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4. ?e_dljhgg��ijbkljh��gZ�hkgh\��g_klZp�hgZjgh]h
�_n_dlm�>`ha_nkhgZ

�����>`ha_nkhg�\kvdbc�]_g_jZlhj

Dheb\Zggy� ^`ha_nkhg�\kvdh]h� kljmfm� ijb� V0≠�� a� qZklhlhx� ω> �_V0��� fh`mlv� [mlb

\bdhjbklZg�� ^ey� kl\hj_ggy� G<Q� ]_g_jZlhjZ� a� i_j_[m^h\hx� qZklhlb�� Ijb� ma]h^`_gg�

�fi_^Zgk�\�>D�Z>�lZ�e�g���i_j_^Zq��ZE:

Z>= ZE , (4.1)

fZdkbfZevgZ�ihlm`g�klv�^`ha_nkhg�\kvdh]h�]_g_jZlhjZ

Pmax <  1/8 I0 V0. (4.2)

AgZd�« < » \� ������ijbkmlg�c�lhfm��sh�_g_j]�y�ihkl�cgh]h�kljmfm�\bljZqZ}lvky�g_�l�evdb�gZ

]_g_jZp�x�qZklhlb�ω >�±�\hgZ� �\b^�ey}lvky�m�\b]ey^��l_iehlb�gZ�Zdlb\ghfm�hihj��dhglZdlm�
c^_�gZ�]_g_jZp�x�\bsbo�]Zjfhg�d�lZ�l�� �g���IjZdlbqgh�Pmax�g_�[m\Z}�[�evrhx�aZ�∼ 0.1 I0 V0.
Hp�gdZ�Pmax ^ey� ljvhokZglbf_ljh\h]h� ^�ZiZahgm� ^h\`bg� o\bev� �V0 ≈���fd<�� ijb\h^blv� ^h
agZq_ggy�  Pmax ∼ 10- 8

<l�� P_� agZq_ggy� ihlm`ghkl�� ^m`_� fZe_� c� kmll}\h� a\m`m}� h[eZklv

aZklhkm\Zggy�^`ha_nkhg�\kvdbo�]_g_jZlhj�\��GZ�l_i_j�rg�c�qZk�hljbfZgh�_dki_jbf_glZevgh

ihlm`g�klv�\bijhf�gx\Zggy� a�>D� a��
-9 
<l�m� ljvhokZglbf_ljh\hfm�^�ZiZahg��^h\`bg�o\bev

ijb�DD>�a�����

1a� a[�evr_ggyf� qZklhlb� ]_g_jZp��� a]�^gh� a� ������ \bo�^gZ� ihlm`g�klv� ih\bggZ

a[�evrm\Zlbkv��Ijb�_9�= 2∆,�\hgZ�fZ}�fZdkbfmf��Z�a�ih^Zevrbf�a[�evr_ggyf�qZklhlb�q_j_a

jmcgm\Zggy� � gZ^ijh\�^gbo� iZj�� Pmax� � ijyfm}� ^h� gmey�� aZebrZxqbkv� g_� gmevh\hx� Z`� ^h

^h\`bg�o\bev�∼����ff�
S_� h^gbf� ^h\he�� agZqgbf� g_^he�dhf� ^`ha_nkhg�\kvdbo� ]_g_jZlhj�\� }� \_ebdZ�rbjbgZ

e�g��� \bijhf�gx\Zggy� ∆ω>�
h[mfh\e_gZ� lbf��sh� ijb� nemdlmZp�cg�c� af�g�� gZijm]b� gZ� >D�

af�gx}lvky�qZklhlZ�]_g_jZp����:gZe�a�ihdZam}��^b\�>�@��F��������sh
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(4.3)

^_�L��l_fi_jZlmjZ�>D�

1a� ������\bieb\Z}��sh�rbjbgZ�e�g���\bijhf�gx\Zggy�i_j_\bsm}�����F=p��1kgm}�^_d�evdZ

kihkh[�\� af_gr_ggy� agZq_ggy� ∆ω>�
H^bg� �a� gbo� [Zam}lvky� gZ� \dexq_gg�� >D� m� h[′}fgbc

j_ahgZlhj��a�^h[jhlg�klx�Q��Ijb�pvhfm��yd�\b^gh�a�jbk�������[���gZ�<:O�a
y\eyxlvky�^�eygdb
a�� agZq_ggyf� iho�^gh�� dI/dV→��� <b[�j� jh[hqh�� lhqdb� gZ� p�c� ^�eygp�� ijba\h^blv� ^h

f�g�fZevgh]h� \ieb\m�nemdlmZp�c� gZijm]b� gZ�>D��Ijb� pvhfm�∆f> af_grm}lvky� m�Q2 jZa�\� �
fh`_� ^hky]lb� agZq_gv� a �� d=p�� ijb� pvhfm� h^gZd� \ljZqZ}lvky� h^gZ� a� gZc[�evrbo� i_j_\Z]

^`ha_nkhg�\kvdh]h�]_g_jZlhjZ�±�fh`eb\�klv�_e_dljhggh��i_j_[m^h\b�

>jm]bc�kihk�[�af_gr_ggy�∆ω >�ihey]Z}�m�af_gr_gg��Zdlb\gh]h�hihjm��ydbc�}�^`_j_ehf

rmfh\h��gZijm]b��^b\��������reyohf�rmglm\Zggy�dhglZdlm�hihjhf�Rr<< R0��LZd_�rmglm\Zggy

fh`_� [mlb� a^�ckg_g_� \\�fdg_ggyf� �>D� � m� d�evp_� a� j_abklb\ghx� ^�eygdhx� �^b\�� jbk�� �����

H^g�}x� a� i_j_\Z]� ko_fb� \\�fdg_ggy� >D� � m� � j_abklb\g_� d�evp_� }� fh`eb\�klv� aZ^Zggy� gZ

dhglZdl��gZijm]b�V��g_aZe_`gh���\�^��\eZklb\hkl_c��kZfh]h�dhglZdlm��AZ�^hihfh]hx�������e_]dh
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hljbfZlb��ijb�Rr = 10-6
Hf��L�= �D��∆ f>  ≅�����=p��?dki_jbf_glZevgh�hljbfZg��agZq_ggy�∆f> ≅

����=p�� AZagZqbfh��sh� ijb� \\�fdg_gg��>D� m� j_abklb\g_

d�evp_�a�fZebf�Rr ^ey�ghjfZevgh��jh[hlb�]_g_jZlhjZ��V >
��� fd<�� ihlj�[g�� kljmfb� m� ^_kyldb� Zfi_j�� sh� kbevgh

agb`m}�dd^�]_g_jZlhjZ�

Ihlm`g�klv� ������� ydZ� fh`_� � [mlb� \�^^ZgZ

^`ha_nkhg�\kvdbf� ]_g_jZlhjhf� m� gZ\ZglZ`_ggy�� [m^_

fZdkbfZevgZ�ebr_�ijb�\bdhgZgg��mfh\��ma]h^`_ggy�������

H^gZd��p��mfh\b�^m`_�g_ijhklh�\bdhgZlb��hkd�evdb�lj_[Z

ma]h^`m\Zlb� �fi_^Zgkb�� \�^f�gg�� f�`� kh[hx� gZ� ���

ihjy^d�\����>�ckgh���ZE �a\bqZcgh��≈102
�Hf��Z��Z> ≈ 377d /l

≈ 10-3
Hf�� <bjZa� ^ey� Z> ijb\_^_gbc� ^ey� \biZ^dm

ZijhdkbfZp���>D�f�djhkfm`dh\hx� e�g�}x� � aZ\rbjrdb� l
lZ�\bkhlhx�d��Ma]h^`_ggy�lZdbo�j�agbo��fi_^Zgk�\�fh`gZ
\bdhgZlb�aZ�^hihfh]hx�h[
}fgbo�j_ahgZlhj�\��A\
yahd�>D

a� j_ahgZlhjhf� fh`_� \�^[m\Zlbky� yd� ih� _e_dljbqghfm

ihex��lZd����m�\biZ^dm�>D�m�gZ^ijh\�^ghfm�Z[h�m�j_abklb\ghfm�d�evp���ih�fZ]g�lghfm�ihex�

A\
yahd�lmg_evgbo�>D�a�e�g�}x�i_j_^Zq��Z[h�a�ma]h^`mxqbfb�j_ahgZlhjZfb�fh`_�\�^[m\Zlbky

q_j_a�h^bg� �a�gZ^ijh\�^gbo�_e_dljh^�\�>D��ydsh�ch]h�lh\sbgZ�f_gr_�kd�g�rZjm��DD>� lml

^hky]Z}����

Ljm^ghs�� ma]h^`_ggy� ijba\h^ylv� ^h� lh]h�� sh� gZc[�evr� i_jki_dlb\gbf� }� lZd_

\bdhjbklZggy�^`ha_nkhg�\kvdbo�]_g_jZlhj�\��^_�g_��kgm}�\bijhf�gx\Zggy�m�e�g�x�i_j_^Zq���Z

p_� \bijhf�gx\Zggy� \bdhjbklh\m}lvky� ^ey� kZfhgZdZqm\Zggy� j�agbo� g_e�g�cgbo� _n_dl�\� \

kZfhfm�>D�

Q_j_a�g_e�g�cg�klv�>D�m�ki_dlj��]_g_jZp���ijbkmlg���yd�\b^gh�a�����������\bs��]Zjfhg�db�

Ijb�pvhfm�Zfie�lm^Z�]Zjfhg�d��a�ajhklZggyf��o�ghf_jZ�k�iZ^Z}�^hkblv�ih\�evgh��yd�nmgdp�y
;_kk_ey� jk (V1/V0����Ijb�k>>��i_jrbc�fZdkbfmf�max jk (x) ≈ 0.67 k-1/3 (x ≅ k���GZ�kvh]h^g��gZ
<:O�>D�n�dkmxlv� koh^bgdb��sh�\�^ih\�^Zxlv� �����c� ]Zjfhg�p�� ���==p��Ih�\bijhf�g_ggx

agZc^_g����Z�lZ���y�]Zjfhg�db��sh�[meb�\�^ih\�^gh�gZ�^\Z�lZ�qhlbjb�ihjy^db�f_gr��gl_gkb\g�

g�`�hkgh\gZ�]Zjfhg�dZ�

GZc[�evr� jZ^bdZevgbf� f_lh^hf� [hjhlv[b� a� ljvhfZ� hkgh\gbfb� g_^he�dZfb

^`ha_nkhg�\kvdbo�]_g_jZlhj�\� � �fZeZ�ihlm`g�klv��g_dh]_j_glg�klv��gbavdbc�\o�^gbc�hi�j��}

\bdhjbklZggy� e�g�cgbo� eZgpx`d�\� Z[h� iehkdbo� �jZlhd� \_ebdh]h� fZkb\Z� knZah\Zgbo

^`ha_nkhg�\kvdbo�]_g_jZlhj�\�

Ydsh�N - qbkeh� ]_g_jZlhj�\��sh� ijZpxxlv� dh]_j_glgh�� � lh� ihlm`g�klv� �o� kmfZjgh]h

\bijhf�g_ggy�fh`_�\�N2
�jZa�i_j_\bsm\Zlb�ihlm`g�klv�\bijhf�g_ggy�hdj_fh]h� ]_g_jZlhjZ�

lhfm�sh� ijb� pvhfm� kdeZ^Zxlvky� g_� ihlm`ghkl��� Z� � Zfie�lm^b� hdj_fbo� ]_g_jZlhj�\��Q_j_a

\aZ}fgm�kbgojhg�aZp�x�\�N �jZa�\�[m^_�af_gr_gZ�rmfh\Z�rbjbgZ�e�g���\bijhf�g_ggy�∆ω>��m

kl�evdb�`�jZa�\�fh`_� ajhklb� kmfZjgbc�hi�j�^`ha_nkhg�\kvdbo� ]_g_jZlhj�\��sh�\\�fdg_g��\

e�g�x�i_j_^Zq��

H^bg� a� \Zj�Zgl�\� j_Ze�aZp��� e�g�cgh]h� eZgpx`dZ� ^`ha_nkhg�\kvdbo� ]_g_jZlhj�\

ah[jZ`_gbc� gZ� jbk�� ����� GZ� pvhfm� jbkmgdm� r�klv� ^`ha_nkhg�\kvdbo� dhglZdl�\� \\�fdg_g�

ihke�^h\gh� \�f�djhkfm`dh\m� e�g�x� i_j_^�q��� aZ� i�kl�cgbf� kljmfhf� \k�� dhglZdlb� \\�fdg_g�

iZjZe_evgh��>ey�\aZ}fgh��kbgojhg�aZp���dhglZdl�\�g_h[o�^gh��sh[�dh`_g�a�gbo�agZoh^b\ky�m

_e_dljhfZ]g�lghfm� ihe���sh� \bijhf�gx}lvky� \k�fZ� �grbfb� dhglZdlZfb�� ^ey� qh]h� �o� ke�^�

gZijbdeZ^�� jhalZrm\Zlb� gZ� \�^klZgyo�� yd�� [meb� [� kmll}\h� f_grbfb� ^h\`bgb

_e_dljhfZ]g�lgh��o\be��Z[h�\k_j_^bg��j_ahgZlhjZ�

AZ�^hihfh]hx��jZlhd�>D�m�gZr�qZk�\`_�hljbfZg��h[gZ^�ceb\���j_amevlZlb��GZijbdeZ^��m

ljvhokZglbf_ljh\hfm� ^�ZiZahg�� ��� >D� aZ[_ai_qm\Zeb� ihlm`g�klv� P ∼ 10-6 <l� ijb� kfma�
\bijhf�g_ggy�∆f> ∼���d=p��P_c�ijbklj�c�\`_�fh`_�m�^_ydbo�\biZ^dZo�\bdhjbklh\m\Zlbky�\

Jbk� ���� DhglZdl m j_abklb\ghfm

d�evp�� Z�[ � ^�eygdZ a ghjfZevgbf

hihjhf R r<< R0.
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ydhkl��]_l_jh^bgZ��M��grhfm�ijbkljh������>D�m�^�ZiZahg����������==p�]_g_jm\Zeb�ihlm`g�klv

���f<l�ijb�rmfh\�c�kfma�������±����F=p�

GZ� l_i_j�rg�c� qZk� \`_� �kgmxlv� i_jr�� \^Ze�� kijh[b� j_Ze�aZp��� ^`ha_nkhg�\kvdbo

]_g_jZlhj�\�gZ�[Za��e�g�cgbo�eZgpx`d�\�^`ha_nkhg�\kvdbo�dhglZdl�\�gZ�<LGI������>D��sh

kl\hj_g�� [�djbklZe�qghx� ]jZgbp_x� ^\ho� <LGI�� ]_g_jm\Zeb� ihlm`g�klv� ^h� �� f<l� m

ljvhokZglbf_ljh\hfm�^�ZiZahg��^h\`bg�o\bev�

1kgm}� �� �grbc� i�^o�^� ^h� kl\hj_ggy� ]_g_jZlhjZ� G<Q� gZ� hkgh\�� >D�� Ijb� pvhfm

\bdhjbklh\m}lvky�\bijhf�g_ggy��\bdebdZg_�jmohf�^`ha_nkhg�\kvdbo�\bohj�\� �nemdkhg�\��m

^h\]bo�lmg_evgbo�SIS dhglZdlZo��M�pvhfm�\biZ^dm�h^bg�>D�fh`_�]_g_jm\Zlb�ihlm`g�klv�∼
����fd<l�m�kfma�� ��F=p�gZ�qZklhlZo�^h� ����==p��<`_�kl\hj_gbc�eZ[hjZlhjgbc�fZd_l�SIS -
af�rm\ZqZ� a�]_l_jh^bghf�gZ�^h\]hfm�>D��G_\bj�r_ghx�ijh[e_fhx�}�\bkhd��nZah\��rmfb� �

rbjhdZ�ki_dljZevgZ�kfm]Z�\bijhf�g_ggy�

�����IZjZf_ljbqgbc�i�^kbex\Zq�gZ�hkgh\��>D

M�jha^�e�� �����[meh�ihdZaZgh��sh�^`ha_nkhg�\kvdbc�dhglZdl�fZ}�\�^
}fgbc�hi�j� 5 − �gZ

qZklhl��ω>ω>��Ydsh�dhglZdl�jhaf�klblb�m�j_ahgZlhj��a�^h[jhlg�klx�Q��lh�ijb�_5 − |>R=ω0L/Q
m� j_ahgZlhj�� a
y\eylvky� dheb\Zggy� gZ� qZklhl�� ω0

*/
�� Lml� � ω0 � lZ� L�� \eZkgZ� qZklhlZ� lZ

_d\�\Ze_glgZ� �g^mdlb\g�klv� j_ahgZlhjZ�� Ydsh� _5 − |< R ,� lh� kbkl_fZ� dhglZdl�j_ahgZlhj� }
h^ghqZklhlgbf�j_]_g_jZlb\gf�i�^kbex\Zq_f�gZ�qZklhlm�ω0>ω>��H^bg� a�_dki_jbf_glZevgbo

fZd_l�\� lZdh]h� i�^kbex\ZqZ� ijZpx\Z\� m� ��o� kf� ^�ZiZahg�� ^h\`bg� o\bev� ijb� l_fi_jZlmj�

L ����D��<�g�\bdhjbklh\m\Z\�dhZdkbZevgbc�gZi�\o\bevh\bc�j_ahgZlhj�a�lhqdh\bf�dhglZdlhf

Nb-Ta��hi�j�ydh]h�R0 a��Hf��rmfh\Z�l_fi_jZlmjZ�h^ghqZklhlgh]h�i�^kbex\ZqZ�TN ≅42T.
1g^mdlb\g�klv�>D�L>�fh`_�af�gx\Zlbkv�m�qZk���i�^�^�}x�kZfhgZdZqdb��V0≠0),�Z�lZdh`�i�^

^�}x� ah\g�rgvh]h� _e_dljhfZ]g�lgh]h� kb]gZem� qZklhlb  ω1 lZ� Zfie�lm^b� V1�� <� hklZggvhfm

\biZ^dm�fh`gZ�j_Ze�am\Zlb�iZjZf_ljbqgbc�i�^kbex\Zq��a�ah\g�rgvhx�gZdZqdhx�

>�ckgh��a]�^gh��������lZ��������ijb�V0=0, V2 ��fZ}fh�

                                     
*/ P� dheb\Zggy gZab\Zxlvky �g_^`ha�nkhg�\kvdhx� ]_g_jZp�}x� \hgb fZxlv [�evr rbjhdm e�g�x

\bijhf�gx\Zggy �a\ � jZa�� g�` ^`ha_nkhg�\kvdZ ]_g_jZp�y� klZ[�e�ah\ZgZ ZgZeh]�qgbf h[
}fgbf j_ahgZlhjhf�

Jbk� ���� E�g�cgbc eZgpx`hd � ^`ha_nkhg�\kvdbo dhglZdl�\� kbgojhg�ah\Zgbo ]_g_jZlhj�\ G<Q�

+

_

G<Q G<Q

>D1

>D2 >D6

gZ^ijh\�^gbd
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(4.4)

>ey� kl�cdh�� jh[hlb� lZdh]h� i�^kbex\ZqZ� g_h[o�^gh�� sh[� L>� agZoh^beZkv� gZ� ^�eygp�
ihablb\gbo� agZq_gv� Z[h� _ϕ|< π���� Py� \bfh]Z� gZdeZ^Z}� h[f_`_ggy� gZ� ihlm`g�klv� gZdZqdb
(∼V1

2
��� sh� ijba\h^blv� ^h� g_fh`eb\hkl�� \bdhjbklZggy� mk�o� ihl_gp�Zevgbo� fh`eb\hkl_c

i�^kbex\ZqZ��>ey� mkmg_ggy� pvh]h� h[f_`_ggy�>D� \dexqZ}lvky� m� gZ^ijh\�^gbdh\_� d�evp_� a

�g^mdlb\g�klx�Ld�lZdhx��sh[�^ey�\k�o�ϕ  Ld

-1+ L>
-1>����LZdbc�iZjZf_ljbqgbc�i�^kbex\Zq�}�

\aZ]Ze�� dZ`mqb�� KD<1>hf� af�ggh]h� kljmfm� �� \k�� f�jdm\Zggy�� ajh[e_g�� jZg�r_� ijh� rmfb

KD<1>m��fZxlv�f�kp_���aZjZa��GZijbdeZ^��rmfh\Z�l_fi_jZlmjZ�i�^kbex\ZqZ�LN =Lωk /ω > << L,
^_�ωk��qZklhlZ�kb]gZem��ωk +ω o=ω 1, ω o��qZklhlZ�ohehklh]h�dhglmjm�

IZjZf_ljbqgbc� i�^kbex\Zq� a� kZfhgZdZqdhx� �V0≠0�� g_� ihlj_[m}� ah\g�rgvh]h

]_g_jZlhjZ�� gZdZqdhx� kem]m}� \eZkgZ� ^`ha_nkhg�\kvdZ� ]_g_jZp�y�� :e_� aZ\^ydb� ��

g_fhghojhfZlbqghkl���^b\�§������lZdbc�i�^kbex\Zq�fZ}�agZqgh�]�jr��rmfh\��oZjZdl_jbklbdb

g�`�i�^kbex\Zq�a�ah\g�rgvhx�gZdZqdhx�

�����D\Z^jZlbqgbc�^_l_dlhj

>ey�kl\hj_ggy�^_l_dlhjm�G<Q�gZ�hkgh\��>D�fh`_�[mlb�\bdhjbklZgbc�nZdl�af_gr_ggy

gmevh\h�� koh^bgdb� <:O� dhglZdlm� i�^� ^�}x� _e_dljhfZ]g�lgh]h� kb]gZem�� A]�^gh� ������

\_ebqbgZ�koh^bgdb (^b\��jbk�����

2
2

0 2 2
0

2
1 1 ,c

c
c c

eVI e
j V P

I
α

ω ω
=  

≈ = − = − 
 = =

(4.5)

^_�Vc�lZ�ωk��Zfie�lm^Z�lZ�qZklhlZ�kb]gZem��P∼ Vc
2
��ch]h�ihlm`g�klv�

A� jbk����� \b^gh�� sh� <:O� >D� i�^� ^�}x

G<Q� ihlm`ghkl�� P� agb`m}lvky�� m� j_amevlZl�
qh]h�� iZ^�ggy� gZijm]b� gZ� ^_l_dlhj�

a[�evrm}lvky� gZ� ∆V=Vhk-V0. ∆V� ijhihjp�cg_
^bn_j_gp�cghfm�hihjm�>D�dV/dI, ���a]�^gh�������
d\Z^jZlm� gZijm]b� G<Q� �Z[h� ∼J��� M� a\
yadm� a
hklZggvhx� h[klZ\bghx�� ^Zgbc� ^_l_dlhj� }

d\Z^jZlbqgbf� ^_l_dlhjhf qb� ^_l_dlhjhf

ihlm`ghkl��� :ijhdkbfmxqb� <:O� gZ� jbk����

ijyfbfb�e�g�yfb�lZ�\\Z`Zxqb�m�\�^ih\�^ghkl�

�a��������I=/Ic=1-αP,  e_]dh�hljbfZlb

33,
G,

G9
9 ηα ==∆

�
,  (4.6)

I

I
]

0   V0 V0k V

I0

I=

J=0 J≠0

Jbk� ���� <:O >D a ]_g_jZlhjhf kljmfm 1
]
i�^

^�}x ihlm`ghkl� G<Q J�
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^_� η�� \hevl�\ZlgZ� qmleb\�klv� d\Z^jZlbqgh]h� ^_l_dlhjm
*/
�� AZe_`g�klv� η� \�^� qZklhlb

\bagZqZ}lvky�nhjfmehx��������a]�^gh�a�ydhx�η ∼ ω-2
��a\
yadhf�a�e�g�}x�i_j_^Zq���j_ahgZgkgbfb

\eZklb\hklyfb�yd�h[
}fm��m�ydhfm�agZoh^blvky�>D��lZd���kZfh]h�dhglZdlm��\_ebqbghx�s�ebgb

gZ^ijh\�^gbdZ�∆��Qmleb\�klv�^_l_dlhjZ�kbevgh� agb`m}lvky�ijb� =ωc >∆��h^gZd� aZebrZ}lvky

ihf�lghx�\_ebqbghx�Z`�^h� =ωc  ≈10∆��^b\���gZijbdeZ^��jbk�������\�>�@���Iho�^gZ�dV/dI�lZdh`

aZe_`blv� \�^� qZklhlb�� \hgZ� fZdkbfZevgZ� ih[ebam� qZklhl� ωc =
P

Q
2_90/ = �� sh� \�^ih\�^Zxlv

koh^bgdZf� gZijm]b� gZ� <:O� �^b\�� jbk�� ������� Ijb� jh[hl�� ^_l_dlhjZ� [ebavdh� koh^bghd

�k_e_dlb\gbc� j_`bf�� qmleb\�klv� ^_l_dlhjZ� a[�evrm}lvky�� h^gZd� \�g� klZ}� \mavdhkfm]h\bf�

Rmfb� ^_l_dlhjZ�� yd� �� m� \biZ^dm� KD<1>m�� aZe_`Zlv� \� hkgh\ghfm� \�^� � Zdlb\gh]h� hihjm

dhglZdlm��rmfh\Z�ihlm`g�klv

3 9
1 1

= � �η (4.7)

^_�VN��\bagZqZ}lvky�nhjfmehx��������

GZ� p_c� qZk� hljbfZg�� lZd�� oZjZdl_jbklbdb� d\Z^jZlbqgbo� ^_l_dlhj�\� gZ� >D�� Jh[hq�

qZklhlb���^h�∼������==p���λ  �����ff���Qmleb\�klv��η  ≈  105  
<�<l��λ  ���ff����1g_jp�cg�klv������-

10 
k_d���?d\�\Ze_glgZ���rmfh\Z���ihlm`g�klv���PN  /  (∆f)1/2 =  3⋅10-15  

<l�=p
1/2
���ijb���ωk /2π = 120

==p���lZ�������
-14 

<l���=p
1/2
�ijb�ωk /2π  �����==p���λ  ��ff����L_hj_lbqgh�fh`eb\_�agZq_ggy�PN

/(∆f) 1/2 ≈  10-17 
<l���=p

1/2
�ijb�λ ≅���ff�

K_e_dlb\g_�^_l_dlm\Zggy�kmll}\h�a\m`m}�ihehkm�^_l_dlhjZ��h^gZd�\b]jZrm�m�iZjZf_ljZo

lml�gZ�kvh]h^g��g_�hljbfZgh��∆ωk / 2π ∼300�F=p��ωk /2π  ≅������==p����PN / (∆f) 1/2  = 10-14 
<l�=p

1/2.
IjZdlbqgh� ko_fZ� ^_l_dlhjZ� kdeZ^Z}lvky� a� fh^meylhj�\� iZ^Zxqh]h� \bijhf�g_ggy� Z[h

jh[hqh]h�kljmfm�dhglZdlm��sh�ijZpxxlv�jZahf�a�kbgojhggbfb�^_l_dlhjZfb��gZeZrlh\Zgbfb

gZ�qZklhlm�fh^meyp����^b\���gZijbdeZ^��jbk�������\�[3]).

�����I_j_l\hj_ggy�dheb\Zgv�aZ�^hihfh]hx�>D

JZg�r_�ijb�jha]ey^��>D�i�^�^�}x� _e_dljhfZ]g�lgbo�dheb\Zgv�[meZ�^hke�^`_gZ� l�evdb

ihkl�cgZ� kdeZ^h\Z� ^`ha_nkhg�\kvdh]h� kljmfm�� Af�gg�� kdeZ^h\�� fh`mlv� [mlb� e_]dh

ijhZgZe�ah\Zg�� �aZ� �^hihfh]hx� �aZ]Zevgh]h� �\bjZam� � �������� �Ydsh� �ihdeZklb�^ey�kijhs_ggy

V0=ω>  ����lh�fh`gZ�aZibkZlb�m�y\ghfm�\b]ey^��^_d�evdZ�^h^Zgd�\�a�kmfb�������

                                     
*/ A]�^gh a [�evr lhqghx j_abklb\ghx fh^_eex >D a ]_g_jZlhjhf kljmfm ijb 1≅ 10:
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(4.8)

I_jrbc� ^h^Zghd� \� ������ \�^ih\�^Z}� aZ� \`_� ^hke�^`_gbc� _n_dl� ������� af_gr_ggy

ihkl�cgh�� kdeZ^h\h�� fZdkbfZevgh]h� kljmfm� q_j_a� dhglZdl� m� ijbkmlghkl�� _e_dljhfZ]g�lgbo

ihe�\��>jm]bc�^h^Zghd�hibkm}�y\bs_�af�s_ggy�qZklhlb�\gba��m�j_amevlZl��ydh]h�kljmf�dj�av

dhglZdl�af�gx}lvky�a�qZklhlhx��ydZ�^hj�\gx}�j�agbp��qZklhl�dheb\Zgv�ω2-ω1��yd��^�xlv�gZ�>D�

Fh`eb\�klv�i_j_l\hj_ggy�qZklhlb�\]hjm�ihf�lgZ�ijb�^hke�^`_gg��lj_lvh]h�^h^Zgdm�\� ������

Q_l\_jlbc�^h^Zghd�hibkm}�i_j_l\hj_ggy�qZklhlb�^hgbam�aZ�^hihfh]hx�]Zjfhg�d�iZ^Zxqh]h

\bijhf�gx\Zggy��GZ]Z^Z}fh��sh�q_j_a�hkh[eb\��\eZklb\hkl��>D�_n_dlb�i_j_l\hj_ggy�fh`mlv

\�^[m\Zlbky� a� i�^kbe_ggyf� kb]gZem�� <k�� a]Z^Zg�� y\bsZ� \by\e_g�� _dki_jbf_glZevgh� c

\bdhjbklh\mxlvky� ^ey� kl\hj_ggy� ijbchfgbo� ijbkljh�\� gZ� >D�� Ijb� pvhfm� ^h� dhglZdlm

i�^\h^ylvky� � ^\Z� � kb]gZeb�� kb]gZe�� � sh� ^hke�^`m}lvky�� gZ� qZklhl�� ωk = ω1� lZ� kb]gZe

]_l_jh^bgm�gZ�qZklhl��ω] =ω2��GZijm]Z� �ijhf�`gh��qZklhlb��ydZ� ag�fZ}lvky� a�dhglZdlm��fZ}

qZklhlm� ωi =ω]-ωk� m� \biZ^dm� i_j_l\hj_ggy� qZklhlb� ^hgbam�� ωi=ω]+ωk� m� \biZ^dm

i_j_l\hj_ggy�qZklhlb�\]hjm��ωi=nω]-ωk   m�\biZ^dm�i_j_l\hj_ggy�qZklhlb�\gba�gZ�]Zjfhg�dZo

]_l_jh^bgm�

M� ydhkl�� ]_l_jh^bgm� fh`_� [mlb� \bdhjbklZgbc� yd� ah\g�rg�c� ]_g_jZlhj�� lZd� �� \eZkgZ

^`ha_nkhg�\kvdZ� ]_g_jZp�y� dhglZdlm��<� hklZggvhfm� \biZ^dm�ihlj�[gZ� j_l_evgZ� klZ[�e�aZp�y

qZklhlb�]_g_jZp����hkd�evdb�\k��nemdlmZp���]_l_jh^bgZ�i_j_ghkylvky�gZ�ijhf�`gm�qZklhlm��c

fh`_�lZd�klZlbky��sh�∆ω > ≅ ω i.
Af�rm\Zq�gZ�>D��yd���d\Z^jZlbqgbc�^_l_dlhj��}�\bkhdhqZklhlgbf�ijbkljh}f��sh�ijZpx}

^h� fc ∼1012 
=p��GZ� kvh]h^g�� a�^hihfh]hx�>D� aZj_}kljh\Zgbc� kb]gZe� ijhf�`gh�� qZklhlb� \�^

eZa_jZ�gZ�KH2 (λ ∼���f�djhg��qZklhlZ����L=p���<_ebdZ�g_e�g�cg�klv�>D�ijba\h^blv�^h�lh]h�
sh� \`_�ijb�f�e�\Zlgbo� j�\gyo� ]_l_jh^bgZ�c� kb]gZem� klZ}�fh`eb\bf� j_}kljm\Zggy� kb]gZem

ijhf�`gh�� qZklhlb� ijb� i_j_l\hj_gg�� qZklhlb� ^hgbam� gZ� [�evr� g�`� khl�c� ]Zjfhg�p�

]_l_jh^bgm��GZ� lhqdh\hfm�Nb-Nb� dhglZdl�� [meZ� \b^�e_gZ� ijhf�`gZ� qZklhlZ� fi  � ��==p� ijb
af�rm\Zgg�� qZklhlb� kb]gZe�\� \�^� eZa_jZ� gZ� iZjZo� \h^b� �fc ∼� ����� ==p�� lZ� ����h�� ]Zjfhg�db
]_l_jh^bgm�gZ�de�kljhg�� a�qZklhlhx� f] ∼� ����==p��:gZeh]�qg�� ^hke�^b� ijh\_^_g�� a� eZa_jhf� gZ
HCN (fc ����==p������==p���<k_�p_�hagZqZ}��sh�\`_�aZjZa�gZ�>D�kl\hj_g��ijZdlbqg��ijbchfg�

ijbkljh�� ^ey� g_� ^m`_� fZebo� kb]gZe�\�� sh� i_j_djb\Zxlv� \kx� ^�eygdm� _e_dljhfZ]g�lgh]h

ki_dljm�\�^��gnjZq_j\hgh]h�\bijhf�g_ggy�^h�G<Q��^�ZiZahgm�

>ey�ijbchfm�]jZgbqgh�fZebo�kb]gZe�\�[_amfh\gh�ihlj�[gh�\bdhjbklZlb�[_aihk_j_^gx

\aZ}fh^�x� kb]gZem� a� i_jrhx� ]Zjfhg�dhx� ]_l_jh^bgm�� >ey� klZ[�e�aZp��� >D� ijb� \_ebdbo

ihlm`ghklyo� ]_l_jh^bgm��yd� ��m�\biZ^dm�iZjZf_ljbqgbo�i�^kbex\Zq�\�� ke�^�\dexqZlb�>D�m

gZ^ijh\�^g_� d�evp_�� �gZdr_� dZ`mqb�� ke�^� \bdhjbklZlb� m� ydhkl�� af�rm\ZqZ� \bkhdhqZklhlgbc

KD<1>��>ey�hljbfZggy�\_ebdbo�gZijm]�ijhf�`gh��qZklhlb��g_h[o�^gh�i�^\bsm\Zlb�ijhf�`gm

qZklhlm��^b\��nhjfmem����������^ey�qh]h�fh`gZ�\bdhjbklZlb�j_`bf�a�i_j_l\hj_ggyf�qZklhlb

\]hjm��Dh_n�p�}gl� i�^kbe_ggy� i_j_l\hj_ggy� qZklhlb� gZ�>D�� yd� �� m� \biZ^dm� d\Z^jZlbqgh]h
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^_l_dlhjZ�� aZe_`blv� \�^� agZq_ggy� dV/dI�� lh[lh� \�^� \b[hjm� jh[hqh�� lhqdb�� Jh[hqZ� lhqdZ
[_j_lvky�\aZ]Ze��ih[ebam�gmevh\h��koh^bgdb��^_�iho�^gZ�dV/dI�fZdkbfZevgZ�

Qmleb\�klv� ijbcfZqZ� �a� af�rm\Zq_f� aZe_`blv� \�^� \_ebqbgb�rmfm��sh� ^h^Z}lvky� ijb

i_j_l\hj_gg�� qZklhlb� kb]gZem� ^h� ijhf�`gh�� qZklhlb� ωi �� lZ� a\bqZcgh� oZjZdl_jbam}lvky

\�^ih\�^ghx� rmfh\hx� � l_fi_jZlmjhx� TN . KbevgZ� g_e�g�cg�klv� <:O� lZ� gZy\g�klv� \� >D
\eZkgh��]_g_jZp���kl\hjxxlv�mfh\b�^ey�i_j_l\hj_ggy�©\gbaª�ih�qZklhl��g_�l�evdb�dhjbkgh]h

kb]gZem��Ze_���fgh`bgb�<Q�dhfihg_gl�rmfm��M�j_amevlZl���yd�ihdZam}�l_hj�y�lZ�_dki_jbf_gl�

TN  af�rm\ZqZ�gZ�>D�m�^_kyldb�jZa�\

i_j_\bsm}� ch]h� n�abqgm

l_fi_jZlmjm�� QZklhlgZ� h[eZklv

\bdhjbklZggy� af�rm\Zq�\� a� >D

kdeZ^Z}� ��� �� ����==p��>ey�qZklhl�∼
100 ==p� gZcf_gr_� ^hky]gml_

agZq_ggy�TN ∼ 100 K��Yd�d\Z^jZlbqg�
^_l_dlhjb�� lZd� �� af�rm\Zq�� gZ� >D

rbjhdh� g_� \bdhjbklh\mxlvky�

Ijbqbghx� pvh]h� }� g_^hklZlgy

klZ[�evg�klv� \eZklb\hkl_c� �ijb

\bdhjbklZgg�� lhqdh\h]h� dhglZdlm�

lZ�m�i�^\bs_ghfm�j�\g��rmfm��JZahf�a�lbf�\hgb�ih�k\h�f�\eZklb\hklyf�\�h[eZkl��\�^�����^h�∼
1000 ==p� � i_j_\bsmxlv�� gZi_\gh�� ijbcfZq��� sh� [Zamxlvky� gZ� _n_dl�� Rhld�� lZ

h^ghqZklbgdh\bo�lmg_evgbo�i_j_oh^Zo��^b\��§ 6.3).
IjZdlbqgZ� ko_fZ� ijbchfgh]h� ijbkljhx� a� i_j_l\hjx\Zq_f� qZklhlb� \]hjm� gZ�KD<1>�

ah[jZ`_gZ�gZ�jbk�� �����Kb]gZe�gZ�gZi�\ijh\�^gbdh\hfm�^_l_dlhj�� af�rm}lvky� a�dheb\Zggyf

]_l_jh^bgm�c�ml\hjx}lvky�i_jrZ�ijhf�`gZ�qZklhlZ�fi�=f]�-fk��GZ�KD<1>��\gZke�^hd�[blly�fi��lZ
f]�� \bgbdZ}� ^jm]Z� ijhf�`gZ� qZklhlZ� fi�=fi�+ f]�, sh� e_`blv� a\bqZcgh� m� ��o� kZglbf_ljh\hfm

^�ZiZahg���^_���kgmxlv���gZc[�evr��qmleb\��I<Q��Ko_fZ��fZ}��_d\�\Ze_glgm��ihlm`g�klv��rmfm

∼ 10-15
� <l�=p

1/2
� ijb� fk ∼� ���� ==p�� fi�∼�� ==p�� fi�∼��� ==p�� Ijb� \bdhjbklZgg�� j_`bfm

i_j_l\hj_ggy� qZklhlb� ©\gbaª� qmleb\�klv� i_j_l\hjx\Zq�\� gZ� >D� lh]h� `� ihjy^dm�� sh� c

d\Z^jZlbqgbo�^_l_dlhj�\�

�����Ki_dljhf_lj�lZ�ki_dljhZgZe�aZlhj�gZ�hkgh\��>D

Fh`eb\�klv� ijhklh�� i_j_[m^h\b� ^`ha_nkhg�\kvdh]h� ]_g_jZlhjZ� jh[blv� ch]h� ajmqgbf

ijbkljh}f�^ey�\bdhjbklZggy�m�ki_dljhf_ljZo�lZ�ki_dljhZgZe�aZlhjZo��1^_y�ki_dljhf_ljZ�gZ

hkgh\��>D�ihey]Z}�m�gZklmighfm��<�k_j_^bg��j_abklb\gh]h�d�evpy�a�>D�qb�d�evpy�a�^\hfZ�>D

jhaf�sm}lvky�j_qh\bgZ��sh�^hke�^`m}lvky�� ��ydZ�\by\ey}�j_ahgZgkg_�ih]ebgZggy�gZ�qZklhl�

ωj_a�� i�key� qh]h� ag�fZxlv�<:O�>D��Ijb�ω>=ωj_a� [m^_� �kgm\Zlb� koh^bgdZ� kljmfm�� lhfm�sh

^`ha_nkhg�\kvd_� \bijhf�gx\Zggy��sh� agb`m}�<:O�>D� ih� hk�� kljmf�\� �^b\�� jbk������� [m^_

ih]ebgZlbkv�m�j_qh\bg���m�j_amevlZl��qh]h��ch]h�^�y�gZ�dhglZdl� af_grblvky��M�ijZdlbqgbo

ko_fZo�ki_dljhf_lj�\�^ey�i�^\bs_ggy�qmleb\hkl��ag�fZxlv�g_�<:O��Z�iho�^gm��dV/dI��gZ�yd�c
[�evr� q�ldh� ijh]ey^Zxlvky� koh^bgdb� kljmfm�� Fh`eb\�� lZdh`� ko_fb�� ZgZeh]�qg�� ko_f�

\bkhdhqZklhlgh]h� KD<1>m�� m� ydbo� \bf�jxxlv� g_� <:O� dhglZdl�\�� Z� gZijm]m� gZ� dhglmj�

ijhf�`gh�� qZklhlb�ωi��sh� ih\
yaZgbc� a��KD<1>hf� lZ� a[m^`m}lvky� ah\g�rg�f� ]_g_jZlhjhf�

Ijb� ω>-ωi=ωj_a, ωi-ω>=ωj_a, ω>=ωj_a� py� gZijm]Z� [m^_� af_grm\Zlbkv�� lhfm� sh� qZklbgZ

_g_j]��� dhglmjZ� [m^_� ih]ebgZlbky� m� j_qh\bg��� GZ� lZd�c� ko_f�� [m\� agZc^_gbc� y^_jgbc

fZ]g�lgbc�j_ahgZgk�gZ�ZlhfZo�K0
59
��ih]ebgZggy�ijb�pvhfm�klZgh\beh���

-16
�<l�

Ihy\Z� koh^bghd� gZ� <:O� dhglZdlm�� sh� agZoh^blvky� i�^� \bijhf�g_ggyf� G<Q�� ^Z}

fh`eb\�klv�kdhgkljmx\Zlb�ki_dljhZgZe�aZlhj�gZ�hkgh\��>D��Ydsh�k\�im\Zlb�gZijm]m�V0��sh

ijbdeZ^Z}lvky� ^h�>D�� hljbfZ}fh� jy^� koh^bghd� �Z[h� i�d�\� gZ� ]jZn�dm� aZe_`ghkl�� iho�^gh�

Jbk�������I_j_l\hjx\Zq��qZklhlb�©\]hjmª�gZ�KD<1>��

=1��=2�±�i_jrbc�lZ�^jm]bc�]_l_jh^bg�

=1 =2

I<Q
 fc

 f]�
 f]�

 fi�  fi�
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dV/dI=f(V0���Ih�f�kp_agZoh^`_ggx� lZ� �gl_gkb\ghkl��pbo� i�d�\�fh`gZ� jh[blb� \bkgh\db� ijh

qZklhlm� lZ� ihlm`g�klv� ^�xqbo� gZ� >D� \bijhf�gx\Zgv�� LZdbf� qbghf� [meb� ijhZgZe�ah\Zg�

kb]gZeb�\�^�^m`_�\bkhdhqZklhlgbo�^`_j_e��m� lhfm�qbke��eZa_j�\�gZ�iZjZo�\h^b��Ijb�pvhfm

ihlj�[gZ� [meZ� ihlm`g�klv� [ebavdh� ^_d�evdho� f�e�\Zl�� >ey� kl\hj_ggy� ZgZe�aZlhj�\� ki_dljZ

f�e�f_ljh\h]h�lZ�km[f�e�f_ljh\h]h�^�ZiZahgm�a�[�evrhx�qmleb\�klx�fh`gZ�\bdhjbklh\m\Zlb

i_j_l\hjx\Zq��qZklhlb�^hgbam�gZ�hkgh\��>D�a�kZfhgZdZqdhx�Z[h�a�gZdZqdhx�\�^�ah\g�rgvh]h

]_l_jh^bgm�

�����>D�yd�_lZehg�gZijm]

Nmg^Zf_glZevg_� ki�\\�^ghr_ggy� ������� ω>=(2_/�)V0 ^ey� ^`ha_nkhg�\kvdbo� dhglZdl�\

^ha\hey}� a\’yaZlb�gZijm]m�gZ�>D� a�gZc[�evr� lhqgh�\bf�jx\Zghx�gZ�kvh]h^g��\_ebqbghx� ±
qZklhlhx��Fh`eb\��^_d�evdZ�f_lh^�\�\bf�jx\Zggy�V0�gZ�hkgh\��>D��H^bg�a�gbo�[Zam}lvky�gZ

\bf�jx\Zgg��qZklhlb�\bijhf�gx\Zggy�a�dhglZdlm��H^gZd��q_j_a�g_dh]_j_glg�klv�lZ�keZ[d�klv

lZdh]h�\bijhf�g_ggy��p_c�f_lh^�fZ}�fZem�lhqg�klv��Ydsh� aZklhkm\Zlb�kihkh[b�i�^\bs_ggy

fhghojhfZlbqghkl�� \bijhf�g_ggy�� lh� fh`eb\�� _n_dlb� aZly]m\Zggy� qZklhlb� lZ� amfh\e_g_

gbfb�\�^obe_ggy�\�^�aZe_`ghkl����������1grbc�f_lh^�±�p_�n�dkZp�y�gZijm]b�i_jrh��koh^bgdb

gZ� <:O� Z[h� i_jrh]h� fZdkbfmfm� gZ� aZe_`ghkl�� � dI/dV=f(V0�� ijb� hijhf�g_gg�� dhglZdlm

dh]_j_glghx� qZklhlhx� ω0�� GZijm]Z� i_jrh]h� fZdkbfmfm� V0=ω0�/2e� aZe_`blv� ebr_� \�^

klZ[�evghkl��lZ�lhqghkl��\bagZq_ggy�ω0��Z�g_�\�^�djmlbagb�i_jrh��koh^bgdb��ydZ�\bagZqZ}lvky

rmfZfb�>D��AZklhkm\Zggyf�^ey� hijhf�g_ggy� dhglZdlm� \bkhdhklZ[�evgbo� eZa_j�\� lZ� kbkl_f

ihke�^h\gh�a
}^gZgbo�>D�^ey�i�^\bs_ggy�V0��\�^ghkgZ�ihob[dZ�_lZehg�\�gZijm]b�gZ�kvh]h^g�

^h\_^_gZ�^h�~10-8.
>`ha_nkhg�\kvdbc� _lZehg� gZijm]b� \� ^_ydbo� djZ�gZo� \`_� kem`blv� klZg^Zjlhf� \hevlZ�

GZijbdeZ^�� \� KR:� p_� ajh[e_gh� \� ����� jhp��� a� ����� j�� \� ^`ha_nkhg�\kvdhfm� klZg^Zjl�

\bdhjbklh\mxlvky�������i_j_oh^b��sh�^Zxlv�gZijm]m����<�

AZ� ^hihfh]hx� _lZehgm� gZijm]b�reyohf� lhqgh]h� \bf�jm�ω0� lZ�V0� \^Zehkv� i�^\bsblb

lhqg�klv�\bf�j�\�nmg^Zf_glZevgh��dhgklZglb�_�K�lZ�\k�o�ih\
yaZgbo�a�g_x�n�abqgbo�dhgklZgl�


