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���Lmg_evgbc�_n_dl�m�gZ^ijh\�^gbdZo

�����?g_j]_lbqgbc�ki_dlj�gZ^ijh\�^gbdZ

Y\bs_� gZ^ijh\�^ghkl�� h[mfh\e_g_� ihy\hx� \� gZ^ijh\�^gbdZo� ijb� l_fi_jZlmjZo
gb`q_� i_\gh�� djblbqgh�� l_fi_jZlmjb� L<Ld� a\
yaZgbo� iZj� _e_dljhg�\�� A\
yahd� f�`
_e_dljhgZfb�\bgbdZ}�aZ\^ydb�_e_dljhg�nhghgg�c�\aZ}fh^����ydZ���\bagZqZ}�\�hkgh\ghfm
_g_j]�x�a\
yadm�^\ho�_e_dljhg�\��∆.

<bjZa� ^ey� ki_dljZ� _e_f_glZjgbo� a[m^`_gv� \� gZ^ijh\�^gbdm� [meh� h^_j`Zgh� aZ
^hihfh]hx� f�djhkdhi�qgh�� l_hj��� gZ^ijh\�^ghkl�� ;Zj^�gZ�Dmi_jZ�Rjbnn_jZ� �;DR��

<�g�fZ}�\b]ey^�

222 )()( FF pppE −+∆= υ (2.1)

^_�?��j��_g_j]�y�lZ� �fimevk�d\Za�qZklbgdb��#F,  pF �r\b^d�klv� lZ� �fimevk�_e_dljhgm�gZ
ih\_jog��N_jf���\�^ih\�^gh�

=jZn�qgh� ki_dlj� _e_f_glZjgbo� a[m^`_gv
ah[jZ`_gh� gZ� jbk������ >\hfZ� djm`_qdZfb� gZ
jbkmgdm� ah[jZ`_gbc� hkgh\gbc� klZg
gZ^ijh\�^gbdZ��KmfZjgbc� �fimevk�_e_dljhggh�
iZjb� ijb� \�^kmlghkl�� _e_dljbqgh]h� ihey
3 jF���jF)=0*/.
����������AZ�^hihfh]hx�jbk�����fh`mlv�[mlb�yd�kgh
\b\q_g�� mk�� fh`eb\�� ijhp_kb� \aZ}fh^��
_e_dljhggbo� iZj� lZ� d\Za�qZklbghd�� yd� f�`
kh[hx��lZd���a��grbfb�qZklbgdZfb�

>ey� ijbdeZ^m� gZ� jbk�� ���� ah[jZ`_gh
ijhp_k� ih]ebgZggy� \� gZ^ijh\�^gbdm� nhlhgZ� a
_g_j]�}x� ∆= 2ω= �� \� j_amevlZl�� ydh]h� agbdZ}
h^gZ� _e_dljhggZ� iZjZ�� �� a
y\eyxlvky� ^\�
d\Za�qZklbgdb�a��fimevkZfb

p1 ≅ – p2 ; | p1| ≅ | pF | (2.2)

lZ� _g_j]�yfb� ?�j1��?�j2)=2∆�� Ki�\\�^ghr_ggy� ������ amfh\e_g�� lbf��sh� ^ey� j_Zevgbo
gZ^ijh\�^gbd�\� qZklhlZ� nhlhgZ� a� _g_j]�}x� �∆� e_`blv� \� f�e�f_ljh\hfm� ^�ZiZahg��

�fimevk�lZdh]h�nhlhgZ� Fpc <</ω= .
>ey� [Z]Zlvho� \biZ^d�\� ijb� jha]ey^�
_e_f_glZjgbo� ijhp_k�\� \aZ}fh^��
qZklbghd� \� gZ^ijh\�^gbdm� \by\ey}lvky
^hklZlg�f� \jZoh\m\Zlb� ebr_� ch]h
_g_j]_lbqgm� kljmdlmjm�� himklb\rb
�gnhjfZp�x�ijh��fimevk�d\Za�qZklbghd�

>\�� kijhs_g�� fh^_e�
gZ^ijh\�^gbdZ� �� fh^_ev� :^d�gkZ� lZ
gZi�\ijh\�^gbdh\Z� fh^_ev� gZ\_^_g�� gZ
jbk�� ���� lZ� ���� � \�^ih\�^gh�� <� fh^_e�
:^d�gkZ� }� hkgh\gbc� klZg� ±� dhg^_gkZl

                                                          
*/ < ml\hj_gg� _e_dljhggbo iZj ijbcfZxlv mqZklv ebr_ _e_dljhgb� sh e_`Zlv ih[ebam ih\_jog� N_jf� �
yd� fZxlv h^gZdh\�� Ze_ gZijZ\e_g� ijhlbe_`gh �fimevkb�

∆

E (p)

 p  - p
F

  - p
F

Jbk� ���� Ki_dlj _e_f_glZjgbo a[m^`_gv m

gZ^ijh\�^gbdm� ••�klZg� sh \�^ih\�^Z}
_e_dljhgg�c iZj��

   - p
F

 p

∆

E ( p )

E  (p 1) E  (p 2 )

ω=

     pF
Jbk� ���� Ih]ebgZggy nhlhgm a _g_j]�}x

∆�=ω= .
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_e_dljhggbo�iZj�±�\�^hdj_fe_gbc�\�^�a[m^`_gbo�j�\g�\�aZ[hjhg_ghx�ahghx�rbjbghx
∆��GZi�\ijh\�^gbdh\Z�fh^_ev�ih[m^h\ZgZ�^ey�_e_dljhg�\��j�\g��_g_j]�c�ydbo�jhas_ie_g�
_e_dljhg�nhghgghx�\aZ}fh^�}x��gZ�\_ebqbgm�∆�ih�h[b^\Z�[hdb�\�^�_g_j]���N_jf��?F.

2.2. Lmg_ex\Zggy�ghjfZevgbo�_e_dljhg�\

Jha]eyg_fh� _e_dljbqg_� dheh�� ah[jZ`_g_� gZ
jbk������dheb�^\Z�f_lZeb�F1�lZ�F2��sh�ijb}^gZg�
^h�^`_j_eZ�gZijm]b�V�� a
}^gZg��f�`� kh[hx� q_j_a
^�_e_dljbd� lh\sbghx� d��Ijb� ^hklZlgvh� lhgdhfm
^�_e_dljbdm� �d�f_gr_�Z[h�fZ}�ihjy^hd�^_d�evdho
khl_gv�Zg]klj_f���f�`�f_lZeZfb� �F1� lZ�F2�fh`_
l_dlb� ihf�lgbc� lmg_evgbc� kljmf�� =heh\g_� ijb
pvhfm�� sh[� \bdhgm\Z\ky� aZdhg� a[_j_`_ggy
_g_j]���� lh[lh��sh[� qZklbgdZ� a� e�\h]h� lZ� ijZ\h]h
[hdm� \�^� i_j_oh^m� fZeZ� h^gZdh\m� _g_j]�x�� >ey
\bagZq_ggy� mfh\�� aZ� ydbo� fh`_� \bgbdgmlb
lmg_evgbc� kljmf�� g_h[o�^gh� jha]eygmlb� kbkl_fm

j�\g�\� aZjy^`_gbo� qZklbghd� \� f_lZeZo�F1� lZ�F2�� Lml� \� aZe_`ghkl�� \�^� lh]h�� ydbfb
[m^mlv�p��f_lZeb�F1�lZ�F2�fh`mlv�fZlb�f�kp_�^_d�evdZ�kblmZp�c�

M1�� ghjfZevgbc�f_lZe��02� �� gZ^ijh\�^gbc�f_lZe� �i_j_o�^� 1�6���Ki_dlj� _g_j]�c
d\Za�qZklbghd�^ey�pvh]h�\biZ^dm�ae�\Z�����kijZ\Z��\�^��i_j_oh^m��ah[jZ`_gbc�gZ�jbk�����
Ijb� �≤V<∆/e (_�� aZjy^� _e_dljhgm�� i_j_o�^� _e_dljhg�\� �a� ghjfZevgh]h� f_lZem� \
gZ^ijh\�^gbd� g_fh`eb\bc� q_j_a� l_��sh� ^ha\he_g�� _e_dljhgg�� j�\g�� \� gZ^ijh\�^gbdm

M2M
1

 d

V

Jbk� ���� Lmg_evgbc dhglZdl ^\ho

f_lZe�\ F1 lZ F2.

a) [� \�

V >
e

∆

T>0 T=0

∆/e  V

I

 2 ∆

V=0

2 ∆

Jbk� ���� ?g_j]_lbqgZ ^�Z]jZfZ i_j_oh^m 1�6 m \�^ih\�^ghkl� ^h gZi�\ijh\�^gbdh\h� fh^_e� ijb

V � �Z�� l_` kZf_ ijb V>∆/e �[�� \hevl�Zfi_jgZ oZjZdl_jbklbdZ �\� >�@�

••
∆

Jbk�����Fh^_ev :^d�gkZ�

E

∆
∆ EF

N (E)

Jbk� ���� GZi�\ijh\�^gbdh\Z fh^_ev
gZ^ijh\�^gbdZ�  N(E��]mklbgZ klZg�\�
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agZoh^ylvky�\bs_�j�\gy�N_jf��gZ�_g_j]�x�∆��Ydsh�V≥∆/e��lh�lmg_ex\Zggy�_e_dljhg�\
klZ}�fh`eb\bf��sh�ijba\_^_�ijb�pbo�ihl_gp�ZeZo�^h�j�adh]h�a[�evr_ggy�kljmfm�dj�av
lmg_evgbc� dhglZdl�� Ijb[ebagbc� \b]ey^� \hevlZfi_jgh�� oZjZdl_jbklbdb� �<:O�� 1�6
i_j_oh^m�ah[jZ`_gbc�gZ�jbk������\���Ijb�l_fi_jZlmj��L ��kljmf�dj�av�i_j_o�^�1 ��^ey
mk�o�V<∆/e��Ijb�L!��q_j_a�ihy\m�\�ghjfZevghfm�f_lZe��l_ieh\bo�_e_dljhg�\��yd��fZxlv
_g_j]�x� ?>?F�� fh`eb\_� ijhl�dZggy� g_\_ebdh]h� kljmfm� �� ijb� V<∆/e�� sh� ah[jZ`_g_
imgdlbjhf�gZ�jbk������\���^b\��lZdh`�>�@��jbk������

F1� lZ� F2�� gZ^ijh\�^gbdh\�� f_lZeb� �i_j_o�^� 6�6� Z[h�� m� \biZ^dm� j�agbo
gZ^ijh\�^gbd�\�� 61-S2)�� ?g_j]_lbqgZ� ^�Z]jZfZ� lZ� kljmf� 61-S2� i_j_oh^m� ah[jZ`_g�� gZ
jbk�����

Ijb�L ��kljmf�\�lZdhfm�i_j_oh^��[m^_�l_dlb�ijb�V≥(∆1+∆2)/e��dheb�\_jog�c�j�\_gv
gb`gvh�� ahgb� gZ^ijh\�^gbdZ� 61� ^hky]Z}� Z[h� i_j_\bsm}� gb`g�c� j�\_gv� \_jogvh�� ahgb
gZ^ijh\�^gbdZ� 62�� Ijb� L!��� yd� �� m� \biZ^dm� i_j_oh^m� 1�6�� g_gmevh\�� kljmfb� dj�av
i_j_o�^�61-S2�[m^mlv�l_dlb���ijb�gZijm]Zo�V<(∆1+∆2)/e��Ze_�m�hklZggvhfm�\biZ^dm�fZxlv
f�kp_�p�dZ\��hkh[eb\hkl���ih\
yaZg��a�ihy\hx�gZ�<:O�61-S2�i_j_oh^m�^�eygdb�a�\�^
}fgbf
hihjhf��>ey�lh]h��sh[�ijh^_fhgkljm\Zlb�p_��^hklZlgvh�\\Z`Zlb��sh�m�gZ^ijh\�^gbdZ�a
f_grhx�s�ebghx�\�\_jog�c�ahg��}�^_ydZ�d�evd�klv�l_ieh\bo�_e_dljhg�\�lZ�lZdZ�`�kZfZ
d�evd�klv� ^�jhd� \� gb`g�c� ahg���Ijb�V=(∆2-∆1)/e� lmg_evgbc� kljmf� l_ieh\bo� _e_dljhg�\
[m^_�fZlb�fZdkbfmf aZ\^ydb�fZdkbfZevg�c� ]mklbg��klZg�\� ae�\Z� ��kijZ\Z�\�^�i_j_oh^Z
^ey�pvh]h�\biZ^dm��Ijb[ebagbc�\b]ey^�<:O�i_j_oh^m�61-S2�ijb�L!��ij_^klZ\e_gh�gZ
jbk������[��imgdlbjghx�e�g�}x��^b\��lZdh`�>�@��jbk������lZ�4.9).

GZ� jbk����� lmg_ex\Zggy� \� 61-S2

i_j_oh^�� ah[jZ`_gh� aZ� ^hihfh]hx
fh^_e��:^d�gkZ�

>h� pvh]h� qZkm� jha]ey^Z\ky
gZcijhkl�rbc� \b^� lmg_ex\Zggy�� dheb
dh`gbc� _e_dljhg� lmg_ex}lvky� dj�av
[Zj
}j� g_aZe_`gh� \�^� �grbo� qZklbghd�
1kgmxlv� �� �gr�� \b^b� lmg_ex\Zggy�� yd�
\�^[m\Zxlvky�ohqZ���a�f_grhx��Ze_�\k_�`
\�^f�gghx�\�^�gmey�cfh\�jg�klx��>h�gbo�
gZijbdeZ^�� fh`gZ� \�^g_klb� h^ghqZkg_

Z� [�

Jbk� ���� ?g_j]_lbqgZ ^�Z]jZfZ Z� lZ \hevl�Zfi_jgZ oZjZdl_jbklbdZ [� 61-S2 i_j_oh^m >�@�

•

••
•

∆1

eV eV=∆1+∆2 ∆2

Jbk� ���� Lmg_ex\Zggy _e_dljhg�\ \ 61-S2

i_j_oh^� \�^ih\�^gh ^h fh^_e� :^d�gkZ >�@�

2 1∆

e
21 ∆−∆

e
21 ∆+∆ V

2 2∆
eV

I

T>0

T=0
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lmg_ex\Zggy�dj�av�[Zj¶}j�g_�h^gh]h��Z�\�^jZam
^_d�evdho� _e_dljhg�\�� lmg_ex\Zggy� aZ� mqZklx
h^gh]h� Z[h� ^_d�evdho� nhlhg�\� Z[h� nhghg�\� �
l�^�� Jha]eyg_fh� fh`eb\�klv� lmg_ex\Zggy
_e_dljhg�\� \� 6�6� i_j_oh^�� ijb� V=∆/e�� lZ� L=0
�^b\�� jbk������� >ey� pvh]h� _e_dljhggZ� iZjZ� \
e�\hfm� gZ^ijh\�^gbdm� ih\bggZ� jhaiZklbky� �
h[b^\Z� _e_dljhgb� aZ� qZk� ∆t� ih\bgg�
lmg_ex\Zlb� \� ijZ\bc� gZ^ijh\�^gbd�� Ihjy^hd
\_ebqbgb� ∆t� fh`gZ� \bagZqblb�� dhjbklmxqbkv
ki�\\�^ghr_ggyf� g_\bagZq_ghkl�� ^ey� _g_j]��

htE ≈∆∆ ��m�\�^ih\�^ghkl��^h�ydh]h�_e_dljhg�m
hkgh\ghfm�klZg��gZ^ijh\�^gbdZ��^_�fh`mlv��kgm\Zlb�ljb\Zebc�qZk�ebr_�iZjb��ih\bg_g
agZoh^blbky� g_� ^h\r_�� g�`� ∆t ∆≈ /h . Ajhamf�eh�� sh� djZs_� kihkl_j�]Zlb� aZ
^\hoqZklbgdh\bf�lmg_ex\Zggyf�ijb�L→���Z^`_�\�lZdhfm�\biZ^dm�af_grm}lvky�\g_khd
kljmfm� l_ieh\bo� _e_dljhg�\�� ?dki_jbf_glZevgh� ^\hoqZklbgdh\_� lmg_ex\Zggy
kihkl_j�]Z}lvky�yd�g_agZqgbc�kljb[hd�kljmfm�\�6�6�i_j_oh^��ijb�gZijma��V=∆/e.

GZ� jbk�� ����� � ah[jZ`_gbc� h^bg� �a� fh`eb\bo� ijhp_k�\� lmg_ex\Zggy� \� 61-S2

i_j_oh^��� ydbc� kmijh\h^`m}lvky�ih]ebgZggyf�nhlhgm� qZklhlhx�ω��Mfh\m� ijhl�dZggy
ijhp_km� lmg_ex\Zggy� a� ih]ebgZggyf� nhlhgm� fh`gZ� \bagZqblb� a� lh]h�� sh� _g_j]��
qZklbghd�^h�lZ�i�key�lmg_ex\Zggy�ih\bgg��ki�\iZ^Zlb�

eV=∆1+∆2- ω= (2.3)

<�aZ]Zevghfm�\biZ^dm�fh`_�fZlb�f�kp_�ijhp_k�ih]ebgZggy�g_�h^gh]h��Z�n�nhlhg�\
\bijhf�gx\Zggy��sh�iZ^Z}�gZ�gZ^ijh\�^gbd��Lhfm�mfh\m�������l_i_j��fh`gZ�aZibkZlb

_9=∆1+∆2-n ω= ����Z�

Lmg_ex\Zggy� a� ih]ebgZggyf� nhlhg�\� kihkl_j�]Z}lvky� yd� m� 6�6�� lZd� �� \� 61-S2

i_j_oh^Zo�� yd�� hijhf�gxxlvky� _e_dljhfZ]g�lgbf� ihe_f� qZklhlhx� ω�� Lmg_ex\Zggy
ijhy\ey}lvky�m�\b]ey^��kljb[d�\�kljmfm�ijb�gZijm]Zo��sh�\�^ih\�^Zxlv�nhjfme�������Z��

Jbk� ���� >\hoqZklbgdh\_ lmg_ex\Zggy

\ 6�6 i_j_oh^� ijb V=∆/e.

•

••

•

∆1

eV ∆2

•
�ω

••

I

_

ω=
_

ω=
_

ω=

V
e

∆2

Z� [�
Jbk� ����� Lmg_ex\Zggy \ 61-S2 i_j_oh^� a ih]ebgZggyf nhlhgm �Z� lZ \hevl�Zfi_jgZ

oZjZdl_jbklbdZ �[� ijb ∆1 = ∆2� kmp�evgZ e�g�y �T=0� imgdlbj �T>0.
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�����?n_dlb�>`ha_nkhgZ

Cfh\�jg�klv�lmg_evgh]h�_n_dlm�kbevgh�aZe_`blv�\�^�fZkb�lZ�aZjy^m�qZklbghd��sh
lmg_exxlv��M� a\
yadm� a�pbf�cfh\�jg�klv�lmg_ex\Zggy�iZj�kmll}\h�f_grZ�cfh\�jghkl�
lmg_ex\Zggy�ghjfZevgbo�_e_dljhg�\��:e_�fh`gZ�\k_�`�kih^�\Zlbky��sh�ijb�af_gr_gg�
lh\sbgb� [Zj
}jm� d lmg_ex\Zggy� gZ^ijh\�^gbo� iZj� lZdh`� [m^_� kdeZ^Zlb� ihf�lgm� \
_dki_jbf_gl�� \_ebqbgm�� <i_jr_� aZ^Zqm� ijh� ijhoh^`_ggy� gZ^ijh\�^gbo� iZj� dj�av
lhgdbc� �ahexxqbc�rZj�jha]eygm\�>`ha_nkhg��ydbc�h^_j`Z\�g_ljb\�Zevg��j_amevlZlb�
yd��i�ag�r_�^�klZeb�gZa\m�_n_dl�\�>`ha_nkhgZ�

Jha]eyg_fh� agh\m� lmg_evgbc� dhglZdl� ^\ho� f_lZe�\� F1� lZ� F2�� ah[jZ`_gbc� gZ
jbk������ H[b^\Z� f_lZeb� }� gZ^ijh\�^gbdZfb�� HklZgg}� hagZqZ}�� sh� mk�� gZ^ijh\�^g�
_e_dljhgb� \� F1� agZoh^ylvky� \� h^ghfm� }^bghfm� klZg��� ydbc� fh`_� [mlb� hibkZgbc
o\bevh\hx� nmgdp�}x� ψ1�� \�^ih\�^gh� \� F2� mk�� gZ^ijh\�^g�� _e_dljhgb� hibkmxlvky
o\bevh\hx�nmgdp�}x�ψ2��Ydsh�\_ebqbgZ�d�agZqgZ��lZd�sh�lmg_evgbc�kljmf�iZj�fZebc�
lh�ψ1 lZ�ψ2�ih\bgg��aZ^h\hevgylb�g_aZe_`gbf�j�\gyggyf�Rj_^�g]_jZ��1a�af_gr_ggyf�d
lmg_evgbc� kljmf� ijb\_^_� ^h� a\
yadm� o\bevh\bo� nmgdp�c� iZj� ψ1� lZ� ψ2� �� ^ey� �o
agZoh^`_ggy�ke�^�aZibkZlb�^\Z�a\
yaZgbo�j�\gyggy�Rj_^�g]_jZ

, 
t

i 122
2

211
1

ψψψ

ψψψ

KE

KE
t

i

+=
∂

∂

+=
∂

∂

=

=

(2.4)

^_�?1��?2 – _g_j]�y� iZj� \�^ih\�^gh� \�F1� ��F2,� �D�dhgklZglZ� a\
yadm�� ydZ� aZe_`blv� \�^
oZjZdl_jbklbd�i_j_oh^m��Ydsh�^h�dhglZdlm�ijbdeZ^_gZ�gZijm]Z�V��lh�_g_j]���iZj�\�F1

lZ�F2�\�^j�agyxlvky�gZ��eV��lh[lh�E1-E2=2eV��Ydsh�^ey�ajmqghkl��\b[jZlb�aZ�gmevh\bc
j�\_gv�_g_j]����?1+?2�����aZf�klv�������hljbfZ}fh

. 
t

i 12
2

21
1

ψψψ

ψψψ

KeV

KeV
t

i

+−=
∂

∂

+=
∂

∂

=

=

(2.5)

J�\gyggy� ������^h[j_�\�^hf�� a�l_hj���dheb\Zgv��\hgb�hibkmxlv� a\
yaZg��dheb\Zggy
^\ho�hkpbeylhj�\�\�dhfie_dkgbo�ghjfZevgbo�dhhj^bgZlZo�ψ1�lZ�ψ2��I_j_c^_fh�\� �����
^h�^�ckgbo�af�ggbo�aZ�^hihfh]hx�aZf�gb�

ψ1= 1
1

ϕρ ie ;  ψ2= 2
2

ϕρ ie (2.6)

^_� ρ1, ϕ1; ρ2, ϕ2 -  ]mklbgb� _e_dljhg�\� lZ� nZab� o\bevh\bo� nmgdp�c� ih� h[b^\Z� [hdb
lmg_evgh]h�dhglZdlm�\�^ih\�^gh��I�key�i�^klZgh\db� ������\� ������fZ}fh���^bn_j_gp�cg�
j�\gyggy�i_jrh]h�ihjy^dm�^ey�gh\bo�af�ggbo�

.)cos(

)cos(

)sin(
2

)sin(
2

12
2

1
2

12
1

2
1

12212

12211

==
�

==
�

=
�

=
�

eVK

eVK

K

K

+−=

−−=

−−=

−=

ϕϕ
ρ
ρϕ

ϕϕ
ρ
ρϕ

ϕϕρρρ

ϕϕρρρ

(2.7)
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IjhZgZe�am}fh� kbkl_fm� ������� ijbimklb\rb�� sh� ]mklbgb� aZjy^�\� g_kmll}\h

\�^j�agyxlvky� \�^� j�\gh\Z`gh��� ρ 1 ≅ ρ 2  ≅ ρ0� lZ� ihagZqb\rb� j�agbpx� nZa� � gZ

dhglZdl�� yd ϕ2-ϕ1=ϕ��I_jr��^\Z�j�\gyggy�hagZqZxlv��sh�gZ\�lv� m�\biZ^dm��dheb�V=0,
dj�av�dhglZdl�ijhl�dZ}�ihkl�cgbc�gZ^ijh\�^gbc�kljmf�I��ydbc�aZe_`blv�ebr_�\�^�j�agbp�
nZa�ϕ :

ϕϕρρρ sinsin
2

0211 ÿ
K

ÿ ===
=

� (2.8)

Y\bs_� ijhl�dZggy� dj�av� ^`ha_nkhg�\kvdbc� dhglZdl� �>D�� ihkl�cgh]h
gZ^ijh\�^gh]h� kljmfm�� ydbc� aZe_`blv� \�^� j�agbp�� nZa� gZ� dhglZdl��� ^�klZeh� gZa\m
klZp�hgZjgh]h� _n_dlZ� >`ha_nkhgZ�� Djblbqgbc� kljmf� ^`ha_nkhg�\kvdh]h� dhglZdlm

=/20 Kÿ = � fh`_� [mlb� jhajZoh\Zgbc� a� ^hihfh]hx� f�djhkdhi�qgh�� l_hj���� ^ey� ]mklbgb

kljmfm�J0 ^ey�lmg_evgh]h�dhglZdlm��[6, klhj�����]:

Tk
th

eR
J

;

0 22 0

∆∆≅ π
, (2.9)

^_�R0 – hi�j�lmg_ex\Zggy�m�\biZ^dm��dheb�h[b^\Z�f_lZeb� agZoh^ylvky�m�ghjfZevghfm
klZg���>ey�lbih\bo�i_j_oh^�\�I0 ∼1 f:�

L_i_j�i_j_c^_fh�^h��grh]h�y\bsZ�±
g_klZp�hgZjgh]h� _n_dlZ�>`ha_nkhgZ��<�g
ihey]Z}� m� lhfm�� sh� j�agbpy� nZa� � gZ
dhglZdl�� i�^� ^�}x� iZ^�ggy� gZijm]b� gZ
dhglZdl�� V� klZ}� af�gghx� \_ebqbghx�� A
^\ho� hklZgg�o� j�\gygv� kbkl_fb� �����

fh`gZ� hljbfZlb� fZl_fZlbqg_
nhjfmex\Zggy� g_klZp�hgZjgh]h� _n_dlZ
>`ha_nkhgZ�

=
�

Ve2=ϕ (2.10)

Ydsh�V=V0 FRQVW��lh

ϕ=ϕ0+ tV
e

0
2

=
, (2.11)

^_�ϕ0���ihqZldh\Z�j�agbpy�nZa�
Hkd�evdb�kljmf�dj�av�dhglZdl�aZe_`blv�\�^�j�agbp��nZa�ϕ��lh�af�gZ�ϕ�hagZqZ}��sh

kljmf�dj�av�>D�ijb�V0≠��klZg_�af�ggbf�kljmfhf��I�^klZ\eyxqb��������\��������fZ}fh�

I=I0sin( 00

2 ϕ+tV
e

=
) (2.12)

Hl`_�� fb� fZ}fh� kijZ\m� a� ^hkblv� g_a\bqZcgbf� y\bs_f�� ijb� V �� dj�av� >D� �^_
ihkl�cgbc� kljmf�� ijb� a[�evr_gg�� V0� ihkl�cgbc� kljmf� kljb[dhf� agbdZ}�� Ze_� \bgbdZ}
af�ggbc�kljmf�a�qZklhlhx

I0

I

V�

2
e

û

Jbk� ����� <hevlZfi_jgZ oZjZdl_jbklbdZ

�^_Zevgh]h >D ijb L>0.
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> �

2e
Vω =

=
(2.13)

0483,6
2
>

>
f V

ω
π

= = �F=p�fd<�� (2.14)

<:O��^_Zevgh]h�>D�ij_^klZ\e_gZ�gZ�jbk������
;meh� ihdZaZgh�� sh� I0 \� nhjfme�� ������� aZe_`blv� \�^� qZklhlb�� lh[lh� Zfie�lm^Z

af�ggh]h�kljmfm�af�gx}lvky�a�qZklhlhx�ω>��Z[h�a�gZijm]hx�V0���<b]ey^�p�}��aZe_`ghkl�
[m\�\klZgh\e_gbc�J�^_e_f��a]�^gh�p�c�aZe_`ghkl��gZ\�lv�ijb�gZijm]Zo��sh�i_j_\bsmxlv
s�evh\m� gZijm]m� \� ^_d�evdZ� jZa�\�� m� i_j_oh^�� �kgm}� af�ggbc� kljmf� iZj� a� ihf�lghx
Zfie�lm^hx�� FZdkbfmf� kljmfm� I0(ω>) kihkl_j�]Z}lvky� ijb� ijbdeZ^_gbo� gZijm]Zo
V0=2∆/e [8, klhj����]. Ijb� V0≥2∆/e klZ}� ihf�lgbf� _n_dl� lmg_ex\Zggy� ghjfZevgbo
_e_dljhg�\�

�����>`ha_nkhg�\kvdbc�dhglZdl��>D��m�ijbkmlghkl��ihkl�cgh]h�fZ]g�lgh]h

ihey

Q_j_a�ijbkmlg�klv�\�>D�^�_e_dljbqgh]h�ijhrZjdm�ah\g�rg}�fZ]g�lg_�ihe_�\a^h\`
^�_e_dljbdZ� fh`_� ijhgbam\Zlb� \_kv� dhglZdl�� af�gxxqb� aZdhgb� ijhl�dZggy
gZ^ijh\�^gh]h�kljmfm��Kijhs_gh�jha]eyg_fh�g_kd�gq_ggh�lhgdbc�>D��\�iehsbg��ydh]h

^�}� \�^f�gg_� \�^� gmey� ihkl�cg_� fZ]g�lg_� ihe_

H
G
�^b\��jbk��������P_�ihe_�ijba\_^_�^h�ihy\b�m

iZj� �fimevkm�� kijyfh\Zgh]h� \a^h\`� hk�� z,
lh[lh�nZaZ�o\bevh\h��nmgdp���iZj�[m^_�j�agZ�\
j�agbo� lhqdZo� dhglZdlm�� J�agbpy� nZa� ih� j�ag�
[hdb� \�^� dhglZdlm� [m^_� lZdh`� aZe_`Zlb� \�^� z,
sh�ijba\_^_��\�^ih\�^gh�^h� �������^h� lh]h��sh
^`ha_nkhg�\kvdbc� kljmf� klZg_� g_h^ghj�^gbf�
1=1(z���IhdZ`_fh�p_��1fimevk�iZj�\�ijbkmlghkl�
fZ]g�lgh]h�ihey�H

G
�fZ}�\b]ey^

A
c

e
mP e

GGG
22 += υ (2.15)

$URW+
GG

= (2.16)

^_� me�fZkZ� _e_dljhgm�� υG �r\b^d�klv� iZj�� A
G
�� \_dlhjgbc� ihl_gp�Ze�� <jZoh\mxqb�� sh

^h\`bgZ�o\be��iZj�λe

,
P

h
e G=λ (2.17)

fh`gZ� aZibkZlb� ^ey� j�agbp�� nZa� o\bevh\h�� nmgdp��� f�`� lhqdZfb� Z� lZ� [� \� 1�hfm
gZ^ijh\�^gbdm��^b\��jbk�������

,r
2r

2

1 1

1
a
1 ∫ ∫==−

γ γ

π
λ

πϕϕ GG
G

G

G

dP
h

d

P

P

e

[ (2.18)

^_� r
G
���jZ^�mk�\_dlhj�
:gZeh]�qgh�^ey�j�agbp��nZa�f�`�lhqdZfb�[�lZ�Z�\�11�hfm�gZ^ijh\�^gbdm�fZ}fh

I IIa

z

x[

γ�γ�
H

.

Jbk� ����� >D f�` gZ^ijh\�^gbdZfb 1 lZ 11

\ ihkl�cghfm ihe� H
G

, sh i_ji_g^b�
dmeyjg_ iehsbg� fZexgdZ� >h \b\h^m

nhjfmeb �������
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∫=−
2

2
22

γ

ϕϕ rdP
h

�Z[ GG
(2.19)

<\Z`Zxqb��c�gZ^Ze���sh�>D�g_kd�gq_ggh�lhgdbc��a������������������������fZ}fh�

( ) ( )
0

2121 2
222

21 21
Φ
Φ

=Φ===−−− ∫ ∫
+ +

γ
γ

γγ γγ

ππϕϕϕϕ
c

e
rdA

c

e
rdP

h
[[aa

=

GG

=

GG
(2.20)

<� ������� \aylh� ^h� m\Z]b��sh� ∫ = 0rd
GGυ [1, klhj�� ���],�Nγ�� fZ]g�lgbc� ihl�d�� ydbc

ijhgbam}� >D� \k_j_^bg�� dhglmjm� γ1+γ2�� Nγ=G([�Z)(d+2λ). λ±� ]eb[bgZ� ijhgbdg_ggy
ihkl�cgh]h� fZ]g�lgh]h� ihey� \� gZ^ijh\�^gbdb� 1� lZ� 11��N0�� d\Zgl� fZ]g�lgh]h� ihlhdZ� ±
nexdkhg��N0=ch/2e=2⋅10-7=k⋅kf2=2⋅10-15<[�

A��nhjfmeb���������\b^gh���sh�kljb[hd�nZab�gZ�dhglZdl��\�lhqdZo��Z"-ϕa=ϕ1
a-ϕ2

a
�lZ

"["-ϕ[=ϕ1
[-ϕ2

[ g_h^gZdh\bc��lh[lh�^�ckgh�ϕ=ϕ(z���Ydsh�kmf�klblb�lhqdm� �Z��a�lhqdhx
z=��� Z� lhqdm� �[�� a� ^h\�evghx� lhqdhx� z�� h^_j`bfh� \bjZa�^ey� akm\m�nZa� gZ� dhglZdl�� \
lhqp��z:

( )
.2

22

0

z
0

0
0 Φ

Φ−≡
Φ

+−= πϕλπϕϕ zdH
z  

(2.21)

Ydsh� i�^klZ\blb� zϕ � \� nhjfmem� ^ey� ^`ha_nkhg�\kvdh]h� kljmfm�� fZ}fh� ^ey
]mklbgb�kljmfm�J \�lhqp��z:

( )






Φ
Φ

−=





Φ

+−==
0

00
0

00 2sin
2

2sin)( zJz
dH

JzJJ πϕλπϕ (2.22)

<b]ey^� ijhl�dZggy� ihkl�cgh]h� kljmfm
dj�av� >D� ^h\`bghx� l ijb� ihkl�cghfm
fZ]g�lghfm� ihe�� lZdhfm��sh�H(d+2λ)l=Φ0� lZ
ϕ0=π/�� ah[jZ`_gbc� gZ� jbk������� <b^gh�� sh
kljmf� dj�av� >D� af�gx}� g_� l�evdb� k\hx
\_ebqbgm��Ze_�c�gZijyfhd��Ih\gbc�kljmf�f�`
gZ^ijh\�^gbdZfb� 1� lZ� 11� 1� fh`gZ� hljbfZlb
�gl_]jm\Zggyf� J(z�� ih� iehsbg�� i_j_oh^m�� <
ijbkmlghkl�� fZ]g�lgh]h� ihey� ih\gbc� kljmf
dj�av� >D� fZ}� fZdkbfmf� \`_� g_� h[h\
yadh\h
ijb� ϕ0=π/��� yd� ^ey� \biZ^dm� G=0. >ey
\bagZq_ggy� fZdkbfZevgh]h� agZq_ggy� ih\gh]h
kljmfm� 1max� g_h[o�^gh� a� j�\gyggy� 0/ 0 =∂∂ ϕI

\bagZqblb� hilbfZevgm� ihqZldh\m� nZam� ϕ0�� ydZ
^hj�\gx}�π/2+π[H(d+2λ)l@�N0�� lZ�i�^klZ\blb� ��� m
\bjZa�̂ ey�1��>Ze��fh`gZ�hljbfZlb�

I II

Z

0

 l

Jbk� ����� GZijyfhd kljmfm �klj�edb� f�`
gZ^ijh\�^gbdZfb 1 lZ 11 m ijbkmlghkl� m

dhglZdl� fZ]g�lgh]h ihlhdm N N0� >h\`bgZ

klj�ehd ijhihjp�cgZ ]mklbg� kljmfm�
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,

N

N
N

-
sin

0

>D

0

>D

0max π

π

II = (2.23)

^_� 10�±�yd� ��jZg�r_��fZdkbfZevg_� agZq_ggy�^`ha_nkhg�\kvdh]h�kljmfm�ijb�G ���N>D –
fZ]g�lgbc�ihl�d�q_j_a�\_kv�>D��N>D=GO (d+2λ).

NZdlbqgh� j�\gyggy� ������� h[mfh\e_g_� ^bnjZdp�}x� _e_dljhggh]h� ihlhdm� gZ�>D�
?dki_jbf_glZevg_� i�^l\_j^`_ggy� aZe_`ghkl�� ������� �^b\�� jbk������� klZeh� hklZlhqgbf
^h\_^_ggyf��kgm\Zggy�_n_dl�\�>`ha_nkhgZ�

<eZkg_� fZ]g�lg_� ihe_�� yd_� �kgm}� ^h\dheZ
^`ha_nkhg�\kvdh]h�kljmfm��lZdh`�[m^_�\ieb\Zlb
gZ� p_c� kljmf�� <eZkg_� ihe_� g_h^ghj�^g_�� hl`_�
ch]h� \ieb\� [m^_� \�^j�agylbky� \�^� jha]eygmlh]h
\bs_�\ieb\m�gZ�gZ^ijh\�^gbc�kljmf�ah\g�rgvh]h
h^ghj�^gh]h� fZ]g�lgh]h� ihey�� <� pvhfm� \biZ^dm
kljmf� ih� ZgZeh]��� a� _n_dlhf�F_ckg_jZ� l_dlbf_
ebr_�[�ey�djZ�\�i_j_oh^m�

J∼exp(-z/λ>), (2.24)

^_� λ>�� ^`ha_nkhg�\kvdZ� ]eb[bgZ� ijhgbdg_ggy�
( )2 1/ 2

> � �
/8 2k - Gλ π λ = Φ +  [6,� klhj�� ���].� Ijb

>λ<<l � fh`gZ� \\Z`Zlb� kljmf� dj�av� >D

h^ghj�^gbf��AZ�ihjy^dhf�\_ebqbgb�λ>∼�ff��S_
h^bg�gZke�^hd�\ieb\m�ihey�^`ha_nkhg�\kvdh]h�kljmfm���ijh\Zeb�fZdkbfZevgh]h�kljmfm
dj�av�>D�g_�^hky]Zxlv�gmey��yd�ah[jZ`_gh�gZ�jbk������

�����Lbib�lZ�oZjZdl_jbklbdb�j_Zevgbo�^`ha_nkhg�\kvdbo�dhglZdl�\��>D�

Ydsh�m\Z`gh�jha]eygmlb�j�\gyggy�������lh�fh`gZ�i_j_dhgZlbky��sh�^ey��kgm\Zggy
_n_dl�\� >`ha_nkhgZ� ah\k�f� g_� h[h\
yadh\Z� gZy\g�klv� lmg_evgh]h� dhglZdlm�� <Z`eb\h
ebr_��sh[�f�`� gZ^ijh\�^gbdZfb�fZ\�f�kp_� keZ[dbc� a\
yahd� �a� dhgklZglhx� a\
yadm�K.
Kvh]h^g��^h[j_�\�^hf��^_d�evdZ� a
}^gZgv�j�agbo� lbi�\��ijb�ydbo� a^�ckgx}lvky�keZ[dbc
a\
yahd�gZ^ijh\�^gbd�\�h^bg�a�h^gbf��>_yd��a�lZdbo�a
}^gZgv�ihdZaZg��gZ�jbk������

I_j_o�^��ah[jZ`_gbc�gZ�jbk�������Z���nZdlbqgh�}�deZkbqgbf�lmg_evgbf�i_j_oh^hf
>`ha_nkhgZ��sh�[m\�jha]eygmlbc�\bs_��<�lZdhfm�>D�^\��gZ^ijh\�^g��kfm`db�jha^�e_g�

rZjhf� hdbkem� lh\sbghx� � ∼10-20$
°
�� L_ogheh]�qg�� ljm^ghs�� dhgljhevh\Zgh]h

hljbfZggy�hdbke�\�lZdh��lh\sbgb�ijba\_eb�^h�kl\hj_ggy�>D� �a� aZf�ghx�rZjm�hdbkem
rZjhf� f�^�� �^b\�� jbk������[�)�� AZ\^ydb� _n_dlm� [ebavdhkl�� ^h� i_\gbo� agZq_gv� lh\sbg
f�^gh]h�rZjm��∼��fdf��\�lZdhfm�>D�fZ}�f�kp_�keZ[dbc�a\¶yahd�^\ho�gZ^ijh\�^gbd�\��GZ
jbk�������\��ah[jZ`_gh�i_j_o�^��\�ydhfm�a^�ckgx}lvky�keZ[dbc�a\¶yahd�aZ\^ydb�^�eygp�
gZ^ijh\�^gbdZ�^m`_�fZeh]h�i_j_j�am��lhgdhie�\dh\bc�f�klhd��f�klhd�af�ggh��lh\sbgb).
GZ� jbk������]�� ah[jZ`_gbc� l_ogheh]�qgh� gZc[�evr� ijhklbc� ijblbkdgbc� lhqdh\bc
dhglZdl�� M� lZdhfm� \biZ^dm� keZ[dbc� a\¶yahd� ml\hjx}lvky� af�ghx� kl_i_g�� klbkg_ggy
gZ^ijh\�^gbd�\� h^bg� �a� h^gbf�� ijb� kbevghfm� klbkg_gg�� \bgbdZ}� kbevgbc� a\¶yahd�
DjZie_ih^�[gbc�i_j_o�^��^b\��jbk�������^���ml\hjx}lvky��gZijbdeZ^��reyohf�gZg_k_ggy
djZie��gZ^ijh\�^gh]h�ijbihx�Pb-Sn�gZ�gZ^ijh\�^gbc�g�h[�}\bc�^j�l� LZd�yd�^j�l�aZ\`^b

30

25

20

I, f:

15

10

5

1 2 3 4 5

H,E

Jbk� ����� AZe_`g�klv fZdkbfZevgh]h

gZ^ijh\�^gh]h kljmfm \ >D 6Q�,�6Q�
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\djblbc�hdbkehf��lh�ijyfbc�dhglZdl�gZ^ijh\�^gbd�\�\�^kmlg�c��Z�\�hdj_fbo�f�kpyo��^_
hdbk_e� gZc[�evr� lhgdbc�� fZ}� f�kp_� keZ[dbc� a\¶yahd�� I_j_\Z]hx� djZie_ih^�[gh]h
i_j_oh^m�}�ih\g_�_djZgm\Zggy�>D�\�^�ah\g�rg�o�_e_dljhfZ]g�lgbo�ihe�\�

AZjZa�\�dj�h_e_dljhg�p��^hf�gmxlv�eZl_jZevg���lhjp_\���^`ha_nkhg�\kvd��dhglZdlb�
yd��ah[jZ`_g��gZ�jbk�������_���lmg_evgbc����������`���f�kldh\bc���I_j_\Z]Z�pbo�dhglZdl�\
�� ijhklhlZ� l_ogheh]���� gZ^�cg�klv� �� fZe�� ]_hf_ljbqg�� jhaf�jb�� IehsZ� lmg_evgbo

dhglZdl�\� ^hky]Z}� ��-10
� kf2

�� f�kldb� fZxlv� jhaf�jb� ���$
°

× 300$
°

× 300$
°
�� F�kldb

fh`mlv�aZ\^ydb�_n_dlm�[ebavdhkl��\b]hlh\eylbky��a�f�^��
IhqbgZxlv�aZklhkh\m\Zlbkv�dhglZdlb�a�<LGI��P_�i_jr�aZ�\k_�ijbjh^g��dhglZdlb�

yd�� �kgmxlv� \� k_j_^bg�� gZ^ijh\�^gbdZ� f�`� ch]h� ]jZgmeZfb�� lhqdh\�� dhglZdlb�� yd�
\bgbdZxlv� ijb� a’}^gZgg�� ^\ho� rfZld�\� fZkb\gbo� ihe�djbklZe�qgbo
\bkhdhl_fi_jZlmjgbo� gZ^ijh\�^gbd�\�� Z� lZdh`� ^`ha_nkhg�\kvd�� dhglZdlb� gZ
[�djbklZe�qg�c�]jZgbp���<�hklZggvhfm�\biZ^dm�i�^deZ^bgdZ�kdeZ^Z}lvky�a�^\ho�^�eyghd��
djbklZe�qg��]jZldb�\�ydbo�ih\_jgmlh�gZ��������°�h^gZ�\�^ghkgh�^jm]h����\�j_amevlZl��qh]h
gZ� ]jZgbp�� pbo� ^\ho� ^�eyghd� ml\hjx}lvky� i_j_o�^gbc� rZj� ie�\db� <LGI� �� sh� fZ}
^`ha_nkhg�\kvd�� \eZklb\hkl��� Jh[eylvky� kijh[b� kl\hj_ggy� eZl_jZevgbo� f�kldh\bo
dhglZdl�\� <LGI� �^b\�� jbk������ �`��� a� rmglm\Zggyf� gZ^ijh\�^gh]h� f�kldZ� djZie_x
[eZ]hjh^gh]h�f_lZem�

<:O� j_Zevgbo� >D� fh`mlv� kmll}\h� \�^j�agylbky� \�^� oZjZdl_jbklbdb� �^_Zevgh]h
dhglZdlm�� ah[jZ`_gh�� gZ� jbk� ������ Py� \�^f�gZ�� \� i_jrm� q_j]m�� h[mfh\e_gZ� lbf�� sh
\kydbc�j_Zevgbc�>D�fZ}�\�ghjfZevghfm�klZg��d�gp_\bc�hi�j��\�g�rmglm}lvky�}fghklyfb
lZ�chfm�ijblZfZggZ� �g^mdlb\g�klv��GZc[�evr�[ebavdbc�^h��^_Zevgh]h� ��lmg_evgbc�>D�
Ch]h�hi�j�ijb�d�fgZlg�c�l_fi_jZlmj��kdeZ^Z}�R0∼102

�Hf��:e_�ch]h�}fg�klv�^m`_�\_ebdZ
- K0∼103

�iN��Hi�j�lhqdh\h]h�dhglZdlm�fh`_�^hky]Zlb�^_kyld�\�Hf�ijb�\eZkg�c�}fghkl�
ihjy^dm�^_d�evdho�i�dhnZjZ^��GZ^ijh\�^gbf�f�kldZf�ijblZfZggbc�g_agZqgbc�hi�j��\�^

]�

V

 I

200

 I

Z) V

 I

200

 I

Cu

[)

0,1

V

I  I

0,5

\)

V

 I

 I

∅1

^�

V

 I

100
 I

_� i�^deZ^bgdZ
gZ^ijh\� gZ^ijh\�

�aheylhj �aheylhj

dhglZdl

i�^deZ^bgdZ
gZ^ijh\�

     gZ^ijh\�f�klhd

`�

Jbk����� Lbib ^`ha_nkhg�\kvdbo i_j_oh^�\[2]. Jhaf�jb ijb\_^_g� \ f�djhf_ljZo�
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R0∼10-6
�Hf�^h�^_d�evdho�Hf�\�eZl_jZevgbo�dhglZdlZo��lZ�}fghkl��lh]h�kZfh]h�ihjy^dm�

sh���\�gZcdjZsbo�lhqdh\bo�dhglZdlZo�
<b]ey^�<:O�>D�aZe_`blv�lZdh`��

\�^� hihjm� ^`_j_eZ� kljmfm� Ri�� aZ
^hihfh]hx� ydh]h� ag�fZ}lvky� py
oZjZdl_jbklbdZ�� <hevlZfi_jgm
oZjZdl_jbklbdm�� ydZ� koh`Z� gZ
ah[jZ`_gm�gZ�jbk�������fh`gZ�hljbfZlb
gZ\�lv� gZ� �^_Zevghfm� dhglZdl�� ebr_� aZ
^hihfh]hx� �^_Zevgh]h� ]_g_jZlhjm
gZijm]b��lh[lh�ijb�Ri agZqgh�f_grhfm�
g�`�hi�j�>D��:e_��ydsh�\aylb�^h�m\Z]b�
sh� hi�j� >D� \� gZ^ijh\�^ghfm� klZg�
^hj�\gx}� gmex�� klZgmlv� ajhamf�ebfb
ljm^ghs�� j_Ze�aZp��� ]_g_jZlhjZ� gZijm]
^ey�^hke�^`_ggy�>D��Lhfm��yd�ijZ\beh�
\bdhjbklh\mxlvky� ]_g_jZlhjb� kljmf�\�
dheb� Ri>>R0�� ?d\�\Ze_glgZ� ko_fZ
j_Zevgh]h� >D� a� ]_g_jZlhjhf� kljmfm
ah[jZ`_gZ� gZ� jbk�������>ey� p�}�� ko_fb
fh`gZ�aZibkZlb

I = I0sinϕ +G0V+K0 i

dV
E R

dt
≅ .  (2.24)

>ey� lmg_evgh]h� >D� ijh\�^g�klv� G0

^hj�\gx}� ghjfZevg�c� ijh\�^ghkl�
lmg_evgh]h� i_j_oh^m� G0 = G(V)� �^b\�
jbk������\����^ey�f�kldh\h]h�>D�G0≅1/R0.
Ydsh�\jZom\Zlb�a\¶yahd�f�`�ϕ�lZ�V��sh
\bl�dZ}��a�j�\gygv���������lh��������klZg_
g_e�g�cgbf� ^bn_j_gp�cgbf� j�\gyggyf�

jha\¶yahd� ydh]h� m� aZ]Zevghfm� \b]ey^�� fh`gZ� agZclb� ebr_� qbk_evgbfb� f_lh^Zfb�
<b]ey^� jhajZoh\Zgh�� lZdbf� qbghf� \hevlZfi_jgh�� oZjZdl_jbklbdb� lmg_evgh]h� >D
ah[jZ`_gbc�gZ�jbk������

>ey�f�kldh\h]h�>D�m�gZ[eb`_gg��G0=1/R0�lZ�K0 �� �j_abklb\gZ�fh^_ev��j�\gyggy
�������^ey�ihkl�cgh��gZijm]b�gZ�dhglZdl��V0 fZ}�jha\¶yahd��V0=R0(I

2-I0
2)1/2

��^b\�jbk�������
/fg�klv�� ydZ�rmglm}� i_j_o�^� ijba\h^blv
^h� ihy\b� ]�kl_jbabkm� gZ� \hevlZfi_jg�c
oZjZdl_jbklbp��� ZgZeh]�qgh� lhfm�� yd� p_
fZeh�f�kp_�^ey�lmg_evgh]h�>D��=�kl_j_abk
aZa\bqZc� ag�fZ}lvky� \\_^_ggyf
rmglmxqh]h� j_abklhjZ� \�^ih\�^gh]h
ghf�gZem�� >ey� i_j_oh^�\�� ah[jZ`_gbo� gZ
jbk������ �\�� ]�� `�� \hevlZfi_jg�
oZjZdl_jbklbdb� ^hkblv� lhqgh
\�^ih\�^Zxlv� oZjZdl_jbklbdZf� ^ey
f�kldh\h]h�>D�

Jbk� ����� ?d\�\Ze_glgZ ko_fZ j_Zevgh]h >D

a ]_g_jZlhjhf kljmfm I = E/Ri; Ri>>G0
-1.

V0

I

I0

I=V/R 0

2cV
e

π ∆= 2

e

∆

Jbk������ <hevlZfi_jgZ oZjZdl_jbklbdZ

j_Zevgh]h lmg_evgh]h >D�

I=V/R0I0

I

V0

Jbk� ����� <hevlZfi_jgZ oZjZdl_jbklbdZ

f�kldh\h]h >D�

V G0

C0

Ri

E

I

>D
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�����>`ha_nkhg�\kvdbc�dhglZdl�i�^�^�}x�_e_dljhfZ]g�lgbo�dheb\Zgv

G_oZc�^h�>D��dj�f�ihkl�cgh��gZijm]b�V0��ijbdeZ^_g��af�gg��gZijm]b�j�agbo�qZklhl�
H[f_`bfh�jha]ey^�p�}��kblmZp���\biZ^dhf��dheb�^h�>D�ijbdeZ^_g��^\��gZijm]b�V1 lZ�V2�a
qZklhlZfb�\�^ih\�^gh�ω1�lZ�ω2:

V=V0+V1cosω1 t+ V2cosω2 t (2.25)

GZijm]b�V1�lZ�V2��\�aZ]Zevghfm�\biZ^dm�fh`mlv�fZlb�yd�ah\g�rg}�ihoh^`_ggy��lZd
�� \gmlj�rg}�� lh[lh� fh`mlv� ]_g_jm\Zlbky� kZfbf� dhglZdlhf�� I�^klZ\eyxqb� ������� \
nhjfmem�^ey�g_klZp�hgZjgh]h�_n_dlm�>`ha_nkhgZ���������fZ}fh�

( )0 0 1 1 2 2

2
cos cos

e
V V t V t dtϕ ϕ ω ω= + + +∫

=
(2.26)

<bdhjbklh\mxqb�������lZ���������fZ}fh�^ey�>`ha_nkhg�\kvdh]h�kljmfm�

1 2
0 0 1 2

1 2

2 2
sin sin sin

>

eV eV
t t tΙ Ι ϕ ω ω ω

ω ω
 

= + + + 
 = =

(2.27)

HklZlhqgbc�\bjZa�^ey�I fZ}fh��ydsh�\bjZablb��������q_j_a�nmgdp���;_kk_ey�jk(o):

( ) ( )1 2
0 0 1 2

, 1 2

2 2
1 sin

k m

k m >

k m

eV eV
j j t k t m tΙ Ι ϕ ω ω ω

ω ω

∞
+

=−∞

     = − + − −    
     

∑
= =

(2.28)

A� nhjfmeb� ������� \b^gh�� sh� ki_dlj� ^`ha_nkhg�\kvdh]h� kljmfm� [Z]Zlbc
]Zjfhg�dZfb�� \� gvhfm� fZxlv� f�kp_� kdeZ^h\Z� ^`ha_nkhg�\kvdh�� ]_g_jZp��� a� qZklhlhx

02
>

eVω =
=

�� kdeZ^h\��� yd�� \�^ih\�^Zxlv� i_j_fgh`_ggx�� ^h^Z\Zggx� lZ� \�^g�fZggx

qZklhl�� Jha]eyg_fh� ihdb� sh� l�evdb� ihkl�cgm� kdeZ^h\m� ^`ha_nkhg�\kvdh]h� kljmfm�
A]�^gh��������ihkl�cgbc�kljmf�h[mfh\ex}lvky�^h^ZgdZfb��^ey�ydbo�fZ}�f�kp_�j�\g�klv

ω >-kω1-mω 2 = 0 (2.29)

>hke�^bfh�^_d�evdZ�ijhklbo�\biZ^d�\�
Z�� gZ� dhglZdl� g_� ^�xlv� ah\g�rg�� af�gg�� ihey�� V2 ��� Z� V1� h[mfh\e_gZ� \eZkghx

^`ha_nkhg�\kvdhx�]_g_jZp�}x��lh[lh�ω 1=ω >��Lh^���������fZlbf_�\b]ey^�

( ) ( )1
0 0

0

1 sin 1k
k >

k

V
j t k

V
Ι Ι ϕ ω

∞

=−∞

    = − + −       
∑ (2.30)

Ijb� pvhfm� ihkl�cgZ� kdeZ^h\Z� I=� kljmfm� I ^hj�\gx}�� I== -I0j1(V1/V0)sinϕ0�� P_
hagZqZ}��sh� a� mjZom\Zggyf� \bkhdhqZklhlgbo� dheb\Zgv� gZ\�lv� ^ey� �^_Zevgh]h�>D� ijb
^h\�evghfm� V0 dj�av� dhglZdl� [m^_� ijhl�dZlb� \�^f�ggbc� \�^� gmey� ihkl�cgbc� kljmf�

<_ebqbgZ� pvh]h� kljmfm� ijhihjp�cgZ� j1(V1/V0) ∼ V1. V1� fZlbf_� fZdkbfmf�� ydsh� ω>

ki�\iZ^Z}� a� j_ahgZgkghx� qZklhlhx� dhglZdlm� Z[h� a� j_ahgZgkghx� qZklhlhx� h[¶}fgh]h
j_ahgZlhjZ��\�ydhfm�agZoh^blvky�>D��A�lhqdb�ahjm�_e_dljh^bgZf�db�h[¶}fgbc�j_ahgZlhj
�� dhglZdl�� sh� lZdh`� nZdlbqgh� }� f�djhkfm`dh\bf� j_ahgZlhjhf� ^h\`bghx� l�� fZxlv
\_ebdm�d�evd�klv�j_ahgZgkgbo�fh^��P_�ijba\h^blv�^h�\_ebdh��d�evdhkl��fZdkbfmf�\��Z[h
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kljb[d�\� kljmfm� m� ko_f�� a
]_g_jZlhjhf� kljmfm�� gZ
\hevlZfi_jg�c� oZjZdl_�
jbklbp�� �^b\�� jbk�� ������

N�abqghx� ijbqbghx� ihy\b
ihkl�cgh]h� kljmfm� m
jha]eygmlhfm� \biZ^dm� }
af�rm\Zggy� ^`ha_nkh�
g�\kvdh�� qZklhlb� �a� kZfhx
kh[hx�� \gZke�^hd� qh]h
\bgbdZ}� kdeZ^h\Z� gZ
gmevh\�c�qZklhl��

[�� gZ� dhglZdl� ^�}� ihe_
^`ha_nkhg�\kvdh�� ]_g_jZp��
ω1=ω>� �� ah\g�rg}� ihe_� a
qZklhlhx� ω2�� <� pvhfm
\biZ^dm�� a]�^gh� ������

ihkl�cgbc�kljmf�\bgbdZ}�ijb

0
2

2
; ,

1

eV m
m k

k
ω= = −∞ ÷ ∞

−=
.  (2.31)

Mfh\Z� ������� hagZqZ}�� sh
ihkl�cgbc� kljmf� \�^f�ggbc� \�^� gmey�
dheb� ^`ha_nkhg�\kvdZ� qZklhlZ� Z[h� ��
]Zjfhg�dZ� ^hj�\gx}� qZklhl�� ω2� Z[h
[m^v�yd�c����]Zjfhg�p���Ijb�af�rm\Zgg�
qZklhl� \� pvhfm� \biZ^dm� \bgbdZ}
kdeZ^h\Z�gZ�gmevh\�c�qZklhl��

GZ� jbk������ ah[jZ`_gZ
\hevlZfi_jgZ� oZjZdl_jbklbdZ� >D�
ydbc�hijhf�gx}lvky�qZklhlhx� ���==p
( 2 / 2eω=  ����fd<���GZ�jbkmgdm�^h[j_
jhaj�agyxlvky� kljb[db� kljmfm
�koh^bgdb���sh�\�^ih\�^Zxlv� N  ��lZ

m ��������� P�� koh^bgdb� \bgbdZxlv
\gZke�^hd� [blly� i_jrh�� ]Zjfhg�db
^`ha_nkhg�\kvdh�� ]_g_jZp��� a� �������
]Zjfhg�dZfb� iZ^Zxqh]h
\bijhf�gx\Zggy� \�^ih\�^gh�� Qbf
[�evrZ� ihlm`g�klv� G<Q�� lbf� [�evrm

d�evd�klv� koh^bghd� fh`gZ� kihkl_j�]Zlb�� lZ� lbf� q�ld�r_� \hgb� \by\eyxlvky�� Ijb
_n_dlb\g�c�^`ha_nkhg�\kvd�c�]_g_jZp���kihkl_j�]Z}lvky�koh^bgdZ��sh�\�^ih\�^Z}�[bllx
^jm]h�� ]Zjfhg�db� ^`ha_nkhg�\kvdh�� qZklhlb� a� i_jrhx� ]Zjfhg�dhx� G<Q
\bijhf�gx\Zggy� �k = -1, m  � ���� GZ� jbk������ \hgZ� \�^kmlgy�� ��� f�kp_agZoh^`_ggy
\�^ih\�^Zeh� [� gZijma��V∼���fd<��GZ� kvh]h^g�� \� ^_ydbo� _dki_jbf_glZo� aZj_}kljh\Zgh
h^ghqZkgh�[�evr_�khlg��koh^bghd��^b\��jbk������\�>�@��

\��^`ha_nkhg�\kvdZ�]_g_jZp�y�\�^kmlgy� �V0 ����gZ�dhglZdl�^�}� l�evdb�h^gZ� af�ggZ
gZijm]Z�V1��qZklhlhx�ω1��AZ�^hihfh]hx��������fZ}fh

 I

 I0

 2∆/e V0 30 60 90

2

4

I, f$

V0, fd<

I
II

III

IV V

I
II

III
IV V

Z� [�
Jbk� ����� <hevlZfi_jg� oZjZdl_jbklbdb �^_Zevgh]h >D �Z�

lZ j_Zevgh]h >D a ]_g_jZlhjhf kljmfm �[� a mjZom\Zggyf
\eZkgh� ^`ha_nkhg�\kvdh� ]_g_jZp�� dhglZdlm� Jbfkvdbfb

pbnjZfb ihagZqZxlvky ghf_jb j_ahgmxqbo fh^�

1 2 3 4

 m

-600 -300 0 300 600 V,fd<

1, ̂ h\�evg� h^�

6
5
4
3
2
1

Jbk� ����� <hevl�Zfi_jg� oZjZdl_jbklbdb
lhqdh\h]h dhglZdlm Nb-Nba ]_g_jZlhjhf kljmfm�

��G<Q \bijhf�gx\Zggy \�^kmlg}� �÷6 -
ihlm`g�klv G<Q \bijhf�gx\Zggy ihklmih\h

i�^\bsm}lvky� m� ihjy^hd koh^bghd�
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1
0 0 0

1

2
s in

eV
jΙ Ι ϕ

ω=
 

=  
 =

(2.32)

NhjfmeZ��������hagZqZ}��sh�i�^�^�}x�af�ggh��gZijm]b�fZdkbfZevgbc�gZ^ijh\�^gbc
kljmf�dj�av�>D��gmevh\Z�koh^bgdZ��af_grm}lvky��Z^`_�j0(x������P_�af_gr_ggy�gmevh\h�
koh^bgdb�qm^h\h�kihkl_j�]Z}lvky�gZ�jbk������

�����IZjZf_ljbqgZ��g^mdlb\g�klv�^`ha_nkhg�\kvdh]h�dhglZdlm

;Z]Zlh� p�dZ\bo� ijbdeZ^�\� \bdhjbklZggy� >D� ih\¶yaZg�� a� �g_jp�cg�klx� kljmfm
>`ha_nkhgZ��ydm�fh`gZ�hibkZlb�_d\�\Ze_glghx�^bn_j_gp�cghx��g^mdlb\g�klx�L>��>ey
\bagZq_ggy�\_ebqbgb�L>�m�y\ghfm�\b]ey^���ihlj�[gh�ijh^bn_j_gp�x\Zlb�������aZ�qZkhf
lZ�^Ze��\bdhjbklZlb�\bjZa������

0 0

2
cos cos

dI d e
I VI

dt dt

ϕϕ ϕ= =
=

. (2.33)

Ydsh�ihj�\gylb��������a�\bjZahf�^ey�_�j�k��kZfh�g^mdp����fZ}fh

> >� >�

0 0

1 1
, .

2 cos cos 2
L L L

eI eIϕ ϕ
= = == =

(2.34)

Ijb�gZijma��gZ�dhglZdl��V≠��j�agbpy�nZa�ϕ ��lZ�jZahf�a�g_x���L>�}�af�ggbfb�m�qZk�
\_ebqbgZfb�Lhfm��>D� my\ey}� kh[hx� iZjZf_ljbqgm� �g^mdlb\g�klv��M� \�^ih\�^ghkl�� ^h
�������p�c��g^mdlb\ghkl��ijblZfZgg��^hkblv�g_a\bqZcg��\eZklb\hkl���Z�kZf_��L>�\�ijhp_k�
fh^meyp��� fh`_� ijbcfZlb�� yd� ^h^Zlg��� lZd� �� \�^¶}fg�� agZq_ggy�� ijb� pvhfm� ]eb[bgZ
fh^meyp���^hj�\gx}�g_kd�gq_gghkl���G_a\bqZcg��\eZklb\hkl�� �g^mdlb\ghkl�� �ijba\h^ylv
^h�lh]h��sh�\�>D�iZjZf_ljbqg��ijhp_kb�]_g_jZp����i�^kbe_ggy�lZ�i_j_l\hj_ggy�qZklhlb
fh`mlv� fZlb� p�em� gbadm� hkh[eb\hkl_c�� Ih�i_jr_�� _n_dlb� i_j_l\hj_ggy� qZklhlb� aZ
^hihfh]hx� >D� �^b\������� fh`mlv� \�^[m\Zlbky� a� i�^kbe_ggyf� kb]gZem�� Ih�^jm]_�� gZ
qZklhlZo�ω��sh�i_j_\bsmxlv�qZklhlm�^`ha_nkhg�\kvdh��]_g_jZp���ω >�fZ}�f�kp_�_n_dl
ZghfZevgh]h� �fi_^Zgkm� Z[h� h^ghqZklhlgh�� iZjZf_ljbqgh�� j_]_g_jZp���� ydbc� ih\g�klx
\�^kmlg�c�m�a\bqZcgbo�iZjZf_ljbqgbo�_e_f_glZo�>�@��P_c�_n_dl�\by\ey}lvky�m�lhfm��sh
gZ�qZklhlZo

ω > < ω < ω >

1/ 4
2 22

0 0

>

4 I
1

2

e R

ω
 

+   =
(2.35)

>D�fZ}�\�^¶}fgbc�hi�j�^ey�fZeh]h�kb]gZem�qZklhlb�ω ��Ijb�pvhfm�^bn_j_gp�cgbc�hi�j
dhglZdlm� R̂ >0�� lZd�sh� _n_dl�g_� a\h^blvky�^h�j_]_g_jZp���� Z� h[mfh\e_gbc� \�^'}fg�klx
�g^mdlb\ghkl��

Ydsh� dhglZdl� i_j_[m\Z}� i�^� ^�}x� ihkl�cgh]h� fZ]g�lgh]h� ihey�� lh� ϕ→ϕ(z�� �
�g^mdlb\g�klv� >D� klZ}� \_ebqbghx� L>(z��� sh� i_j�h^bqgh� af�gx}lvky� m� ijhklhj��� P_
hagZqZ}�fh`eb\�klv�^ey�iZjZf_ljbqgh��\aZ}fh^���o\bev�\�>D�


