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���GZ^ijh\�^g��d\Zglh\���gl_jn_j_gp�cg��ijbkljh���KD<1>b�

�����1gl_jn_j_gp�y�_e_dljhggbo�ihlhd�\

Ydsh�ZgkZf[ev�dh]_j_glgbo�iZj�jmoZ}lvky�ih�aZfdg_ghfm�gZ^ijh\�^ghfm�d�evpx�

lh�nZaZ�o\bevh\h��nmgdp���ijb�h[oh^��gZ\dheh�d�evpy�ih\bggZ�af�gx\Zlbkv�gZ��πn��Py
mfh\Z�}�ZgZeh]�qghx�^h�mfh\b�d\Zglm\Zggy�m�fh^_e��ZlhfZ�;hjZ��A]�^gh��������lZ�������
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<bjZa�m�ijZ\�c�qZklbg��������gZab\Z}lvky��nexdkh�^hf���kZf_�\�g�a]�^gh�a�������d\Z-
glm}lvky� m� gZ^ijh\�^ghfm� d�evp��� � Ydsh� d�evp_� rbjhd_�� lh� dhglmj� �gl_]jm\Zggy� \

�gl_]jZeZo� ������ fh`gZ� \b[jZlb� ^hkblv� ^Ze_dh� \�^� djZx� hl\hjm�� lZd�� sh[�
G
υ = �

�gZ]Z^Z}fh��sh�gZ^ijh\�^gbc� _djZgmxqbc� kljmf� l_q_�\�hkgh\ghfm�^h� ]eb[bgb�λ� � \�^
]jZgbp��gZ^ijh\�^gbdZ���M�pvhfm�\biZ^dm�������fh`gZ�aZibkZlb�m�\b]ey^�
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^_� N�� fZ]g�lgbc� ihl�d� \k_j_^bg�� hl\hjm� gZ^ijh\�^gh]h� d�evpy�� sh� kdeZ^Z}lvky� a

ah\g�rgvh]h�ihlhdm�Ne��lZ�ihlhdm��kl\hj_gh]h�_djZgmxqbf�kljmfhf�1:

N� �Ne-Ld�1�= nN0, (3.3)

^_�Ld���g^mdlb\g�klv�d�evpy�

LZdbf� qbghf�� dh]_j_glg�klv� jmom� gZ^ijh\�^gbo

iZj� m� d�evp�� ijba\h^blv� ^h� d\Zglm\Zggy� fZ]g�lgh]h

ihlhdm� �lhqg�r_� dZ`mqb�� g_� ihlhdm�� Z� ©nexdkh�^Zª

�������m�\gmlj�rg�c�h[eZkl��d�evpy�

Ydsh� gZ^ijh\�^g_� d�evp_� fZ}� ^\Z

^`ha_nkhg�\kvdbo�dhglZdlb��lh�dh]_j_glg�klv�jmom�iZj

amfh\ex}�ihy\m�gh\bo�p�dZ\bo�y\bs��>ey�hibkm�lZdbo

y\bs� jha]eyg_fh� ^\Z� \\�fdg_g�� iZjZe_evgh� �^_glbqg�

^`ha_nkhg�\kvdbo�i_j_oh^b��^b\��jbk�������A�lhqdb�Z�m

lhqdm�[�kljmf�fh`_�l_dlb�^\hfZ�reyoZfb�γ1�lZ�γ2��NZaZ

_e_dljhggh��nmgdp���m�lhqp��Z - ϕZ ��m�lhqp��[ - ϕ [��J�agbpy
nZa��g_aZe_`gh�\�^�reyom� �gl_]jm\Zggy��^hj�\gx}��a]�-
^gh�a�������:
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Dhglmjgbc� �gl_]jZe� \� ������ ^Z}� \`_� g_� djZlgbc� N0� fZ]g�lgbc� ihl�d� N� (3.6)
\k_j_^bg�� d�evpy�� kl\hj_gh]h� ^\hfZ� iZjZe_evgh� \\�fdg_gbfb� ^`ha_nkhg�\kvdbfb

i_j_oh^Zfb��Lh^��ih\gbc�kljmf�q_j_a�d�evp_�a�^\hfZ�>D�fh`gZ�aZibkZlb�\�kbf_ljbq-
ghfm�\biZ^dm�n=0:
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FZdkbfZevgbc�kljmf�q_j_a�^\Z�>D�\�^ih\�^Z}�fZdkbfmfm�\bjZam��������Ydsh�N�g_
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<bjZa� ������ k\�^qblv� ijh� l_�� sh� m� kbkl_f�� a� ^\ho� iZjZe_evgh� \\�fdg_gbo� >D�

\gZke�^hd��gl_jn_j_gp���_e_dljhggbo�ihlhd�\��fZdkbfZevgbc�kljmf�fZ}�iZ^Zlb�^h�gmey�

lh[lh� fh`_� fh^mex\Zlbky� aZ� ^hihfh]hx� ah\g�rgvh]h� fZ]g�lgh]h� ihey� a� ]eb[bghx

fh^meyp��� ������A�mjZom\Zggyf�hljbfZgh��jZg�r_� aZe_`ghkl�� ��������sh�hibkm}�\ieb\

fZ]g�lgh]h�ihey�gZ�fZdkbfZevgbc�kljmf�q_j_a�dhglZdl��fZ}fh�d�gp_\bc�\bjZa�
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Ajh[e_g_ �jZg�r_� ijbims_ggy� ijh� g_aZe_`g�klv� N�\�^�1�a]�^gh�������kijZ\_^eb\_

ijb�Ld<<N0/10��Ydsh�py�mfh\Z�g_�\bdhgm}lvky��lh�agZq_ggy�fZdkbfZevgh]h�kljmfm�1max

fh`_� [mlb� agZc^_g_� a� ������ qbk_evgbfb�f_lh^Zfb��<Z`eb\bf� gZke�^dhf� g_gmevh\h]h

agZq_ggy� �g^mdlb\ghkl�� d�evpy� a� ^\hfZ� >D� }� af_gr_ggy� ]eb[bgb� fh^meyp��� 1max ijb

af�g�� ah\g�rgvh]h� ihkl�cgh]h� fZ]g�lgh]h� ihey�� JhajZomgdb� ihdZamxlv��sh� ijb� Ld ∼
N0/210�]eb[bgZ�fh^meyp���fZdkbfZevgh]h�kljmfm�∼ 50%��lh[lh�1max�af�gx}lvky�a��10 ^h
10. Iheh`_ggy�f�g�fmf�\�fZdkbfZevgh]h�kljmfm��a]�^gh�a�������\bagZqZ}lvky�a�mfh\�
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N>D
(n)  = nN0, (3.11)

^_� n ������� �� <_ebqbgZ� ihkl�cgh]h� fZ]g�lgh]h� kljmfm�� sh� \�^ih\�^Z}� N>D
(1)
� e_`blv

a\bqZcgh�m� �f_`Zo� �^b\��jbk����������÷����?�� �I_jrbc� �f�g�fmf�fZdkbfZevgh]h�kljmfm

q_j_a� �gl_jn_j_gp�x� ihlhd�\� fZ}� f�kp_� ijb� agZqgh� f_grbo� iheyo�� hkd�evdb� iehsZ
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dhglZdlm��d+2λ)l�kmll}\h�f_grZ�Sd��iehs��\gmlj�rgvh]h�hl\hjm�d�evpy��sh�f�klblv�>D�

Ydsh�Sd� ��kf
2
��sh�p�edhf�j_Zevgh��lh�1�max�ijhoh^blv�q_j_a�f�g�fmf�ijb� ah\g�rgvhfm

fZ]g�lghfm�ihe��j�\ghfm���
-7
�_jkl_^Z��Lbih\Z�aZe_`g�klv�fZdkbfZevgh]h�kljmfm�1max \�^

\_ebqbgb�ah\g�rgvh]h�fZ]g�lgh]h�ihlhdm�lZ�\hevlZfi_jgZ�oZjZdl_jbklbdZ�ijb�j�agbo

fZ]g�lgbo�ihlhdZo�^ey�d�evpy�a�^\hfZ�>D�ah[jZ`_gZ�gZ�jbk�����

Ydsh� m� gZ^ijh\�^ghfm� d�evp�� }� g_� ^\Z�� yd� gZ� jbk� ����� Z� l�evdb� h^bg

^`ha_nkhg�\kvdbc�i_j_o�^��lh^��a�������ijb�ϕ1� ��fZ}fh�gZklmigbc�\bjZa�^ey�j�agbp��nZa

gZ�dhglZdl��m�aZe_`ghkl��\�^�\_ebqbgb�fZ]g�lgh]h�ihlhdm
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Jha]eyg_fh� kihqZldm� aZe_`g�klv� fZ]g�lgh]h� ihlhdm� \k_j_^bg�� kmp�evgh]h

gZ^ijh\�^gh]h�d�evpy�N�\�^�ah\g�rgvh]h�ihlhdm�N_��<k_j_^bg��lZdh]h�d�evpy�N�aZ\`^b

d\Zglh\Zg_��^b\�������
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�
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(3.13)

Fh`eb\��aZe_`ghkl��Φ(Φe) lZ�I(Φe) ^ey�pvh]h�\biZ^dm�ah[jZ`_g��gZ�jbk�������Z���1a
pvh]h�jbkmgdZ�\b^gh��sh�d\Zglm\Zggy�m�^Zgghfm�\biZ^dm�fh`eb\_�ebr_�ijb�mfh\���sh

d�evp_�ijhimkdZ}�kljmf�I = Φ0/Ld; \�aZ]Zevghfm�\biZ^dm�d\Zglm\Zggy�fh`eb\_�ijb�iZ-
jZf_ljZo�d�evpy�LdImax ≥ Φ0/2���Lml�Imax���fZdkbfZevgbc�kljmf�q_j_a�d�evp_��ijb�gZy\ghk-
l��\��gvhfm��^`ha_nkhg�\kvdbo��dhglZdl�\�Imax= I0��M�d�evp��a�>D�mfh\b�d\Zglm\Zggy�fh-
`mlv�ihjmrm\Zlbky��lhfm�sh�q_j_a�fZebc�kljmf� I0�lml�p�edhf�fh`eb\Z�kblmZp�y��dheb

I0< Φ0/2Ld ��>ey�ihykg_ggy�pvh]h�l\_j`_ggy�gZ�jbk�������[��jha]eygmlZ�aZe_`g�klv�Φ(Φe)
^ey�dhgdj_lgh]h�\biZ^dm�I0Ld = Φ0/4.

>h�Φe< Φ0/4 d�evp_�agZoh^blvky�m�d\Zglh\hfm�klZg��a�n=0��_djZgmxqbc�kljmf��a]�-
^gh���������I = Φe/Ld��Ijb�I > I0, �lh[lh�ijb� Φe>Φ0/4��\bdhgZggy�mfh\��������}�g_fh`eb-
\bf��sh�ijb\h^blv�^h�lh]h��sh�gZ^ijh\�^g�klv� agbdZ}� ��Φ0=Φe��>Ze���ijb�Φe=Φ0-Φ0/4
d\Zglm\Zggy�agh\�klZ}�fh`eb\bf��Ze_�\`_�ijb�n=1��lhfm�sh�gZ^ijh\�^gbc�kljmf�fh`_

kl\hjblb�m�d�e�vp��ihl�d LdI0=N����m�gZijyfdm�ah\g�rgvh]h�ihlhdm���kmfZjgbc�ihl�d�N

Z� [� \�

Jbk� ���� <hevlZfi_jgZ oZjZdl_jbklbdZ d�evpy a ^\hfZ >D �Z� lZ aZe_`g�klv fZdkbfZevgh]h

kljmfm dj�av p_ d�evp_ \�^ ah\g�rgvh]h fZ]g�lgh]h ihlhdm� sh ijhgbam} \gmlj�rg�c hl\�j

d�evpy �[�� ko_fZ \dexq_ggy d�evpy �\��
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m�d�evp�� kdeZ^Zlbf_� N ??(e+(0/4=(0.� �Ijb�ih^Zevrhfm� a[�evr_gg�??(H� kblmZp�y�ih\lh-
jx}lvky��kihqZldm�gZ^ijh\�^g�klv�jmcgm}lvky� �ijb??(e =??(0+(0/����ihl�f�agh\m�\�^gh\-
ex}lvky��ijb??(e = Φ0-Φ0/4���Ze_�\`_�ijb�n=2  ���l��^�

Ydsh� 10!N0/2Ld�� lh� d\Zglm\Zggy� �� gZ^ijh\�^g�klv� \� d�evp�� a� h^gbf�>D�fh`eb\�

aZ\`^b��Ze_�\bgbdZ}�gh\Z�p�dZ\Z�kblmZp�y���]�kl_j_abk�fZ]g�lgh]h�ihlhdm��>ey�ijbdeZ^m

gZ�jbk�������\��ihdZaZgbc�\biZ^hd� I0= 
4

3 Φ0Ld��Ijbqbghx�\bgbdg_ggy�]�kl_j_abkm�}� �lZ

h[klZ\bgZ��sh�\� aZe_`ghkl��\�^�gZijyfdm�kljmfm� I�d�evp_�ijb�lhfm�`�kZfhfm� ah\g�r-
gvhfm�ihlhp��Φe�fh`_� agZoh^blbky� m� j�agbo� d\Zglh\bo� klZgZo��GZijbdeZ^�� ijb�Φe =
Φ0/2� ��kljmf�� I�lZdhfm�� �sh� �LdI = Φ0/2�� �d�evp_�agZoh^blvky� �m�klZg��a� �n = ���Z� �ydsh

kljmf��lZdbc���sh�LdI = -Φ0/2��lh�d�evp_�fZ}�d\Zglh\bc�klZg�n=1.
GZr� � jha]ey^� � [m\� � kmlh� yd�kgbf� �� � g_� \jZoh\m\Z\� \ieb\� g_e�g�cghkl�� kZfh]h

dhglZdlm���\ieb\�fZ]g�lgh]h�ihey�gZ�fZdkbfZevgbc�kljmf�q_j_a�dhglZdl��Ydsh�p_�\jZ-
om\Zlb�� lh� i_j_o�^� \�^� [_a]�kl_j_abkgh]h� � j_`bfZ� ^h� ]�kl_j_abkgh]h� [m^_� \�^[m\Zlbky

ijb�I0Ld > N0/2π, Z�aZe_`ghkl��N�N_���^ey�d�evpy�a�>D�[m^mlv��ieZ\gbfb���yd�p_�ihdZaZgh

imgdlbjhf�gZ�jbk������\��

[�

          Z�

��������������������\�

Jbk�������AZe_`g�klv�fZ]g�lgh]h�ihlhdm�\k_j_^bg��kmp�evgh]h�gZ^ijh\�^gh]h�d�evpy��Z��

gZ^ijh\�^gh]h�d�evpy�a��keZ[dbf�a\¶yadhf�ijb�fZdkbfZevghfm�kljmf��10 N0/4Ld��[��

10 �N0/4Ld��\�� �Imgdlbjhf�gZ������\��ah[jZ`_gZ�aZe_`g�klv�N�N_��^ey�j_Zevgh]h

^`ha_nkhg�\kvdh]h�i_j_oh^m�

Φ
Φ

�

Φe/Φ0

n=1

n=2

1

0
1

,
/
d

�

�
�

�
=

Φ

Φ
Φ

�

Φe/Φ0

1

0

n=1

n=2

1

,
/
d

�

�

�
=

Φ

Φe/Φ0

Φ
Φ

�

n=0

n=1

n=2

,/
d

Φ
�

1

0

1

2

1 2

2

2

2



23

�����KD<1>
*/  ihkl�cgh]h�kljmfm

AZe_`g�klv�fZdkbfZevgh]h�kljmfm�m�d�evp��a�>D�\�^�\_ebqbgb�fZ]g�lgh]h�ihlhdm

[meZ� hkgh\hx� kl\hj_ggy� p�eh�� gbadb� \bf�jx\Zq�\� fZ]g�lgh]h� ihlhdm� ±� nemdkf_lj�\�

Nemdkf_lj� a� ^\hodhglZdlgbf� �gl_jn_jhf_ljhf� gZab\Z}lvky� a\bqZcgh� KD<1>hf

ihkl�cgh]h� kljmfm�� a� h^ghdhglZdlgbf� ±� \bkhdhqZklhlgbf� KD<1>hf�� Jha]eyg_fh

ijbgpbi�^���KD<1>m�ihkl�cgh]h�kljmfm��G_oZc�d�evp_�a�^\hfZ�>D�\\�fdg_g_�m�eZgpx]�a

]_g_jZlhjhf� kljmfm� 1]� �^b\�� jbk������� Ydsh� 1]>210�� lh� gZ� d�evp�� \bgbdZ}� j�agbpy

ihl_gp�Ze�\��ydZ�^hj�\gx}�Vmin�ijb�N_=(n���N0�lZ�Vmax�ijb�N_=(n�����N0��Ydsh�∆Imax∼
N0/2Ld��lh�Zfie�lm^Z�fh^meyp���gZijm]b�gZ�i_j_oh^�

∆V = Vmax-Vmin ≈ ∆ ImaxR0  ≈�N0 R0 / 2Ld . (3.13)

>ey�lbih\h]h�KD<1>m��R0 �Hf��Ld=10-9
=g��∆V∼��fd<��fZdkbfZevg_�agZq_ggy��sh

^hky]gmlh� ∼� ����f<��>bn_j_gp�cgZ� qmleb\�klv�KD<1>m� ∂V/∂Ne� fh`_� [mlb� ijb[ebagh

\bagZq_gZ�� ydsh� Zijhdkbfm\Zlb� hkpbeyp��� fZdkbfZevgh]h� kljmfm� gZ� jbk����

ibedhih^�[ghx�djb\hx

∂
∂

9
5 /

dΦ
H

≅ ±
�
� (3.14)

A\bqZcgh� ^bn_j_gp�cgZ� qmleb\�klv� KD<1>m� aZ� ihjy^dhf� \_ebqbgb� kdeZ^Z}

102
<��=k�kf

2
��� fZdkbfZevg_� ^hky]gml_� agZq_ggy� � �� �⋅103

<��=k�kf
2
��� GZ\_^_g�� \bs_

qbkeh\�� hp�gdb� k\�^qZlv� ijh� \_ebd�� fh`eb\hkl�� nemdkf_lj�\� gZ� hkgh\�� KD<1>�\�

AZklhkm\Zggy��o�jZahf�a�fZehrmfeyqbfb�i�^kbex\Zevgbfb�ko_fZfb�^ha\hey}�kl\hjblb

gbadm� _e_dljhggbo�ijbkljh�\� a�gZ^a\bqZcgh� \bkhdhx� qmleb\�klx��Lbih\Z� [ehd�ko_fZ

KD<1>m�ihkl�cgh]h�kljmfm�a��a\hjhlg�f�a\
yadhf�ah[jZ`_gZ�gZ�jbk�����[8, klhj����].
AZ�^hihfh]hx�[ZlZj_�

?�lZ�ihl_gp�hf_ljZ�R�dj�av
dhlmrdm� a[m^`_ggy

ijhimkdZ}lvky� kljmf�� sh

kl\hjx}� m� d�evp�� KD<1>m

fZ]g�lgbc� ihl�d� af�s_ggy

Naf��ydbc�^hj�\gx}�∼N0/2 –
lZdbf� qbghf� \b[bjZ}lvky

jh[hqZ�lhqdZ�nemdkf_ljZ��A

jbk����� �[�� \b^gh�� sh� ijb

lZdhfm� \b[hj�� jh[hqh�

lhqdb� kb]gZe�  \�^� � ]_g_jZ�
lhjZ� qZklhlb� ff = ��� d=p
ihiZ^Z}� gZ� dhlmrdm

a[m^`_ggy � lZ � ih^�

\hx}lvky�  aZ� qZklhlhx � gZ
\boh^�� �gl_jn_jhf_ljZ��\�j_amevlZl��qh]h�gZ�\boh^��kbgojhggh]h�^_l_dlhjm�    ��    \k�}�
ko_fb� kb]gZe� ^hj�\gx}�gmex��QZklhlZ��fh^meyp���ff ih\bggZ��i_j_\bsm\Zlb��]jZgbqgm

qZklhlm� � �/f  rmf�\�� � a\bqZcgh� ff�  ��� �� ���� � d=p�� Zfie�lm^Z� fh^meyp��� ∼�N0����Ijb

gZdeZ^Zgg�� gZ� d�evp_�KD<1>m� ah\g�rgvh]h� ihlhdm�N_≠�� jh[hqZ� lhqdZ� af�sm}lvky� \�^

N0��� lZ�i_j_oh^blv�gZ�g_kbf_ljbqgm�^�eygdm� aZe_`ghkl��fZdkbfZevgh]h� kljmfm� dj�av

                                     
*/ Superconducting QU antum Interference Device (Zg]��

Jbk� ���� ;ehd�ko_fZ KD<1>m ihkl�cgh]h kljmfm.

Kbgoj�

^_l_dlhj

10 d=p

<bo�^
=_g_jZlhj

10 d=p

E R

IIK

DhlmrdZ

a[m^`_ggy

I ]
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�gl_jn_jhf_lj� \�^� fZ]g�lgh]h

ihlhdm�� M� j_amevlZl�� � pvh]h� � gZ

\boh^�� kbgojhggh]h� ^_l_dlhjZ

a
y\ey}lvky� i_jrZ� ]Zjfhg�dZ

]_g_jZlhjZ����d=p��ydm�kbgojhg�gbc

^_l_dlhj�ijhimkdZ}���gZ�\boh^��\k�}�

ko_fb� \bgbdZ}� \�^f�ggbc� \�^� gmey

\bo�^gbc� kb]gZe�� P_c� kb]gZe� aZ

^hihfh]hx� ]eb[hdh]h \�^
}f�gh]h

a\hjhlgvh]h� a\
yadm� kl\hjx}� m

dhlmrp�� a[m^`_ggy� dhfi_gkmxqbc

ihl�d�Nd��lZdbc��sh

Naf�N_���Nd) ≈ N0/2.   (3.15)

LZdbf�qbghf��KD<1>�a��a\hjhlg�f�a\
yadhf�nZdlbqgh�}�gmev�^_l_dlhjhf��QZklhlgZ

oZjZdl_jbklbdZ�lZdh]h�ijbkljhx�\bagZqZ}lvky�ihkl�cghx�qZkm�a\hjhlgvh]h�a\
yadm��>ey

[�evrhkl��aZklhkm\Zgv�px�ihkl�cgm�\b[bjZxlv��∼��k_d�
Fh`eb\_� aZklhkm\Zggy� KD<1>�\� �� m� ydhkl�� pbnjh\bo� ^Zlqbd�\� af�g� fZ]g�lgh]h

ihey�� Ijb� pvhfm� i�^jZoh\m}lvky� qbkeh� hkpbeyp�c� fZdkbfZevgh]h� kljmfm� q_j_a

�gl_jn_jhf_lj� a�fhf_glm�ihqZldm� af�gb�ihey�� AZ]ZevgZ� af�gZ�ihey�i�^jZoh\m}lvky�gZ

hkgh\�� lh]h��sh�i_j�h^�hkpbeyp�c�\�^ih\�^Z}� af�g��fZ]g�lgh]h�ihey�q_j_a�KD<1>�gZ� �

nexdkhg� �^b\�� jbk�� ���� �[���� R\b^d�klv� i�^jZomgd�\� ^hky]Z}� ��
4
� d\Zgl�\� ihlhdm� gZ

k_dmg^m�

Ah\g�rg�c�\b]ey^��gl_jn_jhf_lj�\�ihkl�cgh]h�kljmfm�ah[jZ`_gbc�gZ�jbk�������>ey

mkmg_ggy�]�kl_j_abkm��>D�\�KD<1>���fh`mlv�rmglm\Zlbky�ah\g�rg�fb�hihjZfb�

�����<bkhdhqZklhlgbc�KD<1>

M�\bkhdhqZklhlghfm�KD<1>��\bdhjbklh\m}lvky��gl_jn_jhf_lj�a�h^gbf�>D��<bs_

[meh� ihdZaZgh�� sh� ijb� af�g�� fZ]g�lgh]h� ihlhdm� af�gxxlvky� \gmlj�rg�� \eZklb\hkl�

pvh]h� �gl_jn_jhf_ljZ� �j�agbpy� nZa� gZ� >D� ��� yd� gZke�^hd�� ch]h� �g^mdlb\g�klv� L>�

d\Zglh\bc� klZg�� �� ^ey� j_Ze�aZp��� nemdkf_ljZ� gZ� ch]h� hkgh\�� g_h[o�^gh� jhajh[blb

ijbkljh���sh�j_Z]mxlv�gZ�af�gm�\eZklb\hkl_c�d�evpy�a�h^gbf�>D��Ijbgpbi�^���h^gh]h�a

lZdbo� ijbkljh�\� fh`gZ� a
ykm\Zlb� aZ� ^hihfh]hx

jbk���6�� ^_� ah[jZ`_gZ� ijbgpbih\Z� ko_fZ� ^ZlqbdZ
\bkhdhqZklhlgh]h� KD<1>m�� D�evp_� a� >D

�g^mdlb\gh� �dh_n�p�}gl� \aZ}fh�g^mdp��� F)
ih\
yaZg_� a� dhglmjhf� ijhf�`gh�� qZklhlb� ωn

�a\bqZcgh� ωn/2π ∼��� F=p��� ydbc� j_ahgZgkgh

a[m^`m}lvky� kljmfhf� 1] \�^� ah\g�rgvh]h

]_g_jZlhjZ��Kljmf� dhglmjm� 1n=1]Q (Q�^h[jhlg�klv
dhglmjm�� kl\hjx}� \k_j_^bg�� d�evpy� fZ]g�lgbc

ihl�d�F1n =F1]Q��sh� af�gx}lvky� a� qZklhlhx� ωn.
P_c� ihl�d� fh`gZ� \\Z`Zlb� d\Za�klZp�hgZjgbf�

hkd�evdb�qZk�i_j_o�^gbo�ijhp_k�\�m�d�evp��Ld/R0<<1/ωn gZ\�lv�^ey�ijhf�`gbo�qZklhl��sh

e_`Zlv�m�G<Q�h[eDkl���Ydsh�LdI0>N0����lh�ijb�af�g��ah\g�rgvh]h�ihlhdm�\�d�evp��F1n�m

\�^ih\�^ghkl�� a� jbk����� �\�� [m^_� kihkl_j�]Zlbky� ]�kl_j_abk� \_ebqbgb� \gmlj�rgvh]h

ihlhdm�N��q_j_a�ydbc�j_`bf�jh[hlb�KD<1>m��sh�[m^_�jha]ey^Zlbkv�^Ze���gZab\Z}lvky

Z� [�

Jbk� ���� 1gl_jn_jhf_ljb ^ey KD<1>m
ihkl�cgh]h kljmfm� Z� lhqdh\bc� [� lhjp_\bc

f�kldh\bc gZ <LGI.

Jbk� ���� Ijbgpbih\Z ko_fZ ^ZlqbdZ
\bkhdhqZklhlgh]h KD<1>m

GZ^ijh\�^gbd
1aheylhj

�\bgl

<LGI

<LGI
F�kldb

Rn

>D   F
 R0, Ld

I0 VnCn
Ln

In

I
]
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�]�kl_j_abkgbf�� j_`bfhf
*/
�� AZe_`g�klv

gZijm]b� gZ� dhglmj�� ijhf�`gh�� qZklhlb� Vn� \�^

kljmfm� ]_g_jZlhjZ� 1]� ah[jZ`_gZ�gZ�jbk������>h

lh]h�qZkm��ihdb� _I]_�lZ�kljmf�m�d�evp��1 F1]Q/Ld

fZe�� �_1|<10��� �gl_jn_jhf_lj� agZoh^blvky� m

hkgh\ghfm� klZg�� n �� �� gZijm]Z� gZ� dhglmj�� Vn

e�g�cgh� ajhklZ}� a� jhklhf� _I]_�� ^hky]Zxqb� ijb
|I]|=Ld10/F4� � agZq_ggy� Vn'=ωnLnIn=ωnLnQ|I]|
=ωnLdLnI0/M.� Ijb� _1]|>Ld10/F4� d�evp_� ih\bggh
i_j�h^bqgh�i_j_oh^blb�a��klZgm��a�n ��m�klZg�a
n=±��� ijhoh^yqb� ijb� pvhfm� ^\�� i_le�

]�kl_j_abkm� �^b\�jbk����� �\��� lZ� \ljZqZxqb

^_ydm�_g_j]�x�∆?��<bgbdg_ggy�\ljZl�m�d�evp��a
>D� j�adh� af_grm}� ^h[jhlg�klv� dhglmjm�

\gZke�^hd� qh]h� Zfie�lm^Z� Vn� ijZdlbqgh� g_

a[�evrm}lvky�ijb� _I]|>LdI0/MQ��a^�ckgxxqb�ebr_�fZe��j_eZdkZp�cg��dheb\Zggy�ih[ebam

agZq_ggy� Vn
�� Fh`gZ� \\Z`Zlb�� sh� ijb� _I]|>LdI0/MQ� Zfie�lm^Z� dheb\Zgv� dhglmjm
\boh^blv�gZ�ieZlh�Vn≅Vn
��Ih^Zevr_� ajhklZggy�Vn�ijb� ajhklZgg�� 1]�ihqbgZ}lvky�ebr_

lh^��� dheb� ]_g_jZlhj� afh`_� dhfi_gkm\Zlb� aZljZlb� gZ� ijhoh^`_ggy� ��ho� i_l_ev

]�kl_j_abkm� ∆?�� Ijb� _I]|≥LdI0/MQ�N0/MQ� �gl_jn_jhf_lj� [m^_� ijhoh^blb� \`_� qhlbjb
i_le��]�kl_j_abkm���m�j_amevlZl��qh]h�agh\m�\bgbdZ}�ieZlh���l�^���^b\��jbk������

Jha]eygmlZ�dZjlbgZ�\�^ih\�^Z}�\biZ^dm�N_=0��^_�N_� ��ihkl�cgbc�ah\g�rg�c�ihl�d�

Z[h�ZgZeh]�qgh]h�a�gbf�\biZ^dm��^b\��jbk������\�)�N_=nN0��Ydsh�`�N_≠nN0��lh�kblmZp�y

af�gx}lvky�� sh�� f�`� �grbf�� \bjZ`Z}lvky� m� af_gr_gg�� gZijm]b� gZ� dhglmj�� Vn�� sh

\�^ih\�^Z}� i_jrhfm� ieZlh�� Jha]eyg_fh� jbk����� �\� �� ihdeZ^_fh� ^ey� \bagZq_ghkl�
Ne N0���� <b^gh��sh� l_i_j� d�evp_� a� >D� ijhoh^blv� h^gm� i_lex� ]�kl_j_abkm� \`_� ijb

ah\g�rgvhfm� ihlhp�� F1n = LdI0�N0���� lh[lh� i_jr_� ieZlh� l_i_j� \bgbdZ}� ijb

Vn''=ωnLdLn(I0�N0/2Ld)/M<Vn
� �^b\�� imgdlbj� gZ� jbk.� ������ M� aZ]Zevghfm� \biZ^dm

aZe_`g�klv� gZijm]b� i_jrh]h� ieZlh� \�^� ah\g�rgvh]h� ihlhdm� fZ}� ljbdmlgm� nhjfm� a

fZdkbfmfZfb�ijb�N_=nN0���f�g�fmfZfb�ijb�N_=(n�����N0��=eb[bgZ�fh^meyp���gZijm]b

gZ�dhglmj��ijb�af�g��fZ]g�lgh]h�ihlhdm�m�KD<1>��\�^���^h�N0���^hj�\gx}�

0 0

2 2
n n n n

n n
d

L L
V V V

M K L

ω ωΦ Φ′ ″∆ = − = = , (3.16)

^_� K�� dh_n�p�}gl� a\
yadm�� K=F/(LdLn)
1/2�� >bn_j_gp�cgZ� qmleb\�klv� \bkhdhqZklhlgh]h

KD<1>m�a]�^gh��������^hj�\gx}

∂
∂

ω
ω9

/ 0
.

/

/

Q

Q Q

Q Q

d
Φ

H

= ± =� � (3.17)

A� ������� lZ� ������� \b^gh��sh� oZjZdl_jbklbdb� KD<1>m� ihdjZsmxlvky� ijb� K→0.
H^gZd� m� j_Zevghfm� \biZ^dm� �kgm}� hilbfZevgZ� \_ebqbgZ� a\
yadm�� sh� [ebavdZ� ^h

djblbqgh��� K2≅1/Q�� KijZ\Z� \� lhfm�� sh� ijb� af_gr_gg�� K� af_grmxlvky� \ljZlb�� sh

\ghkblv� �gl_jn_jhf_lj� m� dhglmj� ijhf�`gh�� qZklhlb�� Z� jZahf� a� gbfb� af_grmxlvky

^�eygdb�Z[�lZ�\]�gZ�jbk������hkd�evdb� �o�^h\`bgZ�\�^ih\�^Z}�\_ebqbg��ijbjhklm�kljmfm

                                     
*/ ";_a]�kl_j_abkgbc� j_`bf a mjZom\Zggyf �g^mdlb\ghkl� >D \�^[m\Z}lvky ijb mfh\� L

d
10�N0/2π.

Jbk� ���� AZe_`g�klv Zfie�lm^b gZijm]b gZ

dhglmj� ijhf�`gh� qZklhlb \�^ kljmfm

a[m^`_ggy 1
]
.

Φ Φ
H

= +



Q

�

�
�

Φ Φ
H

= Q
�

LdI0/MQ I]

Vn

Vn
'

Vn
''

Z [

\ ]
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]_g_jZlhjZ��sh�dhfi_gkm}�\ljZlb�gZ�i_le��]�kl_j_abkm��Ijb�^hklZlgvh�fZehfm�K�lhqdZ�]
[m^_�e�\�r_�lhqdb�Z���]eb[bgZ�fh^meyp���∆V�ihqg_�af_grm\Zlbkv�

A[�evr_ggy� ijhf�`gh�� qZklhlb� ωn� a]�^gh� ������� lZ� ������� lZdh`� kijbyleb\h

ihagZqZ}lvky� gZ� \eZklb\hklyo� \bkhdhqZklhlgh]h� KD<1>m�� H^gZd� gZc\bs_� agZq_ggy

qZklhlb� \bagZqZ}lvky�� hq_\b^gh�� ihkl�cghx� qZkm� �gl_jn_jhf_ljZ�� ωn ≤ R0/Ld�� GZ

kvh]h^g�� �kgmxlv� nemdkf_ljb� a� ijhf�`ghx� qZklhlhx�� sh� e_`blv� m

ljvhokZglbf_ljh\hfm�^�ZiZahg��^h\`bg�o\bev�

A� mjZom\Zggyf� kdZaZgh]h� \bs_�� ]jZgbqg�� oZjZdl_jbklbdb� \bkhdhqZklhlgh]h

KD<1>m�fZxlv�\b]ey^�

∆
Φ

9
5

/

/

/
4

d

Q

d

PD[
�≅







� �

�

�
�

�

�
(3.18)

∂
∂
9 5

/

/

/
4

Q

d

Q

d
Φ

H







 ≅







�

�

�
�

� � (3.19)

<_ebqbgb����������������m��LnQ /Ld)
1/2
�jZa�i_j_\bsmxlv�\�^ih\�^g��agZq_ggy��������

(3.14)  ̂ ey��KD<1>m��ihkl�cgh]h�kljmfm�� >ey� lbih\h]h �KD<1>m�Ld ∼10-9
�=g���Ln ∼10-7

�=g�

ω/2π = ���F=p��K ∼ 0,2 , Q ∼100.�P_�ijb\h^blv�^h�]eb[bgb�fh^meyp���∆V ≅ ������fd<�ijb
^bn_j_gp�cg�c� qmleb\hkl�� ihjy^dm� ^_d�evdho� khl_gv� \hevl� gZ� ihl�d� \� �=k�kf

2,
fZdkbfZevg_�^hky]gml_�agZq_ggy��∆V ����fd<�ijb�ω/2π = ���==p.

Lbih\Z� ko_fZ� \bkhdhqZklhlgh]h� KD<1>m�� yd� �� m� \biZ^dm� KD<1>m� ihkl�cgh]h

kljmfm�� ij_^klZ\ey}� kh[hx� gmev�^_l_dlhj� a� ]eb[hdbf� \�^
}fgbf� a\hjhlg�f� a\
yadhf

�^b\��jbk������

<�^f�gg�klv� ko_f� gZ

jbk������lZ�����ihey]Z}�ebr_

m� lhfm�� sh� \� i_jrhfm

\biZ^dm� GQ�� ]_g_jZlhj

fh^mex}� ihkl�cgbc� kljmf�

sh� ijhl�dZ}� m

�gl_jn_jhf_lj���m�^jm]hfm�`

\biZ^dm� \�g� fh^mex}

gZijm]m� ijhf�`gh�� qZklhlb�

sh�ihklmiZ}�gZ�d�evp_�a�>D

\�^� \bkhdhqZklhlgh]h

]_g_jZlhjZ�� GZijm]Z� <Q

]_g_jZlhjZ� \b[bjZ}lvky

lZdhx�� sh[� i�d� kljmfm� 1]
\�^ih\�^Z\�ijb[ebagh�k_j_^bg��i_jrh]h�ieZlh��jh[hqZ�lhqdZ�aZ�^hihfh]hx�[ZlZj_��?af,
yd���jZg�r_��\�^ih\�^Z}�ihlhdm�af�s_ggy�Naf=nN0/2.

Dhgkljmdp��� �gl_jn_jhf_lj�\� ^ey� \bkhdhqZklhlgbo� KD<1>�\� ah[jZ`_g�� gZ

jbk������ DhlmrdZ� dhglmjm� ijhf�`gh�� qZklhlb� jhaf�sm}lvky� [_aihk_j_^gvh� m� hl\hj�

gZ^ijh\�^gh]h� d�evpy� (jbk����� �Z�[��� Z[h� gZfhlm}lvky� gZ� ljm[dm� m� [_aihk_j_^g�c
[ebavdhkl��\�^�gZ^ijh\�^gh��ie�\db (jbk������\��.�<�G<Q�\Zj�Zgl��KD<1>m���jbk������]��
^\Z�ihke�^h\gh�a’}^gZgbo�>D�\\�fdg_g��[_aihk_j_^gvh�\�j_ahgZgkgbc�dhglmj��H[b^\Z
p��dhglZdlb�ml\hj_g��^�eygdZfb�<LGI�ie�\db��kljmdlmjZ�ydbo�kihl\hj_gZ�ijb�i_j_lb-
g��ih]eb[e_gv�m�i�^deZ^p��

Jbk� ���� <bkhdhqZklhlgbc KD<1> a� a\hjhlg�f a\¶yadhf.

GQ

]_g_jZlhj

<Q

]_g_jZlhj
Kbgoj�

^_l�
I<Q IIK <bo�^

>j� <Q
GQ

^_l_dl�

Eaf
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Fb�^_lZevgh�h[]h\hjbeb�jh[hlm�<Q�KD<1>m�m�]�kl_j_abkghfm�j_`bf���lh[lh�ijb

mfh\��LdI0>N0/2π��M�ijhlbe_`ghfm�\biZ^dm�[_a]�kl_j_abkgh]h�j_`bfm��LdI0�N0/2π��d�-
evp_�KD<1>m�my\ey}�kh[hx�iZjZf_ljbqgm��g^mdlb\g�klv���sh�hkpbex}���a�af�ghx�ah\-
g�rgvh]h�<Q�ihlhdm��Af�gZ��g^mdlb\ghkl��j_}kljm}lvky�ih�af�g��qZklhlb�dhglmjm�ijh-
f�`gh��qZklhlb��P_c�j_`bf��\�ijbgpbi���fZ}�[�evrm�qmleb\�klv��h^gZd�\�g�j�^dh�\bdh-
jbklh\m}lvky�m�ijbkljhyo�gZ�ijZdlbp��q_j_a�`hjkld��h[f_`_ggy�gZ�iZjZf_ljb�KD<1-
>m��klZ[�evg�klv�Zfie�lm^b���qZklhlb�kb]gZem�<Q�]_g_jZlhjZ�

�����Rmfh\��\eZklb\hkl��KD<1>�\

=jZgbqg��oZjZdl_jbklbdb�KD<1>�\�h[f_`mxlvky�rmfZfb��yd�\gmlj�rgvh]h��lZd� �

ah\g�rgvh]h�ihoh^`_ggy��<Z`eb\�klv�\jZom\Zggy�rmf�\�g_h[o�^gZ�s_���lhfm��sh�q_j_a

kbevgm� g_e�g�cg�klv� >D� af�gxxlvky� c� kb]gZevg�� oZjZdl_jbklbdb� dhglZdlm�� \�^hfh�

gZijbdeZ^�� sh� i�^� ^�}x� rmf�\� af�gx}lvky� gZ\�lv� \hevlZfi_jgZ� oZjZdl_jbklbdZ� >D

�^b\�� jbk����� m� >�@���>`_j_ehf� ah\g�rg�o�rmf�\� }� nemdlmZp��� fZ]g�lgh]h� ihey� A_fe��

_e_dljh^\b]mgb�� jZ^�hklZgp���� �o� �gl_gkb\g�klv� gZ� ljb� lZ� [�evr_� ihjy^d�\� i_j_\bsm}

qmleb\�klv�kmqZkgbo�KD<1>�\��H^gZd�\k��p��ah\g�rg��rmfb�m�ijbgpbi��fh`gZ�mkmgmlb�

jhaf�smxqb� KD<1>� m� gZ^ijh\�^gm� h[hehgdm��Fb� m� ih^Zevrhfm� [m^_fh� jha]ey^Zlb

l�evdb� \gmlj�rg�� rmfb�� ^`_j_ehf� ydbo� }� kZf� >D�� dheb\Zevgbc� dhglmj� ijhf�`gh�

qZklhlb�lZ�ihi_j_^g�c�_e_dljhggbc�i�^kbex\Zq�

>`_j_ehf�rmfm� dhglZdlm� }� \� hkgh\ghfm� Zdlb\gbc� hi�j�R0�� 1kgm}�� [_amfh\gh�� c

rmf� lbim� ��f�� h[mfh\e_gbc� af�gZfb� djblbqgh]h� kljmfm� \gZke�^hd� nemdlmZp��

l_fi_jZlmjb�� ^j_cnhf� kljmfm� ]_g_jZlhjZ�� ^j_cnhf� \_ebqbgb� l_jfh�?JK� gZ� \\h^Zo

dj�hklZlm�lZ�l��g��H^gZd�qZklhlZ�aj�am�rmfm�lbim���f��\�>D�g_�i_j_\bsm}�����d=p��q_j_a

sh�\ieb\�pvh]h�rmfm�aZ\`^b�fh`_�[mlb�mkmg_gbc�\b[hjhf�\bkhdh��ijhf�`gh��qZklhlb

Z[h�aZklhkm\Zggyf�ko_fb�a�kbgojhggbf�^_l_dlhjhf�

Jha]eyg_fh� kihqZldm� rmfb� KD<1>m� ihkl�cgh]h� kljmfm�� >\Z� >D� ]_g_jmxlv

rmfh\m�gZijm]m

9 N 7 I
5

1

� �
�

�
=





;

∆ � (3.20)

^_� k;�� ihkl�cgZ� ;hevpfZgZ��R0�� hi�j� h^gh]h�>D�� ∆f�� kfm]Z� ijhimkdZggy� kbkl_fb��sh

a\
yaZgZ� a� qZkhf� \bf�jx\Zggy� τ� ki�\\�^ghr_ggyf� ∆fτ ≈ 1; L�� l_fi_jZlmjZ� dhglZdlm�
<ieb\� rmfm� \o�^gbo� dZkdZ^�\� i�^kbex\ZqZ� ijba\h^blv� ^h� m^Z\Zgh]h� a[�evr_ggy

 Z�          ���[�          ��\� �����]�

Jbk� ���� 1gl_jn_jhf_ljb ^ey \bkhdhqZklhlgbo KD<1>�\�

�\bgl

�\bgl

1aheylhj

D\Zjp_\Z
ljm[dZ

GZ^ijh\�^gZ
ie�\dZ

EhdZevg_ aZ]eb[e_ggy
m i�^deZ^p�

Ie�\dZ <LGI �

G<Q j_ahgZlhj
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L→L+LN��Hkd�evdb�\o�^gbc�hi�j�i�^kbex\ZqZ�R�>>R0��lh�ch]h�a\hjhlg�c�nemdlmZp�cgbc

\ieb\�gZ�KD<1>�g_agZqgbc��>ey�djZsbo�kmqZkgbo�i�^kbex\Zq�\�LN  ���D�

F�g�fZevgbc� ihl�d� δΦ�� ydbc� fh`_� [mlb� \by\e_gbc� KD<1>hf�� [m^_�� hq_\b^gh�

j�\gbc�ihlhdm��sh�kl\hjx}lvky�rmfh\hx�gZijm]hx���������Dhjbklmxqbkv���������fZ}fh�

( )
2

2
; �

, 2 /N
N d

e
e

VV
V k T T L f R

V
δ∂∆ = ∆Φ Φ = = + ∆∂∂Φ ∂Φ

. (3.21)

A\bqZcgh�δΦ�\bjZ`Zxlv�m�\b]ey^���ijb\_^_ghfm�^h�h^bgbqgh��kfm]b� lZ�m�^heyo

d\Zglm�ihlhdm�N0:

( )
( )δΦ

∆
Φ Φ

I

N 7 7 / 5
1 d�

�

�

�

� �

�
�= +

;
� � (3.22)

>ey�lbih\h]h�KD<1>m��L ��D��Ld=10-9
=g��R0 = 5  Hf�

( )
δΦ

∆
Φ

I

�

�

�

�
� � ��≅ ⋅ −
� ��=p -1/2 . (3.23)

Qmleb\�klv�j_Zevgbo�KD<1>�\�ihkl�cgh]h�kljmfm  ̂ ey��djZsbo��ajZad�\��aZjZa�ky]Z}

10-6
N0 =p -1/2.
M� \bkhdhqZklhlghfm� KD<1>�� \ieb\� nemdlmZp�c� >D� a\h^blvky� \� hkgh\ghfm� ^h

ihy\b� g_\bagZq_ghkl�� m� fhf_gl� i_j_oh^m� �gl_jn_jhf_ljZ� m� gh\bc� d\Zglh\bc� klZg�

;�evr� lh]h�� ydsh� rmfh\bc� ihl�d� i_j_\bsm}� N0�� rmfb� ah\k�f� ijb]g�qmxlv

\ihjy^dh\Zg�� kljb[db� m� �gl_jn_jhf_lj��� Sh[� pvh]h� g_� \�^[mehkv�� g_h[o�^gh�� sh[

�g^mdlb\g�klv�d�evpy

Ld��N0
2/k;L (3.24)

Mfh\Z� ������� fh`_� [mlb� hljbfZgZ� aZ� ^hihfh]hx� ������� m� ijbims_gg�� ∆f∼1/τ
∼(Ld/R0)

-1
�� Py� mfh\Z� hagZqZ}�� sh� �g^mdlb\g�klv� d�evpy� �gl_jn_jhf_ljZ� g_� ih\bggZ

i_j_\bsm\Zlb�^_d�evdZ�gZgh]_gj���sh�\�^ih\�^Z}�^�Zf_ljm�d�evpy�f_gr_���kf�

JhajZomgdb�ihdZamxlv��sh�f�g�fZevgbc�ihl�d��sh�fh`_�\by\blb�\bkhdhqZklhlgbc

KD<1>�ih\bg_g�[mlb�lh]h�`�ihjy^dm��sh�c���������Ze_�ihdb�sh�\�g�^_sh�\bs_� δN��∆f)1/2

≅10-5
N0  =p -1/2.
Yd��reyob�i�^\bs_ggy�qmleb\hkl��KD<1>�\"�GZkZfi_j_^��yd�\b^gh�a���������\Zjlh

i�^\bsm\Zlb� ^bn_j_gp�cgm� qmleb\�klv�KD<1>m� ^h�fZ]g�lgh]h� ihlhdm� ������� lZ� �������

>bn_j_gp�cgZ�qmleb\�klv�KD<1>m� af�ggh]h� kljmfm� ajhklZ}� a�� a[�evr_ggyf�ijhf�`gh�

qZklhlb� lZ� ijb� i_j_oh^�� ^h� [_a]�kl_j_abkgh]h� j_`bfm�� M� [_a]�kl_j_abkghfm� j_`bf�

dhglmj� ijhf�`gh�� qZklhlb� jZahf� a� d�evp_f� �gl_jn_jhf_ljZ� y\ey}� kh[hx� g_e�g�cgm

dheb\Zevgm� kbkl_fm� a� Zkbf_ljbqghx� djb\hx� a� � ^�eygdZfb��sh� fZxlv� g_kd�gq_ggbc

gZobe� �^b\�� jbk�� ����� \� >�@��� <b[bjZxqb� jh[hqm� lhqdm� nemdkf_ljZ� gZ� h^g�c� a� lZdbo

^�eyghd�� fh`gZ� hljbfZlb� ^bn_j_gp�cgm� qmleb\�klv� kmll}\h� [�evrm�� g�`� m

]�kl_j_abkghfm�j_`bf���<k_�p_�^Z}�fh`eb\�klv�kih^�\Zlbkv�gZ�fh`eb\�klv�kl\hj_ggy�\

fZc[mlgvhfm� KD<1>�\� a� f�g�fZevgh� \by\ey}fbf� kb]gZehf� agZqgh� f_grbf� hp�gdb

�������� H^gZd� �kgm}� ijbgpbih\_� h[f_`_ggy� qmleb\hkl�� nemdkf_lj�\� gZ� hkgh\�� >D�
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KD<1>�fh`gZ�jha]ey^Zlb�yd�iZjZf_ljbqgbc�i�^kbex\Zq�a�\o�^ghx�qZklhlhx��a�π∆f�lZ

qZklhlhx�gZdZqdb�a ω>=2eV/=��Lhfm�f�g�fZevgZ�rmfh\Z�l_fi_jZlmjZ�KD<1>m

( ) ( )7 7
I

L I
1

≅ ≅ −�
��

��
π
ω

∆
∆

>

��
. k_d

D

� (3.25)

^_�L - l_fi_jZlmjZ�dhglZdlm�
A� ������� gZ� hkgh\�� lh]h��sh� _g_j]�y�rmfh\h]h� ihlhdm� δN2/4Ld=k;LN�� fh`_� [mlb

agZc^_gZ�]jZgbqgZ�f�g�fZevgh�\by\ex\ZgZ�KD<1>hf�\_ebqbgZ�fZ]g�lgh]h�ihlhdm

(δN��∆f)1/2)min = 2 (k;L/d2π/ω>)1/2 ≅10- 8
�N0�=p�

-1/2. (3.26)

:e_�\`_�c�aZjZa�qmleb\�klv�KD<1>�\����gZ^a\bqZcgh�\bkhdZ��\hgZ�gZ�[Z]Zlh�ihjy^-
d�\�i_j_\bsm}�qmleb\�klv�\k�o�\�^hfbo�ZgZeh]�\���agZoh^blvky�gZ�f_`��d\Zglh\h]h�j�\gy�

Sh[�i_j_k\�^qblbky�\�pvhfm�\\_^_fh�_g_j]_lbqgm�oZjZdl_jbklbdm�qmleb\hkl���KD<1>Z

ε :

( )δ δ
ε

Φ
∆ ∆ ∆ ∆

�
�

�

� �
I

/ ,

I

/ , /

I

(

I
/ /

d r d r d

d d
= = = = � (3.27)

lml�Ir - rmfh\bc�kljmf�m�d�evp��KD<1>Z��sh��g^mdlh\Zgbc�rmfh\bf�ihlhdhf�δΦ; δE  -
_g_j]�y�rmfm�m�d�evp��KD<1>Z��δE = (LdIr

2)/2.
<_ebqbgZ� ε = δE/∆f = δE∆t,  � ^_� ∆t� �� qZk� \bf�jx\Zgv�� \bf�jx}lvky� \�>`/=p�  

>`⋅k_d��yd���ihkl�cgZ�IeZgdZ� = .

ε
δ

=
Φ

∆

�

�I /
d

� (3.28)

Q_j_a� ki�\\�^ghr_ggy�g_\bagZq_gghkl��∆E∆t ∼= � _g_j]_lbqgZ� qmleb\�klv� ex[h]h
ijbeZ^m�g_�fh`_�[mlb�f_grhx�aZ� = : ε > =  = 1,05⋅10-34 

>`/=p���\�KD<1>Zo�\hgZ�[ebavdZ
^h�p�}��\_ebqbgb�

M� �gZr� �qZk� �gZcdjZs�� �KD<1>b� �ihkl�cgh]h� �kljmfm� �fZxlv�_g_j]_lbqgm�qmleb-
\�klv� ε ~10-33 

>`/=p�� dhf_jp�cg�� ijbeZ^b�fZxlv� ε ~10-29 - 10-31 
>`/=p��<`_� kl\hj_g�

KD<1>b�gZ�<LGI����o�qmleb\�klv�gZ�������ihjy^d�\�f_grZ��Ze_�ijbqbgZ�pvh]h�m�kbevgh-
fm��/f �rmf���ydbc�h[mfh\e_gbc�g_�^_Zevg�klx�kmqZkgbo�fZl_j�Ze�\��<�ijbgpbi��KD<1>b

Zahlgh]h�j�\gy�ih\bgg��fZlb�_g_j]_lbqgm�qmleb\�klv�\kvh]h�ebr_�\�~����jZa�\�]�jrm�aZ

]_e�ch\��ijbeZ^b��fZ]g�lgZ�qmleb\�klv����\�~���jZa�\�]�jrZ��

�����AZklhkm\Zggy�KD<1>�\

<bf�jx\Zggy�fZ]g�lgh]h� ihey��<_ebqbgZ�fZ]g�lgh]h� ihey�G��sh� ^�}� gZ�KD<1>�

agZoh^blvky�ijhklbf�^�e_ggyf�j_amevlZl�\�nemdkf_ljZ�N�gZ�iehsm�d�evpy�KD<1>m�S.
>ey� i�^\bs_ggy� qmleb\hkl�� fZ]g�lhf_ljb� qZklh� ijZpxxlv� a� ljZgknhjfZlhjZfb

fZ]g�lgh]h� ihlhdm�� aZ� ^hihfh]hx� ydbo� \^Z}lvky� kmll}\h� a[�evrblb� _n_dlb\gm� iehsm

KD<1>m�� GZ� jbk������ ah[jZ`_gbc� ljZgknhjfZlhj� ihlhdm�� sh� kdeZ^Z}lvky� a� ^\ho

gZ^ijh\�^gbo� �g^mdlb\ghkl_c� L1� lZ� L2�� yd�� ih\
yaZg�� �g^mdlb\gh� a� dh_n�p�}glhf

\aZ}fh�g^mdp���F=K / /
d �

� a� �gl_jn_jhf_ljhf��IehsZ�\bld�\� �g^mdlb\ghkl_c�L1� lZ�L2
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\�^ih\�^gh�S1 lZ�S2��Ydsh�gZ� �g^mdlb\g�klv�L2�^�}�fZ]g�lg_�ihe_�G��lh�\hgh� a[m^`m}�m

ljZgknhjfZlhj�� ihlhdm� kljmf��sh� kl\hjx}� m� d�evp�� KD<1>m� ihl�d�FG62/(L1+L2��� ;_a

ljZgknhjfZlhjZ�gZ�KD<1>�^�y\�[b�ihl�d�G6��a\�^db�e_]dh�agZclb�dh_n�p�}gl�i�^kbe_ggy

ihlhdm� Kn=F62/S(L1+L2��� FZdkbfmf

i_j_^Zq�� fZ]g�lgh�� _g_j]��� \�^[m\Z}lvky

ijb� L1=L2�� sh� ijb� S1≅S� hagZqZ}�� sh

\lhjbggZ� dhlmrdZ� ljZgknhjfZlhjZ

ih\bggZ� [mlb� [Z]Zlh\bldh\hx�� A

mjZom\Zggyf� \bdeZ^_gh]h

Kn=(K/2) / /
d
�

�
S2/S�� DjZs�� ljZgknhj�

fZlhjb�fh`mlv� aZ[_ai_qblb� � �Kn = 5⋅102.
Qmleb\�klv����djZsbo����fZ]g�lhf_lj�\�����gZ

kvh]h^g�� � � ^hky]Z}� � �⋅10-11
�=k�kf���=p�

1/2
� lZ� h[f_`m}lvky� \� hkgh\ghfm� ah\g�rg�fb

rmfZfb�� P_c� ihdZagbd� fZc`_� gZ� �� ihjy^d�\� i_j_\bsm}� qmleb\�klv� gZc[eb`qh]h

dhgdmj_glZ�±�d\Zglh\h]h�jm[�^�}\h]h�fZ]g�lhf_ljZ�

GZ^ijh\�^gbc� fZ]g�lhf_lj� fh`_� \bdhjbklh\m\Zlbkv� ^ey� j_}kljZp��� fZebo� af�g

\_ebdbo�fZ]g�lgbo� ihe�\��?dki_jbf_glZevgh� [meb� agZc^_g�� af�gb� ihey� m� ��
-7
� =k� ijb

G �����=k��sh�hagZqZeh�^hky]g_ggy�lhqghkl��djZsh����
-10.

<bf�jx\Zggy� ]jZ^�}glZ� fZ]g�lgh]h� ihey.  >ey�  \bf�jx\Zggy  � ]jZ^�}glZ    
fZ]g�lgh]h� ihey�  ljZgknhjfZlhj� ihlhdm�  fZ}� \b]ey^�� ah[jZ`_gbc � gZ� jbk������
Ijbchfg��dhlmrdb�\\�fdg_g�� gZamklj�q� h^gZ� h^g�c ��� m�  \biZ^dm� �o�_d\�\Ze_glghkl�

KD<1>�   j_}kljm}�   l�evdb � ihey�� sh�  fZxlv

]jZ^�}glb� �IRdZaZggy� KD<1>m  ∼ (G1-G2) =
∂
∂
+

[
G�

lml�d���\�^klZgv�f�`�p_gljZfb�ijbchfgbo�dhlmrhd�

A\bqZcgh� ]jZ^�}glg�� rmfb� ]_hfZ]g�lgh]h� ihey

fZe���lhfm�]jZ^�hf_ljb�fh`gZ�\bdhjbklh\m\Zlb�^ey

\bf�jx\Zgv� g_h^ghj�^ghkl_c� ihe�\� gZ\�lv� ihaZ

dj�hklZlhf�� =jZ^�hf_ljb� \`_� a� mki�ohf� \bdhjb�

klh\m\Zebkv�^ey�agylly�fZ]g�lhdZj^�h]jZf�ex^bgb�

FZdkbfZevgbc� kb]gZe� fZ\� ihjy^hd� ���⋅10-8 =k�kf
�ih\g_� fZ]g�lg_� ihe_� k_jpy� ih[ebam� ]jm^gh�

de�lbgb�∼5⋅10-7
�=k��ijb�qmleb\hkl��mklZgh\db� ��

-11

�=k�kf���=p�
1/2
�m�kfma�����=p��FZ]g�lg��ihey�n�a�heh-

]�qgbo�_e_dljbqgbo�kljmf�\�ex^kvdh]h�hj]Zg�afm�fh`mlv�\bf�jx\Zlbky�^ey�\b\q_ggy

lZdbo�hj]Zg�\�yd�fhahd��k_jp_��i_q�gdZ��e_]_g��lZ��g��Lbih\_�agZq_ggy�ihe�\�agZoh^blvky

m�f_`Zo�\�^���
-15
�^h���

-10
�l_keZ����

-11 - 10-6 
=k����o�qZklhlgbc�^�ZiZahg��������÷�����=p��A

ihi_j_^gvh]h� ykgh�� sh� KD<1>� }� ijb^Zlgbf� ijbeZ^hf� ^ey� �o� \bf�jx\Zggy�� gZ\�lv

<LGI�KD<1>��g_�^b\eyqbkv�gZ�l_��sh�ch]h�qmleb\�klv�}�ijb[ebagh�gZ�ihjy^hd�]�jrhx�

g�`�m�GL�KD<1>Z��M�gZr�qZk�ijbdlbqg_�aZklhkm\Zggy�agZcreb�[Z]ZlhdZgZevg��fZ]g�lh-
_gp_nZeh]jZnb��yd���jZahf�a�_e_dljh_gp_nZeh]jZnZfb�^ha\heyxlv�gZ^�cgh��^_glbn�dm-
\Zlb�imoebgb�fhadm�

K_j_^� �grbo�aZklhkm\Zgv�gZ^ijh\�^gbo�]jZ^�hf_lj�\�g_h[o�^gh�\�^f�lblb�a\’yahd
gZ��gnjZgbavdbo�qZklhlZo���]_hfZ]g�lg��\bf�jx\Zggy�lZ�g_jmcg�\gbc�dhgljhev�fZl_j�Z-
e�\.

 <bf�jx\Zggy� fZ]g�lgh�� ijhgbdghkl�� µ� fh`_� [mlb� e_]dh� ijh\_^_g_� gZ� hkgh\�
]jZ^�hf_ljm� m� h^ghj�^ghfm� fZ]g�lghfm� ihe��� Ydsh� \� h^g�c� a� ijbchfgbo� dhlmrhd

jhaf�s_g_�k_j_^h\bs_�a�µ ≠���lh�[ZeZgk�]jZ^�hf_ljm�ihjmrm}lvky� ��gZ�\boh^��KD<1>m

Jbk�������LjZgknhjfZlhj�ihlhdm�

Jbk� ����� LjZgknhjfZlhj ihlhdm

^ey ]jZ^�hf_ljZ�

F

H1

H2

x

��F

L
d
 , S L1 , S1

L2 , S2

H
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a
y\ey}lvky� \�^f�ggbc� \�^� gmey� kb]gZe�� LZdbf� qbghf� [meZ� \bf�jygZ� gZfZ]g�q_gg�klv

f�kyqgh]h��jmglm�

<bf�jx\Zggy� kljmfm� [Zam}lvky� gZ� \bf�jx\Zgg�� fZ]g�lgh]h� ihlhdm�� sh

kl\hjx}lvky� pbf� kljmfhf�� M� gZcijhkl�rhfm� \biZ^dm� kljmf� 1o�� sh� \bf�jx}lvky�

ijhimkdZ}lvky� [_aihk_j_^gvh� dj�av� gZ^ijh\�^gm� qZklbgm� d�evpy� KD<1>m�� Ijb� pvhfm

N L'Ix��^_�L
�aZ\`^b�f_gr_��g^mdlb\ghkl��d�evpy��lh[lh�kljmf�1o�ijhoh^blv�g_�q_j_a�\k_

d�evp_��\�hilbfZevghfm�\biZ^dm�L' ≅ Ld��F�g�fZevgbc�kljmf��sh�\by\ey}lvky

( )δ δ, / N 7 7 I 5
[ d ; 1

= = +Φ ∆� � ��
�

(3.29)

Hp�gdZ������� �^Z}�>δIx / (∆f)1/2]  ≅ 10 -10 A��=p�1/2
���=heh\gZ�i_j_\Z]Z�lZdh]h�Zfi_jf_ljm�±

fZebc�\o�^gbc�hi�j�

<bf�jx\Zggy� gZijm]b�� GZ^ijh\�^gbc� Zfi_jf_lj� fh`_� [mlb� \bdhjbklZgbc� ^ey

\bf�jx\Zggy� ?JK� ^`_j_e�  a�  fZebf� \gmlj�rg�f� hihjhf� R��� >ey� lh]h��sh[� g_� [meh

dhjhldh]h�aZfbdZggy�� ihke�^h\gh�  a�  Zfi_jf_ljhf�  \fbdZxlv�  fZebc�  ]Zkyqbc�  hi�j
Rs ≤ 10-5

2f� �Ri<< Rs)
*/. F�g�fZevgbc� kb]gZe�� � sh� � fh`_� � � \by\blb�    lZdbc   

\hevlf_lj� �   δVx = δIxRs��sh�ijb\h^blv�^h� hp�gdb� [δVx / (∆f)1/2]min ≅10-15
<��=p�

1/2.
H^gZ�a�i_j_\Z]�lZdh]h�\hevlf_ljm�}�fZeZ�\o�^gZ��g^mdlb\g�klv�

1grZ� dhgkljmdp�y� \hevlf_ljZ�� ydZ� ^�klZeZ� gZa\m� KE:=
**/
�� \bdhjbklh\m}

djZie_ih^�[g��^`ha_nkhg�\kvd��i_j_oh^b��GZijm]Z��sh�\bf�jx\ZeZky��\bdebdZeZ�kljmf

[_aihk_j_^gvh� m� g�h[�}\hfm� ^jhl��� gZ� ydbc� [meZ� gZg_k_gZ� djZiey� heh\Z�� P_c� kljmf

kl\hjx\Z\�fZ]g�lg_�ihe_�gZ�>D��h^bg�d\Zgl�ihlhdm�[m\�_d\�\Ze_glgbf�����fd:��Kljmf

dj�av�>D� af�gx\Z\ky� a� qZklhlhx� ��� d=p� a� Zfie�lm^hx��sh� i_j_\bsm\ZeZ� djblbqgbc

kljmf�>D�10��\�gZke�^hd�qh]h�gZ�>D�\bgbdeb��fimevkb�gZijm]b��Zfie�lm^Z�ydbo�aZe_`ZeZ

\�^�kljmfm�dj�av�g�h[�}\bc�^j�l��KE:=hf�fh`gZ�[meh�\bf�jylb�kljmfb� � �\_ebqbghx��

fd:�lZ�gZijm]m��� -14
<�a�ihkl�cghx�qZkm���k_d�ijb�\o�^g�c��g^mdlb\ghkl��a��

-9
�=g��K_j_^

aZklhkm\Zgv� \hevlf_lj�\� gZ� hkgh\��KD<1>�\� fh`gZ� gZa\Zlb� \bf�jx\Zggy� l_jfh�?JK�

�gnjZq_j\hg��gZ^ijh\�^g��[hehf_ljb�lZ�l��g�

                                     
*/ >ey \bf�jx\Zggy gZijm]b qZklh \bdhjbklh\m}lvky dhfi_gkZp�cgZ ko_fZ gmev�^_l_dlhjm� Ijb pvhfm gZ

]Zkyqbc hi�j ih^Z}lvky a \boh^m kb]gZe lZd� sh[ gZijm]Z gZ \oh^� \hevlf_ljm [meZ [ebavdZ ^h gmey�
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