gZ� \bijhf�g_ggy� gZ^ijh\�^gm� f�djhkfm`dh\m� e�g�x� ke�^� ihf�klblb� m

gZ^ijh\�^gbc�_djZg��[_a�lZdh]h�_djZgm����\ljZlb�a[�evrmxlvky�gZ�� - ��ihjy^db�

N2= B

NH

J

G<

Jbk� ���� <bkhdhklZ[�evgbc ]_g_jZlhj

gZ ^�h^� =ZggZ�

=� ]Zgg�\kvdbc ]_g_jZlhj� <� \ZjZdlhj�

NH�nZahh[_jlZq� G<� gZijZ\e_gbc

\�^]Zem`m\Zq �� ^;� J� j_ahgZlhj�
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A[�evr_ggy� qZkm� aZljbfdb� fh`_� [mlb� ^hky]gmlh� aZklhkm\Zggyf� gZ^ijh\�^gbo

mih\�evgxxqbo� kbkl_f�� gZijbdeZ^�� f�djhkfm`dh\h]h� f_Zg^jZ�� LZdbc� f_Zg^j� [m^_� fZlb

^bki_jk�x�� ydZ� h[f_`blv� jh[hqm� kfm]m� qZklhl�� Ze_� ^ha\heblv� kl\hjx\Zlb� kbkl_fb� �a

klbkg_ggyf��fimevkm�

Af_gr_ggy�Zdlb\gh]h��fi_^Zgkm�m�gZ^ijh\�^gbo�e�g�yo�jh[blv�fh`eb\hx�j_Ze�aZp�x�gZ

�o�hkgh\��\bkhdh_n_dlb\gbo�fZeh]Z[Zjblgbo�Zgl_g�G<Q��Jha]eyg_fh�^ey�ijbdeZ^m�fZ]g�lgm

^bihevgm� Zgl_gm�� sh� ij_^klZ\ey}� kh[hx� djm]h\bc� \blhd� a�� kljmfhf�� Ihlm`g�klv�� sh

i�^\h^blvky� ^h� pvh]h� \bldZ�� \bljZqZ}lvky� gZ� hf�qg�� \ljZlb� JΩ� lZ� gZ� \ljZlb� gZ

\bijhf�gx\Zggy�J\. �DD>� Zgl_gb� ^hj�\gx}� η = P\/(P\+PΩ). PΩ∼I2ρr; P\∼ω2
1
2r4; 1�� kljmf� m

\bldm� gZ� qZklhl�� ω, r�� jZ^�mk� \bldZ�� ρ� �� iblhfbc� hi�j� ^jhlm� \bldZ�� � 1a� \dZaZgbo� \bs_

ki�\\�^ghr_gv�\b^gh��sh�η∼r3/ρ��lh[lh�gZ^ijh\�^gbdh\��Zgl_gb�aZ�jZomghd�fZeh]h�iblhfh]h
hihjm� fh`mlv� [_a� af_gr_ggy� η� fZlb� kmll}\h� f_gr�� jhaf�jb�� g�`� a\bqZcg�� Zgl_gb�

GZijbdeZ^�� Zgl_gZ� ���kf� ^�ZiZahgm� fZeZ� jhaf�j� \�[jZlhj�\� ∼� ��� ff� aZf�klv� ����� kf� m
a\bqZcghfm� \biZ^dm�� P_� ^Z}� fh`eb\�klv� kl\hj_ggy� gZ^gZijZ\e_gbo� fZeh]Z[Zjblgbo

Zgl_ggbo�nZah\Zgbo�]jZlhd�

�����Fgh`_ggy�qZklhlb�lZ�i�^kbe_ggy�G<Q�dheb\Zgv

aZ�^hihfh]hx�gZ^ijh\�^gbd�\

AZe_`ghkl��RS�lZ�XS�\�^�l_fi_jZlmjb��]mklbgb�kljmfm��af�ggbo�lZ�ihkl�cgbo�fZ]g�lgbo

ihe�\� }� hkgh\hx� kl\hj_ggy� j�agbo� g_e�g�cgbo� ijbkljh�\� gZ� [Za�� gZ^ijh\�^gbd�\�

GZcijhkl�rbc� a� gbo� ±� ihfgh`m\Zq� qZklhlb�� A� jbk�� ���� \b^gh�� sh� ijb� ijhoh^`_gg�� m

gZ^ijh\�^gbdm�af�ggh]h�kljmfm�qZklhlb�ω�my\gZ�qZklbgZ��fi_^Zgkm�af�gx}lvky�a�ih^\h}ghx
qZklhlhx� �ω. Ijb�pvhfm�\bgbdZ}� lj_ly� ]Zjfhg�dZ� kljmfm��sh� af�gx}lvky� a� qZklhlhx� �ω -
\�^[m\Z}lvky�ihljh}ggy� qZklhlb��?dki_jbf_glZevgh�ihljhx\Zq� qZklhlb�fh`gZ� j_Ze�am\Zlb�

jhaf�smxqb�ie�\dm�m�j_ahgZlhj���gZkljh}ghfm�gZ�qZklhlb�ω� lZ� �ω��M�pvhfm�\biZ^dm� lj_ly
]Zjfhg�dZ� \bgbdZ}� m� j_amevlZl��fh^meyp��� \eZkgh�� qZklhlb� j_ahgZlhjZ� aZ� jZomghd� af�g�Xs a
qZklhlhx� �ω. �>ey� lh]h��sh[�Xs� af�gx\ZeZkv� a� qZklhlhx�ω � ��fZeh�f�kp_� ebr_� ih^\h}ggy

qZklhlb��g_h[o�^gh�ijhimklblb�dj�av�ie�\dm�ihkl�cgbc�kljmf�af�s_ggy�Z[h�ijbdeZklb�^h�g_�

ihkl�cg_� fZ]g�lg_� ihe_�� [ebavd_� ^h� djblbqgh]h� agZq_ggy�� <� hklZggvhfm� \biZ^dm

_n_dlb\g�klv� ih^\h}ggy� hkh[eb\h� agZqgZ�� lhfm�sh� ie�\dZ� ijb� pvhfm�fh`_� i�^� ^�}x�G<Q

fZ]g�lgh]h�ihey�i_j_oh^blb�\�ghjfZevgbc�klZg��

af�gZ� �fi_^Zgkm� [m^_� fZdkbfZevghx�� :e_

qZklhlgbc� ^�ZiZahg� ih^\hx\ZqZ� a� jmcgm\Zggyf

gZ^ijh\�^ghkl��g_\_ebdbc�±�^h���
9-1010

�=p� �^b\�

jha^�e������

Jha]eygml�� dhgkljmdp��� ihfgh`m\Zq�\

qZklhlb� \bdhjbklh\mxlv� g_e�g�cg�klv

ih\_jog_\h]h� �fi_^Zgkm�� >ey� ihfgh`_ggy

qZklhlb� fh`_� [mlb� \bdhjbklZgZ� [m^v�ydZ

g_e�g�cg�klv�� gZijbdeZ^�� lZdZ�� sh� a
y\ey}lvky� m

j_amevlZl�� Z\lh_e_dljhggh�� _f�k���� Imqhd

_e_dljhg�\��ydbc�\bgbdZ}�m�j_ahgZlhj��\gZke�^hd

gZdZqdb� agZqgbfb� gZijm`_ghklyfb� G<Q

_e_dljbqgbo� ihe�\�� fh^mex}lvky� ihe_f

j_ahgZlhjZ�� i�key� qh]h� ihiZ^Z}� m� \bo�^gbc

j_ahgZlhj�� gZkljh}gbc� gZ� h^gm� a� ]Zjfhg�d

qZklhlb� gZdZqdb��M� ki_dlj�� fh^meyp��� ]mklbgb� _e_dljhggh]h� imqdZ� aZ\`^b� ijbkmlg�� \bs�

]Zjfhg�db��yd��c�a[m^`mxlv�\bo�^gbc�j_ahgZlhj�>�@�

1

4

2
3

Jbk� ���� GZ^ijh\�^gbc iZjZf_ljbqgbc

i�^kbex\Zq� �� o\be_\�^� �� i�^deZ^dZ� ��

gZ^ijh\�^gZ ie�\dZ� �� \�^djblbc

^�_e_dljbqgbc j_ahgZlhj�
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Fh^meyp�y� my\gh�� qZklbgb� �fi_^Zgkm� Xs� a� ih^\h}ghx� qZklhlhx� gZdZqdb�� sh

\bdhjbklh\m}lvky�^ey�ihljhx\ZqZ�qZklhlb��fh`_�klZlb�hkgh\hx�kl\hj_ggy�iZjZf_ljbqgh]h

i�^kbex\ZqZ�gZ�qZklhlm��sh�^hj�\gx}�qZklhl��gZdZqdb��H^gZ�a�fh`eb\bo�dhgkljmdp�c�lZdh]h

i�^kbex\ZqZ�ah[jZ`_gZ�gZ�jbk������<�^djblbc�^�_e_dljbqgbc�j_ahgZlhj��<>J��gZkljh}gbc�gZ

qZklhlm� gZdZqdb� ω�� Ihlm`g�klv� gZdZqdb� af�gx}� �g^mdlb\g�klv� gZ^ijh\�^gh�� ie�\db�

ih\
yaZgh��a�<>J��a�qZklhlhx��ω��Py�h[klZ\bgZ�ijb\h^blv�^h�fh^meyp���\eZkgh��qZklhlb�<>J
lZdh`� a� qZklhlhx� �ω��sh� \dZam}� gZ�fh`eb\�klv� iZjZf_ljbqgh]h� i�^kbe_ggy� gZ� qZklhl��ω,
lh[lh�gZ�qZklhl��gZdZqdb��<�_dki_jbf_glZevghfm�fZd_l��lZdh]h�i�^kbex\ZqZ�^ey�\bdexq_ggy

\aZ}fgh]h� \ieb\m� qZklhlb� kb]gZem� lZ� gZdZqdb� [meb� jhag_k_g�� gZ� ^_d�evdZ� f_]Z]_jp� ijb

qZklhl��gZdZqdb�∼��==p��Ijb�\bdhjbklZgg��jmlbeh\h]h�j_ahgZlhjZ�lZ�d\Zjp_\h��i�^deZ^db��sh

jha^�e_g��heh\
yghx�ie�\dhx�lh\sbghx����
°
A �ijb�L� ��.�[meh�hljbfZgh�i�^kbe_ggy����^;�m

kfma����F=p��Ihlm`g�klv�gZdZqdb�ijb�pvhfm�kdeZ^ZeZ�±�����fd<l��ijb�[�evsbo�ihlm`ghklyo

i�^kbex\Zq�i_j_oh^b\�m�j_`bf�]_g_jZp�����P�edhf�fh`eb\_�kl\hj_ggy�lZdbo�i�^kbex\Zq�\�gZ

qZklhlZo�^h������==p�

:dlb\gbf�_e_f_glhf�a]Z^Zgh]h�i�^kbex\ZqZ�}�gZ^ijh\�^gZ�ie�\dZ��sh�af�gx}�i�^�^�}x

gZdZqdb� k\hx� �g^mdlb\g�klv� L�� <� aZ]Zevghfm� \biZ^dm� �g^mdlb\g�klv� gZ^ijh\�^gbdZ

kdeZ^Z}lvky� a� ^\ho� qZklbg� �� d�g_lbqgh�� �g^mdlb\ghkl�� Ld=Lk=me/(_
2nk�� �^b\�� jha^�e� ����� lZ

_e_dljhfZ]g�lgh�� �g^mdlb\ghkl��L_f��sh� \bagZqZ}lvky� ]_hf_lj�}x� lZ� hlhq_ggyf�ijh\�^gbdZ�

Ajhamf�eh��sh�i�^�^�}x�gZdZqdb�af�gx}lvky�l�evdb�Ld, hkd�evdb�nc=nc(T, 1���>ey�i�^\bs_ggy

dh_n�p�}glZ�fh^meyp���iZjZf_ljZ�g_h[o�^g_�\bdhgZggy�mfh\b�Ld>>L_f��ydm�fh`gZ�\bdhgZlb�

aZklhkh\mxqb� lhgd�� ie�\db��sh� ijZpxxlv� ijb� L→ Ld�� Dj�f� lh]h�� qbf� lhgrZ� ie�\dZ�� lbf

f_gr_� \hgZ� kihl\hjx}� G<Q� ihey� lZ� af_grm}� ^h[jhlg�klv� j_ahgZlhjm�� H^gZd� g_� aZ\`^b

fh`gZ� \bdhjbklh\m\Zlb� lhgd�� ie�\db�� Ydsh� ie�\dm� jhaf�klblb� m� j_ahgZlhj��� lh� ^ey

fZdkbfZevgh�� af�gb� ch]h� qZklhlb�� ie�\dZ� ih\bggZ� fZlb� gZc[�evr� fh`eb\bc� h[
}f�� P_

ijb\h^blv� ^h� lh]h�� sh� \� dh`g�c� dhgdj_lg�c� kblmZp��� ke�^� i�^[bjZlb� hilbfZevg�� jhaf�jb

ie�\hd�� \boh^yqb� a� ihlm`ghkl�� gZdZqdb�� dh_n�p�}glm� i�^kbe_ggy� lZ� kfm]b� ijhimkdZggy

i�^kbex\ZqZ��GZijbdeZ^��^ey�i�^kbex\ZqZ�gZ�dhZdk�Zevghfm�j_ahgZlhj���Q∼103
��^h\`bgZ�����

ff�� j_ahgZgkgZ� qZklhlZ� ���� ==p�� �� ie�\db� jhaf�s_g�� ih� jZ^�mkm� dhZdk�Zevgh�� e�g���� ijb

lh\sbg�� ie�\db� ����
°
A � � ihlm`g�klv� gZdZqdb� kdeZeZ� � ∼�� fd<l�� Z� ijb� ����

°
A   ∼�� fd<l�

I�^kbe_ggy�\�h[ho�\biZ^dZo�[meh�∼������^;��kfm]Z�ijhimkdZggy���F=p��AZagZqbfh��gZj_rl��

sh� ^ey� i�^\bs_ggy� g_e�g�cghkl�� gZ^ijh\�^gh�� ie�\db� ke�^� \bdhjbklh\m\Zlb

_e_dljh^bgZf�qgm�kbkl_fm��m�yd�c�G<Q�fZ]g�lg��ihey�i_ji_g^bdmeyjg��^h�ih\_jog��ie�\db�

Yd�\�^hfh��m�pvhfm�\biZ^dm�gZ^ijh\�^gbd�i_j_oh^blv�m�ijhf�`gbc�klZg��Z�ch]h� � � �fi_^Zgk

j�adh�af�gx}lvky�ijb�Zfie�lm^Zo�fZ]g�lgh]h�ihey�kmll}\h�f_grbo�aZ�djblbqg_�agZq_ggy�Gd.
Kl\hj_ggy� �grh]h� deZkm� i�^kbex\Zq�\� lZ� ]_g_jZlhj�\� _e_dljhfZ]g�lgbo� dheb\Zgv

fh`eb\h� ijb� \bdhjbklZgg�� _n_dlm� lmg_ex\Zggy� ghjfZevgbo� _e_dljhg�\�� jha]eygmlh]h� m

jha^�e�� �����>ey� jh[hlb� ]_g_jZlhjZ�gZ� lmg_evghfm�i_j_oh^��fh`_�[mlb� \bdhjbklZgh� y\bs_

j_dhf[�gZp��� _e_dljhg�\� m� dmi_j�\kvd�� iZjb� a� \bijhf�gx\Zggyf� nhlhg�\�� P_� y\bs_

fZehcfh\�jg_
*/
�� h^gZd� ijb� ^hklZlg�c� s�evghkl�� lmg_exxqh]h� kljmfm� fh`_� fZlb� ihf�lgm

\_ebqbgm��Ijb�kljmf����
5
�:�kf

2 kihkl_j�]Zehkv�\bfmr_g_�_e_dljhfZ]g�lg_�\bijhf�gx\Zggy�a

dhglZdlm�gZ�qZklhl�����==p�ihlm`g�klx���
-7
�<l��QZklhlZ�\bijhf�gx\Zggy�aZe_`blv�l�evdb�\�^

\_ebqbgb� _e_dljhfZ]g�lgh�� s�ebgb� gZ^ijh\�^gbdZ� lZ� fh`_� af�gx\Zlbky� af�ghx

l_fi_jZlmjb�

Ihy\Z�^�eygdb� a�\�^
}fgbf�hihjhf�gZ�<:O� lmg_evgh]h� dhglZdlm� �^b\�� jbk�� �����fh`_

[mlb�\bdhjbklZgZ�^ey�kl\hj_ggy�i�^kbex\ZqZ�G<Q��H^gZd�q_j_a�\_ebdm� �}fg�klv� �dhglZdlm�

lZd�� ijbkljh�� fh`mlv� ijZpx\Zlb� ebr_� m� [eb`g�c� G<Q� h[eZkl��� GZ� kvh]h^g�� hljbfZgh

i�^kbe_ggy����^;�gZ�qZklhl�����F=p��<aZ]Ze��fh`eb\_�kl\hj_ggy�ihkbex\Zq�\�[�`mqh��o\be�

                                     
*/ ;�evr cfh\�jghx } j_dhf[�gZp�y a \bijhf�g_ggyf nhghg�\ _g_j]�}x �∆.
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gZ�lmg_evgbo�i_j_oh^Zo��ajh[e_gbo��gZijbdeZ^��m�\b]ey^��kfm`dh\h��e�g����Py�kfm`dh\Z�e�g�y

ih\bggZ� kdeZ^Zlbky� a� ^\ho� gZ^ijh\�^gbo� kfm`hd�� jha^�e_gbo� f�`� kh[hx� lhgdbf

^�_e_dljbqgbf�[Zj
}jhf��I�^kbe_ggy�[m^_� �kgm\Zlb�aZ�mfh\b��dheb�g_]Zlb\g_�aZlmoZggy��yd_

\ghkblv� lmg_evgbc� dhglZdl��[m^_�i_j_\bsm\Zlb� Zdlb\g�� \ljZlb� \� e�g����sh� a[�evrmxlvky� m

\�^ih\�^ghkl�� ^h� \bdeZ^_gh]h� \bs_�� yd� ω2
�� P_� ijb\h^blv� ^h� lh]h�� sh� �� ^ey� i�^kbex\ZqZ

[�`mqh�� o\be�� qZklhlgbc� ^�ZiZahg� lZdh`� h[f_`_gbc� [eb`gvhx� G<Q� �� h[eZklx�� H^g_� a

fh`eb\bo�aZklhkm\Zgv�i�^kbex\Zq�\�[�`mqh��o\be��gZ�lmg_evgbo�i_j_oh^Zo� ±�\bdhjbklZggy

�o�m�ydhkl��g_cjbklhj�\�±�e�g�c��m�ydbo�kb]gZe�ihrbjx}lvky�[_a�ihkeZ[e_ggy�lZ�kihl\hj_ggy

nhjfb�

>m`_� i_jki_dlb\gbf� }� \bdhjbklZggy� gZ^ijh\�^gbd�\� m� ^�h^Zo� Rhldb� ��kmi_j^�h^

Rhldb����<bdhjbklZggy�lZdbo�^�h^�\�m�af�rm\ZqZo�G<Q�ijb\h^blv�^h�af_gr_ggy��o�rmfh\h�

l_fi_jZlmjb� lZ� a[�evr_ggx� qmleb\hkl��� GZ� kvh]h^g�� _d\�\Ze_glgZ� ihlm`g�klv� rmfm

af�rm\Zq�\�gZ��kmi_j^�h^Zo�Rhldb��klZgh\blv��⋅10-16
�<l�=p

1/2
�gZ�qZklhl����==p�


