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NPEJAUCJIOBUE K 4-MY H3JAHHIO

Ocrosroe cofepxkanne 3rofi xmura (raasn [—III, V) mano usmenunoch no
CpaBHEHHIO € TeM, KaKuM OHO OblIO HalHCaHO JId NepBHX ABYX usnanuft (1944,
1953 rr.), B KOTOpHIX Teopus YOPYrocTH Obifia, 0O CayualHEM NpuYnHAM, OGBexH-
HeHa ¢ THAPOANHAMUKON B BHAe «MeXaHHKH CIUIOMHBIX cpef». Takoe NOCTOSHCTBO —
€CTeCTBEHHOe CJEACTBME TOro, 4YTO OCHOBHLIE yPAaBHEHHS M DE3y/AbTaThl TEOPHH
YIPYLOCTH yiKe HaBHO «YCTOSJIHCH?.

B Tperbem wusnanum (1965 r.) Gpina foGaBrena naBa O TEODHH JLMCIOKA LK
B KpuCTaanax (HanmcaHHas COBMeCTHO ¢ A. M. Kocepuuem); sTa ryiaBa mORBEPT-
Zach Tenepb JUINb CPABHHTEJBHO HEGOJLIIEM H3MEHENHAM.

B HacTosileM H3laHnu fo0apieHa HOBas I7taBa, NOCBSAHIEHHasd MeXaHHKe JKHA-
KHX KpHCTadn0B; OHa Hanucawa coBmectHo ¢ J1 [L [luTaeBckum. Jra uoBan 06~
71aCTb MEXaHHKH CIVIOIIHBIX Cpej HeceT B cefe OJHOBDEMEHHO uepThl, CBOHCTBeNHbIC
MeXaHHKaM JKHAKHX H YUPYTHX cpel. IlosToMy mpeicTaBiseTcs HenecooBpasHbiM
PacOICIKHTD ee H3JIOKeHHe B IAHHOM KypCe BOC/e H3MOXKeHHs KaK CHAPOAHHAMHKH,
TaK M TEOPHH YIPYTOCTH TBEpAbIX TeJ.

Kak BCerfa, % M3BJEK MHOTO NOJb3H H3 OGCYKAEHHS PRAA 3aTPOHYTHIX B STOH
KHHTe BONPOCOB CO CBOHMH APY3bSMH M TOBapuillamu no paGore. B stofi cBasu
% xoTen O ¢ GuarogapuocTsio ynomsieyTs I. E. Bemosnka, B. JI. I'unsbypra,
B. JI. Ungen6oma, E. Y. Kana, 0. A. Kocesuua, B. B. Jlebenesa u B. 1. Mu-
HeeBa, CHENABIIMX DS NOJNE3HLIX SamedaHuil, yuTeHHHX B paGoTe HAA KHHIOW.

E. M. Jlugruuy,

Wuctutyt dusuuecknx mpobrem AH CCCP
duBapp 1985 1,

H3 NMPEAUCIOBHUSA K «<MEXAHUKE CIJOIIHbIX CPE[»

,..B KnHre, HanmucaHHOH (u3uKaMu H B [ePBYIO OdYepeAb AN (PU3HKOB, HaC,
€CTeCTBEHHO, HHTepecoBa/H BOMNPOCH, KOTOpLIE OGLINHO He W3NATAleTCS B Kypeax
TEOpPHH YNPYTOCTH; TAaKOBH, HaNpHMep, BONPOCH TeMJONPOBOAHOCTH H BA3KOCTH
TREABIX Tes, PsA BONPOCOB TEOPHHM YHPYTHX KoJeGaHHHl M BoaH. B TO XXe Bpemst
Mbl JIMIIb OueHb KPaTKO KacaeMmcs psijla CrenuaibHBIX mpoSiaeM (HampuMep, COXK-
HHIX MaTeMaTHUECKHX METOLOB TEOPHH YUPYTOCTH, TeopuH o6OJOueK H T. I.), B KO-
TOPHIX K TOMY K€ aBTOPHl HH B KaKOH CTEleHH He SBJASIOTCA CHelHANHCTAMHU. '

1953 r, . Jlanday, E. Jluguiuy
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H TEH3ODHBIM HHJEKCAaM: MO BCEM JABAXKAH [OBTOPAICULMMCA B JAHHOM BBIDaX{eHHH
(<HeMmbiM») HBJEKCAM [OAPA3yMERAETCs CyMMHMDOBaHHE MO 3HaueHuam 1, 2, 3.

B raase VI ucnosnib3yercs ofossauenye 0; = 0/dx; pjs oneparopa AudpdepeH-
LHpOBaHMg MO KOOPAHHATAM.

Cebliky Ha HoMmepa naparpadoB u GOpPMyJ B ADYTUX TOMax 3TOro Kypca CHal-
MeHBl  pumckuMH uuppamu; I[I—tom 11, «Teopua moas», 1973; V — tom V,
«CratucTnueckan $usuka, uacts 1», 1976; VI — 1om VI, «luppoaunamuka», 1985;
VIII — rom VIII, «Daex1poauHamuka CIUIOUIELIX cpef», 1982,



FTABA I

OCHOBHDBIE YPABHEHHA TEOPHH YHNPYIOCTH

§ 1. Tensop aedopmannu

Mexanuka TBepABIX TeJ, pacCMATPUBAEMBIX KaK CIJIOMIHLIE CPeJIbI,
COCTaBJISIET COZepKaHUe meopuu ynpyzocmu '),

[Tox BAMAHHMEM NPUJOKEHHBIX CHJ TBepJble Teaa B TOH WU HHOM
cTeneHH AeGOpMHPYIOTCS, T. €. MEHSIOT cBoio GopMy u obbeM. s
MaTeMaTHYECKOrO OMHUCaHusl AeQopMaluy Te/la NOCTYNAloT CAeAyIOMUM
obpasoM. [Tosoxkenne KaxIoH TOUKM Teda OHPENESAETCH ee PajgHyc-
BEKTOPOM I (C KOMHIOHEHTaMH X; = X, X, = Y, X3 = 2) B HEKOTOpOH
cucreMe KoopauHat. [Ipu nedopMHpOBaHHM Tena BCe €ro TOUKH, BO-
obmie roBops, cMellarrca. PaccMOoTpuM Kaxkyio-HHOVAL OlipeseseH-
HYIO TOUKY TeJa; ecJH ee pafuyc-BeKTop a0 AebopMmupoBaHus Obli r,
TO B AehOpPMHPOBAHHOM Tesle OH OYJeT UMETh HEKOTOpOE APYroe 3Ha-
yeHHe I’ (C KOMIOHEHTaMH x7). CMmelenie TOUKH Tesa NpH J1eOpMUPO-
BaHHU H300pa3uTCsl TOrZA BEKTOPOM I’ — I, KOTOPHIH MBI 0G03HAYUM
NOCPEACTBOM U:

U; = X; — Xy Ln

BexTop u Ha3blBaIOT gexmopom Oepopmanti (WIH 6EKMOPOM CMelye-
Huf). KoopauHarThl x; CMEUleHHOA TOUKH ABJSIOTCSA, KOHEUHO, PYHKIH-
sIMH OT KOOPJHHAT X; TOH e TOUKH 1O ee cMeiieHusa. [103ToMy U Bek-
Top AedopMmanuH sIBAsSeTCss ¢YHKUHeH KOOpPAHHAT X;. 3ajaHUe BeK-
TOpa U KakK (YHKIHH OT X; INOJHIOCThIO OnpenessieT JehopMaluio
TeJsa.

[Tpu pedopmupobanuy Teja MEHAWTCS PaCCTOSTHUS MEXKAY €ro
TouKamH. PaccMOTpHM Kakue-HUOYAb JABe GecKoHeuHo GIH3KHe TOUKH.
Ecau panuyc-BeKTOp MexAy HUMH 1O LedopMHpOBaHusa Obl dX;,
TO B AeOPMHPOBAHHOM TeJie PaAuyC-BEKTOP MEXKIY TeMH Ke JBYMSA
TouKaMH Oyper dx; = dx; -+ du;. CaMo paccrosiHue MeXKAy TOYKaMu
6LlI0 paBHO JO JAepOopMHpOBAHHSA

dl = v/ dx? ++dxi -+ dx,

a mocye AebopMHpOBAHMA
dll =V dxi’ + dxy’ + dxy’.

1) OcHoBHubie ypaBHeHHSI TEOPHH YNDYLOCTH Gbuiu ycranosienol Koww n [Myace
conor B 20-x rojax XIX Beka.



10 OCHOBHBIE VYPABHEHUSA TEOPHH VIPYTIOCTH [ra. 1

Cornacno ofmeMy NOpaBHJIy HanHCaHHA CyMM MOXHO HAallHCaTbi
3y D ,2 2
di? = dx}, dl' = dx; = (dx, - du;)*.
Ou; 2
Tloxcrasue du; = -67;“1)6’“ nepenuchiBaeM di’ B Buge

Oy k d Ou; Ouy
x —
oxp Xy dxy, + Oxp 0¥
[MTockoabKy BO BTOpOM uJjieHe ofa HHAEKCa i H k ABAMIOTCS HEMBbIMH,
MX MOXHO IIepeCTaBHTb H COOTBETCTBEHHO 3alMCaTh TOT WIeH B ABHO

CHMMETpHYHOM BHJE

di’t =di' 4 2 dxy, dx;.

oug Oup, )
——axh + %3 dx,- ka.

B TperneM e wieHe NoMeHseM MectaMu Huiekchl i M [. Toraza Ml
2
NOJNyYnM OKOHYaTeJbHO dI' B BHIE

dl’* = dl’ 4 2u;y, dx, dxs, (1,2)
rae
1 g o Oup , Ouy 0w
tn=7\To T30 T on om ) ‘ (1.3)

DTUMH BLIpaXEHUAMH ONPEAe/IsieTcs H3MEHEHHe JIEMEHTa JUIHHBL NIpH
feopMHpOBaHHH Teda. TEH30p i, HAa3BIBAKT mensopom Oedop-
Mayuu; 1O CBOEMY ONpPENeJIeHHI0 OH CHMMETPHYCH:

Uip = Upi. (1’4)

Kax u Bcakull CHMMETPHYHELl TEH30D, MOKHO IPUBECTH TEH30D U
B KaxIoH JAHHOH TOYKE K IVIaBHBIM OCAM. 3TO 3HAYHT, YTO B Kax-
nofi fAaHHOH TOukKe MOXKHO BHIOpaTb TaKylO CHCTEMY KOOpAWHAT —
IJIaBHLIC OCH TE€H30pd, — B KOTOPOH H3 BCEX KOMIOHEHT U;; OTJIHYHBI
OT HyJf TOMLKO AHATOHAJIBHbIE KOMIOHEHTBI U1, Uss, Ugs. OTH KOM-
NOHEHTH — IJIABHbIE 3HAUeHHS TeHsopa JedopMauuH — 0603HaYUM
nocpencreom ufV, 4@, uG, Hano, KOHeYHO, IOMHHTb, YTO €CNH TEH-
30p u;; NPUBEJEH K IVIABHBIM OCAM B HEKOTOpOH TOuKe Tefa, TO oi,
BooGiie ropopsi, HejHaroHajeH BO BceX APYIHX TOUKaX.

Ecan Tensop Aedopmanuy NpuBesieH B AaHHOH TOYKe K TJIABHBIM
ocaM, TO B OKPYHXAIWIIeM ee 3jeMeHTe 00beMa 3/JIeMEeHT AJIHHEI (1,2)
npHoOpeTaeT BHA

dl"* = (8;4 + 2u4p) dx; dxp ==
= (1 4 2uV)dx? 4 (1 -+ 2u'®) dx2 + (1 + 2u*) dx?.

Mul BHANM, YTO 3TO BhiparKeHHe pachafaeTcst Ha TPH HE3aBHCHMBIX
ujeHa. STO 3HAYHT, YTO B KaXKJAOM 3JeMeHTe obOneMa Tesa Jepopma-
HHIO MOXKHO PacCMaTpHBaTh KaK COBOKYIHOCTb TPEX HE3aBUCHMBIX
Jedopmauuil o TpeM B3aHMHO AEPHEHJHKYJAAPHBIM HANPABACHHAM —
IJIaBHEIM OCAM TeHsopa Aedopmanuu. Kaxzpas us 3THX JedopMmanui



§ 11 TEH30P JQE®OPMALMHU 11

npeAcTaBJsaeT co0oH NpocToe pacTa:keHHe (HJAH CXKaTHE) BAGJL COOT-
BeTCTBYIOIIEr0 HanpaBJeHHsA: AJAHHA dx; BAOJb NEPBOiH H3 IVIaBHBIX
ocell mpeBpamacTcsi B JJIHHY

dxi =vV'1-F 24V dx
H aHaJOTHYHO JJf JABYX JApYrux oceil. Benuuunst
v 1-4-2u® — 1

NpeJCTaBASIOT Cco00#, CACNOBATEALHO, OTHOCHTEJLHBIE VAJHHEHUS
(dx; — dx)/dx; BRoAb 5THX OCed.

[TpakTHYeckn TOYTH BO BCeX caydasX JAehopMupoBaHUs Ted
ZepopManyuy OKAa3bIBAIOTCS MaABIMM. IJTO 3HAUMT, UYTO H3MEHEHHE
J:060ro pacCTOfHUSA B Tesie OKAa3LIBAETCH MaJbIM IO CPABHEHHIO C ca-
MHM paccrosfnueM. JIpyruMu CJ0BaMH, OTHOCKTE/bHBIE YIJHHEHHS
MaJIel 10 cpaBHeHHMIO ¢ eiuHuuel. Huxke mbl Gyzem paccMaTpuBaTh
BCce JedopMalMH KaK MaJble.

Ecan teno noasepraercst masofi AedopMaiyy, TO BCe KOMIIOHEHTH
TeH3opa AepopMaunH, ONpPeNeAsIONIero, Kak Mbl BHAEAH, OTHOCHTENb-
Hble H3MEHEHHU: JJIMH B TeJje, ABJAAioTCca MajsiMu. UTo e Kacaercd
BeKTOpa JedopManiy, TO OH MOXeT ObITh B HEKOTOPBIX CJyUasix
fo/bImINM Jlaxe NpU MajblX fedopmainusx. PaccMorpum, Hanpumep,
IJUHHEI TOHKMH crepxedb. [laxe mpu cusnbHOM u3rube, Korga ero
KOHIIBI 3HAYHTENbHO IEPeMecTATC B NPOCTPAHCTBe, PACTAMKEHHS H
CHAaTHA BHYTDH CaMOFO CTEPXKHs OYAYT HE3HAUUTENLHBIMHU.

3a HCKJIOueHHeM TaKHX OCOOBIX cjydaes '), mpu Maneix aedopma- -
LHSX SIBJSETCS] MaJbIM TaKXKe U BeKTop Aedopmaunu. [leficTHTENBHO,
HHKaKoe «TpexMepHoe» TeJa0 (T. €. TeJO, pa3Mephl KOTOPOro He cle-
LHaJBbHO MaJibl HY B KAKOM HalpaBJeHHH) He MOXKeT GbiTh, OUEBHJHO,
AebOpMHPOBAHO TaK, YTOOLI OTAE/bHEIE €0 YacTH CHJLHO NepeMecTi-
JIHCh B NPOCTPaHCTBe, 6€3 BOSHUKHOBEHHS B TEJE CHJbHEIX pacTaxKe-
Hufl U CXKaTHH. )

Tonkue crep:xHE GYLyT HaMH PacCMOTpEHLI OTAENLHO B riase II.
B ocranbHBIX ke caydasx, CAeA0BaTeNLHO, OPH MajhX AedopMauusx
CMeIIeHHS Uy, a ¢ HUMH H HX NPOH3BONHBIE MO KOOPAHHATAM, MaJbl.
ITosToMy B ofmem Beipaxesuu (1,3) MoxHO npeHebpeub HOCTAEAHHM
YICHOM KaK MaJjiof BeJIHYHHOH BTOpOro nopanka. Takum obpasom,
B CjJydae MagdelX JedopManuil TeHzop neq)opmaumx onpeaesnsercs
BEIpaXKeHUEeM

1 O Jup,
an =7 (Go +a)- (19

1) Kpome pmedopmaituil TOHKHX CTepkHelt CIOfa OTHOCATCSL W3THOB TOHKHX
MIaCTHHOK B LANHHAPHUECKYIO MOBepXHOCTb. ClelyeT HCK/OUHTb TaKiKe Caydvail,
KOI\a «TPeXMepHOe» Telo HapsiAy ¢ AepopMaiuell MOBOPAuMBAETCS KAK I1e/108
BOKPYI' HEKOTOpOli OCH Ha KOHEUHH yrod,
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OTHOCHTe/IbHBIE YIJMHEHHST 3JIEMEHTOB JJMHBI BJOJb HaNpaBIeHHH
rJaBHBIX ocefl TeHsopa nebopmanuu (B ZaHHOH TOUKE) PaBHBI TeNepb
¢ TOYHOCTBIO JO BEJHYHH BHICIIMX IOPSAAKOB

VITT2® — 1 ~ a0,

T. €. HENOCPEACTBEHHO TIJIaBHBIM 3HAYEHUAM TEH30Pa Ugp.

PaccMOTpuUM KakKoH-HHGYAb GECKOHeUHO MAJBIR deMeHT ofbeMa
dV w onpegenuM ero senuunHy 4V’ mocne JepopMHpOBaHUS TeJa.
st sTOrO BRIGEpEM B Ka4ecTBe OCell KOOpAMHAT IVIaBHBIE OCH TEH30pa
nedopManuu B paccMaTpuBaeMoit Touke. Toraa s/ieMeHTsl JIHHEL dXy,
dx,, dxs BROJb 3THX Ocell mocie AehOPMHPOBaHHA HePeHAyT B dxi ==
= (1 -+ uM)dx, u 1. 5. O6peM dV ecTb npousseenue dx; dxp dxs,
o6beM ke dV’ paBed dxi dx; dxi. TakuMm oOpasom,

dV' = dV (1 4 ey (1 4+ u®) (1 4+ u®).

IpeHeGperas BeJMUHHAMH BBICUIMX MOPSIAKOB MaJOCTH, HAXOAUM OT-
croza :
dV' = dV (1 4+ u® + u» 4 u®),

Ho cymma u) + 4@ - 43 raaBHBIX SHayeHHH TeH30pa eCThb, Kak
W3BECTHO, €r0 HHBAPHAHT H paBHa B JIO0OH CHCTeMe KOOpAMHAT
CyMMe JMArOHAJBHEIX KOMIOHEHT Wy = Uy —+ Ugy - Uss.

Takum obpasoM,

dv’ = dv (1 + uy). (1,6)

MEI BHAMM, YTO CyMMa [HaTOHAJIbHEIX KOMIIOHEHT TeH30pa nedopManuu
JaeT OTHOCHTeJbHOe H3MeHeHHe obwema (dV' — dV)/dV.

Yacto ObiBaeT YAOGHBIM MOJMB30BATLCA KOMIIOHEHTaMH TEH30pa
nedopManyH He B AeKaPTOBBIX, 2 B ChepHIECKHX WM IH/IHHAPHIECKHX
koopaunatax. [IpuBefeM 3jechb JJIS CHOPABOK COOTBETCTBYioOHe (Hop-
MYJIBl, BhIpaaloilyue 3TH KOMIIOHEHTH Yepe3 NMPOH3BOJHbIE OT KOMIIO-
HEHT BeKTOpa CMEIeHHs B TeX e KoopAuHarax. B cdepuueckux Ko-
opiaunarax r, 0, ¢ umeeMm

Ouy 1 dug [/
o M =75+

rr

. 1 Oty Uy uy
Yoo = TSm0 o9 +7 ctgd 4 =,

1 Bug ) 1 Jutg
2”"‘1’_—7( 99 — U ctg8)+ rsind og °’
Au 7 1 ou
Qure = aﬁ) - Te"*' re aé ’ (1)7)
| ou, dug Uy
2ugr rsin® dg t+ -7



§ 2] TEH30P HANPSDKEHHA 13

B uuaupapudecKHX KoopAMHATAX r, ¢, 2

ou 1 ou u ou
Uy =5 Hop = ur b= e =5
1 o6u ou du, ou
2”@2 7 6;) + 0:) y 24, = —627 + a; H (118)

§ 2. Tensop HanpsxeHH#H

B HeaedopMHDOBAaHHOM TeJ€ pacnoJOKEHHEe MOJEKYJd COOTBET-
CTBYET COCTOSIHHIO €r0 TeNJIOBOro paBHoBecHA. [1py 3TOM BCe €ro yacTu
HaxoAATCsl ApYr C JPYrOM W B MeXaHHUYeCKOM paBHOBeCHH. JDTO 3Ha-
YHT, YTO €CJiH BRIAEJIHTH BHYTPH TeJa KakoH-HUGYAb o6beM, TO paBHO-
IeficTByoImas BceX CUJ, AeHCTBYIOUINX Ha 3TOT 06beM CO CTOPOHHL APy
rUX 49acTeif, paBHa HYJW.

IIpn nedopmMHpOBaHHH K€ PaCIOJNOXKEHHE MOJEeKyad MeHfeTCs o
TEJO BBIBOAMTCS U3 COCTOAHHUSI PaBHOBECHS, B KOTOPOM OHO Haxolu-
JIOCh NepBOHAaYasbLHO. B pesyJsbrare B HeM BO3HHKAIOT CHJBL, CTpEMS-
I[Hecs BepPHYTb TeJIO B COCTOSIHHE PaBHOBECHS. DTH BO3HHKAIOULHE NPH
JeOpMHPOBAHUN BHYTPEHHHE CHJIBL Ha3BIBAIOTCA BHYMPEHHUMU HQa-
npsoicenuamy, Ecnn teno He nedopMHUpPOBAHO, TO BHYTpPSHHHE Ha-
NpSIXKeHUs] B HEM OTCYTCTBYIOT.

BryTpenHue HanpsikeHuss OOYCJOBJHBAIOTCS MOJIEKYJISPHBIMH
CHJIaMH, T. €. CHJIaMH B3auUMOJEHCTBHA MOJEKYyJ Teja APYr ¢ APYTOoM.
BecbMa cyuIeCTBEHHBIM JAJA TeOPUH YIPYTOCTH sABJAAETCA TO 00CTO-
STeNIbCTBO, UYTO MOJIEKYJApHEIE CHJABI 00JAJAI0T OYeHbL HEe3Hayi-
TEJBHEIM palguycoM neilctBua. KX BJusBHE NPOCTHpaeTcsa BOKPYTD
CO3ZAIOMIEH UX YACTHLEHL JIMIIb Ha PACCTOAHUAX MOPSAAKA MEKMOJEKY-
asapHex. Ho B TeopHu ynpyrocTs, Kak B MakpOCKOTIHYeCKOH Teopuu,
paccMaTpHBAIOTCA TOJBKO pAacCTOAHHS, OOJBIUHE 110 CpaBHEHHMIO
¢ MexMoJekynsapHeMl. [loatomy «painyc ReAcTBHSA» MOJIEKYJASPHBEIX
CHJI B TEODHU YIPYIOCTH JOJKEH CUHTATBhCS PaBHBIM HYJ/O. MOKHO
CKa3aTh, YTO CHJBI, OOYCJOBJMBAIOIIME BHYTPEHHHe HANpSKEHHS,
ABJSIIOTCS B TEOPHH YIOPYTOCTH CHJAaMH <«GJH3KOIeHCTBYIOIMHMHY,
nepefarOUIHMUCA OT KaXICH TOUKH TOJBKO K OJMKaHIUMM ¢ HER.
Orciona crefyer, 4TO CHJIBI, OKAa3hiBaeMBIE HA KaKylO-HHOYAL 4acTtb
T€Ja CO CTOPOHBI OKPYXKAIOUIUX ee yacTell, NEHCTBYIOT TOJALKO HeENo-
CPelICTBEHHO 4Y€pe3 NOBEepXHOCTb 3TOil 4YacTH.

3ziecb HeoOX0AHMa CeAyIoAS OTOBOpKa: CAeMaHHOe YTBEPIKIACHHE
HecnpapelJiMBO B TeX ciaydasX, Korja AeopMMpOBaHHe Tesia CONpo-
BOXKJAeTCs IOsIBJICHHEM B HeM MaKPOCKONMUYECKHX 3JIEKTPHUECKHX
noJiefl; takue (TaKk HasblBaeMble MHPO- M MBE303JEKTPHUECKHE) Teqa
paccMarpuBatorcss B toMme VI storo kypea.
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BrigenuM B Tesle KaKOH-HHOYAb 00BbEM H PacCMOTPHM JeHCTBYIO-
Y0 Ha Hero cymMMmapHyio cuiay. C oaHOH CTOPOHEI, 3Ta CymMMapHas
cuna Moxer OHITb NPEACTAaBJEHZ B BHJAe O0BEMHOTO MHTErpasa

[Fav,

rie F — cuna, gefictBylomas Ha eiuHnuy obvema tena. C japyroii
CTOPOHBI, CHJIBI, C KOTOPHIMH IEHCTBYIOT APYr Ha Apyra pas/uyHble
'4acTH CaMOro paccMaTpuBaeMoro o6beMa, He MOTYT HNPHBECTH K TO-
SIBJIEHHIC OTJIHYHOH OT HYJSI CyMMapHOH DaBHOACHCTBYIOUIEH GHJIBI,
TIOCKOJIbKY OHH B CHJIy 3aKOHa paBeHCTBA JEHCTBHS H NPOTHBOJEI-
CTBHS B CyMMe YHHYTOXKAIOT ApYr Apyra. [1o3ToMy HCKOMYIO NOJHYIO
CHJTy MOXXHO pacCMaTPHBATL KaK CyMMY TOJIbKO T€X CHJI, KOTOpbIe Ael-
CTBYIOT Ha JJaHHHIH OOBEM CO CTOPOHHI OKPYKAIOIIUX ero 4acrel reJa.
Ho, corsacHo cKasaHHOMY BBILIE, STH CHJBI JeHCTBYIOT Ha paccMaTpH-
BaeMbli 0OBEM Yepe3 ero MOBEPXHOCTb, H IOTOMY PE3YJbTHDPYIOLLAs
cuJa MOXKet ObiTh NIPEACTaBJIE€HA B BHJE CYMMBI CHJ, AEACTBYIOMHUX Ha
KaXKIblil 3/eMeHT NOoBepXHOCTH o0beMa, T. €. B BHJE HEKOTOPOro HH-
Terpasja 10 3TOA MOBEPXHOCTH.

TaxuM obpasom, Ana jawoboro obbema Teja Kaxaas U3 TPEX KOM-

HOHEHT jFidV paBHOJEHCTBYIOIEd BCeX BHYTPEHHUX HaNpSIHEeHHH
MoxeT OnTh npeoOpa3oBaHa B MHTErpaj MO MOBEPXHOCTH 3TOro 06b-
eMa. Kak H3BeCTHO M3 BEKTODHOIO aHa/H3a, HHTerpaj OT cKalsapa
[0 TPOU3BOJLHOMY 00GBeMy MOKeT ObiThb Npeobpa3oBaH B HHTErpas
MO MOBEPXHOCTH B TOM CJIy4dae, eCJIH 3TOT CKaJsp ABJSETCA AUBEpTeH-
IHell HEKOTOPOro BeKTopa. B JaHHOM ciiyyae MBI HMeeM JIeJI0 C HHTe-
rpajsioM He OT cKaJjspa, a oT Bektopa. [lostoMy BekTOop F; HOJKEH
ABNSTLCA JAMBEpTeHiliell HEKOTOPOrO TEH30pa BTOPOro paHra, T. e.
uMeTb BHZ ') :

do;
Fp= a‘;:. @n

Torza cuna, geficTBywmas Ha HEKOTOPHIA 00beM, MOXeT OuTb Ha-
nucaHa B BHJe HHTErpaja IO 3aMKHYTOH HOBEPXHOCTH, OXBATbLIBAlO-
we#i 3T0T 00beM 2):

[Fiav = —"’o%dv = $ oy dfs, @2.,2)

1) Bekrop df siemeHTa nJoLlafM HAanmpaBJeH MO HOPMAJM, BHeWHed 1O OTHO-
[IEHHUIO K OXBaTHIBAEMOMY [OBEPXHOCTbIO 0Gbemy. MHTerpasa mo samxHyToil nosepx-
HOCTH npeoGpasyercs B MHTerpaJ 110 o0beMy nyTem saMeHst dfy onepatopom dV -9/0x;.

%) Ctporo roBops, OpH ONnpelefeHHH NOJHOH CHJBL, AeiCTBYIOLeH Ha fedopmi-
poBaHHBIH 0GbeM Tela, HHTEFPUPOBaHHE JOJIKHO NIPOH3BOAHTLCHA HE MO CTaphM KO-
OpAHHATAM X;, 4 N0 KOOPAHHATAM X; TOUeK AehOpMHpPOBaHHOTO Tesia. COOTBETCTBEHHO
sToMy M npousBofuue (2,1) poskmsl OHIH GH GpaTbes 1o x,. Ho BBuAy wmamocTn
AeopManuy MPOH3BOJHEE M0 X, H 0 X, OTIHYAIOTCA APYT OT APYra Ha BeMHIMHBI

BHICIINX MOPAAKOB MaJOCTH, H NOTOMY MOXKHO Bce ZH(depeHUHPOBaHHA NPOHIBOZUTD
1O KOODAHHATAM X,
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Ten3op 0, HA3LIBAIOT MeEH30poM Hanpaxenull. Kak BUIHO H3
(2,2), O;xdfy ecTb (-1 KOMIIOHEHTA CHJIbI, JeHCTBYIOWIEH Ha 3JeMeHT
noBepxHocTH df. Bribupaft 37€MEHTH MOBEPXHOCTH B IIOCKOCTAX
X, U Y, 2; X, 2, HAXOJUM, UTO KOMIIOHEHTA O;;, TEH30pa HalpsXKEeHHi
eCcTh i-f1 KOMIIOHEHTa CHJBl, JeHCTBYIOUmeH Ha eIHHHUIY NOBEDXHOCTH,
NEePNEHANKYAAPHYIO K OCH Xp. Tax, Ha eHHHUHYIO IVIOWAAKY, MNep-
NEeHAHKYASPHYIO K OCH X, NeHCTBYIOT HOpMaJbHad K Hell (HampasJieH-
Hasi BAOJb OCH X) cuJa O,, H TaHTEHUHaJbHbe (HanpasJeHHHE N0
OCAM Y M 2) CHJIBL Oy H Ogy.

Heo6xoaumo caenath 3Jech Chejyiollee 3aMedyaHuHe IO MHOBOAY
3HaKa CHJIH 0;,df,. B (2,2) nHTerpan nmo noBepXHOCTH NpeAcTaB/ser
coboft cuay, AefiCTBYIOUIYIO HAa OTpaHHUYEHHBIH 3TOH IIOBEPXHOCTHIO
o6beM - CO CTOpOHLI OKpy:KawiuX uacreft Tena. HaoGopor, cuaa,
¢ KOTOpOfi 3T0T 06beM AeHCTBYET CaM Ha OKPYXKAILYIO €ro Mosepx-
HOCTh, HWMeeT obpatreiil suak. [lostomy, HanpumMep, cuia, AeHCTBYIC-
Iasi CO CTOPOHBI BHYTPEHHHX HaNpsXKeHHH Ha BCIO IOBEPXHOCTh Teda,
€CThb

- ‘_76 Gyp, Afr,
rRe uuTerpas Gepercst o IOBePXHOCTH Te/1a, a df HanpasJel mo BHew-
HeH HepMaJd.

OnpeneauM MOMEHT CUJI, JeHCTBYIOIHX Ha HEKOTODPHIH 06beM Tena,
MowmenT cuabt F MOXKHO, KaK M3BECTHO, HAlHCaTh B BUAE aHTHCHMME-
TPUYHOrO TEH30pa BTOPOro paHra ¢ KomnoHeHTamu Fix, — Fpx;,
TJ€ X; — KOOPJAHHATHl TOUKH NMpUJIOKeHU: cuibl 1). [TosaToMy MOMeEHT
cuJl, AeHicTBYIOmMHX Ha sseMeHT obvema dV, ects (Fuxy — Frx;) dV,
a Ha pecb 00beM JEHCTBYeT MOMEHT CHJI

M = | (Fix, — Fx) V.

Kax u nosmas cusa, peficTBylomas Ha Jiio6o# o6beM, MOMEHT 3THX
CHl TOXKe JOJUKEeH BHIPAXKATBCS B BHJIE HHTerpaja [0 NMOBEPXHOCTH
obvema. IlopcraBasst pas F; Bepaxkenue (2,1), Haxonum
il oo
Mih:J( ”x — Rl Xi)dV=

axl k axl
_{ _0(ciixp — Op1x;) j’ dxp dx; )
= ox; av — (0” g Om oy ) AV

3ameuaeM, YyTO BO BTOPOM UJIeHE IPOH3BOJHLIE 0Xp/0X; COCTABJASIOT
epunuaHbI Tensop 0. B nepBoM ke djieHe NOA HHTErPAJOM CTOMT
JIMBEpTeHIHs HeKOTOPOre TeH30pa; STOT HHTerpas npeobpasyercs
B HHTErpa’ Mo MOBePXHOCTH. B peayJbTare HaxomuM

My, = 9S(Uilxh — OniXi) df; + _[(Uhi — o) dV. (2:3)

1) Moment cunun F onpenensiercs kak Bexropuoe mpoussefenne [Fr]. Kommo-
HEHTH BEKTOPHOTO NPOH3BEAEHHA JABYX BEKTOPOB COCTABJASIOT aHTHCHMMETDHUHBIM
TeH30p BTOPOIO PaHra, KOMIOHEHTH KOTOPOTO HANHCaRbl B TEKCTE,
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Tensop M;, Oyner BolpaxkeH B BHJe HHTerpaja TOJNbKO MO MOBEPX-
HOCTH, €CJIH TEH30p HampfXeHHH CHMMeTPHUeH,

Oip = Oy, (2,4)

Tak 4ro OOBEMHBIA HHTErpan ucuesaer (K OBOCHOBAHHIO BaXKHOTO
yTBepxaeHus (2,4) Mbl BepHeMcs elle B KOHIe naparpadga). Moment
cuJl, AeHCTBYIOIIUX Ha HEKOTOPHIH o6BbeM Te/a, NMpeicTaBUTCS TOTAA
B IIPOCTOM BHJE!

My, = I(Fixk — Fpx)dV = Sﬁ(Oith — OpiXy) dfy. (2,5)

Jlerko HanmcaThb TEH30D HANpsKEeHHH B c/Iyyae pPaBHOMEPHOTO
ececmoponnezo cocamus Tena. [Ipy TaKOM C:KAaTHU Ha KAXAYIO eJUHHIY
[OBEPXHOCTH TeJa HefiCTBYeT OJMHAKOBOE IO BeIHUYHHe [aBJeHHe,
HanpaB/IeHHOEe Be3lie N0 HOPMaJH K IIOBEPXHOCTH BHYTpPb o6BeMa
tena. Ecau 0603HaunTh 3TO AaBJIEHHE HOCPEACTBOM p, TO HA 3JIEMEHT
nosepXHocTH df; nefictByer cusa — p df;. C gpyro#t croponsl, ata cHuJa,
Gyayus BbIpa)keHa 4epe3 TEH30p HalPSKEHHH, NOJKHA HMeTb BHJ
0,df,. Hanucas — pdf; B Buge —pO;pdfy, MBI BHIUM, YTO TEH30D
HATpPSIKEHUH MNpH DPAaBHOMEDPHOM BCECTODOHHEM CXATHH BHITVIAIHT
CIEeAYIOMHUM 06pa3oM:

Oin = —pd. (2,6)

Bece oT/HUHLIE OT HYJsS €r0 KOMIOHEHTH PABHBEI NMPOCTO JAABJCHHIO.

B ofmem cayyae npousBoJsHOH JedopMauHM OTJIHYUHBEL OT HYJIA
TaKXe M HeJHaroHaJbHbieé KOMIIOHEHTHl TEeH30pa HanpsikKeHHH. ITo
3HAYUT, YTO HA KX/l 5JIeMEHT NOBEPXHOCTH BHYTPH TeJsla JeHCTBYeT
He TOJMIbKO HOpPMAaJbHAsi K HeMy CHJIA, HO TAKXe H TaHTeHIMaldbHLE,
CKAAbIBAIOWUe, HATPSKEHHUs, CTpeMsIHecs CABMHYThH NapajjiesbHble
3JIEMEHTHl NOBEPXHOCTH JAPYL OTHOCHTENLHO JpyTa.

B paBHOBecHU CHJIBI BHYTPEHHHMX HamlpsXKeHHH NOJIKHBL B3aHMHO
KOMIIEHCHPOBAThCA B KamKIOM 3JeMeHTe o0beMme TeJa, T. €. HNOJIXKHO
OuiTh F; = 0. Takum o6pa3oM, ypaBHEHHsl paBHOBECHUS AepOpMHpO-
BAHHOI'0 TeJa UMEIOT BHJ

a(fik
e 0. 2,7)
Eciou TesIo HaXoAUTCs B IIOJIE TAXKECTH, TO AOJDKHA HCUE3aTh CyMMa
F + pg cus BHYTPEHHHX HANPSKEHHH H CHJIBI TAKECTH OE, HAEHCTBY-
jollel Ha eAHHUIY 06beMa Tesla (P — IJIOTHOCTb '), § — BeKTOp YCKO-
PEHHs CHJIB TSKECTH, HalpaBJieHHbIl BePTHKAJIbHO BHU3); ypaBHEHUSA
paBHOBecHSI B STOM CJydae UMelOT BHJ,

do;
S+ g = 0. 2.8)

1) Crporo rosopfl, MIOTHOCTb Tesla NPH ero Aeh)OPMHPOBAHUM MeHseTcsl. Yuer
STOTO H3MeHeHHsl OPHUBOAMT, OJHAKO, B Cjyuae MajsX jedopmauuid K BeJHYHHAM
BHICIIMX MOPAAKOB MaJOCTH H MNOTOMY AJISI HAC HeCyIlecTBeH,
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Uto KacaeTci BHEIHHX CHJI, NPHJIOKEHHBIX HeINOoCPeACTBEHHO
K HOBEDXHOCTH TeJla (KOTOphIE H ABJSAIOTCA OOBLIYHO HCTOYHHKOM Je-
tdopmManum), TO OHM BXOAAT B I'PAHHYHBLIE YCIOBUS K YPABHEHHSAM PaB-
HoBecusi. [Tycth P ecTb BHemHssi cHaIa, HeficTByoulas Ha eQUHHILY
IVIOLAJM TIOBEPXHOCTH Te/a, TaK YTO HA 3JIEMEHT IOBEpXHOCTH df
JedcrByeT cuna Pdf. B paBHOoBecHu OHa HOJIKHA KOMIEHCHPOBATHCSH
CHJIOH —O;pdfy, HefCTBYIOIEH HA TOT Ke JJEMEHT [OBEPXHOCTH CO
CTODOHBEI BHYTDEHHHX HanpsxkeHu#l. Takum obpasom, A0MXKHO OHTH

Piydf — oy dfy, = 0.

Hanucas df, B Bume df, = mudf, rie n — eiuHnyumit BekTOp, Ha-
npaBJeHHBIH [0 BHEHIHell HOPMAaJH K HOBEPXHOCTH, HaXOIMM OTCI0AA

Oty = Py. (2,9
3910 U ecTb yCJIOBHE, KOTOPOE JOJIKHO BHLIIOJHATLCS Ha Beell MOBepX-
HOCTH HAaXOAAIErocsi B paBHOBECHH TeMNa.

BriBesieM 3nech ente GopMyJay, ONpenensiomylo cpefHee 3HAUEHHe
TeH30pa HanpsaXKeHuil B feopMHPOBAHHOM Teje. [l 3TOr0 YMHOKHM
ypaBuenue (2,7) Ha X, M TIPOHHTErPHpPYeM IO BceMy O0LEMY Tesai

90y, 9 (011x8) oy,
j xde —J %] dv J.Uil—a;l—dv = 0,

Ox 1

ITepBuifl MHTErpas crpaBa npeobpasyeM B HHTErpasj Mo MoBepXHOCTH
TesJa; BO BTODOM 3aMmeuaeM, 4YTO 0x3,/0x; = Oy;. [Tostyuaem

ici,xh dfl —_— Jcik dV = 0.
IMoacraBasst B nepBuii uHTerpana (2,9), Haxomum
iPixh df = Jgik dV = Vgihv

rae V — o6veMm Tena, a 6;, — cpelHee IO BceMy 00beMy 3HaueHHe
TeH30pa HanpsKeHuil. BoCIONL30BAaBHIHCH TEM, 4YTO O, = Oy,
MOXKHO HanNHCaTb 3Ty GOPMYJy B CHMMETPUUHOM BHJE!

81 = - (Pits + Pyy) df. (2,10)

Takum o6pasoM, cpejHee 3HaUeHHME TEH30pa HANpPSIKEHHH MOKeT
ObITh OIpeeNeHO HEMOCPEICTBEHHO MO AEHCTBYIOMM HA TEJIO0 BHEM-
HUM cuJjaM 6e3 npelBapUTeNbHOTO pelleHHs] YpaBHeHUH paBHOBECHS.

BepueMcss K npHBeJeHHOMY BhIlIe [0Ka3aTeNIbCTBY CHMMETPHY-
HOCTH TEH30Da HaNpsiKeHHH; OHO Hy:KJaeTcsi B yToyHeHHH. Iloctas-
JIeHHOe (pu3uYecKoe yc/IoBHe (IpeiCTaBHMOCTh TeH3opa M;; B BHAe
HHTErpajsa TOMBKO 10 IOBEPXHOCTH) OYAET BHIMOJHEHO, HE TOJHLKO
€C/IM aHTHCHMMETDHYHAS 4acThb TeH30pa O;, (T. €. NOABLIHTErpaJjbHOoe
BhipaXkeHue B OGBEMHOM HMHTerpase B (2,3)) paBHa HYJO, HO U €CJH
OHa MpeJCTaBAseT CO00H HEKOTOPYIO IOJHYIO IMBEPreHIHIO, T. €.
eCJIH

d
Oip = Opy = 2—0;‘— Pty Pint = —Qraips (2.11)
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TAE Qi1 — NPOH3BOJBHELE TEH30D, AHTHCHMMETDHUHBIH HO NeEpPBOf
nape HHAEKCOB. B AaHHOM C/ydYae STOT AOCAEIHHH TEH30D ROJIKEH
BHIpaIKaTLCs Yepe3 MPOU3BOANLIE Ou;/0xp, H COOTBETCTBEHHO B TEH-
sope HanpsiKEHHH BOSHAKHYT WIEHHl C BLICIHHMH NPOM3BOJHBIMH OT
BeKTOpa cMelienHs. B paMKax m3jaraeMo#l B 2T0H KHHFE TEODHH yIpY-
FOCTH BCe TakHe UIeHH JOJIKHBEI PaccMaTpHBaThCA KaK MaJjble BHC-
Iero MOpAJKa H OHyCKaThed.

C npuHOHNBANbHOH TOUKH 3PEHHA CYIIECTBEHHO, OAHAKO, 4TO
TEH30p HANpsKEHHI MOmeT ObITb NPHBENEH K CHMMETPHYHOMY BUAY
u 6e3 sTuX npeneGpexennit '). Jlemo B TOM, UTO OIpCAesieHHE 3TOTO
TeH3opa, cornacHo (2,1), HEOJHO3HAYHO — RONYCTHMO Ji0Goe npeos-
pasoBanue BHAa

- a
O, — Ojp = W'}:ikl’ Yint = —Kitns (2,12)

IZie §;n; — NPOUSEO/BbHEIH TEH30D, aHTHCHMMETPUYHEI [0 HOCTeiHel
nape HHAEKCOB; OYEBHAHO, YTO NPOH3BOJIHLIE 00;,/0x, M 06 ;,/0xy,
onpegenaomue cuny F, TOXEeCTBeHHO coBmajawnr. Ecim anTHCHM-
MeTpUUHAS YacTb TEH30pa Oy HMeeT BHA (2,11), To HeCHMMETPHUHBIN
TEH30D O MOXeT OHTb NpUBEJEeH K CHMMETPHUHOMY BHAY Ipeobpa-
soBanneM Takoro Buaa. CHMMETPUUHBIA TEH30D HMeeT BHJ

~ 1 a

Gin = 5 (Oun -+ Ons) + 5 (Pirm - Pnas)- (2,13)
JleficTBHTEIBHO, JeTKo YGEEHTHCH, YTO PasHocTb Oy — Oy, HMeEET
BHA (2,12) ¢ TeHsopoM '

Yirt = Prii + Pun — Qint’ ‘ (2,14)
(P. C. Martin, O. Parodi, P. S. Pershan, 1972),

§ 3. Tepmopuramuxa JedropMupoBaHHs

PaccmoTpum Kakoe-HuGyAbp AeopMHPOBAHHOE TeJNO H Mpeanoso-
MMM, 4TO ero edopMalnysi MeHSeTCs TaK, 4T0 BeKTOp JAedopMaunH u;
W3MeHsieTcsl Ha Manyio BeauuuHy Ou;. Ompenenum paGoTy, IPOH3BO-
ZMMYIO APH 3TOM CHJIAMH BHYTPEHHHX HampsKenni. YMHOXas cuny
F; = 00,;,/0x, Ha nepemeienue Ou; 1 HHTETPHPYs BO BCeMy obbeMy
Tela, HMeeM :

[oRAV = [T su;dV.
[Mocpeacreom 6R My o6o3Haunil paGOTy CHJ BHYTPEHHHX Hanpsixe-

ERit B epgHEOe o0bema Tena. Murterpupysd RO uYacTaM, MOJAyqaeM

jdeV = é;cihﬁuidfk — jou—%—?f—dV.

3} B COOTBeTCTBHH C OCIMMU yTBEPKACHUAMH MHKPOCKOTHYECKOH TEOpUU -—i
cp. I, § 32,
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PaccMatpuBas HeorpanuueHHYIO cpeny, He aebOpMMPOBaHHYIO Ha
GeCKOHEUHOCTH, YCTPEMHM I0BEPXHOCTh HHTEIPUPOBAHNS B NEPBOM HH-
Terpafie K GECKOHEYHOCTH; TOTAA Ha HeH 0, = 0, W HHTErpan Hcve-
3aer. Bropo#l Xe HHTerpaJ MOXKHO, BOCIOJIb30BABUIHCH CHMMETpHER
TEH30pa O;;, lepenHcaTh B BHJE

JoRAV =— 1 [on (G + Z2-)av =
= — 1 Joud (24 29) 4y — — [ Sup V.

Takum ofpasom, Haxoxum
6R = - O'ik(Sttih. (3,1)

Ora ¢opmyna onpegenser paGory SR no usmeHenuo Tensopa aedop-
Manuu. '

Ecmu nedopmanus Tena AOCTATOYHO Mania, TO HO IpeKpaleHHH
JeHCTBHA BBI3BABUIMX AeOPMAILHIO BHEIUHHX CHJI TEJNO BO3BPALIAeTCH
B HCXOJHOEe HelepopMHpOBaHHOe cocTosiHue. Takue pegopManum Ha-
3bIBAIOT ynpyeumu. TIpn Goabmux AedopMauuaXx NpekpauleHHe Aei-
CTBHA BHELHHX CHJ HE NMPHBOAHT K IIOJHOMY HCYE3HOBEHHIO Hedop-
MalKH, — ocraercs, KaK FOBOPAT, HEKOTOpas OCTaTouHasi gedopma-
LU, TAK YTO COCTOSTHHE TeAa OTJNHYAETCs OT TOro, B KaKOM OHO HaXo-
JAUJIOCH 1O HPHJIOKEHHst K HeMy CHJ. Takue nedopManuu HaspiBawOT
naacmudeckumy. B panpmefiiieM Be3je (3a HCKJwYeHueM I, 1V)
Mbl OyJleM paccMaTpuBaThb TOJBKO YyIpyrue aedopMauyy.

[Tpeanosoxum panee, 9To npouecc AepOPMHPOBAHUS COBEPINACTCS
HAacTOMbKO MEJJIEHHO, YTO B KaxJbli MOMEHT BDEMEHH B Tejle yche-
BaeT YCTAHOBUTLCH COCTOSIHHE TEPMOAMHAMHYECKOTO pPaBHOBECHH,
COOTBETCTBYIOLIEE TeM BHOLUIHHUM YCJAOBHSM, B KOTOPBHIX TEJC B JaHHBL
MOMEHT HaXOANTCA (haKTHYECKH 3TO YCJIOBHE NMOYTH BCEra BBHIIOJHS-
erca). Toraa npouecc 6yner TepMOLHHAMUYECKH OBGPATHMBIM.

YCcnoBAMCS OTHOCHTH B AajibHefiieM BCe TakHe TepMOXHHAMHYe-
CKHe BEJHYHHBI, KaKk SHTPONMA S, BHYTPEHHss 3Heprus & M T. 0.,
K efnHHue ofbemMa Tesa (a HE K eIMHHLE MACChl, KaK 3TO NMPHHATO
B rUJpojuHaMHKe) H 0003HAYaTb HX COOTBETCTBYION[MMH GOJBIIHMH
6yKBaMH. :

B s1oii cBs131 Heo6XoaMMO clenath crleayioumee 3amedanue, CTporo
roBOps, HANO pas/HyYaTh €JHHHIBI o6beMa 0 U Nocie AehOpPMHpPOBa-
HHfA; 9TH 00BEMBI COAEPIKaT, BOOGIE roOBOPs, PasHyHble KOJHUECTBA
BelecTsa. Bee repMoiiHaMiyecKHe BeIMIHHEL MBI 6y eM B JaJbHelueM
Besge, Kpome Il VI oTHOCHT: K eiuHHLe ofbeMa HeledlOPMHDOBAH-
HOro TeJja, T. €. K 3aK/MIOYEHHOMY B HeM KOJIMYeCTBY BellecTBa,
KOTOpOe moc/jie AepOPMHPOBAHHS MOXKET 3aHATb O06beM, HeCKOJNbKO
OTJIMYHBIHA OT ePBOHAYANBHOrO o6beMa. COOTBETCTBEHHO 3TOMY, Ha-
npumep, NOJHAS 3HepPTus Tejla NoMydaercs BCerjia HHTETPHPOBa-
HHeM & 10 00beMy HeledOPMHPOBAHHOIO Tea.
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Beckoneuno masioe uameHeHne d& BHYTpeHHeH 3SHEPTHM PAaBHO
Pa3HOCTH MNOJYYeHHOIO NaHHOH eLMHHIleH o0beMa Tesa KOJAMYeCTBa
Tensa M NPOU3BEJEHHOH CHJIaMH BHYTDEHHHX HanpskeHud paGoThl
dR. KonuuectBo Temsa paBHO npu obpatumom npouecce TdS, rie
T — remnepatypa. Takum ofpasoMm, d& = TdS —dR; B3aB dR
us (3,1), momyumm )

dg = TdS + U,-kdu,-h. (3)2)

910 — OCHOBHOE TePMOIMHAMHYECKOEe COOTHOWeHHe A  HehopMu-
PYEMBIX TeJ.

I[Ipu paBHOMEPHOM BCECTOPOHHEM CXKAaTHM TEH30p HANpsIKEHUH pa-
BeH 0y = —pdi (2,6). B stom cayuae

O Aty = —pOipduy = —pduy;.

Ho mmt supenu (cm. (1,6)), uto cymMmma u;; npexacrasaseT co6od OTHO-
cHTeNIbHOE H3MeHenne o0nema npu Jepopmuposanuu. Ecau pacemarpu-
BaTh eJMHULY 06beMa, TO u;; GyJEeT IPOCTO H3MEHEHHEM 3TOro ofbema,
a du;; — anementom dV storo namenenusi. TepMOAHHAMHYECKOE COOT-
HOllIEHHEe NPHHHUMAaeT TOrAa OOBIYHLIA BHI

d& = TdS — pdV. (3,22)

BBojs BMecTo sneprun & cBodoauyio sHepruio rena F = & — T,
nepenuceiBaeM cooTHomenune (3,2) B Bule

dF = —SdT —}— Oin dllih. (3,3)

Haxkonen, Tepmoinnamuueckufi noredunan @ tena ompepensercs

KaK
Q=& —TS —oply = F— oulsp. (3,4)

D10 — 0606uwenne obpyHoro Buipaxenus O =& — TS - pV' ).
TMoacrasus (3,4) B (3,3), HAaXOAUM

dD = —SdT — uy doy,. ‘ (3,5)

HesaBucumpivi nepeMeHHbIMH B (3,2) H (3,3) ABJAIOTCA COOTBET-
cteenHo S, uy, u T, t;,. KOMIOHEHTH TeH30pa HANPAMEHHH MOXKHO
N0yuHTh, Ruddeperuupys £ uan F mo KOMIOHEHTaM TeHsopa aedop-
MAlHH COOTBETCTBEHHO NPH MOCTOSIHHON SHTPONMH S WJH TemIepa-

rype T (08 N\ _ ([ OF .
on = (Gor)s= () (3,6)

1) [pu BcecTOpoHHEM cxkaTHH Bhipaxkenne (3,4) MEpeXOLHT B
D= Ffpuyy=F 4 p(V—Vy),
rpe V — V, — namesenme obbema B pesyabrare fedopmanmuu. OTCiOfa BHAHO, uTo

NpHHHMaeMOe HaMu 3jech onpefiesere D OTHYaeTCS OT NPHMEHSIEMOrO OGHYLO
B Ttepmopunamuke ® = F 4 pV uaenom — pVy. A
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~ Anasornuno, aupdepennupys @ [0 KOMIOHEHTaM Oy, MOKHO
MOJNYYUTh KOMIIOHEHTBI Ui

’ o0

_- (2 3
Ui 901 )T ( ’7)

§ 4. 3axon Iyka

Jlnst Toro uTo6Ll KMEeTh BO3MOXKHOCTb HPUMEHATh OOuiHe TepMOAHU-
HAMHYeCKHe COOTHOMHIEHHS K TeM HJH HHbIM KOHKPETHLIM CJay4dasM
nedopmaiui, HeoGXOAUMO HMETb BhIpAXkKeHHE JJA CBOOOAHOM 3HEPTHH
tesia F Kak QYHKIHM OT TeH30pa AedopMalu. 3TO BHIpAXKEHHE JIETKO
HOJYUHTh, BOCIOIb30BABIIHCH MAJOCTLIO JedOpMalluil H COOTBETCTBEH-
HO 3TOMY pPAa3JIOKHB CBOGOIHYIO SHEPTHIO B PAN MO CTENEHAM L.
TIpu sToM MEI OyjeM MoKa paccMaTpuBaTb TOJLKO H30TPOMHBIE Tesa;
COOTBETCTBYIOIIHE BLIPaKeH U JJIs1 KPHCTAJ/I0B Oy AyT NOJyUeHbl HUXKe,
B § 10.

PaccmaTpuBas JedOpMHDOBAHHOE TeJO, HaXOAdAlleecss IPH He-
KOTOPOH (MOCTOSIHHOH BIOJB TeJa) TeMnepaType, Mbl OyjleM CUHTATb
HenepOopMHPOBAHHLIM COCTOSTHHE TeJla NPH OTCYTCTBHM BHEIIHHX CHJI
OpHU TOH e TeMIlepaType (3Ta OroBOpKa HeoGX0AUMa BBHJY TEIJIOBOrO
pacuiupenus; cM. noppoGHee § 6). Toraa npu @ = 0 JOMKHBI OT-
CYTCTBOBATh TAKXK€ W BHYTPEHHHE HAINpSIKEeHHsd, T. €. JO/IKHbI GBITh
0;, = 0. [TockonbKy 0;, = OF/Ou;y, TO OTCIOZA CJIefyeT, 4TO B pas-
JoxeHuw F 1o CTeneHsaM u;, JAOJIKHBI OTCYTCTBOBaTh JIHHEHHBI®
YJIEHHI.

Hanee, mHOCKOJBbKY CBOOOJXHAS 3HEPrusi SIBJSETCH BeJUYHHOH
CKaJISIPHOM, TO H KaxKIblfl 4/ieH B pasjoxeHHH F Toxe JOJKeH ObiTh
ckansipoM. I3 KOMIOHEHT CHMMETDHYHOIO TeH30pa U;; MOXKHO CO-
CT2BHTH JiBAa HE3aBHCHMELIX CKaJspa BTOpPOH CTelmeHH; B KauecTBe HHX
MOXKHO BHIGpPATb KBaipaT uj; CyMMbl AHMATOHAJBHEBIX KOMIIOHEHT H
CYMMY 4}, KBagpaToB BCEX KOMIIOHEHT TeH30pa u;,. Pasmnaraa F
[0 CTeNeHsAM 4;, MBI TIOJNYUHM, CJeJ0BaTeNbHO, C TOYHOCTBIO KO 4JIe-
HOB BTOPOTO NIOpSAKa BEHIpaXkeHue BHAA -

A
F = Fo—]——2—-u%;—]—uu%k. 4,1)

D10 ecTh oflee BHIpaxKeHHe JJs1 CBOOOAHOH SHePTHH Ae(OPpMHDPOBaH-
HOTO U30TPONHOrOo TeNa. BemuunHBI A H | HA3BIBAIOT KOdppuyuenman
Jlams.

Mel Buzenn B § 1, uto HameHeHHe ofpeMa npu JedhopManuy onpe-
Jejsiercss cyMMOH 4. Ecam 3Ta cyMMa paBHa HYJIO, TO 3TO 3HAUHT,
uT0 NpH AehOpPMHPOBAHHH OGBEM NAHHOTO TeJa OCTAETCS HeH3MEHHBIM
H MeHseTcs ToJAbKO ero ¢opma. Takme gepopmaunuu 6e3 U3MEHEHLs
o0’beMa HasbIBalOT CA8U20M.

O6paTHbIM cilyuaeM sB/AsieTcA Aedopmalusi, CONpoBOXKAAlOLIIaCA
n3MeHeHHeM oO0BeMa, HO Oe3 u3aMeHeHus ¢opmbl. Kaxabld 3/eMeHT
oObeMa Tesa NPH Takod JepopMalM ocTaercs MOJAOCHBIM CaMOMY
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cefe. Ma § I caexyer, 9TO TeH3Op Takok AeQOpMalHM HMEET BHA M, =
= const. 8;. Taryio nebopManuIo HASLIBAIOT 6CECHIOPOMIEILIL CRCANTUEM.

Beskyio ReopMaiHIO MOXKEO NPeICTaBUTL B BHJAE CyMMBI Jehop-
MairHi YHCTOro CABHIA M BeEeCTopoHEero cxkarud. ng sToro pocrato-
YHO HANHCATh TOXKJECTBO

‘1 1
Uiy == <uih -3 ‘Sikull> + 5 Sinttu. 4,2)

FlepBriii wieH cnpaBa npencTapigeT coGol, QUeBHIHO, YHCTHUL CABHT,
NOCKOJIBKY CyMMa €ro [JHarOHaLbHLIX WiCHOB paBHa HYJIO (HaloMH-
EaeM, yto §;; = 3). Bropoil e uieH CBA34H CO BCECTOPCHHEM CHKa-
THeM.

B kauectBe 06ulero BeIpamenust 411 cBOOONHOH SHEPTUH JedopMit-
POBAHHOTO H30TPOHHOFO Tela yI06HO HamucaTb BMecTo (4,1) Apyroe,
BOCHIOJIb30BARNICE YKA3aHHBIM PasJioXKeHHeM NpOH3BOJLHOH Aedop-
MalHH Ha CABMI M BcecTOpoHHee cxkartue. Mmenno, BroibepeM B Kaue-
CTBE JBYX HE3aBHCHMBIX CKaJifipOB BTOPOU CTeHE€HH CyMMbI KBaJpaToB
KOMEOHEHT COOTBETCTBEHHO NEpBOro u Broporo wiesoB B (4,2). Torza
F 6yner umerb Bup '}

: 1 2K
F=up (uih — —é—.éikull) + ~§— uis. (4,3)

Beanuunpl K W | HasbiBaloT COOTBETCTBEHHO MOOYAEM GEECIROPOHHEZO
excamus B modyaem cdeuca; K cBsizaHo ¢ xosdpdunmertamu Jlamd
COOTHOIIEHHEM -

K =h+—p (4,4)

B cocTosHHME TePMOIHHAMUYECKOTO paBHORecHs cBOOOJHad dHep-
rHd, KaK H3BECTHO, MHHEMa/lbHa. Cecsl Ha Tenio He JEHCTBYIOT HHU-
KaKie BHEIHNE CHJbl, TO F KaK yBKIWE OT Hy LOJDKHO HMETb MHHI-
MyM OpE 4 = 0. DTo 3maukT, 4T0 KBajAparHuHas qopma (4,3} aon-
JKHa ObLITh DOVIOWUTenbHa. Ecnn BoIOpaTh TEH30D U;; TAKUM, YTO
u;, = 0, T0 B (4.3) OCTaHETCs TOJLKO HEPBEI UleH; ec/H XKe Bulpath
TEeH30p BHAA Uy = const+§;;, TO ocTaHeTcs TONBKO BTOPOH WJEH.
Orciofa clefyeT, uTo HEOOXOAuMBIM (H, OYEBHIHO, JOCTaTOYHBIM)
YCJOBHEM INOJOXKHTEALHOCTH GOpMEI (4,3) sIBJIsieTCs MOJIOXKUTEIbHOCTD
KaXKJOro u3 Koaqpunuestos K H p.

TaxuM 06pasom, Mbl HPUXOAUM K PE3yILTaTy, UTO MOAYJIH CKATHA
H CcJBUra BCerjia NOJOMXKHTEbHEL

K>0, p>0. (4,5)

Bocnosb3yeMes TEHEPb OOIRUM TEPMOJAHHAMUYECKUM CGOTHOLIC-
nreM (3,6) B onpeleNHM C ero LOMOHIbIO TeH30D HANpsKEHHH. Has

1) INocrosuuslii ullen Fy — cBoGORHAs 3ueprus HeleQOPMHPOBAHHOLO Tesa —
B fanbHefimem He 6GYAeT Hac unrepecopats, [Tosromy Mu1 6yAem BJisi KPATKOCTH BCerja
OTyCKaTh €ro, nogpasyMesas moj F oaHy To/bRO HHTepecymiRylo Hac ceafornylo
JHepTmo BediOpMALKH IWIH, KAk TGBOPST, YRPYFYIc cRoGOJMYyIQ SHEPTHI, .
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BLIYHCAEHHA NPOH3BOAHLIX OF/Gu;, HamuueM TOMHEA AupGepeHnNan
df (npm mnocrosEHON TemReparype). Himeem

dF = Kuy duy + 2p (uik — —;l;‘ uzt5ih) d (uik — “:l;- ullaih) .

Bo Bropom uieHe ymHOXKeHHE IepBoil CKOOKH Ha O;, AaeT HyJsb, TaK
YTO OCTAeTCs i

= Kuyyduy + 2p (uih - -é— uuﬁik) dugp
WM, HanucaB duy B Buie O;duy,
dF = _[Kuzzaik +2u (uik - —é- ullaik)] disp.
Orciofa uMeeMm JJisi TeH30pa HampsKeHHHA
o1 = Kupby -+ 2p ( Upp — 6zhull) ’ (4,6)

D10 BrIpaKEHHUE OHpee/seT TeH30p HaNpsXKeHHH uYepe3 TEH30p Je-
dopmanud Ajs H30TponHoro teaa. Ms sero BuaHo, uTO ecau Aedop-
MaLMs sBJASETCA YHCTLIM CABUT'OM HJIH YUCTHIM BCECTOPOHHUM CKATHEM,
TO CBA3b MEXKAY O U U OHPEJEJALTCS COOTBETCTBEHHO OJHHM
TOJBKO MOJAYJeM CJABHMra HJAH MOAYJEM BCECTOPOHHETO CXKATHSI.

Herpyaso moayuuth H oOparHpie GOpMyJbl, BbIpaXKalOWHE Uy
yepes Oy, JAd sToro HafigeM CyMMy JAHMAroHAJbHBIX WIEHOB 0.
TTockeanKy BAsi BTOpPOro wieHa (4,6) sTa cyMmma ofpaiaercs B Hy/b,
T0 0;; = 3Ku;;, unu

Uz = 3K Oiie (4,7)

ITopcTasisis 3TO BEIpAXKEHUE B (4,6) H OHPEeALNSS OTTYA Uy, HAXOLUM

Uiy = 8in0u —l— (sz zkﬁlz) (4,8)

4TO M OIPEleNsieT TeH3op JAeopMalHH N0 TEH30py HanpsDKeHWH.

Pasencrso (4,7) nokaswiBaeT, YTO OTHOCHTE/IbHOE H3MeHeHHe 00b-
eMa u;; TUpH BCAKOH AedopManud H30TPONHOrO Teda 3aBUCHT TOJbLKO
OT CyMMBI O;; AHATOHAJIbHBIX KOMIIOHEHT TEH30pa HanpsiKeHHH, NpH-
uyeM CBfI3b MEXAY U;; U O;; ONPeNeseTcs TOJbKO MOJYJIEM BCEITo-
pounero cxarus. [Ipu BcecTopoHHeM (PaBHOMEPHOM) CXKATHH Tena
TEH3Pp HanpsKEHHH HMeeT BHJ Oy, = —pb;,. [ToatoMy B 3TOM CJay-
yae umeeMm H3 (4,7):

Uy = —plK, {4,9)
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ilockoabky nedopManMyu Madbl, TO U;; W p — MaJjble BEeJIHUHHBI, H
MBI MOMKEM HAOHCATb OTHOINEHHE w;;/p OTHOCHTENBLHOTO H3MEHEHHS
o6beMa K JaBaenuio B JAuddepeHnuaZbHOM BHAE; TOTAA

—11(— = _Tl/_(%)r'

Benuuuny 1/K Ha3bIBAIOT KOI(pGUUUEHIION 6CECTIOPOHHE20 CICAmus
(1M DPOCTO KO3(HIMEHTOM CXKATHS).

U3 (4,8) Mbl BUAHM, YTO TE€H30D HeOpPMalHH U; ABAAETCS JHHEH-
Hofl (pyHKUMel TeH30opa HanpsxeHuit 0. pyrumu cjaoBamu, Ae-
dopmanss NPONOPLHOHAJNbHA NPHJIOKEHHHM K Tely CHaaM. JT0T
BaKOH, HMEIOWHUHA MECTO AN MalblX JedopMalui, HaSLIBAIOT 3aKOHOM
T'yxa ?).

[TpuBesem ele noJesnyio GopMy BhIpaxkenusa 4Jis CBOOOAHON IHep-
THM J1eOPMHDPOBAHHOIO Tesa, NOJYYalolyIoCs HEIOCPEJCTBeHHO H3
kBajgparuynoctu F no Tensopy zedopmanuu. Corsacho Teopeme Jilepa
HMeeM

OF

OTKYJa, BBHAY TOTO 4TO OF/Ouy, = O,
F = O'ikuih/Q. (4,10)
Ecau B 3Ty GOpMYJAY MOACTABUTH Uy, BHIPAXKEHHBIE B BU/E JIHHEH-
HEIX KOMGHHANHH KOMIIOHEHT O, TO yNpyras sHeprus Oyjger mpen-
CTABJieHA KaK KBaapaTHuHas GYHKIHS BEJHYMH Oy, CHOBA NpUMEHs A

Teopemy Sijepa, Oylem HMETb

oF
Cir o = 2F,

u cpasnenue ¢ (4,10) noxasniBaer, YTO

oF
Uin = 5=+ 4,11)

Crietyer, OIHaKO, MOAUEPKHYTh, YTO, B TO BPEMsI KaK QopMyJsa 0;; =
= 0F/0u;, saBaserca OOmMUM TepMOJIMHAMHUYECKHM COOTHOILEHHEM,
crpaBeiuBOCTb 06paTHOR (opmysnbl (4,11) cBsidana ¢ BLIIOJIHEHHEM
3akoHa I'yka.

1y dakThyeckH 3aKoH ['yka IpHMEHHM NMPAKTUYECKH KO BCeM YNpPYI'uM Jedopma-
muam, deno B TOM, uTO AedopManun OOGbIYHO MEPECTAIOT OHTh YNPYTHMH €lle Toraa,
KOTJa OHH HACTOJNLKO Majbl, YTO 3aKOH ['yka siBJfeTCA JOCTATOUHO XODOUIEM npH-
6aiKeHueM (WCK/MOUEHHE TPEACTABJAIOT Tela THOA DPe3HKBI).
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§ 5. Onnopoanbie aedopmanuu

PaccMOTpUM HECKOJbKO NPOCTEHINNX CaydaeB 00HOpoOHox Oe-
dopmayud, T. e. nepopmanuil, UpH KOTOPHIX TeH30p JAedopMalHH
NOCTOSIHEH BJIOJb Bcero ofbema tesa '), OxHopoxHo#t JedopMauueit
ABASETCS, HapUMep, yXKe paccMOTpPeHHoe HaMH paBHOMEpHOe BCe-
CTODOHHEee CXaTHe, ,

PaccMOTpuM Tellepb TaK HAa3BIBAeMOe npocmoe pacmascerie (UJIH
cxarue) crepxHs. [IycTb cTepKeHb pPacnosoxkeH BIOJb OCH 2 H K €ro
KOHIAM NPHJIOKEHH! CHJBI, PacTATHBAIOLIHE €ro B MPOTHBOIOJOXKHEIE
CTOPOHBI. DTH CHJBl AeHCTBYIOT PaBHOMEPHO Ha BCIO NOBEPXHOCTb
KOHIIOB CTEepXKHH; CHJa, NEHCTBYIONias Ha €IHHHLY IOBEPXHOCTH,
nycts 6ymer p.

[TockonbKy medopmanusi OJHOPOAHA, T. €. U;, NOCTOSIHHBEI BJOJIb
Tesla, TO NOCTOSHEH TaKXe M TEH30D HaNpsKEeHUH O, a MO3TOMY
€r0 MOJKHO ONpeJesNuTh HEMOCPEACTBEHHO M3 TPAHMUHEIX YCJIOBHH
(2,9). Ha GoxoBoii mOBEPXHOCTH CTEPIKHS BHEIUHHE CHJEI OTCYTCT-
BYIOT, OTKYJA CJIeAYyeT, uT0 O;pny = 0. [ToCKOMbKY eIMHUUYHBIH Bek-
TOp N Ha GOKOBOI NOBEpXHOCTH NMEPIEHANKYJISPEH K OCH 2, T. €. HMEeT
TOJILKO KOMIIOHEHTEH! My, Ny, TO OTCIOAA CJICLYET, YTO BCe KOMIOHEHThE
O;5, 32 HCKJIOUEHHEM TOJIbKO O,, paBHB HyMo. Ha noBepxHOCTH
KOHIIOB CTEPXKHSI HMEEM Oy H; = p, OTKylda O = p.

N3 obuero Buipaxkenus (4,8), CBSA3bIBANOLIETO KOMIIOHEHTBI TEH30-
poB AedhopMalun U HANPSIXKEHUH, MBI BHAMM, YTO BCE KOMIOHEHTHI Uy
¢ i = k paBubl HyJM0. [Jas1 0CTalbHEIX KOMIIOHEHT HAXOJIHMM

[ 1
e =ty =—5 (g — 35 ) 7> %= =5 (3x +y0)p 6D
KomnoneHnTa u,, onpeieiser OTHOCHTE/NbLHOE YAJHHEHHE CTePKHSA
BIOJIb ocH 2. KoapduiuenT Ipu p HAsBIBAIOT Koapuyuenmos pacms-
oceHua, a o0paTHYIO BEIHUHHY — MOOysem pacmajcerus (UJId mo-

Oyaen [Onea) E:
u,, = plE, (5,2

E = 9Kw/(3K - p). (5,3)
KOMIIOHEHTBl Uy, M U, OUPENE/SIOT OTHOCHTEJBHOE CKATHE CTep-
¥KHA B HOTepeuHoM HanpasJiennd. OTHOIIEHHE NONEPEYHOIo CIKATHS
K I[POLOJLHOMY pPacTsKeHHIO HasbIBAIOT Kodppuyuenmom Iyac-
cona o ?): ’ ’

rae

Uge = =—O0Uyy, (5:4)

1} KoMmoHenTHl TeHaopa AeopMaluM X4aK (DYHKUUE KOODAHHAT He SIBJISIOTCA
BIOJIHE HEe3aBHCHMBIMH BeJHYMHAMH, NMOCKOJLKY IIeCTb PA3/IMYHBIX KOMIIOHEHT g
BBIPAXKAIOTCS  UEPe3 NPOU3BOJHEIE BCETO TPeX He3aBHCHUMEIX (BYHKIIUH — KOMIOHEHT
BexkTopa u (cM. sajgauy 9 § 7). Ho miecTh MOCTOSHHBIX BeNHYMH #;; MOTYT OHITH
B IpHHIHHNE 3aJlaHBl NPOH3BOJbLHEIM 06pasomM.

%) O6osnauenne Koapuunenra [lyaccona nocpescTBoM 0, a KOMIOHEHT TeH30pa
HanpsiKeHHA NOCPEACTBOM C;p He MOXKET MPHBECTH K HEeAOPa3yMEHHIO, MOCKOJbKY
nocliejHHe, B OTJHUHE OT II€PBOTO, BCErja UMEIOT HHIEKCHI.
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rae
o _l_ 3K —2u ;
0= 3K+u " 69
Mockosbky K ® g BORrAa MONOKHTENbHH, TO Koappuuuent [1yac-
COHA MOWPT MEHATLCA /14 PASAWYHHX BEHIECTB TOALKO B lipeienax
or —1 (npu K = 0) zo 1/2 (mpu p = 0). Takum obpasom 1),

—l <0< 12 : (5,6)

Haxowen, OTHOCHTENbROE YBeAnueHHe 00beMa CTEPKHA NPH ero pac-
TAXKEHUH DPABHO

uy = p/K. (5,7

CpoGoHYI0 SHEPTHIO PACTANYTOrO CTEPXKHS MOMHO HalUCaTh, BOC-
0Jb30BABIIECH HETIOCPRACTBEHHO (opmyaof (4,10). Tlockosbky oF
HyJIsl OTJMYHA TOMAbKO KOMTOHEHTA Oy, TO
1 p?
F=—5 30 =25 (5.8)
B nanpuefiiieMm Mbl 6yneM NOJIb3OBATBHLS, KaK 3TO OOHIYHO IPH-
HsATO, BeauynHamu E W O BMecTo MonyJedl K m W. OTH TOCJ/eliHNE,
a Takxe BTOpofi Ko>(puuuent Jlams A BhHpamaloTca 4Yepes Enego
dopmyaamu : :
y Eg E
?y = y p, = e,
(1—20) (1+0) 2(1+09) (5,9)
Ke=—2t _ a
~ 3(1—20) "

BainumeM 37ech ofumue GopMybl ApeAsAyHIero naparpada ¢ Kospdu-
HHeHTaMU, BbipaXeHHHMH uepes L H O. Has cBOGOAHOH 3HEPrUH
HMeeM

E ‘
F = gy (e + 1= ) .19

TeHsop HampsiKeHHH BbpaxaeTcsi depe3 TeHsop Aedopmauun cor-
JIacHO ‘

E
On = TIo (uik + T_igg— ”ll‘sih> . (6,11)
O6parHo: |
Uip = -5 [(1 4 0) 64 — 0005 (5,12)

1) Qaxruuecku xospounment IlyaccoHa MemsieTcs TOJABKO B npefgenax ot 0
a0 1/2. B macrosmiee BpeMms HEUIBRCTHH TeNa, Y KOTOPHIX G0 66 6<3 0, T. €
KOTOpEIe OBl YTOJMIAJHCH TNPH TPOJOJLHOM PACTSHEHHH. YrameMm Tak®e, 9TO
HepaBencTBy ¢ > ( oTBeuaer A > 0; ZpyTUMH CIOBAMH, BCErAA MOJOXKHTENEHAE oba

eHa He TOJLKO B BHpaxenuu {4, 3), Ho ® B {4,1), XOT# 370 M He rpebyerca Tep-
moaunamukofi. Bauskue K 1/2 auauenus O (HANpUMeEp, Y Pe3HHB) COUTBETCTBYIOT
MOJYJIO CABHTA, MajOMy N0 CPABHEHHIO € MOAYJIEM CXATHA.
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Iockonbky Qopmysame 6,11 r (5,12 DpHXOGETCH [OCTOBHHO
N0/Ib30BATLCA, EBIMHIIEM HX 34eCb A/ yROGCTBA B pacmiCaHHOM IO
KOMIOHEHTaM BHe:

£

= = TTFoa1=20 (1 — O} ttee 0 (45 +u12)],
E
Ty = e (1=gar F — 9ty 0 (e - 2], (5,13)
E \ ,
Oz = ~Troa—zs (1 =0+ 0 (et uy)l,
A E E
Ow = TFgtw O = 7T g% 0u= jrgliw
n obpaTHBEe GOPMYLs:
1
Uy = 5 {Oxx — O (0yy + 0 )y
i
ttyy = 5 [0y — 0 (00 F 014 (5,14)
1
N Up = F (022 — 0 (0xx - Ty,
1 ) I ¢ ’
Uxy = _2;2 Oxyy  Uxz = —2—_00“’ y: = Tﬂdﬂ'

PaccmoTpuy Tenepn cxathe cTepxHs, G0KOBBE CTOPOHbI KOTOPOTO
3aKpenJIeHbl TaK, YTO €ro MONEpeuHble pa3Mephl He MOTYT MEHATHCA.
Breiwunne cunpl, npouspojauipe cikare CTEPMHA, NPHIOKEHH! K era
OCHOBAaHHMAM H JEHCTBYIOT BJIOJIb €T0 JTHHBI, KOTOPYIO MBI OIITh Bhi-
Gepem B KavecTBe ocH z. Takyw AedopMalliio HA3HIBAKT odHocmopon-
Hum cocamues. FlockombKy crepieHb eOpPMEpPYETCA TOJNBKO BIOIb
OCH 2, TO M3 BCEX KOMIOHEHT 4; OT HYJs OT/IMYHA TOMBKO 4,,. U3
(5,13) mmeen rteneps

. Ea E (1 —o)
% =% = —0xoya—g “ %= Trea—ge Y=

OGosHauas onATh CKAMAOMYIO CHAY [OCPEACTBOM p (0, = p;
P OTPHUATEJLHO NIPH CXKATHH), HMeeM

1 1—2
gl ), (5,15)

Uy, =

Kosppmuuent npu p nasmmaercs KO3 HHeHTOM OAHOCTOPOHHErO

exarus. s Hanpsokennfl, BOSHHKAIOIIEX B TOHEPEYHOM HampaB«
JIEHHH, HMeeM

Z 5,16

Oue = Oy = Py—se . B

Haxonew, ans cpoGoanodi swepruu creprsus uMeem

_ o 40y @ —20) ‘
F=p 2E¢E—oy " G.17)
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§ 6, JledopManuy c M3IMEHECHHEM TeMIEpPaTyphl

PaccmorpuM Tenepb fedopMalHH, CONPOBOXKIAIOLIHECS H3MEHe-
HHeM TeMIeparyphl Tesa; H3MEHeHHe TeMIIepaTyphbl MOXKeT IPOHCXO-
IHTL KaK B pe3y/ibTare caMoro mnpoumecca AepopMHPOBaHHA, TaK H
[0 NOCTOPOHHHM [pUYHHAM.

ByzaeMm cunrath HeleOpMHPOBAHHLIM COCTOSTHHE Tesla IPH OTCYT-
CTBUH BHEIIHHX CHJI INpH HEKOTOpoH 3afaHHOH Temmeparype Tj.
Ecnu teno Haxoautes npu temneparype T, orinuHoit ot Ty, TO paxe
TP OTCYTCTBHH BHELIHHX CHJI OHO Oyler, BooOlle roBops, Redopmu-
pOBaHO B CBA3H C HaJM4UeM TelJoBOro paciupenus. Ilostomy
B pasnoxenue cBoGonuofi snepruu F (T) GYAyT BXOAHTb He TOJLKO
KBajpaTHuHbe, HO U JIHHEeHHBEe [0 TeH30py AedopMaunu uieHsl. M3
KOMIIOHEHT T€H30pa BTOPOTO PaHTa #;;, MOXKHO COCTaBHTb BCETO TOJLKO
OJIHy JIMHEHHYIO CKaJADHYIO BEJIUYHHY — CYMMY #;; €r0 AHaroHallb-
HbBIX KoMIOHeHT. Jlajee Mbl GyAeM mpejnosararb, YTO CONPOBOXKAA-
fomee nedopmanuio usmeHenne T — T, Temmeparypbl Majo. Toraa
MOKHO CYHTaTh, YTO KO3(GQHMUHMEHT NpH u;; B pasjoxeHun F (koro-
puifi Jo/keH ofpamarbes B Hyab npu T = Ty) mpocTo nponopuuo-
nasnen pasnoctu T — T,. Takum o6pasoM, moay4uM Ajis CBOGOAHOH
SHepTHH cleayollyio ¢GopMyay (3amensiomyio (4,3)):

; 1
F(T)= Fy(T)—Ka(T —Ty)un+u (uik -3 ﬁihull)2+ ']2<— uln,

6.1

rae Kosdduuuent npu T—7T, Hanucal B Buge — Ko Bemuuuns p, K,
o Hajo CYHMTaTh 3JAeCh NMOCTOSIHHBIMH; y4YeT MX 3aBHCHMOCTH OT TEM-
nepaTypul npuBesJ Obl K BeJIMYMHAM BBICIUETO TMOPAAKA MaJIOCTH.
Inodepenuupys F 10 45, NONYYHM TeH3op HanpsikeHud. Fmeem

oy, = —Ko(T — T4) 8;p + KuyiByp -+ 21 (uin — YsOipttny)-  (6,2)

TepBbiii ueH 3jiechb NPEACTABJSET COGOH JNONOJHHTENbHEIE Hanps-
JKeHus1, CBI3aHHBIE C H3MEHEHHEM TeMnepaTyphl Teaa. [Ipu cBoGoaHoM
TEIJIOBOM paclUMpeHHH Tesa (IpH OTCYTCTBHH BHELIHHX CHJI) BHYT-
peHHue HanpsiKeHust JOJKHBI OTCYTCTBOBaTb. IIpupaBHHBas Oy,
HyJIO, HaiizeM, 4TO 4;; umeer BHJ const.8;, nmpuuem -

uy = o (T — To). (6,3)

Ho uj; npeacraBaser co6oif OTHOCHTeNbHOE H3MeHeHHe O0beMa Ipu
nedopmanun. Takum 06pasoM, o ABJAETCS He 4eM HHBIM, KaK Koagh-
uyuenmom Mmenrogo2o pacwiuperus TeJa.

Cpesi pasiHuHBIX (B TepPMOAWHAMHYECKOM CMEBICJIE) THIOB Je¢op-
MaIuil CyIecTBeHHB H30TepMUYecKHe H afunabatuyeckue AedopMamuH.
Tlpu usorepmuyeckux AeopmallHMsAX TemmepaTtypa Tesla HE MeHsercs.
CoorBercTBeHHO 9TOMY B (6,1) Hazo nonoxuts 7' = Ty, ¥ MBI BO3Bpa-
maemcsi K OOGBIYHEIM (opMyJiaM; Koadduunentsr K H {4 MOXKHO mO-
BTOMY HAas3BaTb W30MEPMUMECKUMU MOOYAIMU,
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ApnaGatuyecKumu ABASIOTCA JedopMauuy, NPH KOTOPHIX He Ipo-
HCXOZMT O0MEHa TEeIJIOM MeXAY PpasJuyYHEIMH Y4YacTKaMH Tesa, a
TaK»xe, KOHEYHO, H MEXJY TeJIOM H OKpYXKaioluel cpefodl. JuTponus S
ocraercst MpH 3TOM nocrosHHo#. Kak usBecTHo, 3HTponus paBHa mpo-
u3BOAHOH —0F/0T ot cBOGOAHOH SHepruu no Temneparype. Juddepen-
uupys BelpaxkeHue (6,1), HaXOAMM C TOYHOCTbIO O YJEHOB TNEPBOTO
NopsaKa no i,

S (T)= SO (T) + KCCM”. (6,4)

ITpupaBusaB 9TO BBIpaX<€HHE NOCTOAHHOM, MOXHO ONpPEJEJHTH H3Me-
HeHHe TeMneparypul npu JeopMallH, KOTOPOEe 0Ka3biBaeTCsl NpONop-
LHOHANBHBIM U ;i

Lo (T —Ty) = —Kauy, (6,5)

INoncrasuB 310 BRIpakenue B (6,2), nOJAYYUM /15 Oy, BEIPAKEHHE OGBI-
YHOI'O THIA

O = Kantii8in + 20 (g — Yabyptty) (6,6)

C TeM 2Ke MOLyJleM CABHIa, HO C APYTUM MOAyJeM cxkathsa K,,. CBs3b
aa1abaTHyeckoro Molyna Kpap ¢ OGBIYHBIM, H30TEPMHUECKHM MOXY-
JeM K MOXHO, OHAaKO, HaHTH H HEMOCPEACTBEHHO Mo ofweli Tepmo-
JHHAMHYECKOH QopMysie

v [V ) ST av>

(Tp)s',“ (710_ r T C, \T /p
(Cp, — TenJoeMKOCTb NPH NOCTOSIHHOM A4BJEHHH, OTHECEeHHAs K e-
Hune obbema Tesa). Eciu moHumath noa V o6wveM, 3aHHMaeMulll Ee-
LIeCTBOM, HaxOJMBIUUMCA 0 ZedopMaluH B eluHHle ofbeMma TeJa,
T0 npousBoansie 0V/OT u 0V/Gp onpemensioT OTHOCHTEAbHBIE H3Me-

HeHHsl 00beMa COOTBETCTBEHHO NpH HarpeBaHHMH W NMpH ckatul. [lpy-
THMH CJIOBaMH,

(), = (&)= =y () =L
oT /o= ® ap /s Kag ’ o JrT T K

Takum o6pasoM, noaydaeM /s CBA3H MEXAY aanabaTHUeCKHMH H H30-
TePMHYECKHMH MOZYJAAMH 1)

1 1 Ta?
T ~ K G, Ba=M (6,7)

Hna  aduabamuueckux MOpyns pacTAXeHHs # Koapunnesta
ITyaccona Jierko no/yuaem c/efyoolnyue COOTHOIUEHHS:

_ E __ 0+ ETa?9Cy
Ean =T—Frome;» Om= T—ETo3/3C, (6.8)

1) L1 Toro 4To6hl nOMAyuHTL 5TH dopmyar us (6,5), (6,6), Hano 66110 661 HCHOABs
80BaTh €llle H HSBECTHYIQ TepMOJMHaMH4YecKylo dopmyny €, — Cp = Ta®K, :
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B peanbuux caydasx Beqususa E7a?/Cp, OGHUHO MaAa, H NOSTOMY
C JIOCTATOUEOH TOYHOCTHIO MOMHO HANHCATb!

5 T03
Euy = E+E* g5 cn=o+(1+c)5§gp. 6,9

Ipn B30TepMHYECKOH JeopMalluy TeH30p HANPAKEHHH BbIpaXKa-
€Tcsi B BHJE NPOH3BOAHBIX OT CBOGOJHOH 3SHEPTHHI

o= ()
th — duip, /T ¢

ITpu noctosiHHOA e SHTPOMAH HANO HANHCATb (em. (3,6))

_ (.08
O = \"ou, )s’

rne & — suyTpentss sHeprHsa., CoOTBETCTBEHHO STOMY IpH anuaba-
THUeCKHX JefopMallsX BhHpaxeHHe, aHAJOTHYHOE (4,3), onpenenser
He CBOGOAHYIO SHEPTHIO, & MPOCTO BHYTPEHHION SHEPTHIO EAHHHIBI
ocObeMa Tenai

1 2
& = Ko 4y (o — - vuban) - (6,10)

§ 7. YpasHenus paBHOBECHS HM3O0TPOTIHBLIX TeJ

BhiBeseM Tenepb ypaBHeHHs DaBHOBECHSi H30TPOIHBIX TBEPABIX
ten. Jlas 3TOTO Haj0 MNOACTaBHTh B ofmue ypasHeHus (2,7)

aﬁi
g =0 )
soipaxenne (5,11) ans Tensopa manpskenuit. HMueem
o6, __ Eo Buyy + E Ouzy
oxg . (I +0)(—20 dx 140 0xp °

IMoacTapasia cioja Uy = %—(—g%i——i- —g%’_‘—), NoJy4uM ypaBHEHH:A
t

paBHOBECHA B BHIC

E Ru; E u; _
2(1 +0) axé + 2(1 +0.) (] __20.) axl‘aXI +pgl - 0. (7,])

Dru ypaBHeHns yAOGHO NepenucaTbh B BEKTOPHEIX OGO3HAUYCHHSAX. B
9THX O6G03HAUEHHSX BeJHuHHb 0%4,;/0x}; SABASIOTCA KOMIOHEHTAMH BeK-
topa Au, a 0uy/dx; = div u. Takum oGpasoM, ypasHEHHs paBHOBe-
cHs OpUoOpeTaloT BHJ

1

Aut5—55 graddivy = —pg -2—(1—Ei'——(1 . 7,2)

Wnorga GbiBaeT yROGHHIM IucaTh 3TO ypaBHEHHE B HECKOJbKO HHOM
BHJIe, BOCIO/IL30BABIINCH H3BECTHOH (POpMYJIOf BEKTOPHOIO aHalusai

graddivu = Au--rot rotu.
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Torpa (7,2) npuobperaer BHI

1—20 trofu =
mro rotu = —pg

(1 +9) (1 —20) (7,3)

grad divu — E(—9) .

Mul numieM ypaBHEHMS DAaBHOBECHS B OJHOPOAHOM MoJie CHJ TdA-
JKeCTH, uMes B BHAY, YTO NOCJEJHHe sBJAsIOTCA HanGoaee OCRIYHBIMH
B TeOpHH YHPYTOCTH OObeMHbMH cHJamu. IIpa Haqmuun Kakux-/1u6o
HHBIX OOBEMHLIX CHJA BEKTOp pg B HNpaBofi CTOpOHE YpaBHEHHS J0M-
skeH OBITH 3aMeHeH COOTBETCTBYIOMIEH JADYTOfi NJOTHOCTbIO 0ObeM-
HLIX CHJL.

Hautonee cymecTBel cay4dali, Korga aedhopMans BHI3LIBAETCA HE
oOLeMIBIMH CHJIAMHE, a CU/IaMH, TPHAOKEHHBIMH K NOBEPXHOCTH Teda.
Torja ypaBHeHHe paBHOBECHS FJIaCHT

(1 —20) Au-}-graddive = 0 (7,4)
Wiz B APYIOM BHJE
2(1 — o)graddivu — (1 — 20) rotrotu = 0. (7,5)

BHelnuue cuJinl BXOAAT B PEllleHHe TOABKO yepe3 IOCPEACTBO IpaHRY-
HBIX YCJIOBHH.

Ilpumensis K ypasHeHuw (7,4) onepammio div # momHs, 41O
div grad = A, HaxomuM

Adivu =0, (7,6)

T. e. BeanuuHa div u (ompefessiomias u3MeHeHne o6bemMa npe aedop-
MallhH) ABJSEeTCA TapMOHHUeCcKol (qyHKuuel. IlpuMensis ke K ypap-
nennio (7,4) omeparop Jlannaca A, moayuuM Tenepb

AAu=0, (7,7

T. €. B PABHOBECHH BEKTOD JeOpMAlHH yIOBJETBOPAET OuZApMOHUME
CKOMY YpasHesuww. DTH PEe3YAbTATHl OCTANNTCA B CHJIE H B GJHOPOJHOM
noJie TsxKecTH (NpH onepamuax nuddepeHnnpoBanHs HpaBas CTOpOHA
ypaBaenus (7,2) ucdyesaer), HO OHH HeCIIPaBEAJUBH B OOUWEM CaIyyae
NepeMeHHBIX BJOJb Tela OObEMHBIX BHEUIHUX CHJ.

Tor ¢axr, yto BekTop AedopMaluH YHOBAETBOpseT GurapMoHHYe-
CKOMY YpaBHEHHIO, He O3HawaeT, pasyMeercsi, 4To OOWUl UHTETpas
ypaBHEHHH paBHOBeCHsi (pH OTCYTCTBHH OGBEMHBIX CUJI) €CTb MPOH3-
BoJibHAf OHrapMOHHYecKas BeKTopHas QYHKHHR; CiellyeT MOMHHTb,
uro QYyHKUHA U (X, Y, 2) RO/IKHA B JeHCTBUTEJNLHOCTH YZOBJETBOPATDH
eme H JnddepernnaspHoMy ypaBHeHMIO 0oJlee HH3KOTO MNOpfAAKa
(7,4). B To Xe BpeMst 0Ka3biBaeTCst BO3MOXHBIM BbIPasHTh -00LIMHA HH-
Terpas’ ypaBHEHHH paBHOBeCHS Yepe3 INPOHM3BOJHBIE OT IPOH3BOJIb-
Horo GHTrapMOHHUecKOro BekTopa (cM: 3amauy 10).

Ecau Teno HepaBHOMEpHO Harpero, To B YpaBHEHHH DABHOBECH:A
JoskeH GHITH AoGaBIEH AONOJHHTENbLHHIH useH. B TeHsope Hanpsike-
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Huit Jo/KeH Obrtb yuteH uned — Ko (T — Tg) 8, (em. (6,2)) 1
COOTBETCTBEHHO B 00;,/0x; BO3HHKaeT YJ/eH

—Ka oT Ea or

ox;  3(l—20) o0x; °

B pesysbrate mosyyaeM ypaBHEHHS DAaBHOBECHs B BHJIe

3(1—o0) 3(1 —20)
110 2(T+o)

OcTaHOBUMCH HA YacTHOM CJydae naockot Oegopmayuu, npH Ko-
TOpOfi BO BCeM Te/e OJHA M3 KOMIIOHEHT BEKTOpa CMELIEHHS paBHa
Hymgo (4, = 0), a KOMIOHEHTBI Uy, Uy 3aBHCAT TOJBKO OT X, 4.
IMpu 3TOM TOKIECTBEHHO OOPAINAOTCSl B HYJMb KOMIOHEHTBI Uz, Uz
u,, TeHsopa AegopMaliH, a C HAMH H KOMIIOHEHTH Oy, Oy, TEH30pa
HanpsokeHHil (HO He NPOJOJLHOE HamlpsiKeHHe Oy, CYyLIeCTBOBaHHe
KOTOPOTO JIOJKHO OBecmeyuTb HOCTOSHCTBO JJIMHBI Tesla BJIOJb
OoCH 2).

[TockoJbKYy Bce BeJHYHHBI HE 3aBHCAT OT KOOPIMHATHI 2, TO
ypaBHEHHS PaBHOBeCHs (IPH OTCYTCTBUM BHEIUHHX OCBEMHBLIX CHJI)
00,,/0x, = 0 cBogaTCs B JAHHOM cCJydYae K JBYM YpaBHEHHAM:

OCxx 00xy 0oy doyy __
T =0 T Ty =0 (7:5)

grad divu — rotrotu = a y7T. (7,8)

Hau6onee o6mwuM BHAOM GYHKIHH Ouy, Oyys Oyy, YAOBJAETBODSIOLUX
STHM YPaBHEHUSM, SIBJSETCSH

oy Py = 2 (7,10)

Gxxz"ggi" GW“_W’ vy = g3 !

rie ) — NpOu3BOJbHAS (YHKHHA OT x ¥ Y. JIerKo IOJNYYUTb YpaB-
HeHue, KOTOPOMY JIOJUKHA YJOBJETBOPATh 3Ta QyHKunus. Takoe ypas-
HeHue JOJIZKHO CYIIECTBOBATh B CHJY TOTO, YTO TPH BEJHYHHBL Oy,
G,,, Oy, BbIDAXKalOTCS B JGHCTBUTEJIbHOCTH BCETO 4Yepes JBe BeJH-
YHHBI i, 4, M TOTOMYy He SIBISIOTCS He3aBUCHMbIMH. C IOMOUIbIO
¢dopmyn (5,13) HaligeM A MIOCKOH nedopMaluH

E -
Oux + Oyy = 0o (I—20) (U + thyy)-

Ho
o,

iy 4
2 = divu,

ou
Oxx + Oyy = Ay, Upn Uy = ’a_xx_ +

B mockonbKy div u ectw, corsacHo (7,6), rapmoHHYecKas hyHKRUMSA,
TO Mbl 3akJiouaeM, uro (YHKIHA 9§ YAOBJAETBOPAET YypaBHEHHIO
AAy = 0, 7,11)

T. e. sBJAseTCs GurapMoHmueckol. YHKUHMIO ¥ Ha3bBAOT QyrKyued
nanpsancenud. [Toce TOro Kak njockas s3ajaia pelieHa H tbyHxua y.
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H3BeCcTHa, NPOAOJIbHOE HANpsSKEHHEe O, OINpeNeaseTcsi HEIOCPEeaCT-
BeHHO no ¢opmyne

E
G = 1+ 0)6(1 — 20) (Ugx -+ Uyy) = 0 (0xx + Oy,

HJIH
0, = GAy. (7,12)

3angaunm

1. Onpenennts fedopMaluio JIHHHOTO CTepXKHS (AIHHE! [), CTOSUIETO BEpTH-
KaJ1bHO B [OJ€ TMKECTH.

Pemenne HanpasiaseM ock 2 110 OCH CTepxKHS, & IIOCKOCTb ¥, ¥ — B M0
CKOCTH €ro HIKHETO OCHOBaHHA. YDaBHEHHSI DPaBHOBECHS

a()'xi — acyi =0 OOZi
0X3 0x; ! 0x;

= 0g.

Ha 60K0OBOJ MOBEPXHOCTH CTePKHA NOJIKHB 06DAMIATHES B HY/Ib BCE KOMIOHEHTH Ojp,
KpoMe Oy, a Ha BepXHeM (2 == [) OCHOBaHMH Oy, = Oy, == 0, = 0. Yuosaersops-
Iollee 3THM YCIOBHSM pelleHHe ypaBHeHHI DaBHOBECHS eCTb

Oy = —pg (I — 2),

a Bce ocranbusie 0;, = 0. [lo 0y onpenenseM u;; B Buze
pg(l—2)
E b

g
Upe =Uyy = —pg(l —2), Up=— Uy = Uy, = Uy, = 0,
E

a OTCI0A2 HHTErPHPOBAHHEM — KOMIIOHEHTH BeKkTopa JAedopMauun

usc:"g-—Pg(l—z)x»
g
uy=-—p0g(l—2y,
= — o (P — (I — 2 — 0 (&2 + 7).

Bripaxkenne At u, YAOBJETBOPSET TPDAaHHYHOMY YCIOBHIO 4, = 0 TOJBKO B OXZHON
TOYKe HIMNKHeHA noBepxHocTH Crepxusd. IloaTomy mnoayuenHoe peuleidne Hernpume-
HHMO BOJIH3W HHXKHErO KOHIA CTepIKHA. :

2, Onpeperuts AepopManHio TOJNOTO INapa (HADYXKHHA H BHYTpEHHMH paju-
ycst Ry u Rp), BHYTPH KOTODOTO AefiCTBYeT AaBJEHHe py; NABJIECHHE CHAPYNKH P,

Pemen ne Bsogum cheprueckne KOOPAMHATH C HAuaJOM B LEHTpe IMapa.
Hetdopmannsa u HanpasieHa Be3fle 10 PajiHyCy M siBAsfeTcs (GyHKUHeHl TOJLKO OT 7,
Tlostomy rot u = 0, u ypasueune (7,5) npuoSperaer BHJ

Vdivu=0.
Orciopa
. 1 d(r) _
divu= fT—T == const = 3(1,
HIH
u = arJ b/r,
Komnonents Tensopa fedpopmarun (cM. dopmyan (1,7)):
2b b

Upp =8 — —3—, u09=uqzq>=a+—r§"-
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Paxnanvuce nampmkense
E E 2 b

= _ I 2 = — ——
Grr (1 + 0.) (l — 20.) [(1 O) Jrr + 0”66‘] 1 — 20. a l + o rs .
Tocrosinunie @ U b ONpeAeasioTe U3 TPAHHYHBIX yCJIGBHﬁ: Gpp = —pi IpA 7 = Rl'
H Gpp = —py NPH 7 = RZ' OTCK)ﬂ,a HaxXo4guMm
g PRI—pR} 1—20 .  RiIRI(p—p) 1+0

RE — Ry E R} — R} 2E °
Tak, pacnpegeienne HanpsiKeHHA MO TOJIHHE LIADOBOIO CJIOA, BHYTPH KOTO-
POTO RefiCTBYET NaBJeHHe p; = p, @ CHapyxH p; = 0, naercs QopMynamu
PR] BL) 2RE (1480
= —_—— 060 = Ogp = 55——53 ( | .
= R=R p)r =% = 1+ 5
I touko#l chepuueckofi 060JOUKH TOMUMHE A = Ry~ R; € R uveeM npuGiau-
HKEHHO

pR? (1 —o0) PR~
“=T%ER 0 T8 T 0w = gy O =g

(&, — cpefluee O TOMIEHE OBOJOUKH SHAUEHWE DANMANLEOTO HAIpMKeHHS).

Pacnpefienenne HanpfiKeHHR B HEOTPAHHYEHHOH ynpyrofl cpelle ¢ mapooGpas-
HOH noJOCTHIO (pajuyca R), MOLBepraeMofi paBHOMEPHOMY BCECTOPOHHEMY CXKATHIO,
NONYYUM, NONOXKHB Ri= R, Ry =00, pj =0, py = p:

R3 R3 !
Grr=—P(l_’r3—)’ 096=0®q>=-17(1+—2;§->-
Ha rpanulle 1OoCTH TaHTEHIHAaNbHbE HANPSIKEHHS Ogp = Ogp = —3p/2, T, e,

NpEeBRINIAIOT AaBJeHHe Ha GECKOHEYHOCTH.

3. Onpegennts gedopmanuio cromrolt cheper (paguyca R) moa BAHAHHeM
COGCTBEHHOTO I'PABHTALHOHHOTO IIOJIS,

Pemenune Cuna TArotedans, AefiCTByIcHlad Ha eIHHHUY MaccH cdepuue-
CKOTO Tenta, pasia —gr/R. ITogcraBus 510 BelpaXkeHue BMecto ¢ B ypasxesnue (7,3),
DOMYYHM JJf DPafHAaJIbHOTO CMeMeHHs1 CJelyioliee ypaBHEHHe:

E(1—o0) d 1 d(r?u) r
1+ o) (1=20) 'Er"(r—‘-’ ar )‘_‘pg'ie_'

Pemenne, kKoneunoe npu 7 = 0 U YAOBJIETBOPAIOMEe YCIOBHIO Opp = 0 npH 7 = R,
€CTb

e BOR(1—20)(140) 3—0_1“_]
= I0E (1 —0) 1+0 R®J°
OtMetnyM, uTO BHYTPH cdepuueckofi TOBEDPXHOCTH pajuyca R —-——3—0 )1/2
, yIp p P pajny ( 31 +9

BEIECTBO CkaTo (U< 0), @ BHE ee — pacTAHyTO {4y > 0,, Jasnenne B Hewrpe
IIapa OKasblBaeTcsl PABHBIM
3—o0
a—o) PR

4. pnpenennTb AedopMaluio NOJOR NUAHHADHUECKOR TPYOH (HapyXHER B BHy-
TPEHHUH pajHycHl Ry B R;), BHYTPH KOTOpOfi lefiCTBYeT JaBJeHHE p; JABJEHHE CHae
PYXKH OTCYTCTBYeT 1),

!) B sapavax 4, 5, 7 mpeanonaraetcs, 9TO MHAHHAPH YAEPKHBAIOTCA MPH mo-
CTOSIHHOH [JIMHe, TaK YTO NpPOJAOJbHAA Ze(OpPMAanusl OTCYTCTBYeT,
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Pemen ne, BpognM NHAHHAPHUGCKHE KOODAHHATH € OCBIO Z MO OCH TPYOHL.
Ipn opmoponnom Baoss TpyOh Aapaenuu AedopMarusi npefcTapaser coGoli YHCTO
PaZHaNbHOE CMelleHHe U, = 4 (7). AHAJOTHYBO 3afaue 2 HMEEM Terepb

divu = —1— dtru) = const = 2a.
r dr
Orcroga
U= ar - blr.

Otnuyssie OT Hyns KounoHeuts Tensopa jedopmauns (em. popmyart (1,8):
b I3

e = 0= s oyt
M3 ycnosuft 0, =0 npa r= R, 0 Op == —p ODH 7= Ry HAXOHHM
- PR} (140} (1 —20) b= PRIR; 140
~ RI—R} E ? Ri—RY E °

Pacnpenencnne manpsuxennii o toimuue TpySH A2eTcs GopMysaMi
: PR} R} PR} R3
Urr=m(l—?— »  Opy == B—Ry l-i—T ’
pRY
R3— Ry

5. Onpeneants fedopMaimio NHIWHAPA, PABHOMEPHO BPAULAIOWErOCH BOKDYT
cBoefl ocu. )

Pemenne Hanncas B (7,3, mentpobexuyo cujy pQ2r BMeCTQ CHJBL 191
mecrn (Q — yrroBast CKOpOCTH), MOJYYaeM B UHIHHADHYECKUX KOQPAHHATAX A1d
CMeIEHHA U, = U (r) ypaBHetiHe

E(l1—o0) d ( 1 d(ru)
(40 (1—20) dr r dr
Peurenne, xoneynoe npu 7 = 0 B yJOBJeTBOpAIOLIEE YCAOBHIO Opp = 0 mpu 7 = R,

€CThb
o2 (1 +0) (1 —20
8E (1 —o0)

G, == 20

) = -——szf.

) r[(3—20) R2—r2],

6, Onpeflesnts JedopMALUIO HEPABHOMEDHO HATpeTOro Mmapa co cdepHuecKm
CHMMETP M4BLIM PaclpejesieHHeM TeMIepaTypH.

Pewenue B chepruecKEx KoopiuHarax ypasmenne (7,8) RIS umeTo pa-
JHANBHOR RedbOpPManHH TAACHT:

d 1 d(rzu))_____a 140 dT

dr . dr 3(1—o0) dr '’

Pewenne, koHeunoe NpH 7 = 0 H yAOBAETBOpSIQUICe YCJIOBHIO O == 0 npa r = R,
€cTh

r R
l+o 1 2 —2
”=“3ﬁ*{TZ—IT<’>”""‘+—(I¢0—®7%‘IT<’)’”’]'
Q 0

Temneparypa T (r) oTcuuThiBaeTcs OT SHaueHH#, NPH KOTOPOM DABHOMEPHO HArpe-
THH WAp CYHTaETCA HeJeopMHpOoBaHHEM. B kawecTme sToRt TemmepaTypmt 3zecs
BHGpaHA TemnepaTypa BHelHell NOBepXHOCTH Wapa, Tak ure T (R) = 0.

7. To e s HepaBHOMEPHO HATPETOrO HHHHARA ¢ OCECHMMETPHUHEIM Pacmpes
JeJeHHeM TeMmeparypel, '
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Pewenne AHAIOTHYHEM OyTeM B LHABHADHYECKHX KOOpJAHHATaX noays
qyaem

; R

1 1

”=°‘?(1i—% TJ'T(r)rdr—}—(l—?o)%J'T(r)rdr .
0 0

8. Onpepennts AcHOPMAHIO HEOTPAHUWYEHHOH YNPYTOH Cpeiitl ¢ B3afaHmbIM
pacnpenesnennenM Temnepatypel T (X, y, 2) TakuM, yTO Ha GeCKOHEYHOCTH TeMmepa-
Typa CTPEeMHTCH K YIOCTOSIHHOMY 3HaueHmo Ty u gedopmalns OTCYyTCTBYeT.

Pemenwe VYpasuenne (7,8) umeer, OYeBHIHO, pellleHHe, B KOTOPOM

_ _ 140
rotu—_O, diVU——ag_(l:-(‘y—)—[T(X, Y, 2)—T0].

Bextop u, Krpeprenuus KOTOPOrO paBHa SalaHHOR (YHKIUH, ONpeleJeRHON BO
BCeM MpOCTparcTBe H OOpallaioleiics B HyJb Ha GeCKOHEMHOCTH, a POTOP KOTOPCro
TOMKNECTBCHHO HCHE3ACT, MOMeET OblTh HANHCaH, KaK H3BECTHO M3 BEXTOPHOILO ala-
JNH3a, B BUIE

’

u(x’. Y, 2):'—73_V pZ) dVI’

7T

diviu(x', y
|

rre = (x — X4 (y — ¥')? 4 (z— )% [ostomy nonyuyaem obmee pewenne
TIOCT4BNEHREON 3ajauy B BUJE :

u=— et [ L= Te gy, M

2n(i—o) ¥
tge T/ = T (X', ¢, 2). -

Ecau B ouens manom yuacTke o6bema HeorpaHH4eHHOH Cpeibl (B Hauajie KOOp-
ZMHAT) BHENAETCA KOHEYHOE KOJNHMUECTBO TEINIA ¢, TO pacpefes]eHHe TeMIepaTyphl
MOXXHO HaNHCaTb B BHJe (C — TEMIOEMKOCTb Cpejibi)

T—To=4-6(80) 80,

rxe 8 oboanauaer 6-¢pynknmo. Uurerpan B (1) pases torga ¢/Cr, u pepopmanus na-
ercs ¢GopMyJsioi
a(l40)g r
2n{(l—o)C r3°
9. BelBecTn ypaBHeHHs PaBHOBECHS H30TPONHOTO Tena (NPH OTCYTCTBHH 0GbeM-
HHIX CHJ), BhIPa)KeHHBIE uepe3 KOMMOHEHTH TEH3OpA HampsKeHH,

Pemen ue Mckoman cucroma ypaBHeHRiH COJEPIXHT HAPARY € TPeMs ypap-
HeHUSIMH

u=

a()'ik

. 0 M

ellle ypaBHEHHsI, ABJAAIOUIMECS CJeJCTBHEM TOro (akTa, uTo WIECTh PAsAHYHHIX KOM-
TIOHEHT U;; He ABJAITCA He3aBHCHMEIMM BeJIHYHHAMH. [l BLIBOJA 9THX ypaBHEHMi
NumeM CHauaia cucteMy AuddepennualbHBIX COOTHOLIEHHH, KOTOPHIM YAOBJ/ETBO-
PAIOT KOMIOHEHTE! TEH30pa K;p. JIETKO BHIETb, UTO BEJHUHHM!

1 fouy |, o
“in ~'2“( el )

TOXKJECTBEHHO YJOBJETBODPSIOT COOTHOILEHHUSIM
Pugy Py, uy Pitym
0x; 0% Ox; 0x;, ~ Oxp 0%y 0x; 0x;
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3ech MMeeTCH BCETO IIECTh CYLIECTBEHHO DASNHIHHX COOTHOHICHHH (COOTBETCTBY-
Iomux sHaveHusm i, k, I, m: 1122, 1133, 2233, 1123, 2213, 3312); Ml COXpaHuUM HX
BCe, YHNPOCTHB HANMCAHHOE TEH3ODHOE DABEHCTBO MO HHJAeKcaMm [, m:

aﬁu” _ 02ui1 02ukz )
A + Ox; 0x;,  Oxp 0x; ox; 0x7 ° @

Honcrasnas cloxa w;y, BHpamerHoe uepes 0;p coracuo (5,12), n yaurasan (1),
NOJIy9HM HCKOMBlE YpABHEHHS

oy -
(1 +0) Aoy, + oy ok 0. 3

DTH ypaBHeBHS 0CTAlOTCA B CHME H NPH HAJNHYHH DOCTOSHHHX BIOJMb Te/Ia BHEUIHHX
O6BbEeMHBIX CII.
Ynpoctus ypasherue (3) no umzexcam i, k, HaligeM, uTo

Aoy = 0,

T. €, O)p — rapMosnyeckass ¢yuxuusa. [Ipumenun e Temeps K 5TOMY ypaBHeHHIO
onepanuio A, uaiigem, uto

AAGik = 0,

T. €. KOMIOHEHTHI Oy — GurapMonuuecKue QyHKUHH; 3TH Pe3YMbTaTH CISAYIOT, BIPO«
4eM, yxe HenocpelCTBeHHO u3 (7,6) u (7,7) BBHAY JIHHEHHOH CBSI3H MEXIY O;p H lip,
10. Boipagute obmufi mHTerpaj ypaBHEHHA DABHOBECHsS (NIpH OTCYTCTBHH OGb-
eMHBIX CHJ) yepe3 NPOM3BONbHLE OGurapmoHuuecku#t Bextop (5. I'. Taréprus,
1930).
Pemenue Ecrecrsenno uckate pemenue ypasuenns (7,4) B Buje

u = Af + Agraddivf.
Orciopa div u = (I 4 A) div Af. Tlogcrasasia sro B (7,4), nonyunm
(1 —20) AAT +[2(1 —o0) A + 1] grad div AT =0.
Orciona BHARO, 4TO eciH f -~ NPOU3BO/IbHBIA GUrapMOHHYECKHH BekTop

AAf = 0,
TO
1 .
= Af — ————— grad div f.
2(1—0) 8
11. Buipaguts HanpsixeHus Oy,, O, Org NPH MAOCKOR AedOpMammH (B:_ nosifipe
HEIX KOODJAMHATaX r, §) B BuAE NPOHU3BOAHHX OT (YHKUMH HANPSKEHHH.
Pewenue IlockonsKy HCKOMEIE BHDaXKEHHS He MOTYT 3aBHCETh OT BHGOpA
Hayaja OTcueTa MOJSPHOrO YIia @, TO OHH He COAEPXKaT ero sBHHIM o6pasoM. [lo«
9TOMY MOXXHO NPHMEHHTb CIEAYIOWMHA NpueM: npeofpasyeM JEKapTOBH NPOH3BOL«
uee (7,10) B NpousBofHble NO [EPEMEHHBIM 7, (, TOCJAE 4ero 3aMeuacM, 4TO

Orr = Oxx, Opp = Oyy: Orp = Oy OPH ¢ =0
(yron @ oTcuuTsiBaercst or ocu x). Takum 06pasoM, momyuHM
1 oy 1 0% 0%y ay

2 0 1
Tpp == —— —_—— T e—— = e e | e 2}
=t m o? ? %0 ="z "» Cro or ( r 6(p>

12, Onpepesiuts  pacnpefiesiese HaNpSUKEHHEE B HEOrDaHHUEHHON ynpyroft
cpelle ¢ MIAPOBOI NOJOCTBIO, NOXBepraemolt (Ha GeCKOHETHOCTH) OZHOPOAHON Zedop-
Manuy,

Pemenune O6mas oxHopopuas HeopManus MOXKeT GHTb RpeiCTaBJIEHA
B BHJe HaJIOXKEHHT OJHODOIHOIO BCECTOPOHHETO PacTAKeHHs! (HJIH CXKATHS) M OLHO«
poasore casura. Ilepsoe 6u0 paccMOTpeHO B 3ajate 2, Tak uTO AOCTATOYHO PACCMO-
TPeTh OJAHOPOJHBLIA CABHT, :
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Tycms 63 — orsoposioe noNe HanpsixeHu#, KOTOPOE AMENO GH MECTO BO BCeM

OPOCTPAHCTBE NPH OTCYTCTBHH NOJOCTH; MPH YUCTOM CJBHIe 0(0’ == 0. CooTBercIBY-~
TouLf BEKTOp CMelleHus 0003HauaeM Kak ul®) U HeM HCKOMOE peeHHe B BHJE U ==
= u{® . uid), rae obyciaoBienHas HaqudHeM noJocTH dyHkmus ul) ucuesaer Ha
GEeCKOHEUHOCTH,

Besikoe pellenye GUrapMOHHYECKOTO YPDABHEHHS! MOXeET CblTh HANHCAHO B BHAS
JHHeHOH KOMOHHAUHH IEeHTPaJbHO-CHMMETPHUECKHX pellieHHH 4 HX (pOU3BOAHHX
Pa3HYHBIX NOPSIIKOB IO Koop,um{aTaM. Hesapnenmpivu UEHTPANBHO-CHMMETpHY€-
CKMMH pelllenusMu aBasiores 72, r, 1/r, 1. Tlostomy HanGosee ofuimii BUI, KOTOPHI
MOXeT HMeTb GHrapMOHHYeCKUH BekTOp u‘d), 3aBuCAuINA, KaK OT NapaMeTpoOB, TOALKO
OT KOMIOHEHT NOCTOSiHHOLO TeHsopa G}’ u ofpamaiomwuiica B HyJb Ha GecKOHEuHO

CTH, €CTb

ISP L S S S WP S L
Oxp K Ox; Oxp 0x; 1 kU " 0x; 0xp, 0%y
TlopcTaBuB 3TO BRIpaKeHHe B ypaBHeHue (7,4), nomyduM

2 Puy J o

(1 —20) 5 0%} + ox; 0%
=[2(1—20)C+(A+20)]o0—20 L _p
kL “oxy oxp 0x; 1 '

OTKyJa

A=—4C (1 —o).

Eme aBa cootnOmIeHHus MeXnRy nocrosusemmm A, B, € nosaywaorcs u3 ycaoBuS Ha
TpaHHLe NOJOCTH:

(0(0) + 0(,1)) n,=0nmpu r=R

(R — pajguyc TOJOCTH, HadaJO KOODPJAHMHAT BHOGPAaHO B ec UEHTPE, N — €JHHHUHBIA
BEKTOp B Hanpabjesuu r). JOBOJBLHO AJHHHOe BHuMC/eHHe ¢ nomomsio (1) npus
BOAHT K CJAeJYIOUHM 3HAYEHHAM:

CR* . _5R'(1+0)

B=—5—» =T2E(7—50) *

OxoHuaTelIbHOe BHpaxeHHe AIs pacnpexeneﬂm ' HanpsKeHHl racuT;
On=0if [1 T =% 57(1___5(2;7) ( ) 7._.50 ( f )5] +
+ —7—:?0- (T) [0 - (7)2] (oif'myny + 0P yn,) +
+ 3(7—.15)—537 (=Y [—s+7 (Y] Sy iy +

+ '5?771——5_5—6)— (—Iri )3 [ 1—2— ("rR— )2] 8;,0im e

Jna Toro yrtoOH NOAYYAMTh PpacnpefejeHue HanpKeHHAd NPH NPOHIBOJILHHIR
i
(0} - w )y o (6)
(e 9uCTO CUBHTOBLIX) 072, HAKO 3aMEHHTD B STOM BHIPAXKEHHH o) Haopl 3 Gikou

¥ NpuGaBATL BHpAKEHHR

1 [{:}] 6 1 R 2 8
3% {'ih + 5 O — 3 "h)}
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COOTBETCTBYIOIIEE PABHOMEPHOMY OJHOPQJHOMY PACTSIKEHHIO Ha GeCKoHeYHOCTH (cp.
samagy 2). BemuumeM sgech pesyibTaT, MoJyualomiuiics B o0uieM caydae AnA Ha-
NpsKeHuH Ha rpaHHle HOJOCTH:

15 :
—_—_—— __ 10y _ gl — gl 0 .
= ——%; { (1 —o) (0,8 —oipPmn, o) + o nn, nny,

) 506 — 1
— 00y Sy -+ —5 010 (Bin — 1) } .

B61u3d OTBEpPCTHA HAOpsKeHHS 3HAUMTEAbHO MNPEBHIIAIOT HANDSKEHHA HA
GecKOHEUHOCTH, HpHUYEM STO yBeJUYeHHe HARPSUKeHUH HMeeT De3KO BHIPareHHDl
MECTHHIE XapakTep, GwicTpo yObiBasi ¢ paccTosnHeMm (Tak HaspiBaeMas KOHLEHTpa-
Uis HanpspkeHud y oTBepcTHf). Tak, eCaH cpefa MOABEPraeTCs NPOCTOMY OJLHOPOX-

HOMY pacTAXKeHHIO (OTJ!I/I'-IHO OT HYJsA TOJLKO 0;2)), TO HauGoJbLINe HaNPsAXKEHHA
6yAyT HMeTh MECTO Ha 3KBaTOpe NOJOCTH, NPHUEM 3LECh
27— 150 .
Gz == 022 .
2 (7 — 50)

§ 8. PapHoBecHe ynpyroil cpefbl, OTpaHH4YEHHOH NIOCKOCTHIO

PaccMOTpHM YHPYTYIO Cpely, 3anoJHAMYK OeCKoHEdHOe HOJay-
NPOCTPAHCTBO, T. €. OTPAHHUERHYIO € OJHOH CTOPOHH GeCKOHEUHOH
maockocTrio. Omnpegenum jfedopManuio cpefbl NOJ BAHAHHEM CHJI,
NPUJOKEHHEIX K €e CBOGOAHOH NoBepXHOCTH ). Pacnpenenenne 3THX
CHJI JIOJIKHO YIOBJETBOPSITh TOJBKO OJHOMY YCJIOBHIO: OHM HOVIXKHBI
ucyesaTb Ha GECKOHEUHOCTH TaK, uTo6pl Ha GecKoHeuyHOCTH nedop-
Manua QTCyTcTBOBasa. s Takoro ciayuyas ypaBHEHHST PaBHOBECHS
MOTYT ObITh NMPOUHTErPHPOBAHBI B ofiieM Buae (/. Boussinesq, 1885),

Bo Bcem ofbeme, 3aHHMaeMOM cpelofl, MMeeT MeCTO YypaBHeHHe
pasHoBecus (7,4)

grad divu + (1 — 2¢) Au = 0. , 8.hH
BymeM uckaTh pelleHnme 3TOTO YDaBHEHHS B BHAES
u=fi+ve (8,2
rJe ¢ — HEKOTOpPHf CKa/lsp, a BekTop f yAOBAETBOpsET ypaBHEHHIO
Jlannaca
Af = 0. (893)

IloxcranoBka (8,2) B (8,!) npuBOAHT Toria K cCjelyiolleMy ypaBie-
HHIO A9 @
2(1.— o) Ag = —div {. X))

BriffepeM cBOGOZHYIO IOBEPXHOCTH YIPYTOH cpeipl B KayecTse
IVIOCKOCTH X, Y; OGJIACTH Cpefinl -COOTBETCTBYIOT INOJIOXKHTEbHEE 2.

1) HanGonee mpsMoil H CTARAApTHHIE METO] pelleHus NOCTAaBJIEHHOH 3ajaun
BAK/IOUAETCA B NPHMEHEHHH K ypasHenmo (8,1) merona ®ypee. [lpu stom, oxnaxa,
" NPUXONMTCS BBYHUCAATH MOBOJBHO CJIOXKHBIE HHTETpaAbl Hsnaraempli HpXe METOR,
OCHOBaRHHf Ha NpPUMEHERHH PAa HCKYCCTBEHAMX HpReMOB, CBEJaH ¢ Gojee NPoCTHMY
BBIYHC/ICHHSAMH,
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Hanunmem ¢pynxuuu f, # f, B Buie MPOU3BOAHBIX IO 2 OT HEKOTOPHIX
QyHRIUE g, H gy
Ogx Ogy
fo=2, =22, (8.5)
INockonbKy f, u f, — rapMonudyeckue (QYHKUHH, TO MOXHO BCeria
BHIGpATh QYHKUHU gy, gy TAK, YTOOBl U OHH YJOBJISTBOPSJIH ypaBHe-
Huo Jlannaca:

Ag, =0, Ag,=0. (8,6)
YpaBuenue (8,4) npuHHMaeT Tenepb BHI
i 0 O0gse 0g,
2(1—0) Ag = — - (G + G+ h).

VMest B BHAY, YTO g, &y, [, — rapMoHuueckne (QYHKIHH, JIETKO
y6eIuThCs B TOM, 4TO YAOBJIETBOPAIONLAA 3TOMY YpaBHEHHIO QYHKUHA ¢
MoxeT OBITb HaNMCcaHa Kak

_ 2 08z og
0 = — g (b5 + %) + ¥ ®.7)
rhe  — oHaTb TapMOHHYECKas (yHKUHA!

Ay = 0. 8.8

Takum o6pasoM, 3ajaua o6 onpefenenuy 1epopMalHH u CBeleHa.
K HaXOXJAEHHI0 QYHKLUHH gy, &y» [, ¥, KOTOpHE BCE YIOBJIETBOPAIOT
ypaBHenuwo Jlansaca.

BuinuineM Tenepb PaHHYHBIE YCJOBMs, KOTOpBIE JOJIKHBI BBINIOJ-
HAThCS Ha CBOGOXHOH MOBEPXHOCTH cpelbl (Ha muockoctu 2 = 0).

TMocKoMbKY €IMHMYHBIH BEKTOpP BHEIIHEA HOpMasld n HanpaB/eH
B OTpHUATENLHOM HanpaBJIeHHH OCH 2, TO, COIIacHo obumieit popmyJie
(2,9), zo/xkHO OBITb 0y, = —P;. BoCnoJb30BaBIIMCE WISt Oy 00-
muM BeipaxeHueMm (5,11) m Bbipakas KOMIIOHEHTEI BEKTOpa u 4depes
BCIIOMOTaTeJIbHble BEHYMHH Gy, Gy» [, ¥, MOJYUHM NOCHE IPOCTOrO
BLIYHCJ/IEHHS] TPaHHYHbIE YCJIOBHS B CJelyioLleM BUIE:

Pgy i} 1—20 1 0gx og op
o2 +'5x—{2(1—o) fZ“‘Q(l—o) ox + Oyy >+2a_z} =0
2(1
=_._(_F+.ﬂpx, (8,9)
&g 9 (1—2 1 dg. , Og o
62“? z=o+79y_{2(1-o)fz_2(1-—o) (_a;T+_ay"/‘)+26—z} =0

2(1 +
_.___E_E_L)pw

2=}

i dg 9, ap 2(1 +0)
ot (e B 2 g = - P B0
Kommnoneutsl P,, P, P, BHEIIHAX CHJ, NPHJIOMEHHBIX K MOBEpX-
HOCTH, SBJSIOTCS 3aJaHHBIMH QYHKUMSAMH KOOPJAMHAT X, Y, obpaiua-
IOIHMHCST B HYJb Ha OGECKOHEYHOCTH. _

=0
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®opMyabl, ¢ NOMOLIBI0 KOTOPHIX BBeEeHE! BCIOMOrare/bHEIE BesH-
YHHB gy, &y [ P, HE ONpPENeJAIOT MX BIOJHE OJHO3HAYHBIM OC-
pasoM; B MX BhiGope ocraeTcs elle HeKOoTophlii npoussoJ. Ilostomy
MOXKHO HaJIOXXHTb Ha TH BeJMYHMHB ellle Kakoe-THOO NPOH3BOJbHOE
LOTOJIHATeIbHOE yenoBHe. B KavecTBe TaKoBoro yAoGHO noTpeboBaTh
ofpalesnsi B HYJb BeJIHUUHLI, CTOsIEH B (QUI'YPHBIX CKOOKax B ypaB-
HeHusix (8,9) 1):

(1—20)f, — (% agy)+4(1_o)a_"’=0. (8,11)

Torza ycnoBus (8,9) ynpomaiorcs H Hai0T

0°gy
0z2

2<1+G)P azgy____Q(l‘l‘G)Py (8 12)
E ’ !

2=0 - E x3 022 -

Ypasuenus (8,10—~12) jmocTaTouHBI JJIsi NOJHOTO BLIYKCJAEHHS rap-
MOHHYECKHX O(YHKIUH gy, &y [ P

Jnas ynpowenust 3anucH JajdbHeHInHX ¢GopMyJa MBI paccMOTPHUM
cayvaii, Korfa Ha cBOGOAHYIO NOBEPXHOCTL YOPYILOTO MOJAYNPOCTpaH-
CTBa JeUCTBYeT cocpedomouennaa cuna F, T. e. cuna, npuiokeHHast
K BecbMa MajioMy Y4YaCTKy MOBEPXHOCTH, KOTOPBI# MOXKHO CUHMTAarth
ToueuHbIM. JleficTBHe 3TOH CHJBI MOXKeT OBIThb ONHCAHO KA4K JAeHCTBHE
NOBEPXHOCTHBIX CHJI, paclpeleNeHHEIX 1O 3aKOHY

P=F8(x)8(y),

rae 6 o6osnavaer §-pyHKIMIO, a Hayaso KOOpAHHAT BHIGPAHO B TOUKE
HNPUJIOXKEHUs CHJBL. 3Has pelleHHe 3aJladd A COCPefOTOUEHHOH
CHJIBI, MOXKHO HENOCPEACTBEHHO MOCTPOUTH pelieHHe /s HPOH3BOJb-
Horo pacnpezenenus cua P (x, y). Hmenuo, ecau

=Gy (x, 9y, 2) Fy (8,13)

ecTh Jedhopmanus mox gefictBueM cocperotouenHofi cuaw F, npuso-
JKeHHOH B Hauasie KOOpAHHaT, TO JedopMalus HOj AcHCTBHEM CHJ
P (x, y) naerca unTerpanom 2%

hi= H Gp(x—x", y—y, ) Py (x', y)dx'dy'. (8,14)

M3 Teopun moreHnuana H3BECTHO, YTO rapMoHHuecKas (yHKuud f,
ofpamammascs Ha 6eCKOHEUHOCTH B HYJb H 00Jalaomiasi 3ajaHHOR

1) Mu He JIOKaseIBaeM 37leCh BOSMOXKHOCTH HaJOMEHHsl TaKCTO YCIOBMS, OHa
GyZleT SBCTBOBAThH M3 TOrO, YTO B Pe3y/IbTaTe MH He NPHJAEM HH K KaKHM NIPOTHBO-
peunsM.

?) CoriacHo MaTeMaTHuecKoil TepmuHosorum Gy, ecTb Tensop I'puna gas ypas-
HeHnHi paBHOBECHS TONYOECKOHEUHOH Cpejib,
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HOpMaabHOH npousBoaHoii 0f/0z Ha mjiockocru z = 0, ompejenserca
thopmynofi
1 of (¢, ¥, 2) d<’'dy’
f(x’y’2)=_—2n ,[,[ dz =0 r

— \2 { \2 2
r=vE—xP4y—y)P+2~

[MocKOIBKY BeMUYHHBI 0g,/0z, 0g,/0z ¥ BeJHUHHA, CTOAIAsA B Guryp-
HbIX CKGOKax B ypaBueHuu (8,10), yroBrerBopsior ypasiuenuio Jlan-
Jaca, a paseHcTBa (8,10) u (8,12) kax pas onpejesnaoT 3HaYeHHA HX
HOpMaJbHBIX IPOU3BOAHBIX Ha mJocKocTH 2 == 0, nMeeM

fz'_ (%gxl—f‘ %)—l—?—g—g— = 1+o jj Pl(x;’ ¥) dx'dy’ -_—_Lj‘_ﬂfz

nE anf r°
(8,15)

0gx _ 140 Fy dgy _14a Fy
0z w@E r * @& " nE (8,16)

rae Tenepb r = ¢ 1% -+ Yt + 2.

B BupaxkeHHs JJaa KOMIIOHEHT HCKOMOIO BEKTOpDa 4 BXOJAAT HE
caMble BEJHYHHBI g, g, @ TOJBKO HX HPOH3BOAHBIE O X, ¥, 2. [as
Boigncsenusn 0g,/ox, 0g,/0y npuddepennupyem pasencta (8,16)
COOTBETCTBEHHO HO X ¥ 10 Wi

02g, - 140 Fux gy ____1~|—0 Fyy

0x0dz nE 3 ' oyoz nE B °
Hnterpipys Tenepb no dz B npeienax OT oo L0 Z, HOJYYHM

Ogs __ 140 Fux Ogy __1+0 Fyy 8,17)

ox af r(rd+2’ oy nE r(r+2 ° ?

Mgl e craneM DpOM3BOAWTH 3jech JAJbHEHIIHX NPOCTHIX, HO HO-
BOJbHO TPOMOSAKHX BhuucaeHu#. M3 ypasmennit (8,11), (8,15)
n (8,17) onpemenseM f, u Op/dz. 3nas OP/0z, NETKO BBIUHCIHTE
O0Y/0x, OPp/0y, mHTerpupys cHavajga mo 2, a 3ateM AuddepeHuupys
no x ¥ no y. Tak MBI NOJYYUM BCe BeJIHUHHHI, HYXKHBIE JJIA3 BLi4HC-
JieHHS BeKTopa gedopmaunn cornaacuo (8,2), (8,5), (8,7). B pesynbrare
HOJIYUHM CJELYIONIHEe OKOHUaTeJbHEIE (POPMYJIBL:

140 xz (1—20)x 2(1—o0)r+z
Ut Ly T e
2 2 ;
+ “(G;s_(tz),:;zz]x(xe—I—yFy)}’
_Y+4ofry (1—20)y 2(1—o0)r+z2
Uy = —onF {['ﬁ'"‘ T+ 2) ]FZ‘I‘ r(r+2) Fy+ (8,18)

2 2
-+ { (gzgfi);;»Z]y(xFa“}"yFy)}'

Uy = 12:50 {[2“;—6) +_::"] Fi - [TI(r:-l-?%"l-—rz“—] (xF“+yF”)}'
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B uactHocTH, cMemenne Touek caMoil CBOGOAHOH NOBEPXHOCTH CPEHBI
llaercs QopMysamu, HoAydamoUIUMHCst OTCIOfa IpH 2 = O

- 1+°-‘_{_ ““f")" Fz+2(1—o)Fx+%i(xe+!/Fy)}»

Us == —onE 7

uy= e L U220 p o (1), 2L, ),

2nE r

1 1 1
0, = 2;“5" _,_{2(1 — 0) Fy 4 (1 — 20) - (xFx -+ yFy)}. (8,19)
3anaga

Onpezennts feQOpMalKI0 HEOrPaHUUEHHON YAPYToff cpeirl, K MaaoMy Y4acTKy
KoTopoll npusioxkeHa cuna F (W. Thomson, 1848)1).

Pemenne PaccMmarpuBag gedopMaluio Ha paccTORHHAX r, GOJBIIUX MO
CDaBHEHHIO C Pa3MeDaMH YYacTKa IPHJIOMEHUS CHJIBI, MB MOXEM CYUTATh, YTO CHJA
npuJaoKeHa B Touke. YpaBHeHHe pasHoBecust Imacur (cp. (7,2)):

1 2 (1 4+ 0)
Au+ ——F—graddive= — ———=F§ (r {
+ =5t L F8 (1) ()
(rre 8 (r) = 6 (x) 8 () 6 (2), a Hawano KOOpAMHAT BHOPAHO B TOUKE MPHIOKEHUS
cuanl). HMinem pemensue B BUfE U == U, -]~ Uy, TAe U, YAOBJIETBOPSeT ypaBHEHHIO THNA
[lyaccora:

Auy= — iﬂgﬂ FS (r). @
COOTBETCTBEHHO /19 W) NOJYYHM YpaBHEHHE
Vdivuy 4+ (1 —20) Ayy = — V divu,. 3)
O6pamaromeecs Ha GeCKOHEYHOCTH B HyJb pelledHe ypaBHeHus (2) ecTsb
by 1O F
®=TomE r *

Tlpumenus k ypasrenuio (3) onepaumo rot, nonyuud A rot uy = 0. Ha Gecxoneu-
HOCTH JO/KHO Obith rot uy == 0. Ho ¢ymnxnus, rapmounyeckas BO BCeM IPOCTpaH-
cT8e ¥ 06pamaomancs B HyJb Ha GeCKOHEYHOCTH, paBHAa HYJIO TOXAecTBeHHo, Ta-
KuM 00pasom, rot u; = 0 H COOTBETCTBEHHO 3TOMY MOXHO IIHCATH UW; B BHAE Uj =
= grad @. U3 (3) noayuaem

V{21 —0)Ap4divu =0.

Orciona CJAERYEeT, YTO CTOAAA B CKOOKaxX BeJMUMHA €CTb MOCTOSIHHAS, H NOCKOJILKY
OHa JOJKHA HCYe3aTh Ha OECKOHEUHOCTH, TQ BO BCEM pOCTPAHCTBE

_ divag - l+a 1
=i =T TmEa—o '’
Ecan Y — pemenne ypasuenus AP = 1/r, to
’ 140
= mEd =0 F V¥

1) AmajorudHasi 8ajaua JAA NPOH3BOABHON HeOrpaHHuEHHON AHH3OTPOMHON
cpe;luéS) pewena H, M, Jupuwuyen u JI, H, Posenyseticon (KIT®, 1947, 1, 17,
c‘ L]
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Bubpap He umeiomee ocobennocTel pemeHue Y = r/2, noayuum
‘14+0¢  (Fo)n—F
8nE (1 —o) r ’
£Ie N — eHHHUHLIA BEKTOp B HalpapJeHHH paguyc-Bektopa r. OKOHUATeNEHO HMeeM
_ 1+o0 (3 — 40) F 4 n (nF)
8nE (1 —o0) r )

u1=Vq)=

u

lpencranus a1y Qopmyay B Buge (8,13), moayunm Tensop I'puHa ypaBHeHHH
PaBHOBECHS HeOTPaHHYEHHOH H3OTPOMHOH cpedsl 1):
l+o
G +

i
ih = FrE (o) [®—40) din + riml 7= =

- [_lh_____l._____L ,J
T dmp [ r 4(1—o0) O0x;0%5 1°

§ 9. ConpHKoCHOBEHHE TBEPALIX TeJ

[Tycrs ABa TBEPABIX TeJia CONMPUKACAIOTCSI APYT C APYroM B TOUYKE,
He siBaAsomefics 0co60d TOYKOM MX mnoBepxXHocTed (Ha puc. 1, a
u3o6paxen paspes uepe3 oOe MOBePXHOCTH BOJM3KM TOYKHU CONpPH-
kocuopenusi O). B aroii Touke obe noBepx-
HOCTH HMeloT OOy KacaTeJbHYIO IIIO-
CKOCTb, KOTOPYIO MBI BhlfepeM B KayecTBe
IJIOCKOCTH X, Y. llojoxuTenpHOe Ke Ha-
npaBJjeHne OCH 2 YCJAOBUMCA CUMTATh pas-
JMYHBIM JAJasi o6OuX Ted, — AJs  KaxKJaoro
3 HUX OyAeM OTCUHMTHIBATL 2-KOODAHHATY
0 HalpaBJIeHHIO B IJy6b Tesa, 0Go3Havasi
ee COOTBETCTBEHHO KaK Z U 2.

Kak usBectHo, BOGMM3W OOLIKHOBEHHO#H
TOYKH KacaHusl KOOPAMHATHOH IJIOCKOCTH
(DJ0CKOCTH X, Y) YpaBHeHHe TMOBePXHOCTH
MOxeT OblTh HaNMCaHO B BHJE

Pme, 1 Z2 = %O(,Bx(lxﬂ’ (9,1)

riie TO ABaXKAH MOBTOPSIOIIMMCS MHAeKcaM o, B mojpasymenaercs
cymmupoBanue 1o 3HagenusM 1, 2 (x; = X, X, = Y), 2 %gp ©CTh ABYX-
MepHbill CHMMETPUUYECKHIl TEH30D, XapakTepPu3YIOWUHA KPHBU3HY IIO-
BepXHOCTH (TVIaBHble 3HAYeHHsI TEH30Pa %qg PaBHBI 1/2R, u 1/2R,,
rie R;, R, — rnaBHple PaAnyChl KPHBH3HBI NMOBEPXHOCTH B TOUKE

1) Tor ¢akT, 4TO KOMIOHEHTH Tersopa G — OJHOPOAHbIE PYHKIHH TEPBOTO
nopsifiKa OT KOOpAHHAT X, Y, 2, 3apanee OYEBHJIEH M3 cooBpakeHnil OZHOPOAHOCTH
B CBA3H ¢ BUJAOM ypaBHeHust (1), B JIeBOH CTOpOHE KOTOPOrO CTOMT JuHeHHas KOM-
GuHAUHMS BTOPHIX NPOM3BOAHBIX OT KOMIIOHEHT BEKTOpa U, a B MPaBoit — ONHOPOZ-
Hast pyHKILHS TpeTbero nopsixka (8 (ar) = a~38 (r)). Ao cBoicTBO OCTaETCH H B OIem
cilydyae IPOH3BOJIBHOH aHH3OTPONHON CpeAbl,
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Kacanusl). AHa/JOrHYHOE COOTHOLUEHHE JAJISl [OBEPXHOCTH BTOPOTO
Tesa BOJIM3M TOYKH CONPUKOCHOBEHHSI HANHMIIEM B Buje

2 = AopXaXp. 9,2)

[lpeanonoxum renepb, 4ro 06a Teja CHABIHBAIOTCS MPHJOXKEH-
HbIMH K HHM CHJIaMH, B pe3yJbTaTe 4ero OHH COIMIKAIOTCA Ha HEKO-
TOopoe MaJoe paccrosuue k1),

Torpa B6aM3R TOUKM IIePBOHAYaJBHOTO CONPHUKOCHOBEHHS Ha IIO-
BEeDXHOCTH TeJl BO3HHMKaeT BMSTHHA, W Teaa OYAyT CONPHKACaTLCs
yXKe He B ORHOH TO4YKe, a MO HEKOTOPOMY MajoMy, HO KOHEUHOMY
yuacTKy uX mnoBepxuocTH. IlycTs #, M 4; — KOMIIOHEHTHl (COOTBeT-
CTBEHHO MO OCSIM Z ¥ 2') BEKTOPOB CMEILEHHS TOYEK HOBepXHOCTeH
oGoux Ten npu ciapauBanuu. Ha puc. 1, 6 DYHKTHPOM H300pa:KeHkl
NIOBEPXHOCTH TeJ1, KAKHMH OHH Gblin Obl IPY OTCYTCTBUH AedopMaliun,
4 CIJIOLIHOH JHHel — IIOBepXHOCTH CAABJEHHBIX TeJs; GYKBB 2 H 2/
0003HayaloT JJIHHHL, onpejensiemble papenctBamu (9,1) u (9,2). Kax
HENOCPEACTBEHHO BUAHO U3 PHCYHKA, BO BCEX TOuKax o6JacTu conpu-
KOCHOBEHHSI UMEET MeCcTO DPaBeHCTBQ

(+u)+ (@ +u)=h,

(%aﬁ _l’ K&ﬁ) XaXp "‘ U, "l_ u; = h. (9»3)

B Toukax :xe BHe 3TOH 06nacTd, rie o6e NMOBEPXHOCTH HE CONPH-
KacaioTcs, MMeeT MeCTO HepaBeHCTBO z + 2° -+ u, -+ u; < h.

BriGepem Hanpasaenus ocefl x, y TakuMm o0pa3oM, 4TOGH TEH30p
Nop + Hgp OB NpHBEAEH K rJaaBHBIM ocaM. OG6G03Hauas ryaBHbie
8HAUEHHUA 3TOTO TeH3opa nocpeiactsoM A W B, nepenuiueM paBeHCTBO
(9,3) B Buge

501854

Ax® + By® + u, + u, = h. 9,4
Bennuunet A u B cBsA3anHl ¢ paguycamn KpuBM3HH R, Re u Ri, Rj

o6enx MNOBEPXHOCTCH CJACAYIOWUMH (GOpMyJaMH, KOTOpHiE MpPHBEREM
6e3 BRIBOJA:

2(4+B)= g+ g+ 7+ 7
18— () G ) 4
200529 (7~ 77) (77 = 7p)

rje ¢ — YTOJl MEXIYy TeMH HOPMaJbHLIMH CEYeHHSIMH NMOBEPXHOCTEN,
B KOTOPHIX PajuyChl KpUBH3HBL — R; u Ri. 3Hak# pajuycoB Kpu-

1) Vlsnaraemas Tax naskBaeMasi KONMAKMAAS 8adaua TEOPHH YNPYTFOCTH Ouina
prepsbie peieHa lepyem (H. Herfz, 1882), o
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BH3HE [IPEANONATAIOTCS MOJOXKHTENbHBIMH, €CAH COOTBETCTBYIOLIHE
LUEHTPHl KPHBH3Hbl PAcNONOKEHBH BHYTPH COOTBETCTBYIOUIEIO TeJa,
H OTpullaTelbHHIMH — B OOpPaTHOM cJjyuae.

Ofo3uayuM nocpeictsoM P, (x, y) AaBieHue Mexi1y OGOHMH ClaB-
JICHHbIMK TeJaMH B TOMKaX HX CONPHKOCHOBEHHA (BHE o6iactu CO-
IPUKOCHOBeHHH, pasyMmeercst, P, = (). [lpu onpelenennu saBucu-
MOCTH MEXJY P, M CMeueHUSMH U, t; MOMKHO C ACCTAaTOYHOH TOY-
HOCTBIO PacCMaTPHBAaTh NOBEPXHOCTH TeJd KaK IJIOCKHE H BOCIMOJB3O-
BaTbCHd HOJNYYEHHBIMH B Npeabiaymem naparpage dopmynamu. Co-
I71aCHO TpeTbeHd u3 dopMya (8,19) (vauteiBas Takxe (8,14)) cMemenne
U, TOJ BJAHSHHEM HOPMaJbHHIX CHI P, (X, y) Onpele/iseTcs Bhipaxke-
HHIMH

Il

1—-02 JPZ(x y)dxdy
1—0’2 P, (x', 1) r g
— “‘ = dx'dy

(6, o' u E, E' — xospduumentst I[TyaccoHa M MOAYJH pacTAKeHUS
o00oHX Ted); NOCKOJbKY BHe 0fjacTd CONpHKOCHOBeHHS P, = 0,
TO HHTCTPHPOBAHHE NPOU3BOAHTCA 3JeCh TOMBKO IO 3TOH obJacTH.
3ameruM, yTO U3 3THX GOPMYJA CJAejiyeT, YTO OTHOLIEHHE u,/u, mno-
CTOSIHHO U PaBHO

U,

9.9)

8

f

v __ (1 —0%) E' 9,6)
T u (1—oY)E° '
Coornoirennst (9,4) u (9,6) BMecTe HEIOCDPEACTBEHHO OMPEAEsOT
pacnpenenenue JedopMauly Uz, Uz 10 OGJXACTH CONPHKOCHOBEHHS
(camu xe dopmyas (9,5) u (9,6) OTHOCSTCS, KOHEYHO, U K TOUKAaM BHE
aTofl 06J1aCTH).

[toncraBns BI)Ipa}KEHHH 9,5) B (9,4), nonyuum

1 [ 1—¢ |, 1— P,
—;('E"Jr o )H &2 ) gy — h— As* — By (9,7)

D10 uHTerpajbHOe ypaBHEHHE ONpejelisieT pachpelesieHue aabJie-
Hus P, no obnacTH CONPUKOCHOBeHus. Ero perieHue MOXKeT ObiTh
Ha#leHO U3 AHAJOTHH CO C/AEAVIOUIMMH M3BECTHBIMH H3 TEOPHH IOTEH-
[paJja COOTHOWeHUusIMH. Ha MBI/ BOCHOJMB30BAaTBCH 3TOH aHajorned
HaBOAUT TOT (akT, 4TO, BO-TIEPBHIX, HHTErpasj, CTOSILUH B JeBoi
cropoHe ypaBHeHus (9,7), — Tuna oOOGBIUHBIX B TeOpUH IIOTEHIMANA
HHTErpanos, ONpelensiollnX I[OTeHUuaa, CO3[aBaeMblil HEKOTOPLIM
pacnpese/ieHHeM 3apsfioB, M, BO-BTOPHIX, UTO [MOTEHUHAJ MOJASI BHY-
TPY PAaBHOMEPHO 3aPsKEHHOTO JJUNCOM/A eCTh KBaApaTuuHas yHK-
LUus KOOpAHHAT. '
Ecan no ofibeMy TPEXQCHOI'O SJAJHHCOMAA

2
a"’+ 221
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paBHOMEPHO Dpacmpejesied 3apal (C TOCTOSIHHOH OGbeMHOH mJoT-
HOCTBIO P), TO TNOTEHUMAJ IOAS BHYTPH SJIJIMIICOHAA ONpelenisiercs
BbIpaKeHHEeM
Qx, Yy, )=

oo

. o x2 . y2 - 22 dg
_npach{l @ FE b2+ E CZ+§}V(a3+§)(b2—}-§)(cz+§) .
0

B npesenbHOM ciyuae CHIAbHO YIIOMIEHHOro (B HANPaBJeHUH OCH Z)
9JIJMIICONAA, YTO COOTBETCTBYET ¢ — 0, HONyuHM OTCIOAA

_ . _ e _ P dE
(P(x’y)““pabcé{l 7T ) Ve T oo

(npu nepexoje X npeneny ¢ — 0 Haj0, pasyMeeTcst, NOJNOKUTH PABHOI
HYJIIO TaKKXe H KOOPJMHATY z TOUeK BHYTpH 2/numncouia). C apyrei
CTOPOHBI, NOTEHUHAN @ (¥, ¥, Z) MOMKeET ObITh HANKCAH B BUJE HHTET-
pana

9, 2) = odx'dy'dz
MRS _HjV(x—x’)3+<y—y'>2+(z—~z')2’

IJie HHTerpHpOBaHue NPOU3BOAUTCS MO 06bemy aanuncouna. ITepexoas

3jech K npeaeay ¢ — 0, Mbl JOJKHBI TOJIOMKHTb NOJ KODHEM 2z =

= 7z’ = (; npou3BOAs MHTErpupoBaHHe N0 d2' B Npejelax MexAy
2

,2 ;2

1
ic(l —%3——-—5%2—) , TIOJYUUM

dx'dy’ %"
@ (¥, y)=290S5"*“;1‘ l/l - —[;z—‘—%‘
(r=vE—3P+u—y)P),
rne nHtrerpHpOBaHHe HpOHSBOZ{HTCH ﬂO\ naoIanu BHyTpH 3Jaunca

x'"Ja® 4 y'*/b* = 1. TlpupaBuuBass 06a BEpaxkeHus Aasi @ (¥, y),
NOJYUHM CJEAYIOUEe TOXAECTBO:

dx’dy’ : | — P y’z .
T a

_ _mab __oxr dg
2 f{‘ “+8 b“rE} MeERICES R
0

CpaBHHBas 3TO COOTHOmeHue ¢ ypaBHeHuem (9,7), Mbl BUAUM, 4TO
B X NpPaBHIX YacTAX CTOAT KBaJpaTHYHbIE PYHKUHH OT X U Y ONMHA-
KOBOIrO BHAA, 4 B JIEBBIX — HMHTErpajsl ofuHakoporo THna. [lostomy
Mbl MOXKEM Cpasy SaKJAIoYHTb, 4YTO 00AacTb CONPHKOCHOBEHHS TeH
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(t. e. oGnactb MHTErpUPOBAaHHA B HHTerpaste B (9,7)) orpaHuyeHa
SJJIUTICOM BuJa

2 3
LaNERy s 9,9

u uto ¢yHxkuug P, (x, y) SomxkHa OBITh BHAA
2

P, (x, y)=const-V1 __.Z_:__%Z_ .

BuiGupas const tax, uTo6bl uHTErpan ” P, dx dy no oGnactu conpu-
KOCHOBeHus Obil paBeH 3aJaHHOH mosHol cunae F, ¢ KOTOPOH CAaBJH-
BaloTCcs ofa Tesa, NOJYyYHM
3F X2 y?

PZ(X, y)=—2nab 1 - T (9,10)
Dra Gopmyna onpefenser 3aKOH paclpejeseHUs JaB/jaeHHs [0 IJI0-
mwand ofnacty conpukocHoBeHus. OTMETHM, YTO AaBjieHHe B LEHTPe
o6/1aCTH B NOJTOpA pasa NpeBbIlaeT cpeinee HaBiaenue F/mab.

[Moacrasus (9,10) B ypaBueHue (9,7) U 3aMeHuB noJayyarouuics
B HeM HHTerpas ero BeIpaxkeHuem corsacuo (9,8), mosyunm

R P
FDE @+ & b2+§d§=h——Ax2—By2,

| V@t E+EE
0
rje

3/ 1—0? 1—o"*
D=T( y e M )

310 paBeHCTBO JOMIKHO BBIIOIHATBCS TOKIESCTBEHHO NPH BCEeX 3HAaUe-
HUAX X, y (BHYTpu saaunca (9,9)); nosromy AOMKHBE ObITL NONAPHO
paBUbl B OTAEABHOCTH K03(M(HLHEHTH NPH X H Y U CBOGOJHbIE UJieHB
B o6enx croponax. Orciofa HaAXOAUM CJEAYIOmYe COOTHOLIEHHA:

=£2§ a8 , 9,11)

I V@ETETDE

A=_F___°S° dE
"0(w+£nam+£HW+@§’

. 9,12)

FD daE

B = —- —,
“5W+@Vw+mw+aa

Ypasuenus (9,12) onpenensior nonayocu a u b 061acTH CONMPHUKOCHO-
BeHusi 1o sajaHHo#l cuse F (A u B — u3BecTHHe A/ AAHHEIX TeJ



§91] CONPUKOCHOBEHHE TBEPABIX TEJ 49

BesinyuHbl). [locse atoro cooTromenue (9,11) onpenenuT 3aBuCHMOCTh
MeXIy cusoit F U Bhi3biBaeMbIM elo cOuuxenneMm Ted h. Vnterpans,
CTosillue B IPaBHIX CTOPOHAX 3THX YPaBHEHHH, SJJIHITHYECKHE.

Takum o6pasom, 3a1auy 0 CONPHKOCHOBEHHH Tel MOMXKHO CUHTATDH
NOMHOCTBIO pelleHHOH. Popma NOBEPXHOCTH Tel (T. €. CMelleHus
Uz, Uz) BHE 00/1aCTH CONPHUKOCHOBEHHS ONPEAE/TISAeTCs TEMH ke dopmy-
aama (9,5), (9,10), nmpuYeM B3HAYEHHS HHTErPaJOB MOMKHO cpasy
OIpeAe/InTb, HCXOAS U3 aHAJOTHH C MOTEHIHAOM MOJIS 3ap IKeHHOr'o
dMIMnCONAa, — Ha 3TOT pa3 BHe ero. Hakonen, nmo gopmysam mpe-
Abiyero naparpaga MOXHO GbLIO OB ONPENEHTb TAKKE U pacipe-
Aenenne fedopMauuyn 1Mo o6beMy Tell (HO, KOHEYHO, MHUIb HA PaccTo-
SIHUSIX, MaJsblX [I0 CPEBHEHHIO C pasMepamu Tesa).

Ilpumennm nonyuenssie GopMyJ/ibl K CONPHKOCHOBEHHIO ABYX Lua-
poB ¢ pamnycamu R u R’. 3gech

1 1 1y,
A=B=5(g+z)
H3 cOoO0paxeHn# CHMMETPHHU SICHO, 4TO GYAeT H @ = b, T. e. 06nacThb
CONpUKOCHOBEHUS ecTb Kpyr. HMs (9,12) monyuum ang pammyca a
00/1aCTH CONPHKOCHOBEHHS 3HAYEHUE
1 RR’ s
a_F/s(Dm) . 9,13)

h ecTb B 1aHHOM clyyae pasHOCTL Mexay cymmolt R + R’ u paccro-
STHUEM MexAy uenTpamu wapos. M3 (9,10) nosyunm caenyomee coor-
Howenue mexay Fu h:

h:F%[m(%jL =) 9,14)

Orwmertuwm, uto A nponopuxoHanbHo crenend F*/s claBJAHBAOWEN CHILL
obpatHo, cuna F nponopiuonanbua crenenn h'/: IPOH3BOLUMOTO €io
c6amxkeHus: ten. Hamuiem eme HoTeHUHadbHy0 3Hepruio U conpu-

Kacalouuxcd Iapos. 3ameuasl, YTO JOJNKHO ObTh (—F) = —AU/oh,
o yuum
s 2 RR’ 1/
L P .3\ S
U=h 53] ( RTR ) . 9,15)

Haxkownen, ykaxem, u4to 3aBucuMOoCTb BHAA
h = const.F*/s, F = const.h*/:

MMEET MECTO He TONIbKO JVISl apOoB, HO H MNPH CONPHKOCHOBEHHH JIpPY-
THX TeJl KOHEUHbIX pasMmepoB. B satom serko yGenutbest u3 coobpake-
Huil nogo6usi. Ecnu npoussectn sameny a? — aa?, b® — ab?, F —
—a*/sF, rie o — npoussonbHasi MOCTOSIHHAS, TO ypaBHenusi (9,12)
OCTaHYTCsl HEH3MeHHbIMH. B ypaBrenun xe (9,11) npasas wacTs
YMHOXUTCSA HA O, U JJIst TOTO YTOGBI OHO OCTAJ0Ch HEH3MEHHLIM, Hafo
sameHuTb i Ha o, Orciona u caeayer, uto F JOMKHO GHITh nponop-
OHOHAJbLHO h'/x,



b0 OCHOBHBIE VPABHEHHS TEOPUH YNPYIOCTH fra. 1

3anaun

1. OnpefeanTs BpeMs, B TeueHHe KOTOPOTO CONPHUKACAIOTC NBA CTajKuBa-
JOINMXCS YOPYTHX 1napa.

Pemenne. B cucreMe oTcueta, B KOTOPOHl LEHTp HHEpUHH OCOHX 1apOB
NOKOUTCA, 9HEPTHA LIapOB JO CTONKHOBEHH: paBHa KMHETH4ecKOfi SHeprHH OTHOCH-
TelbHO ABHKEHHS BU/2, [He U — OTHOCHTeIbHAS CKOPOCTH CTAIKHBBAIOILUXCA [APOB,
ap= mamg/(my -+ M) — HX TpHBeleHHas Macca. B TeueHHe CTOJIKHOBEHHA MNOJ-
Hasi SHepI'sA paBHa CyMMe KHHETHUECKOil IHEPTHH, KOTOPYIO MOKHO Hanucarb B BHJAE

WA?/2, ¥ NOTeHHHANbHON SHEPTUH (9,15). B cuay 3akona COXpaHEHHS BHEPIIM AMEEM

dh N\ | e @ 4 [ RR \'
p(]?—) 4 kbt =0ty k= 5D<R~{—R’ .

MagcuManbEOe cOHIKEHHe IapOB Ay COOTBETCTBYET MOMEHTY, KOTAa HX OTHOCHTE/b-
Has CKOpOCTb A ofpamiaercs B Hy/ab, M paBHO

2
. hy= (—:—') /504/5.

Bpemst T, B TeueHHe KOTOPOIO JIMICA CTOJKHOBEHHE (T. e. h menserca ot 0 jo
he B O6paTHO O HYHs), paBHO

dh p2

hy y 1 d
T=2 =2 ) : o
‘- 5 (o — kT2 /)2 #o 5 Vi—idl’
0 0

HAR

Tosb3ysich TPH PellleHMH BTOH 3afaul NOJNYUYCHHBIMI B TEKCTE CTAaTHYECKHMH
QopMy/aMH, Mbl TeM CaMblM NpeHeGperaeM YNpyruMH KoJe6aHHsIMH LIapa, BO3HH-
KAIOIUMH NIPH CTOJKHOBEHHH. BO3MQKHOCTH TaKOro npenebpeReHns Tpedyer, rolnt
CKOpOCTb U 6Bl1a AOCTATOYHO MaJa MO CPABHEHHIO CO CKOPOCTLIO SByKa. DaKTHYECKH,
OZIHAKO, MIPHMEHHMOCTb STOH TEOPHH OrpAHMYUBAETCH €llle paublle 6aarogaps TOMY,
4TO BO3HMKAIONKE NPH CTOJKHOBEHHH AeOPMAlMH NEpeXOisT 3a NMpeiea ynpyrocTh
BeILeCTBa.

2. OnpexeauTs pasmepsl 061aCTH CONPUKOCHOBEHHUA H PACNpEALICHHE JaBjieHus
B Hell NpH CAABIMBAHHM JBYX HHJIHHAPOB BAOJMbL HX o6pasyiontux.

Pemedne O61aCTb CONPUKOCHOBEHHS NpEJCTaBJsAeT goGoﬁ B 3TOM clydae
Y3KYIO NOI0CKY BLOJIb AJHHB LHAKAAPOB. Ee mupuny 20 H pacnpejie/ienne Aab/ieHun
 Holi MOJKHO HAHTH M3 NOJYYEHHHX B TekcTe GOpPMyJ MyTeM IPeAeibHOTO Nepexona
bla - co, Pacnpesenenne JaBnexus Oyaer byHuxiuei BHAA

/i
P, (x) = const-], -

(% — KOOpAHHATA BAOJL LIMPHHLI M0JIOCH CONPHKOCHOBEHNS); HOPMHpYH ee Ha OT-
HeCEHHYIO K eIMHHIE JJIHHB LHIHHIDOB CABAHBAIOWLYIO CHIY F, noayunm

2F x2
Pz(x)=—na— 1—‘;'2".

Mogcrapass sto Bupaxenue B (9,7) 1 npou3soas ENTerprpoBanue ¢ nomomsio (9,8),
HMeeM

o

4 ADF d&¢ _ 8DF .
T 3 Y (@ + b)'*3 = T8na? *
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Opun K3 pajuycoB KPHBH3HH MHAHHIDPHYECKOH INOBEpPXHOCTH GECKOHeyeH, a ApYrofi
coBmajaer ¢ pajHycoM WHAMHADA, NMOITOMY B JAHHOM cJaydae

; 1 1 1
A = — | = '—-) B == 0.
2 R + RI b
OKOHYATEILHO HaXOAHM JAJjsl HCKOMOH HIMPHHBI MOJOCH CONPHKOCHOBEHUA:

o (16DF.__RR_\'
T\ 3t RIR *

§ 10. Ynpyrue CBOHCTBA KPHUCTANIOB

HMsMenenue cBo6OAHON SHEPIHH NPH M30TEPMHYECKOM CXKATHH KpU-
CTajja sIBJASIeTCA, KaK U Yy U30TPOIHBIX TeJ, KBaJApaTHYHOH PyHKIMei
TeH3opa Aedopmanyu. B npoTHBONOMOKHOCTL TOMY, YTO HMEJNO MECTO
JJ1 A30TPOIHBIX TeN, T2 GYHKIUA COAEPHKUT Tenepb He ABa, a 6oJib-
1Iee YHCJIO HEe3aBHCHMBIX KO(M(HLHEHTOB.

O6muit BuR cBOGOAHON 3dHepruH AepOPMHPOBAHHONO KpHCTAJ/IA

€CThb

F= '%- Mt inthizms (10,1)

TAe Aipim €CTh HEKOTODPHIH TeH30p 4-ro paHra, Ha3bIBAEMBIA MEH30p0M
modyaett ynpyeocmu. TTOCKONABKY TeH30p AeGOPMalyii CHMMETPHYEH,
TO MPOH3BEJEHUE U;pU), HE MEHSeTCs NPH IEePECTAHOBKE HMHIEKCOB {
c k, I ¢ m unu napwl £, k ¢ napoil I, m. OueBHHO HO3TOMY, YTO H TEH-
30D Agpiym MOXKET GBITH OTpPENeNIeH TaK, UTOOL OH O6AANAN TAKHMH ¥XKe
CBOACTBAMH CHMMETPHH MO OTHOUICHHIO K II€PeCTaHOBKE HHIAEKCOB:
Mirim = Maim = Mipmt = Mmin- (10,2)
ITyrem npocroro mojpcyetra MOXKHO yG6efuTbCcs B TOM, 4TO WHCJIO pas-
JIMYHBIX KOMIIOHEHT TeH3opa 4-ro paHra, o6iafamiiero TakHMH CBOI-
CTBaMH CHMMETDHH, paBHO B ofuieM cayyae 21 1),
CootsercTBerHO Bhipaxenuo (10,1) ais cBoGoAHOMN 3HEpTHY 3aBH-
CHMOCTb TE€H30Da HANpAXKeHHH OT TeHsopa JedopMauMH MMEeT B KpH-
craanax BuJ (cp. TakXe CHOCKY Ha cTp. 59)

oF
O = G = Mntmilime (10,3)

Hannune TO#l MM WHOH CHUMMETpHM KDHCTa/lJa NPHBOAMT K IO-
SIBIEHHIO 3aBHCHMOCTEH MeXAY Pa3/IMUHLIMH KOMIIOHEHTaMH TEH30pa
Minim» TaK YTO YHCJIO €0 HE3ABHCHMBIX KOMIOHEHT OKa3hlBaercs
MeHbIIHM, deM 21.

PaccmoTpuM 3TH COOTHOLIEHHS /IS BCeX BO3MOMKHEIX THIOB MaKpo-
CKONHYECKOH CHMMETDHHM KpPHCTA/JIOB, T. €. AN BCEX KPHCTaJJIH-

1) B snTepaType HCIONB3YIOTCH TaKiKe OCO3HAUCHHS, B KOTOPHX KOMIOHEHTH
TeH3opa 4-ro paHra 3anucHBaloTcd Kak Agqg C ABYMS HHAEKCAMH, NPOGEraloliMMH
Buawenns 1, 2, 3, 4, 5, 6, KOTOPHIM OTBEYAIOT COOTBETCTBEHHO NAphi MHJEKCOB XX,
Yy, 22, yz, 2x, xy.
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YeCKHX KJ1aCcCOB, paclpefeNuB MX I0 COOTBETCTBYIOLIMM KDHCTaJIU-
yeckuM cucremam (cMm. V, § 130, 131).

l. TpuxnueHasa cucrtema. TpukinHHas CUMMETPUS
(kn1accwt C, u C;) He HaK/NaAbLIBAeT HUKAKHX OrPaHMYEHUH HA KOMIO-
HEHTBHl TE€H30PA Ajxim, @ BBHIOOD CHCTEMBI KOODAMHAT C TOYKH 3pEHHA
CHMMETPHH BIOJIHE NPOU3BOJeH. [IpH STOM OTJIHYHBEL OT HYJSt H He-
3aBucuMbl Bce 21 moayap ynpyroctd. IIpousBosbHOCTE BniGopa Cu-
cTeMbl KOOpJAMHAT IO3BOJIAET, OJHAKO, HAJOXKHTb HA KOMIIOHEHTbE
TEH30Pa Ajpiyn LONOJNHHTENbHBIE YCnoBHA. [IoCKOJBKY OpHeHTauusd
CHCTeMBl KOOPAMHAT OTHOCHTENBLHO TeJa ONpeAeseTcss Tpems Besu-
ypHaMp (yrJaamMu I[0OBOpOTa), TO TAKHX YCJNOBH# MOXKET CblTb TpH;
MOXKXHO, Halpumep, TPH U3 KOMIOHEHT CYHTaTb DPABHBIMH HYJO.
Torna He3aBHCHUMBIMKM BeJIMUHHAMH, XapaKTepH3YIOIWMK YHpyrue
CBOMCTBA KpUCTaJIa, 6yayT 18 OTIHYHEIX OT HYJsl MORyJedt u 3 yraa,
onpenelsIoNX OPHEHTAUMIO OCeil B KPUCTaJJIe.

9. MoHOKAuHHas cucrtema, Paccmorpum knace Cg;
BLIGHPaeM CHCTEMY KOODAMHAT C IJIOCKOCTBIO X, Y, COBMajaiouled
C IJIGCKOCTbIO cuMMeTpuH. IIpu oTpaxKennu B 3TOH MIOCKOCTH KOOPAHK-
HATHl OJIBEPraioTcsl Npeo6pasoBaHMIO: ¥ — X, Y — Y, 2 — —2z. Kom-
MOHEHTHl TeH30pa NpeobpasyloTcsl Kak IMPOM3BELAEHHA COOTBETCTBY-
IOIUX KOOPAMHAT. [103TOMY $ICHO, UTO IPH YKa3aHHOM MpeoGpasosa-
HUY BCe KOMIIOHEHTHl Ajpim, CPEOH HHAEKCOB KOTOPHIX HHILEKC 2
cozepxutcst Heuetnoe (1 mau 3) unMCNO pas, mepemeHsT CBOH 3HaK,
a OCTaJbHble KOMIOHEHTH OCTaHyTCsl HeusmeHHbMH. C Apyro# cro-
POHBI, B CHJTY CHMMETPHH KPHCTAJLIa BCE XapaKTePH3YIOIIHeE ero CBofi-
CTBa BeNWUYHHbI (B TOM UMC/J€ MW BCE KOMIOHEHTBI Ajpim) AOJIKHEL
OCTAaThCS HEH3MEHHBLIMM INPH OTPax<€HHH B IJIOCKOCTH CUMMETPHH.
[TosToMy $ICHO, YTO BCE KOMMOHEHTH C HEYETHBIM YHCJOM MHIEKCOB 2
JOMKHB GbiTb paBHBIMM HyJ10. COOTBETCTBEHHO 3TOMY ofiuee BHIpa-
senue s CBOGOAHON ympyrofl HEPrHH KPHCTaNa MOHOKJIHHHOH
CHCTEMBl €CTb

F = Yo hgurstin + Yahyyuyttly -+ Yohozzaisze + Mexyglhaatlyy -
-+~ Axzzllaxtiz: -+ }'yyzzuyy Uz Q}nyxyu?cy - 2\ xzxli3z -+ Q}Vyzyz u;z -+

3nech crosit 13 HesaBUCHMEIX KO3bduneHToB. Takoe ke BbIpaxeHHe
nonyuaercss s knaacca C,, a Takke H KJjacca C,p, cOmepIKalIero
06a snementa cummerpun (C, u 0p) BmecTe. B H3/MI0XKeHHBIX paccy-
XKICHHSX, OLHAKO, COOGpaxeHHsl CUMMETDPHH (UKCHPYIOT BHGOD
Halpap/eHns JHlb OJHOH M3 Ocell KOOpLMHAT (2), HANpaB/JEHHS XKe
ocel x, y B NePNEHAHKYNAPHOH TJIOCKOCTH OCTAIOTCS IPOU3BO/IbHBIMH,
DTHM NPOHM3BOJIOM MOXKHO BOCIO/JB30BATBCA MJIS TOTO, YTOOH Haf-
JiexaluM BHGopoM ocefl o6paTHTh B HYJb OAHY M3 KOMNOHEHT, CKa-
KEM Ayy,,. TOrAa 13 BennuyHaMHi, XapakTepu3yOWUMH yIpyrue CBOfi-
CTBa KpHCTalaa, 6yAyT 12 OTIMYHBIX OT HyJs MOAYJEH H OJMH yroi,
onpeeasiomyil OpHEHTallHIo OCed B MJIOCKOCTH X, Y.
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3. Pom6uueckas cuctema. Bo Bcex kaaccax 3Toii
cucrembl (Cyo, Dy, Dy) BeGOp OCell KOOPAMHAT ONHO3HAYHO JHK-
Tyercsi CHMMETPHEN U /1 CBOGOAHON SHEPTUH 0JYYaeTCsi BhparKeHHe
OfMHAKOBOro Buaa. Paccmotpum, Hanpumep, knace D,, u BbiGepeM
IJJOCKOCTH KOODAMHAT B TPeX IJIOCKOCTSIX CHMMETPHH 3TOTO KJacca.
OrpakeHnsi B KaXuOf H3 3THX IJIOCKOCTeHl INpPeJCTaBJIsIOT Co6oil
npeoOpa3oBaHus, NP KOTOPBIX OJHA M3 KOODAHHAT MeHSeT 3HAK,
a JBe Apyrue He meHstorcs. OUEBUAHO, I03TOMY, YTO M3 BCEX KOMIIO-
HEHT A;p,im OTJIMYHBEIMH OT HYJISl OCTAHYTCS TOMBKO T€, CPEAH HHAEKCOB
KOTOPHIX Kax/0e U3 HX 3HAUeHHH X, Y U 2z BCTPEYAeTCH UETHOE YHCJO
pas; Bce OCTAJIbHBIE KOMIOHEHTHI AO/KHBI GblK OBl MEHSITH 3HAK NpPH
OTPajKeHHH B KaKOH-HuOyAb M3 MNJocKocTefl CUMMETPHH. Taxkum
00pasowm, ofuiee BbIpaxKeHHe A CBOGOLHOH SHEPIuU uMmeeT B PoMGH-
YeCKOH cucreMe BHJ

F= Yohxxxxlzs -+ 1/2}"yyyyu.13y + 1/27\1222'2”32 + k,rxyyuxxugy = Apxzelloxllyy -1~
+ Mypaetiyylizr -+ 2haysytizy = 2hpaxatize + 2hyoye i, (10,5)

Ona copep:uT BCero JeBsITb MOAYJEH YIPYrOCTH.

4. TerparomasnpHas cucreMa. PaccMoTpuM Kiaace
Cyo BriGupaem KoopauHATHI € OCBIO 2 110 ocu Cy, @ OCH X, i — IepIieH-
LHKYJSAPHLIMA K JBYM H3 BeDTHKA/JbHBIX INVIOCKOCTEH CHMMETPHH.
Orpaxenust B 3THX J[BYX IJIOCKOCTAX O3HAYAIOT COOTBETCTBEHHO
NIPeOOPaA3OBAHHSA X —> —X, Y —> Y, 2—> 2 U X—>X, § = —Y, 2 — 2,
B CUJIy 3TOTO HCYE3AIOT BCE KOMIIOHEHTHI A;;pm C HEUETHBIM YHCIOM
ONIMHAKOBBIX MHAEKCOB. [lanee, moBopor Ha yroa m/4 Bokpyr ocu C,
npexcrasisier cofoH npeobpasoBaHue x —y, Yy — —x, z — 2. Or-
CI0Jla BLITEKAIOT COOTHOLIEHHS

?”xxxx = ;"yyyyr ?"xxzz = }"yyzzi A'xzxz = A’yzyz
OcranbHble npeoGpa3oBaHHs, BXOASLIHE B KJACC C,, Huuero He

AODABJISIIOT K 3THUM YCJOBHAM. TakuM 00pasoM, CBOGOJHAS IHEPTHS
KPHCTA/LIOB TETPAaroHaJbHON CHUCTEMbI HMEET BHJ

F=1/Axnx (u;zcx -+ u;y) + YohzozatiZ, —+ Aixes (thgxtize + uyyuzz) =+
+ Mrgyttextiyg -+ 2hxyryttsy + hgaxz (U3z -+ Ul). (10,6)
OHa cofepuT wwectb MOAyJe#l yIpyrocTH.

Taxoit xke pesysbTaT moayyutcs M AJds APYTHX KJAACCOB TeTpa-
TOHA/IbHOM CHCTEMBI, B KOTODBIX €CTECTBEHHBIH BBIGOpP Oceli KOOPAHHAT
Aukryerca cummerpuefi (Dyq, Dy, D). B knaccax xe C,, Sy, Cy
OJHO3HA4eH BEIGOP Jnmb OFHOH ocu (2) — Bgonb ocu C, miau S,.
Ilpu sToM TpeGoBaHusi CHMMETPHH AONYCKAOT CyllecTBOBaHue (IIO-
MuMO Qurypupymomux B (10,6)) eme H KOMIOHEHT

}‘xxxy = _Kyyyx'

Hagnexamum BriGopom HalpaBJeHHHA ocel X, y STH KOMIIOHEHTHD
MOTyT GBITh OGPAILEHH! B HYJIb, M TOTAA F CHOBA NpUBEAETCS K TOMY e
Buny (10,6).
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5, PoM6osapuueckKas cacTema. Paccmorpum Kiace
C., u BuibepeM CHCTeMY KOOPAMHAT C OCblO Z BAOJbL OCH TpeThero
NopPsiiKa W OCb0 Y, NMEPNEHAHKYASPHON K OJHOA H3 BEPTHKAIBHBIX
naockocTed cuMMmerpuu. s BrICHEHHS OrpaHH4eHBH, HajaraeMbx
Ha KOMIIOHEHTHI TEH30Pa Ay HaMHGHeM ocH Cj, YROGHO NPOH3BECTH
dopmanbHoe mnpeofpa3oBaHHe, BBEAA KOMIVIEKCHBIE <(KOODJHHATH
E, 1 COIVIaCHO OMNpeJesieHuIo

E=x4-iy, n=x—1iy; (10,7)

KOOPAHHATY Xe z OcTaB/sieM Ge3 H3meHeHuH. K 9TuM HOBEIM KOOpAH-
HaTaM npeoGpasyeM TaKKe U TeH30P Mpim; B €O KOMHOHEHTaX HH-
JieKCHl TIPOGeraoT Tenepb 3HaueHHa §, 1), 2. JIerko BHAETb, YTO NpH
nosopore Ha 120° BOKpPYr OCH 2z HOBLIE [EPEMEHHEIE INOJABEPraoTci
n1peo6pa3oBaHuIo

OTAHYHLIME OT HYJIsl MOTYT OBITH B CHJY CHMMETPHH KPHCTaJNIa TONTBKO
Te M3 KOMIIOHEHT A;im, KOTOPBIE HEe MEHSIOTCA NIPH 3TOM IpeoGpaso-
Bauun., OueBHIHO, YTO 3TUM CBOMCTBOM OOJajalOT T€ KOMIOHEHTHI,
CpelH HHAEKCOB KOTODHIX TPH pasa mopropsiorcs § mau m (o6paimaem
BHUMAHHE Ha TO, uTo (e27i/3)3 = ¢2™® = 1), uau unIekc § conepkurcs
CTONBKO e pa3, CKOABbKO 1) (OCKO/IbKY eX*/3¢2i/3 = 1}; TakOBbIMH
ABJIAITCS KOMIOHEHTRI
?“zzzz’ Kgngn» 7"&&1}1‘[) Kgnzzs ?‘féznzi 7”%&:» Q"rmnz'

Ilanee, oTpaskeHHe B IWIOCKOCTH CHMMETPHH, MePHeH[HKY/sPHOA
K OCH Y, €cTb peo6pasoBaHue X —- X, Y —> —4f, 2 —> 2, WIH A1 BeJu-
up &, n: E~—>m, n— & TlockonbKy npH 3TOM Hpeo0pasoBaHUH
Atze, IEPEXONUT B Aqyys, TO 3TH ABE KOMIIOHEHTHI AO/KHBI ObITh PAaBHEI
Zpyr Apyry. Takum o6pasoM, KpHCTaJJIE POMOO3APHUECKOH CHCTEME!
06/1a/Ial0T BCErO IIeCTbio MOAyAsiMH ynpyroctd. ks Toro uroGht
HalHCaTh BHIPaxeHue J1s1 CBOGOAHOA SHEPTUH, HAL0 COCTABHTD CYMMY
Minimlinliim, B KOTODOH HHJAEKCH MPOGEraoT 3HaYeHHS £, 1, 2; no-
CKOMbKY HaM Hafo BHIPasuTb F yepes KOMAOHEHTHL TeH30pa AedopMma-
LiH B KOOPAWHATAX X, Y, 2, TO Mbl JOJIKHbLL BHPA3HTb YepPe3 HHX KOM-
IOHEHTHl B «KoopiuHaTax» &, 1, 2. DTO JIETKO CAeJaTh, BOCIONbL3O-
BaBLIHCH TEM, YTO KOMIOHEHTH TEH30pa U, Npeobpasylores Kak Hpo-
M3BeJieNusl COOTBETCTBYIOHIMX [ABYX KoopanHar. Tak, u3

& = (¢ iyp = »* — y* + 2ixy

enexyer. uTo
Upp = Uyy — Uyy - 2itlyy.

B pesyabrate HaxonuM Aa8 F crenyomee BhpaKeHHe:
F = Yohazzatide + 2hgngn (thax + yy)” -+ Mggon [(ex — tyy)® 4 4ui] +
+ 2\gnzz (Uax + thyy) U2z -+ Ahgn (U3 -+ uiz)
A (s — tyy) Uxe — 2uguyl (10,8
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Ono copepsxuT 6 HesaBucHMBIX KOadduuentoB. Takoi xe pesyabrar
noayuntcsa ans kaaccoB Dy u Dy, B knaccax ke Cyu Sg, B KOTOPHIX
BbIGOP OCeil X, y OCTaercst NPOU3BOJBLHLIM, TPeGOBAHUS CHMMETDHH
JONYCKAIOT TaKkKe H OTJIHUHYIO OT HYJS PasHOCTb

A

Ona, onHaxo, mMoxer GHTb OOpaleHa B HYJb HALJIEKALNM BHEOPOM
ocell x, y.

6. Tekcaronanbnas cucrtenma. Pacemorpum kiace
Cs u BniGepeM cucteMy KOOPAMHAT C OCBIO Z IO OCH 6-rO mOpsifKa.
Beesiem choBa koopauHatel (10,7). Ilpu moBopore uHa yrom 2:/6
BOKDYTI OCH Z OHM MOABEPraroTcs NpeoOpa30oBaHUIO

g8z T xnnnr

e

Orciofa BHAHO, UTO OTIHYHBLL OT HYJS TOJIBKO Te KOMIOHEHTH Ainims
CPeis HHIEKCOB KOTOPBHIX MHAEKCH § H 1) BCTPEUAIOTCS OJMHAKOBOE
4yucao pas. TakoBeMu SIBASIOTCA

 p—— x%ném xéﬁ'rm’ Mmzz’ xéznr

Jpyrue BO3MOXHEIE 3JIEMEHTH CHMMETPHH TE€KCArOHaJbHOH CHCTEMb
HAYero He [AO0GAaBASIOT K 3THM OrpaHu4eHusM. Taxkum oGpasom,
MMEETCsI BCEro msaATh MoAyJel ynpyroctu. CBOGOJHAS SHEPIUs HMeer
BUI

F = YYshzezstize -1 2Mnn (U + 1) Megmn [(Uw — 1yy)? - 4ui,] 4
+ 2Nenaztlzr (x ~+ Uyy) + gz (U3 + 1), (10,9)

Crenyer ormeTuts, 4TO fedopManusi B NJIOCKOCTH X, y (nedopmaiys
C OTIHYHBIMH OT HYNS Uyy, Uyy, Uyy) ONPEAGNAETCH BCEMO IBYMS yNpy-
THMH MOAYJISIMH, KaK H /Il H30TPONHOTrO Teja; APYIHMH C/IOBAaMH,
B IJIOCKOCTH, NEPNEHAMKYJSPHOH K reKCaroHaJbHOH OCH, YNpyrue
CBO{iCTBA TeKCaroHaAbHOIO Kpucrania usorponssl. [To sToit npuunne
BBIOOP HanpasneHuH ocefi B STOH MJIOCKOCTH BOOGHIE HECYIIECTBEH
H HHK3aK He OTpamaercs Ha Bujae F. Bmpameune (10,9) otmocurcs
[03TOMY KO BCEM KJAaccaM IeKCarOHa/IbHOH CHCTeMB.

7. Ky6uueckas cucrtema. Hanpasum ocu x, y, 2
10 TpeM ocAM 4-r0 mopsiiKa KyCHUeCKOH cHCTeMH. YiKe Hajanuyue
TeTParoHadbHOA cuMMeTpHH (C OCbl0 4-TO NOPSAKA BAOAb OCH 2)
OrpaHH4YHBAA0 HHC/IO PA3NHUYHKIX KOMIOHEHT Teﬂsopa Aipim cAEIY-
IOUIHMY  [IECThIo:

)"xxxxi ;szzz) }"xxzu ?Vxxyyi ;nyxyi A’xzxZ'

Iopoporsr Ha 90° BOKpPYr OCefl ¥ H y JAIOT COOTBETCTBEHHO MPeoGpa-
80BARHA X ~>X, Y - —2, 2> Y A X —>2, Y > Y, 2+ —x. B cuay
HHX u3 HaNHCAHHBIX IUECTH KOMIIOHEHT JEJAiOTCS PaBHBIMH IepBasi
CO BTOpPOM1, TPeTbsl C 4eTBepTOH n nsATas ¢ wmecroil, Takum o6pasom,
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OCTaercsl Bcero TPH pasju4HBIX MOAYJs ynpyroctH. CBoGoAHas 3HEpP-
THS  KPHCTaMJIOB KyGHUeCKOil CHCTeMBI HMecT BuA ')

F = Yohyxyex U3z -+ uZy - u22) - Ay (Uasllyy —+ Urellog —+ Uy tizz) +
A+ gy U3y +- 4k + udz). (10,10)
Brinuuwiem elnle pas YHCJIO HE3aBHCHMHIX NapaMeTpoB (MOAYyJeH

YOpYroCTH HJH YIVIOB, ONpeJe/SIOMX OPHEHTAlMI OCEH B KpH-
CTaJjlyie) JJisl KJacCOB Pa3JHUHBIX CHCTEM!

TPHKAHHHAT . . . . v v v o v e . e 21
MOHOKJAMHHAA , . + v v v 0 v v v v o
poMGHUECKas . . . . . . . o . . e .
rerparonanbias (Cy, Sy, Cap) . o v 4
Terparodanbhas (Cypy Dog, Dy, Dygp) o .

pombosaprueckas (Cz, &5) . . . . . .
pomboagpuueckast (Csy, Dy, Dyq) e
TEKCATOHAABHAT , o v v v v v o o e o o s
KYOHUCCKAS « & v v & v v w0 o v 0 o s o

MUHUMAJMLHOE K€ UHMCJIO OWIHYHLIX OT HYJAS MOAYJeH, KOTOPOro
MOKHO AOGHUTHCS HajJexalluM BHIOOPOM Ocell KOOpJAHHAT, OJUHAaKOBO
1A BCEeX KJAaccoB B KaxJoil cucreMme:

TPHKJIHHHAS ., . . , . . .

MOHOKJHHHAA . . . . . . . .
poMOHUecKast . . . . . . . .
TeTparoHajbhHas . . . .
pomGo3sipuueckast , . .
Texcaronanbyas , , , .
KyOuueckasd , . . . . .

—
WMDY

Bce cKa3aHHOE OTHOCHTCS, pasyMmeercs, K MOHOKPHCTAJIaM,
Tlonukpucrajaiuueckue e Teja ¢ AOCTAaTOYHO MalbIMH pasMepaMu
BXOIfALIMX B MX COCTaB KPHCTAJJIHTOB MOXKHO pacCMarpuBaTh Kak
H30TPONHbIE Teja (IIOCKOJALKY MBI HHTepecyeMmcst JaedopmanusiMu
B yuacTkax, GOJBIUMX [0 CPaBHEHHIO C PasMepaMH KPHCTaJJIHTOB).
Kak B BCSKOe H30TPOINHOE TeJNO, NOMUKPHCTANI XapaKTepH3Yyercs
BCEro JIByMsl MOAYJsiMM yrpyroctd. Moxpo 6BWIO Obl Ha MNEPBBI
B3IVISI[i TOAYMaTb, YTO 3TH MOAYJM MOXHO IIOJYYHTb H3 MOAYJeH
YOPYrocTH OTAENbHBIX KPHCTAJJIHTOB NOCPEACTBOM IIPOCTOrO yCpen-
HeHusl. B JefcTBHTENBHOCTH, OAHAKO, 3TO He TakK. Ecam paccmaTpu-
BaTb Je(OpMalHIo IOAHKPUCTANNA KaK pesyabTaT AedopMaliu BXOAs-
IIMX B HEr0 KPHUCTANJIMTOB, TO CJeA0Bajo Obl B IPHHUMIIE PEIINTh
ypaBHEHHsI PaBHOBECHS JJIsl BCEX 3THX KPHCTAJJIMTOB C YUETOM COOT-
BETCTBYIOLIMX TPaHHYHHIX YCJOBHH Ha MNOBEPXHOCTSX WX pasjena.
Orciofia BHAHO, UYTO CBfI3b MEXJAY YIOPYTHMH CBOMCTBAMH KPHCTalna,

1) B gy6uuecknx kaaccax T u Tq HeT ocelt uerBeproro nopsjka. Tor xe pe-
syaptaT MOJyuaeTcs, OHAKO, B STHX CY4adAX MYTeM PaccMOTPEHHA OCell TpeTbero
NOpANKa, TOBODOTH BOXPYT KOTOPHX NE€peBOAAT APYT B Apyra OCH BTOPOro no-
PAKE — OCH X, Y, 2,
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paccMaTpHBaeMoro B IEJIOM, M CBOHCTBaMM COCTaBJISIIOIUX €r0 KpH-
CTaJIIMTOB 3aBHCHT OT KOHKPETHOH (POpMBI KPHCTA/NIMTOB H OT KOp-
pesisiliu MeXAY WX B3aHMHBIMH OpHeHTanusAMH. IlosTomy He cyue-
crByeT oOileHl 3aBHCHMOCTH MeXAY MOAYJAAMHU YIPYTOCTH IOJHKDH-
CT/JIOB M MOHOKpHCTaMIa (TOTO K€ BElIeCTBa).

BhIync/ienye MOAyJiel M30TPONHOrO IOJHKPUCTANNA MO MOHO-
KPHCTAJJIIYECKHM MOAYJISIM MOKeT ObiTb IPOH3BEJEHO CO 3HAYHTelb-
HOl TOYHOCTDIO JHLIb B ¢Ayuae ci1aGoii aHU30TPOIIMY YIPYTHX CBOACTB
MOHOKpHCTaana ). B nepBoM npub/IHKEeHHH MOAYJIH YIPYTOCTH HONK-
KPHCTA/IJIa MOYKHO IOJOXHTb PaBHBIMH IIPOCTO «H30TPOINHOH HaCTH»
YyOPYTHX MOAyJel MOHOKpuctasia. Toria B caeayoueMm npuGinke-
HMH IOABJSIOTCA UJeHB, KBaJApaTHYHEE IO MalOH «aHH30TPOIHOH
yacTu» 3THX MopayJaeli. OrasplBaeTcsi, 4TO 3TH IIONPABOYHLIE UJIEHBH
He 3aBHCAT OT GOPMBI KPHCTAJIIUTOB U OT KOPPeJISIHUY HX OpHEeHTauuH
H MOTYT GBITb BBIYHCJIEHB! B o6uieM Buie %).

Hakonen, ocTaHOBUMCS Ha TEIJIOBOM pAaClIHPEHHH KPHCTAJJIOB.
B u30TponHHIX Telax TEIJOBOE PaclIMpeHye IPOMCXOAUT ONMHAKOBO
IO BCeM HaNpaBJeHHsM, TAK 4TO TEH30p JAedopMaluH NPu CBOGOAHOM
TENJIOBOM paciuupenud umeer Buf (cM. § 6)

1
Uipp = 3~ & (T — To) bin,

rie o — ko3QQUUMEHT TENJOBOrO pacumpenns. B kpucransnax xe
HaJ0 MUCATh

uy, = (T —Ty), (10,11)
Tle O;, -—— HEKOTOPHIl TEH30p BTOPOrO paHra, CHMMETPHUYHLIA 1O
HHIEKcaM {, k. BHACHHM YHCJO Pa3jM4YHEIX HE3aBHCHMBIX KOMIIOHEHT
3TOTO TEH30pa B KPUCTaJIaX Pa3HbX cucTeM. Il sToro mpouie Bcero
BOCHOJIb30BATLCSI M3BECTHHIM H3 TEH3OPHOH airefpnl OOGCTOSTENb-
CTBOM, YTO BCAKOMY CHMMETPHUHOMY TEH30PY BTOPOrO PaHIa MOXKHO
APYBECTH B COOTBEICTBME HEKOTODHI, KakK TOBOPAT, TEH3ODHBLIH
aanuncoup ®). M3 coobpaxennii CHMMETPHH HENOCPEACTBEHHO OdYe-
BUJHO, YTO NPH TPHKJAMHHOH, MOHOKJAHHHOH U DPOMOMYECKOH cuM-
MeTpHsIX SJIJIMICOHN $iBJsieTcs, BOoOLle ToBOPs, TPEXOCHHM (T. €.
JJTMHB BCeX ero oceit pasnuunsi). [lpu TerparonanbHOi ke, poM6o-
3APUYECKOH M TEKCArOHANbLHOH CHMMETPHSIX SJJHICOHA JOMKEH
SABJAATBCA 3JJAHINCOMAOM BpAlieHHsl (C OCblO COOTBETCTBEHHO BJOJb
oceit cummerpun C,, C; unu Cg). Hakonen, xybuueckas cUMMeTpust
NPUBOAMT K BHIPOXKJEHMIO 3Jauncouna B wap. Ho tpexocsslll saaun-
COMJT OmpejieNsieTcsl TpPeMsi He3aBUCHUMBIMHM BeJUUHHAMHM (AJHHAMU

1) Tax, Mepoit aHH30TPONHHM YONPYTHEX CBOACTB KYyGHUECKOTO KpHCTalna sB-
As1eTCsT PasHOCTh Myxyw — Axxyy — 2hayxy; €CNIH OHA paBHa HyJnio, Bripaxkenue (10,10)
CBOAHTCST K BHIPAXKEHHIO YNDYTOH SHEPrHH H30TpOmHoro tena (4,3).

2y Cm. H. M, Jluguuy, JI. H. Pogenygeide. — XIT®, 1946, 1. 16, c. 967,

%) TensopHLl SJ/LIMNCOMA ONpeleNsieTcd YDaBHEHHEM OpXixp = 1.
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oceil), 3/MIMNCOMA BpalleHUs — ABYMS, a IIap — BCEro OfHOH (pa-
nuycom). Takum 06pa3oM, YHCAO HE3ABUCHMBIX KOMIIOHEHT TEH30DPa Gy,
B KDHCTa/J1aX PAa3JHUHBIX CHCTEM €CTb:

TPHKJIMHHAS, MOHOKJMHEASA, POMOHYECKAR ., » v 4 o + o o 4+ o 3
TeTparoHajbHas, pOMGO3pHUECKas, IeKcaroHampHasd . . , . . . 2
KYOHUECKAT &+ v v v v v v o v o o o n v e e e v o a e ow . 1

Kpucrannsl epBbIX TPEX CHCTEM Ha3hIBAIOTCS JBYXOCHBIMH, @ BTO-
PLIX Tpex — ofHooCHbIMH. OO6paTHM BHMMAaHHe Ha TO, Y4TO TEMJIOBOE
pacmpenne KpUCTaNIoB KyOGUYeCKOH CHCTeMbl ONpejie/iseTcs BCero
OlHO#l BeNMYHHOH, T. €. UTO OHHM BeNyT ceBs B OTHOLIEHHH CBOEro
TEIJIOBOTO paclIUPEeHUs KaK M30TPONHLie Tena.

Bagavum

1. Boipasuts ynpyryio Hepruio reKCaroHaqbHOTO KPHCTaJsMa C HOMOLIBIO YIIPY-
THX MOAynelt Agpym B KOOpAMHATAX X, Y, 2 (OCh X-— IO OCH INECTOTO NOPSAKA).

Pemenne [lpu npoussoanHom (He OPTOFOHANLHOM) MpeoGpasOBaHHH KOOP-
AWHAT HakO PaSAHUATL KOHTPA- H KOBapHAHTHbIE KOMIOHEHTH BEKTOPOB U TEH30POEB;

nepBile npeolpasyloTes Kak camd KOOPAMHATH ¥* (WX NMpuHATO ofo3HauaTh ¢ BEpX-

HUMH HHJEKCaMH), 4 BTOpHE — Kak omneparophl AuddepeHunpoBaHus 3/dx* (ux ofo-
8HayaT ¢ HKHEMH HEAexcamu). Cxansp (10,1) wago sanmuceBATbL [PH 9TOM KaK
F = YyhipimutFul™.

B soipaxkennsix (10,8 — 9) KOMIOHEHTH! #;; NPeo6pasoBabl KK KOHTPABAPHAHTHEIE;
MOSTOMY [/ YCTAHOBJNEHHs CBA3H MeKAy KOMIOHEHTaMu Ajpim, B KoopamHaTtax §,
1, 2 ¥ X, ¥, 2 UX HaJ0 PacCMaTPHBATh KAK KOBApHAHTHbIE (B AEKapPTOBLIX KOOpAHHA-
Tax Te H APyTHe KOMMOHEHTHI, pasymeercs, conagaior). s npeoGpasopanns (10,7)

HMeeM
9 .9 90 _i’__,,-(_?___.._f’_)
ox 0g on’ dy \ 0% onl’
MpeoGpasysn KOMIOHEHTH Aiplr, KaK NPOU3BENCHHA STHX OHEPATOPOB, Haiizem
Agxxa = hyyyy = engn + 2ggnns  Axyxy = 2xztqms
Axxyy = Dengn — 2Aeznm Az = Myyrz = 20 zmez
Aprer = Ayzyz = 20z
CepoGoauas bueprus (10,9), BHipakeHnas uepe3 TH MOAYNM, HMEET BHJ
F= 1/ 2}‘xxxx (uxx + uyy)2 + l/ 27‘zzz:zu;,":z + ;"xxzz (uxx + “yy) Hya +
+ Q}szxz (u?cz. + uiz) + (hxxxx - Zxxyy) (”iy - ”xxuyy)-

2, HaliTe ycnoBMS NOJOKHTEJIBHOCTH YNpYrofl 3uepruu KyOMYECKOIO Kpd-

cTanna,
Pemewn e [Ileppue apa urena B (10,10) cocrarsiior KeaapaTHuryio opmy

TpeX He3aBHCHMEIX NEDEMEHHHX Uyy, lUyy, Uz, YCIORERL NOJOMHTEADHOCTH ITGH
(popMl TPEGYIOT NONOKHTENLHOCTH ONpeReNETe/Ns €& KO(XPHIMERTOB, ORHOrO u3
€r0 MHHOPOB. H KO3(DMHIUEHTa Ayyxy. KpoMe TOTO, JOMKEH OHITH NOJIOXKHTENEH Tpe-
Tull uaed B (10,10). O1H ycjoBHS NPUBOAAT K HEPaBEHCTBaM

M0, Ay >0, —M/2<C A <Ay,

rae 0603HAUEHO M = Auxxxr Ao = Auxyy, As = Axyuy-
3. Onpene/nTh 34BUCHMOCTD MOAYAS PAcTMKCHRA KyOHUEeCKOTO KDHCTAAAa OF

HanpasJ/ICHHAl B HEM,
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Pewenne Bubupaem ocH KOODAHHAT B HanmpabjeHHsiX pebep xySa. Ilycrs
OCb BBIDE32HHOTO H3 KPHCTAMIa CTEPIKHA HMeeT HafpaBReHHe eNHHUYHOIO BEKTOpA f.
Tensop HanpsukeHHit B PacTAHYTOM CTepXKHE JOJIKEH YAOBJIETBOPATh CAEAYIOLIHM
YCNIOBHAM! JOJKHO OHTh Ojpniy = pny, TAe P — LeHCTBYIOWASA HA e[HHUIY IJIOWALH
- OCHOBaHHH CTEPXHS PacTATHBAIOMIAf CHJA (YCJAOBHE HA OCHOBAHHAX CTEPIKHA); NN
HanpaB/eHull t, NepUeHHKYJIAPHBIX N, ZOJKHO OHTb O;pfy = 0 (ycaoBue Ha Go-
KOBHIX CTODOHAX CTepxHs). Takol TeH30p JO/IKEH HMeTb BHJ O;p == pri;ny. BHub-
C/IHB KOMIOHEHTH O, AnGQepennnpopanuem Beipaxenusi (10,10)1) u cpaBHHB HR
C BHIPAMEHUAMH Ojp == pPiijfy, NONYuUuM LIS KOMIOHEHT TEH30pa JepOpMALHH Bbis
paxeHus

- (M + 24g) 15 — Ay Y
AT vp W yr vy WL A ATV

U 2HAJIOTHYHBlE JJIH OCTAJbHEIX KOMIIOHCHT.

OtHocuTeNbHOS NPOJONBHOE YAJHHEHHE CTEpKHR eCTh 8 == (dI’ — dl)/dl, rze
dl' paerca gopmyaoit (1,2) u dxy/dl = n;. D70 JaeT AAS MAAHX Redopmanuil u ==
= uspn;ny. Moayas IOura onpefensiercs Kak Kos(QUIHEHT NpONOPHHOHATBHOCTH
B p=FEu, u JJA Hero HaXOLMUM

1 M+ 2y 1 2 ) 2,2 2,9 242
T mrea Iy T (T T T (i e+ i,
On pMeeT SKCTpeMasbHble SHAUCHUA B HANPABIEHHAX pebep (OCH X, g, 2) H MpoCcTpans
CTBeHHBIX JuaroHaieii ky6a. B manpamienun Bjo/sb pefep Ky6a

E = (A 25) (A — Ag)/(Ag - Ay).
Tpu 370M nomepeunoe CxKaTHe CTEPKEA Uy = Uyy = —OUy, = ~—Ol, e BeHIHAA

0 = Ay/(Ay -} Ay) urpaer ponn koadduimenta Ilyaccona, Coraacuo NOJY49eHHEM
B npeiblyluedi sajase HepaBeHctBam: —1<C o< 1/2,

) Ecnu BHUHCAATH O3 He HENOCPEACTBERHO MO QOpMyAaM O3 = Aspimbiims
a nyTeM AnddepeHuHPOBAHAS KOHKPETHOTO BHIpAKeHHA F, TO MPOM3BOAHbIE 1O
Uy, ¢ ik JalOT YLBOGHHBIE 3HAYEHHSA Oy, DTO CBA3AHO C TeM, YTO (OPMyJa
O = OF/Ouyy, MMeeT no CylleCTBY CMBICA JHWbL KaK BHPaXaiollas TOT (pakT, 9TO
dF = 0;p du;p; 1O B cyMMy Oy dugp wieHH ¢ puddepesnnanamu du;p, kaxpol U3
KOMIOHEHT C J 7% £ CHMMETPHUHOTO TEH30Pa U BXOJAT NBaMIbl,



TNABA 11

PABHOBECHUE CTEP)XHEH W IJIACTMHOK

§ 11. 3ueprud H3OrHYTOH NJIACTHHKH

B stoft rnaBe mpl GyleM 3aHHMATbCS H3YYEHHEM HEKOTODHIX Ya-
CTHBIX C/y4YaeB PaBHOBeCHs Ae(OPMHUPYEMBIX Tesl U HAaYHEM € paccMmo-
TpeHust AedopManui TOHKHX NJacTHHOK. Korjga Mbl roBopum, 41O
nJacTHHKA fBJAAETCS TOHKOH, TO MOApa3yMeBaercsl, YTO €€ TOJIIHHA
Majia [0 CPaBHEHHIO € pa3MepaMH B ABYX APYTUX HampaBJjeHusiX.
Camble pedopMallyd HO-TPEKHEMY CYHTAIOTCA ManabMu. B pannou
cayyae KpUTepHeM MaJOoCTH JedopManuy sBJASETCs MajocTh CMelle-
HHH TOYEK NNACTHHKH [I0 CPABHEHHIO C €e TOJILMHOMN.

[Ipu npuMeHeHHH K TOHKHM IJIACTHHKAM OOLIKE YPABHEHHS PABHO-
BECHSI 3HAUMTEJbHO YNpomamTcd. YaoGHee, OAHAKO, BLIBOAUTH 3TH
yUPOILEHHEE YPABHEHUS He HENOCPEACTBEHHO H3 OOLIMX, a BBIYHCJIHB
3aHORO CBOGOAHYIO 3HEPTHI0 H3OTHYTOH IJIACTHHKHM H 3areM Mpo-
BapbHPOBAB 3Ty BSHEPTHIO.

[Ipy crubampu DJaCTHHKM B HEKOTOPBIX MeCTax BHYTPH Hee
BOSHMKAIOT PAaCTsKeHus, a B APYrUX — cxatud. MiMenHo, Ha BBITYK-
Jioll CTOpOHE MJIACTHHKHM, OHUEBHAHO, NPOHCXOAHT pacTAxkKeHue; 10
Mepe yrayGaeHHs B TOJMY NJIACTHHKH 3TO PACTSAXKEHME NOCTeIeHHO
yMeHbIlaeTcst, IOCTHI'asi B KOHLE KOHIIOB HYJs, BCJEJ 32 ueM B Jadib-
HEHIIHX CJI0AX HAUMHAETCS IIOCTEIeHHO YBeIMUHBAIOLIeECs CrKaTHe,
Takum oGpa3oM, BHYTPH NOJACTHHKH HMEETCS HeUmpaibHas nosepx-
Hocmb, HA KOTOPOP pacTsxkeHHe BOOOILIE OTCYTCTBYET, a IO ABYM
cTopoHam ee JepopMainusi HMeeT MPOTHBOMOJOXKHBIA 3HaK. Oue-
BHMAHO, YTO 5Ta MOBEPXHOCTb pAaclojOXKeHa IO CepeAuHe TOJIIKHEI
IJIACTHHKH.

BrifepeM crcTeMy KOOpIHHAT C HayajJOM B KaKOHA-HHOYAb TOUKe
HeliTpa/ibHOH IMOBEPXHOCTH H OCBIO Z, HANPAaBJEHHOH MO HOPMaJH
K Heil. [lnockocTs X, y COBIAZaeT C MIOCKOCTBIO HEeACHOPMHPOBAHHOMH
nnactuekd. OG03HAUNM BepTHKAJbHOE CMElleHHe TOYEK HeHTPpajbHOH
NOBEPXHOCTH, T. €. HX 2-KOOpJuHAaTy, mocpeactsom { (puc. 2). Uro
Kacaercs KOMIIOHEHT CMelleHH# 3THX TOYeK B INIOCKOCTH X, Y, TO OHH
SIBJISIIOTCSI, OYEBHAHO, BeJHUHHAMH BTODOTO INOPSAKA MAaJOCTH MO
CpaBHEHHIO ¢ §{ u moTOMy MOryT OBITh HOJIOXEHH! DaBHBIMH HYJIO.
Takum o6pa3om, BEKTOpP CMeIIEeHHS TO9EK HeATPaNbHOH IMOBEPXHOCTH!

u® =u® =0, w® =, y). (L

Jns nanpHeAMmMX BBIUHCJAEHHH HeoOXONUMO clesaTs clellyiollee
saMeuaHie OTHOCHTENbHO HaupskeHud, AelicTBylouux B Aedopmupo-
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BaHHOR mJyacTHHKe. [loCKOMBKY macTuHKa TOHKas, To, AJIs TOro
YTOGEI H3OTHYTb €€, TPeOyeTCs MPHJIOXHTb K ee NOBEPXHOCTH CPAaBHH-
TesbHO HeGOJIblIKE CHJIBLL. STH CHJIBI BO BCAKOM cyyae GyLYT 3Hauks
TEJIbHO MEHbIIE, YeM Te BHYTPEHHHE HanpsKeHHsi, KOTOpHle BO3HH-
KaloT BHYTPH JAe(POPMHPOBAHHOH MNJIACTHHKH OJarojaps HMeIOmUM
B Hel MECTO PacTsKeHHAM M CKaTHsM. I105TOMY B rpaHHUHEIX ycio-
BUAX (2,9) MOXxHRO npeHebpeub cuiamu P;, Tak 4TO ocTaercs O fly =
= 0. Ilockonbky niactHHKa €1a6o M30THYTa, TO MOMKHO CUHTATH,
YTO BEKTOp HOPMaJH N HanpasJeH [0 OCH 2.
Takum o6pasoM, Ha 0OeHX NOBEPXHOCTAX NJla-
CTHHKH JIOJIKHO OBITb

Oz = Oy = 0z = 0.

Ho mockonbky ToMmuHA NJIaCTHHKE —Mana, Puc. 2
TO H3 DaBEHCTBA STHX BEJHYMH HYJIO Ha JIBYX
CTOPOHAX MAACTUHKM CHAEAYET, YTO OHH MaJib
H BHYTpH Hee. TakuM o6pa3oM, Mbl IpUXOAHM K BHIBOAY, 4TO BO BCeil
N1aCTHHKE KOMMNOHEHTH! Oy,, Oy, O, Majbl N0 CPABHEHHIO C OCTa/h-
HBIMH KOMIIOHEHTaMu TEH30pa HaHpH}KEHHﬁ. Ha stom OCHOBAHHHU MbI
MCXKEeM MOJIOXHTb HX DPaBHBIMH HYJIO W ONPEJEJHTb KOMIOHEHTH
TeH30pa JeopMalluy H3 3TOTO YCOBHA.

Cornacuo o6mum dopmyaam (5,13) nmeem

E E
Owe = Trg Yem r Ouy = T o Y

o ‘ (11,2)
Oz = T oy d=20) [(1 — 0) thez +- 0 (b + 1)1
[IpupaBHuBas 5TH BLIpaXEHHS HYJIO, HAXOLAM
u ou ou ou o
i rat sz;—_ 6_1;_’ Uee = — T (Uax + ).«

B nepeuie aBa ypaBHeHHs MOXHO Il 4, C ZOCTATOUHOH TOYHOCTHIO
noacraeute £ (x, y):

_aui_____ of Ouy ot
9z ox ' Taz T oy
OTKYyZa
d o7
Up=—zg, u,=—z-2, (11,3)

TlocTosHHEIE HHTErpHPOBAHUS MOMOKEHE! PABHLIMH HYJIIO TaK, 4ToGh
npu z = 0 umeno Mecro u, = u, = 0. 3Han u, u Uy, MOXKHO ollpe-
AeJIMTb BCe KOMIOHEHTH TeH3opa AedopMalmnui

o i &
on = =2y W= —255, Uy ‘Z?fg‘y"

(11,4)

02 0% s
om0, e (Bt 28) 2
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Tenmeps yxe MOXHO BLIMHCJHTB, BOCHOJIB30BaBUIMCh OOHIH ¢op-
myJioit (5,10), ceoGoanyo sHepruo F elyHHIBI 00beMa IIACTHHKH.
Ilpocroe BhiuHCAEHHE NPHBOAUT K BbIpaXKeHHIO

E 1 P L\ #L N\ &L o
F=2 l—{—o{2(1-—-0) 6x3+—5-y_2-) +[ 6x0y> T ToxE 6y’]}'
- (1L,5)

TTonnaa cBo6ojgHas sHepTHUs IJACTHHKH [OJYYHTCA OTCIOJA HHTErpu-
POBaHNEM TIO BCeMy ee o0neMy. VHTerpHpoBaHHe 1O 2 NPOH3BOAHTCH
B npepesax or —h/2 no +h/2, rae A — ToJIUMHA NJIACTHHKH, a 10
X, y — o BceHl NOBepXHOCTH IWIACTHHKH. B pesyJbTare HaxoauM

noJIHyio cBoGoiHyo sHepruio Fo,; = deV JeOopMHPOBAaHHOH mJia-
CTHHKH B BHJE

Fm:m%‘@—”{(gi% 6y2>+
+20—0) [(oor) — G5 o5 drdy  (16)

(an1a sJeMeHTa MOBEPXHOCTH MOXKHO BBHAY MajOCTH AedOpMalLHH IH-
caTh C JOCTaTOUYHOH TOYHOCTBIO HPOCTO dx dy).

Iocsie Toro Kak mnoJayuyeHO BhIpaxeHHe Al CBOGOJNHOH SHepruw,
MOXKHO paccMarpuBaThb IIACTHHKY KakK He 00/aJalollyio TOJLIMHOM,
T. €, KakK reoMeTPHYeCKYI0 NOBEPXHOCTb, MOCKOJbLKY Hac HHTEpecyeT
TOALKO (opMa, NpUHHMaeMas €0 NOJ BJAUAHHEM IPHJIOKEHHBIX CHJI,
a He pacnpepeneHne jJedopmanufl BHYTpH camolf IJIacTHHKH. Besu-
ynHa { sBJsAeTcs TOTJa CMellleHHeM TOYeK IWIaCTHHKH, paccmarpuba-
©MOH KaK NOBepXHOCTb, IIpH ee H3THOAaHHH.

§ 12. YpaBHeHHe PaBHOBECHS IJIACTHHKH

YpaBHeHHe pAaBHOBeCHsA IJIACTHHKH MBI BBIBEAEM M3 YCJOBHA
MHHHMyMa ee cBoGoAHOH suepruu. Has 5TOro Hajo BBIYHCAHTH Ba-
puanuio Berpaxenus (11,6).

PazofveM crogmuii B (11,6) nHTErpan Ha cyMMy JBYX HHTErpajos
H OyleM BapbHPOBaTh KaXABIE H3 HUX B OTIEAbHOCTH. llepBhIf HH-
Terpas MOKHO Hamucarb B BHIE

[ agydf,

rae df = dx dy — snemMenT noBepxHOCTH, a A = §%/0x? - 0%0y?
o6o3Hauaer 3fech (1 Be3ze B §§ 12—14) nByxmepHblfi oneparop Jla-
njaca. BapeHpysi sTOT uHTerpa’:, HMeeM

64 [ (AL df = [ AL ASLdf = [ AL diverad 8tdf =
= | div(AL vty df — [ VEL VAL
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Bce BekTOpHBIE ONEpanuH MNPOU3BOIATCS 3[eChb, KOHEUHO, B JBYX-
MepHOM cHCTeMe KOoopAuHaT X, y. IlepBuif unTerpas cupaba npeobpa-
3yeM B HHTerpajg IO 3aMKHYTOMY KOHTYpPY, OXBaThlBaoleMy Iia-
CTHHKY !):

[ div(Az vot)df = AL (ngrad 8t al = AT 2% gy,

n

rie 0/0n osnauaer auddepeHIHpOBaHHE IO HANpPaBJEHHIO BHENIHelR
HOpPMaJH K KOHTYpY.

Bo BTOpOM HHTerpase IpHUMEHSEM TaKoe e IpeobpasoBaiine
H HojsydaeMm

yva;mcdf= [ vcvagai — {scartdf =
= ormv)Ardl — ( scadf = @) 62255 a1 — ( sz gf.
$ J or gt~

INoxcraBnsisi nosmydeHHBle pe3yJIbTATHI, NOTydYaeM
1 - 0A 06
«5—2—§(A§)2df-_— §6§A2§df——§56% o8 dz+§§5A; D dl. (12,1)
ITpeo6pasoBanue Bapualuuy BToporo unrerpana B (11,6) Heckonnko

Gonee miuHHO. dT0 npeobpasoBaHue ynoOHee NPOHU3BOJHTHL He B BeK-
TOpDHOM BHJE, a B KoMnoHentax. lmeem:

L \? L o .
6 ‘H( 0% 0y ) T oxt _f%/_"’}df"

=Hgﬂ_ﬂ_-ﬁ§_ﬂ_ﬁ%ﬂ}dﬁ

Oxdy 0x0y 0x? Oy? 0x? Oy

HOJU:IHTeI‘paJIbHoe Bblpa}KeHHe 3JeCb MO2KHO HailucaTb B Bujle
0 (a8 er  ad: _QZ_C_)_{_ 9 s o8L dg by o
ox \ oy o0xoy ox 0y? dy ( 9x 0xoy oy ox2)?

T. €. KaK JBYXMEpPHYIO AHBEPTEHIHIO HEKOTOPOro BeKTopa. [lostomy
MOXHO Tepenycarb BapHallMio B BHJE HHTerpaja no KOHTYpY:

2L \? 2L 3% . 08¢ 0% a8L 0%
65‘{ axoy ] T ox? 6y2}df_(‘§dlsme{ dx 0xdy 0y W}_l_

' asy ¢ a6y o
_ +(‘§Sdlcose{ay e — o —5;} (12,2)

1) dopMysa nmpeoGpasopaHyus ABYXMEPHHIX HHTETPaJOB B TOYHOCTH aHAJAOTHIN
TpexMephol dopmysne. Ponb sneventa obbeMa dV Hrpaer Temepb SJeMeHT HOBepX-
HocTH df (paccmaTpuBaeMbiif Kak CKaJfip), a BMeCTO sjeMeHTa nopepXzocTH df
CTOMT 3JIeMEHT AJNHHL KOHTYpa d/, yMHOMXKEHHBIR Ha BEKTOD N BHEIIHeH HOPMaJIH K KOH-
TYpy. IlpeoGpasoBanue unterpana no df B MHTErpas no dl ocymecTs/sercs 3aMeHoil
oneparopa df 0/0x; na Benmanny nydi. Tak, eCliH @ eCTh HEKOTOPHH CKAMfp, TO

jV‘P df = g; pndl,
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rie 0 — yroa MexIy OCbI0 X M HOpManabio n K KOHTYpY (pHC. 3).

[TpousBonteie or 0 1Mo x U y BLIpa3UM depe3 MPOH3BOAHLIE IO Ha-
npaBJeHHi0 HOPMATH N K KOHTYPY H MO HanpaBieHuio KacaTesbHOH I
K HeMmy coryiacHO (hopMyJam

i} 7] . 4]
o5 = 080 5 — b5,
o o ad 9
E‘—SIHBWTCOSO—J.

Torza unterpafel B ¢opmyae (12,2) mpuobperaroT CAeAyOUMHA BHA
- 0 6¢ 0°Z
aj{..~}dfu§dz-&—{2smecose e

0% apn 0% 8L (. 0% 0%
—sin®0 == — COS 0 ayz],—kéidl = {smecose(a—yz—w)_}_
-I- (cos? 0 — sin?0) —6?:5!/ }

Bropoii HHTerpas MOXKHO BBIUHC/IHTb, B3fIB ero mo yactaM. Ilo-
CKOJIbKY OH Oepercst Mo 3aMKHYTOMY KOHTYpY, TO Npejesbl HHTerpH-
pOBaHHsI CAMBAIOTCA B OAHY TOYKY, H MOTOMY MBI
[0JTy4aeM MPOCTO

0 (L oL
_gidlés—él—{mnecos()(ay? —55)+

+ (cos? 0 — sin?0) aa;gy }

Puc. 3 CBofis BCe IOJYYeHHBIe BBIPaXKeHUs BMecTe U

HamMcaB mnepel HHMH KO3((QHUIHEHTHl COIVIACHO

dopmyse (11,6), momydaem OKOHUATENBHO C/elyioulee BbIpaXeHHe
JViss Bapualuu cBOGOXHOH SHEpIHH:

8Fum =D [ A% 0za — oza [ 25 +

i} 02 o2 o .
10 anocand (45— 28) + or0 —awa 25+
a6 . %

32 02
—sin?0-25 cosﬂe-ay—i)]}, (12,3)

rie
D = EW/12(1 — o?). (12,4
Jlnst TOro uTOGHI TMOJYYHTH OTCIOJA yPaBHEHHE DABHOBECHS ILia-
CTHHKH, HaJl0 NPHPABHATh HYJIO cymmy Bapuauuu 8 F u Bapnamuu §U
NOTEHUMAJLHOA 3HEPIHH IVIAaCTHHKM, CBSI3aHHOH ¢ Ha/ldYHeM Jei- .
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CTBYIOIIMX HA Hee BHEIUHHX CHJ. DTa NOCAEJHAS BapHauus paBHA
B3ATOH C OOpaTHBHIM 3HAKOM pafoTe BHEIHHX CHJ IPH CMCIIEHHH
niaactuHkH. [lycte P ecth JeficTBylolias Ha MNUJIACTHHKY BHELIHssi
CHJIa, OTHECeHHAs K eJHHHIE IVIOMAAU ee NOBEPXHOCTH !) M Hampas-
JieHHast no HopMaJu K Hell. Torna paGora, Npou3BejJeHHas CHAAMH NIPH
CMelleHHM TOueK mJjacTuHku Ha 0, paBHa

| Potaf.

Taxkum o6pasoM, nMeeM B KauecTBe YCJIOBHS MHHUMAJBHOCTH NOJIHOH
CBOGOJHOH 3HEpPruH IWIACTHHKH YypaBHeHHe

8F o — | PSCdf =0

B s1eBo#t wactu storo paBeHCTBA CTOAT KaK HHTErpaJbl 110 IIOBEPX-
-HOCTH, TaK U HHTErpaJjibl 110 KOHTYPY. HOBerHOCTHbIﬁ HHTErpaJ eCTh

[ (D A% — P} 8z df.

Bapuauus 8% B HeM npousBosbHa. IlosTomy HHTerpa papeH HyIo,

eCJIHn
D A% = P. (12,5)

10 — ypaBHEHHE paBHOBecHS IJIACTHHKH, H3rubaeMofi JeficTBY-
IONMMH Ha Hee BHelIHUMH cunamu. KosgpduuueHT B 310M ypaBHeHHH
HA3BIBAIOT HCECMKOCMb0 TVIACTUHKY NPY U3THOE WM {UAUHOpU4eCKol
HCECINKOCITLLIO.

IpaHnuHble YCIOBUA IJsI 3TOTO yPaBHEHHS NOJYUalOTCA H3 paBeH-
CTBa HYJ/O KOHTYpHBIX HHTerpanoB B (12,3). Ilpu stom creayer pac-
CMOTpEeTh HECKOJbKO pa3JHYHBIX YACTHBIX CAYydaeB.

IIpennosioxuM, 4TO YacTh Kpas IJIACTHHKH cBOOOJHA, T. €. Ha Hee
He JeHCTBYIOT HHKaKue BHelnHue cuiibl. Torna Bapuaiuu 8§ u 6 (08/dn)
Ha He# NpPOHSBOJDLHLI W ZOJIKHEI OBITh PABHBIMH HYJ/O KO(p(HIHEHTH
npuM 3THX BapuauuaXx B HHTerpanax IO KOHTYypy. D10 mpuBOAUT
K YpaBHEHHAM

6A§ 4 (1 — ) {cosOSlﬂf)(gé - gjc> +
+ sear] =0 (129)

At +(1 —o){zsmecose ajzgy — sin?0 05 — cos?0 C}_o (12,7)

OHu JOJKHBL BHITOJAHATLCS HA Beefl cBOGOIHOH rpanule MIACTHHKH.
Kpaesuie ycnoBus (12,6—7) BecbMa CJIOXKHBI. 3HAUHTENLHO GoJslee
NPOCTHI C/Tyd9aH, KOrAa Kpas MJIacTHHKY 3a0esars. wan onepmel. Ecan

1) Cuna P voxeT IBASTLCS 31€Ch Pe3y/bTaTOM JeficTBUA OObeMHBIX CHJI (HanpH-
Mep, CHJIBI TAHKECTH) ¥ PaBHa TOTa HHTErpaly OT NocjefHell MO TOJIUHE MAaCTHHKH.
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Kpas NJIaCTHHKH 3ajenasbl (puC. 4, @), TO OHH He MOTYT HCHBITHIBAThH
HHKAKOTO BEPTHKAJAbHOTO CMEINEHHS H, CBePX TOTO, He MOMKET H3Me-
HHTbCS TaKXe H HanpaBJeHHe STHX KpaeB. YTOJ, Ha KOTOPHIH MOBO-
paunBaeTCa JAHHHIE YYaCTOK Kpas HJacCTHHKH OTHOCHTE/NbHO CBOEro
nepBOHAava/JLHOrO MNOJIOXEHHS, paBeH (IPH MajbX CMeueHusnx §)
npousBogHoll 0f/dn. Taxum o00pasoM, Ha 3ajeJlaHHBIX Kpasx Ia-
cTHHKH Bapuauuu 8§ u 6 (00/0n) paBHBI HYJ/IO, TAaK YTO KOHTYpPHBIE
unrerpanel B (12,3) ncue3arOT TOXAECTBEHHO. ['paHMyHBIe YCJIOBHS
HMEIOT B 3TOM CJyvyae NpocTolf BHI:

r—0, %o (12,8)

on

ITeproe Bripamaer cofol TOT Qakrt, YT0 Kpas IJIACTHHKH Boo6lle
He HCOBITBIBAIOT BePTHKAJNLHOIO CMeIUeHHs npd JedopMauuH, a BTo-
7 poe — uTO HalpaBJeHHe Kpasd OCTaeTCsi ropH-

a % 30HTaJbHEIM.
< JIerko onpejesuTh CHJB peakiuH, eHCcTBy-
IolllEe H& IJacTHHKY CO CTOPOHBI ONOPH B TOY-
Kax 3akKpelyieHHs. DTH CHJEBI paBHH H IPOTH-
BOMOJIOKHLI CHJaM, JCHCTBYIOMIHM Ha OmoOpy
CO CTOpCHBI MacTHHKH. Kak wu3BecTHO H3
MeXaHdKH, cusa, JedcTBylollas B HEKOTOPOM
HanpapJieHHH, paBHA NPOM3BOJHOH OT SHEPTHH
Pue. 4 00 KOOpJMHATaM, B3ATOH IO STOMy Hanpas-
Jenuto. B uacrtHoctH, cmja, ¢ KOTOpo# mia-
CTHHKA JAeHCTBYeT Ha OfOpY, OINpPEele/IsieTCsl IPOH3BOAHOR OT SHEPTHH
1o cMmemenno § Kpasi nJIacTHHKH, B3ATOH ¢ 0GpaTHBIM 3HAKOM, a 06-
parHag cuja peakuuH — TOH 2Ke IPOH3BOJIHOH C MONOXKHTENbHEIM
siakoM. Ho 3Ta npouspoiuas ecTb He uTo HHOE, KaK KOI(DQHIHEHT
npu 6% Bo Bropom nrTerpane B (12,3). Takum o6pasoM, cuia peaknuH,
OTHECeHHass K elMHMIe NAMHEL KOHTYPa, paBHA BBIPAXKEHHiO, CTO-
siEMy B JIeBO yacTH ypaBHeHus (12,6) (KoHeuHo, He paBHOMY Tenepb
EYJO), YMHOXeHEOMY Ha D. ARa/JOTHYNO, MOMEHT CHJ pCaKIHH
ONpENeIACTCST BBIDAXKCHHEM, CTOSIIHM B JEBOH 4YacTH ypaBHeHHs
(12,7), ymuoxenssM Ha TOT ke Koapduusent D. 210 cleiyer u3
H3BECTHOIO M3 MeXaHHKH O6CTOATeNbCTBA, YTO MOMEHT CHJIBI PaBeH
TIPOH3BOJHON OT 3HePTHM IO YTAy NOBOPOTA Tesa. YTOJ Ke NOBOpOTa
Kpas NJIaCTHHKH paBeH MNpou3BOXHOA 0{/0On, TaK YTO COOTBETCTBY-
IO MOMEHT CHJI onpejensercs KosgduuuentoM npu O (9%/0n)
B TpetbeM uHTerpase B (12,3). Ilpu atom o6a 3TH BhIpakeHHs (aas
CIJIBI M MOMEHNTa) BBHAY ycJosuii (12,8) cusbHo yupomaiwotes. Hmenno,
10CK0JbKY § M 00/On paBHEI Hy/MIO BIOMb BCEro KOHTYpa Kpas ILia-
CTHHKH, TO 06paulaloTCs TOXKIAECTBEHHO B HyJb TaKKe H HX NPOU3BOJ-
Hble BCEX TIOPSIAKOB MO Hampas/eHHIO KacatenbHo# |. YuuThiBas 3to
o6icToaTeNbeTBO H nepexozda B (12,6) u (12,7) oT BPOM3BOJHBEIX MO x
W ¥ K NPOUSBOAHLIM B HANpaBJeHHSAX N H |, NOJYyYUM CAeRyrOowue

6)
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NpoCThie BhIpaXeHHs A cHanl F u moMenta M peakuHu Omopsi:

. i do o
F=-—D [ o T anz]’ , (12,9)
az
mM=D2%. (12,10)

Jlpyroii Baxubil cayuail — onmepras nJjacTuHKa (puc. 4, 6), y Ko-
TOpOil Kpas TOJIbKO ONMPAIOTCS Ha HENOABHKKHYIO OMOpY, HO He 3a-
Kpensiednl B HeHl. B rtakom cayuae Ha KOHType NJACTHHKH (T. e.
Ha JIHHOH, 10 KOTOPO# MJIACTHHKA onHpaercs Ha ONOpY) BepTHKaJb-
Hoe CMeLIeHHE NO-TIPeKHEMY OTCYTCTBYeT, HO HAlpaB/ieHHE OTHIOIb
He ocTaeTcsl HeusmenHuM. CooTBeTCTBeHHO 3ToMy B (12,3) B HHTErpaje
o KOHTYPY

6; =0,
HO
8t
66;: #0.

IMosTomy u3 mByx ycaosuit (12,6), (12,7) ocraercs TOJBKO BTOpOE.
Broiparkenne e, crosiuee B JeBofi uactu (12,6), ompenensier, kak
H B NpeAblAyleM ciydae, CHJIy peakiluH, IeHCTBYIOLIYIO B TOYKax
OMOpLI MJIACTHHKH (MOMEHT K€ 3THX CHJ PaBeH Tenepb B PaBHOBECHH
uymo). ['pannutoe ycnosge (12,7) ynpomaercs, eciu nepefity K npo-
H3BOJHLIM N0 HaNpaBJeHHsM N H |, npuueM ydyectb, YTO B CHJIY
paBenctBa { = 0 Ha BceM KOHType 00pamiaioTcsi B HYJ/b TaKXe H
npousBoauble 05/00 u 0°(/0P. B pesynbrare noJy4dM TpaHUYHBIE
yCJIOBHS B BHJAE

02 do  og :

3anaun

1. Onpepennts AedopManmio KpyryIofi ryiacTunky (pajuyca R) ¢ sajenanHbiMH
KpasMH, Dacro/IOXKeHHON FOPHSOHTANLHO B II0JI€ THXKECTH.

PenteH He Bo6upaeM noJfpHbHE KOODAHHATHL ¢ HaYaJoOM B IeHTpe nJja-
cruikd. Cuna, IeficTByomas Ha eXHHMIY MJIOMALH NOBEPXHOCTH MJIACTHHKH, paBha
P = phg. VYpasuenue (12,5) npuobperaer BuA

A% == 64B, P = 3pg (1 — 0%)/16A%E
(nonoXuTe/bHEE [ COOTBETCTBYIOT CMEIEHHMIO NO HANpaBleHHIo AeficTBAS CuiH
193KeCTH). [I0CKOIBKY § €cth QYHKIHS TOJLKO OT 7, TO 414 A B NONADPHBIX KOODAHIa-

Tax Hajo NHCATb A=—;— ) O6wuii uHTErpajl 3TOro YypaBHEHHA eCTb

T\ a
= 2 1n L
{=Pprttat+b+4cln 7 +dln -

r
B panuoM cayuae Hago nonoxuTs d = 0, 12K kak n 3 obpamaercs npu r =0

B GeCKOHEYHOCTb, a TaK¥e ¢ == 0, TaK Kak 3TOT 4ieH NPHBOJLUT K 0COOOCH TOuKe y Al
npu r = 0 (370 COOTBETCTBOBaAO OHl CuJe, NpHJIOKEHHOH K UEHTPY NJIACTHHKH, —

P—
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cM. sapjauy 3), IlocTosiHHble @ H b ONpeleqsICTCH H3 IpaHHuHBIX ychosuil § = 0,
db = 0 npu r= R, B pesynpraTe naxoaum
r

£=B(R*—r2)

2. To xe ZnA MJIACTHHKH C ONEPTHIMH KPasMH.
Pemenne Ipanuunbe ycaonus (12,11) B cayuae KpyraIo#f miacTiudky npn-
o6peTaloT BHJ,

@, o d g

dr? r dr

£=0,
Pelrenne anajoruuno peliIeHuio 3afaun I u OPpUBOANT K pesy.nmary‘
540
- 2__ g2 R — ,2> .
t=B(R = (12
3. Onpenennts AedopMalHio KpYIIofl MIACTHHKH € 3afeNaWuLIMH  KpasMH,

K LEHTPY KOTOpPOil MpHJOXKeHa cuja [.
Pewenue Besne, kKpoMme Hauana KOODAHHAT, HMeeT MeClo ypapHeHHe

A% =0,

FnTerpupys, Haxopum

Q:arz-l—b—l—cﬂ]n—]%—

(unen ¢ In 7 onate onyckaem). IMoanas cana, peficTByomas Ha NJAaCTHHKY, pabua
culle f, TpUJAOKEHHOA K ee HEHTDPY; NO3TOMYy HnTerpan oT A%l no NOBepXHOCTH
DJIAaCTHHKA ZO/KeR OHTh paBeH

¢ /
2 rA2 dr = —_
24 j‘ S D
0
Orciona nosyuaercs ¢ = f/8nD. Tloctosinibie @ 1 b ONpeleIsIOTCA M3 TPaHHUHBIX
YCJOBHil, U B pe3yJjbTare HaXOZHM
f 1 2 2 2 P
=T [T‘R == ‘“T]~

4. To xe R NNaCTHHKH C ONEPTEIMA KpasMH.
Pemenne.

f 340 R '
= ToaD [l—l—c (R® —r2) — 22 mTJ’

5. Onpeaenuts AeopMalHIO KPYIVIOH NJIaCTHHKH, NOABelieHHON B CBOeM Uel-
Tpe W Haxolsimleficd B NOJie TSAXKECTH.

Pewewyne YpapHenue ias § 4 ero ofilee pelieHHe — TAKHe K€, Kak B 3a-
zaue 1. Tlockonbky B nentpe cmemenre § = 0, 1o ¢ = 0. [Tocrosuune a, b onpepe-
ASOTCA K3 rpaHuuHbX yeaosnit (12,6) u (12,7), MMeOMUX NPH KPYroBofi CHMMETPHH
BHJ

dA _d g 1 diN . &L o d
dr h?(dﬂ‘}—“f’ o )=% Gt a =0

B pesysibTaTe HAXORHM
R 340
=82 | r2 2 g —- 2 2T
L =fr [r + 8R lnr + 2R I 0].
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6. Ot Tena OTpuBaeTcsi TOHKMA cJofi (TOMmUHOA k) MPHJAOKEHHBIMH X Hemy
BHEIDHUMHA CHJIAMH, JeHCTBYIOIIHMH NPOTHB CHJI NOBEPXHOCTHOTO HATSMKEHHA Ha
MOBEPXHOCTH OTPoiBA, IIpH 33JaHHEIX BHEUIHHX CHJAX YCTAHABJHMBAETCA PAaBHOBECH:
C ONpejeJCHHHIMH BeAHYHHOH NOBEPXHOCTH OTpPHBA M (OPMON OTPHIBAEMOR mJia-
cruskd (puc. 5). BuiBectu QopMysty, CB3LIBAIOUIYIO BEJHYHHY NOBEPXHOCTHOIO Ha-
TsKeHus ¢ GOPMOH OTpLIBaeMOH NNaCTHHKH,

Pemenue Orprpaemsli cofi paccmMaTpupaeM Kak INIACTHHKY, OAMH H3
KpaeB KOTOpOH (xuua oTphna) safenan. Hsrutaomuii momenT, JeACTByOmAS y sT0r0
Kpasi, onpegeasercs dopmysron (12,10
paboTa, NPOMSBOAMMAS 5THM MOMEHTOM h
npH yaauHelnud 061acTu oTpuiBa Ha Ox,
paBHa

a8 @@L P2
M ox = M 0x Dt _D(W> 6x
0

Puc, 5

(padota e uarubaromiefi cuumt F o sB-

JifieTCsl MaJiofi BeIMYMHOHi BTOPOTO IO-

paaKa). YcaoBue paBHOBECHS COCTOHT B paBeHcTBe 3T0H paGOThl H3MEHEHHIO SHeprin
cucremsl, [Tocnennee cknanpipaetcsi M3 IBYX dacTell: HM3MEHEHHS IIOBEPXHOCTHOI
SHEPrHHY B H3MEHEHHS ynpYrof sHepruM OTPLIBAEMOH IVIACTHHKM 3a CYeT YANHHEHUR
ee usoruytoil uactu. [Teppas pasHa 20:6x, TRe & — KO3OHIUEHT NOBEPXHOCTHOrO
HATSKEHHS, 3 MHOXKNTENb 2 YUNTHBAET BOBHHKHOBCHHE INDH OTpLIBE ABYX CBOCOL-
HbIX nMoBepxHoctefl, Bropas xe uacTs paBHa

[ER3/24 (1 — o%)] (0%L/0x%)? bx

(sueprus (11,6), npuxoasmasics Ha AnuHy Ox naacTHHKY), T, €, COCTABAAET NONOBHHY
padorw (1). Taxum o6pasoM, mOJy4um

S 172_@)2
— 4 (6)52 ’

§ 13. IlpoposbHbie AePCpPMAIMH NJIACTHHOK

Oco6piM BHIOM JedopManuil TOHKHX [JIACTHHOK SIBJSIIOTCSA HPO-
JoJibEbie fedopMallii, NPOHCXOMsIIIHE B CaMOfl MJIOCKOCTH MJI&CTHHKH
U He ConpoBOXKAalnuecss ee H3ruboMm. BroiBeneM ypaBHEHHS paBHO-
BECHsl, ONHUCBHIBalOLHe TakHe Aedopmanud.

Ecau miacTuiKa JOCTaTOYHO TOHKA, TO 1ehOpMalHi0 MOXKHO CUR-
Tath OAHOPOAHOH no ee ToauuHe. TeHsop lepopMmalln ABASETCH
1npu 3ToM QyHKUHEH TOIbKO OT X H Y (IJIOCKOCTD X, Y BEIOpaHa B mJo-
CKOCTH IVIACTHHKM) M He 3aBHCHT OT z. [Iponosibnble Aepopmalnii
IITACTHHKH BBISLIBAIOTCS OOBIUHO JIHOO CHAAMH, HOPHJIOKEHHBIMH K ee
KpasM, JHGO AefiCTBYIOLIHMH B MJOCKOCTH MJACTHHKH OOBEMHBIMHA
cunami. [paHuuHble ycJOBHA Ha O0eHX MOBEPXHOCTAX MJIACTHHKHA
[IaCAT MPH 3TOM: O;n, = 0, HJIM, NOCKOJLKY BEKTOp HOpMaJu Ha-
npasJjieH 1o ocH 2t 6, = 0, T. e

Oy = 0y, =0, =0.

Crnexpyer, OJHAKO, 3aMCTHTb, YTO B H3J1araeMoil HHXKe npubJKKeHHOR
TeOpHH 3TH YCJIOBHA OCTAIOTCA B CHJIE W B TOM caydae, KOrla pacrs-
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[IBAOIE BHENIHHE CHJB NPHJIOXKEHB! HEelNOCpPEACTBEHHO K IOBEpX-
HOCTSM ILIACTHHKM, TaK KaK 2TH CHJbl BCe pasHO OYAYT MaJbIMH N0
CPaBHEHHIO € RO3HHKAIOIMHMH B MJACTHHKE NPONOJbHEIMH BHYTpEH-
HHMH HANPSKCHUAMH (Oyy, Oy, Oy,). Dynyun paBumiMu wmymo ua rpa-
HHIIAX, BeJIHYHHLL Oy, Oy, Oy OYAYT MaJbLIMH H HA BCEM NPOTSIKEHHH
Manof TOMIHHBL IJIACTHHKH, B CHAY 9ErO Mbl MOXKeM NPHOJIHKEHLO
CUMTATh HX PABHEIMH HYJIO BO BCeM o(beMe NAACTHHKH.

ITpupaBenRag Hymo Buipamenus (11,2), nojyyuM caepyionyic
CCOTHOIIEHHSL:

Uy, = — '1—_0:5 (Uye +1y), Uy =1, =0. (13,1

INozxcrasus px B ofmue gopmyast (5,13), nosydaeMm OTJAHYHBIE OT HYJs
KOMIIOHEHTB! TeH30pa HanpsiKeHHH B BHJE

E I

Opx = T2 (”xx D Guyy):
E

Oyy = T2 (tyy -+ ott), (13,2)
E

Oy = T g Uy

Crenyer ofpaTHTb BHHMaHHE Ha TO, YTO nyTeM (OpMasbHON 3aMeHbl

£ (13,3)

Evq=r o~

l—o

8TH BbIpaXKEHHs NMEPEXOAAT B (POPMYJbl, ONpejessiouiie CBsi3b MEXAY
HANPSKEHHAME Oy, Oyyy Oy M JCQOPMALUAMH Uyy, Uy, Uy, TIPH
naockolt gegopmanuu (gopmyast (5,13) ¢ u,, = 0).

[Tocsie Toro Kak Msl TaKuM 00pa3oM HCKJIIOYHJH BOBCE CMEILEHHE U,
Mbl MOXKEM PacCMaTpuBaTbh IJIACTHHKY IIPOCTO KaK HEKOTODYIO ABYX-
MEPHYIO Cpeay (ynpyeasa naockocme), He 06JaNAOWLYI0 TOJUHHOL,
¥ TOBOPHTb O BeKTope nedopMalluM u KakK o JBYXMEDHOM BeKTOpe
C IBYMs KOMIOHEHTAMH Uy H Uy Ecau Py, P, — KOMNOHEHTH BHeLi-
pel 06BbEMHOH CHJIBL, OTHecenHOH K ezmmme 0Ol IJIaCTHHKH,
10 00IHE ypaBHEHUS] PABHOBECHS IVIACHT:

h(éow + 6"“’”)—'—P._0 h(aon 6o'yy)_}_P =0.

Ioncrasnsa ciona Bhipaxenus (13,2), nosyyaeM ypaBHEHHs paBHO-
BeCHSI B BHIE

1 0%, 1 0%ty u -
Eh[ 1 —c® ox? +2(1+0) 0y +2(l—0) dx@Z]-{—Px__O’
(13,4)

1 Ty 0%y 6ux] .
1 —a? oy? +2(l+0) ox? +2(1-—0) Ox 0y + Py =0.

En [
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3ty ypapHeHus MOTYT CbITb HAMHCAHBL B ABYXMEPHOM BEKTOPHOM BHAE

- (13,5)

—_— 02
9 rotrotu= —P [—o

graddivu — 3 —

rJle BCE BEKTOpIiBle onepaliH MOHKEMAIOTCA KakK ILBYXMGprIe.
B YaCTHOCTH, B OTCYTCTBUE 00DbeMHBIX CHJ YPaBHEHHE PABHCBECHI
IJIACHTI

graddiva — ! > % rotrot u == 0. (13,6)
Ouo oT/uuYaercs JubL SHaueHweM KosdduuneHTa (B COOTBETCTBHH
¢ (13,3)) or ypaBHeH:si paBHOBeCHA IJIs MJIOCKCH JedopMallHy He-
OTpaHUueHHOro BLJb OCH Z Tena (§ 7) D). Taxk xe Kak ¥ 11 JIOCKOI
nedopMalEy, MOMKHO BGECTH BHeCh QUHK{UIO HANPAKHEHUA, OTMPElL-
JIEHHYI0 COOTHCINEHHAMH

Py . %y oy
Oxe = 50 Ox™= "o Ow= o (13.7)

aBTOMAaTHUYECKHU YJOBJCTBOPAIOHMH ypaBHeHHAM paBlIOBECHA, Halu-
CaHHBIM B BHJE

003 00y 00y doyy =0
Gx—{_ﬁy-()’ 6x+6y_°
@OyHKHUA HaNpsKeHu# [O-IpeKHeMy YROBJAETBOPAET GurapMoHuue-
CKOMY ypaBHeHHIo, TaK Kak Aas Ay uMeeM COOTHOLIEHHE

E .
AY = Opx+ Oyy=T—5 (s~ Uyy) = T’_E_Z,—' divu,
OTJIMuaIoleecst JAHIIb MHOXKHTEJEM OT TOrO, YTO MBI HMEId VA IL1O-
cKoll JledopMallyy.

OrTMeTuM 37ech chaepyioliee o6CTOATEJILCTBO! pacopelienenne Ha-
npAXeHUH B MuacTiHKe, AeopMupyeMOd IPUJIOKEHHBIMH K €€ KpaaM
33AaHHBIMM CHJIaMH, He 3aBHCHT OT YNPYTHX NOCTOSHHBIX BEILECTBA
naacTuiky. JlefCTBHTENLHO, 3TH TNOCTOsiHHBIE HE BXOAAT HH B OH-
rapMOHHYeCKOe ypaBHEHHE, KOTOPOMY YAOBJIETBODSET GhyHKIHA Ha-
npsikenni, Hu B ¢opmynnl (13,7), onpezensiolilie KOMIOHEHTH Oy
no 3Toil (YHKUMHU (a NOTOMY M B FpaHHYHLIe YCJAOBHA Ha Kpasx hja-
CTHHKI).

3anpaun

1. OnpeslenuTe RedOpPMAUMIO [JIOCKOTO ANCKA, DPABHOMEPNO BPALIAIOHIEroCA
BOKPYT OCH, NPOXOJAmleil Hepes ero LEHTP H MepneHfuKyJAspHOH K ero NIOCKOCTH.
Pemenne Vckomoe pemienue OTIHUAETCS JHIIb 3HAYEHHAMH INOCTOFHHBIX
KO5(PUIHEHTOB OT NOJY4YeHHOro B sajaue 5 § 7 pewenust A JI0CKOH Aedopmannid

1) OnHOpOARYI0 BLOAL OCH Z AeOpMAIHIO, TIPH KOTOPOil BO BCeM Teae Oy =
= O,y = 0y, = 0, MHOTAA HA3LIBAIOT NAOCKUM HANPANCEHHOLM COCMORRUEM B OTIHING
OT IJIOCKOM Re}OpMallK, MPH KOTOPOR BO BCEM TeNe Uy = Uiy == Uzz = 0.
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Bpamaomerocs uuanvapa. PaauvangbHoe cmetlenHe u, = u (7) paerca QopmMyaoit

_ pR2(1 —0?) 340
u= a5 ’(l-}—GRZ—rZ)'

310 — BhIpaxkerue, nepexopsmee npu samene (13,3) B dopmyny, nonyuenuyio B 3a-
naue 5 § 7.

2. Onpenennth RedopMannio NoJayGeCKOHEYHON NMIACTHHKH (C NPAMOJHHERHHM
Kpaem) MOJ BJAHSHHEM COCPEJOTOYEHHOH CHJBI, NPHJIOMEHHOH K TOUKe Kpasd OJa-
CTHHKHM H JeHcTBYyIOLIell B €€ NMJIOCKOCTH,

Pemenue BBoguM noasipusie KOOPAMHATH € YIVICM @, OTCUHTHIBAEMEHIM OT
HANPaBACRUS AeACTBHS NPHIOKEHHOH CHIL; OH TIpoGeraeT sHayeHHs ot — (/2 - )
JO T/2 — @, The 6 — yroJ MeXAy HanpaB/eHHeM CHJIB W HOPMAJbio K Kpaio TJia-

cTuHKH (puc. 6). Bo Bcex Toukax cBoGonnoll rpa-
F HHUUB, 338 HCKJIOUEHHeM TOUKM NPHJOMKeHuA RHel-
Heil cuabl (HAuYaJoO KOOPAMHAT), AOJIKHBI BEINOJ-
HATBCH  YCJNOBHA Ogy == O, = 0. Bocnonnsopas-

7 NN IIHCh BHIPAXKEHHAMH M8 Ogq H Opy, N0JAYUCHHBIMH
,"/ N \ B 3afave 11 § 7, nafizeM, yTo 1218 3TOrO PyHKIUA
/ \J N/ \ HanpsXKeHHH JOJ/KHA YAOBJIETBOPSATL YCJIOBHAM
[N | -

L \ /. ay
A N/ —= = const,
NN or
N v
PRI N
: 1 0y t _ 1
PHC. 6 'T‘—aq)—-—cons npu (p-—- :F'Tz"—a.

O6a 3Ty yCaOBUA BLINOJHSIOTCH, ecan ¥ = 7f (9). Ilpn Taxolt noicranoske Gurap-
MOHHKYECKOE ypaBHEHHE

1 9 0 a 7?2
[+ () + [ 1=0
Aaetr and f (¢) peluenus suja sin @, cos @, @ sin ¢, ¢ cos @. M3 nux nepnuie f8a duk-

THBHH, TaK K&K NPHBOAAT K TOXKAECTBCHHO DaBHBIM HYJIO HaNPAXEHUAM. Pemel—me,
jamoliee npapuabHOE 3HaueHHe HpPIJIO)KGHHOﬁ B Hauaje XOOPJAHHAT CHJRIL;

F 2F cos
A= RSN, O = — ==, 0= gy =0 (1)

(F — 3HaueHWe CHJIBI, OTHECEHHOE K €HHUIIE TOJNLIMHBI M1acTHHKH). JefictBUTeNbHO,
NPOEUHPYA CHJB BHYTPEHHHX HaNpMKeHHMH Ha HanpaBieHHs, NapallieibHOe H
neprneHauKyaspHoe K cuie F, 1 uHTerpupya no Manofl NOJyOKDPYMHOCTH C LEHTPOM
B HayaJle KOOPARHAT (PajHyC KOTOPOH MOMHO NpPEeACTAaBHTL cebe CTPEMSIIIUMCH 3aTeM
K HYJI0), NOJY4UM

J Oy €Os @r dp = —F, j Oy Singrde =0,

T. €. KaK a3 Te 3HAYeHH:d, KOTOPHE KOMIIEHCHDPYIOTCA NpUJIOKEHHOH B Hauajse KOOp-

JAMHAT BHEUIHeH CHJIOH. ) '
Gopmyanl (1) ompelensior MCKOMOe pachpefieieHue HanpsikeHuil. OHO OKa3bi-

BaeTCst YHCTO pajuajbHEIM: Ha BCAKYIO TWIOWIAAKY, NEPHeHAUKYAAPHYIO K pajHycy,

JlefiCTByeT TOJBLKO PajHasbHasl CKMMAOHIas cuja. JIMHWAMH paBHBIX HanpsXeHHi

RBJAAIOTCA OKDYXHOCTH r = d €Os ¢, NPOXOAAILNe Yepe3 HAUaJO KOODAHMHAT H HMe-

onye UeHTPHl Ha NpsMofl, BAOAL KOTOpoii feficTByer cuana F (puc. 6),
Komnonenutnl Tensopa fedopmamuu

Oy o
rr =~—F=s HUgo=—"F Orrs Ug= 0.
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Orcio1a HHTerpHpoBaHHeM (¢ noMompbio BupaXenuit (1,8) Anf KOMNOHEHT ujp B MO-
ASPHHIX KOOPAHHATAX) MOMXHO HAHTH BEKTOD CMEUIeHHS:

2F r (1—a)F .
Up=——p cosmln—a———ﬂ-E-——cpsmcp,

20F 2F

_ 2F ro. (1 —a)
Up="—F sin g - Py ln—E-smcp—}-———-

9 F(sin — S
nE P — @ cos ¢).

[ocTOstHHBIE KHTErPRPOBAHUS BLGpaHH 87€Ch TAKMM OOGPa3oM, 4TOGH HCKJIOUHTD
nepemelienine (IePEHOC HAM NOBOPOT) NJIACTHHKH KaK HEJNOro; HMEHHO, Npepnoa-
raercss HeCMEIleHHON HEXOTOpas YCJIOBHO BHIOpaHHas TOYKA, HaXoAAmasacd Ha pace
CTOSIHHH @ OT Hauaja KOOpAMHAT Ha JIHHHH JEHCTBHA CHJBL

I
Puc. 7 ) Puc. 8

C NOMOIIBIO TIOJYUEHHOTO pelleHHs MOXKHO [OCTPOHMTH pelleHHe JJsl MPOH3BOJb-
HOTO pacnpeje/enss CHl, AedCTBYIOMMX Ha Kpajl nuactunkwm (cp. § 8). Camo nmo cebe
OHO, pasyMmeerTcsi, HENPHMEHHMO B HENOCPEJCTBEHHOH OKPECTHOCTH Hayaaa KOOp-
JAuHaT.

3. Onpesenuts JeOpMALUI0 GeCKOHEUHOR KIHHOBHAHOK IIACTRHKH (C YIVIOM
20 npu BepuIxHe) NOJ BJIMAHMEM CHJH, NPHUIOXKEHHOH K ee BepluHe.

Pemenne Pacnpenenede HanpskeHuii onpefensercs $opMmy.naMmi, OTIH-
QAIOU[MMKCS OT [OJYYEeHHHX B NpeAblAymleil sajade Juuib HOpMuposKoil. Ecin chaa
NeicTByeT BIOAb CpeiHell JAHHMHM Kamua (cmia Fy mHa puc.7), To uMeeM

Ficosg
Opp = — ———T—— 5, Opg = Ogp =0,
" r{a+ Yysin2a)® T 9

FEcau e cuia felicTByeT B NepreHJAnkyaspHom Hanpasaenun (Fy Ha pHC. 7), 10

I Facos @
T (e — Yy sin 20) °
B Ka10M U3 3THX ABYX C/IyuaeB yros @ OTCUHTHIBAETCS OT COOTBETCTBYIOLIETO HANpa-
BlcHNS AefiCTBHS CHJILL.

4. Onpenenuts AeOpMAllHI0 KPYTJIOTO JAHMCKa (pajuyca R), €Xatoro Asyus
PaBHEIMH H TPOTHBONOJIOXHEMH CHAaMH FH, NPHIOXKEHHEMH K JBYM KOHUaM Jna-
metpa (puc. §). .
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Pemwenne Pemenne 3aauu nojsyuaercs NMyTeM HajOXeHHA TpexX pacnpes
Jenenuil puyTpeuHnx Hanpsxenuil. Ilpa pacnpepenenns:

0(1) _2_[‘_% 0'(1) =0(1) =0’

nry T g r ’ rie @19y
0@ —_ 2 sem: o) o
Fals T rg 7292 Q03 !

rne ri, ©i U ry, Py — NOJASPHEE KOOPAHHATH NPOH3BOJIBHON TOYKH P ¢ Hauanamm
COOTBETCTBEHHO B TOukKaX A M B (310 eCTh HanpsXKEHHA, KOTOpPHle BO3HHKIH Obl OT
1OpMaJIbHCH CHiIEl F, NPHIIOKEHHO K TOYKe Ha I'paHHILe 10y IIOCKOCTH, CM. 3aKauy 2),
Tperve pacnpefenerue
o®—_F s
ik nR ik

npeacTasageT coBofi pABHOMEpPHOE pacTsKeHHe ONpPefeJeHHOH HMHTEHCHBHOCTH,
JelictBuTteabno, ecai ToYKa P JieHT HAa OKPYXXHOCTH Kpas [JHCKa, TO AJf Hee r) =
= 2R c0s @y, ry = 2R €0s 3, TaK 4TO ’
o) =of) =—F/nR.
TTockOALKY HAMpPaBJAEHHS Tj M T B 3TOH TOUKE B3aHMHO HEPHEHAMKYJIAPHE, TO ME
BUAMM, 4TO IepBble ABE CHCTeMbl HANpPsKeHHd NDHBOAAT HA Kpal0 AHCKAa K PABHO-
MCPHOMY CIKATHIO; STH CHJB KaK pa3s KOMIIEHCHPYIOTCS DABHOMEPHBIM DaCTSIKEHHeM
Tperhell CHCTeMbl, TaK YTO Kpal JAHCKA OKa3hlBaeTCs, KaK M CJAELOBAJI0, CBOGORHLIM
OT HanpsKeHHH. )
5. Onpemenuts pacnpejeleHHe HaNpsXKeHUH B HEOrPAHHUEHHOH MNJIaCTHHKE
¢ KpyrawmM oTBepctHeM (paguyca R), noiBepraemoli paBHOMEDHOMY PaCTSAMKEHHIO.
PemeH ne PasHoMepHOMy pacTSKEHHIO CIIONIHOH NJIACTHHKH COOTBET-

CTBYIOT Hampsaxenua 09 =T, 0;}; =0y =0, rze T — pacrardBaiollas CHaa,

bim oTBewaer ¢yHxuUus HanpaKeHHiE

%O = —g-y“‘ = —72;r2 sin? @ == —‘—11— Tr2 (1 —cos 29).

Tlpu HaNuuEH KPYIVIOTO OTBepcTHA (C IEHTPOM B Hadaje HNOJSIPHBIX KOOPAHHAT
7, §) umeMm PYHKIHIO HanpsxeHHd B BuAe

K= 2® -, xP=f(r)+ F(r)cos 2.
He saBucamuii or (p‘ uMTerpan GHrapMOHHYECKOTO YPAaBHEHHS HMEET BHJ
. f(ry=arrinr+4+br24clnr,
a B HHTErpase, NPONOPLHOHAILHOM €OS 2¢:
F(ry=dr? +ert 4 g/ra.
Bxoasiue Cioja NOCTOSHHBIE ONpPEAENSIOTCA YCJACBHAMH Off) =0 mnpn r=o0 1
Opp == Oy =0 Ipu 1 == R. B pesyabrare noJyuum

2
x D = T‘;Z [—-lnr-}— (l —-—;—3—;—) COS?‘P] ’ -

B pacnpeneyeHue Haﬂpﬂﬂ(eHHﬁ onpejensercsa Tak:

c,,:—TQ—(l—- rR;Z ) [1—}—(1— 352 )cos?cé] ,

T R? 3R*

GW=-§—[I+ P —(1-}— - )cos?.tp],
T 2R? 3R% 7 .

o,q,=——2—[1 - ha sin 2¢.
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B 4acTHOCTH, Ha TPAHHIE OTBEPCTHA Ogg = T (1 — 2 cos 29), a npu @ = £n/2
Opp = 3T, T. €. B TPH pasa UPEBOCXOJMT HAnpsuKeHHs Ha GECKOHEYHOCTH (cp. sa-
naay 12 § 7). '

§ 14. Cuapuplii H3rH0 NAACTHHOK

Mznoxennans B §§ 11—13 rteopus usrua TOHKHX NJIACTHHOK
OpHMeHUMa JIHIIb K JOCTaTouHO cjaabuiM u3rubaMm. 3aberas suepey,
yKaxkeM yiKe 3JeCh, UTO YCJIOBHEM NPHMEHHMOCTH ITOH TEODHH -
JISIeTCs MaJioCTb nporuba { 1o CpaBHEHHI C TOMLUHOH A NNACTHHKH.
Tenepr MbI nepefijieM K BLIBOAY YPaBHEHHH PpaBHOBECHS CHJILHO
n3orgyrofi miacruHku. Ilporud [ npu sToM yXKe He mpejnosaraercs
MaJbM o cpaBHeHuio ¢ A. [logdepKupaem, OAHAKO, 4TO camMas Ae-
(hopManua no-npeHeMy [OJ#Ha OLITh Maja B TOM CMBIC/E, YTO TEH30D
JehopMauun JoszKkeH GhiThb Mad., Ilpaxtuuecku 310 OOGBIUHO O3HadYaeT
Tpebopague § « [, T. e. nporu® AoJKeH ObITh Mal MO CPaBHEHHIO
¢ pasMepaMH [ nacTUHKH.

H3ru6 mnaacTHHKH CONPOBOXKAAeTCd, BOOOLIe FOBOps, ee O6IHM
pacrsaxenneM ). B ciyuae cnaboro usrufa 3THM pacTsKEHHEM MOXKHO
npeHeGpeus. [lpu cuJbHOM ke H3THGE 3TOrO yiKe OTHIOb HEJIb3A
cAeJaTh; B CHJALHO H30THYTOH NJACTHHKE HE CYLIECTBYeT MHO3TOMY
HHKaKoH «HefTpanbHOH noBepxHocru». Hamnume pacrsixerus, co-
[IPOBOXKJAIOMIETO H3THO, sBASETCS CchnelHpHYecKOR OCOGeHHOCTBIO
NJIACTHHOK, OTJIHYAIUWEHd HX OT TOHKHX CTepXKHeH, KOTOpLIe MOTYT
ObITh TMOABEPTHYTHI CHJABHOMY H3ru0y, He HCHBITHIBAS IIPH 35TOM
o0IlieTo  pacTsxKeHHsl. ITO CBOHCTBO MJIACTHHOK ABJSETCST YHCTO
reomerpuyeckuM. IlycTb, HanmpuMep, njockKad Kpyraas IJIaCTHHKA
13ru6aeTcss B MOBEPXHOCTb ILIAPOBOTO CerMeHTa. Lcinm nponsBecTH
naru6 Tak, uToOBHl JJIMHA OKDYXKHOCTH 0CTanach HeH3MeHHOH, To
JIOJiKeH pacTaHyThesA ee Amamerp. Eciu Xe puameTp NJIaCTHHKHM He
pacTaruBaercs, TO JOJMKHA CXKaTbCAd €€ OKDYKHOCTh.

Briauciennas B § 11 sHeprus (11,6), KoTopyro MOXEO Ha3BaTh
BHepTHel YHCTOTo Haruba, npeAcrapaser cofol JHMb TY 4aCTh MOJHOH
SHEepPTHM, KOTOpas o6yC/rI0oBJeHA HepaBHOMEPHOCTLIO PAacTsKeHHA
H CXaTufl BJOJb TONMHHH NJIACTHHKH NpPH OTCYTCTBHH KaKoro-iuGo
HoJHOTO ee pacrskelus. Hapaly ¢ 3Tofl 3Heprueil B mOJHYIO 3HEpP-
T'HI0O BXOAMT e€lile 4acTh, OOyCJOBJEHHAast Kak Da3 HajJuuHeM 3TOTO
06IIero pacTsKeHHs; ee MOMKHO Ha3BaTh SHeprHeil pacTsaxelnd.

Hedopmanun uucroro u3rufa M YUCTOTO pacTsAXKeHHs OLUIM pac-
cmoTpeHsl coorsercTeeHHO B §§ 11, 12 u 13. ITosToMy Temepb Mol
MOJKeM HeNOCpPEJCTBEHHO BOCHOJb30BaThCs NONYUYEHHBIMH TaM pe3yJlb-
ratamMu. [lpu atoM oTnajpaer HeoGXOAHMOCTb B PacCMOTPEHHH CTPYK-
TYpHl TUIACTHHKH 0O ee TOJIINHEe, H MBI MOXKEM Cpa3y paccMaTpHBATH
IJIACTHHKY KaK JABYXMEPHYIO MNOBEpXHOCTb, He 00/aAdioumyio TOJ-
LIMHOH. :

1) Vickaouennem siBasiercs, HanpuMep, H3rHO IVIOCKOH [WIACTHHKH B IHJMHADH-
4eCKYyI0 MOBEPXHOCTD, .
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IpensaputensHo BeIBeAeM BhIpakeHHe JJIs TeH3opa Aedopmani,
ONpeJIeNIAOIIEr0 pacTsaKeHde MIaCTHHKH (paccMaTpuBaeMOH Kak MO-
BEPXHOCTDB), MOABEPTHYTOH OZHOBPEMEHHOMY M3THOY M DacTsKeHHIO
B cBoefl miockocTd. IlycThb u ecTb ABYXMepHBIA BEKTOP CMELIEHHS
(c KOMNOHEHTaMH Uy, U,) NPH YHCTOM DAaCTAXKEHHH; { TO-IpexHeMy
o6o3HauaeT nomnepeuHoe cMeileHye npu usrube. Torjaa sineMeHT ANHHBL
dl® = dx* + dy* HenedOpMHUDPOBAHHOH MJIACTHHKHM IepelZer Ioc/e
JecbopManuu B 3aeMeHT dl’, KBajpar KOTOPOro paBeH

dl’® = (dx + du? + (dy + du,)® 4 di2,
Hanucas snecs du, = %dx—{—a;—;dy H QHAJOTHYHO Jnsa duy

H df, moJy4YHM C TOYHOCTBHO IO YJeHOB 0oJee BBLICOKOTO MOPsAKa
2 >
dli’* = d[? -l— 211“'3 d)(a d,’(ﬁ,
rJe ABYXMEepHBIH TeH3op JAedopMallil onpefensercd Kak

1 [ Oug , Oup 1 o ot

Uop = 5~ B‘X‘E'I‘m)—}-Tmm—B- (14.1)
(B stom u caenymoueM naparpabax Mel OyjleM o003HauaTh IIOCpen-
CTBOM TpedecKux OYKB HHJAEKCH, Ipoferamliine BCero ABa 3HAYEHUS X
H Y; N0 ABaXApl NOBTOPAIIMMCA HHIEKCaM, KaK BCerja, nojpasyme-
BaeTcsi CyMMupoBaHue.) HJeHs!, KBajpaTHUHbIE [10 IPOU3BOAHBIM OT Uy,
3/eCb ONYIIEHBI; TOTO K€ C€aMoro C NPOH3BOJHLIMH OT § crenartsh,
pasyMeercsi, HeJb3sl, NOCKOJBKY UJIEHOB NEPBOroO MOPSIJKA NO HHM
Booflle He HMeerTcs.

Tensop HanpsixkeHHH Oyg, CBA3aHHLIA C PACTAKEHHEM IVIACTHHKH,
onpegensiercs opmynamu (13,2), B KOTOpLIE BMECTO Ugg HAJO MOA-
CTAaBHTL MOJHLIA TeH30p AedopMalyH, Onpeie/seMbidl COraacHo ¢Gop-
myJse (14,1). Dueprus uucroro Haruba onpeiensercs Gopmyioi
(11,6), KoTopyro MBI HamullleM YCJOBHO B BHJE

[, (@)dxay,

rie ¥, () oGosmauaeT Bce BbIpakeHHe, CTOAILEE MOL HHTErpaioM
(11,6). Sueprus e pacTsiKeHHsl, OTHeCeHHas K eJHHHIE oOGbeMa
IIaCTHHKH, €CTb, COTJIACHO OOIMM (GOPMYJaM, UggOes/2. DHeprus,
NPUXOAALLASACS HA €JUHHLY NOBEPXHOCTH, NOJNYYaeTCs OTCIOAA yMHO-
MeHueM Ha A, TaK 4YTO NOJIHAS 3HEPLUs DacTAXKEHHSA MOXKeT ObITDh
HanHcaHa B BUJe

[ ¥, (wap)di,
rae
Uoap0of

¥, = h— (14,2)

Takum ofpa3oM, nosaHas CcBoGOJHAs 3HEPrHs CHJABHO H3OTHYTOH
IJIACTHHKH €CTh

Fua = I [llrl (C) + ¥, (ual’i)] af‘ (14»3)
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Panbiue ueM mepefiTH K BHIBOAY ypaBHEHHH paBHOBecHs, OleHHM ofe
yactn sHepruu. [lepBbie npousBogHble oT § — nmopsaka &/f, rae | —
pasMephl MJIACTHHKH, a Bropbie — nopsaaka §/12. Ilostomy u3 (11,6)
BujHO, uto ¥, ~ EH3L2/I*. TlopsiiOK Ke BeJHUYHHBI TEH30PA Uyp €CTh
g2/?, u noromy ¥, ~ Eh{Y/I*. CpaBHeHHe OGOHX STHX BBIPAXKEHH
nokaseiBaer, uto npenebpexenne ¥, nenaemoe B NpHOIHKEHHOH
Teopuu H3ruba MIACTHHOK, 3aKOHHO TOJIbKO HpH ycaoBun & & A2,

YcnoBiHe MHHMMAaJbHOCTH 3Hepruu raacut: OF -+ 86U = 0, rae
U — nortenuuaibHas 3HEPTUs B IOJ€ BHEWHHMX cua. Mur Synem cui-
TaTb, YTO JIeHCTBHEM BHENIHMX PACTATHUBAIOMHX CHJ, €CJAH TaKOBHE
HMEIOTCS, MOKHO NpeHe6peyb 10 CPABREHHIO € CHIAaMH M3THOAICLIY M.
(310 MOKHO BCerja CeJarTb, €CIH TOJBKO PacTATHBAOLHE CHJIBI He
CJAMIIKOM BeJHKH, NOCKOJNbKY TOHKasi IaCTHHKA Topas3fio Jierye
nozxsepraercs usruby, yem pacrskenmo.) Toraa ana SU umeem TO XK€
BhIpaXkeHue, 4to U B § 12t

8U = — [ Pérd,
rae P — BHelHsIA CHJa, OTHeCEHHAdA K eAMHHIE ITOBEPXHOCTH HJa-
cruHkH. Bapuanus nurterpaja J‘Fldf Obla yKe BHUHCJAeHa B § 12
H paBHA
8 [W,df =D | A% 8z dp.
HUnrerpasnl o KOHTYpY, crosiiue B dopmyae (12,3), Mbl He nuieM,
MOCKOJNBKY OHH ONpefeNisioT He caMoe YypaBHeHHe paBHOBeECHS,

a TOJLKO rpaHH4YHBIE YCAOBHA K HEMY, KOTOPBIMH MBI HE CTaHEM 3J1eCh
HHTEpeCoBaTbCAd,

Haxkonen, BRUHC/AHM BapHalMIO HHTerpa’a j‘I’zdf. Bapwuposa-
HHE B HeM JOJIKHO NPOH3BOAUTHCS KaK M0 KOMIIOHEHTaM BEKTOpa U,
tak u no §. Mwmeem

v,

8 j Y, df = j s Sttan df.

[TponssoaHble OT CBOGOAHOH SHEPTHH eIHHHIB 00bEMa MO0 Ugp
paBHBI Ogg; N03TOMY 0W,/0uqg = hoqg. TloacraBiss Takke AN Uqg
soipaxenue (14,1), nomyyaem
6]‘1’2 df=h joaﬂéuaﬁdf =

h aéua 6511{3 6_C a@g 06C OC
7) “ﬁ{“ax‘a Tn T e o T 0% o)

HJH BBHAY CHUMMETPHYHOCTH Oyp

5 [ Wadi = [ou {202 + ?a—fga%%}'df.

Hnterpupys Tenepb N0 4acTsiM, NOMydaeM

60(15 a a;
6 J qf2d'f= —hj[maum—}—a—xﬁ(caﬁ -a—x;) 6€]df
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I/IHTEI‘paJIIaI o KOHTYDY, orn6axomemy HOBEPXHOCTL MUVIACTHHKH, MBI

ONSITH HE NHILeM.
CBojs BMecTe BCE TIOJYYEHHBIE BHIpAMEHHS, HMeeM

§F -+ 8L —
a 6Z, Baaﬁ 1 _
:J‘{[DAZQ—ha_xé UaBm)—P]6C-—h-é;B—6ua df____o‘

Juas Toro uTOGH 3TO COOTHOLIEHHE HMEJ0 MECTO TOXKIECTBeHHO,
JOJIKHEL 06pamaThesl B HYJAb OTASAbHO Kos(duuuentsl npu 88 u npu
8ug. Takum cOpasoM, NOJTydYaeM CHCTeMy ypaBHEHHH

o o . O\ _ "

DA g—h(—%(oaﬁm)_a (14,4)
aOaﬁ

=0, (14,5)

B 5Ty cHCTeMy BXOXAT B KauecTBe HEH3BECTHBIX (YHKLHA Tpil
BeJIHUKHEL JIBE KOMIIOHEHTHl U,, U, BEKTOPa U U NONEPLIHOe CcMelie-
e {. Ee peweHnne onpejessieT OJHOBPEMEHHO (POPMY H3OTHYTOH
naactuHky (1. e. QyHKHuIO § (x, y)) 1 BO3HMKaiolee B pe3yJnbTare
usruba pacraxenne. ¥YpasseHus (14,4) m (14,5) moryr ObTh He-
CKOJILKO YIIPOLIEHBI NOCPEACTBOM BBeAeHMsA B HHX (QYHKUHH ), CB-
saHHOll ¢ Oy cootHowenusmu (13,7). Ilocne noxcranosku (13,7)
B ypaBHeHHe (14,4) oHO NpHUBOZUTCS K BHAY

. By PL, Py P o % PLY
DA% —h(5:am W@i"%ayaxag)—”- (14,6)

70 Kacaercs ypasuennii (14,5), To Boipaxenuamu (13,7) oHu yno-
BeTBOPAIOTCA aBToMaTHyecKu. I[losToMy HeO0XOAUMO BHIBECTH elle
OJHO YypaBHeHHe, KOTOpOe MOKeT OLIThb IOJIYYEHO HCKHOYEHHEM iU
n3 coornowenud (13,7) u (13,2).

Jl;1a aToro mocTynaeM ciepyoowuM o0pasoM. BripaxaeM ugg yepes
0.3 Y3 (13,2) nonyuaem

Uy = - (0 — 00,,) 0, = (0, — 00,), W =Lt
xx E xx y47 vy E vy xx/1 xy E Xy

MNoncraBass coAa IIs Ugs Bepaxenue (14,1), @ Ani Oqg — BBIpa-
wenud (13,7), HaXoJuM paBEHCTBA

oy 1L (ZY L (P01,
-6-x—+_2_(-5;) =F oy 05 )
ouy , 1 goLN2 _ 1 (®x ﬂ)
797+T(a7 =5 \a %5
6ux+6uy+6t§6§__ 2(1+40) 0%y

Tx T oy Taxdy ~~ E  oxoy°

IpuMennM K nmepBoMy onepaumio 0%/0y®, Ko BropoMy 0%/0x, K TpeTb-
eMy 0%/0x Oy, moc/ie 4ero CJIQWHUM TepBOe CO BTOPHIM H BblYTEM TPEThe.
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Torna uneHs, cofepikaiiue u, H 4, B3alMHO COKpAAMOTEsH, H Mil
noJly4yaeM ypaBHeHHe

MX+E{f5m;*(a%Y}=& (14,7)

ox?  Oy? 0x 0y

Ypapuenusn (14,6) u (14,7) npexcraBasioT cobOH MNOAKYIO CHCTEMY
ypaBHeHuli cusipHOTO H3ruba TOHKMX miacthHok (A. Fdppl, 1907).
JTH ypaBHEHHs BeCcbMa CJIOXKHBI H He MOTYT OblTb DEILEHBI TOYHO
Aaxke B mpocrefiluux caydasx. OfpamaeM BHUMaHHe Ha TO, 9TO OHH
HeJIHHeHHbI.

¥Ynomsarem KopoTKo 08 ocofGoMm cayvae fgedopManuii TOHKHX
WIACTHHOK — O TaK HaskBaeMbIX MemOpaHax. Mem6parot HasbBaIOT
TOHKYIO ILIACTHHKY, IOABEPTHYTYIO CHJBHOMY DacTSKCHHIO IIPH-
JIOXKEHHBIMH K €e KPasiM BHEILHHMH pacTaruBaloiuMu cuiavu. B ra-
KOM cJiyuge MOXHO npeHeGpeub JIONONHUTEJNLHBIMH NPOAOJLHLIMH
HaTAXEHUAMY, BO3HUKAOIUHMH NpH H3rnbe NMacTHHKH, H COOTBET-
CTBEHHO 3TOMY MOXHO CYHTATh, YTO KOMIIOHEHTHl TE€H30pa Ogp PABHBI
NpOCTO MOCTOSIHHBIM  BHEUIHHM  PacTATHBAOLIHM  HANDPAXKEHHAM.
B ypaBuennu (14,4) MoxHO Tenepb npeHeOpeub MEpBLIM YJIEHOM MO
CPABHEHHIO CO BTODBIM, M MBI NOJIyYaeM ypaBHeHHe PABHOBECHS

liale .
hﬁaﬂm-ﬁ}—P———O (14,8)

¢ TPaHUYHLIM ycoBHeM § = 0 Ha KOHTYpe Kpasi MeMGpaHhl. 3T0 ypas-
HeHue JnHehino. B ocoGenHoCTH MPOCT caywalf H30TPOMHOTO pacts-
JKeHHd, KOrJa HaTsKeHHe MeMODaHBI OJHHAKOBO IO BCEM Hampabjie-
nusM. [lycrs T ecrb aGconioTHAs BeNHYHHA NPHIOKEHHOH K Kpaio
WIACTHHKM pPAaCTATHBaOMed CHJLI, OTHECCHHOH K eJHHHUE JJIHHBI
storo Kpas. Torna ho,s = TO.,p, M MBI nONyyaeM ypaBHeHHE PaBHO-
BeCHs B BHJe

T AL+ P = 0. : (14,9)

3anpauun

. Onpefe/nrts 32BHCHMOCTh BeTTHYMHBL NMpornGa MIACTHHKHM OT RelicTByiomiei
Ha Hee CHJB NpH M3rM6e HACTOJBLKO CHJABHOM, 4TO { > .

Pem en ne. Ouenka uirenoB ypasHeuus (14,7) nokasmbaer, yro ¥ ~ E[%
Mpu § > h nepsuifi wien B (14,6) Man mO CpaBHEHMIO CO BTOPHIM, KOTODHIA HMeeT
nopsiRoK Beanumun hLy/[4 ~ ERT3/IA (I — pasmepsl naactuuku). CpaBuusas ¢ BHell-

Heli cmaoft P, momydaem
PN\
L~ <_Eh ) )

Orciona, B 4aCTHOCTH, BHIHO, YTO { NMPONOPIUOHANLHO KyGHIECKOMY KOPHIO H3 CHJIHL.
2. Onpepeaurs Aedopmanmo Kpyrnoh MemGpansl (paguyca R), pacuoJoxeH-
HOW TOPU3OATANLHO B IOJKE THKECTH.
P euw e H 4 e HuveeMm P = p gh; B monApHMX koopauuatax (14,9) npunaMaer BRA

ERE Y Y
r dr or )~ T °
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Pemenue, koneyuoe npu r =0 H yloB/eTBOpsIOIee yeaonuio § = 0 npy r = R,
€CTh
h

r=EL (R =),

§ 15. Fedopmanun oGonsuex

ToBops o cux nop o fedopManusax TOHKHX IJIACTHHOK, MBI BCerza
nojpasyMeBanu, 4ro B HeJeOPMHPOBAHHOM COCTOSIHHH IJIaCTHHKA
ABJsieTCst IIOCKOH. Mexxay TeM JedopManiun njacTHHOK, 00JaKarmuX
B CBOEM €CTeCTEGHHOM COCTOSIHMM HMCKDHBJeHHOH (opMo# (Takue
IJIACTHHKH Has3bIBAalOT 060404KaMu), OOHADYIKHBAIOT OCOOEHHOCTH,
HPHHILMIHAIBHO OTNYAlOMKe HX OT AeopMaluil [JIOCKHX IJIACTHHOK.

Pactsikenue, conpoBoxjawoniee H3rnO NmJIOCKOH IVIACTHHKH, siB-
asiercs 5¢¢deKToM BTOPOrO NOPsiiKa Ma/OCTH N[O CPABHCHHIO C BejH-
YuHOH camoro nporuba. D10 NposABJsSETCs, Hanpumep, B TOM, 4YTO
Tensop nedopmaunu (14,1), onpelensomuil Takoe pacTsaXKeHue, KBa-
apatuueH no §. CoseplieHHO HHOe MOJIOXKEHHE HMEET MeCTO IpH Je-
¢dopMauusix o06oJI0YeK: 3HeCh pacTsKeHHe ecTh 3(QeKT [epBOro
NopsifKa W MOTOMY MIpaeT CYLIECTBEHHYIO pOJb JAaxce NpH cJ1aboM
usrube. [pome Bcero 1o CBOMCTBO BHAHO YK€ H3 CaMOrO [POCTOro
npuMepa paBHOMEPHOTO pacTsxeHHs cdepuyeckofl obosouky. Ecan
BCe ee TOYKHU MOJABEPrarTCcs OJHHAKOBOMY paiHaJbHOMY CMelleHHio g,
TO yBeJMYeHHe JJIMHBI 3KBaropa pasro 2nf. OTHOCHTEJAbHOE pacTs-
xenue 2nf/2nR = {/R, a notoMy u TeH30p AedopMalHH [PONOPIH-
OHaJleH nepBoi creneHH §. DtoT 5dheKT CTpeMUTCa K HyMo npH R —
~> 00, T, € [PH CTPEMJIEHHH KDHUBH3HBI K HYJIO, H fABJsETCA, TAKUM |
o6pasoM, crenuguyeckuM CBOHCTBOM, CBSI3aHHHIM C KPHBH3HOH 06o-
JIOUKH.

Ilycte R ecTb MOPsiiOK BeJHYMHBI pajHyca KPHBH3HBI 000JIOYKH,
coBnajaomeii o6BYHO C NOPSAKOM BeJHUHHBI ee pasmepoB. Torza
TeH30p AeOpMaLHH PACTSXKEHHs, CONPOBOXKAAIOIIEr0 H3IHO, — [O-
paika {/R, cooTBeTCTBYIOWHMA TeH30p HanpsiukeHHdA ~LL/R, a suep-
rusi pedopmanuu (OTHeceHHas K €AHHHILE ILIOLLAfu), coraacHo (14,2),
~Eh ({/R)?. Dueprus e uncroro uaruba no-npexuemy ~ERC/RY,
Mbl BHAMM, YTO OTHOLIEHHE EPBOH KO BTOpo# ~(R/h)%, T. €. ouyeHb
BesiuKo. TToquepKHeM, Y4TO 9TO HMeeT MECTO HE3aBHCHMO OT COOTHOIIe-
HHsI MEXNIy BeJuyuHOH { u3ru6a m TonmuuHOA A, B TO BpeMsl Kak NpH
M3ru6e INVIOCKHX IVTACTHHOK pacTsKeHHe HauuHaJO HUrpatb poJb
TOJMLKO Mpu § ~

B HeKOTOpHIX C/ydYasiX MOXKET CYIIeCTBOBATb OCOOBIA TUN H3ruba
060JI04eK, OpH KOTOPOM HHMKAKOTO pACTSKEHHSI He MPOHUCXOLHT
poBce. Tak, HanmpuMep, LuaHHIApuYecKass o000J04Ka (C OTKPBITHIMH
0GOMMH KOHIAMH URJHMHApa) MOxeT ObTb AeopMupoBaHa 0e3 pac-
TAXEHHsI, €CJH Bce ofpasyollye LHAHHADA OCTAlOTCA MpH usmée\
napajJie/IbHBIMH JPYT ApYyry (T. e. o60ji04Ka KakK Obl BAABJHBAETCsl
no Kakod-uuGyab u3 obpasyromux). Takue nepopmaumm Ges pac-
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TSKeHHs1 PEOMETPHYECKH BO3MOIKHBL, ecqu 060/0uKa HMeeT cBoGozd-
Hple Kpas (T. e, He 3aMKHyTa) WJIH K€ ec/H 000/04Ka 3aMKHYyTa,
HO ee KPHMBHSHA B DasHbBIX MecTax uMeeT pasHeifi 3Hak., Hanpuwmep,
3aMKHyTast cdepuyeckas o0oJ0YKa He MOXKeT ObTh H30THyTa 6e3
pacTsAXKeHHs, eC/IH Ke B Hell NpopesaHo OTBEpCTHE (IpHuEM ero Kpas
He 3aKpeIlVIeHbl), TO TaKie OedOpMALHH CTAHOBATCA BO3MOMKHBIMU.
ITockosbKY 3HEPTHs YHCTOrO H3THGa MaJja I10 CPABHEHHIO C SHepruedl
pacTsizKeHHusi, TO $SICHO, 4YTO eCaH JaHHas ofoJouKa AOMycKaeT je-
opmanuu Ge3 pacTaxeHus, TO HMEHHO TaKue Aedopmanud U Oyayr,
BooOIe TOBOPA, PEaJbHO OCYWIECTBJAATBLCA MPH BO3ASHCTBHM Ha Hee
[pOU3BOJLHLIX BHEWIHHX cus. TpeGoBaHHE OTCYTCTBHA DacCTsIKEHHS
npy u3rufe HaKJajiblBaeT CYHIECTBEHHBIE OIPAHKHYEHUST HA BO3MOMKHBIS
CMEIEHHS Uy, DTH YCAOBHA SIBJASIOTCS YHCTO IeOMETPHUSCKUMH H MO-
I'yT OBITL BEIpAXKEHBH B BHIe AH(DEepeHUHANBLHBIX YpaBHEHHH, KOTO-
pbie JOJIKHBI COREPIKATLCA B IOJHOH CHCTEME ypaBHeHHH pPaBHOBECHS
aiaa Takux JgedopMauni. Mel He OyaeM 3Jecb OCTaHABJAUBATBCA Ha
ITOM BOIpOCE. '

Ecnu xe jedopmanus 060J0YKH CONPOBOXKAAETCS PACTHXKEHHEM,
TO HanpsKeHHUS DACTAXKEHHS, BOOGILE TOBOPH, BEJHKH 0 CPABHEHHIO
C HanpsKEHUsMH H3THOA ¥ MOCJeJHHMH MOXKHO NpeHeOpedb {OCHO-
BAHHYI0 Ha TaKOM IpeHeOpeXeHUH TeOpHIO O060JOUEK HAa3BIBAIOT
Membparnol).

DHeprus pacTskeHHs OOOJOYKH MoxkeT OBIThb BbIUHCJAEHA Kak
uHTerpad

, _
Fua ='2_Iua60a3df» (15,1)

B3ATHIH O ee NOBEPXHOCTH. 31eCh U,z €CTh JBYXMepHHH (@, fp =
= 1, 2) Teusop JedopMalHH B COOTBETCTBYIOMIUX KPHBOJHHEHHBIX
KOOpJMHATaX, a TeH30D HANPSKEeHUH Oyg CBA3AH C Uy HOpMyJIaMu
(13,2), xoropble MOTYT ObIThb HANUCAHBI B JBYXMEPHBIX TEH30PHBIX
0003HaYEHHAX KaK

E
Oup = T—53 [(1 — 0) ttap -+ 0855ty (15,2)

Oco6oro paccMmotpeHus TtpefyeT ciyyail, Korga o6oj0uka MOJ-
BepKeHa BO3JeHCTBHIO COCPEJOTOYEHHBIX CHJI B MOIMepeuHoM K 06o-
JIouKe HanpasjeHud, TakKUMH CHJIAMH MOTYT SBJSITbCHA, B YaCTHOCTH,
CHJIBI DeakLHH, NeACTBYIOmHe Ha 060/0UKY CO CTOPOHBI ONOP B TOY-
Kax (Un JUHHAX) 3akpelieHns. CocpelOoTOYEeHHBIE CHJIBI IPOH3BOAAT
u3ru6 060N0YKH B HeGOJbINOH 06/1aCTH BOKPYT TOYEK HX TIPHIOXKEHHS.
Tlycts MOPANOK BeJNHYHHBI STOH 061acTH JJIA NPHJIOXKEHHOH B TOYKS
cuJnl f ectb d (Tak 4rto ee miowanb ~d?%). [TockoabKy u3ru6 § cHIBHO
MeHsieTcsl Ha MPOTSKEHHUH PacCTOsHUE d, TO 3Heprus usruda (1a enu-
HHLy NJIOMaZiH) — MopsAka BenauuunHbl Eh3L%/d*, a moanasi aueprus
usruba (da mmomann ~d*) ~ Eh32/d%  TeHsop Xxe JedopMmaiuu
pacTsKeHus No-lpexkHeMy ~§&/R, H TNoJHasg SHEPTHA BBI3BAHHOIO
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cocpenoToyennoil cuyioll pacrsxenus ~Eh (L/R)? d®. TIocKOABKY
sHeprus uarufa pacrTeT, a SHEPrusl PACTAKeHHs NafaeT C yMEHbule-
uueMm d, TO fICHO, YTO NPH ONpejeeHHH AedopmanuH BOGAM3H MeCTa
NPHJIOKEHHS COCPEIOTOUEHHBIX CHA HOJDKHBL OBITH y4TeHBl OGe 3TH
sHepruu. BesuuuHa objacTi u3ruba d ONPENETHTCS [O HOPAAKY
BeJIHUKHB H3 YCJIOBHs MHHEMYMa CyMMBl 3THX 3HEPraH, OTKyAa

[Ipu sTom smeprus ~ ER*(%/R. Bapbupysa ee mo [ M mpupaBHHBAfA
pabore cuaml f, HafigeM Besquuuuy mporuba § ~ fR/ER®.
Onnako ecau JeficTBytomine ua o6o-
‘f’ JOUKY CHJIBI JOCTaTOYHO BEJHKH, TO B oG-
] JIOUKE MOTYT BO3HHKHYTb  BLINyYHBaHUA,
| cyliecTBeHHO Medsiomue ee Qopmy. Onpe-
”‘7{‘_77:—\ aejenue gnedopManiH B 3aBUCHMOCTH OT
/7}\[—'/7\ NPHJIOIKEHEBIX HArpy3oK Tpebyer B 3TOM
| / cBoeoGpasHOM cJayuae CHeIHaJbHOro Hc-
i ] caegoBanus b).
A [Tycts BeIIyKJass 060JIOUKa (C KpasiMu,
‘ / 3aKpEIJIeHHbBIMH TakK, 4T0Obl rapaHTHPOBAThH
N ee TEOMETPHYECKYI0 Hecrn0aeMOCTb) HaXo-
13‘/ MUTCSL Moj, AeHcTBHEM GOJBIIOH COCPenoTC-
iy yeHHOH cusnl f, HaupaBAeHHOH MO BHYTpeH-
V Heli HOpMaJ/ii K TMOBEPXHOCTH. JI/ia mpoCTOTHL
Puc. 9 6yneM cunTath, YTO 0GOJOYKA MPENCTABJIACT
' coboit yacts cdepnl paguyca R. O6aacrts
BLITyYHBAHUS OyAeT 1IAPOBLIM CETMEHTOM,
GIH3KHM K 3ePKaJbHOMY H300paMKeHHIO eTo NepBOHAYaNLHOA (OpME!
(Ha puc. 9 H306paxen MepHAMOHATbHBIA paspes ofosouxm). 3ajaua
COCTOHT B ONpPEAEJEHHH pa3MepoB BbITyUMBaHHA B 3aBHCHMOCTH OT
BEJIMYHHBL CHJIBL.

OcHOBHAs YacTh YIPYToi 3HEPTHH CKOHUEHTPHPOBAaHA B Y3KOMH
nonoce BOJAM3H Kpasi o6JacTH BBIIYYHBakMs, Iae H3rub OOJIOUYKH
CPaBHHUTEJbHO BeMHMK (OyAeM Has3biBaTh ee NoJjocoil H3rub6a n oGosHa-
yuM ee wHpuHy uepes d). OueHuMm 3Ty SHepruio, npuuem CyneM Nper-
noiaraTh pasMmepnl (paauyc) obnacTH BenysuBanus r « R; Torza
yroa a <« 1 (cm. puc. 9). Ilpu stom r = R sin @ ~ Ra, a ray6una
nporn6a H = 2R (1 — cos @) ~ Ra? QOG6o3HauuM NOCPENCTBOM §
CMelleHHe ToueK o60JOUYKM B noJoce uaruba. TodyHO TakK ke, KaK 3T0
6LIJIO CHENAHO BHIE, HaXOIHM, UTO 3Heprus Haruba BIOAb MEPH-
JMaHa M PAacTsKeHMsl BAOJb Napasiesd %), oTHeceHHHe K 1 cm®

1) Manaraemble HmKe pesyanbTarthl npuHagaexar A. B. ITozopeaosy (1960).
Bonee TOuHHA aHAJW3 JANHOrO BOTMpOca, a TaKxe JApyrue aHAJOTHuYHHE 3ajayl,
MOKHO HafiTH B €ro Kuure «TeopHs 060/J0YeK NPH 3aKPHTHYECKHX JedopMalHAX», —
M.: Hayka, 1965. .

%) Ha usrube 1O MePHAMAHY KPHBH3HA OGONOYKH B MepBOM NDHOAMKEHHH He
CKAa3HBAETCH, TAaK YTO OH MPOHCXOLHKT, KaK M NPH IUIMHApHIECKOM H3rHOe JI0CKOM
IIaCTHHKY, Ge3 ofiero PACTAXKEHMS 1O MepHJHaHY.
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TIOBE€D XHOCTH, N0 NOPSLAKY BEJHYHHBI paBHBEI COOTBETCTBEHHO
ER®Ed* n  ERTRE

HOPHIIOK BeJIMUHHB CMELHCHHSA ‘: olpenessercs BJAAHHOM Cayuae

FTEOMETPHYECKH: HanpaBJeHHe MepHiHaHa MEHACTCA Ha UIHPHHE d

Ha yrojd ~a, " 1MotoMy § ~ ad ~ rd/R. YMHOXKHB Takxe Ha IO-
uage 1oJockl H3ruba (~rd), HOJAYYHM 3HEpPriu

ERPPIR*d wu  Ehdr®/R:.

W3 ycnoBHA MUHHMAJBHOCTH HX CyMMBI CHOBa HafiieM d ~ (hR)2,
a nojHas ynpyras sHeprHs OpH 3ToM ~ Er® (h/R)%? wnn, unade '),

e

const- En'/x (15,4)

B npousBeneHHoM BHIBOJE MNOAPasyMmeBajoch, uto d & r; MOITOMY
¢opmyaa (15,4) cnpapeinuBa NpPH YCJIOBHH

RuIr & 1. (15,5)

IMpn o6pa3oBaHHY BHINYYHBAHHUA BHEIIHHE CJOH IIAPOBOF0 CETMEHTA
CTAHOBSTCSL BHYTPEHHHMH M COOTBETCTBEHHO CIXKHMAlTCd, a BHY-
TPeHHHE — BHEINHUMHM H pactaruBaiorcd. OTHOCHTENbHOE DacTsKe-
HHe (MU CXaTue) ~h/R, Tak 4TO CBfI3aHHAA C HUM IOJIHAA 2HEepTHS
B obJsactu Beinyuusaunus -~E (h/R)? hr®. Tlpu ycaosuu (15,5) oma
JefiCTBUTEJIBHO Masa [0 CPaBHEHHIO ¢ 3Hepruedl B INoJjoce H3ruba
(15,4).

Hckomas 3aBHCHMOCTb MeXAy IryiyOuHo#l nporuba H u npHJOXKeH-
HOM CHJIOH [ MoMyuHTCs IpUpaBHUBanueM f K NPOH3BOAHOH OT SHEPTHH
(15,4) no H. Takum ofOpasom, Haiinem

H ~ [*R¥E2h5, (15,6)

O6paTHM BHEMaHHe Ha HeJHHEHHBIH XapakTep 3TOH 3aBHCHMOCTH.

Haxonen, nycrb Jepopmanusa (ebinyunpanue) o6GONOUKH HPOHC-
XONMT LOJ AeHCTBHEM PAaBHOMEPHOrO BHeIUHEFo AaBjeHHs p. Pabora
BHEIIHHX CHJI B TAKOM chiyuae paBga p AV, rne AV ~ Hr: ~ H?R —
H3MeHeHH2 OTpaHHyNBaeMoro o00JOYKOH o0beMa NPH BHINIYYHEAHHH.
IMpupaBHaB HY/O NPOU3BOAHYIO 1O / OT MosHOH CBOOOAHON 3HEPTHH
(t. e. yupyroft ,sHepruu (15,4) sa BbiueroM ykasanHo#l paboThi},
HOJTy YUM

H ~ BSE*R%p°. (15,7)

O6parHblii XapakTep 3aBUCHMOCTH (yBeauyeHue H NpH YMEHbIICHUH p)
yKasblBaeT Ha HEYCTOHYMBOCTb BBINYYEHHOTO COCTOSHHSI B 3TOM
cryuae. Onpegensiemoe dopmyJsod (15,7) smauenne H orBeuaer He-
YCTOHUHBOMY PAaBHOBECHIO IIPH 3aJaHHOM p: BHIyyuBaHHA C 6OJb-
LWIMMH 3HAYeHHSAMH [ CcaMONpOH3BOJILHO PACTyT, a C MEHbIIUMH -—

1) Bosee TOYHOE BBIUHC/AEHHE AaeT s NOCTOAHHOTO KOI(dHUHEHTA 3HAUYeHHE
const = 1,2 (1 — o¥~%/4,
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yMeHbIIaloTCs (JIETKO NPOBEPHTBb, uTo (15,7) oTBeuaer MakCUMyMY,
a He MHHHMyMY DOJHOH cBoGoino#t sneprum). CyliecTByeT Takoe
KDHTHUECKOE 3HAUEHHe BHEIUHeH HArpysKH p = pygp, 33 KOTOPBIM
caMoNpOM3BOIBHO BO3PACTAIOT yiKe MaJiple H3MeHeHHs (opMbl 06o-
J0uky. Ero MOMKHO OLIGHHTb KaK TO 3Ha4eHHEe p, NpU KOTopoM ¢op-
myna (15,7) naer H ~ h:

pHp ~ Ehz/Rzo (15,8)

Mgl orpanduMMcst B TeOpHH OOOJOUEK H3JMOXKEHHBIMH KPaTKHMHU
CBEIEHHAMH M HEKOTOPHIMH IIPOCTBIMH INpHMepamu, NpHBEACHHLIMH
B 8ajayaX K 3ToMy mnaparpady.

3anaumn

1. BuiBecTn ypaBHeHHs paBHOBecHs A coephueckoll ofosourn (papuyca R),
HeOpMHUPYeMOli CHMMETPHYHO OTHCCHTEJBHO OCH, NPOXOAAIEH uepes ee ILeHTD.

Peumenne B KasecTBe ABYXMEPHHX KOODAMHAT Ha NMOBEPXHOCTH 0COJIOHKH
noabsyemca yraami 0, @ cdepuueckoil cHCTeMBI KOOPAHHEAT € HayaiOM B HEHT]e
cepsl K DOJSPHOH OCBLIO MO OCH CHMMETDHH AedOpMUPOBAHHON OGOJIOUKH.

[Tyets P, — oTHeceHHas] K eJMHHIE NOBEPXHOCTH OOOJOYKH pajuajibHas BHeM-
uas cuia. STa CHa LOJIKHA KOMNEHCHPOBATHCHA pajMaibHOi paBHOAcHicTBYIONLCH
CHJ BEYTpEHHHX HANpPSKeHHH, AeHCTBYIOHMX Ha JeMeHT 060JI0UKR B TaHICHIKAL:
HLX K HeMmy HanpasieHusX. COOTBeTCTByHOUlee YCJOBHE IJIACHT:

& (Ogg + 060) = Pr. (1)

310 ypaBHeHHe B TOUHOCTH aHAJOTWYHO H3BECTHOMY ypaBHenmio Jlansaca, onpene-
ASIIONIEMy PA3HOCTh AaBJEHHH JBYX cpell, CBA3aHHYIO C AeHCTBYIOIIMM B NIOBEPXHOCTH
#X pasjiesa NOBEPXHOCTHBIM HanpsMenHeM.

Tyctb, panee, Q, (B) ecTs HanpapienHAas BEOAb NOASPHOH OCH (ocu 2) pasHo-
neficTByIOIAsA BCeX BHEUIHHX CHJ, JeHCTBYIOWMX Ha 4acTb OGOJIOUKH, DAClONOKeH-
Hy10 Hal mapajneNbHhiM Kpyrom O = const. 91a CHla J0/MKHA KOMDEHCHPOBATLCA
npoexnuell Ha och z HanpskeHuit 2R sin Ohoyg, NeACTBYOWHKX Ha Cevel ke 2aRA sin O
060/10uKH N0 yKasaHHOH OKpYyxHOcTH. OTCIOla

2Rh sin? Oogg = Q. (6). 2)

Vpasuenusmu (1) u (2) onpenenserca pacnpeie/enue HanpaxeHuii, mnociae
uero TeHsop AedopManHH HaXOAHTCH 0O GopmyaaM

1 : 1
gy = — (599 — 00gq), Ugg = —F~ (Opp — 9060), 4oy = 0s ®
a 3aTeM BEKTOp CMeIIEHHS € MOMOIIbIO ypaBHeHHil .
1 due 1
wo = (e tr)s top= T (octEgd+ur). (4)

2, Onpefenuts KeQOpMAlHIO 0] BJHSHKEM COGCTBEHHOTO Beca nonychepuye-
CKOH OGOJIOUKH, Pacllo/IOKeHHON KYNOJOM BBepX; Kpas Kynoaa cBoGOAHO mepemer
1a10Tcs no ropusodranssofi onope (puc. 10).

Pemesnue IHmeem

P, = —pghcosB, Q,= ~2nR?(l — cosB)pgh
(Q, ecTb MOJHEI Bec 060IOYKHE Hal OKPYKHOCTHIO 0 == const). Ms (1) u (2) naxoaum

- RP2__ - P )
000 =" T} cos0’ O"_'Rpg(l—l—co‘se-—cose ‘
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I[To dopmynam (3) BHUHCISEM Uge H Ugg, TOCAE 4ero H3 ypaBHeHu#l (4) BruucageM
ug M u, (MOCTOsAHHAs, BOSHHKAIOUAS NPH HHTETPHPOBAHMH NEPBOTO M3 3THX YpaB-
HeHuil, ONpefesieTcs TaK, uTo6n npu 0 = 7/2 610 1y = 0). B pesyabrare noayuum

R2pg (1 0 ;
ug = pg55+0) [1$z056+1n(1+c0s6)] glne,
u, =R2pg(E1+0) [1—?igcose—coseln(1—l—cosG)J .

3uauenue 4, npu O = m/2 jaer TOPU3OHTANLHOE CMEUICHHE ONOPHL.

3. Onpenennts gedopmanmio mnoaychepuieckoi 060J0YKH € 3aKpenJeHHLIMU
KpasMH, DPACNONOXKEeHHOfl KynoJOM BHH3 M HaIOJHeHHOH MXMAKOCTbIO (pHC. 11);
BecOM caMOH 0GOJIOUKH MOXKHO npeHeOpedyb IO CPABHEHHIO € BECOM MKHAKOCTH.

Puc. 10

Pemenne HMmeem
P, =pgRcos8, Pg=0,
9 2
Q, = 2nR? j P,cos0sin0do = 2—’%% (I —cos” 0)
i .
(py — nnotuocTs xuAKocTH). [anee, mo dopmyram (1) n (2) HaxoamMm

P R%ppg 1 — cos® 0 o o R%og (=14 3cos 6 — 2 cos® 6)
9073 Tsmig 99T "3 sin? § :
HAas cMmemenufi nonyuaercs
Rpog (1 4-0) . cos 0 ]
u@_-—-——————-3Eh bme[—_l—i-cose +1In(l+cos®) |,
_ R (1 40) 3C089}
u,-———-T[coseln(l-i-cose)—l-}-l_l_o .

IMpn 8 = m/2 u, ocTaeTcss KOHEUHBIM, a He oOpallaerca B Hydb, KaK LONKHO ObLIO
6biTb, JTO 3HAUHT, UTO B JEHCTBHTEIbHOCTH BOIH3H JIHHUH 3aKpenyieHHd OOOJIOYKH
[IPOHCXOAHT HACTOJBKO CHJIbHBIA ee H3ruG, YTO IOJyYeHHOE pellleHHe CTaHOBHTCSH
HEITPHMEHHUMBIM,

4. O6osnouka B Bujie IIapPOBOTG CETMEHTa ONUPAETCH CBOHMH CBOGOJHBIMH KpasiMu
Ha HeMOJBMKHYIO onopy (puc. 12), Onpene/nTsh BelHUHHY ee NIPOTKGa MOA AeHCTBHEM
cobeTBeHHOrO Beca Q.

Pemenne OcHoBHas JepopMallis HPOHCXOZHT BOJH3M Kpaes, OTruba-
IOMHEXCA B CTOPOHY (WITpHXoBast JuHus Ha puc. 12). Ilpu 2ToM cMemenne ug Majio
[0 CPaBHEHHIO C pajuaibHbM cMemeHneM dr = . [lockonsky { GelicTpo yOniBaer
o Mepe VJAJIeHHS OT JIMHHM ONOpHLI, TO BO3HHKAIOU(YIO Ae(OpMaluio MOXKHO paccMa-
TPHBATh KaK JAeopMaluio IJIOCKOH MJIMHHOR (A/HHH 27 R sin @) naacTuHKH. 312
jaedopManus CKIaAbiBaeTcsl M3 H3THOGAa H pACTSAKeHus MmJacTHHKH., OTHOCHTe/NbHOe
VAJHHEHHe IIACTHHKHM B KaXJOH ee Touke paBHo §/R (R — /pannyc 060JI0UKH),
U IOTOMY 3Heprusi pacTsikeHHs (Ha eauHnUy o6mbema) ectb E{Z/2R?, Bsoas B kaue-
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CTBE HE3aBHCHMOI TepEMEHHOH PACCTOfHIE X OT JHHHA ONOPHI, HMeeM Jisi NOJHOI
9HEPTHH pacTsKEeHHs

Figg = 20R §i0 0 s 2R2 J' s,

Aneprus Ke u3ruba ecTb

: hE 427
FZIL'I = QRR Slnam j (dx2> dx.

Bapbupya cymmy Fpg = Fign =+ Fenn ©o {, momyumM ypaBHerue

@t 12 (1 —o2)
dxd + hZRJ
Ipu x — oo [ XOMKHO CTPeMHTbCA K HYJIO, a
npu x =0 JZOMKHB BHIIOXHATBCA TpaHNYHLE
VC/IOBYS DaBEHCTRA HYJII0 MOMeHTa cmi: (' == 0,
U yCI0BUE DPABeHCTBA pasBuBalomielicss mpH maru€s
CHJIBI HOPMaJBHOH K NOBEPXHOCTH OGOJIOUKH KOLi-
TIOHEHTE CHJIBI TSKECTH:
hE

2nR sin a‘m {, = Q cOs &,

{=0.

‘Y,H.OBJIGTBOPSUOHLEE 3THM YCJACBHAM peilicHHe eCTb

T = Ae ™" cos ux,
rne

” = [3(1—02)]‘/4 A=Qctga [BR2 (1 —o0?) ]1/4
K2 R? ’ Eh S
Besanunna nporu6a oGOJIOUKH €CTh
d=1[(0)cosa = Acosa.

§ 16. Kpyuenue crepxuei

Tlepeiimem Temepb K H3yueHHIO JAedopMalH#i TOHKHUX CTeprkHel.
10T cAy4ail OTIHYAETCs OT BCEX paHee paccMaTpHBABLIMXCH TeM, YTO
BEKTOP CMEINEeHHs] U MOXKeT OBITh GONBLINM Jaxe npu caaboil pedop-
MalluH, T. €. TPH MaJoMm TeH3ope u; *). Tak, npu caaboM crubanuu
TOHKOIO JJIMHHOTO CTEPKHS €ro KOHIB MOPyT 3HAYHTENbHO Iepe-
MECTHTbCSI B TMIPOCTPAHCTBE, JaXe eCJH OTHOCHTEeNbHBIE CMEMeHHS CO-
CeJIHHX TOUEK B CTEpXHE MaJbl. '

CymecrByer zBa Tuna fedopmauuil crepxHeH, MOIyIX COMpO-
BOXKAATHCS GOJIBIINM CMEIeHHEM OTHEJbHBIX yacTel crepHA. OXHAM
M3 HUX SIBJSETCS M3rub CTepikHs, a BTOPEIM — ero kpyuenue. C pac-
CMOTPEHHUS 3TOro BTOPOrO CJAy4ash Mbl H HauHeM.

JedopManus KpyueHHs] 3aKJIOYaeTcsi B TOM, HYTO B CTepXKHe,
OCTAIOLUIEMCSI TIPH 3TOM TNPAMBIM, Ka)KJoe MONepeyHoe CeyeHHe NOBG-
pauHBaeTcsl OTHOCHTEJNHHO HIIKe JeXalliX Ha HeKOTOPHIH yrod.

1) Hckmouennem SBASETCS TOALKO NPOCTOS PACTIKEHHE CTEPXKHA 6e3 K3MEHEeHns
ero ¢opMbl, — npH c1aGoM PaCTSKEHUH HapAZy C TEH30DOM Wiy BCETJa Maj TaKxe
H BeKTOp U,
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Ecau crepeHb AMHHHBIA, TO OpH caaboM KpydeHHH JOCTaTOYHO yAa-
JIeHHBIe APYT OT APYra CeueHHs MOT'YT IOBEPHYTHCS Ha 6OJILILOH yroJ.
O6pasyomye GOKOBOA INOBEDXHOCTH CTepXHS, NapajeldbHble ero
ocH, NpuHoOpeTalOT NPH KPYUYEHUH BHHTOBYIO (GOpMY.

PaccMoTpuM TOHKHH NPSIMOHA CTepXeHb NPOH3BOJBHOIO CEYCHHS.
BrifepeM cucTeMy KOOPAHHAT € OCLIO 2 BROJIb OCH CTEPXKHS H HadaloM
KOOpJAKHAT rie-HUGYAb BHYTPH Hero. BBemeM yeon kpydenus © Kax
YTOJI [I0BOPOTA, OTHECEHHEIH K eIUHHLE IJHHBI CTEPXKHA. DTO 3HAUHT,
urto 7Ba GecKOHEUYHO OJH3KHX IONepeyHBIX CeYeHHd, HaXONALIHXCS
Ha' pacCTOsiHUM dz, NOBOPAYMBAOTCA JADYI OTHOCHTEJNbHO JApyra Ha
yron dop =tdz (tak uro T = do¢/dz). Cama nedopmanusi xpyuye-
HHS, T. €. OTHOCHTENbHBIE CMEIlEHHS COCeAHHX 4acTel CTEDIKHA,
Ipejno/aaraloTess MasblMi. ¥ CJIOBHEM 3TOIC fBJAAETCH MasJoCTb OTHO-
CHT@/IbHOTO I0BOpOTa CeyeHHH, YIa/JeHHBIX BAOJb JIJHHBL CTEPXKHA
Ha paccTOAHHA MNOPAAKA ero NoNepeuyHBIX pasMepoB R, T.e.

TR 1. (16,1)

PaccmotpuM HeGoubuIyio 061acTh IJIHHBL CTepXKHA BOJIH3HM Hadada
KOODAMHAT H ONpeJe/]HM CMEIIeHHA U TOYeK CTepXKHs B 3T0il 06/1acTH.
B kauecTBe HeCMeLleHHOrO BHIGepeM MOIEepeYyHOe CEeYeHHe CTepIKHs
B KOODIHHATHOH IJ/IOCKOCTH X, y. Kak u3BecTHo, IpH NOBOpOTe Pa-
JIUYC-BEKTOPA I HA MaJbiil yroa §¢ cMeliieHHe ero KoHila Onpenelfercs

(popmyJIoi
8r = [8¢r], | (16,2)

rae 0g — BeKTOp ¢ afCOMIOTHOH BeJHYHHOH, PaBHOH yIJy NMOBOpOTA,
HalpaBJeHHBIR BIOJb OCH, BOKPYI KOTOPOH INPOH3BOJAUTCA . INOBOPOT.
B namweM cayyae HOBOPOT HPOH3BOAUTCA BOKPYT OCH 2, MpHYeM AJIs
TOYEK € KOOPAMHATOH z YroJl MOBOPOTA OTHOCHTEABHO IJIOCKOCTH X,
paBeH 1tz (yroJ T B o6sacTH BGJIM3H Hauajla KOOPAHMHAT MOXKHO pac-
cMaTpUMBaThb KakK nocrosHHH). Qopmyna (16,2) paer Ttenepk AJA
KOMIOHEHT U, U, BeKTOpa CMelleHHus

Uy = —T2Y, Uy = T2X. (16,3)

- Tlpu xpyueHHH CTEPKHSA €r0 TOUKH HCIEBITHIBAIOT, BOOOILE I'OBOPH,
TaKKe H CMelleHHe BLoJb OcH 2. [Tockonbky npu © = 0 370 cMeleHHe
OTCYTCTBYET, TO IPH MaJhlX T €0 MOXKHO CUHTAaTh NPONOPHHOHAJb-
HeiM 1. Takum obpasom, -

u, = W (x, y), (16,4

raefy (x, y) — Hexoropas GyHKIMSA OT X H y, HasbiBaeMas Gynkyued
kpywenus. B pesyabrate onuchiBaeMol ¢opmynaamu (16,3) u (16,4)
JeopMalMH Kaxjoe MHONepeyHOe CEeYEHHEe CTepXKHf MOBOpaYHBaeTcA
BOKPYI OCH 2, OJHOBPeMeHHO HCKPHBJAACH, nepecraBas OBITb IIJIO-
ckuM. Cienyer 3aMeTHUThb, 4TO, BLIOpaB OIpeAefeHHBIM 06pa3oM Ha-
YaJ0 KOOPAHHAT B INIOCKCCTH X, Y, Mbl TeM CaMbIM «3aKpeIliseM»
onpelesieHHYIO TOUKY CEYEHHs! CTEPXKHS TaK, YTO OHA He CMelaercs
B 3TO# MJIOCKOCTH (CMellasch, OAHAKO, BJAOAb OCH Z); U3MEHEHHEe BhI-
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Gopa Hauaja KOODAMHAT He OTPa3HJOCh Ok, pasyMeeTcsi, Ha CaMoH
feopMalui KpyyeHHsI, NIPHBEAs JHIUb K HecylecTBeHHOMY OOCLieMY
CMEIIEHHMIO CTePXKHA Kak IeJoro.

3Has u, MOXKHO HaHTH KOMIIOHEHTH TeH3opa Aedopmauu. Ilo-
CKOJIbKY U B paccMaTpHBaeMolt 00/1aCTH MaJjio, TO MOXKHO BOCIHOJb30-

BaTBCS (POPMYJIOH Uy = — (—‘?f‘-i-+ Ou > . B pesyabrate Haxopum

2 (—}\X;g 6xi
Uy = Uyy = Uy = Uy = Q;
T /0 T (0P
ux2=—2—<-6—x—— y), u!ﬂ: -2'—'<-a—y—+x>. (16,5)
O6pamaeM BHUMaHUE HaA TO, UYTO U;; — O, ,U.pyI‘HMI/I cJloBaMy, prqe-

HHEe He CONPOBOXKIAETCS H3MeHeHHeM o0beMma, T. €. MNPeACTaB]ser
cofofl JiepopMalHio YHCTOTO CHABHTa.
JJ/1 KOMIIOHEHT TeH30pa HanpsikKeHHH HaXOauM

Oyx = Oyy = Oy == Oyy = O;
a d
Oz = 2ty = UT (‘(’3%' - >' Oy = 2Wly, = T (% + x) (16,6)

(31ech ya06Hee NOML30BATLCA MOAYJEM CABMra p BMmecTo £ H 0).
ITocKO/IBbKY OTJIMYUHBL OT HYJIs TOJIBKO Oy, H Oy, TO O0IME ypABHEHHA
paBHOBecHs1 00;,/0x; = O CBOZATCA K ypaBHEHHIO

00,5 00,y

5+ < = 0. (16,7)
[MozacrasuB cioga (16,6), Mel HalineM, uTO QYHKUHUA KPyUeHUsT MOJKHA
YAOBJETBOPATL yPaBHEHHIO

Ay = 0, (16,8)
rae A — nByxmepHBEl oneparop Jlamnaca.
Heckombko Gosee yAoOGHO, OJHAKO, NOJIB30BATbCs APYTO# BCHOMO-
rateqbHON Qynkuued y (X, y), onpefenseMoil paBeHCTBAMH
0y, 0% .
0., = 2Ut oy = 2pt 555 (16,9)
A 3TOH QYHKIMH TNoJayyaloTcsl 6ojee yHOGHBIE TPAHUYHEIE YCJIOBHA
Ha KOHType ceuenus crepxus (cM. Huxke). Cpasnus (16,9) ¢ (16,6),
HOJYYHM
M LA R N/
6x_y+26y’ o = AT 25 (16,10)
Juddepenuupysi mepBoe PaBEHCTBO MO Y, BTOPOE MO X M BHIYMTAS
OZHO M3 APYroro, MOJyYuM AJs QYHKIMH ) ClAelylollee ypaBHEHHE:

Ay = —1. (16,11)
ﬂ.)lﬂ onpe,ne.neﬂuﬂ rpaHUYHBbIX yCJIOBl/Iﬁ Ha IMOBepXHOCTH CTEPIKHA

saMeuaeM, 4TO OJiarofiaps MaJiofl TOJIIHHE CTepXKHS JAeHCTBYIoUHe
Ha ero GOKOBYIO NOBEDPXHOCTb BHEUIHHE CUJIbI MaJbl MO CPABHEHHIO
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C BO3HHKAIOWIMMH B CTepKHE BHYTPEHHHMH HaNpAXKEHHSIMH H NOTOMY
MOT'YT ObITb MOJIOXKEHb! (IPH OTHICKAHHH TIPAHMYHBIX YCJIOBHH) pab-
HBIMH HYJIO. 3T0 0GCTOATENBCTBO B TOUHOCTH AHANOTHYHO TOMY, YTO
MBI HMeJM NPH pPacCMOTpeHMH H3rHOAa TOHKHX NJIAaCTHHOK. TakuMm
o6pa3oM, Ha GOKOBOH MOBEPXHOCTH CTEPKHS LOMKHO ObITh 07 = 0;
MOCKOJIBKY OCh 2z HampaBJeHa [0 OCH CTEPXKHS, TO BEKTOpP HOPMaJH
N UMEeT TOJNBKO KOMIIOHEHTH A, Ny, TaK YTO HAIMCAaHHOE YpaBHEHHE
CBOJUTCH K YCJOBHIO

: 0.4y + Oyytty = 0.
Ioncrasnsas cioga (16,9), nosyuaem

0y, o,
'a—y— Ry — —a~x— ﬂ,y = (. 7
Ho kKoMmoHenTh BEKTOpa HOPMaJH K IJIOCKOMY KOHTYpY (KOHTypy
d dx
CeYeHHus CTep}KHﬂ) PaBHEI 1, = '——75—, n, = = rie x, y — Koopad-

HaThl TOYEK KOHTypa, a dl — aaemeHT Ayru. Taxum o6pasom, mosy-
yaem

0y, My — oy —

OTKyJa y = const, T. e. Ha KOHType ce-
ueHHs QYHKUHA % nocrosHHa. Ilockodbky
B onpefenenua (16,9) Bxoaar toabko mnpo-
H3BOJHBIE OT PYHKIHUH ¥, TO SICHO, YTO K 3TOH
PYHKIHH MOXKHO NpHO2BAATL JOOYI NO-
CTOSIHHYI0. Ec/lu  KOHTYp ceueHMs] OfmHO- Prc. 13

CBA3€H, TO MOXHO, CcJeloBarenbHO, 6e3

BCSKOTO OrpaHuyeHHs OOI(HOCTH NOJOXHTb Ha HEM B KauecTBe rpa-
HHYHOTO yCJOBHA K ypaBHenuio (16,11) 1)

% = 0. (16,12)

B cnyuae ke MHOTOCBA3HOIO KOHTYpa ¥ GyLeT HMeTh pa3/HyHbe
MOCTOSIHHBIE 3HAYEHUS Ha KaxKIOH M3 3aMKHYTHIX KPHBBIX, COCTaB-
JAMUX KOHTYD. [103TOMY INOJIOXKHTDB Y PaBHBIM HYJIIO MOXKHO GyJer
JIMIIb Ha OJHOH M3 3THX KDHUBBIX, HanpHMep Ha BHeELIHEM KOHType
(Co na puc. 13). 3HaueHns xkKe y, HA OCTAJBHBIX YAaCTAX KOHTYpa OIpe-
JeNsATCs H3 YCJOBHS, SIBJSIOMIEIOCS CAEACTBHEM OJXHO3HAYHOCTH CMe-
Ienua u, = TP (¥, y) Kax GYHKUMH KoopjauHaT. HMenHo, BBHAY
OJHO3HAYHOCTH (QYHKUMH KpyueHHsl P (X, y) uHTerpasn or ee Iudde--

1) 3anaua 06 onpenesennn AedopManuH KpyueHus no ypasuenmio (16,11) ¢ rpa-
HHYHLIM ycnoBueM (16,12) dopmanbHo coBnagaer ¢ 3anaueii o6 onpefeeHnn GopMal
nporu6a pPABHOMEPHO HArpyxeHHOH IJIOCKOH MemGpaubl mo ypasuenmio (14,9).

Ilosiesno sameTuTh TakXe THIPOAMHAMHUECKYIO AHAJIOTHIO: ypaBHeHHMEM BHAa
(16,11) onpenensieTcst pacnpefe/ieHne CKOpocTelt v (X, y) BASKON KHAKOCTH MO Cede-
BHIO TPYOH; rpaHuuHoMy ycinosnio (16,12) coorsercTByer ycvoBue v = 0 Ha Heno-
OBHXHBIX CTeHKaX TpyGel (cM. VI, § 17).
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peunHana d no 3aMKHYTOMY KOHTYPY AOMKEH GuiThb paBeH HYIJIIO.
nomotnpio coornomenuit (16,10) umeem nosromy

C

Eﬁd\l}:é(%d)(—}—%%d!j) =
_—:—29’5(%@—%dx)—gﬁ(xdy—ydx):d,

HJIH

o

56"* dl=—8, (16,13)

rze 0y/On ecTb MPOMSBOAHAA (YHKIHH ¥ 10 HANPABJEHUIO BHeIlUHeH
HOPMAJH K KOHTYPY, a S — OXBaThlBaeMmast STHM KOHTYPOM HJIOWLajb.
IMpumenss (16,13) x Kaxpoil U3 3aMKHYTBIX KPHBBHIX Cy, Cs, ..., MH
H NOJIyYHM HCKOMBIE YCJIOBHS.

OnpefieuM  CBOGOJHYIO ~ SHEPTHIO [OABEPLHYTOro KpPYyUCHHIO
crepxuda. g sHepruu eJUHHIbL obpeMa umeeM

sl 1 2
F= ("rl_‘k;‘l‘& = Ouxllsz _i‘ Oylly, = 0 (G}Z + 0:.%/2)
u, mojcTapias ciopa (16,9):
v \2 Ay \2
P ()4 (%)) = 2w

rie V o3HauaeT ABYXMePHEHIH TpajHeHT. OHePrHA KpYyueHHs, OTHe-
ceHHas K eIUHMIE JJIMHBL CTEPXKHA, NONYYHTCSA OTCIOAd MHTErPHPOBS-
HHEEM 10 IJIONALH HONEPEYHOro ceueHHs, T.e. paBHa CT1%/2, rie Ko3¢-
¢uuuenT C paseH

C=4p [ (vordf. °

Bennuuny C Ha3BIBAIOT KPYmuAbHOU 2iceCKOCMbI0 CTEPKHA. [Monnasn
ynpyrasi SHepIHsi CTep¥KHsl PaBHa HHTerpalny

Fop = _;_chzdz, (16,14)

B3ATOMY IO €ro IJIMHE.
Hanucas

(VR = v vy —xAx=vve+x

W mpeoGpasysi MHTerpaj OT MEPBOro uieHa B HHTErpai Ho JIHHHH
KOHTypa CEYeHHs CTePIKHS, NOJYYHM

0
C=4pgsx%dz+4pjxdf. (16,15)

 Ecsu KOHTYP CeueHHS OJIHQCBSi3eH, TO BBHAY TpaHuUYHOro yCJOBHA
% = 0 mepBbIfl WIEH HCYE3aeT H OCTAeTCA

C = 4p | xdxdy. (16,16)
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Hna muorocBsasHoO# xe rpanuusl (puc. 13), nonoxus yx = 0 Ha BHen-
Her KOHTYype C, M 0603HaYHB NOCPEACTBOM %5 NOCTOSIHHBIE 3Haue-
HHS1 ¥ Ha BHYTPCHHUX KoHTypax C,, moayuyum ¢ nomousio (16,13)

C=14p ) 1:Su+4p [ xdrxay (16,17)
k

(cnenyer MOMHETDL, YTO NPH HHTErPHPOBAHHM B nepBoM uieHe B (16,15)
KOHTYP Cy 06XOANTCA B pAIMOM, a KOHTYD C), — B 05paTHOM Hampan-
JIEHHSIX).

PacemorpuM HanGosee OOBIUHBIN cayyall KpYydeHHS, KOTAA OAHH
13 KOHHUOB CTEPKHS 3aKpeIVieH HeroJBHXKHO, a BHE[IHHe CHJE TpH-
JIOJKEHBI TOJIBKO K MOBEPXHOCTH IPYrOr0o €ro KOHIA, DTH CHJBI Ta-
KOBBHI, 9TO NPOH3BOMAT TOJMLKO KpVUeHHE cTep:kisi 6e3 Kako# GEI TO
Hu Oblio Apyrofi ero jepopmanus, Hampumep usruba. Jpyrumu
CJIOBAMH, OHH COCTaBJSIOT HEKOTOPYIO Napy CHJ, 3aKpPYUHBAOILYIO
CTep:keHb BOKPYr ero ocu. MomeHT 3TOH napel of03HauHM MocCpel-
cTBOM M. :

EcTecTBeHHO 0XHJATb, YTO B TAKOM CJydYae yroJ KpPydeHHS T
NOCTOSTHEH BIOJIb NJIMHLL CTepxKHA. B aToM MOXHO yOeAHThCsI, HANpH-
Mep, H3 yCJOBUS MUHMMyMa IOJHOH CBOGONHOH SHEPTHH CTEpIKHS
B paBHOBecHU. Ilosnas SHeprusi 4ehOPMHPOBAHHOIO CTEPHS paBHa
cymme Fop + U, rae U — noreHunanbHasi 3HEPrHs, OOYCJOBJCH-
Hag feficTBuem BHemEHHX cua. [lopcrasiasa B (16,14) v = de/dz n
Bapbupys MO YTy ¢, HAXOIUM

1 dp \? dp dbo -
a—fjc(—d;) dz+ 8U = [ Co2- 7% dz - 8U =0,
HJIH, HHTErPUPYS MO 4acTaM,
~ C-2 8¢ dz + U + Crég = 0.

B nocnennem unene cieBa Geperca pasHOCTb 3HAYEHHH Ha Npeesax
HHTETPHPOBAHHA, T. €. HA KOHLAX cTepkHsi. OAHH H3 3THX KOHIOB,
CKakeM HHXHHH, 3aKpemJeH Tak, 4T0 Ha HeM 8¢ = 0. Urto Kacaercs
Bapuanuu U noreHnHaabHON 3HEPTHH, TO, B3STas C OGPATHLIM 3Ha-
KOM, OHA NpeicTaBsser cobo#i paGoTy BHEMHHX CHJ IPH IOBOpPOTE
Ha yroan O¢. Kak u3BecTHO M3 Mexauuxw, paboTra mapsl CHJ OpH
TAKOM IOBOPOTE paBHa MpOHM3BefeHHI0 MO yriaa HOBOpOTa HAa
MOMEHT mnaphl. [lockoNbKY HHKAKHX JApYyTHX BHEIIHHX CMJ HeT,
0 U = —M8¢, u M noJiyuaem

jC‘-g—-&pdz—]—&p(——M—{—Ct)=0. (16,18)

Bo BTOpOM UsieHe GepeTca ero sHayeHHe Ha BepXHeM mpeleae. B HuTe-
rpaje no dz BaphauMs 8¢ NpoM3BOJbHA, a NOTOMY JOMKHO OHITH
Cdtidz = 0, T.e.

T = const. (16,19)
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Takum o6pasoM, yroJ KpPyYeHHs MNOCTOSIHEH BIOJb BCEH JIMHBL
crepxkus. [Tonnplfl yros noBopoTa BepXHEro OCHOBAHHA OTHOCHTE/ILHO
HUKHETO paBeH MOSTOMY HPOCTO NPOM3BENEHHIO T/ yraa T Ha AJuHy [
CTEepKHS.

B ypasnenun (16,18) nonkeH HCYe3HYTb TAKKE H BTOPOH UJeH.
Orciofa HaXOoiHM CJelyiouiee BbipaxKeHnie IJis NOOCTOSHHOTO yTJia

KPYYeHHUs:
T = M/C. (16,20)

3agaun

1, Onpepeants KPYTHILHYIO JKECTKOCTb CTEPXKHSI C KPYTOBLIM CeuenueM (pa-
guyca R).

Pemenne Pemenns sagay |—4 ¢opMajibHO COBIAAAIOT C DPEIIERHAMH
3ajlay O [ABIKEHINH BA3KONH JKHJKOCTH B TpyGe COOTHETCTBYIOWIETO CEYeHHst (CM. MpH-
Meuanue Ha c. 89); KoamuecTsy @ mpoTekaiomell uepes ceueHue TPYOLI JKHIAKOCTH
COOTBETCTBYeT 3lech Beauunua C. :

Jlaist cTepausi KPYTOBOTO CeueHHs HMeeM (HauaJo KOOPAHHAT B LEHTPE Ceueils)

1 2 2 2
x =ty (RE— 62— ¢%).
KpyTuinHas XecTKOCTb:
C = paR%/2.
Iast dbyuxuuu ¢ noayuaem us (16,10) = const. Ho mocTosnnas {p COOTBEICTEYET,
cortacHo (16,4), MPOCTOMY CMEUICHHIO CTEPKHS KaK LEJOro BAOJIL OCH Z; HOSTOMY
MOXHO cunTath, u10p = 0, Taxum 06pa3oM, nomnepeyHble CeUeHUs! KPYTOBOTO CTEP K LS
OpPH KPY4EHHH OCTAlOTCS INIOCKHMH.
9. To Ke [ CTEPXKHA SMNMIOTHUECKOTO CeYeHHA (moayocn a u b).
Pemenue, KpyrunbHas XeCcTKOCTb:
ash?
C=mnp W

Pacipefie/ienne TPOAOALHBIX cMeieHnii faeTcs (yHKUHEH KPYdYeHHA:

b2 e
b= 0% 4 a2 xy

(ocH KOODIHHAT HANPABJEHH TO OCAM SJVIHICA).

3. To e s CTeDMKHH C CeueHHeM B BHAE DABHOCTOPOHHETO TpPEYroOJbHHKA
(AMHHA CTOPOH 4).

Pemeunue Kpyruipnag XeCcTKOCTb!

C =

3
4
5o He

OyHKIUSA KPYUCHHS:

-=—617y(x1/§-+y)(161/3-—y)5

IpuueM Haualo KOOPAHHAT BHIGPAHO B LEHTPE TPEYTOIbHHKA, a OCh X COBIANACT € OA-
HOA u3 €ero BLICOT.
4, To e ISl CTEDXKHA, UMEIOWEro BHA AJIMHHOH TOHKOH IVIACTHHKH (wuvpuHa d,
TosmuHa A < d).
PemeHue 3aladua SKBHBAJEHTHA 3ajaue O TEUEHHH BASKOH 2KHAKOCTH MCKIY
IM0CKONapa/NeNbHIME CTeHKamu, PesyubTat:

C = p dh®3,
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5. To e Ads WHAHEAPHYECKOA TpyOhl (BHYTpeHHHE H BHEWNHMH pajuychl Ry
H Ry).
Pemenune Pyskuus
x="L(R§—r?)

(B NOJSIPHEIX KOOpAMHATaX) yaoBJerBopsier ycaosuio (16,13) Ha ofenx rpaHnuax
KO/bIEeBOro ceuenus tpy6ul. Ilo dopmyae (16,17) Haiizem

€ =5n Ry —R).

6. To e ANR TOHKOCTEHROH TpYyOLl IPOH3BOJILHOIO CEUEHHS,

Pemenue BBHIY TOHKOCTH CTEHKH TPYObl MOXHO CUHTATH, UTO Ha HPOTS-
IKEHHH €e WHPHHBL A GYHKUMS ) MEHSETCs OT HyJs HA OAHOH CTOpOHE Lo ¥p HA ApY-
rofi mo JUHERHOMY 2aKOHY ¥, = Y;y/h (y — KOOpIAMHATA BIOJb TOJIIHHE CTEHKE).
Torna yeaosue (16,13) naer yyL/h = S, rne L — pinna nepuMerpa ceuenust TpyObl,
a S — oxpatbiBaeMast uM miomaxs. B Berpaxkennn (16,17) BTopo# uieH MaJ no CpaBHe-
HMIO C TIePBHIM, H MBI NOJYYaeM

C = 4nS?/L.

Ecnn 1pyGy paspesaTh NPOXOTLHO MO OAHOH M3 ee o6pasylIHX, TO KPYTHIbHasg
mecn{ocm/ Pe3KO yMeHDLIIAeTCs, CTAHOBACH PABHON (COIVIACHO Pe3yJbTaTy 3ajaun 4)
C = uLh%/3.

§ 17. H3ru6 crepxueit

B H30THYTOM CTep:XKHe B HEKOTOPHIX MeCcTaX €ro NpPOHCXOAHT
pacTsiykeHHe, a B IPYTUX — cxKartue. PacTaHyTH JHHHH Ha BHITyKJO#
CTOpPOHE H3OT'HYTOIO CTEpPIKHS, a Ha BOTHYTON CTOPOHE MNPOHCXOAMT
cxKaTHe. Kak u B ciayuae NacTHHOK, BAOJAb JJHMHBI CTEPIKHA BHYTPH
HEero CyLIeCTBYeT «HeATpaJjbHas» MOBEPXHOCTb, HA KOTOPOH He Npo-
HUCXOAHT HM pacTskeHusi, HH cxkatusg. OHa oTienaser cobol ofJacTH
cxKaTH OT obJacTell PacTAIKEHHA.

Haunem ¢ uccnenoBanus jgedopmanun usru6a B HeGOIbINOM yua-
CTKE IJIHHBI CTeDXKHs, B KOTOPOM H3ru0 MOXKHO CHYHTATb CJalhIM;
noj caabbiM Mbl [TOHUMaeM 3[iech U3ru6, NPH KOTOPOM MaJ He TOJbKO
TeH3op AedopMalMd, HO H aGCo/IOTHAdA BeJHYMHA CMelleHHH ToueK
crep:KHs1. BriGepeM cucTeMy KOOpAHHAT C HayaJoM B HEKOTOPOH TOYKe
HeHTpaZbHON  IMOBEPXHOCTH BHYTPH DPacCMaTpHBAEMOro YydacTKa
crepxus. Ochb 2z HaNpaBUM NapaJileIbHO OCH CTep:KHSI (Hefe(opMH-
POBAHHOTO); H3rH6G MyCThb NPOMCXOJUT B IJIOCKOCTH 2, x. IIpu cnaGom
W3ruGaHAY CTEPXHSI MOMKHO CYHTATh, YTO H3rH0 NPOHCXOAHT B OXHOH
MJIOCKOCTH. DTO CBSI3aHO C HM3BECTHHIM H3 AH¢depeHnHaJbHOH Ieo-
METpPUH OGCTOSITENBCTBOM, YTO OTKJIOHEHHE c1abo H30rByTOH KpHBOA
OT IJIOCKOCTH (TaK HasplBaeMoe ee KpYyYeHHe) fBJAAETCA MaJod Be-
JIMUHHOH BBHICILETO MOPAAKA NMO CPABHEHHIO ¢ KPHUBH3HOH.

AHaJIOTHYHO TOMY, YTO MBI MMENH B cJyudae u3rufa IJacTHHOK
U KPyueHHus CTepXKHeH, W NpH H3rube TOHKUX CTepXkHeH BHEIUHHE
CUJBI, JeficTBylomie Ha GOKOBYIO NOBEPXHOCTb CTEep:KHS, MaJbl IO
CPaBHEHHIO C BO3HHUKAIOMIMMM BHYTPU CTEPXKHA HaNpPsXKEHHAMH,
H IpY ONpefeJCHUH TPaHHYHBIX YCJOBHH Ha 3TOH NOBEPXHOCTH HX
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MOXKHO CYHTATh PaBHLIMH HyJ0. Taknm o6pasoM, Bosb Beell GOKOBOM
NOBEPXHOCTH CTEPXKHA HMeeM Oyf, = 0, HJIH, TOCKOMBKY I, = 0,

O ally Oxylly = 0

M aHaJoTHuHO IJd i = Y, 2. BrifepeM Takylo TOYKY Ha KOHType IO-
IePeyHOTO CeYeHHsl CTepxKHfA, B KOTOpO#l HOpMa/db N HaNpaBiaeHa
napasnensio ocu x. Jlpyraa Takas e TOUKa MMEETCs rae-Huby b
Ha TIPOTHBOIIONOKEOR CTOpPOHE KOHTypa. B 06enx sTHX TOUKAX 7y =
= 0, H U3 HAIMCAHHOTO BHINIE DABEHCTBA HMeeM Oy, = 0. Ho no-
CKOJIbKY CAMBIH CTEPIKEHb HpEANOJaraercs TOHKUM, TO, €CHAH Oy
WcuezaeT Ha ABYX CTOPOHAX €ro CedeHusi, OHO MaJo H BAOJb BCErO
ceyennsi, TAK UYTO MOJKHO [OJOMXKHTb Oy = 0 BO BCeM CTepXKHE.
AwnasnoruysbiM ofpasoMm yGexjaaeMcs B TOM, YTO BCe KOMIIOHEHTHI
TeH30pa HanpsKeHUil JOKHE GbITh PABHBIMH HYJIIO, 34 UCKJIIOUEHHEM
TOJBKO KOMIOHEHTB! 0. JIpyTHMH CJOBaMH, NPH H3rHGEe TOHKOTO
crepxHf GOMBLIOH SBJASETCS TOJABKO pacTsruBaroLiasn (nau cxxuma-
omas) KOMIOHEHTAa TeH30pa BHYTPEHHHX HaNpsiKenui. Hedopma-
1Hsl, B KOTOPOH OTJIHYHA OT HYJA TOJAbKO KOMIIOREHTA Oy TEH30pa
HaNpsAeHHi, eCTh He 4TO WHOe, Kak JeopMalus NPOCTOro pacri-
)enus uad cxkatus (§ D). Takum o6pasoM, B KaXAOM 3Ji€MEHTE
o6beMa H3ru6aeMoro CTEepXKHsI INPOHCXCAMT [POCTOE PAaCTSIKEHHE
(aan cxarue). Camast Be/IHYHHA 3TOTO pACTAKEHH#A, KOHEUHO, pas-
JMUHA B PA3HBLIX TOUKAX KKJAOTO W3 MOMEPeuHbIX CEYEHHH CTepXKHS,
YTO M NPHUBOAMT B pe3yJbTaTe K M3ruOy BCEro CTEPKHS.

JIerko onpefeJuTh BeJHYHHY OTHOCHUTEJBHOIQ PACTAKEHHSA B Kax-
2ot TOuKe cTepxHsA., PaccMOTPHUM KakKOA-HHOYIB 3/MeMEHT AJHHBL dz,
napajjenbHb OCH CTEPXKHA H HaXOAsluHCA rae-HuGyap BOJIH3H
Hauaja KOOpAWHAT. [IpU M3ruGaHHM CTePXHA AJHHA dZ U3MEHMTCH,
clienaBlinch paBHoH d2’. HenaMeHHHIMH OCTAIOTCS TOJIBLKO T€ 3/IEMEHTHL
JUIMHEI, KOTOPHIE PACloJIOKeHH Ha HeHTPa/IbHOH NOBep XHOCTH. ITycrs
R ectb paauyc KpHBH3HBI HEHTpa/JbHOH NOBEPXHOCTH BOJIU3M Hauala
Koopjunar. JuHb dz W dZ' MOXHO PaccMaTpHBaTb KaK 3JEMEHTHI
AYTH OKDYXKHOCTel C PajuyCaMii COOTBETCTBEHHO R H R + x, rne

X — 3HaueHHe KOOPIHMHATH X B TOUKE, B KOTOPOH BbIOPAH 3/IEMEHT dz'.
IlosTomy

b2 = BEE dp= (14 F) dz.

OrsocHTenbHO0e YAJUHEHHE PAaBHO, CJIEAO0BATENBHO,
dy —dz x

dz R’

C Apyroii CTOPOHBI, OTHOCHTE/IbHOE YAJIMHEHHE SJEMEHTA ATHHLL dz
PaBHO KOMIOHEHTE i, TeH3opa AedopMauHuH. CnepoBarelbHoO,

AN

X
uzz ='—R—n
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Msbl MOXKeM HamKcaTb Telepb Oy, BOCHOJb30BaBIUHChH HENOCPEXCT-
BCHHO COOTHOIUEHHEM O = Eu,,, HMEOmMHM MECTO IPH [POCTOM
pacrsikenud. Takum oGpasom,

4

22

X
=2 E. (17,2)

Ho cux nop eie pacnonoxKenne HeliTpaabHOIl MOBEPXHOCTH B H30-
THYTOM CTep:KHe OCTABaJOCh HeompeleleHHEIM. Ero MoXHO omnpe-
IeJNTh H3 YCJAOBHS, YTO paccMaTpyBaeMast HaMH 3/iecb JedopMainus
IOKHa NpeAcTaBaaTh cofoff umcThii marub, Ge3 Kakoro Gul TO HH
ObiJI0 OGHIEIO PACTSMKEHHS HJH CXKATHA cTepxHus. Jia storo nonnas
CHJIA BHYTPEHHHX HaIpsKeHHH, IefcTByomias Ha NolepeuHoe cede-
HHe CTepIKHS, AOJKHA ObITE PaBHCH HYJIO, T. €. HO/DKEH ucYe3arh
HHTerpan

[ 0.,

B34Thi#l 10 3TOM nmoBepxHocTH. B cBA3u ¢ Bripaxkenuem (17,2) ansa o,
3TO HPUBOAUT K YCJOBHIO

[xdf=o0. (17,3)

C gpyro#t CTCpOHH, MOXKHO BBeCTH MNOHNTHE O IeHTpe HHEPUUH
CeUCHHS CTePiKHA, KaK O HEHTpPe WHEePUHH OJHOPOLHOTO IJIOCKOro
I}MCKa COOTBeTCTBYIOHieH (opMbl. KoopAaynHaTel 3TOoro HeHTpa:

' [xai/fdt, [ydi[ar.

Takum obpasom, ycaoeue (17,3) o3HauaeT, 4TO B cHCTeMe KOODAHHAT
C HayaJoM, JIeXKalluM Ha HeHTPaJbHOH IIOBEPXHOCTH, X-KODPAHHATA
LeHTpa HHEDUHH CeYeHHs CTEPXKHs paBHA HYJIO. Hpyrumu cnoBamy,
nefiTpasibHast OBEPXHOCTh NPOXOJHT Yepe3 LEHTPHl HHEPLHH mome-
peYHBIX CeYeHHH CTepXKHd.

[ToMumMoO u,,, OTJAHYHHI OT HYJA elle ABe KOMIOHEHTHl TeH30pa
JedopmaluH, TaK KaK IPH MPOCTOM PaCTSANKEHHH HMEEM iy, = Uy, =
= —O0U,,. 3Has TeH30p JAepopMauHH, Jerko HaliTH Takke H cMelle-
nug Touek. [Tumem:

L S S S R . S
= 02 R’ ox oy R’
au,c + 6u2 oul Oy 4 Oy g ouy 4 auz N
0, 6x

HHTEFpHpOBaHHe 3THX COOTHOIHQHHﬁ NIPpUBOJUT K -CACAYIOUIHM Bbipa-
KeHUAM JIJid KOMIOHEHT IMepeMeuieHuA: ’

1
Uy = — W [22 + 0'(X2 -— yz)],
uy=—0-2%, u = - (17,9
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[TocTosiHHbIE MHTETPHPOBAHMS IOJOXEHBl PaBHBIMH HYJIO; 3TO 3Ha-
YT, 4TO MBI 3aKpPEIJIieM B IPOCTPAHCTBE NOJIOKEHHE Haya/a KOOPIH-
Har. -
U3 popmya (17,4) BHAHO, UTO TOUKH, PACIOJIOKEHHBIE B Nomeped-
HOM ceueHud z = const = 2,, mocse u3ruba 3aNOJHSAIOT [OBEPXHCCTh

X

2=2y+u, =2 (l+7€_>'

Mgl BHAEM, UTO B pacCMaTpPHBAaeMOM NPUOIIKEHHH CEUCHHS OCTAKOTCA
npu H3rube IJOCKHMH, JHIIb NOBOPAYNBAsCh Ha HEKOTOPHIH yrod
z) OTHOCHTEJILHO CBOEro IepBOHAYaJLHOTO [MO-
i b © goxenusi, Dopma ke CeUEHHA MEHSETCSE; Tak

i npu usrude CTEPKHS NPAMOYTOJBHOTO ceue-
P HHuA (co cTopoHaM# @ H b) GOKOBBIE CTOPOHHI
s | .l _, KOHTypa ceyeHH Y = +b/2 nocne unsruba
Y  3aHUMAIOT TOJOKEHHS .
b b o
b ] !/=i.'2—+“y=i7(l'_7x>’
Puc. 14

T. e. CTAHOBSTCA HAKJOHHBLIMH, OCTaBasiCh
npsiMbIMHE. BepXHAA Xe M HHXKHfAS CTOPOHBI
x = -+a/2 usruGawrcs B napaGosnueckue KpHBble (puc. 14):

a a 1 2 a?
K=k b = kg — g [A+0 (- —)]
CroGofHAas SHEPTHsl EIMHHLBI 00beMa CTepPIKHS:

o-ikuik/Q = 012”22/2 = EX2/2R2.
HMHTerpupys MO BCeMy MNOMEPEYHOMY CEUYEHHIO CTEPIKHs, HMeeM

E
—7 | % df. (17,5)
Bro ecTb CBOGOAHAA SHEPTHST €LHHMIB! AJUHBI H30THYTOTO CTEPHHI.
Pajguyc KpHBU3HBL R onpejiesieH 3eCb Kak pajuyC KpHBH3HBI refl-
Tpa/bHOl TOBEPXHOCTH. Ho B CHJIy TOHKOCTH CTEPIKH: 31eCh C TOH
€ TOUHOCTBHIO R MOXKHO CHHTATh IIPOCTO PajMyCOM KDHBH3HBL Ca-
MOTO H30THYTOTO CTepIKHS, PacCMaTpMBAeMOro Kak He HMelomas
TOJIIHHLl JHHHS (06 3TOH JIMHMH 4acTo TOBOPAT Kak o6 ynpyeod
AUHUL). '

B poipaxenun (17,5) yAoOHO BBECTH NOHSITHE MOMEHTA HHEDIHH
naoLIafH NomnepedyHoro ceueHus crepxHa. MMenwo, ompenenum mo-
MEHT WHepLUH CeueHHS OTHOCHTENbHO MNPOXOJsfllell Yepes ero IJo-
CKOCTb OCH Y Kak HHTerpasl:

I,= | xdf, (17,6)

T. . aHAJOTHYHO OOBIUHOMY NOHATHIO MOMEHTA HHEPIHH C TOH TOJIbKO
pasuuiel, YTO BMECTO 3/IEMEHTA MacCh CTOHT MPOCTO 3JIEMEHT no-
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sepxuoct df. Torna cBoGognast SHEPrusl eAMHHLBI AJTHHEI CTEPIKHS
sanmuiueTcd B BHJE
E .
-gk—z—ly. 17,7

OnpenenuM eine MOMEHT CHJI BHYTPEHHHX HANpsiKeHHH, AeHCTBY-
IOUX B JAHHOM CEYEHHH CTepKHS (I3TOT MOMEHT HAasblBalOT H3ruba-
omum). K anementy df DOBepXHOCTH ceueHHS NpUAOXKEHA CHJA

X
0, df :—ITE df, nanpapiennas BHOJL ocH 2. Ee momeHT oTHO-

_CHTE/IbHO OCH Y €CTb X0, df. IT03TOMY HOJIHBLIAI MOMEHT CHJI OTHOCH-
TeTbHO 3TCH OCH €eCTh

My=Z [ df= Ll (17,8)

Takum obpasoM, kpususHa 1/R ynpyroff JMHHH NPONOPUHOHAJIbHA
JeHCTBYIOIIEMY B JAHHOM CeYeHHH H3rHOAIolleMy MOMEHTY.

Bennuuna I, 3aBHCHT OT TOro, Kak HampasJieHa OCb § B ILIOCKO-
CTH ceyeHHs. ¥YJoOHO, KaK 3TO NPHHSATO B MeXaHHKe, Bblpaxkars |
yepe3 JiBa TAaK HasbiBaeMblX TIJ1ABHBIX MOMeHTa HHepuuu. Ecau 8
€CThb yIoJl MeXAY OChbI0 Y H OJHOH M3 I'VIaBHBIX OCEH HHEPIMH CeYeHHs
CTepIKHS, TO, KaK H3BEeCTHO,

I, =1,cos®0 + I,sin%6, (17,9)

rae Iy, I, — raaBHble MOMeHTH HMHepuMH. Il1ockocT, mpoXojsiuixe
yepes OCb 2 H TJIaBHBIE OCH HHEeDLHH CeYeHH: CTepKHS, Ha3biBaIOT
IJIaBHBIMH IJIOCKOCTSIMH H3THOA.

Ecau, HanpuMep, cedeHue CTEPXKHS SIBJISETCS TIPAMOYTOJbHUKOM
(co cropoHamMu a u b), TO €ro LEHTP MHEPLUHH HAXOAWTCH B IEHTpe
OpAMOYTOJbHHKA, a IVIaBHbIe OCH MHEDLUH NapaJjjieibHbl ero CTopo-
HaM. [7laBHble MOMEHTH HHEPUHUH pPaBHHI

I, = a®b/12, I, = ab’¥/12. (17,10)
ITpu KpyroBoM ceueHuu (C paguycoM R) LEHTP WHEpPUMH HAXOAHTCA
B IleHTpPe KpPyra, a HanpaB/eHHe IVIaBHBIX OCeH HHEPIHH IPOU3BOJIBLHO.
MowmeHT uHepIUH BOKPYT JI0GOH OCH, IPOXOAAIIEH B IJIOCKOCTH Ceue-
HHSI uepe3 ero LeHTP, paBeH

I = nRYA. (17,11)

§ 18. 3ueprus AedopMHpPOBAHHOrO CTepKHS

B npexbiaymem naparpadge MBI paccMaTPHBAMH TOJALKO HeEGOJb-
mwyto o0JacTb BAOJb AMHHBI H30THYTOTO crepxkHs. [lepexons Temeps
K HCCJEI0BAaHHUIO JepopMallid BO BCeM CTepxkHe, HeoOXOIUMO HauaTh
¢ BpiGopa nojxojsulero cnocoba onucanus Takoil gepopmanuu. Cy-
IECTBEHHO, YTO NPH CHJIBHOM ') H3ruGe CTepKHS B HEM OAHOBPEMEHHO

i 1) HanoMHHM, 9TO MOJ CHIBHON Mbl MOHHMaeM 37eCh TaKylo AeOPMAIHiO, NpH
KOTOpOfl BeKTOp U He MaJl, TeH30p e JedOpMallHH MO-TIPEXHEMY ABJACTCS MaJbiM,

. -
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BO3SHHKaeT, BooOIe TOBOps, Takke M Hekoropas JedopMmanius Kpy-
YeHHst, TaK UYTO pe3yJbTHpylowas pAepopManus ecTb KOMOHHAIHA
gucToro usruba ¥ -KpyuyeHHd.

Ins onucanus pedopMald YAOGHO MNOCTYNHTb CJERYIOMHM
o6pasoM. PaszieuM Bech CTepXkeHb Ha Psji GECKOHEUHO MaJbiX 3Je-
MEHTOB, Ka)[plii H3 KOTOPBIX BBIPE3AETCS H3 CTepKHs JBYMsi Gecko-
HEYHO GJU3KHMH NONEPEYHbIMH CeYeHHAMH. B KakI0M TaKOM 3/1eMeHTe
BBeJleM CBOIO CHCTeMy KoopauHar &, 1, §; HanpaBaenus ocefl BoiGepeM
TakuM o0pasoM, 4ToObl B HenehOpPMHDOBAHHOM CTEpXKHE BCe 3THU
cucTeMbl GBLIH NapajijeNbHE APYT APYTY, HpHYeM BCe OCH [ Hanpas-
JIeHBI NIAPaJJIeIbHO OCH cTepH:A. [IpH H3rHOaHuHK CTEPKHS B KaXKIOM
5JeMeHTe CHCTeMa KOOPJAHHAT NOBODAauyHBAETCS, NPHYEM B Pa3/IHYHBIX
aJIeMEHTaX, BOOOILe FOBOPS, PasiuuHbiM obpasom. Kaxapie aBe Gecko-
Heuyo GJM3KHe CHCTEMEl OKA3LIBAIOTCA HPH 3TOM MOBEPHYTHIMH APYT
OTHOCHTEJbHO JAPYra HA HEKOTOpblA OeCKOHEYHO MaJblid YroJ.

[Tycte dp — BEKTOpP YIiia OTHOCHTENBHOTO IOBOpPOTA JABYX CH-
cTeM, HAXONSUMXCS HAa PacCTOSHHM dl BAOMbL JNHHBI CTepXHS (Kak
H3BeCTHO, GECKOHEYHO MAaJblfl YroJ NOBOpOTa MOXHO paccMaTpHBarhb
KaK BEKTOp, HanpaBJeHHBIA BJOJbL OCH IIOBOPOTA; €ro COCTaB/AKLIKE
NpeJCTaBAAIOT OO0 YIJIBl MOBOPOTA BOKPYT KaXIoH M3 Tpex ocel

KOOpAMHAT).
Jas omnucanns JedopMaldH Mbl BBEIEM BEKTOP
d
Q=-r, (18,1)

onpeesiomHUi «CKOPOCTbY MOBOPOTA OCEH KOOPJAHHAT BAOJb AJIHHbI
crepxus. Ecan pedopmanus sBAsfercs YHCTBIM KpYYeHHEM, TO IO-
BOPOT HOCJEOBATE/bHEIX CHCTEM KOOPJAMHAT NPOHCXOAMT TOJBLKO
BOKPYT OCH CTepKHs, T. €. BOKpyr oceil {. B arom ciyuae, ciefoBa-
TeJLHO, BeKTOp @ HampaBsieH BAOJb OCH CTEPXKHS H NPEACTaBJseT
co6oil He yTo HHOE, KaK YroJ KpyuYeHHS T, KOTOPbHIM MEI II0JIb30Ba-
auch B § 16. COOTBETCTBEHHO 5TOMY H B 00lleM C/ydae NPOM3EOJIbHOH
nedopMani KOMIOHeHTY £, BekTopa £ MOXKHO HasBaTh YIJIOM
KpyueHna. IIpu uucTOM »Ke H3THOe CTep:KHA B OIHOH ILIOCKOCTH
BEKTOp @ He HMEET KOMIIOHEHTH &, T. €. JeXHT B Kamjoi Touke
LeJHKOM B miockocTH &, v. Ecnu npu stoM BHOpaTh IJIOCKOCTb,
B KOTOPOIi IPOHCXOAUT M3THO, B KauecTBe MIOCKOCTH §, §, TO MOBOPOT
NPOMCXOIHT B KaXI0H TOUKe BOKPYT OCH 1, T. €. & napaJuiiesieH OCH 1.

BBeneM eIMHHUHBIE BekTop {, HanpaBJeHHBIH IO KacaTeabHO#H
K CTepKHIO, pacCMaTpHBaeMOMY 3[eCb NPOCTO KaK ympyras JIHHHSA.
IIpousBonnasi dt/dl HasbiBaeTCA BEKTOPOM KPHBH3HBI JMHUH; €ro
abcolioTHAs BeJuunHa paBHa 1/R, rae R — paauyc KpHBH3HHL ),

1) HanomnuM, 4TO BCSIKaf KpHBaf B NIPOCTPAHCTBE XaDAKTEPUIYETCS B KaxJof
TOUKE CBOMMH TaK HaSHIBAEMBIMH KPHBHSHOH H KpyueHHeM. IJTO KpyueHue (HaM
Be NpHIETCH NoJAL30BATHCH HM) He cJieayeT CMEIIHBATb C TEM, YTO Mbl Ha3blBaem
sfech- fedopManueli KpYUeHHs, npeicTapasiomeli cofoil 3aKpyuynBaHRe CTEPHKHA
BOKPYT €ro OCH,
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a ero Harpas/ieHHE Ha3blBaeTC HaNpaBJeHHEM IJIaBHOH HOpMaJH
kpuBofi. l3menenune BeKTOpa npH O6eCKOHEYHO MAJIOM T[OBOpOTE
paBHO BEKTOPHOMY IPOH3BeJEHHIO BEKTOpa yrJla MOBOPOTa Ha caM
paccMatpuBaeMbifi BektTop. [ToaToMy Xt pasHOCTH BeKTOpOB t B ABYX
6eckOHEUHO OJIM3KHX TOYKAaX YOPYrofl JIHHHHM MOXHO HalHCATbi

dt = [det],
HIH, pasjenauB Ha dl:
dt
o TRl [Qt]. (18,2)

YMHOXHB 3TO paBeHCTBO ¢ 06eHX CTOPOH BeKTOPHO Ha t, moJyyaem
: dt
Q-—-_[t-d—l] 1 t(tQ). (18,3)

Hanpab/ienue BekTOpa KacaTeJbHOH B KaXJOH TOYKe cCOBIAjAaeT
c HanpaBJieHHeM ocH { B aToi ke Touke. IToatomy (tQ) = Q. Beens
eIMHUYHBIA BEKTOP N IJ1aBHOA HOPMAaJH Tak, 4To dt/dl = n/R, MoxkHo,
CJIeflOBaTE/NbHO, HAMHCATh: ‘

Q = - [tn] -+ tQ, (18,4)

IMepBbiil yneH cnpaBa NPeACTaBAAET COOOH BEKTOp C ABYMsI KOMMO-
Hentamu Q¢, Q,. Exunnunsni Bektop [tn] naswiBaercsi, kak u3Be- .
CTHO, €IMHHYHBIM BeKTOopoM OnHopMaJju. Takum oGpasoMm, KOMIMO-
HeHTH 2, Q, o6pasyloT BekTOp, HaNpaBJeHHHIA N0 GUHOPMAJIH
K CTEpHIO H No ab6COMOTHON BeJHYHHe paBHHH ero Kpupusue 1/R.

Beens, TakuM o6pa3oM, BekTop £, xapaxTepusylomuil Iedopma-
HHIO, H BBISICHHB €ro CBOHCTBAa, Mbl MOXEM BHIBECTH BBIPAXKEHHE JJIA
ynpyro# ¢cBoGOAHONR 3HEPTHH H3OTHYTOIO CTEpXKHA. ¥ Ipyrasi S3Heprus
(oTHeceHHass K eIMHMIE MIHHBI CTEPXKHSI) ABJAETC KBaAPaTHYHOH
¢ynknuel gedopManuM, T. €. B JaHHOM CJydyae KBaJpaTHyHOH (QYHK-
1ueli KoMIoHeHT BexkTopa Q. Jlerko BHAETb, YTO B 3TOH KBajpaTHYHOM
¢opMe NOMKHEI OTCYTCTBOBATb WUJIEHbI, NPONOPHHOHAJbHBE 282
win Q,Q;. JlefiCTBHTENbHO, NOCKOJbKY CTEPXKEHb OJHOPOJEH BJOJb
Bcell CBOEH JJIMHBI, TO BCE BEJIHUHHBI, B YaCTHOCTH M 2Heprus, He
JIOJKHBI MEHATHCA INPH H3MEHEHHH HanpaBJIeHHS! IOJOXHTEJbHOTO
oTcYeTa KOODAMHATHL §, T. e. IpH 3ameHe { Ha —{; yKasaHHble ke
HpOM3BeICHUS NPH Taxol 3ameHe IepeMeHHJH Obl CBOH 3HAK.

Yro KacaeTcs ujieHa ¢ KBazpaToM 2, TO HaJo NOMHHTb, YTO NPH
Q: = Q, = 0 Mbl HMeeM JeJIOo C YHCTBIM KPYYeHHEM, H TOIJa Bblpa-
JKeHHe JJI SHEPTHH JOJKHO COBIACTb C BbIpaKeHHEM, NOJyYEHHBIM
B § 16. Takum o6pa3oMm, COOTBETCTBYIOLHH YieH B CBOGORHON sHep-
FHH HMeeT BH]

1/,CQ4.

Haxonen, uieHsl, KBaipaTuunnie no g, 2,, MOXHO HalHCaTh,
HCXONs1 U3 Beipakenus (17,7) 4as sHepruu cia6o U3OTHYTOrO HeGOJb-
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nioro yuacrka crepxus. IIpeinonoxuM, 4To CTepKeHb MOABEPraeTcs
Jiuwb caabomy uaruby. Tliockocts &, L BeGepeM B IJIOCKOCTH H3ruGa
Tak, uTo KOMNOHeHTa £y ucye3aeT; KpyyeHHe TaKkKe OTCYTCTBYET NPH
cnabom usruGe. Bripaxkenue Jns 3HEPTHH JAOJNKHO B 3TOM Caydae
cosnanate ¢ (17,7):
E
TRE I,

Ho mbt Buzeau, uto 1/R? gBasercs Kak pa3 KBaipaToM MJCCKOTO
BekTopa (R, Q). ITosTOMy 3Heprus NOJKHA HMETh BHJ

E
< I

ITpn npousBoabHOM BBIGOpe oceit §, 1 3TO BHIPaMKEHHE HamHILeTCHd,
KaK M3BECTHO M3 MeXaHHKH, B BHJE

E
"2— (T @F -+ 205 nQg + I Q}),

rie Inn, Ing, [z — KOMIOHEHTHI TEH30pPa HHEPHMH CEUEHHS CTEPIKHII.
Y 106H0 BLIGPATh OCH &, 1} TaK, 4TOOLI OHH COBIIAJIA C IVIaBHBLIMH OCAMH
MHEpLUHH ceuyeHusi crepxkHsi. Torna mpl Oylem HMeTb NPOCTO

L (19 + 1.93),

rge I,, I, — raaBHble MOMEHTH HHepuHH cedenus., [lockoabky
Ko3(pumenTsl pu QF u Q} mocTosHHblE, TO NOJYYeHHOE BbIpaxe-
HME JIOJPKHO HMETb MECTO M IpPH CHJBHOM H3rube.

Hakonen, unTerpupys no BceH JJIHHE CTEPXKHS, NOJYYHM OKOH-
uaTeNqLHO Caelylollee BHIpaxKeHHe LI CBOOOAHOH YIPYrod sHepruu
H30THYTOTO CTEPKHA!

: Fon = j{_’gi Q%-{—%—E——Q%-{--g—%} dl. (18,5)

*
Janee, BhipasuM uepe3 @ MOMEHT CHJ, JEHCTBYIOIIMX Ha CeyeHHe
cTepikHA. DT0 JIETKO ClieJaTh, UCIOAb3ys ONATh Pe3yJbTaThl, NOJY-
yeHHHIE paHee [/ UYMCTOTO KPyYeHHS H cJabOro 4YUCTOro H3ruba.
ITpu YHCTOM KPYuYEHWH MOMEHT CHJl OTHOCHTEJbHO OCH CTePXKHs pa-
Ben Ct. [TosTomy sakJiouaeM, 4TO B oflieM CJaydae MOMEHT M; OTHO-
CHTeNbHO OcH { AomxeH OwbiTh paBeH My = CQ;. Ilanee, npu cinabom
narube B IJIOCKOCTH E, { MOMEHT OTHOCUTENBHO ocH 1 ecTb L/,/R.
Ho npu Takom u3ru6e BekTop € HampasJeH MO OCH 1), TaK uto 1/R
ecTb TpocTo ero abcomornas BenunHa M El/R = EI,Q. Tlostomy
3akJI04aeM, uTo B oflieM ciydae JOMKHO Ot My = EI,Qy, M, =
= EI,Q, (ocu &, M BHIOPAHE! 1O I'IABHBIM OCAM HHEPLHH CEUEHHs).

TakuM 06pa3oM, KOMIIOHEHTH BeKTopa M MOMeHTa CHJI PaBHBI

My = ELQ;, M,=ELQ, M;=CQ,. (18,6)
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Ynpyras sHeprus (18,5), BreipazkeHHas yepe3 MOMEHT CHJI, HMEET BHJ

2 2 2 *
For = (i v+ -} 4 187
1 2

BaxHbiM ciyuaem usruGa crepi:kHedl siBasercs cia6eiit H3ru6, npu
KOTOPOM Ha BCeM HPOTSIXKEHHH CTEPXKHS OTKJOHEHHE €ro OT IepBo-
HAYaJbHOTO TOJIOMKEHHS Malo IO CPABHEHHIO C JJIMHOH CTepXKHs.
B 31OM ciiyuae Kpyyenue MOMKHO CUHTATH OTCYTCTBYIOUHM, TA4K UTO

MOXKHO NOJOKHUTh &2 = 0 u u3 (18,4) umeem npocto

= [tn] = [t%] . (18,8)

BeeseM HemnopBM:KHYIO B NPOCTPAHCTBE CHCTEMY KOOPAMHAT X, Y, Z
C OCBbIO 2z BJOJIb OCH HeJeOPMHPOBAHHOTO CTEPKHA (BMECTO CBSI3aH-
HEBIX B Ka)kJAOH TOUKe cO cTepikHeM Koopaumuar &, 1), L. Ofosnauum
nocpeactsoM X, Y KOODAHHATHI X, y TOYEK YIPYIOH JIMHUM CTEPIKHS;
X u Y onpepessioT cMelleHHe TOYEK JHHHH OT HX NEPBOHAYANLHOTO
IIOJOXKEHUsT JO wu3ruda.

BBuay Toro uro usru6 c/nab, BeKTOp KacaTeNnHoHl t mout napad-
JieJIeH OCH 2, TaK YTO NPHOJMIKeHHO MOXKHO CYMTaTh €ro HanpaBJeH-
HBIM BROJbL 3TOH ocu. Jlasee, eNMHHUYHBLIA BeKTOp KacaTelpHOH
paBeH DPOU3BOAHOMH

OT paiMyC-BeKTOpa I ToYeK KDHBOH Mo ee niuHe. ITosTOMy HMeeM
dt a’r d’r

T diE Y TdE
(IPOU3BOZHYIO 1O IJIMHE CTepPKHS MOXKHO NPHOIHUKEHHO 3aMEHHTDH
NPOU3BOJAHON N0 2). B uacTHOCTH, x~ H y-KOMIIOHEHTH STOTO BEKTOpa
paBHLI COOTBETCTBeHHO d?X/dz* u d*Y/dz:. Kowmmouents: £,
C TOH € TOYHOCTbIO PABHBI Tellepb KOMIOHEHTaM £, Q,, u u3 (18,8)
noJayJaem
42X
TdE e

- dzy
Q=2 o =

dz*

(18,9)

[Toxgcrasadas st BolpaxkeHus B (18,5), mosmyuaeM ynpyrywo sHep-
rHI0 ¢1a60 M30THYTOI'O CTePXKHS B BHJE

FGT::%HII il Y L (S )Q}dz. (18,10)

dz? dz?

HanomunM, uto I;, I; — MOMEHTH WHEPIMH COOTBETCTBEHHO OTHOCH-
TeJILHO OCell X, Y, SBAAIOIUXCA IJIABHBIMH OCAMH HHEPIHH.

B wuwacrHoctH, AJs crepxkHS KpyroBoro cewenuss [, = I, = |
H B IOJBIHTErPaJbHOM BLHIPAXKEHWH MNOJYy4YaeTcs IPOCTO CyMMa KBa-
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IpaToB BTOPHIX NPOM3BOIHBIX, COBNAAAlomMas B DPacCMaTpHBAEMOM
NpUGAHIKEHHH C KBaApPAaTOM KPHBU3HBEI CTEDXKHA:

41X \2 @y N2 ]

@) (&) ~w
Beuay storo dopmyay (18,10) MoxHO ecrecTBeHHBIM 0GpasoM 06o6-
WHTh Ais ciaboro Haruba creprkHel (KPYroBOro CeueHHs), HMEIOMHX
B CBOEM €CTECTBEHHOM (HeneOpMHDOBAHHOM) COCTOSHMHM JIOOyi0

HenpsaMoJuHelHHyI0 ¢opmy. Jasa STOro Hajo HAMHCAThb 3HEPTHUIO H3-
ruba B BHJe

FCT=%j(-;———£—O—>2dz, (18,11

rie R, — paauyc €CTeCTBeHHOH KPHBH3HHI CTEPXKHSA B KaxAOH ero
TOYKe. IT0 BHIPAXKEHHE, KaK M JOJIKHO ObiTb, 00JalaeT MHHHMYMOM
B HexedopMHPOBaHHOM cocTosiHHH (R = R,), a npu R, — oo nepe-
xoput B dopmyay (18,10).

§ 19. YpaBHenus paBHOBeCHsl CTepXHeH

Mb MOXeM Teneph nepefiTH K BHBOLY ypaBHEHHH PaBHOBeCHH
H3OTHYTHIX CcTepxHell. PaccMoTpuM OnATh KakoH-RHOYAb W3 GecKo-
HEUHO MAaJblX 3JEeMEeHTOB CTePXKHs, BbIPE3aHHBIH AByMs GeCKOHEUHO
6AN3KHMY CEUeHHSIMH, M BHIUMCAHM IIOJIHYIO JEeHCTBYIONLYIO Ha HEro
cuny. OGo3HauuM CHJy BHYTPEHHHX HaNPSKEHHH, NPUJIOKEHHYIO
K DJIOIaAu ceuenns crepxkus, nocpeacteoM F ). Komnonentw sToro
BEKTOpa DABHbl MHTErpajaM OT Gy IO IIOMAJH CeYeHHs:

Fy= [oudf. (19,1)

Ecan paccMaTpuBath ABa GeckoHeuHO OJIM3KHX CeYEHHS Kak HoBepx-
HOCTH OCHOBAHHH BHIPE32€MOrO HMH SJEMEHTAa CTePXKHs, TO Ha Bepx-
Hee ocHoBanue jeiictByer ciuia F 4 dF, a Ha HuXKHee — cuna—F;
Hx cymma ectb audpdepenunan dF. ITycts panee K ects neficrsy-
1001as Ha CTepXKeHb BHELIHSS CHJa, OTHECEHHAs K elMHHIIE ero LJIHHBL.
Toraa Ha sJeMeHT AJuHE dl nefictsyer BuewnHss cuia K dl. Pasuo-
JeHCTByIOIas BCeX CHJI, JEHCTBYIOLIMX Ha 3TOT JIEMEHT, €CThb, Clle-
zomatennno, dF -+ K dl. B paBHoBecuu 3Ta CHJIa JQJMXKHa oOpa-
maTthess B Hy/Mb, Takum o6pasoM, nojyudaeM

dF

Bropoe ypaBHeHHe NOJIy4yaeTcsi M3 YCJOBHS PaBeHCTBA HYJIO
NIOJIHOFO MOMEHTa CHJI, IPHJOXKEHHbX K AaHHOMY 3jieMenTy. Ilycts M
€CTh MOMEHT CHJI BHYTPEHHHX HaNpsKeHHH, ACHCTBYIOUIMX HA NAO-

_ 1) OGoanauenue 570l cHan nocpeactsoM F He MOXKeT NPHBECTH K CMEIICHHIO
co cBOGONHOW 3Heprmefi, KOTOpOit Mul He nogb3yemcs Hike, B §§ 19—21.
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Majib CeYeHHA CTEPKHA. DTOT MOMEHT Gepercss OTHOCHTENbHO TOYKH
(Hauasa KOOPAHHAT), Jekalled B CaMOH IJIOCKOCTH 3TOIO CEYCHHS;
€ro KOMOOHEHTH onpepesasiorcs dopmygamu (18,6). Byaem Briusc-
JSITh CYMMAapHBIH MOMEHT, MPUJIOKEHHHH K JaHHOMY 3JIEMEHTY
CTEPXHS, OTHOCHTEJBHO TOUKHM (HasoBeM ee Toukoit 0), Jexaimeit
B IIJIOCKOCTH €r0 BEPXHEro OCHOBaHHA. Toria BHYTpPeHHHE HanpsKe-
HHS Ha 3TOM OCHOBaHuH JalT MOMeHT M - dM. Moment xe (oTHO-
cHTesibHO ) CHJ BHYTPEHHUX HAOPSXKEHHH B HHUMKHEM OCHOBaNHH
3JIeMEHTA CKJIAJbIBAETCs H3 MOMEHTa — M 5THX CHJU OTHOCHTEHIO
Hayaja KOODAMHAT B NJIOCKOCTH HHXKHEro ocHOBaHHA (Touka O)
1 MomeHTa (oTHOcHTeAbHO O) cymMmapuoil cuin — F, npeficrByiomei
Ha 5TOM OCHOBaHHH. IJTOT BTOpoi MomeHT pased [(—dl) (—F)I,
rae dl — BexTOp aMeMeHTa JJIHHBEL cTepxkHS oT O' Kk 0. MoMeHT xe,
00yCJIOBJICHHBI BHEIHHMH cHyamH K, sBasercss Masioil BeJHYHHOH
Boiciero mopsixa. Takum ob6pasoM, NOJHBIH AeHCTBYIOWHH Ha 3Je-
MEHT CTep>kHf MoMeHT cui ectb dM -+ [dIF]. B pasHoBecHH on
JIOMKeH OHTb pPaBHBIM HYJIO;

dM - [dIF] = 0.

PasgenHB 3T0 paBeHcTBO Ha dl u 3aMeuas, uto di/dl = t ectb egunuy-
Hbll BEKTOP KacaTe/IbHOH K CTepPKHIO (pacCMaTpHBAaeMOMY Kak JiH-
HHS), TNOJydaeM ypaBHEHHe

D = [F1). (19,3)
Ypasrenus (19,2) u (19,3) nmpercraBasioT cOGOA HOJHYIO CHCTEMY
ypPaBHeHHH paBHOBECHS NPOH3BOJBHEIM 06Pa30M H30THYTOI'O CTEPIKHS.
Ecnn peficTBylomue Ha crepxeHb BHEIUHHE CHJBl ABMASAIOTCH, Kak
TOBOPAT, COCPENOTOYEHHEIMH, T. €. NPHJIOKEHB! TOJLKO K OTIAEJbHBIM
H30JIMPOBAHHLIM €0 TOYKaM, TO Ha yYacCTKaX CTepKHS MEXAY TOY-
KaMH IIDHJOXEHHS CUJ YPaBHEHHS pABHOBECHS 3aMETHO yIMpoO-
maioresa. M3 (19,2) umeem mpu K =0

F = const, ‘ (19,4

T. €, CHJIBl BHYTPEHHHUX HANPSXKEHHH NOCTOAHHBI BAOJbL NJIMHEI KaXk-
JOTO U3 YKa3aHHBIX YYacTKOB CTepiKHs, 3HaYeHHS] 3THX IMOCTOSTHHBIX
onpejeasiorcad TeM, 4to pasHocte F, — F, 3Hauenuit cujiel B TOU-
Kax I u 2 paBHa

F;—F =— YK, (19,5)

rie cymma GepeTcs o BCeM CHJIaM, IPHJI0KEHHBIM K OTPE3KY CTepIKHSA

MeXAY Toykamu I u 2. O6painaeM BHHMaHHe Ha TO, YTO B PA3HOCTH

F, — F; touka 2 gBagercsi GoJiee yJZaJeHHOH OT Hayada OTCYeTa

ANHHBL cTepikusA (T. €. AJHHM AyrH [), yeM Touyka [; 5T0 3ameuaHue -
CyllecTBEHHO NPH ONpeleneHHH 3HaKoB B paBenctse (19,5). B uacr-

HOCTH, €CJH Ha CTepxXeHb JeHCTBYET BCETO offa CcOCpeNoTOUeHHAst

cuaa f, npujoxeHHas K ero cBoGoguomy Kouuy, To F moctosinno

BIOJb BCeHl JJIMHMI CTE€PXKHA M paBHO f.



104 PABHOBECHE CTEP)XHER M TIJIACTHHOK tra, 11

Bropoe ypaBHenne paenobecus (19,3) Toxe ynpomaercsa. Hamucas
B uem t = dl/dl = dr/dl (rge r — paguyc-BeKTOp OT HEKOTOpoH
3a71aHHON TOYKH K IPOM3BOJBHOH TOUKE CTEPXHS) M HHTErpUpYf,
nojyyaeM BBHAy nocrosiHcTBa F

M = [Fr] + const. (19,6)

Ecau ke OTCYTCTBYIOT TaKKe ¥ COCPEJOTOUEHHbIE CHJIBI, a M3ruo
CTEePKHS NPOHCXOAUT MNOJ AEHCTBHEM NPHJIOKEHHBIX K HEMY COCpeno-
TOUYEHHBIX MOMEHTOB (T. €. COCPeLOTOUeHHHIX map cua), To F = const
BIOJb BCell JJIMHBL CTEPKHSA, 2 M HCIBITHIBAET B TOUKAX NPHJIOKEHHA
COCPEJIOTOUEHHBIX Nap CKaukH, paBHbIE HX MOMEHTaM.

O6parumcsi, jafee, K BONPOCY O IPAHUYHBIX YC/IOBHMSIX Ha KOH-
1ax u3ru6aeMoro CTepKHs. 3Jech MOTYT NPEeACTABHTBLCA PAa3JIHYHBIE
C/yYaH.

KoHell cTepyKHS HaswBalOT 3ajelaHubM (puc. 4, a cM. c. 66),
€C¥ OH He MOXET HCIBLITHIBATh HUKAKHX CMelleHH# — HH NpOJOJb-
HBIX, HH TIONEPEYHHIX, H, CBEPX TOIO, HE MOMKET H3MEHHTbCS ero Ha-
npaBJenye (T. €. HapaBJ/eHHe KacaTeJbHO! K CTEPKHIO B €r0 KOHIE).
B stoM ciyyae rpaHHuHBIE YCJIOBHSA = 3aKJIOYAlOTCS B TOM, YTO 3a-
JIal0TCA KOOPJAMHATH KOHIA CTePKHS M €IMHHYHBIA BEKTOp KacaTeJb-
Hoit t K Hemy. CuJla Ke M MOMEHT CHJI peaklHH, AEHCTBYKLHE Ha
CTepKeHb CO CTOPOHHI OINOPHl B TOUKE 3aKpeJIeHHsl, ONpeResarTCs
B pe3yJibTaTe pelleHHs YpaBHEHHH.

[TpOTHBONONOKHBEIM SIBJSETCS Cydail CBOOOAHOTO KOHIA CTEPIKHS.
B 3TOM CJlyyae KOOpJAMHATH KOHIA U ero Hanpas/ieHHe NPOH3BOJIBHEL.
I'panuunbe YCJA0OBHs 3aKJI0YAIOTCs B TOM, yTo cuna F u MoMent cunr M
Ha KOHIlE CTePXKHS JOJIKHBI OGpaTHTbCS B HYJb ')

Ecau KOHell CTep:KHs 3aKpelJieH Ha IIapHupPe, TO OH He MOXKeT
MCIBITHIBATh HUKAKHX CMEIEeHHH, HO €ro HalpaBJeHHe He 3alaHo.
MoMeHT cuJ, JeHCTBYIONMMX Ha Takofl ¢BOGOAHO NMOBOPAUYHBAIOMHUICH
KOHell, JOJKeH HCUe3aTb. '

Hakonel, €cJH CTepKeHb ONEPT B HEKOTOPOH TOYKE OINOPHI
(puc. 4, 6), TO OH MOXKeT CKOJb3HTb IO 3TOH TOYKE, HO HE MOXKETD
MCHBITHLIBATL B HEll HOIEpeuHslX cMelleHHH. B 3ToM cayuae Hesajau-
HEIMH SBJAIOTCA HanpabsieHue t M IOJOXEHHe TOYKH, B KOTOPOH
onupaercsi CTepxeHb, MO ero AjauHe, MOMEHT Chl B TOYKE OINOPbLI
Jlo/KeH OHITh PABHEIM HYJIO COOTBETCTBEHHO TOMY, YTO CTEPIKEHb
MOXKeT CBOOOAHO IIOBOpauuBaThesl, a cuia F B 3TOH Touke JAOJIXKHA
ObITh NEpIeHIUKYAIPHA K CTePIKHIO; IPOAOJbHAS KOMIIOHEHTA CHJIBI
BhI3BaJia OBl AaJibHelllee ero CKOJbXKeHHe B TOYKE ONOPHI.

AnanornunniM 06pasoM JIETKO  YCTAHOBHTb TDAaHHUHLIE YCJAOBHA
¥ NpH APYTHX cnocoGax 3akpelvieHHs cTepxHsA. Mbl me Oyziem ocTa-
HaBJAHBAThCH 3JeCh HA STOM, OTPAHUYMBINHCH NPHBEAEHHHIMH THOHY-
HHIMH [IpHMEpaMH.

1) Ecau K cBOGOAHOMY KORIY MPHJIOKEHA COCpeloTOuYenHan cwia f, TorpanHus
noe ycaosue racur ve F=0,-a F =1, :



§ 191 YPABHEHHA PABHOBECHSI CTEPXHEHA 103

Yxe B Hauaje npeAmAyulero mnaparpada GBLIO OTMEYEHO, uTO
CHJIbHBIH H3THO CTEePXKHS NPOHM3BOJBHOIO CEYeHHS CONMpOBOXAAeTCs,
BOOOLIE TOBOPA, OAHOBPEMEHHBIM €T0 KpYUYEeHHEM, jaxke eclH K cTep-
JKHIO HE MpHJaraetcd HHKAKHX BHEIIHMX KPYTAIIHX MOMEHTOB.
Hckaouennem aBasieTcsi H3THG CTEPIKHS B €ro IVIABHHIX NJIOCKOCTAX.
[Tpu TakoMm wusru6e KpydeHHe He BO3HHKAEET. ¥ CTepPIKHsI KPYrOEOI'O
ceyeHHs HUKakof u3ru6 He CONPOBOXKIAEGTCA KpYueHHeM (ecJH,
KOHEYHO, HET BHEUIHHX KPYTALIHX MOMEHTOB). B aToM MoxHO yGe-
IHTBCS CJeXyouM o6pasoM. KpyueHne onpenesseTcss KOMIOHeH-
Toit £ = () BekTOpa . BHIUHC/INM €ro NPOH3BOAHYIO MO AJHHE
crepkHs. [lasg storo numem, sameuas, uro Q; = M,/C:

d _ A dm | o dt
M) =C—p = t+ M.
Ilpu noxcranoske (19,3) nepsulil uieH ofpauiaercss B HyJab, TaK YTO
dQr dt
¢ dl =M a *

¥ crepxHsa Kpyroeoro cesenus Iy = [, = I; cornacuo (18,3) u (18,6)
MOKHO NO03TOMYy Hanucate M B Buge

M= El[t—g—} 1 1CQ,. (19,7)

ITpu ymuoxenun Ha dt/dl o6a uneHa JalOT HyJb, Tak uro dQ./dl = 0,

OTKYza
Q, = const, (19,8)

T. €. YroJ Kpy4eHHSl NOCTOSIHEH BJOJNb CTepxkHs. ECIH K KOHUAaM

CTepIKHS He NPHJIONKEHO KPYTAIHX MOMEHTOB, TO Q; Ha KOHLAX PaBHO

HYJI0, a NOTOMY KpYyuYeHHe OTCYTCTBYeT H [0 BCeH JJHHe CTep:KHA.

st cTep:kHS KPYroBOro CeueHMsI MOXKHO, TakMM o0pa3oM, Ha-
nucath HpPH YUCTOM H3rube -

dt dr dr

M= EI [t—al—] — EI [T—dﬁ] . (19,9)

TlopctaHoBKa 3Toro BuipameHHs1 B (19,3) NpHBOAMT K YpaBHEHHIO
yicTtoro uaruba crTep:kHefl KPYyroBOI'O CeueHusi B BHJe

El[—j;—-j%] =[F <1 (19,10)

3agxaagn

1. IlpuBectn K xBazpaTtypaM 3ajauy o6 onpeeneHun GOPMEI CTEpPIKHSA KpYro-
BOro ceueHusi (YOPYToro Ipyra), CHILHO H30THYTOTO B OAHOH INIOCKOCTH HPHJIOMKEH-
HBIMH K HEMY COCPEROTOUEHHBIMH CHJIaMH.

Pemenne PaccmarpupaeM yuacTOk CTEPIKHS MEKAY TOUKAMH NPHJIOKEHHS
cun; Ha TakoMm yuactke F = const. BuiGepeM niockocTh naru6a B KayecTBe MJIO-
.CKOCTH %, Y, @ OCb y — mapaseasio cuie F., BeoauMm yroa 0 mexay kacateabHo#
K JHEHH cTepxHs M ocblo y, Torga dx/dl = sin 0, dy/dl = cos 0, rhe x, y — Koop.
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ZHHATH TOUEK CTepKIsi. PacKpHBas BekTOpHue nponssexeHns B (19,10), noxyuaem
ypaBuerue aaa 0 kak ¢ywknuu Axunnt AYFR I

dz0
IE —EIT — Fsinf = Q.
[MepBoe nHTErpHPOBAHKE HaeT )
IE do \2
—5— (T) +Fcosﬂ_-_cl

B 0TCI0d2

1E de

= 3= -_— 5'———___—'—..——___‘— + Ca. (l)
2 Ve — Fcos9 :

@yukuus 0 (/) mMoxer ObITL BbIpaKeda OTEIOAA Uepe3 BITHITHYECKHE (byHKUHH,
Jas koopauuatr x = j sin@dl, y= j cos O dl monyuaem

x=4 —FI—V.?IE Ve, — F cos O -+ const,
— ” @
IE cos 648
= } V'—— Ly const’.
y 2 ) Ve —Fcosh *
Momenr M (19,9) nanpasien no ocH 2 U paBeH
d6

M=1E’d_l‘o

) 2. Onpegennts (GOPMY CHALHO H3OTHYTOI'O CTepXK-

Puc, 15 HA, OJHH KOHel KOTOpOro 3ajejiaH, & K ADPYroMy, CBO-

GoxHOMy, mpuaOKeHa cuaa f; nanpasiaenue f nepneniuky-

ASAPHO K NPsMOi HefeoOpMHPOBARHOTO CTepKEs (puc. 1D).

Pemenne Ha seeit qaune crepxas F = const = §. Ha sagerannom xomnue

8[ = 0) 8 = n/2, a na ceoGogHoM ({= L, rae L — pnuma crepxus) M = 0, 7. e.

" = (. Brous oGoanayenne O, = 0 (L), umeem B (1) c; = [ cos Oy:

/2

. V IE. do
. 2 V cosbp —cos8

Orciona nodyuaeM ypaBHenue, onpefensioumee 0Oy
742

_]_E_; de
2f V cos B, —cost

L=

QopMa CTepKHA onpeleiserca (GopMy/aaMu

——r n/2
21E

x= —a (VcosBp— Vcos 6, — cos 8), y= V—%—? 5 cos 6 d9

Vcosy —cos 0

3. To xe, ecin cuna f, npHAOKeHHas K cBoSOLHOMY KOHLIY, HalpaBicna Sy
paRie/ibHO JIMBHH - HeleOPMHPOBAHHOTO CTEPMES,

-’
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Pemenrnne, Humeem F= —f (0CcH KOOpImAAT BHOGDAHH VKasaHHEIM Ra
puc, 16 o6pasom), I'pannuneie yeaosus: 8 = O npu /=0, 8’ = O npu / = L. Vneem

)
V| &
2f p VcosO— cos By

rne By onmpenensiercs u3 [ (6) = L, Nas x u y nonyuaem

&= 2;5 (VT="056, — V' c0s 0 — cos Gg )»
8
1E cos 0 db

y-.:

2f p VieosO—cosB,
IIpu cnaGom narube Oy < 1 ¥ MOXHO HamHCATH:
. e L
L V 1E j‘ do n IE
& —_ | e = - —_—
I Jd VeE—e 2 [

T. e. O, BEMagaeT N3 5TOTO COOTHOMIEHHS, DTO MOKASLIBACT, B COIMACHH C PE3YNb-
tatoM 3afaun 3 § 21, yro paccMaTpuBaeMoe pemleHHe CYMECTBYET TOALKO INpH [ >
> n?[E/4L?, T, e, nocie NOTepH YCTOHUHBOCTH NpsMOJHEeHHOR (oOpMOiL.

4, To e, ecin 06a KOHIA CTEDXKHS OIEPTH, @ K €r0 CepejHAe NPHJIONKEHA
cuna f; paccrosHHe MEXAY TOUKaMu OHOPH €cThb Lg,

s | %

N

Puc. 17

Pemenne DBubHpaeM ocH KoopAHHAT yKasaHHBIM Ha pHC. 17 oGpasom,
Cuna F mocTOSIHH4 Ha KaxJoM H3 yuacTkoB AB u BC, npuueM Ha KaXJOM H3 HHX
HepueHAUKyAspHA K JIHHHH CTeDXKHS B TOYKAaX ONOPH — cooTBeTcTeeHno A u C.
Pasuocrts suauennit F 1a AB u BC paBHa f, oTkyna aaxmouaeM, uto va AB F sin 8, ==
= —f/2, rne 6, — yron Mexay ocbio y 1 aunnek AC. B Touke A (I = 0) umeenm ycno-
Bud 0= /2 8 M= 0, 1. e. &' = 0, Tax 9r0 Ha AB

IE ' m
= (——.—sin ) ) £
I ¢ J‘ Veost

w2
172 2 I
x=2(—{-i£-sin6°cose)/ . y=(—’-;::-sme,)” j V cos 0 db.
) v :
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¥Yroxa 6, onpenesisieTcss ¥3 yCAOBHSA, YTO Ipoexuus jaunnl AB Ha npamyio AC nosmxna
6uTh paBia Ly/2, OTKyAa HMeeM

L IE 12" cos (0— 8y
—0 — (L= sine, ) LU= "0 gp.
2 ( f ’ F Vsin®

TIpH HeKOTOPOM OIpefenenHoM sHavenny 0p, nexamenm Mexay 0 u 71/2, npoussozinas
df/df, (rze f paccmarpuBaeTcss Kak QyHkuus ot 0p) obpamaerci B HyJb H Lenaeicst
monoxutenphoff, lanpuelimeMy yMmenbulenuio 6, T. e, yBeanuenmio nporu6a, coOT-
BEeTCTBOBA/IO GHl yMeHbIUeHHe f. DTO 3HAUHT, UTO HafiJleHHOe pelleHue AeNaeTcs He-
YCTOHYUBLIM; CTEPIKEHb «IIPOBAJHBAETCA? MEXAY ONOPaMH.

5. TlpuBecTn X KBajpaTypaM 3ajauy O NPOCTPAHCTBEHHOM CHJLHOM HSTHGe
CTepxHS MOJ AeHCTBHEM COCPEJOTOYEHHBIX CHIL.

PemeHnne PaccMaTpuBaeM y4YacTOK CTepXKHS MeXAY TOYKaMH IpHIONKe-
uus cun, Ha kotopoM F = const, HMurerpupya (19,10), momywaem

dr  dr
El [—d-;——a%] = [Fr] + cF; o)

DOCTOSIHHASL MHTETPHPOBAHHs HaMHCaHA B Buie BekTopa ¢F, HampaBJeHHOTo BZOJb
F, IOCKOMLKY HaJMeXamuM BHOODOM Hauaja KOODAMHAT, T. €. MpuGaBleHneM K T
HEKOTOPOTO IIOCTOSTHHOTO BEKTOPA, MOMKHO HCKJIOUHTb aUIUTHBHBIH BEKTOp, HepIeH-
nukyaapubi K F, YMHOXKas (1) CKaIsipHO M BEKTOPHO HA I’ (WITPHX O3HAYAeT Au(-

depenmponanne no ) ¥ 3ameuas, 4ro r'r’ = 0 (mockoabky " = 1), momyuaem
F[rr'] 4 cFr' =0, EIr" = [[Fr]r’] 4 c [Fr'].
B komnonentax (och 2z BeSpaHa no Hampasiaesmo F)
(' —yx')+c2 =0, El'=—F (xx' +vy').

Bpojs B 5THX ypaBHEHHAX LUJIHHAPHYECKHE KOODAMHATH 1, @, 2, MOJydJaeM

@' ¢z =0, Elf'=-—Frr, 2)
M3 BTOpOrO ypaBHEHHS HMeeM
’ F — 2
2 = —m— (A r ), (3)

rze A — nocrosnnas, KomGuuupys (2) m (3) ¢ TOXAECTBOM
rpret 4 2t=1,
noJLyuaeM

rdr

dl =_GT’ G(r)= [,z_ 4;212 (_r’+c“‘) (A—r?‘)z]”‘z,

pocie gero u3 (2) u (3) HaxoxuMm
F (A—1¥)r cF A—nrt

9E] co 4 9= GG

g ==

geM H ompejesercss GopMa H3OTHYTOTO CTEPXKHs,

6. CTepxeHb KDPYrOBOLO CeueHMA INOXBEPTHYT KPYHEHHIO (YroJd KPYYCHHS T)
M H3OTHYT B BHHTOBYIO JIHHHIO, OUpeienuTh CHAY M MOMEHT CHJ, KOTODHIE JOJIKHEI
GLITE IPAJOMEHH K KOHUAM CTepXKHA AJAA TOro, YToGH yAEpKHBATb €0 B TAKOM CO-
CTOSIHHH,

Pemenue, [lycte R — paiuyc UMIHHAPA, HA OBEPXHOCTH KOTOPOTO HABHTa
BHHTOBAsA JKHHA (OCb Z BHGHpAeM IIO OCH ITOTC LKJHHPA), & & ~— YIoJ MEeKAy Ka
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CaTelbHOM X JIMHHM H IVIOCKOCTBIO, TIEPIEHAHKY/AAPHON K OCH 2; 11ar BHHTOBOH JIH-
HHM h CBf3aH C 0 M R mOCpeicTBOM A = 2nR tg o, YpaBHeHHA BHHTOBOR JIMHHH:
x=Rcosp, y= Rsing, z=¢Riga
(9 — yroan mosopoTa BOKPYT OCH 2); 3JEMEHT JIHHH Zyru dl = R dep/cos a. Tlog-
CTaBasiA 3TH BhIpamenud B (19,7), BHUHCASEM KOMIOHEHTH BekTopa M, & 3aTeM IO
dopmyae (19,3) — cuny F (mocTosHHYIO BIOJb Beeil AJMHEI cTepxHdA), B pesyin-

TaTe HaXxoAuM, uTo cuna F Hanpap/jeHa HO OCH Z H paBHa

sin @ El .
— —— cos? & sin .,

R R

Moment M umeeT cOCTaBAfAIOILYIO IO OCH 2:

F,=F=Ct

M2=Ctsina+-—EEI-cos3oz

M cocTapasiomylo My, HalpaBAEHHYI0 B KaXJOH TOUKe CTEpXKHSA MO KacaTeabHOH
K OKDYXHOCTH HONEDEUHOr0 CeveHHs LwaAMHApa, paBnylo Mg = FR.

7. Onpenenuth GopMy rHGKOM HHTH (CONpOTHBJIEHHeM KOTOPOH Ha H3rnG MOXKHO
npeneSpeyb HO CPABHEHHIO ¢ CONMPOTHBJIECHHEM HA PACTAXKEHHE), LOJABELIEHHON 33 JiBe
TOYKH B HOJI€ TAXKECTH,

Pemenue BrbupaeM NJIOCKOCTh, B KOTOPOH DPacmosiOXeHa HHTh, B Kade-
CTBe IVIOCKOCTH X, ¥ C OCBIO y, HANPABJIEHHON BepTHKaJIbHO BHH3. B ypasnennyu (19,3)
MOXHO TpeHeGpeub uneHoM dM/dl, mockoabky M mpomopumonanswo EJ. Torza
[Ft] = 0, T. e, F Hamparseno B Kaxzoil Touxke HHTH no t ¥ MOXHO Hamucath F =
= Ft, Ypasrenue (19,2) naet Temepb

d dx d dy
"—"("" =0, 71‘(“51‘)*4

di di
(9 — Bec eNMHHIB! NIHHBI HHTH), OTKyJla
dx dy
For=e Fogr=d.

(rae A = ¢/g), Vrrerpuposanue jaet

x=AArsh-lA—, y=V A2,
OTKyla
y=ACh -—Z—,

T. €. HHTb uMeeT OpMy LENHOH JHHHH, BHOOp Hauama KOODAMHAT W MOCTORHBAA A
ONpPEXeVISIOTCA TeM, 4TO KPHBasl IOJKHA NPOATH Uepes B 3ajaHHbe TOUKH H JOJKHA
MMeThb 3aJAHHYIO JJIHHY,

§ 20. Cnabuiit H3rué crepxued

YpaBHeHHs PaBHOBECHST 3HAYHTENbHO YNPOWIAIOTCS B NPAKTHUECKH
BaXHOM CJyuae ciaboro usruGa crepxHueit. Maru6 asasercs caaGriM,
eCc/id HanpaBJieHHe KacaTeNbHOH t K CTEPKHIO MEAJEHHO MEHAETCA
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BAOJb €ro AJUHH, T. €. NpousBoaHas dt/dl mana. [IpyruMu clioBamy,
pajMyC KPHUBH3HEI H30THYTOTO CTEPXKHA B KaxJOH TOYKEe HOJKEH
GuITh BeJNHK [0 CPaBHEHHIO C JJIMHOH crepxHs. [IpakTnuecku 370
yCcNOBHE CBOAMTCS K TPeGOBAHHIO MaJOCTH [ONEPEeYHoro mnporuba
CTepaKHS 1O CPaBHEHHIO C ero JMHHOR. ITonuepkuem, 4TO TIpU 3TOM
OTHIOAb He Tpe6yercsi MajQCTH npornfa no CPaBHEHHIO C TOJIHHOM
CTepXKH$, KaK 5T0 JOMKHO 6bi10 ObITh B NpHOMHKEHHON TEOPHH Cla-
Goro Maru6a mnnacTHHOK, pasputoii B §§ 11—127%).
IMpoauddepenuupyem (19,3) mo annue:

LI [—Z—f—t]—{— [F%] (20,1)

. dt
BTOpOH YJeH COAEPKUT Manyr BeJIHYUHY a5 BCJEJICTBHE UYero HM

OOBIYHO (32 HCKJIOUEHHEM HEKOTODHIX OCOOLIX C/iyyaeB, O KOTODBIX
peub HJET HHiKe) MOXKHO mpeHeGpeun. IloscraBiss B mepBOM ujeHe

dF/dl = —K, noayuaeM ypaBHeHHe DaBHOBECHA B BHJE
dM
— = [tK]. (20,2)

Hanuinem 310 ypaBHEeHNHE B KOMIOHEHTAX, AJ1s 4ero MOACTaBHM B HEro,
cornacuo (18,6) u (18,9),

My = —ELY", M, = ELX", M, =0 (20,3)

(3Hak ' o3HauaeT Besfe auddepeHnupoBanne no 2). EauHHUHBIR
BeKTOp t MOXHO CUHTaTh HampaBJeHHBIM 10 OCH 2. Torxa Ml mosy-
UM

EILX" — K, =0, ELY" —K,=0. (20,4)

OTH ypaBHEHHSI ONPENeNSIOT 3aBHCHMOCTb NporH6oB X H Y ot 2,
T. €. ¢opMy cna6o H3OTHYTOTO CTEPIKHS.

Cusiy F BHYTpeHHHX HalpsiKeHHH, ACACTBYIOHIYIO HA MNONepeTHoe
CeueHHe CTEPIKHS, TAKXKE MOXHO BLIPA3HTh Yepe3 NPOH3BOAHbIe OT X
u Y. IloacraBasa (20,3) B (19,3), nonyuaem

F, = —EIX'", F,=—FELY'"". (20,5)

MBI BHJHM, YTO BTOpPHIE NPOM3BOAHBIE ONpERSNSIIOT MOMEHT CHJI BHY-
TPEHHUX HanpsiKeHH#, a TpPeTbH MNPOH3BOAHBIE ONPEAENSIOT CaMH
5T cunu. Cuay (20,b) HasmiBaloT nepepesoisaiowett cuasot. LEcau
u3ru6 INpOHU3BOAMTCA COCPEAOTOUEHHBIMH CHJAMM, TO Mepepe3biBa-
jolas CHJa NOCTOAHHA BJOMb KAXKIAOTO H3 OTPE3KOB CTEPXKHS MEXAY
TOYKAMH NPUJIOXKEHHS] CUJI, 8 B KaXKAOH H3 5THX TOYEK HCIBITHIBAET
CKaY0K, PaBHHIA NPUJIOXKEHHOU BHEIUHeH CHJe.

1) Mpl He H3JaFaeM BOBCE CJOXKHOM TEODHM H3rH0a cTepKuell, KOTOPbe B CBOEM
€CTECTBEHHOM, Hefe(OPMHPOBAHHOM, COCTOSIHHH UMEIOT H3OTHYTyHo (opMmy (orpanu-~
YHMBASCH JIHWb OAHHM NPOCTEIM NPHMEPOM B 33AaYax 8, 9 sroro naparpada),
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Bennunne £/, 0 El; Ha3HBaOT }eCTKOCTbIO CTEPKHS HA H3THO
COOTBETCTBEHHO B IVIaBHLIX IWIOCKOCTSIX X, 2 H Y, 2 Y).

Ec/ii npusIoxKeHHbIe K CTePIKHIO BHEITHUE CUMBL A€ACTBYIOT B OLHO#
IVIOCKCCTH, TO H HM3rHO CTep:KHSA HPOU30HJET B OAHOM IJIOCKOCTH.
OTH JiBe MJIGCKOCTH, OfHAKO, B oflleM clydae He COBHAZAIOT APYT
C APYyroM; JIETKO HAaHTH yTroJd MexAYy HUMH. ECIH & -—— Yroj Mexny
INTOCKOCTBIO JEeHCTBHA CHJ M MNepBOH IVIaBHOH INIOCKOCTbIO HM3ruba
(W10CKOCTBIO X, 2), TO YpaBHEHHMs DABHOBECHS NPHHHMAIOT BHA

e COSQ rrer sin
X =75k, Y= hE K.

O6a ypaBHeHHsl OTJIHYAIOTCS TOMbKO KosbduunerntoM npu K, IToatomy
X u Y nponopuHoHaJbHE APYT APYTY, NpHUEM

Y=X -ﬁitga.
1

Yron 0 Mexny INIOCKOCTbIO H3rHOa H IVIOCKOCTBIO X, 2 OHpefeNsieTcs
PaBEHCTBOM

g0 = j—l tg a. . (20,6)

Jnst crepxus Kpyroeoro cewenua [/, = [, n o = 6, T.e. uarub
NPOHCXOJUT B IWIOCKOCTH JelficTBUs cuJ. To ke caMoe HMEeT MeCTo
H ]/ CTepXHs NPOH3BONLHOrO Ceuenus npu o = 0, T. e. Koria
CHJIBI HanpaBJIeHkl B I1aBHOH nJockocTy. [ aGcomtoTHOR BeMYH HbE
nporu6a

=V XL Y?

HMECET MECTO YypaBHEHHE

Elt" =K, I Ia/s | (20,7)

V Iicosia + I3 sina

1) YpasuenneMm .BuAa
DX"” — Ky=20 (20,4a)

OIHCHIBAETCH TaKXKe B ONpeleJeHHHX INpeLedbHbIX CJayuasaX H H3THO TOHKOR mja-
cTuHKH. [TycTb npsaMoyrosbHas njacTHHKA (C AJIHHAMH CTOPOH @ M b H TOJIUHOM h)
yKpenJeHa BJOJb CBOMX CTOPOH 4 (HampapJeHue y) M H3THG2eTCH BAOJb CTOPOH &
(och 2) omHOPOAHON BAOAbL OCH Yy Harpyskofi. B ofimeM ciayyae OpPOM3BOABHHX &
A b aaa onpeleneHHss u3rn6a JOJKHO OBITH HCIOJB30BaHO ABYXMEpPHOE ypaBHEHHE
(12,5) ¢ cOOTBETCTBYIOMIHMY TPaHHYHBIMH YCJAOBHAMH Ha yKDeNJEHHHX Y HAa CBOGOA-
HBIX CTOPOHAX IVIaCTHHKH. B IpefiebHOM ciiydae a >> b fehOpMaIlHI0 MOXHO CUHTATh
OJHOPOJHOH BAOJL OCH Y, M TOTAA JIByXMepHOe ypDaBHEHHE DaBHOBECHS MePeXOXHT

B ypasHende BuJa (20,4a), mpHueM pOJb KECTKOCTH Ha H3rMG HrpaeT BeJHYHHA -

D = Eh%l/12 (1 — o¥).

¥Ypapuenne (20,4a) npuMeHUMO H B 06paTHOM npelenbHOM ciayuae @ < b, Korja
TJIACTHHKY MOXHO pPacCMaTpPHBaTb KaK CTepXeHb AJAHHB b ¢ y3KHM NPAMOYIOJibe
HBIM ceueHHeM (cedeHHe B BHJeE NPAMOYTOJbHHKA CO CTOPOHAMH 4 H h); HPH 5TOM,
ONHAKO, XKECTKOCTb Ha H3THO OnpefiesieTcss APYTHM BhpameHHeM

D = El, = EWa/12.
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TepepesnBaiomas cuia F JiexuT B Tol ke miockoctd, 4to H K,

H paBHa
F = —EIt". (20,8)

Benunyuna | urpaer posib 3pGeKTHBHOTO 3HAYeHHsT MOMEHTa HHepIUH
CeueHHsi CTepIKHS.

Hanumem B $IBHOM BHJE€ TPAHHYHBIE YCJAOBHS IV YpaBHEHHI
paBHOBecus CnaG0 H3OTHYTOLO CTepxHsS. ECAH KOHeIl CTepxHA 3a-
JleJiaH, TO HA HeM JoMxkHO Opith X = Y =0 H, cBepX TOro, He MOXKET
H3MEHHTLCSl €rq HanpapJeHde, T.e. AokHO Onte X' = Y' = 0.
Taxkum 06pasom, Ha 3ajielaHHOM KOHIE CTePKHS JOJIKHBI BBHIIO/-
HSTHLCS YCJIOBUS

X=Y=0, X =Y =0 (20,9)

CuJia e M MOMEHT CUJI DeakIMH B TOUKaX ONOPHI ONpeJessioTes IO
u3pectHoMy peluenuio opmynamu (20,3) u (20,5).

IIpu nocratouno caaGoM M3THOE CTeDXKHS 3aKpel/ieHue ero KoHua
B IUApDHHDE U ONHDaHHe ero B TOYKE IKBMBAJNEHTHBI B OTHOIIEHHH
IPaHUYHLIX YCAOBHA. Jle10 B TOM, YTO BO BTOPOM CJyyae NPOAOJIbHOE
CMelleHxe CTep:KHs B TOUKE ONOPHI sBJAsieTcss Npu cnaboM u3rube
BeJIHYUHON BTOPOTO MOPsiiIKa MaJOCTH 10 CPABHEHHMIO C MHOIepeuyHbIM
nporuGoM M HOTOMY JOJIKHO CYHTAThCs DABHBIM HYJM0. ['panuunble
yCI0BHA HMCUE3HOBEHHS IONEPEYHOIO CMEIIeHHs H MOMEHTa CHJ
JAIOT B STHX clyvasx

X=Y=0 X =Y =0 (20,10)

Hanpapaenue xe KOHUA CTEPXKHS H CHJIA DEAKUHMH B TOYKE OINOP LI
ONpeNesIsOTCy B pe3y/bTaTe PellleHHA YPaBHEHHH.

Haxkonen, Ha CBOGOZHOM KOHIE MOJKHBI OTCYTCTBOBaTh cuia F
u momeHT cua M. Corsacuo (20,3) u (20,5) 370 NPUBOIUT K YCJAOBHSIM

X' —Y'=0, X" =Y"=0 (20,11)

(ecan ¥ cBOGOAHOMY KOHIY NPHJIOKEHA cocpepoToyeHHas cuaa, 1o F
JOJKHO ObITh PaBHO 3TOH cuile, a He HYJIO).

Herpynuo o6o6uuth ypaBnennsi (20,4) ma ciaydad crepxoed
NEPEeMEHHOTO CceueHHusi, Y TaKHX CTepxKHell MOMEHTHl HHepuuu /[
u I, ssasorcs ¢yHkuusma z. Gopmyian (20,3), onpepeisiomue
MOMEHTB, CHJI B KAXKAOM JAHHOM CEUeHHH CTePXKHS, INO-IPexHeMy
ocrajoTcs cnpaBeaauBeiMH. [loacranoBka ux B (20,2) npusogut
Temepb K YpPaBHEHHAM :

d a2y & X
B () =K  Egr(hg)=Ke (01
B KOTOPHIX /; H [, He/Ib3s BBHIHECTH H3-NOJ 3HAKa MPOU3BOAHOM. [las
nepepesLIBAOIICH CHILL HMeeM

Fo=—E -2 (nEX),  F=—E-L(L%F) @013)
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Bepuemcst cHoBa K ypaBHenusM (20,1). Ilpoussenennoe Hamu
npeHeGpexeHHe BTOPHIM YWIEHOM B NPABOH CTOPOHE PABEHCTBA MOXKET
0Ka3aThCsi B HEKOTOPHIX CIY4asX HE3aKOHHBIM Jaxe TpH c/1aboM
u3rnbe. To — Te CJyYaH, B KOTOPBIX BAOIb MJIMHBI CTEpXKHSA Jed-
cTByer Goiplas CHJIa BHYTPEHHMX Hanpspkenuil, T.e. F, odeHb
BenuKo. Hannuue Taxkofi CHJIBI BBI3bIBaeTCsl OOLIYHO CHJbHBIM HATs-
JKeHHEeM CTepyKHsl NMPHJIOKEHHBIMH K €ro KOHLIAM BHEMHHMH pacTd-
rupaomuMi  cHiaamd. O603HauMM JeHCTBywolllee BAOIb CTEPKHA
IOCTOSIHHOE HaTsxKeHue nocpeacteoM F, = T. Ecau crepxeHb NOJ-
Bepraercs CHJbHOMY CKATHIO, a HE DacTsuKeHHio, To cuia T orpu-
natenbua. PackpeBas BekTopHoe mpoussefienue |F dt/dl}, wu
JIONKHEL Tellepb COXPAHWTb YeHb, coiepxamue T, WieHaMH e
¢ F, n F, MOXHO NO-IIpERHEMY upenebpeus. IloacraBasaas wiss KoM-
TOHEHT BekTopa dt/dl coorserctBenno X”, Y, 1, noayyuMm ypaBHeHnus

paBHoBeCusa B BHJEC
LEX" — TX" — K, = 0,
LEY" — TY" — K, = 0.

K poipaxenusiM (20,5) 414 nepepesplBaiomed CHIbL HajA0 npu6aBHUThb
Telepb UIEHbI, PABHbIE NPOEKHHAM JeACTBYyoOmeil BAoAb BekTopa t
cuiel T Ha ocH x H Y.

F, — —ELX" +TX', F,=—ELY"' +TY'. (20,15)

(20,14)

OTH (opMyJibl MOTYT ObITb, KOHEYHO, MOJYYEHHI H HENOCPEACTBEHLO
us (19,3).

Boabirag cusia T MOXKeT B HEKOTOPHIX CJyyasiX IMOABHTHCS U B pe-
3yJbTaTe CaMOro M3ruba, Aaxe ecid HeT HUKAKUX ClielHalbHO MpH-
JIOMKEHHBIX PAcTATHBAIOWMX CHJI. PaccMoTpuM CTepikeHb, 00a KOHIA
KOTOPOTO 3ajleJlaHbl M/IH 3aKPeNJIeHbl HAa IIAaPHUPAX B HEMOJABHKHBIX
omopax, TaK YTO He MOTYT HCHBITHIBATH IPOJOIBHOrO CMEIICHUS.
Torga nporu6 cTepxis HEH30eKHO CONPOBOKAAETCH €ro yAJIHHe-
HHEM, YTO M NPHBOMMT K NOSIBJeHHIO B HeM cuibpl T. JIerko oueHu1nb
BEJIMUMHY Nporufa, mpH KOTOPOM 3T CHJIA AENaeTcs CyLeCTBEHHOH.
Iiuna L -+ AL u30THYTOro CTep:KHs paBHa HHTErpany

L
L+AL= |y TFX 1V,
0

B3ATOMY TNO TNpAMOH, coeiMHsOWEHd Touk# omopel. Ilpu craGou
u3rube MOXKHO PA3JIOXKHTb KOpeHb B Pfl, U MH MOJydyaeMm Ads YATH-
HeHuss AL BLIpaxkeHue

L
AL= 5 [(X2+4Y")dz.

2
0
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BosnuKawomas npH OPOCTOM DAaCTSXKEHHM CHJIAa HaTdKeHHS PpaBHa
OTHOCHTEXBHOMY YAJTHHEHHIO, YMHOXEHHOMY Ha MoayJab JOHra u Ha
IOH3Zb S ceuennsi cTepxHf. Taxkum obpa3soMm, cuaa T passa

L
ES ’ '
T=—2—z—_[(X2+Y?)dz. (20,16)
0

Eenn 8 ectb nmopsnoK BeMHYHHBE HoNepeyHoro mporu6a, To Ipo-
u3soiuele X' n Y’ — nopsaka 8/L, Tak 4To BeCh HHTErpal, CTOAIUNA
B (20,16), — nopsara Beauunsnl (6/L)> L = 8*/L u T ~ ES (8/L)%
[MopsaoK BeJMUHHE! NEPBLIX H BTOPLIX WieHoB B (20,14) — coorBer-
ctBenno JES/L4 u T8/L?* ~ ESG3/Lt. MomenT uiepuun | HMeeT no-
psigok Beanuunni [ ~ h*, a S ~ h®, rhe h — TONUIHHA CTEpXKHs.
INopcrapaas 370, JETKO NOJyYaeM, 49TO [epBbie H BTOPHIE YIEHLI
B (20,14) cpaBHMBAaWOTCA NO MOPSAKY BeTHUHHB npH & ~ A.

TaxuM o6pasoM, npH u3ruGe crepykHed, KOHIbI KOTOPHIX 3aKpel-
JieHBl, MOXKHO TIOJIb30BaThCsl YPaBHEHHsIMH paBHOBecHd B Buje (20,4),
TOJILKO €C/IH MPOru6G Man no CpaBHEHHIO C TOALMHOH cTepxHa. Ecau
xe 8 He MaJIo Mo CpaBHEHHIO C A (HO, KOHeuHo, no-npexnemy 6 « L),
TO HaJlo NOAb30BaThCs YypaBHenusimu (20,14). Ilpu stom cuna T
B 3THX ypaBHeHHsX 3apaHee HeuspecTHa. [IpM MX pelleHHH HaZo
cHayajla paccMaTpHBaTh 1 KaK 3aJaHHBIAl rnapamerp, a 3aTeM Mo
NoJy4eHHOMY pelueHHio onpepeduts T corsaceo ¢opmyae (20,16),
YeM H ONpeNeNMTCsl CBA3b T C NPHJIOKEHHBIMH K CTepXHIO H3ruba-
ICIHMH  CHJIaMH.

O6paTHbiM IpeleNbHBIM Clydyaem ABJAAETCH TOT, KOTAR CONPOTHB-
JieHHe CTepXKHsl Ha H3THOG MaJo 1O CPABHEHHIO C €ro CONpPOTHBACHHEM
Ha pacTsyKenHe, Tak uro B ypaBHenusx (20,14) moxno mpeneGpeub
NepBLIMH YJIeHAMH N0 CPaBHEHHIO €O BTOPHIMH. (DH3HYeCKM TaKoi
ciyuail MoxeT ObiThb OCYHIeCTBJeH JHGO OYeHh CHJABHBIM PpacTdxe-
vuem T, an6o npu jocraTouno MaioM El, uto Moxer OHTb CBS32HO
€ M2Jolt TonmuHo# A (0 CHIBHO HAaTAHYTHIX CTEPXKHSX NOBOPAT K2k
¢ cmpyrax). YpaBHeRMSl DaBHOBECHS IVIACAT B 5THX CAyYasnx:

TX"+ K, =0, TY" K, =0. (20,17)

KoHupl CTpyHB Hajio NPEACTaBASTE cefe 3aKpeivieHHHMH B TOM
CMLIC/Ie, YTO KX KOOpPJMHATHl 3ajiaHbl, T. €.

X=Y =0. (20,18)

Hanpapienne e KOHIOB He MoeT ObiTb 33JaHO NPOH3BOJbHLIM
c6pa3oM, a onpeeisieTcsl pelleHHeM YpaBHeHHH.

B 3aknmouenne nokaxeM, KakuM o0pasoM ypaBHEHHs pPaBHOBECHS
cJ1360 H30THYTOIO CTEPIKHSI MOXKHO NOJYYHTh, HCXOJSl M3 BapHalloOH-
HOTO NpHHUMNA, HCNOJb3Ysl Beipaxenue (18,10) aas ynpyro# sHep-
THH:

For =3 [ ALY+ L,X"%| dz.
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B paBuoBecHu AoMKHA OLITH MHHHMAJbHA CyMMa STO{ 3HEPTHH H
HOTEHHUAJbHOR 3HEPIUH, CBSA3aHHOH C JEHCTBYIOINHMH HA CTepikeHb
BHeuHUMH cunamMu K, T, e, JOJIXKHO OHITH

OF ¢ — [ (K. 8X 4K, 8Y)dz=0

(BTOpOIt uNeH npezxcranisier coboil paGoTy BHEIIHMX CHJI IPH GecKo-
HEYHO MaJioM CMelieHHH JIHHHH cTepxkHs). [Ipu BappupoBanuu Fgp
NPOH3BOAUM IBAXK/JbI HHTCTPHPOBAHHE IO YACTAM:

58 [ X de= [ X"8X"dz = X"6X'| — [ X"8X'dz =
- X" 6X’l—-X’”6X|+ [ X/ 8X dz

¥ aHaJorMuYHbIM o6pasom Juist HHTerpana ot Y2, CoGupas pasiaHuHBE
YieHs, MNOJAYIHM

JUELY"™ — K)8Y 4 (ELX""" — K,)8X]dz +
4 EIL (Y"8Y' — Y"8Y)| 4 EL,(X"8X' — X"8X)| = 0.

M3 nepBoro, HHTErpajbHOro, WieHa CAEYIOT BBHAY NPOH3BOALHOCTH
Bapuauuit 86X u 8Y ypaBHenus pasHoBecusa (20,4). OcranbHble xe,
NPOMHTErPHPOBAHHEIE, Y/EHHl JAlOT TPaHHYHbIE YCAOBHS K STHM
ypaBHeHHSIM; TaK, Ha CBOOOZHOM Kouile BapHauuu 60X, 8Y, 68X,
0Y"? mponsBOJBLHEL M COOTBETCTBEHHO monaydaiorcs ycrosus (20,11).
B to xe BpeMst kKoadduuuentst npH 06X u 6Y B 3THX wiIeHax jaior
BeipaxeHHda (20,5) AJsi KOMIOHEHT Iepepe3sMBalolleil CHJBIL, a Ko3(-
¢unuentsl npu 8X* u 86Y* — Bripaxkenus (20,3) A1 KOMIOOHEHT H3TH-
6arouiero MOMeEHTa.

Hakonen, ypaBHenus papHosecus (20,i4) npu Haawauu pacrs-
ruBapowiell cuant T MOXHO NOJNYUHTh TeM iKe enocofoM, npuHGaBH
K BapbHpYeMO# 3Hepruu BeJHUHHY :

TAL =L [(X? 4 Y,

npeacraBasiomyo cobolt paboty cuasl 7 na nytH AL — yIJIHHEHHH
CTEepIKHS,

3agaus

1. Onpepeauts dopmy nporuba crepxuf (AMutu ) nmos BAHAHHEM COGCTBEH-
HOTO Beca NPH PA3AHYHBIX COCOGaX SaKpenJieHHH ero KOHHOB,
' Pewenue Hckomas dopma ompenensiercs pellicHHeM ypaBHeHHA

CIIII__: q/EI

(9 — Bec exuMHANUM JIHHBI CTEPXKHS) ¢ TeMH HJIH APYrHMH TPaHHYHBIMH YCJIOBHSIMH
Ha ero KoHUax, cpopMyAHDOBAHHHMH B TekcTe. [TpH pasimumbix cmocofax 3akpense-
HHAI KOHHOB CTEPIKHA MOJYdaloTCA clefyiomiHe $opMb pDporaba H MaKCHMa/bHble
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CMellleHusl (Tak HasblBaeMble CTPEIKH NMporu6a); Haualo KOODAMHAT Besjie BEIGpaHO
B OJHOM H3 KOHLOB CTEpXKHA.
a) O6Ga KoHUA CTEpPXKHs 3aJeJaHbl:

- _9 ey L)——.I_.ﬂ
U= qapr 2 =% C(z =38 ET °

6) O6a KoHUA ONepTHL:
9 s o (L)=_5__f7£
b=z @—2210), L3 384 El *

B) Oun kouex (z= I) sajenan, a apyroft (z= 0) onept:

= q 3 2 3 _ ql4
L= g 2@@—32+0), £.(0,420) = 0,0054 -
r) Omun komen (2= 0) 3ajenan, a apyroil (z= ) cBoGoxen:
pr— q ) 2. 2 —_l— ql4
C=ggpr 2@ — 4zt 68), L) =g~

2. Onpenennts ¢opMy nporufa CTepXKHA NOA BAHAHHEM TOPUWIOKEHHOR K €ro
cepenuHe COCPELOTOUEHHOH CHaB f.

Pemenue. Besie, KpoMe TOUKK z== [/2, umeeym ypaBHemue {"" = 0. Ipa.
HHUHbE YCIOBUA B KOHIAX CTepkHA (2= 0 n 2= [) onpeaensiorcs CIoco60OM 3aKpe-
IJIeHHS; B Touke e 2 = //2 Jomxnn 6uTs Hempepnisunt &, &', L, a pasnocTs mepe-
pes_bmfa}omnx cu1 F= —EJ[" no o6e CTOpOHb 3TOfl TOUKH JOJXHA OLITh PaBEa
cuxe f.

®opma crepxug (Ha yuacTke 0 <z < 1/2) m c1penka mpornba jaioTcs ciaeny-
I0IHMH  opMyIaMH. ]

a) O6a KOHIA CTEPIKHA 3ajeJaHbl:

_ 7 2 I\ __ B
b= g = Gl —%) C(2)“ 192ET *
6) OGa KOHLA CTEPXHS OIEpTHI:

f ! fi3
L=ggpr * BB —4) C(T)'—' LT *

dopMa CTepXKHs CHMMETDPHYHA OTHOCHTENBLHO €ro CepefiHLbl, TaK 4TO dyuxuus § ()
Ha yuactke //2 < z<C [ nonyuyaercs OTCI0a HPOCTO saMeHOH 2 Ha [ ~— 2,
3. To e JJs CTepXHs, OAMH M3 KOHIOB KoToporo (z= 0) sanenan, a npyro#t
(z= 1) cpoBomen, npuYeM K MOCIEAHEMY NPHJIOXKEHA COCPENOTOUeHHad CH/IA I8
Pemenne. Broab Bcero crepxns F = const = f, Tak uto {" = — flEI,
C yenopusivu =0, {'=0 mpu 2= 0 =n "= 0 npu z= Il nmonyuaeMm

(=2 @—a,  tO=-5r

4, Omnpesenuts ¢opMy IpOruGa CTepXHS € 3aKpENJIeHHHMH KOHUAMH IOA BaIHA
HHEM COCDEJiOTOUEeHHOil Haphl CHJI, TDPHJIOMEHHOH K €ro cepeiuhe.

Pemenue, Broab Beeil aauEn crepxkus §* = 0, a B Touke 2 == 1/2 moment
M = EI!” ncunTHBaeT cKauoK, DABHBII MOMEHTY m HPHJIOKEHHOH COCPEAOTOUEH-
Eoft maphl. C COOTBETCTBYIOHM[HMH YCJTOBHSIMH HA KOHLAX MOJTyuHM:

a) O6a XOHIA CTEePXKHA 3ajeJaHBI!

m

{= SETI 2(—2) mprn 0<Lz<CI/2,

C‘“"s‘EmTz (—22[i—2(—2)] npn I2<z<.
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6) O6a KoHua sakpemyieHh B HIapHupax:

L=z (P —42) mpn 0<2< U2,

§=—ﬁ’g—h—(1——z)~[lz—4(l——z)2] apr l2<e<<l.

ITo o6e cTopoHH OT TOuKH z==[/2 cTepXeHb H3OTHYT B PasHble CTOPOHHI.

5. To ke, ec/H COCPENOTOUEHHAS Napa NPHJIOXKeHa K CBOGOJAHOMY KOHILY CTepXK-
Hs, APYrofi KOHel KOTOPOro 3aleJaH.

Pemenue Bjors seeft quunl crepxus umeem M = EI{" = m, a B Touke
z=0: { =0, {’ = 0. ®opma usruba naercsa dopmy.sok

m

t=5r &

6. Omnpenenuts GopMy cTepkHS (KPYroBOro CEYEHHMs) ¢ 3aKpelIeHHBIMM B map-
HMPaX KOHIAMH, PacTArHBaeMOro cmiofl T U u3ruGaeMoro cuioif f, IPHIOKEHHOH
K €ro cepeiuue,

Pewenne. Ha orpeske 0< z<C /2 nepepeswbalomas cuia pasHa f/2,
TaK qro (20,15) maer ypaBHeHHe .

w_ T e T
U—gr ¥ =—-sr"

Tpanuunste yeosusa: == 0, ' == Onpuz= 0, [, a npu z = 1/2 gonxuo 6urts {' = 0
(8 cuny uenpeprssocts ). Jas GopMb cTepxmus (ma otpeske 0 << z <C I/2) momy-

unM GopMy1y
_ i sh &z _f T \2
C“?f(z— %l )’ k‘(El) .

kch—-2—

Ipu Manbix £ 5TO BHIpaxeHHe NepexoxuT B dopMynay, HOMyYeHHYIO B 3afave 2, 6.
Ilpu GoapluHX Ke 3HaYCHUSAX R OHO NEPEXOAUT B

!
§=_2Tzv

T, e., B coryiachu ¢ ypasHeHueMm (20.17), ru6kas HUTH NPHHHMAeT TOJX BJHSHHEM
canbl f GOpMy, COCTaBJeHHYIO H3 JBYX NPSIMBIX OTDE3KOB, IlepeceKaloUuXcs B TOY-
ke z=[/2,

Ecnu cuna T camMa BO3HHKaeT B Pe3yJ/bTaTe PACTSIKEHHS CTEPXKHS NONepevHof
CHJIOH, TO LJs ee ONpejeleHHs HaJo BOCHONb3oBaThes dopmynoh (20,16), Iloxcra-
BHB B Hee [IOJYYeHHOe BHpaKeHHe, HalileM ypaBHeHHe

1 3 1.,k 3 kl 8E3]3
wlrter =t r]=

f
ompenensiomee B HesiBHOM BHie T kKak ¢yHKHuIO 0T f,

7. CrepxeHb (Kpyrosoro ceyenust) GeCKOHEUHOH JJIMHBI JeXKUT Ha YHPYTOM
OCHOB&HHH, T. €, IIPH H3rHOe Ha Hero JeficTByeT cuna K = —af, nponopuuoHanbyas
gporuby. Onpeaenutb GopMmy, IPHHHMaeMyIO CTepXHeM IPH JeHCTBHM Ha HEro co-
CpeJOTOYeHHON eIl f.

Pemwenne Bu6HpaeM Havalo XOOpAHHAT B TOYKe NPWIOKEHHA CHAB f.
Besge, kpoMe ToukH 2= 0, uMeeT MecTO ypaBHEHH®

EIC” = ‘-—-ago
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Pemenne n0MKHO YROBAETBOPAThH yenoBHAM { =0 mpu z= +o0, a npu z2==10
JOKHH GbiTh HenpepsBHH §’, [”; pPasHOCTb Ke SHaueHHH nepepesbiBaiolledl CHJIBI
F= —EI{" npn z2-»-+0 u 2 —0 pgonikHa 6mTh pasHa f, Takoe pelieHHe eCTh

—_ o \1/4
C= gy e leosplel+smplell, b= (52 )"

8. BuiBecTH ypaBHeHHe paBHOBeCHs A cna6oro Haruba TOHKOIO CTEpXKHS
(KpYroBOTO CeYeHH$), HMEIOLIEr0 B CBOEM ECTeCTBEHHOM COCTOSHHE (GOPMY AyTH
OKDYIKHOCTH H H3ra0aeMoro B CBOeH IVIOCKOCTH NPHJIOXEHHBIMH K HEMY pajHalbe
HBIMH CHJaMH,

Pemwenue, Brbupas Havano NOJSPHBIX KOODAHHAT 7, ¢ B HEHTPE OKPYyX-
HOCTH, HallilleM ypaBHeHHe AeOPMHPOBAHHOH JIMHEH CTEDXKHH B BHAE 2= g -
-+ L (), rae a — paguyc xyru, a { -- Majabie pagualbHEle CMEINEHHS NP H3THOE.
Bocnonb3oBasucs M3BECTHBIM BHIDAXKEHHEM MIf PAHYCa KPHUBHSEH B NOJAADPHBIX
KOOpJAMHEATaX, HalifeM ¢ TOUHOCTBIO A0 WJIEGHOB MepBOro mnopsigka 1o §

1 2" - 2r'2 1 ttt
2

R~ (P + r2yss a a*

{" osnauaer gudepennnposarue no ¢). Coraacuo (18,11) HaxomuM ympyryio amepe
FHI0 maruba: ‘

Qo ©o
_EI 11y . El "
Fo=g- [ (g—%) edo=5r | C+10dp
] 0

{Pp ~— NeRTpanbHMIH yroa Xyru). YpaBHeHHe PaBHOBECHS NOJYUAETCS H3 BAPHALNOH
HOFO HPHHLHMIA

Do .
8F g — J' LK adp=0
0

(Kr ~ OTHeceHHas K eAuHHUe JJIHHH BHEUIHSA PajHalbHas CuJIa) C JONOIEHIENb SbIM
YCAIOBHEM
Qo

J- fdp=0,
0
BHIPAXAKUIUM Cco60H B paccMAaTpHBaeMOM NPHOIMXKEHHM YCIOBHE HEN3MEeRHOCTH

ofiuelk AJHHH NePHMETPa CTepXKHA, T, €. YCAOBHE OTCYTCTBHA oGIIEro ere pacrs-
xenns, Cnexys Merony Jlarpauika, npupaBHHBaeM HYJI0 CyMMY B

Qo _ Qo
ch.,—j aK,sgdq>+aa_[ 8 do = 0,
0 0

rae @ -— mocronnnad., [lponssoss BaphLupoBanue B NOJLIHTETDAALHOM BhHIPaXKeLHH
B Fgp u uHTerpupys wied ¢ 6% ABaxupl 1o 4acTaAM, BOJNYYHM

j[’f’ (C+2C”+C””)-0Kr+°“’] 8 do +

ad

+E @+ |~ @+ % =0,
Orciona HaxoauM ypaBHeHne DaBKOBECHS -

%—(Cl” +28"+D—Kt+a=0, (1)
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BhIpaMeHHE IS MepepesnBalOiel CHAB
) l ’ -
Foe=— ‘E,;s“ @+

H BHIpa:KCHHE IAA H3ruGaiouero Momeura

El
S C+ 1)

(cp. komen § 20). Tocrosunas & ONpeleIsETCA YCIOBHEM OTCYTCTBHS OGIEro pactTs-
KEHHST CTepKHA.

9. Onpenenuts Leopmaltmio KpyroBoro KOAbHA, H3THGaeMoro EBYMsi COCpexo-
TOUEHHHIMH CHJIaMH [, ZeHCTBYIOUIUMH BAOAD
Auamerpa (puc. 18).

Pemenue Harerpupys ypasneHue
(1) 1o Bceff AAMHE KOAbNa, HafileM, 49TO

M=

2n0a = J. K,adp = 2f.

Besge, xpome Touek ¢=0 u @=m,
nmeeM ypasuenue (1) ¢ K, = O:

ey n Fja®

Hckomaa Jnebopmamus  Koapua —cHMMeT-

pHUHA OTHOCHTeNbHO RHaMerpos AB Puc. 18

CD, B cuny uero B Toukax A, B, C, D

ROAXKHO 6uiTh ['==0, PasHocTs sHaueHRit nepepesnsaioutell CHAL NpH ¢ -+0 J0NXKHA
6uLTh paBHa f, YZOBJETBOPSIONiee STHM YCAOBHAM pellieHHe ypaBHEHHA PaBHOBE-
cusl ecTh

- fad 41 1 n 1
?;=—%1— (?+—;—q>cosq>—-8—-cosq>—Tsin q;) y OSpg .
B uacrroctH, ToukH A u B B3aNMHO COMHAAIOTCA HA BeHWHHY

O+t @i=2(5-2).

§ 21. YcroiuMBOCTb YNPYFHX CHCTEM

IToBefeHHe CTepIKHsl, NMOABEPKEHHOIO BO3LEHCTBHIO MPOJOILHBIX
CXKMAMAIOWHKX CHJ, NpPeACTaB/iseT NpPOCTeHINHHA DNpAMEp BaXKHOTrO
ABJEGHHA ynpyeoll Heycmoddueocmu, BHOEpBble  OOHAPYXKEHHOTO
JI. Binrepom. :

« TIpH OTCYTCTBHH NOTEPeYHLIX H3rHGAWUX BHemMHAX cun K, K,
ypaBHeHHsl paBHOBecHsi cxkarToro crepxkHst (20,14) HMeloT oueBHAHOE
pemienne X = Y = 0, COOTBETCTBYIOWICE CTEPXKHIO, OCTAIOUIEMYCH
NpH BO3JEHCTBUH NpPONOAbHON cuan T NPSMONHMHEHHBIM. ITO
peieHue, OLHaKO, COOTBETCTBYeT YCTOHUHBOMY PABHOBECHIO CTEPIKHS
JHHIb JO TeX Iop, MoKa cxkHMmawomas cuia |T] ocraercsi MeHblie
HEKOTOPOro KpHTHUYECKOro 3HaueHHs Typ. Ilpu |T| < Typ mpsMo-
nuHefinag ¢opMa CTepkKHd YCTOHUYHMBA IO OTHOIIEHHIO K IPOH3BOJIb-
HOMY MaJjIOMy BO3MYLueHHIO. Hpyrumu cjoBaMH, €C/iH TOJ BIHAHHEM
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KaKoro-Tn6o Majoro BO3JEHCTBHSI CTeP2KEHb MojxBepraercsa caabomy
u3rn6y, TO TO NpPEKPAIEHHH 5TOTO BOSAEHCTBUS CTepikeHb Oynrer
CTPEMUTbCSI BEDHYTHCS B MCXOAHOE COCTOSHHE.

Hanpotus, npu |7| > Ty, npaMonuHeidnass ¢opma oTBeuaer
HeyCTOHUHBOMY paBHOBeCHO. JlOCTATOYHO yxe OECKOHEYHO Manoro
Bo3jleficTBusa (u3ruba) A1st Toro, utoObl PaBHOBECHE HAPYIIHJIOCH,
B pe3y/bTaTe 4ero INpPOM3OMJeT CHIbHBIH M3rHO CTepxHs. SICHO, uTO
B 3THX YCJIOBHAX CXATHl CTepiKeHb BoOOLIe HE CMOXKET pealjbHO
CYIIeCTBOBaTb B HEHSOTHYTOM BHJE.

[ToBeneHHe CTepxHs MOCAE NOTePH HM YCTOHYHMBOCTH JOJIKHO
ONHCHIBATLCSA YPaBHEHUsIMH CHJbHOro uaruba. OJiHaKO camoe 3Have-
HHe KpUTHUeCKOH Harpy3kH Ty, MOKET GbiTb NMOJYYEHO C NOMOLIbIO
ypaBHennii ciaGoro u3ru6a. Ilpu | T'| = Ty, npsamoanHeiinas ¢opma
CTEepKHSI COOTBETCTBYET HEKOTOPOMY 0e3pasiHiHOMY pPaBHOBECHIO.
Oro 3HAuMT, YTO0 Hapsay c pemesneM X = Y = 0 JOJKHBEL Cylle-
CTBOBATH €lle U COCTOSHUS caGoro uarnba, KOTOpPbe TOXKE SIBJISIOTCA
paBHoBecHpMH. [losToMy KpuTHueckoe suauenne Typ MOXKHO oIpe-
IeMHTb. KaK To 3Hayenue | 7|, mpH KOTOPOM Yy ypaBHEHHH

ELX"* 4+ |T| X! = 0. ELY" 4 |T|Y"=0 (L,1)

NosBJsieTcsl OTAHYHOE OT HyJas pemenne. CaMo Xe 9TO pemieHHe
onpefensier xapakrep AedopMalHH, KOTOPOH MOABEPTHETCSI CTEPIKeHb
HENOCPENCTBEHHO IOCTe NOTepH MM YCTOHYHBOCTH.

B sapauax sToro maparpaga npHBeAeH P THOUYHBIX ClydyaeB
NOTepH YCTOMYMBOCTH PA3JHYHBIMH YTIPYTHMH CHCTEMaMH.

3anaun

1. OnpeneanTh KPHTHUECKYIO CXKHMAIOLLYI0 CHIY AJsl CTepXKHA C HapHHDPHO

3aKpelJEHHLIMH KOHLAMH.
Pemeunue IlockonpKy Hac WHTepecyer HauMenbuee 3hauenwe |T|, mpm

KOTOPOM TOSIBAAETCS. OTAHYEOE OT HYJsS PEUeHHe ypaBHeHHH (21,1), TO. LOCTATOUHO
PaccMOTpeTh JIMHIL TO M3 9THX JABYX YpaBHehHii, KOTOpOe COACPMKHT MeHbIIEE H3
Iy, Iy; nyets Iy << Iy, MeM peleHne ypaBHeHHS

ELX"4|T|X"=0
B BHIEC
X= A~ Bz-+ Csinkz+ D cos kz, k= (| TI/EI)"2,

OminuHOE OT HyJa peileHHe, YAOBJeTBopsiomee ycrosuam X = 0, X"=0 npu
z2=0u 2= 1, ecTb

X = C sin kz,

npHYeM AOMKHO Gurth sin kI = 0, Otclofa HaXOAHM HCKOMYIO KDHTHUYECKYIO CHIY
TBp = anlz/lz.

IToc/ie mOTepH YCTOHUHBOCTH CTePIKeHb HpHMET GopMy, H306paXKeHHYIO Ha puC. 19, a.
2. To e ISl CTepXKHSA C 3ajeJaHHBIMA KoHuamHu (puc. 19, 6).
Pemenne Typ= 4n2E//E.
"3. To Xe AasA CTepXKHHA, OAHH M3 KOHIOB KOTOpPOTO 3ajeiaH, a JApyroii csoboxen
(puc, 19, 6).
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Pemeunne Tygp=nEl,/42

4. OnpefeauTb KPHTHYECKYIO CHHMAIOMIYIO CHAY AN CTePHHA (Kpyrosoro ce-
YeHHsd) ¢ WAPHHPHO 3aKPEIJIEHHBIMH KOHIIaMH, JIeXKallero Ha ynpyroM OCHOBAHHH
(cM. 3amauy 7 § 20).

Pemenune, Bwmecro ypasuennii (21,1) agecs Hago paccMOTpETb ypaBHeHHe

EIX" 4-|T| X" 4-aX = 0,
AHaJIOI‘H‘lHoe HCCEAOBAHUE IIPHUBOAHT K PECUICHHIO

Cam n2E] alt
X=A Sm—T—2, Txp =" (n2 + n*ndEl ) ’

npuYeM JJIsl 1 JO/IKHO OBITh B3ATO TO M3 LeEJBIX 3HaYeHHH, IS KOTOPOro moJjydaerca
HayuMeHbllee 3HayeHHe T'xp. Ilpum AocTaTOuHO GONBUIHX 3HAYEHMIX O NOJNYYaeTCs
n > 1, 1. e. nocle NOTEPH YCTOHYHBOCTH CTEPXKEHb NMPUHHMAeT POPMY C HECKOJb-
KHMH NYYHOCTSIMH.

5. CrepxeHb KDYrOBOTO CEYEHHs NOXBEpr-
HYT KPYYEHHIO, M €TO KOHIE 3afienannl. Ompe-

P

JIEIRTh  KDHTHUYECKYI BEJIMYHHY KpYueHHS, T
nocjie KOTOpoH npsAMoJHHeliHag ¢opMa cTep- T
JKHf JleJlaeTcsl HEYCTOHUYMBOH.

Pemenne. Kpuruueckoe sHaueHue a) 3]

yria KpyueHHs ONpelensieTcd  TOSBJCHHEM
OTJIMYHHX OT HYJS pelleHuil ypaBHeHHii caa-
Goro naru6a sakpyuesHoro crepxuda. Jas Bb-
BOJa STHX YpaBHEHHH IIOACTaB/IfAEM BbipaxKe-
Hue (19,7):

3

m=E1t Z—” 4ont " Puc, 19
(v — mocrosiHHEIR yros KpyueHns) B ypasuenue (19,3); aTo xaer
Fdt dt
El [t 'dz_z] +Ct G-~ [Fi] = 0.

Duddepenunpyem T0 ypaBHeHHe; NMOCKOJbLKY H3rnG cnabuii, To npu Auddepenuu-
pOBaHHU NEPBOTO H TPETHETO WIEHOB MOXKHO CYHTaTh t MOCTOSAHHBIM, PABHLIM BeK-
Topy 1y, HampasineHHOMy no ocu crepxus (ocu 2). Tlomust rakke, uyro dF/dl =0
(BHELIHKE CHJB N0 JJIHHE CTEpPKHA OTCYICTBYIOT), NOJyuaeM

dst d?t
El [to_‘ﬁ:i—] +Ct -El_”—= O,
WIH B KOMIOHEHTaxX:
Y X" = 0, X + wY” =0,

rge # = Ci/El. Bpeasn B xayectse HemssecTHOH dyurumio § = X - (¥, nonyunm
YpaBHeHHE

&I[Il — l-%gm —_ O.
Hwem pemenue, yaopaersopsuomee yciopusam § =0, 8 = 0 npu 2= 0, [ B Buge
E=a(l 4 inz —e*?) 4+ b2,

¥ HaXOAUM B KaueCTBe YCJIOBHS COBMECTHOCTH AJIfl MOJYUArOUMXCA ANL @ U b ypaB«
HeHHH COOTHOLIEHMe

gt 2 inl Mg Hh

2—inl? 2 2
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HanMensfunii KOpeHs 3TOro ypasHenns: xl/2 = 4,49, Tak uto

_ 8,98E1

TRp -———-(-:l——.

6. To xe ANA CTEPKHA C DIAPHHPHO 3aKPENICHHBIMH KOHUAMH,
PeweHue 3aech monyuaercs

g—a(l —e"m—-ﬁzz) + bz
- d ,

npuueM X onpefensercd H3 e — 1, 1. e. %l = 2n. TlosToMy HCKOMBI KpuTHge-
CKHH Yrol KpyyeHHs :

Typ = 20EI/CL.
7. Onpenenuts npefet YCTORMMBOCTH BEPTHKANLROTO CTEPIKHSA, HAXOAAEIOCH

noj ReficTBMeM COGCTBEHHOTO Beca; HHMKHHH KOHeLl CTePXKHS 3ajiesiaH.
Pemen ne. Ecad npogonbHoe HaTsxenne F; = T MeHfeTCH BROJE JUIHHH

2. £ 0 u smecTo ypabHenuit (20,14) mo-

crepXHs, TO B IepsoM uieHe B (20,1) a

LEX"™ — (TX'Y — K¢ =0,
_ LEY"™ — (TY’Y — K = 0.

Jyuaerca

B nansoM cayuae momepeyHble H3THOAWIIHE CHJIB OTCYTCTBYIOT NO BCell JsiuHe
crepxus, a T == —q (I — z), TAe ¢ — BeC e[UHHLL! JJHMHB CTEPXKHH, a Z OTCYMTHI-
BaeTCA OT ero HHXHEEero Kouua. Ilpepmonaras, uro [,<d [, paccmatphBaeM ypas-
HeHHe

LEX" =TX =—q(—2 X'

(npu z = | apTomaruuecku nmeeM X" = 0). O6muA muTErpan 3TOro0 ypapHeHHs LS
Gyurund 4 = X' ectsb

u=1"/s [al_y;, ) + bJy;, (W),
rpe

I'panuusbie yeaous X' = 0 npu 2= 0 u X" = 0 npu z= [ pawr 11 QyHKUUH
u (1) ycaoBus

wn'$=0 mpu n=0.

2 ¢ qi3 \1/2
u=0 mpu M=1 = 1 ) ’

3 \ET,
Bast Toro 9ro6bl YNOBJIETBODHTb STHM YC/IOBHAM, Hajio MOMOXKHTh b == 0, mpuyem
J 4 /s (no) = 0. HaumeHrlInd KOpeHb 3TOr0 ypaBHeHHA 1, = 1,87, oTKyAa HaxopuM
KPHTHYECKYIO JJIMHY CTepXKHs

1/3

8. Crepxenbp obnajnaer BHTAHYTOR (opmoR nonepeuHoro cedeHHs, Tak 9UTO
I3 >> Iy, Onun KOHeN CTEPKHA 3ajesiaH, a K CBOGOXHOMY KOHIY NpHJOXeHa CHAa f,
H3rubaomas ero B [VIaBHOA IJIOCKOCTH X, 2 (B KOTOPOH MKECTKOCTh Ha M3rHG eCTb
El,). Onpefiennts KpUTHYECKOE 3HaueHHe [xp, MOCJAe KOTOPOro miockas Qopma us-
ru6a CTAHOBHTCH HEyCTOMYMBOA H CTEpXKeHb OTIHGaercs B GOKOBYIO CTOPOHY (B mio-
CKOCTH Y, 2), OJHOBPEMEHHO HCHHTHBaA KpyueHHe,
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Pewenne Bauay Gompumod senmuunnt xectroctd Ely no cpasuenwmio ¢ E/j
(1 ¢ KeCTKOCTBIO Ha KpyueHHe C)') HeyCTOHYHBOCTb IO OTHOLICHHIO K CHJBLHOMY
GokOBOMy H3rHOY BOSHMKAeT B TO BpeMs, KOTAA H3THG B IUIOCKOCTH X, Z OCTaercs
eme cnabpiM, [ad onpefesieHuss MOMEHTa HACTYIVIEHHS HEYCTOHYHMBOCTH HajO COCTa-
BHTb YpaBHEHHA Ca00Or0 GOKOBOTO H3THOA CTepXKHA, COXpaHAS B HHX WIEHH!, NpoO-
NOPIHOHA/IbLHbIE NPOH3BENeHHAM JeACTByiomel B NJOCKOCTH X, z CHJHI [ Ha Maabie
cmewenns. [lockodbKy cocpeoToueHHast CHJA NpHJIOKEHA JHWIL K CBOGOZHOMY
. KOHIly CTepXKHsl, TO BROJL Bcelt ero gaunn F = f, a Ha cBoGoguoM koHne (2= {)
MoMeHT M = 0; no dopmyse (19,6) HaXOZMM KOMNOHEHTH MOMEHTA OTHOCHTEJILHO
SaKpeIVIeHHOH CHCTeMBl KOODIHHAT X, ¥, Z;

My=0, My=(—2f, M= =Yy,

rie Yo = ¥ (i). [lpoennpyeM STH MOMEHTH Ha CBS3aHHHIE B KaXJOf TOUKE CO CTEPHK-
HeM OCH KOOpAHHAT &, 1, {; ¢ TOUHOCTRIO O YWIEHOB NEPBOTO NOPSAKA MO CMEMIEHHAM
NOAYYHM

My=9U—21 My=@—2},
My= (=2 S+ ¥ —Yo),

TAe @ — MOJHLIA YroJ NOBOPOTA CEUEHHsS CTePIKHS NpPH €ro 3aKpyunBaHuH (yroa
KpyueHnns T = d@/dz sKech He NOCTOSIHEH BAOJDb AJHHE cTepXHs). C Ipyrof CTOpOHH,
cornacuo (18,6) u (18,9) umeem mpu csnaGoM HaruGe

Mg = —EIlY", My = EI,X", Mz =Co'
H, CPaBHHBasf 3TH BHIPAXEHUs, [OJYYUM YpPABHEHHS paBHOBECHS
ElLX"=(—2
ENY!'=—@(U—23f, C=010—3fY' (Y —Yof.

MepBoe u3 5THX ypaBHeHHH onpesensier OCHOBHOR M3rHG CTEPXKHA B IUIOCKO-
CTH X, Z; TpeOyercH HaHTH SHayeHuWe f, IPU KOTODOM MOSIBJSETCS OTJAHYHOE OT HyAH
pelleHHe Y BTOPOTrO M TpeTbero ypaBuenuii, Mckaiouas w3 Hux Y, Haliiem

O R (I—2p=0, kK =[YEILC.
O6uuit nm‘efpan 9TOTO ypaBHeHHA eCTb -
— k — k
p=aVi=z2l, (-é- (l—z)2> +oVi—zi_y, ('i‘ (l—z)z) .
Ha sanenansoM Koune (2= 0) f0JKHO OHTb ¢ = 0, a Ha CBOGOXHOM KpPYTSIIHI

momeHT C@’ = 0. M3 Broporo ycaoBus uMeeM @ = 0, a nepsoe Aaer J_y  (kl%/2) = 0,
Haumenblunit KopeHb STOTO ypaBHenHs: k[%/2 = 2,006, orkyaa

4,01
fup = —— (ENLC)'2.

1} Tag, AN yS8KOTO NPSAMOYTOJAbHOTO CeUeHHs ¢ WIHPHHON A M BHCOTOR b > A
HMECM

bh3 b3h bh3
Ell=—l-2—-E, EIS;—E—E, C= 3 H".



TJIABA III

YIIPYTHE BOJIHbI

§ 22, Ynpyrue BoJHBI B H30TPONHOI cpefe

Ecnu B pedopMHpyeMOM Tesie NIPOUCXOJUT ABHIKEHHE, TO TeMlepa-
Typa Tena, BooOlie roBOPSA, OTHIOAbL He MOCTOSIHHA, a MEHTETCH Kak
CO BpeMeHeM, TaK H OT TOYKH K TOUKe BLOJb Tela. D10 06CTOATENbCTBO
CHJIBHO YCJOXKHSIET TOUHLIE YPaBHEHHs ABHKEHHSI B oOeM clyyae
IDPOU3BONBLHHIX JIBHIKEHUH,

OO6BIuHO, OJHAKO, TOJIOXKEHHE yrpomaercss 61arofaps TOMY, YTo
nepejava Temjia W3 OJHOTO yYacTKa Tela B JApYyrofl (IOCpeACTBOM Npo-
CTOH TemnONpPOBOJHOCTH) HNPOHCXOAUT OYEeHb MEIJIEHHO. ECIH Temlo-
o6MeH MPaKTHYECKH He NPOHCXOJUT B TedeHHe IIPOMEKYTKOB BPeMeHH
nopsiika nepuoja kosieGaTelbHBIX ABHKEHHH B Tesle, TO MOXKHO pac-
CMaTpHBaTh KamAbNl y4acTOK TejJa KaK TelIOM30JHPOBAHHBLIH, T. €.
nBukeHHe Gyner aguabatnueckuM. Ho mpu agnabaTtHyecKUX AedopMa-
IMSIX O;; BHIPAXKAETCS yepes iy, 1o dopMyaaMm oObIYHOTO BHIA C TOH
JIUIbL pAasHHUIEdl, YTO BMECTO OOBIYHBIX (M30TEPMHYECKMX) 3HAYEHHH
petnyud E, ¢ Hajo Gpath HX ajguabarTnyeckHe 3HaueHus (cM. § 6).
Huxe mbi GyeM cuuTaTh 5TO YC/IOBHE BBIIOJHEHHLIM, H COOTBETCT-
BEHHO 3TOMY moji £ M O B 9TOH IJaBe OYAYT MOAPasyMeBaTbCA HX
ajuabaTHUYeCKHEe 3HAUeHHs .

JIsist TOro ureOLl NOJMYYUTh YPABHEHUS NBHKEHHS YIOpPYrol Cpemst,
Haj0 NPHPABHATH CHAY BHYTPEHHUX HANpPsiKeHUI 00y,/0x, npous-
BeJIEHHIO YCKOpeHHs ii; Ha Maccy eJUHHIB o0beMa TeJsa, T. €. Ha ero
IVIOTHOCTB P:

pii, = F%_, 22,1y

D10 — O6WHKE BHJ, YPAaBHEHHW JXBUKEHHS ).

1) MoxpasymeBaercs, 4TO CKOPOCTb V TOYEK CPeJH COBNAjaeT ¢ MPOH3BOAHOH u
OT €€ CMCUICHHSA. HO}I‘IepKHeM, OJHAKO, 4TO OTOXKAECTBJEHHE ITHX ABYX BEIHUHH
OTHIOAb He SIBJAETCS UeM-TO CaMO COS0H pasymeromuMcs., B KpHCTannax BekTop u
IpeRCcran/fer coboii CMELleHHEe y3/0B DELICTKH; CKODOCTh K€ V OlIpPEJeNAeTCA B Me-
XaHuKe CIVIOMHHIX Cpell KaK MMOYJAbC €AMHHIBI MacCh BellecTsa. Papenctso v = u
CNpaBedJ¥BO, CTPOTO FOBOPSA, JHIIb JJAf HIeaJbHHX KDHCTAJJIOB, [AE B KaXAOM
y3Jie peleTky (M TOIbKO B HHX) HAXOZHWTCA MO aToMy. Ecam XKe KpHCTAML COREPKHT
gedexTH (He3aloJIHEHHbe Y3JIbl — BAKaHCHH, MWJIH K€, HAnpoTHB, JIHIUHHE aTOMbI
B MeX[OY3/IHfiX), TO MePeHOC MAacChl OTHOCHTEJIbHO pelleTKH (T. €. OTIHYHBI OT
HyJIST MMIYJbC) MOXET CYIIeCTBOBATh M B HefedOpMHPOBAHHOM pelIeTKe -— 3a cuer
Auddysun nedexToB «CKBO3b pemeTky». OTOXKAeCTBACHNE V H U NOXPa3yMEBAET MpeHe-
Gpexenne sTMH 5hPeKTaMH ~— B CBASH C MeNICHHOCTbIO AHGPYSHH HAH Manoil
KoHllenTpamuei eQeKToB, .
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B uaCTHOCTH, YPAaBHEHHS ABHIKEHHsI H30TPONHON YNpYroil cpefnt
MOKHO HANKCaTh HENOCPEICTBEHHO IO aHAJOrHH C YPaBHEHHEM paB-
nosecus (7,2). Hmeem

pu=-2(—1+—3)—Au+ 5T 0) 1=700) grad divu. (22,2)
[MockonbKy Bce AedopMalHH NpPeANOJAraloTcs MalbIMH, TO pac-
CMATpHBaeMble B TEODHH YNPYTOCTH IBHIKEHH:A NPEACTaBIsIOT €o0oit
MaJible ynpyeue Koiebanus WIH 0arbl. HauHeMm ¢ paccMOTpeHHs IIO-
CKoil yNnpyroii BoJHBLI B HeOTpPaHHYEHHOH H30TPOMHOI cpeje, T. e.
BOJHEI, B KOTOpPOH nedopMaiss u sBJseTcss (QYHKUMEH TONIBKO OT
OAHO# H3 KOODJMHAT, CKazkeM, OT X (M OT BpeMeHH). Bce npou3BoAHbIe
IO y ¥ z B ypaBHeHHAX (22,2) uCue3aloT, H Mbl IONy4aeM A1d OTAENb-

HBIX KOMIIOHEHT BeKTopa u CJCAYIOLHE YpaBHEHU:A:
0%y 1 0%y 0, Oy 1 Puy _ 0 (22,3)

ox? 7 o oxt ¢ ot

(ypaBHeHHe Ais u, Takoe ke, KaK JJsi u,), TAe BBeJeHn 0Co03Ha-
yenud ):

= E(l—0) 12 _ E 12

Vpaeuennsa (22,3) npeAcTaBasioT Co00H OObIYHEIE BOTHOBBIC YpaB-
HeHHSl B OZLHOM H3MEpeHHH, H BXOLslHEe B HHX BeJIHUHHB ¢; H Ct
SIBSIIOTCS CKOPOCTSIMH DPAacHpOCTpPaHeHHs BOJAHBL. Mbl BHAMM, UTO
CKOPOCTb PacHpOCTPAHEHHs BOJMHBI OKa3bIBAETCSl PASMHYHON AJSA
KOMIIOHEHTH! U, C ORHOH CTOPOHEI, H KOMIIOHEHT u,, U, — C Lpyroii.

TakuM ofpasomM, ynpyras BOJHa MNpeicTaB/serT Co00i mo Cyiues
CTBY JIBE HE3aBHCHMO DacClpOCTpaHsiomuecs BOJHBL. B ofHOH M3
HHX (1,) CMelleHHe HanpaBJieHo BAOIb PaCIPOCTPAHEH s CAMOH BOMHLI;
TaKyl0 BOJIHY HA3LBAIOT npo00AbHOli, OHA PACNIpPOCTPAHAETCA CO CKO-
pocTeio ¢;. B apyro# (u,, u,) — CMeLleHHe HaNPaBJeHO B TJIOCKOCTH,
NepneHHKyASpHOA HanpaBJeHHI0 PacrnpoCTpaHeHHd; Takylo BOJHY
HA3LIBAIOT nonepedrol, OHA DPAacHPOCTPAHSIETCS CO CKOPOCTBIO Ci.
Kakx BuzHo us (22,4), cKOpoCTb ¢; Beerga GoJblue CKOPOCTH ¢; °):

1> (4/3)2¢,. (22,5)

CKOpOCTH ¢; M ¢; Ha3hIBAWOT npo00abroll W nonepetrol cKopocmamu
36yKQ.

1y Jlanum Tak:ke BHpaXeHHA CKOpOCTell ¢; M ¢p 4epe3 Kos(huuHeRTH CHKATHA
0 cxBura M uepes xosdduitnentn Jlams: :

3K 4+ 4p \1/2 A 2p \1/2 1/2
o= (B 7= ()", am(2)"

2) [Ipu paKTHIECKOM H3MeHEHAH O B npelenax ot 0 o 1/2 (cm. npuMeyaHue Ha
cTp. 26) mmeeT MecTo H Gojice CUJbHOE HEPABEHCTBO Cf > Cf Ve.
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Mbl 3HaeM, 4To U3MeHeHHe o6beMa NpH RedopMaliy ONpeAeaaercs
CyMMoii IHaTOHa/MbHLIX WIEHOB TeH3opa JepopMaiuH, T. e. BeJIHYHHOH
u;; = div u. B nomepeuHoii BoJHE HMEIOTCS TOJNbKO KOMIOHEHTHl Uy,
U, U TIOCKOMbKY OHH He 3aBHCAT HY OT y, HH OT 2, AJIsl TAKOH BOJHBHI
div u = 0. Takum o6pa3oM, nonepeIHsle BOJHLI HE CBSI3aHLI C H3MenHe-
HHeM 06beMa OTHeJbHBIX Y4acTKOB Tesia. HanpoTus, st NPOAOJIbHBIX
BosH div u == 0; 5TH BOJHEI CONPOBOXJAWTCA CKATHAMH H paciiH-
peHHsiMH B Tele.

Pasnenende BOJIHBI Ha JIBe HE3aBHCHMO pacnpoCTPaHSIOUHECs
C pasHBLIMH CKOPOCTAMH YaCTH MOXHO TMPOH3BECTH H B 0OleM ciyuae
TIIPOM3BOJbHON (He MVIOCKOH) ynpyrof BOMHBI B HEOTPAHHYEHHOM I1pO-

CTpaHCTBe.
IMepenumeM ypaBHenHe (22,2), BBeAss B HEro CKOPOCTH ¢; H (il
it = ¢} Au - (¢} — ¢})grad div u. (22,6)
TIpeAcTaBHM BeKTOp U B BHJe CyMMBl IBYX 4acTed:
u=u+u, ‘ (22,7).
H3 KOTOPBIX OfHA YJOBJIETBOPSIET YCJIOBHIO
divu; =0, (22,8)

a jpyrasi — YCJOBHIO

rot u; = 0. (22,9)
M3 BeKTOpHOrO aHasin3a M3BECTHO, YTO TaKoe NpeJCTaB/eHHe BCerad
BO3MOJXHO (3TO €CTb NpPEACTaBJIeHHe BEKTOpa B BHJE CYMMHI poTOpa

HEKOTOPOTO BeKTOpa H TpajHeHTa HeKOTOpOTo CKaispa).
[Mpu mojctanoBKe u = u; -+ u; B (22,6) nonydaem

i -ty = c} A (w; 4 1) -+ (¢} — ¢}) grad divu,. (22,10)

TpumenuM X ofeMM CTOPOHaM 3TOrO YpaBHeHusi omepauuio div.
Iockonbky divu; = 0, Mb IOJYYUM

diva; = 2 Adivu, 4 (¢ — c) Adivuy,
HJH
div (u; — ¢f Auy) = 0.
C apyroii cTopoHbl, rot cTosIero B CKOOKax BHIPAXKEHHS TOXKE PaBeH
Hymo B cuay (22,9). Ho ecan rot u div HeKoTOPOro BEKTOpa HCUe-
3a10T BO BCeM NPOCTPAHCTBE, TO STOT BEKTOP TOXJECTBEHHO paBeH
nymio. TakuM obpasom, ’
62“1 9 ) N
- — Au; = 0. (22,11)
AnanornyHo npuMenss K ypasuenuio (22,10) onepauuio rot u
nomusi, yto rot u; = 0 u uro rot BcsAKOro rpagueHta paBeH HYJIO,
HaXOJHM .

rot (u; — ¢} Auy) = 0.
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Hockonbky div cTostiero B cKOGKax BhIpa:KeHHs TOXKE PaBHA HYJIO,
TO Mbi NPHXOXHUM ONATh K YpaBHEHHIO TOTrO Xe BHAA, Kak H (22,11):
Tut _ ciAuy = 0. (22,12)
Yparenus (22,11) u (22,12) npencrapasior cofoft o0bUHEIE BOJ-
HOBBIE ypaBHeHUSs (B TpeX HaMepeHHsx). Kaxnoe u3 HHX COOTBETCTBYET
pacnpocTpaHeHHIO YIPYrofl BOMHBI CO CKOPOCTbIO COOTBETCTBEHHO ()
uau ¢;. OfHA u3 3THX BOJH (i;) He CBsI3aHa ¢ HsMeHeHHeM obbema
(B cuay div uy = 0), a apyras (u;) conpoBoxkAaeTcs 06beMHEIMH CKa-
THSIMA U pacIiMpeHHSAMH.
B MOHOXpOMATHUECKOH ynPyrofi BOJHE BEKTOD CMEIIEHHS HMEET

BH]
u = Re {u, (r) e—7}, (22,13)

rie u, — ¢yHKUHA KoopiAuHAT. Dta (yHKUHSA YHOBJAETBOPsET ypas-
HEeHHIO :

¢ Aug 4 (¢} — ¢3) grad div g -+ 0’up = 0, (22,14)

nosyyaiouemMycs npH noacranoske (22,13) B (22,6). Ilpogonbnas u
nomnepeyHasi 4acTH MOHOXPOMAaTHYECKOH BOJHBL yAOBJETBOPAIOT ypas-
HEeHU AM ,
Ay, + K, =0, Auy - By = 0, (22,15)

rae k; = ole;, ky = w/c; — BOJHOBEIE BEKTOPH! IPOLOJBHOH H none-
peyHO# BOJH.

Haxonen, paccMOTpuM oTparieHHe M NMpesioMJeHHe NJIOCKOH MOHO-
XPOMAaTHUECKOH ynpyroii BOJIHBI Ha TpaHulle pasfena Mexly ABYMsA
pasIHYHBIME ynpyruMu cpefamu. Ilpu sTom Hajo HMeTb B BHAY, YTO
IPH OTPaXKEHHWH H IPENIOMJEHHH XapaxkTep BOJHBI, BoobLie rosopd,
meHsiercsi. Ecain Ha rpaHuuy ‘pasfenia najlaer 4UCTO IONepeyHast HiH
YHCTO NPOROJLHAs BOJHA, TO B Pe3yJapTaTe MNOJYdalTcsd CMeInaH-
Hble BOJIHEI, COJEpIKALIME KAK MOMNepeyHkle, TaK H NPOAOJbHbLIE YaCTH.
XapakTep BOJIHEI He MeHfeTcs (KaK 3TO SIBCTBYeT H3 COOGpakeHH#
CHMMETDHH) TOJbKO B C/Iyyae NEpneHANKYJAPHOro najieHus EOJNHb Ha
NOBEPXHOCThL Pasfiesia # B cllyuae NafeHHs [oJ NPOH3BOJALHBIM YIJIOM
HONEPEeYHOH BOJIHBI ¢ NapajlIe/bHBIMH NJIOCKOCTH pasfena KoJseba-
HUSIMH,

CoOTHOLIEHHS, ONpPeAS/IsIONIHe HanpaBJAeHHd OTpaKeHHOH H mpe-
JIOMJICHHOH BOJIH, MOTYT GbiTb 10OJIyUeHbl HENOCpeCTBEHHO U3 MTOCTOA H-
CTBA YaCTOTHl H KacareJbHHIX K IOBEPXHOCTH pasjena KOMIIOHEHT
posaiHOBOro Bektopa ), Ilyere O m 6 — yroa majeHus H yros orpa-
KeHMSl (MJH IpefioMJeHus), 4 ¢, ¢ — CKOPOCTH OGEHX paccMarpH-
BaeMBIX BOJIH. Torxa

sin 0 =_cc,_, (22,16)

sin 0’

1) Cm. VI, § 66. Bce nanodennsnie Tam coo6pamem«m [OJIHOCTBIO NIPHMEHHMH
H 37iech, -~
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Ilycts, manpumep, majaiolas BoJHa momepedxa, Toraa ¢ = ¢,
€CTb CKOPOCTb NMONEPEYHHIX BOJIH B nepBoil cpene. Jlia monepedHol xe
CTpakeHHOH BOJHBI HMeeM Toxe ¢’ = ¢y, W motomy (22,16) pacr

0 =0,

T. €. yroJ NajcHHs paBeH yray orpaxenus, Ilna npoNObHOR e
OTPAXKEHHOH BOJIHBL HMeeM € == €;,, U NOTOMY

sinb e
sin 6’ c °

JIJst nonepeuHofi YacTH MPeJOMIEHHON BOMHBI HMEEM ¢’ == Cyp M NPH
nomepeyHod ke najawLlell BOJMHE HMEeM

sin cHy

sin 0’ Ci2

AHAJIOTHYHO IS NPONOJIBLHOH NPENOMJICHHOH BOJIBLI HMEeM

3apauwu

¥

ALY

sin® o
sin 0’ Cla

1. Onpenesuts Ko3GQHUUKEHT OTPAXKEHHA NPOAOIbHOM MOHOXpPOMaTHYeCKO’
BOJIHBI, MAJAIOMEH IIOJ NPOH3BOJbHBIM YIVIOM Ha TPaHHIy TeJa ¢ BaKyyMOM.

Iz

Puc. 20

Pewesnne Ilpa oTpaxkeHHH NOL TPOHU3BOJNLHLIM YIJIOM
BOSHHKAIOT KaK MpPOJONbHast, Tak M fromepeuHass oTpaxKeHHbie
BOJIHBL. K3 coofpaxenuii CHMMETPHH 3apaHee fICHO, YTO BEKTOp
CMEIEHHS B TIOTMEpeYHOil OTpaKeHHOH BoaHe OyJer Jexarb
HeJHKOM B TJIOCKOCTH majenus (puc, 20; ng, my, ng — efu-
HHUHBlE BEKTOPH BJOJb HanpaBJeHuil majaiomiefl, NpoAOIbHOM
H TONepevHOll OTpaXKeHHHIX BOJIH, & Up, U, Uy — COOTBETCTBY-
IoulHe BeKTOpbl cMelnenui). [losHoe cMmelleHHe B TeJqe paBHO

cymme {(0Gmuit  MHOXKHTEND ¢*® ns KpaTROCTH OMycKaem)

ik r ik;r Ik,r
u=Agnge © + Aime v + A; [ang]e ¢
(a — efunuuHbi BEKTOp, TNEPHEHAHKYNAPHEX K INIOCKOCTH

nagenuss). AGCOMOTHblE  BeJIMYHHBI  BOJHOBBIX  BEKTODPOB
paBHB: Ry = Ry = /¢y, k; = w/c;, a yraol nagenus 0

. . c
n orpaxenna 0;, 0; cpssann nocpeacrsom 9; = 6, sin 6; = sin 0y —C—t—- Has KoM-
1

TNOHEHT TeH30pa ,nedpopMau.nu Ha TIpaHHne Teaa MOJydaeM

Upy = bky (Ao + Ap) cos? B, -+ [ Ayky cos O sin Oy,
uy = iko (Ao + A1),
Uy = iky (Ag— A;) sin 6 cos 6y + -52— Ak (cos? 0 — sin? Oy)

(cOume SKCTIOHeHUMANLHBE MHOXHTENHM ONycKaem). KoMIOHeHTH TeH30pa Hanps-
sKeHuil BLuuc/AsieM no ofmedt gopmyne (5,11), KoTopyio yRo6HO NKCaTh 34eCh B BuAe

2
0, = 2065y, + 0 (¢] — 267) 4,84
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T'pannunbie ycoBua Ha CBOGOJHON MOBEPXHOCTH CPeNsl TNACAT Ojpnp = 0, OTKyAa
Oxx == Oyx = 0, ¥ JAIOT Ba ypaBHEHH:A, H3 KOTOPHIX MOXKHO Bbipasuts A;, A yepes
Ay. B pesyabTaTe BLIUHCHCHHH MOJYYAETCH

cf sin 20, sin 20, — c? cos® 26,
[ A B P ’
¢ sin 20, sin 26, 4 ¢ cos” 20,
2¢104 sin 28, cos 20,
09, ; 2 2 '
c; sin 28, sin 20, + ¢ cos” 20,

A=A

Ay =—

Ipu 6 = 0 umeem A; = —A4;, A¢ = 0, T. e. BOJIHA OTPaXKAETCH NEIHKOM KAK LPO-
ZosapHast. OTHOUIeHHE MePHeHjNKYIAPHOA K IOBEPXHOCTH CPElbl KOMIOHEHTH [JI0T-
HOCTH IIOTOKA HEPTHHU B OTPA:KEHHOH IIPOAOJLHOM BOJHE K TAKOMY e IOTOKY B Ia-
Jlalolell BOJIHE €CThb

R =|AL[
1= A() .
Ananorpynoe OTHOLIEHHE AJA OTPAXKEHHOR IOMepeyHOfl BOJHEI €CTb
R, = cpcosOy | Ay 12
E= s 0, | Ay | °

Pasymeercst, R; 4 Ry = 1.

2. To xe, ecou nagaowas BoJHA MOonepeyHast (4 Hanpam/eHHe KoxeGaHul B Hell
JIEXKHT B INIOCKOCTH najgenus)!l).

Pemeu ne DBomua orpaxaercs B BHAE NMONEPEUHORt Ke H NPOJOJIBHON BOJH,
npuyeM O; = 0Oy, ¢; sin 07 = ¢; sin 0. [Nosneii BekTOp CMemEHHs:

ikt ik,r ik,r
u==[ang] Age © 4-mAe b 4 [any] A b,
Jnst aMnAuTyZ OTPAKEHHHIX BOIH MOJYYAOTCA BhHPaKeHHA
Ay €;sin 20, sin 205 — c? cos? 20,
. - - ’
Ao ¢Zsin 28, sin 20, 4 ¢ cos® 20,
_ 2¢ic; sin 20, cos 26,
o ¢Jsin 20, sin 20 + ¢7 cos® 20,

|>

S

3. OnpezesnTh 4aCTOTH pajuaibHHIX COGCTBEHHBIX KoJeGaHuii ynpyroro mapa
panuyca R.

Pewenne Bubupaem cheprieckne KOOpAHHATH ¢ HAYaNOM B IEHTpe lapa,
Ipu pagnanbHBIX KojeGaHHAX W HANpaB/eHO MO PaAHyCy H SaBHCHT TOJHKO OT 7
(u ot £). Ilosromy rot u = 0. BBefieM «nmoTeHIHa» CMEEHHS ( COIVIACHO U, = 4 ==
= 0@/dr. BuipaxenHoe gepe3 @ ypaBHeHHe NBHKEHHA CBOJUTCS K BOJHOBOMY ypas-

HeHHIO c% Ap = ¢, nIn ZnA NEPHOAMYECKUX 10 BpEMEHH (~e“°’t) KoJieGaHHil}

1 @ dp ®
= e 22 — P2 = e
=T (r or ad k ¢ ' M
Pewenne, koHeunoe BO BceM ofbeme INapa, BKJIIOYAsd ero UEHTD, ecTh
sin kr
p=4-""%

1) Ecnu ko/IeGanHs NepeHAHKYIAPHEL IVIOCKOCTH NAJEHUS, TO BOAHA OTPaKAETCH
IIeJIMKOM B BHJie TaKOH e BOJIHH, TaK uTo Ry = 1, .~
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(BpeMCHKON MHOXHTEAb HE [HiFeM). PajsafbHe HANPKEAHST
2 2 »
O =P { (C? - 263) Uy + 2cturr } =P { (cl - 20?) Ag + 2C?‘P }

WiH, Hcnonb3osas ypaerewne (1):

1 o

& O =0 — 4 - 9. @)
Tpannunoe ycrosue O (R) = 0 npuBOAUT K YpaBHEHHIO

tg kR 1 3)

ER = T1— (kRayf2c)*

Ero KOpHH ONpefeNgioT 9acTOThl COGCTBEHHBIX KoneGanuit ® = cik.

4, OnpepenuTh HacTOTY PajHalbHBIX Kose6anuit cepuuecKOd NOJOCTH B He-
OrpaHMYeHHOH ynpyro#t cpeme, AnAs KOTOPOH €1 > i

Pemenne. B HeorpaHuuenHof cpele pafuaibibie KojeGaHus MOJIOCTH
CONPOROM/AIOTCA H3NYYeHHEM NPOJOABLHBIX 3BYKOBEIX BOJH, UTO NPHBOAHT K MOTEpE
SHEprHY H TeM CAMEIM K 3aTyXaHuio KOjeGanHil, [pu ¢ > ¢ (1. e. K> ) 310 H3MY-
yeHne GyJieT cAabLiM § MOKHO I'OBOPHTb O COOCTBEHHLIX 4acTOTaxX KoneGaRuil ¢ MaNbiM
KO3 HIMEHTOM 3aTyXaHuA. -

Hoiem pemenne ypaeuenus (1) B Buge pacxogsuefica cdepuueckoit BOIHHI

o
o=A4—7> =

W ¢ nomomeio (2) noJyuaeM H3 TPAHHYREOLO yoaoBus Oy (R) = 0

(kaJ_ ? 4 (1—ikR).
G

Orciopa (npu ¢; > ¢t)

__26‘; _.Ct .
(x)—-—R'—(l lCl)’

BemecTBennas 4acTh @ AaeT COGCTBEHHYIO 4acTOTy KoJeGaHmil, a MBHMAR — K03
(ULHeHT 3aTyXaHHf; B HeCKUMAeMOH cpeje {c; — o©0) 3aryXaHue, €CTECTBEHHO, OT-
CyTCTBOBA/O OB 3TH KoneGafua —— Creu(PUUeCKult pesyabTaT CONPOTHBIIAEMOCTH
CpeXHl N0 OTHOLIEHWIO K CABHTY (i 5= 0). O6patuM BHHMamHE HA TO, YTO JAJi HHX
kR = 2¢;/c; < 1, T. €. COOTBETCTBYIOIlas STHM KoJeGaHHAM [JIMHA BOJHL BEJHKA
no CpaBHeHHIO ¢ R (HMHTEDECHO CPaBHHTh 3T0 € KoneGaHuAMY yOpyrod cdepsl, Aast
Zgropmx) npHu ¢; 3> ¢; nepsas COGCTBEHHas 4aCTOTA ONPEASJISETCS COIVIacHO (3) u3
= J}.

§ 23. ¥Ynpyrse BOAHLI B KPHCTAMAX

PacnpocTpaHeRne ynpyrsx BOJH B aHu30TPONHOA cpele, T. €.
B KPHCTaJL1aX, NOJUYHHsieTCA GoJee CAOKHBIM 3aKOHOMEPHOCTAM, YEM
pacrnpocTpaHeHHe BOJIH B H3OTPOITHOM TeJe, Jaa dceneioBaHusi TaKUX
BOJIH HaZe OGPATHTHCH K OOHM YPABHEHHAM ABHIKCHUA
do;,
6xk

pily =
M BOCTIOJNb30BAThCs AJA Oy OOWHM Bbipaxenuem (10,3)
O = Maptm tme
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CooTBeTCTBEBHO CKa3aHHOMY B Hayalie npeAbAyHiero naparpaba noj
Allklm Hajpgo Be3ge no&pasymesa'rb annaéaTuqecmde 3HavYeHu s MQlly.HeH
YOPYFOCTH.
HQI{CTBBJHH} J;» B YpPABHCHHA ABHIKCHNA, ROJYyUYaeM
— Buim _ 'Aiklr_n 0 duy Aum )
iRlm ™5 — 7 2 6xk X ox;
1 0% i
=7 o Mwim i “Oxp, 0%y + 2 Minim oxy, 0x; °

TTocKOJMBKY TE€H30P Ajpiy CHMMETPHYEH 110 HHAEKCAaM [ H m, TO, MeHAs

BO BTOPOM GJieHe 0003HaueHHe WHIEKCOB CYMMHpPOBaHHA [ B m Ha 06-

paTHoe, HaXOAHUM, YTO NePBhIH U BTOPOH YJieHBbl TOXKAECTBeHHBI. Takum
ofpa3oMm, moJyyaeM ypaBHEHHS ABHKeHHs B BHIE

.. Puy -

Py = Lirim 5050, * (23,1)

PaccMoTpuM MOHOXPOMAaTHUYECKYIO VHDPYFYIO BOJAHY B KPHCTAMIE,

Hns 5Toro Mel JovEKHL HCKaTh pelleHHe YpaBHeHHH ABIKeHHH B BHAE

=uolei (kr—oty

(tt9; — MOCTOSMIHBBIE), NPHYEM COOTHOHIEHNE MEXKAY BOJAHQOBLEIM BEKTO-
poM k H 4acTOTOH » AOMKHO OBHITh ONpejeseHO Tak, YToObi HanHCaH-
Haa QYHKIUs JeHCTBATEIbHO YAOBACTROpAia ypaBrenHo (23,1). dud-
depeHnHpOBaHHE ; NO BPpeMEeHH DPHBOAHT K YMHOKCHHIO Ha —im,
a nuddeneHIBEPOBAHKE NO Xy — K YMHOMEHHIO H3 k. [lostomy ypas-
renHe (23,1) nocre nOACTABOBKH npeBpallaeTcs B

pou; = Aipymferk bl

Hanucas uv,, = 6,-mum, nepenucuLBacM 3TO pAaBCHCTBO B BHAE
(meGim - xiklmkhkl) Uy = 0. (23,2)

310 — cucTeMa TpeX ORHOPOEHLIX YpaBHEHHMA nepBo#t CTeneHH OTHQ-
CHTENBHO HEHIBECTHHIX U, Uy, U, Kak u3BeCcTHO, TaKas CHCTeMa
HMeeT OTNHYHME OT HYAf PCUICHHS JUMb NpPH ycnoauﬂ paBeHCTBa
HYJIO OnpeAeluTens KoapduuneHTOR ypaBHe}mH

| Animbrfe, — po® 8| = 0. (23,3)

2r1uM ypaBHEeHHEM OnpeAeAsieTcst 3aBHCHMOCTH SacTOTH BOJIHBL OF
BOJIHOBOTO BEKTOPa; 06 5TOH 3aBHCHMOCTH I'OBOPAT KaK O 3aKOHe Ouc-
nepcuy BOJH, a Onpefessiollee ero ypaBHeHHe Ha3biBalOT GUCNEPCUOH-
Hoiy. Ypasrenwe (23,3) — rpeTveit cTenenn no w?® OO HMeeT TpH,
BoOClHIe roBOPs, PasJHYHBIX KopHA ®? = o} (k) — TpH, KaK ropo-
pAT, BeTBH 3aKOHa JucnepcuH. IloficTaBass moQuepelHO KaKABA H3
STHX KopHeH 06paTHO B ypaBHeHus (23,2) u pemas HX, MH HalJAeM
HanpaBJieHHs BEKTOPAa €MeIleHHH u B 3THX BOAHAX, — Kak roBOpAT,
HanpaBJeHHsA HX noaspusayuu (B CHIy CBOeH ORHOPOAHOCTH, Ypas-
HenHs (23,2) Be onpeReAsioT, KOHEYHO, aGCOMIOTHOR BeNHUYMHE BEK-
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Topa u, ccraioulefics IPOMSBOIBHOI) 1, HanpaBJeHHs MOJspH3alHH
TpeX BOJH C OXHHM H TeM e BOJIHOBbIM BEKTOPOM K B3aHMHO nepre-
IHKYJAPHEL. JTO BaXKHOe YTBepXkJAeHHe CJIeYeT npaMO H3 TOro, 4To
ypaBHeHHe (23,3) MOXXHO paccMaTpHBaTh KaK ypaBHEHHE, ompefessio-
lllce TIJaBHble 3HAYEHHs CHMMETPHYHOIO TeH30pa BTODOro paHra
Ainimbnki 2); ypaBHeHHS e (23,2) onpejenfioT IJaBHBIE HanpasJe-
HHsS STOTO Ten3opa, KOTOPHE, KaK M3BECTHO, B3aWMHO NEpHeHAMKY-
napubl. Hu 0fHO M3 3THX HanpaBJ/eHUil, OIHAKO, HE ABJIALTCH, BOOOLIE
rOBOPS, HH YHCTO NPOJOJBHEIM, HH YHCTO NONEPEYHBIM MO OTHOUIEHHIO
K nanpasnenuio k.

CKOpOCTh DACTPOCTPAHEHUS BOMHBL (ee  epynnosas CKOpOCTb)
JlaeTcs NPOU3BOAHOH

u-=22 (23,4)

(cm. VI, § 67). B usoTponHo#l cpelle 3aBHCHMOCTDH o (k) cBOEMTCSH
K IPOMNOPUHOHANLHOCTH aGCOMOTHOMY BHAYEHHIO R, U NIOTOMY Hanpap-
JieHre 3TOl CKOPOCTH COBNAJIaeT ¢ HampaBJeHHeM BOJIHOBOTO BEKTODA.
B KpHCTa/Iax 9TO HE TaK, W HanpaBJ/ieHye pacnpoCTpaHeH s BOJHEI He
cOBNajaeT, Boofuie roBopst, ¢ HanpasJeHnem k. Bekropot k n U koa-
JIiHeapHBl JJIsi HEKOTOPBIX HCKJIOYHTeNbHBEIX HanpapJeHHH OCeli CHM-
METPHU  KPHCTAJNa,

U3 nucnepcHOHHOrO ypaBHeHHs (23,3) BUIAHO, YTO B KpHCTAJLIE O
SIBJISIETCS OJHOPOMHOM yHKIMelH nepBoro Nopsiika OT KOMIOHCHT BEK-
topa k (eciu BBecTH B KauecTBe HEH3BECTHOH BEJHYMHbI OTHOLICHHE
w/k, To Ko3pPULIHEHTH ypaBHEHHS HE 3ABUCHT OT k). IlosTomy cKo-
pocth U — ofHOpozHAs GYHKLHS HYJEBOro nopsaxa or ke, ky, k.
JlpyruMu cJIOBaMH, CKOPOCTb pPacrpoCTpaHeHnusi BOJHLI, #ABASACH
(yHKIHEH ee HanpaBJeHHs, He 3aBHCHT OT YacTOTEL ‘

Ecnu nocrpouts B k-nmpocTpaHcree (T. €. B KOOpAHHATAX k,, Ry,
k,) NOBEPXHOCTb MOCTOSHHOH YacTOTH, © (k) = const (a1s Kakoii-
Jan60 M3 BeTBell 3aKola NHCIEPCHH), TO HanpaBJeHue BeKTOpa (23,4)
COBNajaeT ¢ HOpMalibio K moBepXHocTH. OueBHIHO, YTO €CJH 9TA 110-
BepXHOCTh BCIONY BBINYKJasi, TO CBsi3b MEXAY HanpaBieHHsMH Uwn
k B3auMHO OHO3HAYHA! KaXKIOMy HanpabiaeHuio k oTpedaer OLHO
onpefenentoe Hanpapjenue U u HaoGOpOT. Ecau e noBepXHOCTb
DOCTOSIHHOH YacTOThl He BCIOAY BEIIYKJA, TO 3Td CBA3b CTAHOBUTCA
He B3aUMHO OLHO3HAYHOM: KawJOMy HanpaB/eHH0 k no-npexHeMy

1) B H30TpONHOM TeJe STHMH BETBAMH ABASIOTCA O = ¢k (nponoJILHO MOAApH-
80BAHHBIE BOJIHK) M JBA COBMAAIOMMX KOPHA @ = Ctk, OTBeYaiollie BOJHAM € ABYMA
HeSaBHCUMHIMH TNONEPedBBIMH HamnpaB/IeHHAMH MNOJAPUIANUH.

2) B cuity CBOHCTB CHMMETPHH TeH30Da Aipim HMeeM

Minimbaks = Muimifnks = Mmniknkse
TocnegHee BHpameHHe OTAHIAETCH OT TEPBOTO TOABLKO 0603HaueHleM HEMBIX HHJEK<
coB k, [, T, e, TEH30D Ainymirky RefiCTBHTE/IDHO CHMMETPHUEH 0O HEJCKCAM iy
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OTBeyaer (B JaHHOH BeTBH 3aKOHA AHCIEPCHH) OAHO HanpasJenue U,
HO 3ajaHHOe HanpaBs/ieHue U MOXKET OCYLIECTBAATHLCS C Pa3JHYHLIMH
HanpaBJeHHAAMH Kk,

Jagaumu

. OnpenenuTh 3aKOH JHCIEPCHH YNDYTHX BOJH B KyOHYECKOM KpHCTAILIe,
pacnpocTpansiomuxcs a) B KpHCTajgsorpadudeckolf miockoctu (001) (mrockocTsb
rpauu Ky6a); 6) B Kpucranjorpapudeckom Hanpasienuu [111] (nanpapnenue aua-
roHaju kyb6a).

Pemenune B kyOudeckoM KPHCTa/uie OTJIHUHH OT HYJS YIPYTHE MOAYIH
Avxex = M, Axxyy = Ay, Axyxy = Ay (M paBHble HM KOMIOHEHTHI TH30Da C 3aMeHOf
MHIEKCOB X, § ADYIHMH H3 X, Y, 2— cM. § 10); ocu ¥, y, 2 Hanpas/eHb BXOAb peep
Kyba.

a) Bui6epem nnockocts (001) B KauectBe miockoctH X, y H nycts O — yroa
MeXLy JeKalluM B Hefi BOAHOBBIM BexTopoM K u ocbio x. CoCTaBUB AHCHEpCHOHHOE
ypasHenue (23,3) u pewus €ro, HafifeM TPH BETBH 34KOHA JHCHeEPCHH:

Pof, 5 = ak” {Ay 4 Ay o= [(A — Ag)P— 4 (g +Ag) (A — Ay — 21;) s1n? 0 cos?0]'/2},
P02 = A k%

Bosna Tpethelt BeTBH nomnepeuna M NOJSPH30BAHA BAOMb OCH 2. BOJHEI mepBIX AByX

BeTBell NOJSIPU3OBAHEL B IUIOCKOCTH X, % Hs coobpaxeHufi CUMMETPMH OYEBHIHO,

YTO CKOpOCTh pacnpoctpaHerusi U == dw/Jk BceXx STHX BOJH TOXe JIEKHT B IJIOCKO-

CTH X, Y, NO3TOMY JJIfi €e BbIYACHEHHH JOCTATOUHO IIOJYYEHHHIX BbIpaKeHHH.
Ilpu 0 = 0 (k BRosb OCH X) UMeeM

poi = A2, pw3 = Ak?,
npudeM BosiHa I mpPoAOBHA (MONAPH30BaHA BAOJL OCH X), a2 BOJHA 2 nomepeyna
(nonsipusaoBana BAOJbL OCH y).
Ipu 0 = n/4 (k Brosb pWaroHanu rpan; Ky6a) HmeeM
pof =Y (A Ay - 2hg) k2, po} =1/, (A, —Ay) k2.

Bosnna I npogonbHa, a Boapa 2 MOmepeyHa M MOASPH30BAHA B IUIOCKOCTH X, Y.

6) B sTom ciyuae BOJHOBOA BEKTOD HMEET KOMIOHEHTH Ry = ky = k; = EIV3.
Pemrenne frcnepCHOHHOIO ypaBHEHHSI JaeT

poi = 1/5k* (A, + 2A; + 4hs),
P35 =1/5k? Ay — Ay 4 Ay).
Boana ! npoposbHa, BOJHE 2 H 3 NONEPEUHHI.
2. Onpegenntp 3aKOH JHCHEPCHH YNPYLHX BOJH B KPHCTA/NJIE TeKCarOHAJbe
HOH CHCTeMHI.

Pemenne TIercaroHaapuslif KpHCTALA HMECT NATh HE3aBHCHMHX YHOPYTHR
MoayJselt (cm. sagauy 1 § 10), Aas KOTODHIX BBelleM OGO3HAUEHHS: )

Mexax =Myyyy = @ Aeyny =0, Ayxyy=a—2b,
Byexzy = A'yyzz =0, Aguyy= Z'yzyz =d, Ayp=F

Ocp 2z nHanpap/iena no OCH CHMMETPHH IIIECTOTO NMOPSAKA, HANPABIEHHS XKe ocefl X, §
MOTYT ObITh BHIGPaHEI NPOU3BO/ILHO. BEiGepeM MAOCKOCTL X2 Tak, 9TOGH B Hell Jexal
BoHOBOH BekTOp k. Toraa ky = ksin 0, ky = 0, &, = k cos 6, rae 8 — yroa me-
xay k u ocwio 2. Cocrapasis ypassenue (23,3) u pewas ero, Hafigem '

p®} = k2 (bsin? 0 - d cos? 0),
poi,5 == 1/k? {a sin20 - fcos2 0+ d +

o [((a— &) sin® @ + (d — f) cos? ) -+ 4 (c + d)” sin® 6 cos? 6]/2},
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Ipu 0 = 0 umeem
pwl,, = k4, poi=Ekf,;
BOJHA 8 MpOAOAbLHA, BOJHHE [ W 2 MONepeuHH.

§ 24. NoBepXHOCTHBIE BOJHEI

Ocof6biM BHAOM YIPYIUX BOJIH fABJSIOTCS BOJHBI, PaciipocTpansio-
nEecs BGJAH3H MOBEPXHOCTH CPELb! U He NPOHUKAoLHE B [y0b Hee —
eoariti Pares (Rayleigh, 1885).

Hanuwem ypaBHeHHs ABHXKeHHR B BHle (22,11—12)s

o%u o

7 —¢ Au =20 (24,1)
(rne u — Kakasa-n100 H3 KOMIOHEHT BEKTOPOB U;, U;, a8 ¢ — COOTBET-
CTBYyIOIAs e CKOPOCTh ¢; Ml ¢;), U OYAeM HCKaTh pelleHus, OTBe-
YaloLIHe NOBepXHOCTHHIM BOJHAM. [10BepXHOCTb ynpyrofi cpeisl GyAeM
npennoJararb NJOCKOH, M Boi6epeM ee B KayecTBe NJIOCKOCTH X, Y;
oBJacTH CpefBl MyCThb COOTBeTCTBYIOT 2z < 0.

PaccMOTpHM  «IIJIOCKYIO» MOHOXPOMATHYECKYIO [TOBEPXHOCTHYIO
BOJIHY, PacnpoCTPaHAIOILYIOCs B0 OCH x; GyHKLusA 4 (£, X, 2) B HER
MeeT BHI

u = ef (kx—0nf (3,

rae gywkuus [ (z) yaoBneTBOpsieT ypasHenuio [ == x*f; BBeleHo o6o-
3HaveHne ‘
u = (B — o’/ct) L2, (24,2)

Ecan k? — 0?c* < 0, 10 f (2) — nepuoinyeckas GyHKHUHMSA, T. €, Mbl
noJayuusid Gbl OGBHIYHYIO MJIOCKYIO BOJIHY, He HCHUE3alollylo BO BCeM
oGneme cpensl. [TosToMy Hazo cauTaTth, 9TO k2 — w?/c? b> 0, 1 % — Be-
HeCTBEHHOR UMC/IO. Y PaBHEHHE HMeeT pellieHHs BHJAA eXD (4=x2); u3
HHX HaJ0 BHIGpATh TO, KOTOPOE B3aTYXaeT NpH Z—» — 0O,
TaxuM o6pa3oM, MBI IPHXOAHM K CJeAyOUleMy PEIEHHIO ypaBHe-
HHE JIBUXEHUS: .
u = const g (kx—0t)gnz, ' (24,3)

OHO COOTBETCTBYET BOJIHE, GHICTPO (SKCHOHEHOHAJbHO) 3aryxawiued
BHYTpb TeJa, T. €. PAacnpoCTpaHsomeicas ToJbKO BOJUSH €ro IoBepXx-
Hoctu. Beamumnna % onpejessieT CKOPOCTb 3TOr0 3aTyXaHHUS.
Herannnil BekTop AedOpMaUHy U B BoJIHE SBJIAETCS CYMMOH BEKTO-
POB U; H U;, KOMIOHEHTHl KaXIOr0 H3 KOTOPbIX YAOBNETBOPSAIOT ypas-
HeHuio (24,1) co CKOPOCTBIO ¢ = ¢; IS W; H ¢ = ¢; A9 wy. B cayyae
06LeMHBIX BOJIH B HEODaHUUYEHHOH cpefie 3TH JBe HAaCTH NPEACTaBAsIoT
cobofl IBe He3aBHCHMO paclpocTpaHsioiiiecsi BOJHH. B cayuae ke
NOBEPXHOCTHHIX BOJIH TaKoe pasjefieHHe Ha NBe HE3aBHCHMbIE YacTH
OKasniBaercs (6/1arozaps HaJHYHIO IPAHHYHHIX YCIOBHH) HEBO3MOX-
HbIM. BeKTOp CMelleHHs u JOJIKeH GHTh ONpeAeJeHHOH JuHEeHHOH
KoMOHHaUHeH BEKTOPOB u; H u;. Ilo moBoiy 3THX nOCHAENHHX HALO
TaKKe OTMETHTD, ITO OHH OTHIOAL He HMEIOT TeN¢Pb HArVIAAHOI0 CMBICIIA
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napaie/IbHHX H NePNeHAMKYJASPHHX K HanpaBJieHHIO pacripocrpa-
HEHHsl KOMIOOHEHT CMeHICHHS.

Jast onpefenienns AunHeiHON KOMGHHALHH BEKTOPOB 7 H 1i;, AAI0-
el HCTHHHOE CMellleHHe U, HAllo OOPATHTLCA K TIPeAeIbHbIM YCAOBHM
Ha rpannue tesna. OTciona Xe ONPENeNHTCs] CBSI3b MEXAY BOJHOBBIM
BeKTOpoM k H uacToroil », a c/e0BaTebHO, H CKOPOCTh PacIpoCTpa-
HeHusl BOJHEL. Ha cBoGoaHON NOBEPXHOGCTH JOJIKHO BHITOJHATHCSH
- yenoBue oyny, = 0. [ToCKOMBKY BEKTOD HODMaad n HanpasjeH [io
OCH 2, TO OTCIOJa CJelYIOT YCJIOBUSA

Oy, = Oy, = 0, =0,
OTKYJZa
ty, =0, u, =0, O (Une+ty) +(1 —0)u,, =0. (24,4)

[TockoMbKY Bee BeJIMUMHEI He 3aBHCAT OT KOOPARHATH I/, TO BTOPOE
U3 3THX YCJOBHHA Jaer

1 tou Ot _ Vo
A ”W“T(‘d}y“’" ayz)"i' 5 =0
C yuetom (24,3) orciona caepyer
ey = 0. (24,5)

Taxkum o6pasom, B MOBEPXHOCTHON BOJIHE BEKTOp NehOpMauHH U Je-
MHT B IIJIOCKOCTH, NPOBEJEHHON Yepes HanpaBs/eHHe PaclpoCTPaHeHHs
NepneHIuKyNspHO K HOBEPXHOCTH.

«[lonepeynas» yacTe BOAHBI U; JO/DKHA YAOBJIETBOPATHL YCJOBHIO
(22,8) div u; = 0,

Oty 6utz' _
% % =0

Beuny (24,3) 310 ycs0Bie NPHBOJHT K PABEHCTBY
ikt witty, = 0,
ONpefe/ISiomeMy OTHOWEHHE Uy, /uy.. Takum oGpasoMm, HMeeM
Uiy = ®,a €Xp (Tkx | %2 — {0f),
ty, = —ikaexp (ikx 4 w2 — iwt),

rie a — noCTOSHHas.
«[IpononbHas» uacTe u; yROBIETBOpsET ycaosHio (22,9) rot u, =
= 0, nan

(24,6)

Oux Oupy =0
- ]

0z ax
OTKyAa .
ikt — wytty, =0, % = (£ — o’/c})'.
Takum o6pasom, JOMKHO GHITH
oy, = kbeikx-f-ulz—;im, By, = —i% lbeilax-i-x‘zw{mf, (24,7)

rae b — nocroannag,
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Teneps BocmonbsyeMcsi MEpPBBIM H TPETbHM H3 ycJoBUH (24,4).
Buipaxas u;, uepe3 npOH3BOAHLIE OT #; H BBOAA CKOPOCTH €; H (i,
NePENHCHIBAEM 9TH YCJIOBUS B BHAE

a,”x + %‘} =0,
(24,8)
2 6uz (01 26’?) Obtx = 0.
Ciona Hajo MOACTaBHTHL ‘
Uy = Uy | Uigs Uy, == Uy, + Uy
B pesyabrare nepBoe us ycsiopnit (24,8) paer ypasHenue
a (K -+ »?) 4 2bkn, = 0. (24,9)
Bropoe mpuBOZNT K PaBEeHCTBY
Qactuske -+ b [c; (5 — B7) + 2ck°] = 0,
12031
Qauk -+ b (K> 4 %7) = 0. (24,10)

YcJI0BUe COBMECTHOCTH ABYX ORHODOAHBIX ypaBreHui (24,9) u (24,10)
Jaet
(R 4 o7)" = 4k w1,

uJaYu, BO3BeJd B KBaAparT KU NOACTABHB 3HaUYEHHA ¥y, %l!

(2k2-——‘c’;1)“ = 164 (k2 - -——) (k“‘
3 ‘ t

S1uM ypaBHEHHEM ONpeJeNseTcss CBsu3b Mexay @ H k. OueBnIHO,
4910 @ = const-k; Aaa onpeleseHuss KoshdunuenTa NPONOPUUCHAIb-
HOCTH, HamuIUeM 5TO COOTHOLIeHHE B BHJE

o = ekt (24,12

Torza ofui MEOXHATEND k° COKpallaeTcs H, pacCKpHB CKOOKH, Noay-
yuMm i § ypaBHeHue

B 8§4+8§2(3—2——)—16(1-—ﬁ.2-)=0. (24,13)

q

= ) (24,11

Orciofa BHAHO, YTO 4HCA0 & 23aBHCHT TOJMBKO OT OTHOWEHHA ¢;f6;, AB-
JISIOUIETOCst HEKOTOPO# XapaKTepHOf AnA KaXAOTO JaHHOTO BEIleCTBa
NOCTOSTHHON M 3aBHCSIIEr0 B CBOIO ouepelib TONBKO OT Ko3(duuueHTa
Ilyacconai

__c_?__ 1—2¢
g = 2(1—a)°

‘Beanuuna & NOMKHA GbiTh, PasyMeeTcs, BellECTBEHHOMN IOMOXKH-
renbHol, npuuem § < 1 (Tak, 410! %, %, GBLIM BeLeCTBEHHb!). ¥ pas-
HEHHE (24 13) uMeeT TOJNIBLKO ONHH KOPEHD, yzxomernopmou;un ITHM
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.

YCJIOBHSIM, TaK YTO AJIs KaXKIOro NaHHOTO 3HaueHHs ¢;/c; noayyaercs
BCETO OJHO OlpefesieHHoe 3HayeHue § 1),

Takum o6pazom, st MOREPXHOCTHBIX BOJIH, KaK H 115 OGLEMHBIX,
4acToTa MPONOpLHOHadbHA BOJHOBOMY BekTopy. Kos(duuuent mpo-
NOPUHOHANBHOCTH MEXLY HHMH €CTb CKOPOCTb gy
pacnpocTpaHeHHST BOJIHBI B

U = Ctg‘ (24,14) 495
- 3THM onpelessieTcsl CKOPOCThb PacnpOoOCTpaHEHHs /
NOBEPXHOCTHBIX BOJIH YE€pe3 CKOPOCTH ¢ H ( 490 /
[ONEPEeYHBIX H IPOJONbHEIX 06BeMHBIX BosH, OTHO- /

ILeHHe aMIVINTY ] TONePeYHO B 1PONONBHOM YacTel

BOJIHBI Ol i ] o 4% 4
J pelesisieTcs N0 3HauyeHHo § ¢opMyJoi g 7"z
a 2—F2
—_— e ———Pe 24 15 Puc. 21
o 2VT—¢ (@4,19)

OtHomeHue c¢;/c; $akTHUECKH MEHseTcsl AN PasJUYHEIX BeLIeCTB
B npefeaax ot 1/y/2 no 0, uTo cooTBeTCTBYeT H3MeHeHHo ¢ oT 0 o
1/2; npn stom & mensercs ot 0,874 no 0,955. Ha pue. 21 nau rpadux
saBuCHMOCTH & oT 0.

3anaua

TlnockonapaiebHEI MacT TOMMMEE A (cpepa I) JeXHT Ha ynpyrom noay-
npoctpanctse (cpepa 2). OmpelenuTh 3aBHCHMOCTh YacCTOTHI OT BOJHOBOIO BEKTOPA
JJf TONepeyHEX BOJH B ILIaCTeé C HalpaB/ieHHeM KoaeGaHMH, nmapajielbHbIM Ipa-
HHLU@M MJacta.

Pemenne DBrbepem mrockocTe pasfiena MexAy IIaCTOM H NMOJYIPOCTpaH-
CTBOM B KauecTBe IJIOCKOCTH X, Y, MPHYEM YNPYIoMy NOJYHIpPOCTPAHCTBY COOTBET-
cTByIOT 2<% 0, a maacty A > 22> 0, B nuacre umeem

' i (hx—0t
Uyy = Uy =0, Uy = f(@)e ¢ ):
a B cpefie 2 NUIIEM 3aTyXaioWyl0 B IIy6b Hee BOJHY:

| (kx—0 2 27231
Uyg= Uz =0, P #y = ( — 0?/c}p)'/%,

JAaa dyurunu f(2) nMeeM ypaBHeHHe
" 2 2
f +“%f= 0, %1=(0) /C“——-k2)1/2
(vbl YBHIHM HHXe, UTO JOJKHO OuiTh %} > (), oTKyza
[ (2) = B sin %32 -}~ C cos x;2.

Ha cBoGopuoii rpanune miacta (z= h) Ro/KHO OHTh Oy = 0, T. €. auyl/az= 0,
Ha rpanune xe MexJly o6eMMH cpefiaMH (2 = 0) HMeeM YCJOBHA

du ou
Uyy = ys, W=

3) Ilpu nepexoze ot ypasrenus (24;11) k-(24,13) Tepsiercst kopens ©2 = 0 (3 =
= %} = k), KOTOPOMY OTBeyaeT 3HaueHHe & == 0, TOXe yJOBJeTBEpMEIlEe YyCio-
Buio § <8 1. M3 ypaeuennit (24,9—10) BUAHO, OJHAKO, UTO ITEMY=MHOPHIO COOTBET<
"CTBYeT DaBEHCTBO 4 == —b, W NOTOMY NOAHOE CMelieHHe U = W} -} U3 =0, T, e,
JBHXKeHHe  BooGHe OTCYTCTBYET;
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(1, By — MOAYJH chBHra OGewx cpen). Ms sTuX yCnoBRR HaxoxuM TPR ypaBHeHHA
ana A, B, C, yclnoBue COBMECTHOCTH KOTOPHIX RaeT

tg arh = porta/iayns.
Ara YpaBHeHHe onpenenseT B HeIBHOM BHJle 33aBUCHMOCTL ® OT k; OHO HMeEeT peHIeHHsT

JIUMIL OpH BEWECTBEHHHIX Xy H Xa, TAK UTO BCETAA Cty > ®/k > cyy. Orciona BHAHO,
YTO pacnpOCTpatieHHe PacCMaTPHBAaEMBIX BOJH BO3MOXKHO AHWb NPH YCJIOBHH Cgg = Cp1.

§ 25. KosneGaHusi CTepxHeH M MIACTHHOK

BoJiHBI, pacnpocTpaHAIOUIMECsT B TOHKHX MJACTHHKaX H CTepXK-
HAX, CYLIeCTBEHHQ OT/NHYalOTCA OT BOJH, DPacnpoCTPaHAIOUHXCS
B cpefle, HeOTPaHWYEHHOH BO BeceX HanpasfieHuax. [Ipu sToM peus
HIeT O BoJIHAaX, JJIHHA KOTOPHIX BeJHKa 10 CPaBHEHHIO C TOJHIMHOH
CTEpKHSA HWJHM NJacTHHKH. B of6paTHoM MNpelesibHOM ciydyae IJHH
BOJIH, MaJbIX MO CPABHEHHIO C 3TGH TOMUHHOH, CTEpXKeHb WJH MJa-
CTHHKY MOXKHO Obl10 Obl BOOOLie paccMaTPHBAaTh KaK HeorpaHHyel-
Hble BO BCeX HanpPaBJeHHAX, H MB! MOJYYHIH Obl CHOBA COOTHOHMICHHS,
UMEBUIME MECTO B HEOFpaHHYEHHBIX CpelaXx.

Heo6xonumo pasanyath BOJHBL, B KOTOPHIX KoNeGaHHS NPOHCXO-
AST NapaiespHO OCH CTEPXKHS MM NJIOCKOCTH NJAACTHHKM, OT BOJH
¢ nepneHiHKYJNSPHBIMH KosleGanusaMH, HauHem ¢ H3yueHHS NpOAOJbL-
HBLIX BOJIH B CTEPIKHAX. ‘

[TpojoarHas pedopmanng crepkHs (OCUHOPOAHAS BIOJh €ro ceye-
HHSA), Ha GOKOBYIO NOBEPXHOCTH KOTOPOIO He JReHCTBYIOT HHKAKHE
BHEIIHHE CHJIB, NPEACTaBAseT colol NPOCToe pacTsKeHHe HIH CKATHE.
Takum 06pasoM, MPOAOJbHBIE BOJHEI B CTEPKHE NPEACTABIAIOT cobol
pPacuopoOCTPAHAIMIHECA BEQAR €0 JJAHHH OPOCTHIE PACTHIKEHUS HJH
cxartua. Ho mpu npocToM pacTAXKeHHH OTIHYHE OT Hy/As TOALKO KaM-
TOHEHTA O,, TEH30pa HanpsXeHHH (0Cb 2 — BIOJb AJHHBI CTCPXKHA),
cBfi3aHHAas ¢ TeH30poM ZedopmanHu nocpeacTsoM (cM. § 5)

Oy, == Eu,, = -%it;— .

IToacrasasis 310 B ofliee ypaBHEHHe ABHIKEHUS

6ozh

ol = doxy

HaxXonuMm a az
o Ewm =0 @)

1o ecTh ypaBHeHHE NPOAOALHEX KOsMeGaHuli B cTepKHAX. MBI BUAHM,
YTO OHO HMEeT BHJ OOBITHOrO BOJHOBOTO ypaBHeHus. CKOpPOCTb pac-
NpOCTpaHEeHNs! NPOMOJBHLIX BOJH B CTEPXKHAX OKAa3piBaetres pabHoR

(E/p)¥2. ’ (25,2)

Cpapuus ee ¢ BuipaxenueM (22,4) aia ¢;, BUAHM, 9TO QHa MEHbBIIE CKO-
POCTH pacnpoCTpaHEHHS NPOXOJBHBEIX BOJH B HeOrpaHRUeHHON cpege,
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IepefineM Teneps K NPOROVILHBIM BOJHAM B TOHKHX MJIACTHHKAX.
YpaBuenns ABHKEHHA IS TRKHX KoseGaHHA MOXHO HanmHcaTh cpasy,

2,
NOACTaBUB B ypaBHeHHAX paBHoBecHA (13,4) — poh ____aa‘t‘;c H —ph _?;.t ‘;u
BuecTo P n Py
P &u, . 1 0%, + 1 O, 1 Py
E of T 1—02 0x? 2(1+0) o2 + S0 —0o) oxoy’
P By 1 Buy + 1 02uy + 1 u,, (25»3)
E 08 — 1—o? gy 2(140) o0x? 2(1—0) oxdy °

PaccMOTpHM nJIOCKYIO BOJIHY, PacnpoCTpaHsIONYIOCS BAOJb OCH X,

T. €. BOJIHY, B KOTOpOil AeopmManksi 3aBHCHT TOJbKO OT KOOPIHHATLI

x, HO He oT y. Toraa ypasnenus (25,3) CHJBLHO yOpOLLAIOTCSi B NPH-
HHMAIOT BHJ

O%uy E 0%y, Oy E Puy
97 T p(l—o0% ox 9fF ~ Qo Fo0) Oxz 0. (25,49)

Mur nosyuaem, TakuM 0o6pasoM, ONSTh NPOCThIE BOJHOBHIE YpaRHEHHS.
Crosinue B HEX KO3(HUUHEHTE! PA3THYHE IS U, ¥ t,. CKOPOCTL pac-
NPOCTPaHEHHN BOJIHEBI ¢ KOJIEGaHHMAMH, 1apa/easHBIMHE HallPaBJIEHHIO
pacipocTpaHenus (u,), paBHa

( p(I—o0 i o%) )m' (25.5)

CkopocTb e BOJHBL (#,) € KOJeGAHHSIMH, NEPNeHINKYJAPHBLIMH Ha-
NpaBJeHHIO PacnpoCTpaHeHHN (HO MO-IPEeXKHeMY JeXKAUHMH B NJo-
CKOCTH NJIACTHHKH), PaBHA CKOPOCTH ¢; NONEepeyHbIX BOJH B Heorpa-
HHYEHHOH cpege.

Mui BuaHM, TakuM o6pasoM, YTO HPOJOJBHEIE BOJHEI B CTEPIKHAX
H IJIaCTHHKAX o6JajaloT TaKUM 2Ke XapaKTepoM, Kak H BOJIHbL B He-
OrpaHHyYeHHOH cpeje, OTVIHYAACH JHILIbL BEJHYHHOM CBOEH CKOPOCTH,
No-npexHeMy He 3aBHcAlleH OT gacToThl. COBCceM HHBIE COOTHOLIEHHA
nosNyyarTcs A 6044 u32uba B NJACTHHKAX H CTEPKHSX, OPH KOTO-
pbIX KoJie6aHHMsA NPOMCXOAAT B HanpaBJeHUH, NEPHeHANKYJISPHOM
K OCH CTEPXKHf HJH IIOCKOCTH NJIACTHHKH, T. €. CONPOBOXKIAIOTCH
ux HsruGom.

YpaBHenusi cBOGOAHBIX KOJeGaHHH NJIACTHHKH MOXKHO HANHCATh
HENOCPEICTBEHHO HA OCHOBaHWH ypaBHeHUs paBHoBecus (12,5). Ilan
STOr0 Haja0 3aMeHHTb B HeM ~- P npousBeleHHEM YCKOpeHMS { Ha
Maccy ph, NpHXOAAILYIOCH Ha €MHMUY NJOMalH MOBEPXHOCTH MNJa-
cTHHKH, Takum obpasoMm, moJyyaem

2
p24 AL =0 (25,6)

-

=0,

(A — nByxmepHHI onepatop Jlansaca).
PaccMOTpHM MOHOXPOMATHYETKYIO YIPYTYIO BOJIHY, COOTBETCTBEHHO
geMy OyAeM HCKaTh peluenue ypasHenus (25,6) s Buje )

L = const.ef (kr-af) (25,7)
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(BONHOBOH BeKTOp k HMEET, KOHEUHO, BCErO ABE KOMIIOHEHTHI By H k).
Hopacranoeka B (25,6) IpHBOAHT K YPaBUEHHIO

—pw? - %— R =0.

Orciofa nosyuaeM cJelyioliee COOTHOLIEHHE MeXAy 4YacTOTOA M BOJ-
HOBBIM BEKTOPOM BOJIHBL:
D \172 hE /2
— B2 % S R— 5
0=k (ph) k l29(1_02)) . (25,8)
Takum 06pasoM, 9acTOTa OKa3bIBAETCH MPOMOPLUHOHANBHOR KBaApaTy
a6CcoMIOTHON BeJqHYHHB! BOJTHOBOTO BEKTOpAa, B TO BpeMs Kak B BOJHAX
B HEOrpaHMUEHHOH cpejle OHA MPONOPIHOHA/IbHA NEPBOH ee CTEereHH.
3Has 3aKOH JUCNEPCHH BOJH, MOXKHO HalHTH CKOPOCTh MX pacmnpo-
cTpanenus corviacHo ¢opmyae (23,4). B nanHoM ciyyae Haxoium
hE 1/2
U= [————39 P ] k. (25,9)
Taxum 06pa3om, CKOPOCTb PacnpoCcTpaHeHUs BOJH H3ruba o nyiacTuH-
K€ NPONMOPIHOHANbHA BOJHOBOMY BEKTOPY, @ HE MOCTOSIHHA, KakK AJs
BOJH B HEOrpPaHHYEHHOH TPeXMepHOH cpexe ).

AHaJorMYHEIe Pe3yJIbTaThl COPABEAJIHBh H IS BOJH H3ruba TOH-
KHX CcTepHel; KoseGaHHs H3ru6a mpeianosaraloTcs MaJjbiMH. Y pas-
HeHHS$ ABHIKEHHS MOJYYHM, 3aMEHUB B YPABHEHHUSIX PABHOBECHA CJ1a60
usoruyroro crepxHus (20,4) cuanl —K,, —K, npousBeleHHSIMH YCKO-
penuit X, Y Ha Maccy pS eIMHHIBI AJHHBI CTEPKHA (S — maoWwann
ero ceueHus). TakuMm o6pasom,

X ind

Pemenye 3THX ypaBHeHHH CHOBA HIUEM B Buje
X = const. ¢! (k2—a0), Y = const.ef (k2—00),
N HaXOJUM CJeYIOUHH 3aKOH IHCHePCHH!
El, \1/2 El, \12
*) = (=L 2 ) = x 2
0w = ( L) R e ( =)k (25,11)

s KoneGauuit BEosib ocelt x U y. CooTBercTBYIOmME CKOPOCTH pac-
NpOCTpaHEeHH

U — 2 ( igﬂ

12 El, \1/2
)4, U<w=2(ps k. (25,12)

HakoHel, paccMOTPHM KPYTHJ/bHBEIE KOJMeOaHHS CTepKHsA. Y pas-
HeHHEe JBHXKEHHA CTEPXMHS, NOABepraeMoro jegopMauuH KpyueHus,

1) BoanoBoit Bekrop k = 2n/h, rge A — gnuna Bonms. Ilosromy, coraacuo
(25,9), ckopocts U joJkHa Ghia GH HEOTPAHHYEHHO BO3pacTaTh NpH A— 0. Ou-
3uyecKasi GeCCMBICEHHOCTh 3TONO pe3yJbTaTa CBA3aHa C TeM, 4TO cgopMlea (25,9)
B JefiCTBHTEJBHOCTH HENDHUMEHHMA K CAHMUIKOM KODOTKHM BOJIHAM,
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nmoayuaerca npHpaBuHBanueM Boipaxenns Cdt/0z (cM. § 16, 18) npo-
H3BOJHOI 110 BpEMEHH OT MOMEHTa UMNYJ/1bCa eAMHHIBI LTHHBI CTEDKHSA.
Ator mMomeHT pasen pl 0¢/0¢, rne J¢/0f — yraoBas CKOPOCTb Bpaule-
HusA (¢ — YTroJ MOBOPOTA LAHHOIO CeyYeHHs), a

=]+ g
~— MOMEHT HHEpILHH CEYeHH s CTepKHS OTHOCHUTENLHO ero NEHTPa HHep-
UMK (OIPH YHETO KPYTHIBHBEIX KOIeGaHHAX KaXKA0e CeUeHHe COBeplIaeT
BpamaTesbHEe KOJNeGaHHs BOKPYT OCH MHEPLUUH ETEpPIKHS, OCTalo-
meitcss HemojBuxkHoil), HanucaB € = 0¢/dz, HaXOAHM ypaBHEHHE
JIBHIKEHUs B BUIE

) >p

C-—azz = ol - (25,13)
Orciona BHAHO, YTO CKOPOCTb pacnpocTpaneHusa KPYTHALHBIX KOJe-
€aHnit BIOJIb CTEpPKHA paBHa

" (ClpD)'2, (25,14)

3anaum

1. OnpenenuTh 9aCTOTH NPOZOMBHEIX COGCTBEHHBIX Ko/eCaHuli cTepxus (Anu-
Hel ), OAHH M3 KOHNOB KOTOPOI'O 3aKpemseH, a Apyroit — csoGojel,

Pemenne Ha sakpennennom xonne (2 = 0) R0OMKHO 6mTb #, = 0, a na
cBoGoxHOM KoHue (2 == [) 0y == Euy, = 0, 1. €, Ou,/dz = 0, Umem peurenue ypao-
Heuus (25,1) B BHIe

U, = A cos (0l + @) sin kz, k= o (p/E)/2,
U3 yenopus npu 2= [ umeeM cos kl == 0, OTKyAa A5 COGCTBEHHBIX 4aCTOT HAXO[HM

Q= (—f—)m-:—?l—@n—l- 1)

(n — nenrle gucna).
2, To me ana cTep)Hs, 06a KOHIA KOTOPOTO CBOGOAHE MH 00a 3aKpemnJieHsl,
Pewenune B oboux cayuasx w

(E )1/2 E]
o={— —_,
p )

3. Onpexennts 4acTOTH COGCTBEHHHX KoJaeGanui CTPyHH (AAMHH ).
Pemenne, YpaBHeHHe JIBHKEHMH CTDYHHL:

(cp. ypasuenme pasnopecus (20,17)), I'pannunme ycaosua: X =0 mpu 2= 0, l

Co6CcTBEHHEE YacTOTHL
_{eS )1/2 nn
o= (4

l .

4, OnpejeNuTh YaCTOTH NONEPETHHX COGCTBEHHEIX KOJeGamMA CTePIKHS [9:%:9:CY
HH [) C 3ajiena:HEIMH KOHUAMHU, -
Pemen ne, Ypasuenue (25,10) npn mojcranoBke B HEro

X = X, (2) cos (0f -} )
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npuobperacT BHA

X, s .4 PS
T = ®1X,, n.—m-———El” R

O6wuil BHTerpan 3TOTO ypaBHEHHS eCTb
Xy = A cosuz- Bsinnz4 Cchurz- D shxz.

Mocrosiurne A, B, C, D onpesensiotca u3 rpanuutnix yciuosust X = 0, dX/dz = 0
npy z2==0, /. B pesynprate Haxopum

Xo = A {(sin %l — sh ul) (cos ®z — ch #2) — (cos ¥l — ch %{) (sin ®2 — sh xé)}

U ypaBHeHHe .
cosxlchnl =1,

KODHH KOTOpOTO ONpefensioT ¢o0CTBEeHHBle 4acTOTH KosnebGanmil, Haumennmas us
COGCTBEHHBIX YacTOT paBHa ,
_ 24 EI
Omin = —3 s

5. To xe Anf CTepKHA C ONMEPTHIMH KOHLAMH.
Pemed ne anajornyHo penrenmio 3ajaun 4. Pesyaptar:

Xy = A sinxz,

& yacToTH onpenensioTcsa m3 sinxl =0, T. e,

K = _nTn_ (n=1, 2, ...).
Hapmenbmasa qacrora eCTsh
9,87 Ely
@ min = g W'

6. To e A7 CTEPXKHS, 3aJeJIaHHOTO HA ONHOM KOHIE H CBOGOZHOTO HA JPYTOM.
PeweHHue, Iloayyaem and cmellleHHA

Xy == A {(cos xl - ch nly (cos vz — ch %2} -}~ (sin xl — sh x/) (sin ¥z — sh #2)}
(sakpenyieHHelli xomen 2= 0, cpeGopHn¥ z==[), B ypaBHeHHe

cosulchul4-1=0

Jas COGCTBEHHBIX YacToT, Hanmesbumias uacToTa ecTs

3,52 EI,
Omin = ~F— 55

7. Onpeaenurb COGCTBeHANE KONeGaHMS NPAMOYFOMbHON IIACTHHKH (zmmm
CTOPOH @ H b) ¢ OnepTEIMH KpasMH.
PeweH ue, YpaBuenue (25,6) npu nogcraHoBKe B HEro

£ =& (¥, p) cos (0f + )

npuo6peraer BUlL
@ 12p (1 —a?)

BALy— %%y =0, ® = nE .
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Bui6upaem ocu koopAHHaT no croponaM nasctrkH. Ipanuusne ycaosus (12,11)
IpHOGPETAIOT BHA

npH 2-—:0, a: {=0, %:0;
2
npu y=0, b6 -~ [=0, %y%:o.

YOBIETBOPAIOUIEE STHM YCIOBHSIM pEIIEHHe €CTh
. MIUX . N
§0=Asm——-——sm———y—
a . b
(m, n — UeJble YHCJA), NPHYEM YaCTOTH ONPENENSIOTCS PABEHCTBOM
Eh m \? n\?
ity [(4)+ (8]
12p (1 — 0?) a b
8. Onpefesnnts COGCTBEHHBIE YAaCTOTH KoJieGaHMH MeMOGpaHbl NPAMOYTroOJbHOM

¢opmbl (¢ ANHHAMH CTOpPOH a H b).
Pemenne VYpasHenne Kojsebanuit mMeMOpanul

T AL = ph

(cp. ypasHenue pasHoBecns (14,9)). Kpas meMmOpaHb JOJKHBI GHITH 3aKpeIeHb!
TaK, uro { = 0. CoorBeTcTBylOIEe pelleHHe I NPAMOYTOJbHOR MeMOpaHbl ecTb

mnx . N
sin y

p 5 cos @i,

{= Asin

TRe coGCTBEHHBIE YacTOTHE

0 L (2 ﬁ)
T ph at b2

(m, n — nesble yucaa). -

9. OnpefesuTh CKOPOCTb PAacnpOCTpaHEHUs KPYTHJILHBIX KoJeGaHuil mo crepx-
HAM C CeYEeHHeM B BUAE KPYyra, JIHICA M PABHOCTOPOHHErO TPEYroJbHHKA H 1O
CTEPXKHIO, HMelOlleMy BHJA AJAHHHON NPSAMOYIrOJbHON TOHKOH IUIACTHHKH.

Pemeunne J[Has xpyrosoro ceuenuss (paguyca R) momenrt Huepuuu [ =
= ntR*%/2; B3siB C u3 safaun ! § 16, nomyuum AN CKOPOCTH 3HAUEHHE (p,/p)”z, coBna-
Jiaiolmee co CKOPOCTHIO Cy.

ARanoruuno (HCrosib3ys pesyJabTatsl 3afau 2—4 § 16) monydaem Aas crepXEs
SJJIMNTHYECKOTO CEYeHHsT CKOPOCTb

- 2ab
a* + b2

JJA CTCPKHA C CeueHHEM B BHAE DPaBHOCTOPOHHETO TPCYTOJAbHHKAE

3\ 1/2
(3‘) Ci;

JAst CTEPXKHA B BHJE JJIHHHOA HpﬂMOyI‘OJIbHOﬁ MIaCTHHRH

15

h
27 Ce

Bce aTH CKOPOCTH MeHbHIE Cf,

10. TloBepxuocTs GecKOHeYHO TraAyGoKOR HeCXKHMAaeMOM MHAKOCTH WOKPHITA
TOHKO ynpyroft niactHugo#f, OmnpegennTh CBAShL MEXAY BONHOBHM BECKTODOM H
YacTOTOR 11 BOAH, OHHOBDEMENHO PACTPOCTPAHAOHIAXCA 0O NAaCTHHKE H B HOBEpX-
, HOCTHOM C€JI0€ XKHJKOCTH,
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Pemen ne Bo6upaeM naoCKOCTh IVIACTHHKY B KauecTBe IJIOCKOCTH 2z == 0,
a OCb X BhIGHpaeMm BIOJb HalpaBJIEHHS DACHPOCTPAHEHHS BOJIHLI; OOJACTH MKHAKOCTH
nycrs cootBercTBYIOT 2<C 0. YpaBHeHHe JBIXEHHS CBOGOJHOH WJIaCTHHKM €CTb

oL 01
poh = —D 5xt

(Pp — NJIOTHOCTH MaTepuana miaacTHHKH). [Tpu Hamuyun XKHUAKOCTH K NpaBofl CTOpOHE
STOTO ypaBHEHUS Hafo NPHOABUTh CHJY, JAHCTBYIOULYIO CO CTODOHH XKHAKOCTH Ha
1 cmM? NOBepXHOCTH INIACTHHKH, T. €. JlaB/leHue p xuakoctd. Ho nasienue B BOsHE
BHIPAKAETCA uepe3 NOTEHHHAd CKOPOCTH NOCPEACTBOM p = —p Op/0f (mojeM Tsixe-
ctu npene6peraeM). [lostoMy mnosyyaem ypaBHeHHe
0% D o' W

poh = —D o —0

z:O' (1)

Hauree, HOpMaJbHAA KOMIIOHEHTA CKOPOCTH XHIKOCTH Ha €€ IOBEPXHOCTH JOJIXKHA
6LITE pasHa CKOpPOCTH TOUYCK IIaCTHHKH, OTKyJa MoJydaeM YycCjoBHe

9% _ 9%

-()—t— - 02 z:(). (2)
HOTeHuHaJI q) JOJKEH leOBJIE‘:TBOpHTb BO BCeM of1neMme KHUAKOCTH ypaBHeHmo

o | P

Tz =0 ®)

WmeM § B Buge Geryumeit posusl { == Loe'#¥~9% cootmerctBenno 3TOMY Gepem pe
enue ypasueHnd (3) B Byje saryxawmeil B IiyGb JKHIKOCTH NOBEPXHOCTHON BOJIHBI

P = cpoei (kx~mt)ekz.

Ioacranoska atux Bbipaxkenuit B (1) u (2) nmpuBoAMT K ABYM YPaBHEHHSIM M Qg
H (g, M3 YCJAOBHS COBMECTHOCTH KOTODHIX MOJyYaeMm
k5
=D ——,
(0 + hpok)

§ 26. AurapMonuyeckne KosneGaHus

Besa uanoxeHHasi Teopus ynpyrux kojebaHuil sBjaseTcda npHGAH-
JKeHHOH B TOM JKe CMbICJ/Ie, B.KaKOM NpHOJ/IHKeHHa BOOOIIE BCS TeOpHs
ynpyroctd, ocHoBaHHas Ha 3akoHe I'yka. HanomHum, 4ro B ee ocHOBe
JIEKUT Pa3JOkeHHe YNpyrod sHeprud B AL IO CTENEHSM TeH30pa
JlebopManuy, IpUYEM OCTaBJSIOTCH UWJIEHH N0 BTOPOrO NMOPAAKA BKJIIO-
untesbHO, COOTBETCTBEHHO 3TOMY KOMIOHEHTHl TEH30pa HarpsKeHHI
OKa3BIBAOTCA JHHEHHBIMU (GYHKIUSIMH KOMIOHEHT TeHsopa Aedopma-
OHH, H YPaBHEHHUS JBUXKEHHUS — JIMHEHHDL,

Hau6oJee xapakTepHOil 0COGEHHOCTBIO YIPYTHX BOJH B 5TOM NPH-
OnHKEHUH ABASETCA TO, YTO BCAKYIO BOJHY MOXHO NpEICTaBHTh
B BHJe IIPOCTOI'O HaJOXeHHd, T. e, B BUJe JNUHEHHOH KOMOUHAIUH
OTHE/NbHBIX MOHOXpOMAaTHYeCcKHX BOJH. Kaxjaa M3 3THX MOHOXpOMa-
THYeCKHMX BOJIH PacnpoCTpaHfeTCHd HE3aBHCHMO OT OCTaJbHBIX U MO-
2KeT CYIIeCTBOBATh TAKXKe H cama 1o cefe, He COMPOBOXKAAACH KAKHMH-
‘1u60 HOCTOPOHHHMH JBHXKeHUAMH. MOXHO cKasaTh, 4TO Pas/IMYHLIC
MOHOXpOMAaTH4YeCKHe BOJIHB, ONHOBpeMEHHO pacnpocTpaHsiouiHecs
B ORHO#H W TOH Ke cpejie, «He B3aUMOJeHCTBYIOT» APYT G APYroM,
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Bce aTu cBOMCTBA, OHAKO, HCYE3AIOT NPH NEPEXOAe K CIeLYIOUHM
npubamxenusam, OPpeKTol CIeAYIOWNX NPUOIHKEHHA XOTA H sIB-
JIAIOTCS MAJBIMH, HO AJIfl HEKOTOPLIX SIBJICHUH MOI'YT HTPaTh OCHOBHYIO
posb. ItH 3(peKTHl OGBHIYHO HA3BLIBAIOT AH2APMOHUYECKUMI B CBSI3H
C TeM, YTO COOTBETCTBYIOU{HE YpaBHEHHUS IBHIKEHWUS HEJIHHEHHBI H He
JOMYCKAIOT NPOCTHIX NEePHOAHYECKHX (rapMOHHYECKHX) peIIeHHH,

Mur paccmoTpuM 3iech aHrapMoHHYecKHe 3(D(MEKThI TPETLEro Mo-
PsIKA, NPOUCXONSALLKE OT KYGHUECKHX 110 JedOpMaiiy YWIeHOB B ynpy-
ro#i sepruu. B oflieM BHIE COOTBETCTBYIOUHE YPABHEHUS ABHIKEHUA
OKa3pIBAIOTCSl OYEHb IPOMO3IKMMH. BBHISICHMTL e XapakTep BO3Hu-
Kaomux 3(peKToB MOXKHO C IOMOLIBIO CJEAYIOUIHX pAaccykueHui.
Ky6unueckye 4jeHbl B ynpyrofl SHEPrHM 40T KBajpaTHUYHbIE UJeHH
B TeH30pe HanpsiXKeHuil, a nOTOMy U B ypaBHeHHsAX ABmxeHus. [Ipen-
cTaBHM ceGe, UTO B 3THX YpaBHEHHAX BCe JIHHeHHbIe WIEHbI [lePEeHECeHE]
B JIeBbIE, d BCE KBaJ|paTHUHble — B NpaBble CTOPOHBI paBeHCTB. Peas
3TH YPaBHEHHSA MeTOJAOM NOCJAEAOBATE/NbHBIX MPHOJHNKEHHH, Mbt
AOJIKHBl B [I€PBOM NPHOJMKEHUH BOBCE OTOGPOCHTb KBaApaTHUYHBIE.
wiensl, Toraa ocranyTtcst OOBIYHbIE JHHEHHBE YDaBHEHHsS, pelICHHE
Uy KOTOPHIX MOXKET GLITh OPEICTaBJEHO B BHJAE HAJOMXKEHHs MOHOXPO-
MaTHYeCKHX Gerylmux BoJH BHAA const-ef (kr-9f) ¢ onpele/leHHBIMU CO-
OTHoweHHsIMH Mexay o u k. Ilepexoas Kk ciemyiomemy, Bropomy,
NPHOGIHIKEHUIO, HAN0 NMOJOXKHTD U == Uy -- Uy, IPHYEM B NPaBoOH CTO-
poHe ypaBHEHHH (B KBaJApaTHYHBIX YJIEHAX) HAZO COXPAHUTh TOJLKO
YJIEHBI C Uy. ITOCKONBKY U, yIOB/IETBOPSIET, MO ONPENE/IEHHIO, OHOPO-
HBIM JIHHEHHBIM ypaBHeHUsIM 63 NpaBbIX YacTell, TO B JIEBOH CTOpOHE
PaBeHCTB WEHHI C U, B3aUMHO coKpauaorced. B pesyJabrate Mbl moay-
YHM AJIS KOMIIOHEHT BEKTOpAa U1, CHCTEMY HEOIHOPOIHBIX JHHEHHGIX
ypaBHeHHI1, B IpaBOil YacTH KOTOPEIX CTOST 3alaHHble (yHKIHH KOOD-~
AMHAT H BpeMeHH. DTH QYHKIHMH, NOJAy4Yaloluecs NOACTAaHOBKOH U,
B IpaBble CTOPOHBI HCXOAHBIX YPaBHEHHH, NPeACTaB/SIOT co6oil cyMMy
YICHOB, KaXIbld H3 KOTOPBHIX IMPONOPUHOHAJNEH MHOMKHTENO BRAA
et [(ki~k,) r—(®,—0,) t]’ HJY ef [(kstky) r—(w+oy) t]’ TAE Wy, Wy U kl’ k2 — Q-
CTOTHl H BOJIHOBBIE BEKTOPH KaKHX-JHGO ABYX MOHOXPOMATHYECKHX
BOJIH MepBOro NpHGJIUKEHHS,

Kak n3BecTHO, YaCTHBIH MHTErpast JIMHEHHLIX ypaBHEHHH TaKOro
BHJa NPeACTaB/IsAeT COG0A CyMMY WIEHOB C TAKUMH XK€ SKCIIOHEHIIH AT b=
HbIMH MHOMUTEJIIMH, KdKHE CTOAT B CBOOOZHBIX u/eHaX (IpaBHIX CTO-
poHax) ypaBHEeHuH, H ¢ HaJJlexKalliM 06pa3oM NOAOGPaHHBIMH KO-
¢puunentamu. Kaxapiii u3 3THX Y/IEHOB COOTBETCTBYeT Geryuieil BoJHe
C YacToTo#l @; - ®, H BOJHOBLIM BeKTOpoM k; =+ k, (uactorsi, pas-
HBIE CYMMe HJIH PA3HOCTH YacTOT HCXOAHBIX BOJIH, HA3bIBAIOT KOMOUHA-
YUOHHbIMU).

Takum 06pasoM, s(ekTsl aHMaPMOHHYHOCTH TPEThEro MOpPAAKA
NPHUBOJAT K TOMY, YTO HA COBOKYNMHOCTb OCHOBHBIX MOHOXPOMAaTHYE-
CKHX BOJH (C YaCTOTaMH ®;, ®,, ... H BOJHOBEIMH BektopaMu ki,
k,, ...) HaMaralTCs HeKOTOPHIE «BOJIHBIY CJ1a00i HHTEHCHBHOCTH C KOM-
GuHAUMOHHBIMH HacTOTaMH BHJA ®; - ®, M BOJHOBBIMH BEKTOPaMH
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k, + k,. Mb roBopHM S8/16Chb O HHX KaK O «BOJIHaxX» B KaBblUKax, UMes
B BHAY, YTO OHH NpPEACTABAAIOT COGOR HEKOTOPHI NMONPaBOYHHIA 5¢-
$eKT ¥ He MOTYT CYINECTBOBATb CaMH IO cebe (3a HCKJIIOYEHHEM HeKo-
TOpHIX OCOGHIX CAydYaeB; cM. HHXe). Mexay o, & o, u k; + k, He
YZOBJIETBOPAIOTCS, BOOGLIE rOBOPS, T€ COOTHOLICHHS, KOTOPhIE HMEIOT
MecTo JJI1 4acTOT B BOJIHOBBIX BeKTOpPOB B OOHIYHHIX MOHOXpOMaTHue-
CKHX BOJHAax. |

$cHO, OIHAKO, YTO BO3MOXKHHL H TaKHe CrnenHajbHEe NOAGOPH 3Ha-
yennil 0, k; H 0,, Ky, IPH KOTOPHIX MeXAy ©; + @, H k; + k, (6y-
J¢M TOBOPHTb A/ ONPeleNeHHOCTH O cyMMaX, a He O PasHOCTAX)
6yneT BBINOJHATHCA ONHO M3 TeX COOTHOIIEHHH, KOTOPBiE HAOJXKHbI
HMeTh MecTO IJisi MOHOXPOMAaTHUECKHX BOJH B AZaHHO# cpele., Bpoas
oGO3HAUYCHHA By == Wy -+ Wy, Ky = k; -+ k,, MBl MOXEM CKa3aTb ¢ Ma-
TEeMaTHYeCKOH TOYKH 3PEHHS, UTO ®g, K3 COOTBETCTBYIOT B 3THX CJMYy-
yasXx BOJHAM, YJAOBJETBOPSIOIIHM OAHODORHEIM JIHHEHHLIM YypaBHe-
HHAM ABHIKeHHs (6e3 npaBoit yacTH) nepBoro npu6auxkenus. Ecau
B NpaBoll CTOpPOHE YpaBHeHHH [ABHXXEHHS BTOPOrO NPHOAHMKEHHS
MMeloTCs WieHsl, nponopunoHanbpie ef (kr-0:%) ¢ rakuMu w;, ks, TO,
KaK H3BeCTHO, UaCTHHIE HHTerpaJ 3THX YpaBHeHHH 6yAeT NpeAcTaBafATh
co6oi BOJIHY 3TOH YacTOTHl C aMIJINTYJOH, HeOrpaHHUeHHO BO3pacra-
KCIIeH CO BpeMeHeM. .

TakuMm 06pa3oM, HaJOXKeHHEe ABYX MOHOXPOMATHHECKHX BOJH @y,
k, 4 @,, Ky, J/isT KOTOPBIX CYMMHI (3, K3 YZOBJIETBOPSIOT yKa3aHHOMY
YCJOBHIO, IPHBOXHT B pesy/bTaTe 3(deKTa aHrapMOHHYHOCTH K sB-
JNEHHIO pe30HaHca — BO3HHKAeT HOBafd HAcTOSWAsh MOHOXpOMarHue-
cKas BOJIHA gy, k3, aMIIMTYJa KOTOPOH BO3PacTaéT CO BpeMeHeM H
B KOEIie KOHIIOB nepecTaer 6uiTh Manofi. OYeBHAHO, YTO €C/IM IPH HaJlo-
XEHHU BOJH 0y, Ky 1 ©,, K, BOSHHKAET BOJIHA 03, K3, TO NPH HaJOxKe-
HHH BOJH 0y, K; 4 03, k3 TOXKe GYJeT HMETh MECTO PE30HAHC M BO3HH-
KaeT BOMHA 0, = 03 ~— Oy, Ky = k3 — k;, a 1pH HAJOXEHHH BOJIH @,,
k, 1 w3, k; BO3HUKaeT BOMHA 4, K.

B uacTHOCTH, B H3OTPONMHOM Tese @ CBfA3aHo ¢ Kk nocpeicTeoM
o = ¢k uan o = ¢k, npuYeM ¢; B> ¢;. JIerko BHAETH, B KaKHX CJy-
YasiX BO3MOXHO BHIIOJHEHHE KAaKOTO-JHGO M3 3THX COOTHOLIEHHI
RIS KaXJOH H3 TPeX BOMH: @, ki; 0y, ky H 03 = 0 + @4, kg =
= k; + k,. Ecam k; u k, He cOBNajaioT no HanpaBJeHHIO, TO kg <
< ky ++ ky; sicHO no3TOMY, 4TO NpH TakHX Ky, k, pesonanc BO3MOXKeH
JIHIMb B CJelyIONHX ABYX ciyuasx: 1) Boasb @, ky B 0,, k, none-
peuHH!, a BOJHA @3, k; nponosibHa; 2) OAHA H3 BOJH 0y, k, 5y 0,, k,
npojoJbHa, Apyras nonepedsa, a BoJAHA &g, k3 npofosbHA. Ecau e
BeKTOpH k; # Kk, HMeIOT Of¥HAKOBOE HaNnpaBJeHHEe, TO PEe30HAHC BO3-
MOXKEH B cJydasiX, KOI'la Bce TPH BOJIHBI [IPOJOJILHBI HJIH BCe TPH To-
NEepeyHH, ’ ‘

2¢deKT aHrapMOHHYHOCTH C fBJEHHEM pe30HaHCa BOSHMKAET He
TOJIBKO NPH HANOXKEHHH HECKOJbKHX MOHOXPOMAaTHUeCKUX BOJH, HO H
NPH HaAHYHH BCETO OfHOM TONBLKO BOJIHH @y, k;. B 3TOM cayuae B npa-
BOH CTOpOHE ypaBHEHHMH ABMIKEHHMS HMEIOTCH SJeHLI, NPONOpIHO-
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HaJbHble e ar-01) | Ho ecatn A o4, k; yAoBNeTBOpsieTca 06HYHOE
COOTHOILEHNE, TQ (B CHJY ORHOPOXHOCTH NEPBOro NOPsAKa STOro €00T-
HOIIEHU:A) OHO yZOBJAeTBOpAieTcss H AAA 200, 2k;. Takum o6pasom,
3pGEKT aHrapMOHHYHOCTH NPUBOAHT K NOABJICHHIO HapALy € Kax-
HOH U3 HMEIOUHXCH MOHOXPOMATHYECKHX BOJMH @4, k; TaK:ke H BOJHBI
204, 2k; ¢ YABOGHHBIMH YaCTOTOH H BOJIHOBEIM BEKTOPOM, NpHYEM am-
NJHTYRa 5TOH BOJIHB PacTeT CO BPEMEHEM. :

HakoHen, ocTanoBHMCA KOPOTKO Ha TOM, KakKuM 0GpasoM MOLYT
GHITh COCT@BJIEHH ypaBHEHHs JBHJKEHHS C YYETOM aHTapMOHHYECKHX
unenoB. TeHsop Redopmanun AOJIKEH ONPENeAATHCH TelepPb MOJIHBIM
BoipaxkenueM (1,3) '

1/ oy Ouy, Ony Oy -

uih: —2-( 0xh + dxz + axi axk )’ (26’1)
B KOTOPOM HeJsb3si npeHebpedb KBaJAPaTHYHBIMH 1O u; uieHamu, la-
Jiee, obluee BepaxeHne A NJIOTHOCTH 3Hepruu & 1) s Tent ¢ JaHHOM
CHMMeTpHeH A0/KHO GHITh HANMCARHO KaK CKadAsAp, COCTABJICHHHEI M3
KOMIIOHEHT TEeH30Pa u4;; M HEKOTOPHIX XapaKTepHBIX /s BellecTBa
TeJa NOCTOSIHHBIX TEH30POB, COAEPKalUX YIEHH JI0 XeJ1aeMoii cTeneHu
no uy. Ilogcrasass sarem Bupaxenue (26,1) aaa u;, u orGpaceiBas
YJIeHB! CJTHINKOM BBICOKHX IOPSAKOB IO u;, NOJYYHM 3HEPrHIO & Kak
(GYHKLUHMIO TPOH3BOAHBIX Ou;/0x, ¢ MeNaeMOH CTENeHbH) TOYHOGTH.

Hast Toro uTOGH NONYYHTH YPABHEHHs JBHIKEHHS, 3aMETHM CJe-
Rywmee. Bapuauusa 6& Moxker 6hITh HanucaHa B BHAE

. oF 6u,
0& = a( du; 6 oxy ’
\ 6xk

HJIH, BBOES 00O3HaucHHe;

o8

O = 5 Gurjan) ?

(26,2)

nepenucuiBaeM 6& cleRylomBEM o6pasom:

a0u; 7] do;p
0& = (F7Y -a—)az—- = % (o'ik Gui)—- 6”[ p A
Koagpuunentst npu — 8u; npeacTaBasior co6oit KOMIOHEHTH CHIIEL, OT-
OTHECEHHO! K eAuHHLe o6beMa Tena. ORH HMEIOT GOPMATBHO mpex-
HHA BHJ, ¥ NMOTOMY yPaBHeHHs JIBHIKEHHS MOL'YT GbITb HAMMCAHMI TIO-
npexHeMy B Buje

. aﬂik
poily = ik, (26,3)
rie py — NJOTHOCTH HeJeOPMHPOBAHHOTO Tesd, a KOMIIOHEHTH TeH-
80pa 0, ONpPEAENAITCA Tenepb, corsacHo (26,2), ¢ &, nanHcaHHBIM
C JKeJlaeMO# CTeleHbI0 TOYHOCTH, T€H30p 0y, Temeps He CHMMETPHYEH.

) Mul rosopum 3fiech 0 BHyTpeHHel sHepruu &, a He o cBOGOAHOH aHepruu F,
TOCKOJILKY peub HAET 00 afnaGaTHYeCKHX KoJseGaHHIX,
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[TonuepkHeM, 4TO O;; HE HMEET Telepb CMbIC/IA MJIOTHOCTH NOTOKA
nMnyJbca (TeHsopa Hanpsxkenuil). B oGBIYHOI TeopHH TaKOe HCTOJ-
KOBaHHe NOJYyYaJoCchb B pesyJibTaTeé HHTEIPUPOBAHHs [JIOTHOCTH
06DBeMHOM CHJEL 00;,/0x, no obpemy Tesa. [Ipn 5TOM CYIIECTBEHHO,
YTO NPH HHTETPHPOBAHHH MBI He Je/1ai PasiuuHs MexJy KOOpAUHA-
TaMK TOYEK Teda o H nocne aeopMHpOBaHHUs, npenebperas pasHuuei
mexay Humu, OXHAKO NpPH Mepexofe K CJAelyIOmHM NPHOIHKEHHAM
Takoe npeHeGpekeHHE CTAHOBHTCA HEBO3MOXKHBIM, W IOBEPXHOCTb,
orpaHuuuBaKIasi 061acTb HHTEIPHPOBaHAS, HE COBNAAAeT C peasb-
HOJI NOBEPXHOCTBIO PACCMATPHBAEMOrO yYacTKa TeJa nocJje ero aegop-
MHPOBaHHA.

B § 2 6n10 noKa3aHo, YTO CHMMETPHUHOCTH TeH30pa O, CBA3aHa
C cOXpaHeHHEM MOMeHTa HMNyJsbca. Tenepb ITOT Pe3YJbTAT HE HMEET
MeCTa B CBSI3H € TEM, YTO [IJIOTHOCTh MOMEHTA UMMYJIbCA JOJKHA 3anH-
CLIBATLCS HE B BHJIE X;Up — Xpll;, & Kak

(%3 - 1) tty — (X~ up) ;.

Japxada

HanucaTsb ofiliee BEpaskenne A5 yOPYrofi SHePTAA H30TPONHOTO Te/1a B TPeTheM

Npu6AHKEHUH,
Pewen ne, M3 KOMIOHEHT CHMMETPHYECKOIO TeH30pa BTOPOrO PaHra MOXHO

v 2 2 3 2
COCTaBHTL IBA KBAJPAaTHUHBIX CKanspa (4l Mu}) W TP KYOHUECKHX (4jy, Uj Uiy,
uiptl; juyg). Toaromy nanGonee ofmui BHJ CKa/JsPHOTO BLIpAXEHHs, CONEPIKAIIETO
ueHE BTOpOH M TpeThell CTeneHell MO 4y CO CKANAPHBIME XKe (HSOTPOIHOE Teso!)
Koy drUHEHTaMH, €CTb :
2 K_p\p2 A 2 C 3
& = pugy + ( 5 = ‘3—) Uy 5 Uiptgty + Byl + =5 vy
(Ro>(pduLKEHTH NPH U}, H U], BHPAKEHH Yepes MOLYIN CKATHT H CLBHIa; A, B,

C — 1pu HOBHe nocrosingee), [loacTaBana Cioha BHIPAMEHHE (26,1) xnst uzp M OCTAB-
JISiS YJIeHBl JO TPETberc NOpsiAKa BKJIOYHTENBHO, NOJNYYHM YNPYTYIO SHEPIHIO B BUje

=B (O ﬂk_)"’ (_K____u_) (ﬂy
&= (6xh ) T\~ 3)\am ) T
A ou; duy Ouy B4 K b ) du; ou; \?
+ ("H- 4 Oxy Ox; Oxp +( 2 3] oxy ( oxp ) +
A 0 ouy, ou B 0u; odup ou C Juy \3
iLg R 1 i I3 1 _l___a_( 1).

12 Oxp Ox; ox; T2 oxp Ox; Oxg 0xy




TNABA IV ' .

AHMCIIOKALIHH Y)

§ 27, ¥Ynpyrue pedopMauuy npH HAJHYMH KHCJIOKALHMH

Ynpyrue feopmanii B KPHCTA/IE MOTYT GBITh CBA3aHbI HE TOILKO
¢ BO3JIEHCTBHEM Ha HEro BHELIHHX CHJI, HO U C HAJHYHEM B HeM BHy-
TPEHHHX Je(eKTOB CTPYKTYphl. OCHOBHBIM BHJOM TaKHUX Ne(pEKTOB,
CYIMIECTBEHHBIX /I MeXaHHYeCKHUX CBOHCTB KPHCTAMIOB, SIBJSIOTCS
TaK HasbiBaeMmble Jucioxayuu. VsydeHne cBOHCTB AMCAOKAUH#A ¢ ato-
MapHO#, MHKDOCKONHYECKOH TOYKH spe- 1y
HHA He BXOJAHT, pas3yMeercsi, B MJaH |
3TOH KHHIH; MBI PACCMOTPHUM SJECH JIHIIb
YHCTO MAaKPOCKONMHYECKHE acleKThl 3TOro
SIBJICHHS! C TOYKH 3DEHHSA TEOPHH . YIpy- A L
roctd. OnHAKo ANs1 JYYIIETO YSICHEHHSt o o o o p ® o o o
(Gu3HYECKOro CMBICTAa H3/TaraeMbiX COOT- o o o o o o o o &
HOLIEHHH NpEeABADHTENILHO HANIOMHHM HA o o o o s ¢ o o
ABYX NPOCTHIX IpUMEPAX, B Y4EM 33K/~ o o o o s o o

qaercs XapakTep JHCAOKAUHOHHBIX €= o 4 o o o o o o
(GEKTOB ¢ TOUKH 3peHHS CTPYKTYPHI KpH-
CTa/UIMYeCKOH pereTKH. Puc. 22

IIpencraBum ce6e, uYTO B KpHCTatI-
JIHYECKYI0 peleTky (paspe3 KOTOpo# :
u3o0paxeH Ha puc. 22) BABHHYTA «IHIUHSIA» KPHCTANIHYECKas
NOJIYNJIOCKOCTh  (COBNajaioilas Ha PHCYHKE € BepxXHedl moJay-
MJIOCKOCTBIO Y, 2). JINHHA Kpas 3TOH MOJYNJOCKOCTH (NepHeHAHKY-
JIApHAs NJIOCKOCTH PHCYHKA OCh 2) HasbIBAeTCsl B 3TOM CJydae Kpaegoil
Oucaokayued. VHicKaxkeHHe CTPYKTYDHI PEILETKH B HeENOCpPeACTBEHHOM
GIH30CTH K HHMCJIOKAUMH BEJHKO, HO yXKe Ha DacCTOSIHHUAX MOpsiAKa
HECKOJIbKHX NEPHOJOB KPUCTAIHUECKHE MJQCKOCTH CMBIKAIOTCA APYT
C JIpyroM NOYTH npaBuJIbHBIM oOpasom. Jedopmauus cyuecTByer,
OIHAKO, H BJaId OT Auciaokauud. OHa ficCHO OGHApYXUBaeTcs NPH
06X0Jie B IVIOCKOCTH X, y MO y3J/aM PelieTKH BAOJAbL 3aMKHYTOIG KOH-
Typa BOKPYT Hayajla KOODAMHAT: €CJH ONpelesiaiTh BEKTODPOM U CMe-
IleHHe KaXJoro ys/ja OT ero noJoXeHHUs B HAeaNbHOH peuleTke, TO
[I0JIHO@ NpHpalleHHe 3TOr0 BEKTOpa npH 00xofe GYAeT OTJIHYHO OF
HYJIsl H PABHO OJHOMY HEPHOAY BAOJb OCH X.

Hpyroit THR IuCAOKaNMM MOXKHO HAIJISIAHO NPeACTaBHTh cebe KAk
pesyJibTar «paspesa» peLIeTKH N[O IOJYNJOCKOCTH, MOC/Ae 4ero YacTH

1) 3ra rnapa manucaHa cosmectHO ¢ A, M, KocesmueM.
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pelleTKH o ofe CTOPOHE pa3pe3a CABHIaiOTC OTHOCHTEAbHO “APYF
Ipyra Ha OXMH NepHOJ napajseflbHO Kpaio paspesa (KOTOphI Ha3sbl-
PaeTCA B 3TOM CJyuae sunmosoil ducaoxayuel). Hanuune Takof xucio-
KalMH npeBpallaeT KPHCTaNJIHYeCKHE NJIOCKOCTH B pemieTKe B reJiH-
KOHJAaJbHYIO MOBEPXHOCTh (NOAOOHYIO BHHTOBOH JiecTHHUE 6e3
cryneHek). IIpH noanoM o6xofe BOKpPYT JHHHH JHCJOKauUHH (0Ch
reJIHKOHAAJBLHON MOBEPXHOCTH) BEKTOP CMeILEHHS Y3J0B MOJAYyuaeT
npHpalleHHe Ha OfMH MNepHOA mapanaiedsHo sToft ocu, Ha pue. 23
n3o0pakeHa cxeMa ONHCAHHOrO paspesa.

C MakpoCKOMHYecKOH TOYKH 3peHHs RHCJAOKALMOHHAas Jedopma-
1Mt KPHCTAJIa KaK CIJICIIHOM cpeln! o6janaeT B obmem cayyae cJje-
AYIOIHM CBOHCTBOM! pH 0GXOJ€e IO JIOGOMY 3aMKHYTOMY KOHTYpY L,

Puc. 24

OXBaTHIBAIOLIEMY JIMHHIO ANCJAOKauMH D, BEKTOp ynpyroro CMeieHus
Ut IOJIyYaeT onpejie/ieHHoe KOHeYHoe npHpaiienue b, paBHoe (1o Besu-
YHHe ¥ HaNpaBJeHHI0) OLHOMY M3 NEpPHONOB PEILeTKH; HOCTOAHHBbIA
BeKTOp b HasmBaercsi eexmopom Biopeepca JaHHOH AHCTOKAaUHH. JTO
CBOMCTBO 3amHCHIBaeTcsi B BHJE

=gy, — —b,
gidu, - gﬁ L dxy = —by, @7,1)

nprueM NpPHHHMaeTCs, YTO HampaBJeHne 06X0Ja KOHTypa CBSI3aHO
NpaBHJIOM BHHTA ¢ BEIGDAHHBIM HanpaBJeHHEM BEKTOPA KacaTebHOH
K JUHHH Juciokauud © (puc. 24). CaMa JuRKsA ZUCJAOKAOUH SBJASETCA
NpH 5TOM JHHHeH OCOOBIX TOUeK nosa Aedopmanuu.

YHOMAHYTHIM BhIIE€ NMPOCTHIM CJIydYasiM KpaeBofi W BUHTOBOH IH-
CJOKalUMH OTBEYAlOT MpsMble JuHAA D, BROJb KOTOPHIX T I b nan
1| b. OTMeTuM Takke, uTO B H300pakeHHOW Ha PHC. 22 HArJIALHOH
KapTHHE KpaeBble JHCTOKANHH C NPOTHBONO/IOKHBIMA HanpaBleHHAMH
b pasnuvaloTcs TeM, YTO «IHIIHAR» KPUCTANIHYECKAs NMOMYNAOCKOCTD
JEXHT CBEpPXy HJAH CHH3Y OT IJIOCKOCTH X, ¥ (0 TaKMX RHCJIOKAaUHAX
roBOPAT KAaK O Pas/HYalomHuXCs NO SHAKY).

B ofmeM ciayuae AHCAOKAUHs ABAACTCA KPHBOA JMHHeH, BIOJb
ROTOpGH yros Mexay v # b mensercsi. Camniit xxe Bektop Bioprepca b
Heu36eXKHO TMOCTOSIHEH BJOJMbL Beell JIMHHH ARucnaokamun, OdUeBHAHO
TaKKe, YTO JUHHSA EHCJOKALHH He MONKET NPOCTO OKOHUHTRETH BHYTPH
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Kpucraia (cp. HHXe npHMedanHe Ha cTp. 152), OHa Ro/KHA BHIXOAHUTH
OGOMMH KOHIaMH Ha MOBEPXHOCTh KPHCTaIa JinGo (KaK 5T OGHIYHO
W OLIBAaeT B PealbHBIX YCAOBUSX) NPEACTaBIATh co00f SaMKHYTYIO
HETJHO.

Ycnosue (27,1) o3anauaer, ApYrUMM CJIOBaMH, UTO NPH HAJIHYHH
JHCJAOKANHUM BEKTOD CMEIlEHHs ABJSETCH HEOAHO3HAauHOH (yHKHHekH
KOOpAMHAT, nodyyaloiell sajaHHOe NpHpaleHde NpH o6xolle BOKPYT
JIHHAH RUc/oKauvH. PH3HYeCKH, pa3yMeercsi, HHKaKOH HeoaHO3HAay-
HOCTH HET: mpupaiienye b o3Hayaer JONONMHUTENBHOE CMELIeHHE TOUEK
peleTKy Ha OIMH U3 MEPHOAOB, YTO BOOOIIE HE MEHSET ee COCTOSHH,
B gactHocTH, TeH30p HanpsikKeHHH 0;;, XapaKTepU3YIOWHHA ynpyroe
COCTOSIHHE KDHCTaJLIa, SIBJISETCH OAHO3HAYHOH H HeNPEPHIBHOH (DYHK-
IHelH KOoOpAMHAT. :

Haa panpHefiero 6yfeT yXOGHHIM BBeCTH 0GO3HaueHHE

o
) Wi = a—jjf- (27,2)

¢ NOMOIIBI0 KoToporo ycaosue (27,1) samuchiBaercs B BHIE
Pumdr; = —b. (27,3)

Tensop w;, (HeCUMMETPHUHEINA) IPHHATO HA3BIBATH MEH30POM OUCMOp-
cuu. Ero cuMmerpHuHas uYacTb JaeT OOGHIUHLIA TeH30p Xedopmaumu

tp = 3 (@ + Wre). (27,4)

Tensopul wyy ¥ u;, — OfHO3HAUHBIE GYHKUKH KOOPAMHAT, B HPOTH-
BOAOJOXKHOCTE HEORHO3HAYHOH OGYHKUHMH u (r).

Yecaosue (27,3) MOXKHO 3amucaTh M B AU(pEPEHUMANBLHOM BH/E.
Haa sroro mpeoGpasyem uHTerpad no KoHTypy L B uurerpan mo
Kako#-m60 INOBePXHOCTH S;, onupaloliefics Ha 3TOT KOHTYp ')

0w
G W dtm = | e 2 . (27,5)
L

Sy,

[TockoaLKY TeH3QpP €1, AHTHCHMMETPHYEH IO HHAEKCaM [, m, a TeH-
30p OWny/0x; = 0%uy/0%0%,, CHMMETPHYEH [0 3THM K€ HHIEKCaM,
TO TOJBIHTErpajbHOE BHpPaxKeHHEe TOXKJAECTBEHHO DPABHO HYJ/IO Besfe,
32 HCKJIIOUEHHEM TOUKH NepeceyeHts JHHHA D ¢ OBePXHOCTLIO S;; Ha
CaMOH JIMHHMH JHCJOKAIHH, KaK JHHHH OCOOLIX TOYEK, MPEACTaBJICHUE

!) Cornacio Teopeme Crokca mnpeoSpasoBanue OCYIMECTBASETCS 3aMEHOM die-
MeNTA HETEFDUDOBAHMS RO JAMHHE dXp OREPATOROM
0
ox;’
ERe £;1y — CRMMHYHL HTHCHMMETPHIHE Tenaop, df — saement naomags. Hauou-

~ HHM, YTO BMPAXEHEE BANA €)1;a;bp ecTh Kosmowenta [abln, BekTOpHOro mpousse-
HACHHSI BEKTOPOB a H b,

Xy = €i1m df;
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Wy B BUE NPOM3BOZHEIX (27,2) Tepsier CMBICT 1. B atux TOYKax
BeTUUMHBl W;; HAJO ONPEAeJHTb C MOMOLLBIO COOTBeTCTBYiomel 8-
(YHKIHHA Tak, 4T00l HHTErpan (27,5) npuobpen TpeCyeMoe 3HAUEHHE
—by,. Ilycts § — AByXMepHBIA painyc-BeKTOP, OTCYHTLIBAEMBIH OT
OCH IHCJAOKALMY B JAHHOH ee TOYKe B ILIOCKOCTH, NePTeHANKYJIspHOM
BEKTOPY T. OJJIEMEHT IVIOmMamu 3TOH NJIOCKOCTH BLIPAXKaeTcs HUepe3
anementT df noepxnoctd Sy kak t di. ITo ompefesneHuio AByMepHOI
8-pyukuun 6 (§) umeem

[s@cdi=w | 8@adn = 1.
St
SICHO TOSTOMY, YTO AJIsi AOCTHIKEHHS MOCTABJIEHHOH lleau Halo noJo-
KNTh
eum =5 = —Tyd () (27,6)
310 ¥ ecTh HMckoMas audxpepeHuHanbHas samuch ycaoBus (27,3).

[Tose cMelteHnii u (r) BOKPYT AUCIOKAIMH MOXKET ObITh BEIPAXKEHO
B ofmweM BHJe, eciu u3Becter Tens3op 'puna G, ypaBHEHWH DaBHOBE-
CHsl JaHHOH aHM3OTPONHOH cpedpl, T. €. (QyHKUHMS, ONpejessiomas
cMelllente 4;, CO3aHHOe B HEOTPAHHUEHHOH Cpesie COCPeOTOYEHHOH
B Hayasle KOOPAHHAT €MHWYHON CHJIOH, HANPABJIEHHOH BJOJb OCH X
(cM. § 8). BTo JETKO cesaTh ¢ NOMOIIBIO CJEAYIONero GopMatbHOro
npueMa.

BMecTo TOro uToGH HCKATh HEOJHOSHAUHble PelIeHHs ypaBHEHHH
paBHOBecus, GyieM paccMaTpHBaTh U (I) KaK OJIHO3HAUHYIO (dhyHKLHIO,
YC/IOBHBIUNCh, YTO OHA MCHBITHIBaET 3aJlaHHBIH CKau0K b Ha HeKOTOPOH
NpOM3BOJILHO BLIGPAHHON NOBEPXHOCTH Sp, onupalouenca Ha JHCHAO-

kaunonnyio nermo D. Eciu u, v u. — 3nayenns QYHKINA COOTBET-
CTBEHHO Ha BepXHEM M HHiKHeM Geperax paspmiBa Sp, TO
u, —u_=b. 27,7

(«Bepxuuii» H «HIXHRE» Gepera ompejesieHbl Ha pUC. 24, Hopmaab n
K NOBEPXHOCTH Sp, HaNMpaBJeHHas M0 OTHOUIEHMIO K T YKA3aHHBIM Ha
puCyHKe 06pa3oM, JaeT HanpaBJjeHHe OT HHIKHEro Gepera K Bepx-
nemy). MuterpupoBanue no Koutypy L or BepXHnero 6epera K HHKHEMY
Zaer Torja pesyJabtaT (27,3) ¢ npaBUJbHBIM 3HAKOM. Tensopsl (W 1
Uir, - POPMATIBHO ONpEJEJEeHHbIE COTJIacHO (27,3—4), 6yayT HMETh HA
«TOBEPXHOCTH PaspbiBa» 8-06pasHYI0 OCOGEHHOCTD:

0 = nbd (@), uld =+ (ub+mb)8@, @8

rae { — KoopauHATa, OTCYHTHIBaeMasi OT NOBEPXHOCTH Sp BIOJbL HOP-
_manu n (d¢ = n dl, rne dl — anement AMuHB KOHTYypa L).

1) Ecau Ol AHHHA JZHCJOKAUMH OKAHYHBANACh B Kakoit-n1160 TOUKe BHYTPH Tena,
TO TIOBEPXHOCTh Sz, MOTVIa OHl GHTEL BuiGpaHa OXBaTHIBaIONEH Ty TOUKY H TeM CaMHM
nurze He mepecexaiomedi aunmo D. Toraa mnrerpan (27,5) oGpathics OHl B HyAb —
B NPOTHBOpEYHH C nOCTaBAEHHLIM YCJ/JIOBHEM, N o . >
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ITockONMBKY HHKaKOH (Hanueckof 0oco6eHHOCTH B Cpelie BOKPYT
IMCJOKAMH B JEHCTBUTEJBHOCTH HET, TO TEH30D HaNpPsXKeHHH Oy,
Kak yxe 6blJIO YKa3aHO, JoJxKeH GhITh OHO3HAUHOH Be3Jle HelpephiB-
Hoft pyHKuMel. Mexay TeM ¢ Ten3opoM RepopmanuH (27,8) hopManbHO
CBfA3aH TEH30p HanpskKeHHi

(S S
O'ik) = Aihimugm)’

TOXKE UMelomuil ocofeHHoCcTh Ha MoBepXHOCTH Sp. Ia Toro uToGH!
HCKJIIOUHTh €ro, Hajo BBEeCTH (UKTHBHBIE OOBEMHBIE CHJBI, pacmpe-
JieIeHHBIE BJOJb MOBEPXHOCTH Sp € ompefeseHHOR miaoTHocThio f(9),
YpaBHeHHs paBHOBECHS IPU HaJHYUH OOBEMHBIX CHJ HMEIOT BHA

00;p (S)
o 110 =0
OTCIOlIa SCHO; YTO HaJO IIOJIOXKHTh

605‘2) 614&‘?“)
T Tox, T famlm T

i = (27,9)

TakuM o6pasoM, 3afada 06 OTHICKAHHH HEOJHO3HAYHOH (yHKUHH
u (r) sKBUBaJieHTHa 3ajaye 06 OTHICKAHUH OJHO3HAYHOH, HO pasphiB-
HOH (yHKIMH NPH HAJHYHM OOBEMHEIX CHJ, ONpele/seMbiX (popmy-
Jgami (27,8—9). Tenepb MOXKHO BOCIOJB30BaThCA (HOPMYJIOH

() = [ Gy =)D () av",

IToxcraBus ciopa (27,8), npousBOAUM HHTETPHPOBAHHE IO YaCTAM;
HHTErpaj no GeCKOHEYHO yJaJeHHOH NOBEPXHOCTH HMCYe3aeT, a B OC-
TaBIIEMCH MHTErpaje 1o o6vemy O-QpyHKUHS YCTpaHseTCs TPHBHAJb-

HBIM 06pa3oM. 3aMeTuB Takxke, uto 0G;;/0x;, = —0G;;/0x,, mOAyYHM
OKOHYaTeJIbHO »
7} ATy
() = —Mpimbm | 115 Guy (v — )df’s 27,10)
Sp

TeM caMbIM HOCTaBJeHHAs 3ajaya peleHal).

HauGoanee npoctoit Buz fepopmanus (27,10) umeer BIaau OT 3aM-
KHYTOM [MCJIOKanuoHHOH neryu. Ecau npeactaBiasaTth cefe neTio
pacno/ioKeHHO#l BOJIHSH Hada/la KOOpAMHAT, TO Ha OoJbluMX (no
CPaBHEHHIO C ee JHHeHHLIMH pa3MepaMHi) PacCTOSHHAX B IPOH3BOJHOH
0G;;/0x;, MOXHO NOJNOXHTH I — I’ & I U BbIHECTH €€ 32 SHAaK WH-
Terpana. Torza noJayunm ’

g (1) = —Dguimdim 23, @7,11)

1) Tensop Gy; ANA aHHSOTPONEHOR CpeaH HalifieH B yKasauHofi Ha ¢, 43 craTee,
3ret Tensop, BooOuLe FOBOPH, OYeHDb ClOKeH. B ciyuae npamonnnefiHofl AHCAOKAL M,
KOTJIa'MHL HMEeM JeNI0 ¢ IVIOCKOi 3ajadefl TEOPHH YNPYI'OCTH, MOKET OKa3aThCs Npoue
HENOCPE/ICTBEHHO pelliaTh YPABHEHHS DABHOBECHH, - . L '
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rae

din=Sibn Si= [mdf=gemfndu (@12
Sp b

KoMmoHeHTH aKCHaNBbHOTO BEKTOpa S PaBHH IJIOLIAAAM, OrpaHHueH-
HBIM NPOEKUMAMH NeTyu D Ha NockocTH, NepneHAUKYJsIPHEIE COOT-
BCTCTBYIOIIHM KOODAHHATHRIM QCHM; T€H30P dj; €CTeCTBEHHO HA3BATh
TeH30pOM OucAoKayuonrnoeo momenma. KomnoHenThr Tensopa Gy
AIBJISTIOTCS OAHOPOJHBIMH (DYHKIHSAMH [ePBOro HOP#IAKa OT KOOPAHHAT
x, Y, z (cm. ¢. 44). Tlostomy u3 (27,11) Buaso, uro u; oo 1/r2. Coor-
BEeTCTBYIOLleE Ke I0JIe HanpsiKeHHH 0;, oo 1/75.

Jlerko BRISICHHUTB TaKXKe XapakTep 3aBHCHUMOCTH OT PacCTOSIHHSA
yOPYTHX HanpsiKeHHH BOKPYTr NPsMOJMHeHHOH auciaokanuu. B uw-
JUHJPUUECKHX KOODJHHATAX 2, 7, ¢ {€ OCbIO Z BROAL JIMHHH IHCAOKA-
nuu) aedopmanus Gyaer 3aBrceTb TOMLKE OT r ¥ @. MuTerpan (27,3) e
JOJKEH MEHATbCS, B YACTHOCTH, DPH NPOH3BOVIBHOM MOZOGHOM H3Me-
HEHHH Pa3MepoB JO6OrO KOHTYpa B HJIOCKOCTH X, y. OueBHIHO, 4TO
5TO BO3MOXKHQ, JHIb eCAH Bee wy; o 1/r. Toit me crenenn 1/r Gyjer
NPONOPIHOHANEH 1 TEH30P Uiy, & C HEM K4 HABDMIKeHHS: Ty Q2 1/r ),

XaTsd Bo CHX NOp Mbl TOBOPHJAM TOALKO O JHE/QKALHSX, HO OGIY-
ucHHBIE (POPMY bl NTPHMEHHMEl TaKXKe H K IeOpMasHAM:, BHIZHIBAEMbIM
Ipyroro poza fedeKTaM# KpHCTaJJHUYeCKOH cTpyKTYphl. Hucnokauuu
— JuHelHBe JedeKTH CTPYKTYphl. Hapaay ¢ HUMH CyLIeCTBYIOT
IeeKTH, B KOTOPBIX HapylleHHe NpPaBHJIBbHOH CTPYKTYpHI pacnpo-
cTpaHseTcs no obJactH BOAH3E HekoTopoil norepxHoctH 2). C Makpo-
CKONHY9eCKOM TOUKHM 3peHUS Tako# AehexT MookeT GHIThb ONHCAaH Kak
NOBEPXHOCTh PasphiBa, Ha KOTOROH BEKTOP CMEMEHHS U MCOBITHIBAET
CKayoK (HanpsikeRHsd XKe Oy OCTAIOTCH HePCPHIBHLIMH B CHAY YeJIO-
BHi paBHoBecusi). Ecau Ha Bcell NOBEPXHOCTH BeJMuuH& b cKauka
OJlAHAKOBa, TO B OTHOLIEHWH CO3AaBaeMbIX UM JedpopMaunui TakKoi
paspHIB HHUEM He OTJIHYAETCS OT AUCAOKAIUH (PacnosioXKEeHHOH BAOJb
ero kpasi). PasHHua COCTOMT JIMIIbL B TOM, YTO BeKTOp b He paBeH mne-
puony peweTkd. [TosockeHHe e NOBEPXHOCTH Sp, O KOTOpOR Obliia
peub Bhillle, TepecTaeT GbITh NPOH3BONLHEIM i IOMIKHO COBNAAATH C (haK-
THYECKHM paclonoxehineM ¢usuzeckoro paspotBa. C Taxke#t nosepx-
HOCTBIO pa3phiBa CBfiSaHa ONpeReeHMas RONOJHHTEAbHAT SHEPrad,
yTo MOXerT OLTh OIHCAHO NMYTeM BBENEHHHA COOTBETCTBYIGHIETO KO-
¢umMenTa NOBEPXHOCTHOTO HATKEHMS.

1) OGpatuM BHHMAaHMe HA QUpEJeJEHHYIO aHAJOTHIO MEXAY NOJeM YIpyroi
AehOpMAIlHH BOKDYT JIHHHH AWCHOKAUHMR B MAFHHTHBIM NQJEM JHHEAHRIX NPOBOAHH-
KOB; POJIb CHJIH TOKA Hrpaer mpH 9ToM Bextop Bioprepca. Ozaunako, He roBops yiKe
0 COBEpIUCHHO PA3NHYHON NPHPOfE TeX H APYTHX (USHUECKHX mBAEHNME, Crememn
AHAAOTHHHOCTH YMEHBHIGETCS TAKKE H PRliBYHEM B TEHIOPHOM XapaKrepe COOTBET-
CTBYIOIHX BCAWGHN,

" 2) HiospecTnsiv NPHMEPOM TAROTO Poia AeexToB ABARCTCH TOHKAH ABOERHKOMAN
npociofixa B KpACTalie, :
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3agaun

1. Hanucats anddepennuaisnbie ypaBHeHHS pPaBHOBECHS LA AHC/AOKANHCH-
HOlt flepOpManhM B H3OTPOMHON Cpefle, BLIPAXKEHHBIE uepea BEKTOD CMeIueHus 1).
Pewenne B TepMuHax TeH3opa HampsKeHMHl HJiu TeH3opa jedopMalHu
YDABHEHHsS] DABHOBECHH HMEIOT UOHLIIHBI BUL: 00;3/0%p = 0 HAH, MONCTABHB Oin

u3 (5,11):

aa,-h g au” _
0xy + 1—20 &x; ~— M
‘Ho npu nepexope x BerTOopy u Hano yuecTs JubdepeHUHANLHOE YCIOBHE (27,6).
YMHOXHB (27,6) Ha €3, M YOPOCTHB 0O i, R, TOMyunM %)

0wn Sw
Tt — - =—[b 8 ®) @

Ilepenucas (1) B Buje
_L 6w,~k 1 awhi o aw”

T o, T2 ox T 1=% ox,
H TIOACTaBHB Ciofa (2), HaXoxuM

=0

Jwy i 1 ow;j - )
axh + 1—2¢g axi - [Tb]l 6 (g)'

Ilepexona Temepr x u, cornacuo (27,2), HaxXOLHM HCKOMOE ypaBHEHHe KJISi HEONHO-
3uauHOi QyHKUHH u (r) B BHIE

1 .
Au - =55 V divu = [tb] § (&). 3)
Pemenne 2TOro ypaBHeHHs IOMKHO YHOBJIETBOPATL ycnaosmio (27.1).

2, Onpenenuts AefopMalHIO BOKPYF NPSIMONMHEHHOH BHHTOBGH AMCAOKANHAH
B H30TpONHOH cpeje.

Pemenue Bubupaem NNIHAZDHIECKHE KOOPIHHATH 2, 7,  C OCHIO 2 BAOS
JUHMR [HCJOKAUuH; BekTop DBroprepca: by = by = 0, &, = 6. s coobpaxennil
CHMMETDHH OYEBHAHO, UTO CMElEHHE U NAPAJIEJbHO OCH Z H HE 3aBHCHT OT KOOp-
AuBaTH 2. YpasHenne papHopecus (3) sajauu 1 cBogutcs X Awy = 0. Pemenne,
yaoBJeTBopmouiee ycoBhio (27,1) 8):

u b
T e
Y TeH30DOB U;p M O;p OTAMYHEI OT HyJAsd AMIIL KOMIOHEHTH

b
o =g O =g

Tak uTo Aedopmanus npencTaBaser coGoHl YHCTHIH CABHT.
CroGoanas stieprua JAHCAOKAUMH (Ha NHHMIY e JJIMHEI) AAeTCH WHTErpajoM

1 b2 dr
F =g [ oV =4 [ S,

1) dusnueckuit cMEICH 5TOH H APYTHX 3ajad, OTHOCHMINXCA K HIOTPONHOM ¢pefe,
YCJIOBEH, NOCKOJBKY peaibHbje JHCAOKAHHMH TI0 CaMOMY CBOEMY CYILECTBY CBOii-
CTBEHHE! JIHUIb KPHCTaANaM, T. €. HHHSOTPONMEOH tpene. S1u 3ajaun, 0jHAKO, Npefs
CTaBJASIOT OMNpEJENEHHHA HIMIOCTPATHBHBIA HHTepec,

%) HanomuuM ¢opmyay

eitmeirn = 1abmn ~ 81 Omp.

% Bo scex sanauax 0 NPAMOSHHERHHR ANCAOKANAAX MPHHAMASM BEKTOP T B OT-
. PHUATEJILHOM HAnpaBlCHHH OCH 2,
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JOrapAQMUUECKH PACXOAAIHMCH Ha OGOHX npefesax. B kauectBe HMXKHErO npejena
crejlyer B3SITh BeJMuMHY NOPSAKA ATOMHHIX paccTosuuii (~b), Ha KOTOpHX Hedop-
Mallusl BeJHKa H MaKpOCKONMYeckas TeopuA HenpHMeHuMa, Bepxuuit xe npepen
onpejessieTcsi pasMepamH mopsaka Amunet L pucnoxauuu. Toraa

_het L
F—‘m Inb.

Buepruio xe fepopPMally B «cepAleBHHE» NHCIOKaUMu BOIH3H ee OCH (B 06JacTH
¢ IIOMAKbIO CeueHus ~b?) MOXKHO ouennTb Kak ~Wb2. Ilpu In (L/b) > | sra suep-
IHS Mana [0 CPaBHEHWIO C SHepruell mossi ynpyroi Jedopmannu ’).

3. OnpesienuTh BHYTPEHHHE HANpPSKEHHS B AHH3OTPOTHOM Cpeje BOKPYT BHH-
TOBOM JMCJIOKALMH, NEPIEHAUKYJASPHOR IVIOCKOCTH CHMMETDHHM KpUCTAJLJIA.

PeweHne BubupaeM cucreMy KOOPAHHAT X, ¥, Z Tak, 4To6Hl OCb 2 COBNA-
gana ¢ aunuell Aucjaoxkauuu (M cHoBa numeM by = ). Bexrop u ondaTe uMeer JHilb
KOMIIOHeBTY 4, = K (X, y). Tak Kak IJIOCKOCTb X, ¥ ABISETCA INIOCKOCTBIO CHMMe-
TPHH, TO PABHH HYJIO BCE KOMIOHEHTHI TeH30pa Aiim, Y KOTOPHX HHJEKC 2z BCTpe-
yaeTcs HeueTHOE 4uCJAO pa3. ITosTOMy OTJIHYHBL OT HyJs TOJBKO XBE€ KOMIOHEHTHI
TeH30pa Ojp:

Ou

ou
Oz = Axrnz N -+ }‘xzyz —a‘y- ’

ou ou
Oy = A'yzacz vy + 7vyzyz o

BoefieM IBYXMepHbE BEKTOp O H TeH30D Aqp: Oa = Oaz, Map == hasp, (@ =1, 2).
Torpa :
ou
0o = ag 'M ’

a ypaBHeHue paBHOBecks 3amuceiBaetcsi B Bue div ¢ = 0. Hckomoe pewenne sroro
ypaBHEeHHMsI JO/KHO Y/AOBJETBOPATh ycioBuio (27,1): Vudl = b,

B TakoMm BHAE 3ajjaua COBHajaeT ¢ 3ajavell O HAXOXJEHHH HHJAYKUHH H Hanps-
JKEHHOCTH MaTHHTHOro nojs (poJib KOTOPOTO HrpaloT 6 H Vi) B aHM30TPONHOH cpexe
(¢ MarHuTHOM NPOHHMLAEMOCTHIO Agpg) BOKDPYT NpPSMOJNMHEHHOrO TOKA, CHJIA KOTOPOTO
] = cb/4n. BoCHOJb30BABUIMCh H3BECTHHIM H3 3JeKTPOAHMHAMHMKH pelieHHeM 3TOH
sajauH, HahjgeMm

b Aaﬁeﬁvzxv

-2n YA }»o'c',lﬁ,xa,xﬁ,

Oaz =

rae |A| — onpenenutens Tensopa Aqg (cm. VIIL, sanaua 5 x § 30).

4. Onpepenuts JedopMaluio BOKPYT IpAMOJIHHefiHOH KpaeBOR AHCJIOKalHH
B H30TpPOITHOA cpeje.

Pemenue IlycTs OCb 2 HanpaBjeHa BAOJb JHHHUH JHUCJIOKALHH, 4 BEKTOD
Broprepca: by = b, by = b, = 0. M3 cummerpun 3aja4¥ OUYEBHJHO, 4YTO BEXTOp
JZehOpMALHHY JIEKHT B IVIOCKOCTH X, § H He 3aBHCHT OT 2, TaK 94TO MBI HMEEM JeJIO C II0-
ckofi 3apaueli. Huxke B 3TOR safjaue Bce BEKTOPbl M BEKTODHEIE ONEpAIMU — ABYX-
MepHBIe B IJIOCKOCTH X, Y.

ByaeM HCKaTb pellleHHEe yDaBHEHHA

1

Au—]—T:%—Vdivu:—bjG(r)

1) DTH OueHKH MMEIOT OOMHA XapakTep M CHPABeJUVIMBH O MOPSIKY BEAHMHHH
Zasi moGoit (He TOALKO BHHTOBOH) AHCJIOKalEH. ClefyeT OTMETHTh, 4TO (aKTHIECKH
suayenus In (ll3 b) OOLITHO HE CTO/IR BEJHKH, TaK UTO SHEPIHf $CePANEBHHED COCTaB-
AsieT 3aMeTHYI0 1aéTh MOMHOK SHEPTHH JHCJHOKALYUH,
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(cM. 3anauy 1; j — eXuHHUHBLE BEKTOP BAOMb OCH ) B BHAe U = u'® - w, rre ut® —
BEKTOP € COCTaBJSIOLIHMH

D = —QI—’I—[—cp, u® =2Ln Inr

(MHMMad M BellecTBeHHast uacTe of (b/2m) In (¥ - iy)); r, @ — moasipHEIE KOOPXH-
HATHl B MJIOCKOCTH X, . DTOT BeKTOP YAOBJETBOpseT yciosHio (27,1). TTostomy sajasa
CBOJHTCS K HaXOXKAEHHIO OAHO3HauHO# ¢ynkmun w. Ilockoabky, Kak Jerko yGe-
AHUTBCA,

diva'® =0, Au'® =5js(r),
TO W VJAOBJETBOPAET ypPaBHEHHIO
1
Aw + ————— y divw = —25j (r).
+4—5V i6(r)
D10 — ypaBHeHHe PaBHOBECHSI NOA AEICTBHEM CHJI, COCPENOTOUEHHHIX BJOJb
OCH 2 ¢ OGBEMHOH TIOTHOETLIO
Ebj
(1+o0)
(cp. ypasnenue (1) B 3agaue x § 8). C nomomp0 RafiieHHOTO B TOH Xe 3ajaue TeH-

agpa I‘pnﬂa Adis Heorpanuqeﬁﬂoﬁ Cpelbl HaxOmXJACHHE W CBOJHTCA K BBIMHC/ACHHIO
HHTerpaJia

§(r)

b T[.B—40)] T -
w=8ﬂ(l—c)2H( — +3r |4, R=Vrte"

B pesyabrate mosyunm

b Y
”x='27{{ar°tg7+ T(1—0) 2+5° }’
b { 1—20') anm_f_ 2(1LG x2 }.

W=\ T 0—0 Y. 2R

BrluncaenHbii OTCIOAa TE€H30D Haﬂpﬂ)KeHl/Iﬁ HMEET AE€KapTOBBl KOMIIOHENTEHI

y (3% + %) y (x> — 4% x (x> —y°)
Oex = b8 “pa g > Cw =t G S =M G
WK TIOASApHBIC
sin €0S
Oy = Oggp == —bB r(p’ Orp = bD ,q),

rie ofosnaueno B = p/2xn (I — o),

5. DeCKOHeuHOe UHCJIO OJHHAKOBHIX NApa/eJbHHX NPSIMONMHERHHIX KPaeBhIX
JUCTOKallki B H30TPONHON Cpefie PacronOXKeHbl B OLHOH IIOCKOCTH, MEPIEHAHKY=
JSpHOH HX BeKTOopaM Droprepca, Ha OAMHAKOBHIX DacCTOSHHAX A APYT OT Apyra.
HafiTe HanpsUXeHHS CHBUTA, CO3/laBAEMBie TAKOH «JAHCJIOKALMOHHON CTEHKOM» Ha pacs
CTOSHHAX, GOJBIIHX N0 CPAaBHEHHIO C A.

Pewenne. [lycTh AHCAOKZNHH NMAapaje]bHE OCH Z H PAaclONOKEHH B IO~
¢kocTH Y, 2. CONIaCHO pesysibTaTaM 3ajaud 4 CyMMapHOe HanpsukeHue, CO3JaBaeMoe
BCEMH JUCIOKAUUSMH B TOYKE X, ¥, AaeTcs CYMMOH

> 2 (g ‘h 2
Oy (%, y) = bBx 2 [x;C_I_ (;y___ n2)2)]2 ¢

f==-=00
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HMepernumem sty cymmy B BHIE

oy=—08% [ @ p+atB ],

h
rpe
" 1
J (@ B)= Z ETE—nE ’ _“=%’ B=4-

Corsacto dopmyste cymmuposanusa Ilyaccona

Vorm= Y | fwettia
h—=—00 =00 —00
HafigeM
: & . 2mikB T emkta
O I e
) =%+%‘—.2 e 2R cos Ok
k=

Mpu & == x/h > 1 B cymMMe N0 k MOXHO OCTABHTDH JIKUIL NEPBHIA WieH, H B pe3yib-
TaTe IOJNYYHM

Oy = 42B %—e“m"/" cos (2n —Z—) .

TakuM o0pasoM, HanpsoKeHHs yOHIBAiOT NPH YAAJEHHH OT CTEHKH MO 9KCHOHEHIH-
ajgpHOMY 3aKOHY.

6. Onpenennts ReOPMAIMIO H3OTPONHOR CpeAEl BOKPYF AMCIOKAlUHOHHOM
newau (/. M. Burgers, 1939).

Pewenne Hcxonum us dopuyan (27,10). Tedsop Aipim RIS H3OTPORNHOH
cpenist corviacHo (5.9) m (5.11) Moxer GuiTh mpeicTaBeH B BHAE

2
Mpim = {C—%E O:k8un -+ t‘i_izﬁhm + 5zm5k1} .

Tensop [puHa Ans M30TpOMHOM cpeip! HafiieH B 3afaue K § 8 u MOXKeT GLITh mpen-
CTaBJeH Kak

1

m {(3 — 40) §;p + vive}-

Gy (R) =

3nech R = (r — ') — pannyc-BekTOp OT saementa df’ (B Touke I') X TOUKe HaGaio-
penns xedopmanny (ToUKa r); v = R/R — eAMHMYHBIA BEXTOD B 3TOM HanpaBRCHHH.
FoacrasnB 51H Betpaxenus B (27,10) B npousBeAs oA HHTerpanom Tpefyembie RH(-
¢epeHIuPOBAHUS, NOJYYHM NOCHAE BLIYACJACHHA

00 =g Sj L (b (v dF) 4 G o — v b} +
D

+ —g;;(l—s:&y' J. ‘7%;— v (bv) (vdi’). (1)
Sp
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Crosimse 3Kech HATErpajbi MOXHO BEIDA3HTDb yepe3 HHTerpajbl N0 KOHTYpy D —
no netae AHCAOKalHH. i sToro sameuaeM ciaenyiompe GOpMYJB:

_ gﬁ"}l(@"[bdl’]= [ &= Gvar —vpary,

D Sp

‘{)ﬂ v di =~ | % (b di’ + (bv) (v di").
D Sp

Hurerpastl B NpaBblX 4acTSX PAaBEHCTB NOJIYYAIOTCS M3 KOHTYDHHIX HHTErpanos
B JeBOA CTOpOHe npuMeHeHHeM Teopembl CTOKCA, COTIACHO KOTOPOH mpeoGpasoBanHe
ocywecTsaserc 3amenol dl’ — [d'-V'] (r@e V' = 0/0r"); mnockoabKy nomwn-
TerPAJIbHOE BbIpaXKeHHe SaBHCHT TOABKO OT PasHOCTH F — t', 310 npeoGpasoBanue
sKkeHBanenTHo 3amene dl’ — — [di’ V] (rme V = 0/0r). Baegem Takke Tesecbiil
yron ©, noj KOTOpwM memis D BujJHA H3 TOUKH HalMIOJeHUA, COTIACHO Onpelene-
HHIO

1 ’
Q= J‘ ﬁ vdi’.
Torﬂa noJjie CMenieHui IPELCTaBHTCS B BHJE

Q ., 1 o£1 1 ,
wE) =+ —‘ﬁ-ésw[bdl ]+mv§§§([bv]dl ).
D D

Heonno3naukocTs 370l QYHKUHH 3aK/II0NEHa B IIEPBOM WieHe — yroa £ Mensercs
na 47 npH o6Xoje BOKPYTr JIHHHH D.
Bnanun or nerau Boipaxenue (1) cBoautes X

1—2 3

u (l') = m {S (bV) -+ b (S’v‘) —v (Sb)} -+ m (SV) (bV) V.

Oty Qopmyny MomHO Obi10 OB MOJYYHTH H HenocpeActBeHHo us (27,11-—12),

§ 28. HdeficTBie mojig HanmpsXeHHIF HA JAHCIOKALHIO

PaccMoTpuM nuc/oKanHoHHYIO netyiio D B nose ynmpyrux sHanps-
JEHUH Off, CO3AGHHBIX NeHCTBYIONMMH HA TeJO BHEWHMMH HArpys-
KaMH, H BBIYHCJAUM CHJY, AeHCTBYIOUIYIO Ha Hee B 3ToM noJge, Co-
FJiacHoO o6IHM IpaBHJaM AJIS 9TOrO Hajo Halith paGoty ORp, npous-
BOAHMYIO Haj AucjaoKauuel npu GecKOHEYHO MaJjioM e€e CMelIeHHH.

BepHemcs K BBeleHHOMY B § 27 npeACTaBAEHHIO O ZHCJIOKALHOH-
HOH neryie D Kak JIHHUH, HA KOTOPYIO ONHPaercs NMOBEPXHOCTb (Sp)
paspeiBa BeKTOpa CMelleHNs; BeJHYHHA paspelBa Aaercsl Gopmysroi
(27,7). Cmemenne JunauH AUCAOKalMH D NPHBOANT K M3MEHEHHIO MO-
BepXHOCTH Sp,. ITyctb 8x — BekTOp cMmemenust touek Junuu D. Cwme-
masce Ha O6x, anement dl AApHH JHHHM onuchiBaeT mjowaip Of =
= [0x.dl] = [8x-t] dI, yeM u onpenensiercs npupaleHHe NIOLALH
noeepxHoct# Sp. ITocKoNBKY pedb HIET Teneph O peajbHOM, (pU3HYe-
CKOM CMellleHHH JHCJIOKanMH, HeoGXONMMO yuecTb, YTO yKa3aHHas
onepanus CONPOBOXKIAeTcA H3MeHeHHeM (pH3HuecKoro obbema Cpeinl,
IMocko/abKY cMeINeHHsT u TOYeK cpeapl mo oGe CTOPOHBI NMOBEDXHOCTH
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pasanyarTCsa Ha BEJAHUYUHY b, TO 3TO H3MEHCHHE JAETCA Npou3BeJe-
HHEM

8V = bdi = [8x-t]bdf = x [tb] df. (28,1)

B cBfisn ¢ 3THM BO3MOXKHB! JB€ CYLIECTBEHHO Dasjinyabie (pH3Hue-
ckue cutyanuu. B onnoit us mux 8V = 0, cMmelnenue JMHHNU AUCTIOKa-
LHMH He CBsi3aHO ¢ H3MeHeHHeM o0beMa. Tak 6yJler, ecsaH cMelleHue
NPOUCXOJHT B NJIOCKOCTH, ONpefessieMol BeKTopaMH T u b. 3ty nuo-
CKOCTb HAa3bIBAIOT NAOCKOCHIGIO CKOAbMCEHUA JLaHHOTO 3JieMeHTa JAHCIO-
kauuu. Orubaionyro ceMelcTBa IJIOCKOCTEH CKOJBbXKEHHS BCEX 3Je-
MEeHTOB JJIMHBI NeTJIH DD Ha3bIBAIOT NOBEPXHOCIMOI0 CKOAbNMCEHUA NHCIO-
Kaluy; oHa npeicrapiser co60H UHAHHAPHYECKYIO MOBEPXHOCTL € 06~
pasymonuMy, napaJuleJbHEIME BeKkTopy Droprepca b 1), ®usuueckas
0CoOEHHOCTb IJIOCKOCTH CKOJbXKEHHS COCTOHT B TOM, Y4TO TOJBKO B Hell
BO3MOXHO CPaBHHTEJbHO JIerkKoe MeXaHHUecKoe IepeMelienue JIUCIIO-
Kauuu (0 KOTOPOM B 3TOM c/iyuae oOBIYHO TOBOPAT KaK O €e CKOAbJE-
Huu) ?).

C upaMeHeHHeM IJIOWAJH TIOBEPXHOCTH Sp HPH CMeLieHHH JUCIO-
KallVH CBSI3aHO M3MeHeHMe CHHIyJspHOH Iedopmaumu (27,8), cocpe-
JoToueHHoe Ha JiuHuH D. Ero MOxKHO npeicTaBuTh B BUAE

8ufp™ =1/, {b; [8x- ], + by [0x-7);) 6 (B), (28,2)

rie 6 (§) — Beexennas B § 27 asyxmepuas O-pyuxkuusa. IToauepkuen,
uto 3Ta JedopManusa OAHO3HAUHO onpenensercs Qopmol Jauuuud D
B cMmetienueM OX, B oTiuuue OT Bhlpaxenus (27,8), saBucsiiero ot
IPOU3BOJILHOTO BBIOOpA TOBEPXHOCTH Sp. -

Bripaxenue (28,2) onuceBaeT TOKaMbHYIO HEYNPYTYIO OCTATOYHYIO
IedopManuio (ee Ha3BIBAIOT NAQCHUYECKOU), HE CONPOBOXKAAICLLYIOCH
ynpyruMu Hanpszxenusamu. CBasaHHast ¢ HeH pabora, coBeplaeMad
B KOHEUYHOM CYeTe BHEIUHUMH HMCTOUHHKAaMM, JaeTcs HHTerpazoM

j O'ﬁ;) Gu,-h dv

(cp. (3,2)), tme mox Suy;, Hano MOHUMATL IIOJIHOE TEOMETPHYECKoe
usmenenne pepopmanri. OHO CKJIaJbIBaeTcs U3 YOPYroH H IJacTHye-
CKOHl yacTell; HaC HHTEpeCcye® 3Jech TOJNLKO pabora, cBs3aHHasl ¢ IJa-

cTuueckoii actsio 3). IMocse mogcranosky duly” u3 (28,2), BBHAY Ha-

1) BosmoxHbIe CHCTeMBI TJIOCKOCTell CKOMBXKEHHS B aHu3oTponHoit cpefe daxru-
YeCKH ONPEeJe/s0TCA CTPYKTYpPOH ee KPHCTAIJIHUeCKOH pelleTKH.

2) Tak, Anf nNepeZBHIKEHHA H3006paxKeHHOH Ha puc. 22 KpaeBolt AMCIOKamuu
B ee IVIOCKOCTH CKOJIbXeHHS (IJIOCKOCTBb X, 2) AOCTATOYHO CPABHHTENbHO HeGOMbIIHX
niepeMelieHUH aTOMOB, B pE3yJibTaTe KOTODHIX «JIHIHMMH» OyJAyT OKa3HIBATHCS BCe
Gosiee yjalleHHHE OT IVIOCKOCTH Y, 2 KPHCTAJJIHUECKHE MOJYIJIGCKOCTH.

3) Ilpn BLIBOJle ypaBHEHHH ABMIKEHHS BUPTYaJbHHE NJACTHUYECKYI0 H YHPYIYIO.
pedopMaliun HaJl0 PAaCCMATPHBATL KAaK He3aBHCHMBble nepemeHHble. FlaTepecysics ypas-
HEHHeM JIBHXKEHHS LHCJIOKAHH, HaZlo paccMaTpPHBaTh TOJLKO IMIACTHYECKYIO Aedop-
Mauuo, - ,
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JIHYHA B HEM 6-(1)yHKI.lHH, OCTaeTCAd HHTETPHPOBAHHUE TOJIBKO BJIOJb
AJHHBI JMCJOKaUUOHHOH nerau D:

(SRD = é Gglee)eilm 6xle dl. (28’3)

D

Kosdpouuuent npu 8x; B nogpIHTErpasbHOM BbIPAXKEHUH €CTh CHJIA fi,
JeHCTBYIOIAs HAa eIMHHLY JJIHHBL JHHHU AHcJoKauud. Takum obpa-
30M,

fi = eiktTkabm (28,4)

(M. O. Peach, J. S. Kohler, 1950). OT™MeTnM, uTo cusa f nepneHiuKy-
JspHA BeKTOPY T, T. €. JHHUH JAHCJIOKAIHH.

®opwmyaa (28,3) ronyckaeT HarasaHYI0 uuTepnpetanuio, CoraacHo
CKa3aHHOMY BHILIE CMellleHHe 3JeMeHTa JUHUH JUCJOKALHH CBOLHTCS
K pa3spe3aHuio HEKOTOpPOH mJoinajiku di U cIBHry BepxHero Oepera
paspesa OTHOCHUTEJIbHO HUKHErO Ha ZLJII/IHy b. [IpusoxxenHas x df cuna

BHYTPEHHUX HaNpsKeHUH eCTb 0!y df,, a mpousBofuMas 3TOH CHJIOH

npu casure pabota ecth b;oi5dfr.

[TockoJabKy B HamucaHHoM Bujae ¢opmyaa (28,4) orHocutes
TOJMILKO K MEPEMELISHHI0 B IJIOCKOCTH CKOJDLXKEHHSA, MMEET CMBICI
cpa3y Xe HamucaTh NPOeKIHIo cubl  Ha 3Ty MJIocKoCTb. [Tycth ® —
eIMHHYHBIH BEKTOP HOPMANIH K JHHUH JAUCJIOKAUMH B INIOCKOCTH
ckoankenusa. Torpa

(e)
fo =t = ep®Thbn0im

HJn
fJ_ = Vﬂ?fzbm, (28;5)

roe v = [xt] — BekTOp HOpMaNM K IJIOCKOCTH CKoJibxkeHHS. [Jo-
CKOJIbKY BEKTOpH b M v B3aUMHO HeplNeHANKYJApHHE, TO (BHIOpaB

BJOJIb HUX JBE H3 KOODAMHATHBIX Ooceil) MBI BHAUM, YTO CHJIA f| omnpe-

IeJISIeTCs] BCEro OJHON H3 KOMIIOHEHT TeH30pa O

EciH e CMelleHHe MMCJOKAUMH IDOHCXOIHT He B MJIOCKOCTH
CKOJIbXeHHs, To OV == 0. D10 3HAUMT, 4TO cMelieHHe Geperos paspesa
npuBeso Obl K NOSIBJIEHHIO H3CBITKA BelllecTBa (KOrAa ofuH Oeper «ie-
pexJiecThiBaeT» APYrod) HJIH K ero Hejocraue (o6pasoBaHME LLeJIH
MeXy pasgBuraloluMucs Geperamu). TOro He/lb3s AONYCTHTb, €CJIH
foJiaraTh, YTo B Mpollecce ABHXKEHHS JHCJIOKAIMH CIJIOWIHOCTL Cpefsl
He HapyllaeTcs M ee INIOTHOCTL OCTaeTcsi HeH3MeHHOH (C TOYHOCTBIO
a0 ynpyrux gedopmauufi). ¥YcrpaHeHHe H3GBITOYHOrO BellleCTBa MJIH
8al0JIHEHHE eI'0 HeXBAaTKH NMPOUCXOAHT B peajlbHOM KpHcTaie auddy-
3HOHHBIM CNOCOOOM (OChb JMCJIOKAlMH CTAHOBHTCA HCTOYHHKOM HJIH
crokoM nu(dY3HOHHLIX MOTOKOB BemecTBa) !). O mepeMelneHun

1) Tak, usoGpaxeHHad Ha pnc 22 pucioKanus MOXKeT nepeMemaThcsd B [L10-
cKOCTH Y, z mHmWb 32 cueT AupGYIHOHHOrO YXOja BeLUeCTBA H3 WIHIUIHEH» MO0
CKOCTH,
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ANCAOKALKH, COMpoBOXKAaomeMca AHPDY3HOHHBIM «3a/leUHBAHHEM”»
IebeKTOB CNJOMHOA CPefbl, TOBOPAT Kak 0 ee nepenoasanuu ). '

M3 ckasaHHOro fCHO, YTO, AOMYCTHB MepemoJi3aHue AMCICKAIHH
B KayecTBe BO3MOKHOTO €€ BHPTYAJbHOIO lepeMelleHH s, Heo6X0 HMO
CUHTaTh, YTO OHO, K&K H CKOJIbXKEHHe, NPOUCXOAUT 6e3 JIOKaJbHOIo

H3MeHenust o6beMa cpejibl. ATO 3HAUHT, uTO U3 JepopMaiu (28,2) Hano
(11)

BLIYECTH OTBETCTBEHHYIO 3a H3MeHeHHe oGbeMa 4acTb Y3 80y, T. €.
ONHCHIBATbL IIACTHYECKYIO IeopMallUio TEH30POM
Sufe™ = (Vaby [6X -l -+ Yaby [8x-7]; — Y203 [8x- 7]} 8 (B). (28,6)

CoorBercTBenHo BMecTto (28,4) mosyunm cienyiomyio dopMmyay aias
LeficTRYIOme HA AUCAOKANHIO CHJRL 2):

[i = eiszkbm'(cm — %—&moﬁ?) _ (28,7)

(J. Weeriman, 1965). I'Mosnas cuna, geficTByonias Ha BCIO IHCJIOKA-
L{OHHYIO NETJI0, paBHA

Fi = euibn (01 — 5 81087 ) ds. (28,8)
2 ,

QOuna oTsiMupa or HYJsT TOJBKO B HEOAHOPOAHOM IIoJIe Hanp;{}xeﬂnﬁ

(npn ol = const umTerpan cBoguTCa K fﬁ dx, = 0). Ecau na mpo-
TSKEHHM NETJH ToJie HaNpsKeHHH MeHeTcss MaJo, TO

d 1
F, = eiklbm_a'g ol — T&m@%’) (§ XpdXy
b

(nersmio npencraB/iseM cefe pacnmosoKeHHOH BOJH3H Hadasla KOODIH-
HaT). Bxoaamue croga naTerpanbl 06pasyloT aHTHCHMMETPUYHBIH TeH-
30p i

gﬁxp dxy = — gﬁ x;, dx,.

Hmest 310 B BHAY, JIerKO BHIDA3HTL CHJIY depes BBeleHHHH B (27,12)
JUCJAOKANHOKHBIE MOMEHT dj,; %):

(e) A (8) 60(5)
’ 1 oo nr
Fy=di, —'—:n + 5 (dil 2 —dy : ) (28,9

dx; 0x i

_ 1) Ilockoabky Takoilt npouecc AEMUTHApYeTcHs Kudubysuell, OH MOXKeT GaKTHIECKH
HIpaTh pOJb NI DPH AOCTAaTOMHO BHICOKHX TeMIepaTypax.

%) IpexacTapasiercss OueBMAHHM, YTO ‘BCECTOPOHHeE' (paBHOMEpHOE) CKaTHe KpH-
CTa/l1a He JOJIXKHO NPHBOAHTH K MOABJAEHHIO cHAIH f; Boipamenne (28,7) atuM CBOH-
CTBOM ofJiajaer.

¥ Ilpu BuBOJE HCMOJB3YETCS TaKKe dopmyna e, o= L T P
B ypaBuenus papHosecus 00'%) /0%, = 0, N
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B onHopomHOM IoJle HanpsXKeHHH 3Ta CHJa, KaK yxe ObLIO yKas3aHo,
ofpamaercsi B kyab. [Ipu 3TOM, OfHaKO, Ha METJIO AEACTBYET MOMEHT
cua

Ki == €ilm é xlfmdl,

KOTOPHIH TOXKE MOXKHO BLIDA3UTh 9Yepe3 AHCIOKAUHOHHEIN MOMEHT;
e (e
K; = eiridiem (O'ﬁni —_ 1/361n10nn))' (28)10)

3apaun -

1. HaiiTn cuny p3anMoneficTBHA ABYX nNapatJeNbHbIX BHHTOBHIX JHCJAOKALH
B H3OTPOGHOH cpefe.

Pemenue Cuiaa, RefiCTBYIOIAA HA eIHHHNY JAJAHHH OfHOH JHCIOKALHH
B TIOAe HAMpAKEHHH, CO3A4aBaeMblX BTOPOil JIMCIOKailhefi, OmMpeRensiercs 0o ¢op-
Myse (28,4) ¢ noMoupl pesy/isTatoB safaun 2 § 27. Oua nuMeeT pajuaipHOe Hanpa-
BJeHHe H paBHa . '

f == pb1b2/2ﬂ;f.

JlucaoKannu oxxoro suaka (b6, > 0) OTTaNXHBaOTCH, a JUCHOKALHH Pa3HHIX 3HA-
KoB (6,6, <C 0) npuTArHBaIOTCA. .

2. [lpaMonuHeiinasd BUHTOBAS JHCJAOKAWHs PACHOJIOKEeHa [JPANJIeNbHO IUIO-
cKOfl cBOGOAHON MOBEPXHOCTH H30TpONHOH cpeibl. HaliTn AefictByomyio Ha AHCJIO-
KauKuw CHJIY. )

Pemen e [lycts NJIOCKOCTb Y, Z COBNAJAET ¢ [IOBEPXHOCTLIO TeNa, a JAHC/IO-
Kanus rnapajiielphia OCH 2 B HMEET KOOPAHHATHl X == X, # = 0.

[Mone manpsuxenuil, OCTABARIOMEE NOBEPXHOCTb CPeibl CBOGOAHOM, ONHCHBALTCH
cymmoit noJsiefi XHCJOKAMH H ee 3ePKaJbHOrO OTPaXKeHHs B ILIOCKOCTH ¥, Z, Kak
eCH Gbl OHH OBUIH Pacio/OMeHbl B HEOTPaHUUEHHOH cpeje:

P L [ y — y ]
xz 2n | (x—x)?+4° *x+x)2 44 1’

6o — ﬁb_ [ X — Xy _ x4 xq ]
T o | Tx—x0+ 2 Bty 1T

Takoe moje HeficTByeT Ha DaccMatpHBaeMyio AMCTOKAlMIO C CHJO{, DaBHO# fpH-
TSDKEHHIO CO CTODOHBI € 3epPKa/JbHOrO H306paxenHs, T. €. JAUCIOKAUUA OPHTACUBA-
eTcsl K NOBEPXHOCTH CpPefBl C CHJIOH

| = pb?lanx,.

3. Hafitu cuny 83aumofeficTBHA ABYX TNapajiellbHHIX KDaeBblX AHCJIORaLuf

B H30TPOMHOM Cpejie, Pacno/OXKeHHHX B NAapajjiefbHHX IJOCKOCTAX CKOJIbXKEHHS.

Pemenne Ilyctsb NMICCKOCTH CKOJNBXKERHS NApa/eNbHBl INIOCKOCTM X,

2, a OChb Z NapalJiebHa JHHHUAM JHCIOKalu#; Ka © B 3ajaue 4 § 27, nonaraem 7, =

, by = b. Torna cuna, AeficTByionias Ha eIMHUIY AJHHE! JUCIOKAIHA B moOJe
YUPYTHX HanpsixeRu#l O, HMeET KOMIOHEHTH .

[x=00xy, fy=—Db0x.

B panHOM clyuae Ojp ONPERENSIOTCS BHpPAXKEHHsIMH, HafileHHEIMH B sajaue 4 § 27.
Ecau ofna RACAOKAIHS COBNAZaeT € OCHIO 2, TO OHA AefiCTBYeT Ha BTODYIO AHCJIOKa-
LHIO, NPOXOASLIYIO Yepe3 TOYKY X, ¥ HA TJIOCKOCTH X, Y, ¢ CHAOH, KOMNOHEHTH KOTO-
polt B NOJAPHHX KOODAHHATAX PABHH

_ blbgB /__ blbgB e f"’
fr—' r ’ fQ_ T 5iﬂ2‘Pr B‘— 2“(1—'0) .
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npOCKIll‘lﬂ e CHJBl Ba NJMOCKOCTL CKOJbKeHHd paBHa

‘ €0S ¢ cos 2
L o= byp 02

Ona ofpaimaeTcsi B HyJib TIPH @ = #/2 n npn @ = n/4. Tlepsoe M3 STHX NOMOXKeHHT
COOTBETCTBYeT yCTOHYMBOMY paBHOBeCHIO NpH biby > 0, a BTOpOoe — mpH b1by << 0.

§ 29. HenpepniBHoe pacnpelefienHe NHCIOKALHIA

Eciu B KpHCTaJJle MMeeTCs OAHOBPEMEHHO MHOTO RHCJOKauui,
HaXOAAIMXCS HA OTHOCHTENLHO MajbiX (XOTsi, KOHEYHO, H GOJBIIHX
N0 CPABHEHHIO C [OCTOSIHHON pelIeTKH) PacCTOsHHAX, TO CTAHOBHTCS
11e/IeCO06Pa3HEIM HX yCpeaHeHHoe paccMmoTpenne. JpyruMu cjoBamy,
paccmatpuBaioTes «hH3HUECKH GeCKOHEUHO MaJjibley 3JeMeHTHl o6bhema
KPHCTaNIa, Yepe3 KOTOPhIE IIPOXOAUT HOCTATOYHO MHOTO JHCJ]OKa-
LHOHHBIX JIMHUH.

®opMyNUPOBKA YPaBHEHH, BBEIPAKAalOUEr0 OCHOBHOE CBOHCTBO
IMCTOKALMOHEBIX AedopMalnii, NOCTHTaeTcsl ecTeCTBEHHBIM oGobLie-
HueM ypasnenus (27,6). Beenem TeHsop Py (mensop naomrocmu duc-
AoKayuil) TakolH, yToOLl €r0 UHTErpall 1o MoBepXHOCTH, onyparoneics
na moGoit KouTyp L, 6uum paBen cymme b BekTopos Bioprepca Beex
JIUMCJOKALMOHHBIX JIHHHI, OXBATHBaeéMbIX 3THM KOHTYPOM:

[ owmdl = by (29,1)

St

HenpeproiBHble GYHKIHN 0, OMHCHIBAIOT pacrnpenesenye JHCJIOKauuH
B KpHCTaJJle, DTOT TeH30p 3aMenseT Co0Oi Tenepk BHpaXeHue B npa-
BOil wacTH ypaBHeHus (27,6):
!
iim Z5BE = —py. (29,2)
Kak BHANO M3 3TOr0 ypaBHEHHS, TEH3OP P;, AOMIKEH YAOBJIETBOPATDL
YCJIOBHIO
O0in
o e 0 (29,3)
(B cayuae OAMHOUHON AMCJIOKALHK 3TO YC/IOBHE BRIPaXaeT CoGOH mpo-
¢TO MOCTOSIHCTBO BeKTopa Bloprepca BiQ/b JMHHM JHCJIOKALUH).
[pH TakoM pacCMOTPEHHH AMCJOKAUMH TEH30P W;; CTAaHOBUTCA
NepBUYHON BeJIHYHHOM, ONUCHIBaKOMme lepopMalHio H oNpeeasiome
TeH30p AepopMauuH corsaaceo (27,4). BekTop ke cMelleHHdA U, KOTO-
phiit 6B OBl CBSI3aH C w;, ONpenejenueM (27,2), npu sTom BooGule
He MOXeT GBITh BBefieH (3TO ACHO YIKe H3 TOro, YTo OPH TAKOM onpeje-
JIeHHH JleBasi cTopoHa ypasaeHus (29,2) ToxAeCTBEHHO 06paTHJIach Gbl
B HyJb BO BceM ofbeMe KPHCTasJa).
ITo cux mop Mbl IpeAnoaraii AUCJAOKAIHH HeNONABHXHBIMH. BEisic-
HMM Tenepb, KaKHM 06pa3oM JO/KHA GHITh CHOpMYJTHPOBAHA CHCTeMa
ypasHennii, No3BoJsOLLAs B NPHHIMNE ONPELENHTb yupyrue Aedop-
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MalHH U HalpsiKeHHA B cpelie, B KOTOPOH AHCJIOKAIMH COBep LIAIOT 3a-
JaHHOE JBHIKeHHe 1),

YpaBnenue (29,2) He 3aBHCHUT OT TOTO, NMOKOATCH HJIH JBHXKYTCA
Ixciaokauud. TIpu aTom TeH3op w;, MO-HpEKHEMY OCTAeTCA BeJd4H-
HOH, onpefensiouell ynpyryio aedopMalHio; ero CHMMeTpHYHAas 9acTb
€CTb TEH30p yNpyrod nedopmaluH, CBsI3aHHBIA OOBIYHLIM 0Gpa30M
3akOHOM ['yKa ¢ TeH30pOM' HanpsiKeHHH.

3To ypaBHenue, ONHAKO, Telepb HEOCTa- L]
TOYHO I/l MOJHOro (OPMYJHPOBaHHsI 3a4a4H. \\
|

" ITosnas cucreMa ypaBHeHUH JOJIKHA onpene-
JATH TakXKe W CKOPOCTb V IePeMellleHHs TOoueK

Cpeibl.

Ho npu 3ToM HE00XOAUMO YY€CTb, YTO ABH-
JKeHHe JNMCJIOKALHA CONPOBOXKAAETCH, MNOMHMO 117 /
U3MeHeHUsl ynpyrod pedopMmalvM, Takke H \
usMeHenneM (QopMbl KpHCTasljla, He CBs3aH- I

HBIM "C BO3HHKHOBEHHEM HanOpsiKeHud — naa- |
cmuueckoil Oeghopmayuerf. Kaxk yxe ynomuHa-
JI0Ch, JIBHXKEHUE JMCJIOKAaUMH Kak pas H npei-
crasJsieT co0ofi MexaHu3M IJactuyeckKol gedop- 1]
mandu. (CBfi3p ABHIKEHHS JHCJIOKalHMH C IJa- l
cTHUYEeCKOH JedopMmalyieli SCHO JEMOHCTPHPYeETCs
puc. 25; B pe3y/JbTaTe HPOXOXKJEHHS KPaeBOH
IHCJIOKALIMH CcJieBa HanpaBO BepXHAS — Hal
IJIOCKOCTbIO CKOJIbIKEHHS — YaCTh KpHCTaJIa
OKasblBaeTcs CABUHYTOH Ha OOUH NePHOA pe-
[IETKH; IIOCKOJIbKY pellleTKa B pe3yJbTare
0CTaeTcsl NPaBUJbHON, TO KPHCTAMI OCTaeTcs
HEHANpsiKeHHBHM.) B NPOTHBOMNOJIOXKHOCTb
ynpyro#i nepopManuy, OZHO3HAYHO CBA3AHHOM
C TepMOAHHAMHYECKHM COCTOSTHHEM Teja, IJa- Puc. 25
cTuyeckast JehopManusi siBAsfeTcsa (pyHKHMeH
npoutecca. [Ipu paccMOTpEeHHHM HENOABHKHBIX . .
JMCJIOKanuil BOIPOC O pasjieleHHH yIpYrof u niactuyeckod aepopma-
[Hil He BOSHHKAET: HAC HHTEPECYIOT NpPH 5TOM JIHIUb HaNpsiKeHUs, He
saBUCsiilie OT NpeAbIAyLIeH HMCTOPHH KPHCTAJIa.

[TycTh u — BEKTOP IeOMETPHYECKOro CMeIUeHHsI TOYeK Cpelsl, OT-
CUHTHIBAEMEIH, CKaXeM, OT MX INOJIOXKEHHS nepel HayaJoM mnpolecca

nedopmalMu; ero nMpousBofHas Mo BpeMeHH u = V. Ecin o6pasoBath

C HOMOMBIO BEKTOPA U TeH30D «NoJHof mucropcuny Wy, = Oup/0xy,

70 MBI NOJYYHM €r0 KIJIACTHYECKYIO 4acTh» wih", BLIUTA H3 W, TeH-

1) Mul He 3aHHMaeMcA 3JeCb BONPOCOM 00 ompefeeHHH CaMOrO ABHMKEHHS JIHCIIO-
Kauuil N0 NPHUACKEHHEIM K TeJly CHJIaM. Pelllenue atoro Bonpoca Tpebyer KeTalbEOrO
H3yuYeHHs] MHKPOCKOIIHYECKOr0 MeXaHH3Ma JBHMKEHHs AHCIOKAUHA U HX TOPMOKEeHHS
Ha pasuuHBIX AedeKTax, KOTOpoe JOJIKHO NMDPOH3BOJHTLCA € yueToM (aKTHUECKH.
JaHHBIX O peaibHHIX KDHCTalJax. .
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30p «ynOpyrof ZHCTOPCHH», COBHAJAIOHIMA C QHTYPHPYIOIIUM B (29,2)
TEH30pOM W;;. BBejem o6osnauenne
. Q)

—fn = —— (29,4)

CHMMETPHUHAs YacTb j;; ONpedeJisieT CKOPOCTh H3MEHEHHS TEH30pa

NJaCTHUECKOH JeOpMalHi: M3MeHeHHe u{;’ 32 GECKOHEYHO MaJjoe
Bpemst 8¢ paBHO :

Sult? = — - (i je) 8 (29,5)

(E. Kroner, G. Rieder, 1956). OTMeTHM, B 4aCTHOCTH, YTO €CJIH IJIACTH-
ueckas fedopMauus MPOHCXOAMT Ge3 HAapyIIeHHs CIVIOIHOCTH Tela,
TO c/lejl TeH30pa j;; paBeH Hymo. [leficTBUTeNbHO, MJIACTHYECKAs Je-
dopManusa He NPUBOIMT K PACTAMKEHHIO HAM CKATHIO Tesa (KOTOPHIE
BCerja CBA3aHH C BO3HWKHOBEHHMEM BHYTPEHHHMX HaNpPSKeHHH), T. €.
ufy” = 0, a noToMy H jrx = —Ouly /ot = 0.

MoxcraBus B onpefenenue (29,4) wii’= Wi — Wi, SamHeM
€ro B BHJE ypaBHEHHS

aw,h

ot F ]lk’ (29’6)

CBSI3BLIBAIOILEIO0 CKOPOCTH H3MEHEeHHs YApPYroH M IJacTHYeCKOoH Je-
dopmanuii. 31eCh j;; HEJA0 pacCMaTpPHBATh KaK 3aAaHHbIE BeNHYHHBI,
KOTOpHIE JOJIKHBI yIOBJETBOPATEL YCJAOBHSIM, oObecleyHBaroOMUM COB-
MECTHOCTb ypaBHeHu#l (29,6) u (29,2). D14 ycjoBHS moJydaloTes AHG-
(epenniupoBanueM (29,2) no Bpemenu W nojAcTaHOBKOH B Hero (29,6);
CHH HUMEIOT BHJ YpaBHEHHS

ap; fm
R f B Q. (29,7)
Ypaeuenus (29,2), (29,6) BMeCTe C AHHAMHYECKHMH YpaBHEHHUSIMH
. do; .
Py = ;«: » O = Mntmllim = Mpim@im (29,8)

COCTABJISIIOT MOJHYI CHCTEMY YpaBHeHHIl, OMUCHIBAIOIIHX AHHAMHKY
yApyro#t cpeisl ¢ ABHXKYyLWiuMHca Rucnokauuamu (A. M. Kocesuu,
1962). ®urypupyiomue B 5THX ypaBHEHHSX TEH30DH O;, H jiz #B-
JAOTCA 33JaHHBIMH (YHKLUHMSAMH KOOPAHHAT (H BPEeMeHH), XapaKTepH-
3YIOUJHMH paclpefeNieHHe W ABHXKeHHe JHCJAOKAuuil, ITH GYHKUHH
JOMXKHBL YAOBJIETBOPATh YCJOBHAM COBMECTHOCTH ypaBHeHu#l (29,2)
Ipyr C APYroM u ¢ ypaBHeHHeM (29,6), Bbipa)aeMbM paBeHCTBAMH
(29,3) u (29,7).

Ycaosue (29,7) MOXKHO paccMaTpHBaTh Kak AudxpepeHIHaNbHOE
BoIpaXeHHe «3aKOoHa coxpaHeHHs BekTopa Bioprepca» B cpene. Hefi-
CTBHTEJIbHO, NIPOMHTErPHPOBAB 06e CTOpOHH ypaBHenus (29,7) no no-
BepPXHOCTH, ONHpaloILefic Ha HEKOTOPYIO 3aMKHYTYIO JIHHHIO L, BBens
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-cornacHo (29,1) nonnwii BexTop Broprepca b oxpauennbx sunuel L
JHCJIOKAIME H BOCHONb30BaBIIHCH TeopeMolt CTOKCa, MOMYYHM

db . .
o E{S i dxp. (29,9)

~

M3 BHAa 3TOro paceHcTBa OYCBHANO, YTO MHTErPaJ B €0 NPaBoil YacTH
onpejlesisieT BeJIMYHHY BekTopa Bioprepca «nporekaioinero» B eXHHUIY
BpeMEeHH uYepe3 KOHTYpP L, T. €. YHOCHMOro JMCJIOKAalUsIMH, repece-
KarouaMu Junno L. Tlo3TOMy e€CTecTBEHHO HasBaTbh jj; TEH30DOM
naomuocmu nomoxa ducioxayuil.

¢dlcHO, B YaCTHOCTH, 4YTO B cJiyuae OT-
e/ IbHOH [HCJAOKAIMOHHOA NeTJd TEH30D jia
HMeeT BUJ

jin = eimPinVm = eunTVnbid(€)  (29,10) Puc. 26

B COOTBETCTBHH C BbIpaxkenueMm (28,2) ans

IJ1aCTHYECKOH jedopManuy 0OpH CMelieHHH

JUICJOKAlKH; 3iech V — CKOPOCTb JHHMH AUCJOKAUMM B JaHHOH
ee Touke. IIpH 3TOM BeKTOp M[OTOKa uepe3 sJeMeHT dl  Kow-
typa L (jiudl;) npomopumonanen dl [vV] =V ldlt], 1. e. npoex-
104M CKOPOCTH V Ha HampasJieHue, nepreHanky/aspHoe Kak dl, Tak M
T; H3 TeOMEeTPHYECKHX COOOpaKeHHH OYeBHIAHO, YTO TaK H JROJIKHO
OLlJI0 GLITH — TOJIBKO 3Ta NPOEKIHs CKOPOCTH IPHBOAUT K Iepece-
YeHMIO AucCJOKauuell snemenTa dl. :

OrmertuM, yto caef Tedsopa (29,10) nponoplHoHa/eH IPOEKHHH
CKOPOCTH [MCJOKAaIHH Ha HOPMajb K €€ HJIOCKOCTH CKOJIbKEHHS.
Bplue 6b10 yKa3aHO, YTO OTCYTCTBHE HEyNnpyroro H3MEeHEHMs IIOT-
HOCTH cpefpl ofecrneduBaeTcst ycaopueM j; = 0. Ml BuguM, 410 114
OTHENbHOH AUCJAOKAIHH 3TO YCJIOBHE O3HAUaeT ABHXKEHHE B MJIOCKOCTH
CKOJIbIKEHHS B COOTBETCTBHH CO CKa3aHHBLIM BhIIe O GU3HUECKOH mpu-
pojle ABHXKeHHsA Iuc/oKauuii (cM. nmpuMedanxe 2 Ha crp. 160).

Haxonen, ocTaHOBMMCS Ha Clydae, KOTAA AHCIOKAUHOHHBIC TeTIH
B KPHCTaJUle pacnpee/ieHbl TAKHM 00pa3oM, YTO MX CyMMapHBIH Bek-
top Broprepca (o6o3naunm ero B) pasen myaio '). 910 ycioBHE 03Ha-
yaeT, YTO NpPH HHTETPHPOBAHHH NO JIOGOMY MOMEPEeYHOMY CEYEHHIO

TeJa
jpik dfy = 0. (29,11)
Orciona cjieyer, YTo NJIOTHOCTh AHCIOKAUUi B STOM Caydae MOXET

6LiTh npeacrasjiena B BHE

oPp, .
Pun = Ciim g (29,12)

1) Hanuuue AUC/IOKAlMM CBS3AHO C HEKOTOPHIM H3THOOM KpHCTA/a, KaK- STO
CXeMaTHIeCKH H306paXeHo B YTPHPOBAHHOM BHAe Ha puc. 26, Yciosue B = 0 o3na-
uaer OTCYTCTBA€ MAKPOCKONMHYECKOTO H3rH0a KDHCTa//ia B LCJOM, :
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(F. Kroupa, 1962); Torna unterpan (29,11) npeoGpa3syercst B HHTer-
pal 1m0 KOHTYPY, NMPOXOAslleMYy BHe Tesla M o0pamaercsi B HYJb.
OrMeTHM TakiKe, 4TO BeipaxeHnue (29,12) aBromaTnuecku yAOBJIETBO-
pser ycaoBuHio (29,3).

Jlerko BHIETb, YTO ONpeNeJNeHHbIH TakuM 00pasoM TeH30p Py’
npeacTaBiser co6ofi MIOTHOCTb AHCJAOKALMHOHHOIO MOMEHTa B Jedop-
MHDOBAHHOM KpHCTaJIe (ero ecTeCTBEHHO Ha3BaTh NMO3ITOMY OUCAOKA-
yuonnoil noaspusayuedil). JIeHCTBATENBHO, MOJHLI AHCIOKAUMOHHBIA
MOMEHT KpHcTasia D, paBeH IO ONpeleneHHIo

Dy, = E Siby = ";— €ilm Z by ixz dx, = % j €11mX10me AV,
D

rlie CyMMHPOBaHHE NIPOM3BOAHTCA 10 BCEM JAHCAOKALHOHHBIM NETJISIM,
a WHTerpupoBaHHe — 10 BceMy o0beMy KpHcTaasa. [ToacraBuB croopa
(29,12), umeem

1 aP 1 OPmn 0Pin
Dih =5 J' €iimPmpeXl a—)?: dv = TJ xm( ax”i, - a'x'n“_l )dV

U MOCJIE€ MHTETPHPOBaHUSA IO YacTsIM B KaxkiOM H3 JBYX WIEHOB

Dy = [Py av. (29,13)

IlaoTHOCTE k€ TMOTOKA AHCJOKANMH Bpra)KaeTCH yepe3 TOT XKe
TeHzop P;, corsacHo

. P;
jin = — aa/* . (29,14)

B stoMm nerko y6enuthbcs, HanpHMep, BBIUHCJAMB HHTErpan _[j,-k dv
0 NPOH3BOJILHOH YacTi o6beMa TeJa ¢ NMOMOILLIO BeipaxeHus (29,10)
KaK CyMMY MO BCEM 3aKJIIOUeHHBIM B 3TOM 00BeMe JHCA0KAUHOHHBIM
netiam. OtMeruM, 4TO BhIpaxkenue (29,14) Bmecte ¢ (29,12) asToMa-
THUECKH YAOBJETBOPAIOT ycaosuio (29,7).

‘CpasuuB (29,14) u (29,4), mbt Bugum, uto Sw™ = 8P;. Ecau
VYCJAOBHTbCA CYHTATh IJIaCTHYECKYIO ﬂeQ)opmaumo OTCYTCTBYIOLIE
B cocTosiHuH ¢ Py = 0, 10 6yneT u wip’ = P . Iogpasymepaercs,
yTO Becb mpouecc Aegopmaunu npoucxoput mpu B = 0. 310 obcros-
TeJLCTBO Hal0 NOAYEPKHYTb, MNOCKOJNBKY MeXAy TeHsopamdH Py H

w3 cymecTByeT NpHHLMIHAJBHOE pasJHuue: B TO BpeMms Kak -Pi

sBJIsieTcsl GyHKUHeH COCTOAHHA TeJa, TeH30p w{;” ne ecth GyHKHUS
COCTOsiHHMS, @ 3aBHCHT OT Mpolecca, NPHBEJLIEro TeJI0 B AaHHOE CO-
crosHue. B 3THX yCclOBHAX HMeeM
nn ou,
wip = Wip — wiz” —a}—'f' — Piry (29,15)
13
TJie CHOBA Uy — BEKTOD [OJHOTO TeOMETPHYECKOTO CMEUIEHHS OT N0JI0-
XeHHs B HelepOPMUPOBAHHOM COCTOSIHHH. Y paBHeHHe (29,6) npH sToM
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VIOBJETBOpAETCA TOXKIECTBEHHO, a JMHaMHuecKoe ypashehue (29,8)
NpHHUMAET BHUJ
. 02um ) ale 29 16
pu; _xiklmm_ — Mikim ox (29,16)
Takum o6pasom, onpesenenue yupyrofi nepopManii, co31aHHON LBH-
KYUHUMHCS AucaoKanusamu ¢ B = 0, cBoauTest K 3afaue o6bIYHON T€O-
pHM YyOpyroctd ¢ o6beMHbIMH CHJAaMH, pacHpefeJeHHBIMH IO KpH-
CTANNY € MAOTHOCTBIO ~~AipimOP 1m/0xy.

§ 30. Pacnpenenenre B3aBMOZEHCTBYIOLIHX RHCJIOKAL M

PaccMOTpHM COBOKYHHOCTL €OJBLIOTO YHCJIA OAMHAKOBHIX INPSIMO-
JUHEHAHBIX AMCAOKAUMH, PacrOfiOkKCHHHIX NapajjeNbHO APYr APYry
B ORHOM W TOH e MJOCKOCTY CKOJbMKEHHS, W BLIBEIEM YypaBHeHHe,
onpegensiollee uX paBHOBecHoe pacnpefenenpe. [lycte och 2z ma-
pajijieflbHa JHCAOKANKSAM, a IJIOCKCCTh X, Z COBNAZaeT C IVIOCKOCTBIO
CKOJIbXKeHU.

Dynem nns onpeneneHHoCTH CUMTATB, UTO BEKTOPHl broprepca
JMCJOKauuii HanpaBjieHBl BAOJb ocH x. Toraa cuna, pefictByromas
B IUIOCKOCTH CKOJbXKEHHS Ha €AHHRUY AJNHBI JHCJACKAUMH, DaBHa
b0y, TAE Oy, — HanNpAxeHHe B TOYKE HAXOKIAEHUS JHCJIOKALMH.

Hanpsikenusi, co3faBaemble OIHOH NPSMONKHEHHOH JHCIOKa-
nuei (1 AefiCTByIOIME Ha APYTYIO AHCJIOKAUMIO), yOHBAlOT 06paTHO
IPONOPLUKOHAJBHO PACCTOSAHHIO OT HEe. Tostomy HanpsiKeHue, Co3sa-
BaeMoe B TOUKe X AMCJAOKauuei, Haxopslefics B TOuKe x', HMeeT BUA
6D/(x—x"), rtne D — mocTodHHas NOPAIKA BEJUYHHB YIPYIHX
MojyJell Kpucraiia. MoxHO 1oKasaTe, YTo 3Ta nocrosnHas D > 0,
T. €. JB€ OJMHAKOBble AHC/JAOKalMH B OAHON H TOH Xe IUIGCKOCTH
CKOJb2KEHHS OTTAJKHBAIOTCA JAPYT OT Apyra (4Js1 H30TPONHOH CPeibi
3TO mOKasaHo B sajauye 3 § 28).

O6o3nauuM MOCPEACTBOM P (x) NHHelHYI0 MJOTHOCTb JUCJAOKAaUM#A,
pacnpenesieHHBIX Ha oTpe3ke (ay, @,) OcH X; p (X) dx ecTb cymma
BeKTOpoB Dioprepea auc/ioKanuil, NPOXOAAIMX Yepe3 TOYKH HHTEp-
Baja dx. Torna nojHoe HanpsixeHue, co3jaBaeMoe B TOUKE X OCH X
BCEMH AMCJOKALHUSMH, 3aluILeTCss B BUAE HHTErpana

a, -

0u (1) = —D | £EE, (30,1)
- ay =

Jas Touex BHYTPHM €aMmoOro orpeska (a;, a@,) STOT HHTErpan JOJIKeH

NOHHMATLCS B CMBICJIE [VIABHOTO 3HAueHHS I/ TOro, 4rolbl HCKJIO0-

yHTh ¢u3uyeckn OGecCMBICAEHHOe JeficTBHE AMCTOKALWM CaMoH Ha

cebsl.

Ecan B KpHCTaJI.TIe HMeeTCﬂ TaKKe H MJ0CKoe (B IJOCKOCTH X, Y)
foJie’ Hanps:KeHui o' (x, y), CO3JaHHOE B3aJaHHLIMH BHEMIHHMH
Harpys3kamy, TO KaXAas AHCJOKauus OyAeT HaXOAuTbCA MNOA Jed-
cTBHEM - CHIBI b (04 -+ p (x)), TAe MBI oéoanaqn.nu Ans KPaTKOCTH
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p (x) = 0% (x, 0). YcaoBre paBHOBecHs! 3aKJIO4aeTcsi B OOpalleHnH
3TOH CHJIBL B HYJdB: Oy + p =0, T. €.

Pg‘?_) jﬁ - Pg‘) = o (%), Rk (30,2)
ay .
rie rJaBHOE 3HAayeHue OGO3HAYeHO, KaK 3TO NPUHATO, IepeyepKHy-
ThIM 3HAKOM HHTerpana. J10 — HHTErpajbHOe ypaBHCHHE JJdA ompe-
JesieHHs PaBHOBECHOTO pacnpepesienus p (x). OHO OTHOCHTCA K THITY
CHHTYJSPHHIX HHTErpaibHLIX ypaBHemnit ¢ sipom Kowm.

Pelnenne TaKOro ypaBHeHHs! CBOAMTCS K 3ajlaue TeOpHH (QyHKUMH
KOMIIJIEKCHOTO TIePeMEHHOro, GOpMYJTHPYEMOli CreiyiouuM 0GpasoM.

O6o03HaunM nocpeactTsoM & (2) GyHKIHIO, ONPeeNeHHYI0 BO BCel
IJIOCKOCTH KOMIUIEKCHOTO 2z (C pa3pe3oM IO OTPe3Ky (@, dy)), Kak
HHTETpaN

ag
’ Q@)= |L8%E. (30,3)
ay
ocpenctBom QF (x) u Q° (x) ofosHaunM NpefebHble 3Hauenus & (z)
Ha BepXHeM i HuxkHeM Geperax paspesa. OHU paBHBI TAKHM e HHTer-
panam, B3ATHIM [0 OTPE3KY (@;, @;) € OOXOJOM TOUKM Z = X COOTBeT-
CTBEHHO CHHM3Y HJIH CBEpXYy MO GeCKOHeYHO MaJjIOH MOJIyOKPYXKHOCTH,

T. €.
Q: (x) = g —"E—"é:)%g— 4 inp (x). (30,4)

Ecan p (&) ynosaerBopsier ypasrenuio (30,2), TO riaBHoe 3HaueHue
HHTErpajsa pDaBHO O (X), TaK YTO HMeeM

O (1) + @ (1) = 20 (1), (30,5)
QF (x) — @ (x) = 2 inmp (). (30,6)

Taxum o6pasoM, safaua o pemenuy ypaBuenus (30,2) sKBHBaJeHTHa
sajaue 06 OTHICKAHHHM aHANHTHUECKOH GyHKuuu Q (2) co cpoicTBOM
(30,5, nocne wero p (x) onpenensercs no (30,6). Ilpu stom dusnue-
CKHe YCNIOBUS PaccMaTpHBaeMol 3afauu TPeGYIOT TaKxke, YTOGH GhIIO
Q (o0) = 0; 310 CAEAyeT M3 TOTO, YTO BAAJH OT CHCTEMbl JHCJOKALH i
(X — d-00) HANpPsKEHHUS Oy AOJKHBEI OOPAIATHCA B HYJb (IO OIpe-
neqendio (30,3), BHe oOTpe3sKa (@, @,): Oy (X) = —DQ (x)).
PaccmoTpuM CHauand cayyail, Korja BHEIUHHE HaNpsiKeHHs OT-
cyterBytor (p (¥) = 0), a JUCJAOKAIHH CAEPKHBAIOTCA KaKHMH-JIHGO
npensTCTBUsME (leeKTaMH peleTKH) Ha KOHLAX oTpeska (a;, as).
Mpu @ (x) = 0 umeem u3 (30,5): QF (x) = —Q (x), 1. e. dynxuus
Q (7) nonmXKHA MEHSTb 3HAK NPH 06XONe KaMof U3 ABYX TOYEK @y, Qs.
D10oMy YCIOBHIO YAOBJETBOPsieT Jjobasd ¢yHKuus Buaa
P>
0= veshe=a 601
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rae P (z) — nonunoMm. ¥YcaoBue xe R (oo) = 0 ¢ukcupyer (¢ Tou-
HOCTBIO JI0 MOCTOAHHOro Koadduuuenta) sui6op P (2) = 1, tak uro
P
Q(2) = . (30,8)
@) Vies—2) —ay)
Taxoil xe Bux Gyner mmerb, corsacHo (30,6), u uckoMas GyHKIHSA
. 0 (x). Onpenenus xoscbdmunem B HeH COrNacHO YCJAOBHIO

a,

[o@as = (30,9)
(B — cymma BekTOopoB Dioprepca Bcex aucnokaunui), NOJYyuHM
p(x) = < (30,10)

, aV(a—xGE—a)
Mpur BuIuM, UTO JMCAOKALMH CKAIJIMBAIOTCA IO HaNpaBJeHHIO K Hpe-
OATCTBHAM (FPaHHIlaM OTPe3Ka) ¢ MJIOTHOCTBIO, O6PAaTHO NPOHNOPHHO-
HaJLHOH KODHIO u3 paccrosHuil 10 HuX. Ilo TakoMy Xe 3aKOHY BO3-
pacTaloT npu NPUBIHKEHHH K ay WJIH A, HanpsXKeHHs BHE OTPe3ska
(a;, a,); Tak, npH X > a,
) BD
Vix— ay) (@y — ay)
JpyraMn coBaMH, KOHUEHTPAUMs JHCJAOKAlMi y TpaHHUb DPHBO-
JHT K TaKOH e KOHIEHTPailuu Hanpmxeﬁuu HO APYTYIO CTOPOHY
rpaHHLbL. .
[lpennonoxuM Tenepb, YTO B TeX K€ YCAOBHUAX (NPENATCTBHS
B 3aJlaHHBIX KOHUAX OTPE3Ka) MMEETCH TaKie H BHeUIHee IOJE Ha-
npsixeHut p (x). O603HauYuM nocpeacTBOM 2y (2) <pyHKumo Buja (30,7)

Oy ~

u nepenuuem pasenctso (30,5) (pasnenus ero na Qf = —Q5) B Buge
Qt(x)  Q(x) _ 20 (x)
Qf () Bw xS

CpapuuB 310 paBencrso ¢ (30,6), sakmiouaeM u3 Hero, uto

Q@ _ 1 [ o@® d
@ =~ )W =7 +”‘P() (30,11)
. Py
rae P (z2) — nonunom. Pemenue, yAoBJeTBOpAIOlee  YCJOBHIO
Q (c0) = 0, nmoayuuM, BeIGpaB B KauectBe & (2) dynkuuio (30,8) n
[HOJIOXKHB P (?) = C (C — xoucranra). Hckomas dynkuua p (x)
HaXOIWTCS OTCI0Ja IO (popmy.ne (30,6) u paBHa

1 .
V= —a) I

p(x) = — co(g);/(az—a)(&—al)g—i’i—f

c
., (30,12
+V(az~—x)(x,—a1) (50,12)
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Iocrosiunas C onpenensiercst ycaosuem (30,9). KM 3pech p (x) BO3-
pacTaer npu x — a, (WIM X — @,) 10 3aKoHy (@, — x)~'/:, a no Apy-
ryl0 CTOPOHY HpPENTCTBHA BO3HHKAaeT TaKad K€ KOHLUeHTpalHus Ha-
npsiKeHu#.

Ecsnu npensitcTBHE HMeEeTCS TOJALKO C OAHOH CTODOHH! (CKaxeM,
B TOYKE d,), TO MCKOMOE pelleHHe AOKHO YAOBJETBOPAThL YCJAOBHIO
_KOHEUYHOCTH HanpsiKeHu# npu BceX X <G @y, BKAIOYAS TOUKY X = ay;
npy 3TOM CaMO NOJIOXKEHHEe NocjejHel TOYKHM 3apaHee HEeH3BECTHO H
JIOJUKHO OTIPENeNIUThCS B pe3yJbTaTe pelueHHs 3ajaud. B repmunax
Q (2) 310 3HauyuT, YTO X (@;) AOMKHO GBITH KOHEYHBIM. Takast QyHK-
uhst (yAOBJAETBOPAIOMAN TaKkxe H ycioBuio £ (co0) = 0) nosyuurcs
no toit xe gopmyane (30411), ecsiu B kauectBe €2, (2) BRIOpATL QyHKUHIO

/T — a

Qs — 2 ’

Q (2) =
Toxe oTHocauycs K Buny (30,7), u monoxuth B (30,11) P (2) = 0.
B pesyabtare noayuum

_ 1 x—a a,—§ m(E)dE
Py = — o M/g,al (30,13)

Ilpu x —a, p (x) obpammaercs B HYJIb KaK V' X — @, . [To Takomy xe
3aKOHY CTPEMHTCSI K HYJIO C APYrofi CTOPOHBI TOUKM @, [OJHOE Ha-
IpsiXKeHne Oy (x) + p (X).

Hakonenu, nycTb npensiTCTBHA OTCYTCTBYIOT B OOOMX KOHUAX
OTpe3Ka M AHCJOKALMH CIEepIKUBAIOTCH JUIIb BHEIIHMMH Hanpsxe-
nuamu p (x). CoorBerctByiomee Q (2) nonyuum, nonoxus B (30,11)

Q@ =vV(@—2(2—a) P =0

Omnako ycaoBue Q (oo) == 0 TpeGyer npu 3TOM cOBIIOAEHAA JAONOJ-
HHTEJbHOrO ycaoBusi: npousBeis B (30,11) npenenpHbill mepexof
K Zz — co, HahjleM

o (§) d&
2 = (), 30,14
jl/(az EE—a) : (' )

Hckomasn ¢yukuus p (x) maercs dopmynoh

1 ¢ d
p(x)=-—- ] V(a2—'x)(x_a1) 8VW-—(D§7(%—-:—G-J E._.Ex’

(30,15)

npruyeM KOOPAHHATHL @y, @y KOHIIOB OTPE3Ka ONPEAIAIOTCA YCAOBUAMA
(30,9) n (30,14).
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Bapavwa

HaiiTu pacnpefienenye ARCAOKALHA B OLHOPOXHOM NoJe HanpsKerud (p (x) = py)
Ha yuacTKe C (pENsATCTBMEM Ha OHOM HJIH Ha OGOHX KOHIAX.

Pewenmne B cayyae npensaTcTsusi Ha OJHOM KOHUE (dp) BHYHC/EHYME HHTE-
rpana (30,13) naer

__ Pe xX—a
o x)= aD a—x "

M3 ycaosrsi e (30,9) onpeXeasieTcsi AIMHA yuacTKa PACNOJOKEHHA AHCOKAIMil:
a, — a; = 2BD/p,. B6nusn ppensTCTBUsl, NO APYIYIO CTOPOHY OT HEro, Hampsice
Hisl KOHUEHTPHPYIOTCA NO 3aKOHY

Qs — Q;
wyrn ) FTa

B cayuae yuactka (ZnuEH 2L), OrpaHHYeHHOTO ABYMS NDENATCTBHAMH, BLIGH-
paeM Hayago OTCYETa X B €ro cepe)mHe H Haxonum no (30,12)

p(x)= (—”°~x+B)

Vu
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TENJIONPOBOAHOCTb KW BHA3KOCTh TBEPAbIX TEJ

§ 31. YpaBHeHHE TenJONPOBOAHOCTH B TBCPRBIX Tenax

HepaBuovepHas HarperocTb TBepAo#l CpeAbl He NPHBOAMT K BO3-
HUKHCBEHHIO B HCll KOHBEKUHH, KaK 3TO OOBIYHO HMEET MECTO B XKul-
koctsix. [103TOMY IepeHoc TerJa OCYIeCTBAALTCS 34eCh OHOH TONbKO
TenJIONPOBOAHOCTRIO. B CBA3H € 3TUM MPOLECCH TENIONPOBOAHOCTH
B TBEpAbIX TeJaX ONUCHIBAIOTCS CPAaBHHTENbHO GoJjiee NPOCTLIMH ypaB-
[eHASAMH, €M B JKHAKOCTAX, TJe OHM OCJHOXKHAWTCS KOouBeKuueH.

YpaBHenne TennONPOBOAHOCTH B TBEPHOH cpeae MoxkeT CbTh BBI-
BEJICHO HEMOCPEe/ICTBEHHO M3 3aKOHa COXPaHeHust 3HePTHH, BHIPAXKEH-
HOTO. B BHUAE ypPaBHEHHS HENPEePHIBHOCTH JJIsi KOJMuYeCcTBa TeMJa.
KosinuecTBO TeNJa, I[OTJollaeMoe B €IHHHIY BDEMEHH B CAHMHULE
oGbema Tena, paBHo T 0S/0f, rne .S — SHTPONHUS eAMHMUBI O0beMa.
Dra BequunHA AOMKHA OHITh npupaBHena — div q, rie ¢ — IJIOT-
HOCTb ITIOTOKA TeIlJa. DTOT MOTOK [PaKTHYeCKH BCEria MponopuHOHaE-
JieH TPaiueHTy TeMrepaTypHl, T. €. MOXeT OblTh 3aNHCaH B BHAE § =
= —x VT (x — temyionpoBojnoctb). Taxkum oGpasom,

S .
7L = div(xyT). 31,1y

Coraacuo ¢opmyJie (6,4) sHTponus MOxer OblTh HaNM@CaHa B BHAE
S = S§o (1) + Kauy,

.TEE O — TemnepaTypHbiil KO3QQUUMEHT paclIupennus, a Sy — SHTPO-

nust Tena B HelehOPMHPOBAaHHOM COCTOsIHMH. DByjaeM npeamonarats,
4TO, KaK 5TO OOLIYHO HMEET MEeCTO, UMEIOUIMEC B Tele PAasHOCTH TeM-
nepaTyp AOCTATOYHO MaJHl AJIsl TOTO, 4TOOBI MOXKHO GBLIO CYMTATD I1O-
CTOSIHHBIMH TaKie BEJIMYHHBI, KaK ¥, ¢ H T. 1. Toraa ypaBHeHHe
(31,1) mocsie MOACTAHOBKH HANHCAHHOTO JUIsi S BbIPAaXeHHs NPHUMETD
BHJ '

) GS,, auii .
T -+ KT —~ = x AT.
CornacHO H3BECTHOH TePMOAWHAMHUECKOH ¢opMyse nMmeeM

C, — C, = K&*T. -
[pouseoanyo or S, MOXHO HamucaTh Kak
89Sy - 88, OT Co oT

o0~ oT ot ~— T ot

(mpoussoanas 0S,/0T Geperca mpu uy = divu =0, T. e. npu no-
CTOSIHHOM o0BbeMme). .-
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—

B pesyabraTe noJiyunM ypaBHEHHE TEMJIONPOBOAHOCTH B CAEAYIO-
HiEM BHJE:

Co o +E2=C% 3 divu=xAT. (31,2)

Hns Toro 4yrofel mosyuuTh MOMHYIO CHCTEMY YpaBHeHHH, HAalO NpH-
COeHUTh CIOla elle ypaBHeHHe, onpefeasiollee AefopMalHio He-
PaBHOMEpPHO Harperoro Tena. DTHM ypaBHEHHEM SIBJSIETCA ypaBHEHHE
paszosecus (7,8)

2(1 — o)grad divu — (1 — 20) fotrotu = 201D g7 (31,3

H3 ypasuenus (31,3) Moxer GuiTh ONpefienieHa, B puHuumne, gedopma-
Hus TesMia NP NPOM3BOJLHO 33JaHHOM paclpefielleHHH TeMnepaTyphl.
IlogcranoBka moJiyueHHOTO TakuM 06pasoM gis div u BeIpaskeHus
B ypasteHue (31,2) npuBeieT K YpaBHEHHUIO, ONpeeNAOLIEMy pac-
npejencHHe TEMIepaTyphe, B KOTOPOM Heus3BecTHOH (yHKuUueH sB-
Jasercs oxHa Toiabko T (x, y, 2, 1).

PaccMoTpuM, Hanpumep, TEMJIONPOBOJHOCTh B HEOTPaHHYEHHOM
TBEpJOH cpefie ¢ paclpefiesieHieM TeMnaepaTyphl, YLOBJETBOP SIIOLIHM
TOJNBKO OJHOMY YCJOBHIO: Ha OECKOHEUHOCTH TeMIeparypa crTpe-
MHTCS K nocrosHHOMY npeneay T, n pedopmanusi oTCyTcTByer. B Ta-
KoM cayuae ypasuenne (31,3) HPHBOJMT K CAEAYIOUIEH 3aBHCHMOCTH
mexay divu u T (cm. 3agauy 8 § 7):

. 1 :
divu =~ o (T —To).

IloactaBasa 370 BhIpaxKeHue B (31,2), nosyuum ypaBHeHHe
(1+0)Cp--2(1—20)Cy 0T _  Ap (31,4)

3(2—o0) ot
THIIA [POCTOTO YPaBHEHHA TEMJONPOBOXHOCTH.

YpaBHEHHEM TaKOr0 K€ THIA OIMCHIBAETCS H pacnpefeseHue
TeMIepaTypbl BAOJb JJIMHLI TOHKOTO NMPSIMOr0 CTEPIKHSA, €CJH XOTsH Obl
OJMH M3 €ro KOHIOB He 3akpelJied. Pacnpenenenue Temmeparyphi
BAONb KaXJAOTO H3 MOMEPEYHBIX CEYEHHH CTepXKHA MOXKHO CUHTATH
TIOCTOSAHHBIM, TaK u4To T Oyher (pyHKuMell TOJIbKO OT KOODAHWHATH X
BIOJNb €ro JJInHE (M OT BpemeHu). TemnoBoe pacClIHPEHHE TAKOIoO
CTePXKHA MPHBOJUT TOMBKO K H3MEHEHHIO €ro AJHibl 6e3 m3MeHeHuS
npAMONHHeAHo# GOpMEL H 6e3 BO3HMKHOBEHHS BHYTPEHHMX Hanps-
KeHHH B HeM. $ICHO MosTOMY, 4TO NPOM3BOAHast 0S/0f B obuleM ypas-
Henuu (31,1) Romxuna GpathCs OpPM TOCTOSHHOM JaBJIEHHH, K [O-
cKONbKY (0S/0f), = C,/T, 10 pacmpejesenne Temneparypsl 6yaer
ONMHUCHIBATHCH OJHOMEPHHIM YPaBHEHHEM TENIONPOBOJHCCTH

oF T
Cp or T ¥ aE 0x2
Hano, BnpoueM, OTMETHTB, YTO C NPAKTHUCCKH JmCTaTom-xon TOY-
HOCTBIO pacnpefeneHyre TEMOEpPaTyps B TBEPAOM Tele MOXKET BCeraa
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_ONpPeAeNsTbCs NPOCTHIM YPaBHEHHEM TEIJIONPOBOAHOCTH. Jleso B TOM,
4TO BTOPO# wWieH B JieBOH cropone ypasHenus (31,2) npejactaBiser
coGoit nonpasky nopsaka (C, — C,)/C, no cpaBHeHHI0 C TE€PBHIM
uysesoM. Ho y TBepapix Tenm pasHuna MeXAY Das/HUHBIMH TeI1O-
€MKOCTSIMH OOBIYHO BechMa MaJia, U ecsld npeHebperarthb eio, TO ypaBHe-
HHe Te[JIONPOBOAHOCTH B TBEPALIX TelaX MOXHO BCeria mucarb
B Buje

oT

TIe y — €CTb memnepamyponposoorocme, onpenensieMast Kak OT-
Houtenyie y = #/C — ko3bGULMEHTa % K HEKOTOPOH CpeAHell Tell-
jgoemKocTd C enuHHIBL o0beMa.

§ 32. TenaonpoBogHOCTb KPHCTAILIOB

B aHu30TPONHOM TeJe HalpaB/cHUE NOTOKA Telia ¢ He JOJXKHO,
BOOOLIE TOBOPS, COBNaAaTb € HANpaBJEeHHEM TpajHeHTa TeMIepa-
Typul. [losTomy BMecTO dopmynnl q = —x y T MexXAy q ¥ I'DajfueH-
TOM TeMIIepaTyphl B KPHCTA/l/Ie HMeeT MeCTo 6osiee 001iast 3aBUCHMOCTD

oT .
i = —Hqp o (32,1
Tensop BTOPOrO PaHra x; Ha3bBAIOT TEH30POM TEMJIONPOBOJHOCTH
kpucrasia. COOTBETCTBEHHO 3TOH 3aBHCHMOCTH YDaBHEHHE TeIIO-
nposoauoctu (31,5) Toxe Gyner umerb Gosiee oOUME BUA

oT 0*T
/ CoF = nin 5y (32,2)

Tensop TEMIONPOBORHOCTH CHMMETPHYEH:
Hip = Hpye (32,3)
Sro yTBepKIeHHe, K JOKa3aTeMbCTBY KOTOPOTO Mbl Telepb mepei-
eM, sBjsgercd CJAeACTBHEM [PUHUMIA CHMMETPHHM KHHETHUYECKUX
KosdpduuunentoB (cM. V, § 120).
CKOpOCTb yBeJM4eHHs NOMHOHA SHTPONHHU Tesa Gnarofapsi HeoGpa-
THMBIM TIPOIeCcCaM TEelJIONPOBOAHOCTH paBHa

 Suen=— [ 4y = — [ div-aV + [qgrad - av.

TlepBoift uurerpan, G6yaydn npeofpasoBaH B MHTerpaj IO NOBepX-
HOCTH, Hcue3aeT. TakuM oO6pasoM, INOJdyuaeMm

Suon = qu %‘dv = ~". Lizd av,

TZ
u 5
¢ i T
Suon = — IW‘“”@X"V" : (32,4)
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B coorBercTBHH ¢ OGIIMM ONpele/ieHHeM KHHETHUECKHX KO3(duuueH-
TOB ') MBI MOXKEM 3aKJIIOYHTbL HA OCHOBaHHH (32,4), 4TO B JAHHOM CJ1y-
4ae TAKOBBIMH SIBASIOTCS KO3(buuueHTsl T2x%;, B COOTHOLIEHHSIX
1 or )
=T, (—=. 2

qi - T i ( T2 axh ‘
[Tostomy wu3 cuMMeTpuH KHMHETHUECKHX KOS(HIMEHTOB HEmocpe-
CTBEHHO CJeAYeT HCKOMOe CooTHouieHHe (32,3).

Ksagpatuunasa dopma

o er . 9T T
T 50y = Yk Tox oxy

JONKHA ObITb CYLIECTBEHHO MOJNOXKHTENbHON, MOCKOAbKY NOJOMNKH-
TEJIbLHOH J0/KHA ObiTh NPOU3BOAHAA (32,4) OT SHTPONHH 1O BPEMEHH.
YcnoBueM CymIeCTBEHHOH IOJOMHTENBHOCTH KBaAPATHUHOH (QOpMbL
SIBJISIETCs], KAK H3BECTHO, IOJOXKHTEJbHOCTh [JIaBHBIX SHAYEHH
mMatpuiibl ee Ko3dduiuento. [ToaToMy Bce riaBHbIE 3HAYECHHS Ten-
30pa TEMJIONPOBOAHOCTH %;;, BCErAa IOJIOKHUTENbHBI, YTO, BIpOYeM,
OYEBHAHO H M3 MPOCTHIX COOGpaxKeHH# O HamnpaBleHHH TENJIOBOrO
HOTOKa.

Huemo pasnuyHBIX HE3aBHCUMBIX KOMIIOHEHT TEH30pa X;, 3aBH-
CHT OT CUMMETPHHM KPHCTaina. [IoCcKOMAbKY TEH30p %;;, CHMMETPHYeH,
3TO YHCJIO TAKOE XKe, KaK Y CHMMETPUYHOIO TeH30pa BTOPOI'O PaHra o
(tensopa TemyoBoro pacumpenus; cm. § 10).

§ 33. BsskocTb TBepAbIX Ted

Ilpu usyueHun ABHXKEHHS B YOPYIHX TeNaxX Mbl 10 CHX IIOP CUH-
Tal{, YTO Npouecc AeHOPMHPOBAHHA NPOHCXOAUT OOPATUMBIM O6pa-
3oM. B 1eACTBHTENLHOCTH NPOHECC TEPMOAMHAMUYECKH O6paTHM,
TOJNBKO €C/IM OH MNPOHCXOAHT ¢ OGECKOHEYHO MaJjoi CKOpPOCThbIO, Tak
YTO B KaX/iblii JaHHBIH MOMEHT B TeJie YCIIeBAeT YCTAHOBHTLCS COCTOSI-
HHE TEPMOJHMHAMHYECKOTO paBHOBecHS. PeaslbHOe IBHMKEHHE HPOHC-
XOUT, OJIHAKO, C KOHEYHOH CKOPOCTBIO, TEJNO HE HaXOMUTCH B KaKIbli
AaHHBI MOMEHT B PaBHOBECHH, H IIO3TOMY B HeM NPOMCXOASAT NpO-
LECCH, CTPeMALuecss NPHBECTH €ro B PaBHOBECHOe cocTosiHue. Haju-
YHe 3THX MPOLECCOB M NPHBOAMT K HEOOPATHMOCTH ABUIKEHHSI, NpPO-
ABJISIOUIEHACS], B YaCTHOCTH, B AHCCHNAINKM MEXaHHYECKOH SHepruw,
IepexoAsimed B KOHIE KOHIOB B TemJo 2).

Huccunauust snepruy o6yCTOBJAKBAETCA INpPOLECCAMH ABYX po-
J0B. Bo-nepBbiX, IPH HEOAMHAKOBOCTH TEMIEPATYPHI B PAa3HHIX MeCTax
TeJa B HEM BO3HHKAIOT HEOODATHMBbIE NPOIECCHl TEIVIONPOBOAHOCTH.
Bo-BTOpHIX, ecin B TeJIe IPOHCXONUT Kakoe-HHOYAb BHYTpEeHHee ABH-

1) Ucnonssyerca ompefienienne B dopme, zammoit B VI, § 59.

?) Mox mexamndeckolt SHeprueil sjech NOApasyMeBaeTcsi CYMMa KHHETHUECKOH
SHEPrUU MaKPOCKOMHYECKOTO ABHIXKEHHS B YIPYroM Tesle H ero NOTEHIHaAbHOH (ynpy-
Toit) HepruH, 06YC/OBACHHOR HaJiHYKEeM AeOpMallkH,
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JKeHHe, TO TPOHCXOAAT Heo6paTHMble NPOIECCH, CBA3AHHBIE C KOHEY-
HOCTBIO CKOPOCTM J[BHIKEHHUSI; STH TIPOUECCH AMCCHNALUMH 3SHEPIrHH
MOXXHO Ha3BaTh, KaK H B XKHAKOCTHX, HPOLECCAMH BHYTPEHHEro Tpe-
HHS HJAH BS3KOCTH.

B GoabIMHCTBE CJAYy4aeB CKOPOCTh. MakPOCKONMYECKOIro HABHIKE-
HHS B Telle HACTONbKO MaJa, YTO JUCCHIIanud S3HEePTHH He3HayuTe bHa.
Takue «moutd o6paTHMble» MPOLECCH MOLYT OBITH ONHCAHBI C DO-
MOIIBIO TaK HasplBaeMOH JuccunatuBHOH ¢yHkmuM (cM. V, § 121).

WmMenno, ecau HUMeeTcsl HEKOTOpas MeXaHWyecKas CHUCTeMa, [ABH-
JXeHHe KOTOPOH CONpOBOXKAAeTCA AUCCHUIIALMEH SHEPTHH, TO ABHXKEHHE
MOXKeET OBITb OMHCAHO MOCPEACTBOM OOLIYHBIX yYpaBHEHUH BHIKEHMS,
B KOTOPbIX Hal0 TOJbKO K JeHCTByIOIlMM Ha CHCTeMYy CHJaam Jo0a-
BHTb OUCCUNQMUBHbIE CUABL UK CUAbL MpEHUs, SBJSIOLHeC JHHek-
HBIME (QYHKUHSIME CKopocTefl. DTH CHJAB MOTYT OHIThb NPeCTaBJeHb
B BHJi¢ HPOH3BOAHHIX IO CKOPOCTAM OT HEKOTOPOH KBaAPaTHUHOMH
dyHKuMH CcKopocTel, HasHBaeMOH L[HCCPHIaTPIBHOﬁ dyuxnueir R.
Cuna TpeHus f,, COOTBETCTBYWOUAS KaKOH-HHOYAb U3 OGOOIIEHHBIX
KOOpJMHAT ¢, CHCTEMBI, UMeeT TOrJa BHJ

f, = — R
¢ 04s *
JluccunatuBHasi (GYHKUUS SIBASETC CYLIECTBEHHO IMOJIOKHTENbHON

KBajpatuuHoil Qopmoil ckopocreil §,. Hamucannoe cooTHowEHHE
SKBHBAJIEHTHO COOTHOLIEHHIO

R_: "“Zfaaqa’ (3371)

rje SR — m3MeHeHHE JHCCHIATHBHOH (QYHKIHH HPH GeCKOHEUHO Ma-
JOM H3MEHEeHHH cKopocTed. MoKHO TaKKe NOKasaTb, YTO YABOEHHAs!
JHCCHTIaTHBHAS QYHKUMSI 2R onpejensieT YMEHbLIEHHE MEXaHHYECKOH
SHEPTHH CHCTEMbl B €JHMHHIY BPEMEHH.

Jlerko o606muTh cooTHomenue (33,1) Ha cayuall ABHXKeHUA ¢ Tpe-
HHEM B CIUIOIIHOM Tese. B 3TOM cjlydae COCTOsIHHE CHCTEMEI Onpefe-
J15IeTCsl HErpephIBHbIM PAA0M OGOGLIEHHEIX KOOPIHHAT. OriMH KOOPAH-
HaTaMH #ABJSETCH BEKTOP CMEUIeHHs u, 3aAaHHBIH B KaxJIoH Touke
tesa. CoOTBeTCTBEHHOE 3TOMY cooTHouenne (33,1) MoaKHO 6BITH
HaMMCaHO B HHTErPalbHOM BHAE: -

8 [Rav = — [f,6v,av, (33,2)

rie v = u, a f — JAHCCHIATHBHAs CHJa, AeHCTBYIOMAs HAa eARHHIY
ofbema Tea; MBI NHIMEM MNOJHYI0O AHCCHNATHBHYI0O (YHKIHIO BCETO

TeJa B BHJIE JR dV, tne R — puccunatuBHasd QyHKIHS, OTHECEHHast
K enunuie obnema Teda.

Onpegenum Tenepb OOWHMHE BHIL ;uaccunamnuoﬁ ¢yuruud R s
ReopMupyembix Ted. PyHKHHS R, ONHCHBAOINAA BHYTPEeHHEe Tpe-
Hue, AOMKHA 0GpalaThCsA B HYb, €C/IH B TeA€ OTCYTCTBYET BHYTpeH-
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Hee JBHXKEHHE, B YaCTHOCTH, eCJiH TeJ0 COBepmaeT TOJbKO MOCTyMNa-
TeJIbHOE MJIM BpallaTeibHoe ABHIKEHHE Kak Ienoe. [Ipyrumu ciosamu,
JuccunatuBHad QYHKHMA JOMKHA 06pamaThest B HYJb NPH V = const
# npu v = [Qr]. D10 3HAUHT, YTO OHA AOJIKHA 3aBHCETh HE OT CaMOil
CKOPOCTH, a OT €e TpajlHeHTa, NPUYEM MOKeT COJepKaTh JHIIb Ta-
KHe KOMOMHalmp MPOHU3BOAHHX, KOTOPhie OfpauiatoTcs B HYJAb NPH
v = [Qr]. TakoBbiMy #BJAATCH CYMMBI

. - 1 an auk
vn =g (G + a0 )>
T. €. IPOM3BOJHbLIE TEeH30pa JedopManun 1o spemenu !). Takum obpa-

30M, AMCCHIIATHBHAS PYHKOHS A0MKHA ObITh KBAAPATUYHOH yHKUMEH
OF v;,. HauGomnee obummit Buj Takoft GyuruHu:

R = YsMinimVirVim- (33,3)
Tensop uerBepTOro pamra 1;,;, MOXKeT ObITb Ha3BaH TEH30POM Bf3-

KOCTH. DTOT TeH30p- o6nafaer CAeAVIOMMMH OYEBHIHLIMH CBOMCTBaMH
CHMMeTpHUH 2):

Nintm = Nimir = Mhitm = Nikmi- (33,4)

Bripaxkenne (33.3) ananoruuno Bwipaxenuio (10,1) mns cBoGon-
HOH 3HePTHH KPHCTajJa: BMECTO TEH30pa YNPYFroCTH B HEM CTOMT
Telepb TEH30D Ninim, @ BMECTO U;; — TEH30p v;. lloaTOMYy BCe pe-
3yJbTathl, nosayvyeHHele B § 10 ans TeH3opa Ay, B KPHCTAMIAX
pasJH4YHON CHMMETPHU, B MOJHOH Mepe OTHOCATCA H K TEH30PY MNixim.

B gacrHocTH, B H3OTPONHOM TeJie TEH30P 1Nz, MMEET BCETO JBe
He3aBHeHMble KOMIOHEHTHL U R Moxer OHTb HAaMCAaHO B BHAE, aHa-
JIOTHYHOM BHIpa:KeHHIo (4,3) IJ1sl yIpyro# 3HEPTHH H30TPOIIHOTO TeNa;

I
R =n (Uz’h - ';—61';;011) +—g_vfl, (33,5)

rae m u § — nBa kosddpunuenta Bsiskocrd. Ilockoneky R — cy-
LIECTBEHHO HOJIOXKHTeNbHAA (YHKUHMA, KOIPPUUMEHTH 1, § AOMKHEL
ObITH OJIOMKHTENLHBIMY i ‘ )

CootHoiuenue (33,2) aHaJOTHYHO COOTHOLIEHHIO, HMEIOEMY MECTO
IJis CBOGOJHOH yNpyrofi sHepruu: '

8 [Fav = — [ F,8u,av,

rie F; = 00,/3x, — cuna, neficteyiomas Ha eMHNNY ofbeMa Tena.
ITosTomy BhipaxkeHHe AJSi JUCCHIIATHBHOM CHJIBI Yepes TEH30P Uy,

1y Cp. amanorHuHBle PacCyXAeHmS 0O NMOBOAY Baskofi mxmakocru (VI, § 15).
2) HanoMHHM, 9TO CymeCTBOBAHHE AMCCHIATHBHOH (yRKUHM ABAAeTcH Caef-
CTBHEM NPHHIHKNA CHMMETPHHM KHHETHUecKHX Koapduuuentos Oucarepa. Hmenno
STOT NPHHUHKI NPHBOAUT K NEPBOMY U3 paBeHCTB (33,4) (11 ko2ppUUHEHTOB B JAnHel--
HBIX cOOTHOIeHHAX (33,7)), skBHBaNeHTHOMY (AKTy /CyLlecTBOBaHUS KBaAPATHYHOM
gopmpt (33,3). D10 GyAeT NpAMO MOKA3aHO NO AHAJOrHYHOMY NOBOAY B § 41, ° ‘
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MOMET GHITb HAMMCAHO HEMOCPEACTBEHIIO N0 aHaMoruu ¢ TeM, Kak Fy
BEIP@KAeTCA UEPes U;y! .
007
ho= s (33,6)
rie AHCCUIATHBHEI TEH30p HANpsKeHH# Oy Onpelessercd mocpen-
CTBOM

= Nik(mVim. (33,7)

Oip = T0in

Yuer BS3KOCTH B yPaBHEHHSX JABHKEHHA MOXKET ObiTb OCYHIECTBJIEH,
C/Ie0BATENBHO, NPOCTO INyTeM 3aMeHbl TeH30pa HANPSKEHHH O

B 5THX ypaBHEHHSX CYMMOH O - Ois.
B usoTponnoMm Telie

o = 29 (Uik — -;— Gikvll> -+ vk (33,8)

D10 BHIpaXKeHue, eCTECTBEHHO, (GOPMabHO COBMNAJaeT C BHIPAXKEHHEM
JIS BSISKOTO TeH30pa HaNPsKEHuH B XKUIAKOCTH.

§ 34. Mornouienne 3ByKa B TBEPRLIX Tejaax

KosdpullrenT norsyiomenus 3ByKa B TBEDABIX TeaX MOMKeT OuTb
BBIYHCJIEH BIIOJHE aHAJOTHYHO TOMY, KaK 3TO JeJaeTca AJsl XKUAKOCTeH
(cm. VI, § 79). [IpousBeneM 3jech COOTBETCTBYIOIIME BHIUHCACHNA 14
H30TPOMHOTO TeJa. '

Jlucennauusi MeXaHHUeCKOH SHepPTuu B Telle JAeTcs CyMMOMH

Eyg = — —;—j(vT)de——QdeV,

rie nepehlfi wieH OGYCJOBJEH TEIONPOBORHOCTEIO, A BTOpO# —
BSI3KOCTbIO. BOCIOMb30BaBILMCH BhipaxeHueM (33,5), umeeM, TaKuM
o6GpasoM, Qopmyay .

¥ b4 v 1 2 9
Eyex = — —T—j (VT dV — 2n _[ (vik -5 6ikvll) dv — CJW: av.
(34,1)
Jnsa BoiuHCAEHHS TPajveHTa TeMmllepatyphbl MOAb3YeMCs TEM, HTO
SBYKOBHIE KOJIeGaHHSI B NEPBOM NPHOINIKEHUH agnabatuunel. C no-
MoIblo Bhipaxkenud (6,4) i sHTpONHH NHuUEM YCJI0BHE apnaba-
THYHOCTH B BHIE -
So (T) + Kauy; = So (Fo),

rne T, — TemmepaTypa B HeieopMHPOBaHHOM cocTosinuu. Pasna-
rasi pasnoctb So (T) — S, (Ty) B psiA MO CTENEHAM T —T,, nmeeM
¢ TOUHOCTBIO JIO YJEHOB HepBOro Mnopsjxa

So(T)— So(To) = (T — To) 5= = 7= (T — To)
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(npousBoanas ot sHTponuu Gepercst npu uy; = 0, T. €. IPH NOCTOSIH-
HOM o6beMe). TakuM ofpasoM, nMmeeM

T—Ty=— T2

Ui

BOCHOJIbBOBaBI.HI/ICb TaKiKe COOTHOLUEHUSIMHU

Cy K
K = Kus = C; Kan, aa

= ¢ ——¢h
nepenﬁcmBaeM 3TO BblpaxKeHHE B BHJAE

T—Ty=— 2 (o — 5 ¢f) . (34.2)

PaccMotpuM cnauana MOMVIOHIEHHE IOMEPEYHBIX YIPYTHX BOJH.
TennonpoBosHocTs BOOGWIE HE MOXKET NPUBECTH K IOIVIOLIEHHIO Ta-
KUX BOJH (B paccMaTpuBaeMoM npuGimkenuu). JleficTBUTENBHO,
B IoNepeuHo# BOJIHE Uy = 0, H OTOMY TeMIepaTypa B Heii, COIJIaCHO
(34,2), nocrosimna. Ilyctb HanpaB/ieHHe pacHPOCTPAHEHHS BOJHBL
BBIGPaHO B KayecTBE OCH X; TOTJa

Uy =0, uy = u,, cos (kx — i), u, = u,, cos (kx — wf)

H U3 KOMIIOHEHT TeH3opa AedOpMalUy OTJAMYHBI OT HYJAS TOJbLKO

k.
Uyy == — ﬂ)Qy__ sin (kx — of), Uy, = —

uozk

2

sin (kx — f).

-ByaeM OTHOCHTb RucCHNAUMIO SHEPIHH K eAMHHIE ofbeMma Tena;
INs cpefHero (Mo BPEMEHH) SHAYEHHS STOH BeJuYHHbI nojgyuaeMm u3
(34,1)

.

ol
EMex = = ng (ugy + ugz)’

B L
rae MBI MOACTaBHJH B = w/c;. TlonHast e cpeaHsiss SHEPrHS BOJHBL
paBHa YABOEGHHO! CPeJHeHd KHHETHYECKOH SHEPTHH; OTHOCSA STy Be-
JHYHHY TOXE K eiunune o6beMa, NOTYYUM

—_ 0 2
E = pu* = 2 (u}, + ud,).

Koaddunnent nornomenust sByka onpesnensiercsi KaK OTHOLICHHE
CpeAHell IUCCHIIALMKE SHEPTHH K YABOGHHOMY CPEXHEMY NOTOKY SHep-
THH B BOJIHE; 3Ta BEHYHHA ONpPEAE/eT 3aKOH HU3MEHEHHS aMIIUTY/AbI
BOJIHBL C PacCTOsiHWeM, YyObIBamwlle#i NpONnoOpUHOHANBHO e-V*, Takum
00pasoM, HAXOAMM M/ KO3(GHUHEHTA IOIJIOUWEHHS MONePedHBIX
BOJIH CJIEAYIOLeE BBIpakKEHHE! '

_ IEMEX| _ ne?
w= el = (34,3)
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B npojoibHOH SBYKOBOH BOMHE U, = Uy €0s (kx — ©f), uy =
= y, = 0. AHajloTMYHOe BbIYHCJeHHE C MoMmoumblo dopmya (34,1)
(34,2) npuBOJAMT K pe3yJbTaTy:

2 4 uTcﬁp%ﬂ 4c3 \2
Y= ~2%57—[(Tn+ )+ (1 *aj—) ] (34.4)

St QopMyJBl OTHOCHTCH, CTPOro roOBOpPS, JHIUb K MOJHOCTLIO
- H30TPONHLIM amMopdueM TenaM. 1o nopsiaKy BeJMUHHBI OHH, OAHAKO,
ONpEeeNsAOT 3aKOH NOIVIOMEHHS SBYKa TAKXKe U B aHU30TPONHBEIX MO-
HOKpHCTa/NaX.,

CpoeobpasHble OCOGEHHOCTH MPEACTaB/sieT MOIJIOWeHHe 3BYKa
B MOJMKPHCTAJJHYeCKHX TenaX. Ecau AnuHa BOJHBI 3ByKa A Mana
O CPaBHEHHIO C PasMepaMM a OTAEJbHBIX KPHCTAJIMTOB, TO B Kax-
JIOM KDHCTa/JuTE 3BYK MOIVIOIIAETCSl TaK Ke, KaK OH MOIMOWaCs
66l B GOJIBILIOM KpucTajse, U KO3PGUUHEHT NOIJIOLeHH NPONOPUHO-
HaneH o2, : - .

Ecau e A > @, TO XapakTeép NOIVIomeHus MeHsercs. B Takoit
BOJIHE MOXHO CUMTATh, YTO Kax[bli KPHCTAJJIUT IOIBEPraercs BO3-
JEeHCTBHIO OJHOPOAHO pacnpeiefeHHOro Aasjenust. Ho BBuAY aHu3o-
TPONUH KPUCTAIATOB M TPAHHYHBIX YCJIOBHM Ha MOBEPXHOCTAX HX
COTPHKOCHOBEHUS BOSHUKAIOLAsA NPH 9TOM Aedopmanysi HEOLHOPOAHA.
Ona GynerT HCNLITHIBATH CYIIECTBEHHLIE H3MEHEHHsl (M3MEHeHue Mo-
psi/lKa BEJIMUUHE! ee caMOH) Ha MPOTSKEHHH PasMEPOB KPHCTAJIATA,
a He HA NMPOTSKEHMH JVIHHBL BOJIHBI, KK 3TO OBLIO OBl B OJHOPOAHOM
tene. {15 mornomenus 3ByKa CYLIECTBEHHBI CKOPOCTH H3MEHeHHs Je-
¢opMaLUK U BO3HHKAIOLIME TPaJAHeHTH TemnepaTypel. K3 Hux mepBrie
GYLyT KMeTh NO-MPEXHEMY OGBIYHBEIH MOPAAOK BeJHUMHEL. ['panuenTsl
e TeMmepatypsl B mpefeslaX KaxJOro KPHCTAMIMTa aHOMAJbHO Be-
auku. Ilostomy morsouieHue 3BYKa, OOyC/IOB/IEHHOE TeMJONPOBOA-
HOCTBIO, GyJieT BeNHKO MO CPaBHEHHIO C MOIJIOUIEHHEM, CBS32HHBIM
¢ BSI3KOCTbIO, H JOCTATOYHO BBHIYACAUTH TOJBKO HepBOe. )

PaccMoTpuM 1Ba pasHyYHBIX NpefieJbHBIX Cayyasi. Bpems, B Te-
yeHHEe KOTOPOro IPOHCXOAHT BhIpABHHBAHHE TeMMepaTyp Ha paccTos-
HHAX ~a OYTeM TEIUIONPOBOAHOCTH (BpeMs pefakcaluu s Telo-
IPOBORHOCTH), — MOPsKA BeJAHUMHH 0%/y. lIpeamonoxnm cHayana,
4T0 ® & %/a?. D10 3HAYMT, 4TO BpeMs DejaKCailuH MaJjo Mo CpaBHe-
HHIO C MEPHOZOM KoJieGaHHH B BOJIHE, ¥ NOTOMY TEIJIOBOE paBHOBecue
B Opejesiax KaxkIOro KPHCTALIHTA B SHAYHTEJNLHON CTENEHH ycie-
BaeT YCTAHOBUTHCHA; MBI HMEEM 3AECh JelI0 ¢ MOYTH H30TepPMHYECKHMH
KOJ1e6aHHIMH.

Ilycte T’ — BO3HMKaIOMME B KPHCTaJlUTe Pa3sHOCTH TeMIMepa-
1yp, a T§ — PasHOCTH, KOTOPbie BO3HHKIH Obl Mpu ajuabaTHIeCKOM
npouecce. Pacxoj Temsa myTeM TEM/ONPOBOAHOCTH (HA eAMHHIY
o6bema) ecTb :

—div q = xAT! ~ «T'[d%
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KosnuectBo xe Tensa, Bhiensomeecs npu AehopMaiuyu, — IopsaKa

Beanunnnl T9C ~ 0ToC (C — temnoemkocts). [lpupaBunBas ata
IBa BHIPAXKEHHS, MONYYHM

T~ Tp2%,
. X
Temneparypa ucneTeiBaeT n3MeneHne ~ 7' Ha NPOTSKEHHH Pa3MEPOB
KpHCTaNIuTa, TaK 4TO ee rpagueHt ~7T'/a. Haxonen, T Haxoaum
H3 (34,2), rae HajO NOJOXKHTb Uy ~ ku ~ uw/c (4 — aMIJIUTYNE
BEKTOpa CMeLIeHHs):

’ Topcw .
To~—5Cy (34,5)
(OU.eHHBaﬂ NOpAAKH BE€JHYHH, MbI, €CTECTBEHHO, He OTJIHYaeM pasmw—
Hble CKOpoCTH 3ByKa ¢). C NMOMOINBIO 5TUX Pe3Y/bTATOB BLIUHCISIEM
JHCCUTIAUHUIO SHEPrun B CAHHHIE ofbema:

EMex ~ 'KT' (VT)2 ~ _;"— (TTl)2

H, Pa3leluB ee HAa NOTOK 3Hepru# cE ~ cpw2u?, NONYYHM UCKOMBIM
Ko3(pduUueHT 3aTyXaHus
) Ta?pca

o~ -—7—2—(»2 opH ® << —- (34,6)
(C. Zener, 1938). CpaBuuBast 3T0 BhIpaxKeHHe C o6qubIM BHIp2XKEeHHEM
(34,3) u (34,4), MBI MOXKeM CKasaTh, YTO B PACCMATPHBAEMOM Cliyuyae
NorJiolleHHe 3BYKA HOMHKPHCTANJIHUECKHM TEJOM IIPOUCXOAHT Tak,-
KaK ecqas Obl OHO 06/1aJ1a/l0 BA3KOCTHIO

n~ Tq2p2c4a2/xc

ropasjpo GosblueH, 4eM HCTHHHAs BA3KOCTb COCTaBJSIOUIMX €r0 KPH-
CTaJJHTOB.

Janee, paccmorpum obGpaTtHeIl npelenbHbIfl clayuall, Korjga o 3>
> y/a*. Jpyramu cioBaMu, BpeMsl PeJaKCalluH BEIHKO 110 CpaBHe-
HUIO ¢ NEePHOAOM KONeGaHHH B BOJIHE, U 3a BpeMs KaxJOro Hepuoja
He yCrneBaeT NPOH30HTH 3aMeTHOe BBIpABHHUBAaHHE BO3HHKAIOUAX ITPH
ledopmauun pasHocTedl Temmepatyp. Beuio- Obi, OfHAKO, HENPABHJb-
HEIM CUHTaTb, UTO ONpeessIoliHe NMOrVIOMEHHEe 3BYKa TPANHENTH TeM-
neparypul nopsiika BeanunHbl To/a. TeM caMbiM MBI yuuTHIBadH Gbl
JHIUB TNPONECC - TeIJIONPOBOAHOCTH BHYTPH KaXKIOM0 KPHUCTAJIHTA.
Mexay TeM OCHOBHYIO POAb B JIaHHOM CJlydyae JOJKEH HIpaTh TEIJIo-
o0MeH MexIy cocefiHumH Kpuctaijamu (M. A. Hcakosuu, 1948).
Ecnu Obl KpHCTAMIKTE OBWIH TENJIOW3OJHPOBAHBL JAPYr OT APYra,
TO Ha TPaHMUE MEXIY HAMHM CO3JaBajucb OBl PA3HOCTH TeMIeparyp
TOro ke MNOopslika BeJMuHHBl To, UTO H PA3HOCTH TeMmmepaTryp B mpe-
Jenax OTAENbHOTO KPUCTA/NIUTA. B AeHCTBHTENLHOCTH e rpaHHYHbIE
ycaoBHSL TPEOYIOT HENpPepHIBHOCTH TeMmepaTypnl NpH mepexojie ge-
pe3 MOBepXHOCTH CONMPHKOCHOBEHHSI MEXLY KPHUCTaANHTaMH. B pe-
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3yJbTaTe BO3HHKAIOT «PAaCNpPOCTPAHAIOMMECH» OT TIPaHHN BHYTPb

KPHCTaAJINTa «TEeMIIEPATypPHBlE BOJHBIY, 3aTyXalollHe Ha paccrod-
1

Hin Y) .

8 ~ (y/w)\2.

B paccmarpuBaeMoMm cayuae 8§ « a, T. €. OCHOBHOH IpajfiMeHT TemIe-
paTypsl — NOpsiika BenuynHbl T¢/0 M MMeeT MeCTO Ha PacCTOAHHAX,
MaJbLIX N0 CPAaBHEHHIO ¢ OOIUMM pasMepaMi Kpucranauta. CooTBer-
CTBYIOLIasl 4acTb O6beMa KpHCTaJMIuTa ~a°0; OTHOCA ee K HOJHOMY
o6beMy ~a°, HalfileM CPEJHIO NUCCHNAIMIO SHEPTHH:

% (T(’) )‘-’ .

Ewex ~ 1 (~§) & ~ Tas

MMoxcrasus ans TG sepaenue (34,5) u paspenus Ha CE ~ cp@’u?,
HOJAYYUM HCKOMBIH KO3(G(MHIMEHT HOIVIOUIEHH A

Ta?pc

¥~ — V5o mp 0 > (34,7)

OH O0Ka3bBaeTcsi NPONOPIUOHATBHEIM KODHIO M3 dacTOTh %).

TakuMm o6pasoM, KO3(QduIueHT MOIJIOMWeHusl 3BYyKa B TOMM-
KPHCTAJLIMUECKOM Tejle NPH CaMbiX Maublx yactorax (o y/a?) me-
nsiercss Kak o2 satem B obaacth y/a® € o & c/a OH MeHseTcs mpo-
nopuHoHaAbHO ®/2, a mpu © > c/a Ko3(pQHIMEHT NOTVOLIEHHS
CHOBa TIPONOPLMOHANEH ©F. »

Ananoruunsle coo6pa)keHHsl OTHOCATCST U K 3aTYXaHWIO moneped-
HBIX BOJIH B TOHKHX CTEpXKHAX M IyacTuHKax. Ecam h ectb Tommuna
CTepKHS MY NNacTHHKH, TO IpPH A > h cymecTBeH I'DaJiMeHT TeMIle-
paTypsl B [IONEPeUHOM HanpaB/eHHM H 3aTyxaHne ofycaoBIEHO
B OCHOBHOM TeILIONPOBOAHOCTBIO (CM. 3ajauM 3TOro mnaparpaga).
Ecan npu 3TOM BHIIOJNHSIETCS HEPaBEHCTBO © K y/h?, TO KoneOaHus
MOKHO CYHTaTh H30TEPMHUECKHMH; NO3TOMY NpH ONpeJeJienuy, Ha-
NpHMep, YacTOT COGCTBEHHBIX KOJeGaHHH CTEPXKHS /M IUIACTHHKH
Hal0 B 3TOM CJyd4ae HOJb30BAThCsl M30TEPMHUECKMMH SHAYECHUAMU

Moaysiefl ynpyrocTy.

1) HanoMHHM, TO €CJIH TENIOnpoBOASUIas CpeAa OrpaHuuena IIOCKOCThI0 X = 0,
A36LITOHAS TeMIepaTypa KOTOPOH H3MeHsleTCsl NEePHOJHYECKH MO 3aKOHY T =

w Toe '®%, 10 pacnpejesierne TeMnepaTypH B CpeAie OMHCHBaETCA «TeMnepaTypHoil

BOJHOY . : .
T’ = Tjexp [—iot — (1 + &) xV @/2x]

(em. VI, § 52). \
%) Taxoli Xe UacTOTHOH SAaBHCHMOCTHIO XapaKTePH3YeTCs MOTVIOMEHHE 3ByKa,

pacPOCTPAHSIOMEroCs B XHAKOCTH HIH B rase BOJH3H TBEpAOH CTeHKH (Hampumep,
mo TpyGe); cM. VI, § 79. )
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3anaum ,
1. OnpenenyTs KoddybHIMEHT SaTyXaHHsI HPOJOJBHHIX COGCTBEHHBIX KOaeGa-
HH{T CTepKHA.
Pemenue Koabppunuent satyxanus KoseGaHuil CO BpeMeHeM oOnpefed-
€Tcl KakK '

6=|EMex |/2E;
aMIVIHTY/la KojeGaHuii y6LIBaeT cO BpeMeHEeM NPONOPLUOHAILHO e‘bt.
B npoRouabHOi BOJIHE B KaXKAOM MAJIOM YYacTKe CTEPXKHS NPOUCXORHT MPOCTLR
pacTAKEeHHEe HMAH CXKATHE; KOMMOHEHTH TeH3opa AedopMalHH
u ou, e — & Ouy
27 T oz ’ xx T Yyy ‘an oz

Jlas u; numeM u, = uy cos kz cos wf, rae
.
VEan/p '
Boiuncenns, auanorxunbie TPUBENEHHBIM B TeKCTe, NPMBOAAT K CAEAYIONIEMY Bsi~
paxeHHI0 Aa8 KO3QPHLHEHTOB 3aTyXaHUA:
? { 1 3¢ — ¢} e % T p%x?

k

B= 201 3 (75— (€7 —€3) (3¢7 — 4¢j) + 9Cc? :
Buecto Eap, Gap MBI BBEJH 3leCh CKOPOCTH C7, ¢f COTJIacHO Qopmyaam (22,4).

2. To xe pas DPOROJBLHHX KoJeGaHUN MJAACTHHKA.

Pemenune [lna BoaH c HanpabnenneM KoseGaHuil, mapaijebibM Hanpa-
BJIEHHIO BOJHB (OCH X), HMeeM CJEAYIOULHE OTIIHUHBIE OT HYJSl KOMIOHEHTH TeH3opa
Jedopmallnu:

I Ouy 4 — _ _ Oan Oty
S T 1 —0ay Ox

(cM. (13,1)). CropocTs pacnpocTpaHeHHsl 5THX BOJH paBHa

T
p(l——ogn)J )

BquHCJXEHPIe NPUBOJHUT K pe3yNbTary.

b= o [ n 3¢} + 4cy — 6cic? L xTe?p? (1 4 0ap)?
201 3 cie (5 —c3)- 3 (c;—¢3) 9cy, °

Has Bsoan ¢ HampapieHHeM KojeGaHull, NepneHANKYASPHHM HanpaB/JIeHHIO
BOJitb, Uy; = O u 3aTyxanue o6yc/IOB/IEHO OLHON TOMLKO BS3KOCTLIO ). Kostdunuens
saTyXaHusl JJA TakHX CJydaeB BCeTAa onpefeasercss QopmyJoi

p = no?/2pc3,

K 2Tum cryuasiM OTHOCHTCS TakKe H 3aTyXaHHe KDPYTHAbHHIX KOJeGaHH{ B CTEDKHEX.
3. Onpenenuth KO3QOUIMEHT 3aTyXaHUsA MONEPEHEIX COGCTBEHHHX KoaeGammil
CTepKud  (C 4acToTaMH, YAOBIETBOPSHIOMMMH YCJAOBAID ® > %/k%, h — Tonmmma
CTepKHA).
Pemenune OcHOBHYIO polb B 8aTyXaHMH HIPaeT TenonpoBoAHOCTs, Coe
rnacno § 17 uMeeM B KakJIOM 3/1eMeHTe o0beMa CTepKHS
u £ u ) Oan — s
== — f—— =t ———
2T R ? XX vy an R
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(#3ru6 B TIOCKOCTH X, 2); MpR © > y/h?_KoneGaunst agHaGaTHHEL Ipn cnabom us-
rue pajguyc KpHBH3HE R = 1/X", Tak uTO
' u;; = (1 — 20ag) xX"

(utpux o3Hauaer RHQQepeHIHpOBAHHE 1O 2). HauGomee GricTpOe H3MeHeHHE TeM-
HepaTypa MCHHTLIBACT B HAMPaBIEHHH NONEPEK CTEPKHUS; NOITOMY (VT)? = (9T/ox)2.
C rnomompio (34,1) u (34,2) moayyaeM st cpefHefl AHCCHTAHLHH SHEPI'HU BO BCEM

CTepIKHE
wTa’EL S (1

(S — muomans CedeHHd crepxun). CPeAHIIO MOJHYI0 SHEPTHIO MOXKHO HAHTH Kar
YABOGHHYIO MOTEHLHANbHYIO SHEPTHIO!

Eanly | X7 de.

OKoHUATENbEO NOJYYHM AN KO3(QHIHEHTA 3aTyXaHHA
B— wTalSE a5
=718] €2 °
18/ e

4, To e Jsisi nomepeyHbXx KosNeGaHuf MIACTHHKH.

Pemenue Coraacuo (11,4) ameeM B KaXJIOM dJ€MEHTE ofbeMa NAACTHHKN
1 — 20ay ; 0%
1 — O'an 6x2

uj =

{13THG B WIOCKOCTH X, 2). JluccHrnanuio SHepruy HaXo UM 110 dopmynam (34,1) u (34,2),
2 MOJHYIO CPELHIOI0 SHEPIHIO —— YABAHMBAS BbIPAKEHHE (11,6). Kospdunuent 3ary-
XaHHH paBeH ’ . .
b= QMTO:ZEM | +0Gan _ 21:T ;1242) (3¢ — 4c3)? ¢}
3C3H | — 0ag 3C%h G —cyer .

5. OnpeaenuTh H3MeHeline COGCTBEHHBIX HACTOT HOMEpEeTHbIX KoseBannit cTepK-
Ef, CBA3aHHOE ¢ HeajuaGaTHYHOCTLIO koneGauufi, Crepxens HMeeT QOPMY NMHHHOIN
ARACTHHKH TOAWMHB A, IlOBepXHOCTb CTEPKHS NPEANOJIATACTCA TEMIOH3OIHPO-
BaHHON. L
Pemenne. [lyctb Ta, (%, f) €CTo pacnpefesieHue TeMnepaTyprl B cTepXKHe
‘npHafnaGaTHICCKHX KoaebaBHSAX, a T (x, {) — HCTHHHOE pacClpeje/eHHe TeMnepa-
FYPH B HeM (¥ — KOOpIMHATA BJOJb TOMIMHEL CTEPXES, H3MeHEeHHeM TeMTepaTypsl
BROTb TJIOCKOCTH Y, 2 mpeHeGperaem Kax Goiee mepennum). Tlockoasky npu T =
= Tay Tennoo6MeH MeXAYy OTHENbHLIMH yuacTKaMH Tejla OTCYTCTBYeT, SICHO, 4TO
¥paBHEHHE TEIIOMPOBOJHOCTH JOMKHO HMETb BHA ‘

0 0T

o0 T —Tan) =%

TipH nepHOAMYECKHX KojeGaHHAX C 43ZCTOTOR @ OTKJIOHEHHS Tag = Tapg — Tos
%= T — Ty TemmepaTypsl OT CBOErO PaBHOBECHOrO SHaueHHA T¢ npONOpPILHOHAND-

gt ¢'9%, ¥ ME uMeem

VA T= o Tan S

{wrrpux osHauaer AudxpepeHimpoBaHue NO x). Tlockombky Tay, cornacuo (34,2),
BPOIOPIHOHANLHO 1}, 8 KOMIOHEHTH Uj; NPONIOPUHOHANBHEL X cM..§ 17), T0 Tay =
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= Ax, rae A — NOCTOAHHas, KOTOPYI0 HET HAJOGHOCTH BHUHCASTL (OHA BHNAjaer
H3 OKOHYAaTeJbHOrO OTBeTa). PelileHHe ypaBHEHHs

i® [10)
v+ e—T=—A
+XT X *

C TPaHUYHBIM ycoBHeM T = 0 1pH X = +h/2 (IOBEPXHOCTL CTEPKHS TEIOHI0N K-
poBaHa) ecTh

sin kx ) . ®
T=A{x— k=141 -
(*—ees @y ) d+0 Y =
Mowment My CHI BHYTpEHHHX HanpsIKeHHil B H3OTHYTOM CTepiHe (H3THG B mio-
CKOCTH X2) CK/IaJLIBAETCS H3 H30TEDPMHYECKOH 4acTH My y3 (MOMEHT IIpH H30TEDMiYe-
CKOM H3IHOE) U M3 4acTH, CBA3AHHON C HePABHOMEPHON HArPETOCTLIO CTepXKHA. Ecin
My an €CTH MOMEHT NpH aAHaCaTHYECKOM H3THGe, TO NPH He BUOJHE aAMAGATHIECKOM

npouecce AONOJIHHTENbHAS YaCThb MOMEHTa YMEHBIUAeTCSl [0 CPABHEHHIO ¢ BeJHUH-
HOH My gy — M g3 B OTHOWIEHUH

) 1 B2
14+ (o) = I 2t dz J. 2Ty da.
—h/2 —hs2

Onpesenas npu npoHsBOALHOM yacToTe ® MoAyib IOura Eq xax kodbdunuent npo-

nopuHoHansnocTH Mexay My u [,/R (em. (17,8)) u sameuas, uro Eqgy — E =

= E*Ta?/9C, (cm. (6,8); E — m30TepMHUECKHH MOLYJIb IOnra), moxem Hanucatb:
Ta?

Eg=E+[1+[(0)] E? .

8Cp

Brgucnenne naer gas f (®) suipaxenue

o4/ &h #h
1@ =g (-~ 5-).

Ilpy @ — oo nosyuaeMm, XKak W AOMKHO 6bLIIO GHTD, f=1, rag ut0 E_ = Ean,
anpu >0 f=0u E,=E.

HacroTel co6cTBeHHBIX KOMeGaHMA NPONOPIHOHANLHEL KOPHIO M3 MOAyasA MOmura
(cM. sapaun 4—6 § 25). [osromy umeem

- : °J=(°o[1+f(0)o) fg;f]

rie @y — 3HaueHUsi COOCTBEHHBIX HacCTOT OPH NOJHOA agHaGaTHYHOCTH xon,eGaHnﬁ.
910 ® KoMmIeKcHO. Pasjensisi AefCTBHTEJBHYI0 M MHUMYI 9acTH (® = o' - iB),
noJjiyyaeM OKOHYATeNAbHO JIs COGCTBEHHOH 4aCTOTH .

ETo? 1 shg—sing]

m’=w°[lf 3Cp, & chE-cosE

H ana KoadduunenTa saryxanus

- B = 2ET a2y [1 1 shf-+sint ]
o T30 E chE-fcosk |?
rae BBeleHO ofosHauenHe § = A ((00/2)()”2. '

. Tlpu Gosbwux suagennsx § 9acToTa @ CTpeMHTCS, KaK M CEAOBAIO, K Gy, a
Ko3(duilmeHT 3aTyXaHud K

B = 2ETa®y/3C k2

B COIIaCHH ¢ pe3y/IbTaTOM 3ajlauH 3.
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‘MaJIble JKe gHayeHusa E COOTBETCTBYIOT ITOQYTH Pl3OTepMPI‘leCKPlM chIOBHHM; B 3TOM
cayuae

EToa?
0= Oy (l - —1_8—(71,—) ~ O (E/Ea,u)lﬂ’

a xo>duuneHT 3aTyXanus
g LT
T 180C

§ 35, OueHb BA3KHE MUAKOCTH

JInsi THUOMYHBIX JKHAKOCTEH YypaBHEeHH: Hasre—Crokca npumMe-
HUMBI 0 TeX [Op, I0Ka MEePHOABl ABHKEHHA BEJIHKH 110 CPABHCUHIO
¢ MOJIEKYJSIPHBIMH BpeMeHaMu. DTO, OJHAKO, HE OTHOCHTCA K OUEHDb
BA3KUM JKHAKOCTSIM. JI/is TAKHX KUAKOCTeH OOBbIYHbIE THAPOAMHAME-
yeCKHe YDaBHEHUs] CTAHOBATCS HeNPHMEHHMbIMH yXe IpH TOpasio
GonpIMX mepuofax Asuxkenns. CyIECTBYIOT Bf3KHE XKHAKOCTH, KO-
TOpblE B TeueHHe JOCTATOYHO MaJblX (20 B TO K€ BpeMsi GOJbUINX MO
CPaBHEHHIO C MOJIEKY/IADHHIMU) IPOMEKYTKOB BPEMEHH BELYT cebs,
KaK TBepjnle Tesqa (Hanpumep, LJIHUEPHH, kangudonb). Amopdubie
TBEpJbIe TeJa (HANpHMEP, CTEK/IO) MOXMHO paccMaTpUBaTh Kak Ipe-
AebHBIE caydail TAKHX JKHAKOCTE € BecbMa 60JBIIOH BA3KOCTHIO.

CBOICTBA 3THX KHUAKOCTeHl MOryT GHITh ONHCAHBLI CJEAYIOHIMM CIO-
cobom (npeasioxenubiM Makceearon). B Tedenne MajbiX NPOMEXYT-
KOB BPEMEHH OHH yNpyro nedopmupyorcs.. Tlocne mpexkpailenus Je-
QopManuy B HHX OCTAIOTCsl HANPAXKEHWs CIABHra, S3aTyXalollue,
OLHAKO, CO BPEMEHEM, TaK YTO IO HCTeYeHHH AOCTATOYHO 6071b1IOTO
IIPOMEXKYTKA BPEMEHH HHKAaKHX BHYTPEHHHX HanpsizKeHUH B KUJKO-
CTH DPaKTHUeCKH He ocTaercd. [1ycTh T ecTb NOPSAOK BEJIHUHHLL Bpe
MEHH, B TeyeHHE KOTODOTO IIPOUCXOAUT 3aTyXaHue HanpsxeHu#
(t HA3LIBAIOT HHOTLA MaKCBEJJIOBCKHM BPEMEHEM penakcauuu). Ilpen-
NOJIOXKHM, UTO JKHAKOCTb MOABEpraercs BO3JEACTBHIO HEKOTOPBIX Ile-
peMEeHHBIX BHEIWUHHX CHJI, NEPHOAWYECKH MEHFIOMUXCH CO BPEMEHEM
¢ wactotoll ®. Ecau nepuoi 1/® u3MeHEHHs CHJI BeMK N0 CPaBHCHHIO
C BpeMeHeM pejakcalud T, T. €. OT & 1, 10 paccMaTpuBaeMas K-
KoCTb 6yner BecTH cebsl, Kak OObYHAA BASKAs XUAKOCTb. Hanpotus,
npY JOCTaTOYHO OOJbIIMX YacToTax O (korza @t > 1) XHAKOCTH
Gymer Bectu celsi, Kak amOppHOe TBEpAOE TeNO.

COOTBETCTBEHHO TAKHM «IPOMEKYTOYHBIM» CBOHCTBAM PacCMaTpH-
BaeMBIX JKHUJKOCTEH HX MOXKHO XapaKTepH30BaTh OAHOBPEMEHHO KO3(¢-
HIOMEHTOM BSI3KOCTH 1) U HEKOTOPHIM ¢MOZLyJieM CABHIra» L. Jlerko
NOJYYHTb COOTHOLIEHHE, CBs3biBaioliee APYr ¢ APYroM NOPAAKM Be-
JIHUHH 7, | U BpeMeHH penakcanuu T. lIpu BO3JeHCTBHM NEPHOLM-
YyeCKHX CHJ C JOCTATOYHO MaJIOf YacTOTOH, KOrAa XHAKOCTE BELET
cebsi, KAK OOLIYHAs, TEH30p HANpsKEHUH onpeiensercs OGBIMHBIM BhI-
paxkenueMm Ans BS3KMX HAnpsiKeHU#l B XHAKOCTH, T. €.

Oijp = 2naih = —Qinmuik.
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B o6paTtHOM npeaenbHOM caydae GOJbHIHX 9aCTOT XKUAKOCTb BEAET
cebs, Kak TBepJoe Tel0, H BHYTPEHHHE HAMPSKEHUs AOMKHBI Onpe-
AenAThCsl M0 QOpMyJiaM TEODHH YNPYroCTH, T. €. Oy == 2uiy, (peun
UJET BCE BpeMA O «JedopMaumsaiX YHCTOrO CIABHTa®», TaK 4YTO Npejmno-
Jaraercsl, 410 4; = 0, 0;; = 0). Ilpu wacrorax nopsaaka o ~ l/v
HANpPsKEeHN s, ONPeAe/ISIOnHecs STHMH JBYMS BHIPaXKEHHAMU, LOJKHHI
COBNAAATh MO MOPAAKY BeiuunHul. Taxum oGpaszoM, umeeM Nu/At ~
~ pul/k, oTryna

n ~ T, (3511)

910 U ecTb HCKOMOE COOTHOLIEHHE.

BriBeseM, HaxoHell, ypaBHeHHE IBIIKEHHS, Ka4eCTBEHHO OMNUCHI-
Baiollee MMOBEACHUE paccMaTpuBaeMblX Kuaxkoctedl. [as atoro Gyaem
MCXOAUTh M3 Haubosee NPOCTOrO NPEANONONKEHHSI O 3aKOHE 3aTyXa-
HUsl BHYTPEHHHX HaNpsKeHu# (nocje NpeKpalleHusi ABHKEHHA);
UMEHHO, OyAeM CUHTATb, YTO OHO MPOHUCXONHNT HO MPOCTOMY IKCIOHEH-
UMaNbHOMY 3aKOHY, YeMy COOTBETCTBYET YpaBHEHHe

dogp, 1
a T g O
C npyroii CTOpOHEI, B TBEPAOM Tese GhIO OBl Oy, = 2ul;;, U HOTOMY
' d()'ih _ duik
G = Mg
Jlerko Bulerb, UTO ypaBHeHHE
dU'h 1 du'k :
g~ t o om =2 (35,2)

NPHBOJMT K NPAaBUJIbHLEIM Pe3ysbTaTaM B OGOMX MPEIeNbHBIX CAyYasnx
MEJIEHHBIX ¥ OBICTPLIX JBHKEHHH, a MOTOMY MOMKET CJAYKHTb MHTEp-
HOJSILMOHHBLIM yDaBHEHHEM [/ IPOMEXYTOUHLIX CJAYYAEB. ;

Tak, AN nepuoOAMYECKOro ABUIKEHHS, KOTAA U;, W O;; 3aBHCAT
OT BpEMEHM NOCPEJICTBOM MHOXKHTeNsd e ‘% uymeem mn3 (35,2)

—i00;, —i‘ Oip = —2jOUsp,
OTKyJAa
O = —I—:‘u—iuik. ' (35,3)
@v

[Ipu o> | a1a dopmyna naer 6, = 2uu,, T.'e. OGBHUHOE BHpa-
Kenue JJsi TBEPALIX Tea, a npu w! K 1

Oip = —2ipTOU;, = 2Tl
— OOBIYHO® BHIpAXKEHHE A/ KUAKOCTH C BASKOCTBIO .



FJABA Vi

MEXAHMKA XHAKHX KPHUCTAJLJIOB')

§ 36. CraTuueckue Aedopmauuy HeMaTHKOB

SKu/KHe KPHCTAIIBL NPEACTaBASIOT Co60H C MaKPOCKONHYECKO
TOUKHM 3peHus aHM3OTPONHYIO TEKydyio Cpely. MexaHuka 3THX cpel
gecer B cebe HepTH, CBONCTBEHHbIE KaK OOBMHBIM KHAKOCTAM, TaK
H YIPYTHM CPe/iaM, U B STOM CMbIC/Ie 3aHHMAET NOJOXKEHUE, IPOMEXY-
TOUHOE MeX]y THADPOAMHAMHKOH M TeOpHel YNpYyrocTH.

CyluecTBYIOT Pa3snyuHble THIBl XKHAKHX KPUCTAJJIOB. Kareropuio
HeMAMU4eCKUX HuOKux Kpucmannog (WM, KaK TOBOPAT A/ KPATKOCTH,
HeMAMUKO0B) COCTaBJAIOT CPejibl, KOTOpHIE B CBOEM HenegopmMHpOBaH-
HOM COCTOSIHHM OJHODOIHBI He TOJbKO MAKpO-, HO M MHKPOCKONH-
weCcKH; aHW30TPOIHS CPEAbI CBA3aHA TOJNBKO C aHM3OTPONHOH OpneH-
ramueil moitekyn B mpocrpanctee (cm. V, §§ 139, 140). Tlonasasio-
mee GOMBIUMHCTBO H3BECTHBIX HEMATHKOB OTHOCHTCH K IpOCTeHIeMy
WX THNY, B KOTOPOM aHH30TPONUS MOJHOCTbIO ONPENJIAETCS 3aaHReM
B Kaxj0fl TOYKE Cpelbl eAHHWYHOTO BEKTOpPa f, BHIAENRIOWIETO BCETO
oflH0 u36paHHOe HanpabjieHne; BEKTOP M Ha3LIBAIOT Jupexmopom.
TlIpu 3ToM 3HAYeHMs N ¥ —7N, PASAHYAIOMHECA UL SHAKOM, ¢busi-
GeCKH SKBHBA&JIEHTHH!, TdK YTO BLILEJCHHOH fBASETCS JMiIb Onpene-
JieHHasl OCb, a JBa MPOTHEBONO/JOKHLIX HaNpaBieHHs BAOJIbL Hee IKBH-
BageHTHH. Hakoden, CBOHCTBA 3TOrO THIA HEMATHKOB (B KamIOM
3/leMeHTe HX 00beMa) HHBAPHAHTHEI OTHOCHTEIbHO HHBEPCHH — H3Me-
HeHIs 3HaKa BCeX TpeX KoopAuHaT %). Hike MBI paccMaTpuBaeM TONBKO
STOT THII HEMATHYECKNX XKHJKHUX KPHCTAJ/IO0B.

TakuM 06pasoM, COCTOSIHME HEMaTHYeCKOH CPEABl ONKCHIBACTCH
sajanneM B KaxJof ee TOYKe HapsAy ¢ OObIYHBIMH AJsl XHAKOCTH BE-
JUYIHAMH — IJIOTHOCTH P, NAaBJAEHHA p H CKOPOCTH V — €lle H Au-
pekTopa n. Bce 5Ti BeiHUMHBI BXOAAT B KayecTBe HEH3BECTHLIX ¢QyHx-
IHil KOOPAMHAT W BpPEMEHM B yPaBHeHUs ABHXKEHUs HeMaTHKa.

B paBHOBECHOM COCTOSIHHHM HeNONBHXKHBIH HeMaTHK, HE HaXOoAa-
mAiicd ool AeficTBHEM BHEIIHHX CHJ (B TOM YHCAE CO CTOPOHBL OrpaHu-
YHBAIONLEX €ro CTEHOK), OJHOPOAEH: BO BCeM €ro o0beme n = const.
B 1edopMHPOBAHHOM K€ HeMaTHKe HalpapJieHle IHPEeKTopa MEAIECHHO
MeHsieTcd 10 MPOCTPAHCTBY; MEAJIEHHOCTh YIOAPA3yMeBaercs 3AeCh
B OGLIYHOM AN MAaKPOCKONHUYECKOH TEOPHH CMBICJeE: XaPaKTePHBIC

- 1) Dra rnapa nanucasa cosmectHo ¢ JI. IL TTuraenckum.

2) HemaTHKH, HE HHBApPHAHTHBE OTHOCHTE/LHO WHBEDCHH, HEYCTOMHHBH n0

. oTHOWIeHH K JedOpMALHH, UpeBpallacuiell UX B Tak HashIBACMble XOJCCTEPUKH —
cu, § 43 - :
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MJIHHBL, HA KOTOPBIX JedopMamusi CYIIECTBEHHO MeEHSIeTCS, = Be-
JIHKH FO CPAaBHEHHIO C MOJEKYAAPHHMH DpasMepamH, TaK 4TO Ipo-
'U3BOAHBIE On;/0X, AOJKHBL PaCCMATPHBATLCS KaK Majble BeJHUHHHL.

B aroit rniaBe Mbl GyneM OTHOCHTH BCE TEPMOAHHAMHYECKHE Be-
JIHYHHEI K ellHHulue o6beMa NePOPMHPOBAHHOTO Te€Ja, a HE K €IH-
HHle ofbema HeledOPMHPOBAHHOrO, KaK B INpPEAHIYIHUX TJaBax.
Onpesenennas TakuM 06pasoM MJIOTHOCTH CBOGONHON 3Heprun F He-
MarH4ecKOl Cpeipl CKJalbIBAETCA H3 CBOOOAHOM 3HEPTHH HexedOpPMH-
poBauHoro uematuka Fy (0, T) u suepruu gedopmauns F; [locnex-
Hfi TpeACTaBaserT CO00H KBafpaTHUHOE MO NPOM3BOAHBIM OT N BH-
paxenue, obmui Bup kKotoporo (C. W. Oseen, 1933; F. C. Frank,
1958; J. L. Ericksen, 1962)

Fo=F—Fy =X divny + i

B (nrotnp + B fnrotnp  (36,1)
(em. V § 140); ormeTnm, 4TO IJIfi €AMHHYHOTO BeKTOpa n (r) B CHAY

TOXAecTBA Vn® = 0 CHpaBeAJUBO PaBEHCTBO
[nrotn] = —(ny)n, (36,2)

03TOMY nociefinnit wien B (36,1) MoxkeT ObiTh 3amucaH TaK¥ke H
B 3KBHBaJienTHON Gopme K ((nV) n)2/2. :

Oueprust (36,1) urpaer B MexaHuke HEMATHKOB DOJib, aHaJOTHY--
HYI0 POJH ynpyro#i snepruu JedopMupOBaHHOTO TBEPAOTO TeJd, H
HMEHHO ee CYIIecTBOBaHHE HPHIAeT 3TOH MeXaHHKe HEKOTOPHIE uepThl
TEOPHU YIPYTOCTH 1).

Tpu xBagparuunbie KOMOMH2UHM NPOM3BOZHHIX B (36,1) HesaBH-
CHMBIL IPYT OT JPyra: Kaxaas H3 HUX MOKeT ObITh OT/IHYHA OT HYJIsI IPH
PaBHEIX HYJIO ABYX ApyruX. [lostomy ycloBue yCTONHYHBOCTH Hexe-
(POPMHPOBAHHOrO COCTOSIHUSA TPEOYET INOJOXKHTEAbHOCTH BCEX Tpex
kosppuunentoB K, K,, K, (PyHKUUH IJIOTHOCTH M TeMIepaTyphl);
MBI OYieM Ha3HBaTh HX MOOYASMY YN pyeocmy HeMaTHKa (KX HasblBaloT
TakXKe modyaamu Ppanxa).

Yrnomanem, uTo fepopManny, B KOTOPHIX OTJAHYHA OT HYJA JHIIb
onua u3 BenmuunH div n, nrot n uau [nrot nl, masuBaior coorser-
CTBEHHO  nonepednvism useubom, Kpyuenuem WIH npodosbHbIM u3eu-
6ox ?). B obueM cnyuae, KOHeUHO, AedopMaLusi HEMATHKA COJIEPIKHT
OJHOBPEMEHHO BCE 5TH TPH 371eMeHTa. [Iis WIIIOCTpalHu HX XapakTepa
yKaxeM npocteie npumepsi. IlycTh HemaTtuueckas cpela 3anosHsier
HPOCTPAHCTBO MeXAy ABYMSI KOAKCHAJbHLIMH UHIHHAPHYECKHUMH MO-

1) HedopmupoBaHue XHMAKOrO KpHCTajjia MNPHBOZHT, BOOGmle TOBOPH, K €ro
EH3JIERTPHYECKON NOJSPHIANHH H COOTBETCTBEHHO K BOSHHKHOBEHHIO 3/IeKTPHYECKOIO
noas (cm. VIIL, § 17); sroT spdexr obpuno crab, W MH He GyAeMm paccMaTpHBaTh
€ro BJAHAHHE HA MeXaHWuecKHe CBOMCTBA cpefsl. Mul He GyjeM TaKkKe paccMaTpHBATh
BJIHSIHHE, KOTOPOe OKa3hlBaeT Ha CBOWCTBA KHAKHMX KDHCTa/IJIOB BHEIUIHee MAarHHTHOE
ROJ€; BBUAY aHH3OTPOHMH MarRATHOR (haKTHYECKH AHAMArRHTHOR) BOCMDHHMUHBO-
CTH HEMaTHKa MATHHTHOE NOJe OKasHBaeT Ha HEFO OPHEHTHpYIOUiee JefCTBHE.

?) Mo anramickofl Tepmunonornu: splay, twist mair bend, \ ~
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BEPXHOCTSIMH; 7, ¢, 2 — UMJMHIAPHYECKHEe KOODIMHATBL C OChIO 2
10 OCH LMAUHAPOB. EC/IW AHPEKTOP N B KaXKIOH TOUKE CPeJb! HANpas-
Aen BIOJb paauyca (n, = 1, ng = n, = 0), 10 fedopMauus nMpeicTas-
asier coGoit mnomepeunsit u3ru6 (divn = 1/r). Ecnn n nanpasiex
B KaXKIOH TOUKe BJOJb OKPYXKHOCTH C IIEHTPOM Ha OCH 2z (ng = 1,
n, = n, = (), TO Mbl MMeeM YHCTHIl NMPOAC/IBHBIH H3rHO (rot,n =
= 1/r). Haxouen, ecim mno ToamyuHe (0Cb 2) INIOCKONapasijienp-
HOTO CJIOSl HeMaTHKa HampaBJesue JUpPeKTcpa MEHAeTcs no 2aKoHy
n, = cos ¢ (2), n, = sin @ (z), n, = 0, Mbl HMeeM 110 C HHCTbIM
kpyuennem (nrot n = —¢' (2))

Crenky, OTpaHHYHBAIOLUIHE 3aHHMAEMbIi KHIKOKPUCTANIHYCCKOH
cpenoit ofbeM, H Jaxe ee cBo0ojHass TOBEPXHCCTb OKashLiBalOT Ha
cpelly opueHTnpyiouee Bosjeiictaue (06 9TOM OyAeT TOBOPUTHCH MNOJ-
pobuee Huxke). [1osTOMY yKe caMO HalHIKe IPAHHIHBIX noBepxHocTel
OPUBOAMT, BOOGLIE TOBOPS, K 1e(OPMIPOBAHHIO HETOABHKHOH XUIKO-
KPHCTA/InuecKoil cpeabl. BosHukaer BONPOC O HAXOXKJEHHH YpaBHe-
RHi1, onpejlensiomuX Ty AedopManulo; APYyrHMH C10BAMU — 06 ypas-
HEHHsIX, ONpeAeNSIOKX PAaBHOBECHOE pacripejeteHue n (r) npu 3a-
ARHHBIX TpaHMuHbIX yeaoBusix (J. L. Ericksen, 1966).

Jlnss 3TOro HCXOAuM W3 OOLero TepMOAHHAMHYECKOTO YCJIOBHA
PaBHOBECHS — MHHUMAaJbHOCTH TNOMHOH CBOGOAHOH SHEpruu Tena,

T. €. HHTerpafna jF dV, npencrasasiomero co6oi GyHKuUuOHAD OT

¢yukuud n (r). [TockOJBKY BEeKTOp N eJMHHYHLIA, 3TOT PyHKUKOHAN
AOJKEH OLITb MUHHMAJeH NpH JOTNOJHUTEIbHOM ycaoBuu n* = I.
/eyl H3BECTHOMY METOAY HeolpeJie/leHHBIX MuoxuTesei Jlarpanxa,
Hafo noTpe6oBaTh pPAaBEHCTBA HYJIO BapHALMH

aj{p—_;—x(r) n2}dv, (36,3)

A (r) — nexoropas ¢ynkums. [lopvlaTerpanbnoe BeipaxeHue 3aBHCHT
KaK or caMux QyHKiwm# n;(r), TaK ¥ OT UX NPOU3BOAHBIX. Hmeem 1)

6 deV = _[ {—g,% on; —|—5{33%;5 akﬁn,-}dV =
{ OF oF oF
= J i__—ani — ah Y (akh—i)} 6n,-dV + @W (Sf'li dfk' (36,4)

BTopoii uJeH — MHTerpaj Mo NOBEpXHOCTH Teja — CYIIeCTBeH JHIIb
JNIS HAXOX/JeHHs TpaHuuHbix yciosuit. Ilonaras noka 6n = 0 na
rpaHulAX, HAXOAUM [ BapHalkH noJioit CBOOGORHOH HEPTHH

8 [Fav=— [Honav, (36,5)

1) B ol riaBe ANA YNPOUICHHA 3anuCH GOPMY MBI Gylem MOAL30BATHCS NpHU-
HATHM B COBPEeMEHHOR JHTepaType KpaTKuM 0G03HAUCHHEM OneEpaTopa puddepen-
DHPOBAHMA NO KOODJAHHATaMm: 0; = 0/0%y,
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rjpe H — BEKTOp" ¢ KOMIIOHEHTAMH
- OF oF
Hi = dknhi — "—071:— , g = W)-. (36,6)

Benuuuna H urpaer posib moJisi, CTpeMsILIErocs «BHIIPSIMUTH» HaIpaB-
JeHHs n BO BCeM O0beMe XKHJKOTO KPHCTal/a; ero HashbIBalOT MO4e-
KYASPHOIM NOAEM.

Ypasueune ke (36,3) npuHuMaeT BHA

[ (H 4+ 2n)snav =o,

OTKyJ2 BBMAY INpPOH3BOJBHOCTH Bapuallid On HaXOAUM YpaBHEHHE
paBHoBecus B Bufie H = —An, Orcioga A = —Hn, 1. e. npojoibHas
KOMIIOHEHTa 3TOTO YPaBHEHHS YJOBJETBOPAETCs 3a CyeT BuiGOpa A.
ITosToMy GakTHUeCKH YC/A0BHE PaBHOBECHS CBOAHTCA K TPeOOBaHMIO
KoJlmuHeapHoCTH BeKTopoB H W n B kKaxJo# TOYKe Cpejnl; NPOAOJD-
Has xe KoMmnoHeHTa H He umeer ¢usmueckoro cmbicia. Takum o6pa-
30M, YCJOBHE DABHOBECHSI MOXKHO 3alucaTh B BUJE

h=H — n(nH) =0, (36,7)

BBens BekTop h, mas koroporo nh = O,

Haiizem siBHOe BBIpaKeHHE MOJIEKYJISIPHOTO IOJS, COOTBETCTBYIO-
mero cBoGoxuo# smepruu (36,1). Ina nposenenus auddepenunpo-
BaHHUA 1O Oyn; 3aMeuaeM, 4TO

divn = aini, I'Otln = €1; ahni
(tie e;;; — aHTHCHMMETPHYHBIH €AUHHYHBIH TEH30p), H TO3TOMY

ddivm _ o 9 robn=e
@) O gy ol e

B pesyabTaTe NOAyYHM JJis TEH30PA ; BHIPAXKEHHE
Ttpy = K18;p divn - Ky (nrot n) nieg; + Ks[[nrotnln] ep,.  (36,8)

Janprefiimee auddepeHunpoBanue, coraacHo onpepenenuio (36,6),
OPHUBOJAMT K CJelylomel JOBOJBbHO CJIOXKHOH dopMmyje s MOJEKY-
JISPHOTO MOJIA:

H = V (K, divn) — {K, (nrot n) rot n 4- rot (K, (nrot n) n)} 4~
-+ {K3[[nrot n]rot n] -+ rot [Kyn [nrotn]l}. (36,9)

I'pannydbie ycnoBus K ypaBHEHUSIM paBHOBecHsl He MOTYT OHITh
YCTaHOBJIEHb B OOMIeM BHJE: OHM 3aBUCAT HE TOJbKO OT yNpyrof
sHeprud (36,1), HO U OT KOHKPETHOrO poza B3aUMOJEHCTBHSA KHIKOCTH
g OrpaHHYHBalOIlEH ee CTEHKOH; 5Ta [OBEPXHOCTHAS SHEPTUs AOJIKHA

BlJ1a Obl GBITh BKJIIOYEHA B MOJHYIO CBOOOIHYIO SHEPIHIO, MUHHUMAJIb-

HOCTb KOTOPOH Onpeje/siloT YCJOBHSI paBHOBecus. PaKTHUECKH 3TH
[I0BEPXHOCTHEIE CHJHK OOLIYHO HACTOJBLKO BEJHKH, YTO HMEHHO OHH
yCTaHABAMBAIOT Hanpapjiesde N Ha FpaHHIle, He 3aBHCsHINEE OT Xa-
pakrepa Aedopmanuu B ofbeme ofpasua. Ecau rpaHnuHas TBepaas
127 T8 TN MMawunav E M Nudumwmir  VII
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NOBEpXHOCTb aHH30TPCIIHA, TO 3TOC HaNpaBJ/ieHHe OKa3biBaeTCs BIOJHE
onpejie/IeHHBM (/M OJHHM H3 HECKOJbKHX BIIOJHE ONpeleseHHbIX).
Ec/i e NOBepXHOCTh H30TPOIMHA (CIOZla OTHOCHTCS M Cayuait cBoGoA-
HOM IOBEPXHOCTH), TO OKasHIBAETCA 3aJaHHBIM JIMIIb YTOJ MEXLY n
H HOPMAJIbio K IOBEPXHOCTH. EC/H 3TOT yros paBeH HYJO, TO N UMEET
BIIOJIHE ONpeJeseHHOe HanpaB/eHHe — [0 HOPMalH K IOBEPXHOCTH.
Ecau xe yros ormidyeH OT HyJd, TO JAONYCTHMBIE HanpaB/eHUs i
3aNOMHSAIOT KOHHYECKYIO MOBEPXHOCTb C ONpeJieJieHHBIM YTJIOM pac-
TBOpA.

B sroll nociaeiHeld CUTyaluHH HEOOXOAMMO MOCTAaBUTH AOIOJHH-
TeqpHOe TIpanuuHoe ycjaoBue. OHO yCTaHABIMBaeTcsi TpeGOBaHUEM
ofpallleHusl B HYJb IIOBEPXHOCTHOro nHTerpaita B (36,4) aas Bapua-
upi 6n, npencrapisioiMX co6oil MOBOPOTH N BOKPYT HOPMAJIH B Kax-
110fi TOUKe NMOBEPXHOCTH C COXPAaHeHHeM YIJIa HaKJIOHA K Hei (T. e. Ba-
pHaLuil, He MEHSIOWHX MOBEePXHOCTHOH 3Hepruu). Takas Bapuanus
umeer Bui On = [vn] 8¢, rae v — efuHHUHLIH BEKTOp HOpMaJH,
a 8¢ — NpOM3BOJDbHBIA (B KaXAOH TOUKe IMOBEPXHOCTH) YroJ INOBO-
pora. Hanucas Takxke sJeMeHT NMOBepXHOCTH B Buie di = vdf, mo-
JYYHM

i nkieimnnnvmvhaq) df =0,
OTKyla BBHAY INPOM3BOJILHOCTH 0@ Clelyer rpaHHYHOE YCJOBHE
TR i€imnMaVmVe = 0’ ) (36, 10)

HJIY, HalpaBuB OCb 2 BAOJb V.
Rpafly — Tyt = 0. (36,11)

Haxonen, caefaeM elle CJleAyiollee 3aMedyaHHe MO MOBOAY ¢ury-
pupyromux B (36,1) moayne#t ynpyroctu. IIOCKOMBKY OHH BBeAeHbI
Kak Ko3¢dHuueHTs B CBOOOJHON 5HEPTHH, HMH ONpPeLesiloTCs H30Tep-
Muueckue aedopManuu Tena. JIerko BuAeThb, OAHAKO, YTO TE XK€ KO3(¢-
(UIMEHTH ONMpeleNsIOT B HeMaTHKaX TaKXke ¥ aiunabaruyeckue je-
¢dopmauuu. [leficTBHTeNbHO, MBI BHAedH B § 6, uTO Asis TBepAOro
TeJia pas/inuie MEXAY H30TepMUUECKMMH H aiuabaTHYeCKUMH MOAY-
JSIMH BO3HHKAeT B CHJIY HaJHuusl B CBOOOLHOH SHEPTHH 4YJ€HA, JIH-
HeliHoro mo TeHnsopy Aebopmanuu. Jas HeMAaTHKOB aHAJOTHYHYIC
posib MOr Obl MTpaTh 4JeH, JHHEHHbIH 10 MPOU3BOAHBIM Opn;. Takoi
4jied JoJi2KeH Ol Obl OBITH CKAJAPOM M K TOMY XK€ HHBaPHAHTHBLIM 10
OTHOLIEHKIO K H3MeHeHHu10 3Haka n. O4eBHAHO, YTO TAaKO# uJeH Io-
CTPOUTb Heab3si (NMpou3BeleHHe n rot nm — nceppockanap, a eMHH-
CTBeHHLI HCTHHHBIH cKansp div n menser 3Hak BMecre ¢ n). Ilo sroft
NpuuKHe H30TepMHYeCKHe H afuabaTHyeCKHe MOJYJM HEeMaTHKa
COBIIQAaloT APYr ¢ ApyroMm (MofoGHO TOMY, KakK 3TO HMEET MECTO s
MO/l CABHIa H30TPONHOro TBepAoro Tena — § 6). Dru paccyxne-
HUSl MOXKHO c(hOPMYJMPOBAaTh M HECKOJbKO HHaue: B OTCYTCTBHE JIH-
HefilHOTrO uJleHa KBajpaTH4Has ynpyras sueprus (36,1) saBasercs
nepBofi «MasoH NONPAaBKOH» K TePMOJAMHAMHYECKHM BeJHYMHAM He-

ps
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AedbOpMUPOBAHHOrO Tejla; B CHJY «TEOPEMBl O MaJibIX JoOaBKax»
(cm. V, § 15), 6ynyun BhHpaxeHa yepes COOTBETCTBYIOLHE TEPMOAH-
HaMHMYECKHE MepeMeHHble (TeMIepaTypy HJH SHTPONHIO), OHA OJAMHA-
KOBa 111 cBOGOAHOM 3HePTHH W IJis BHYTPEHHeH 3HEPTHH.

§ 37. Npamosuneiinble AHCKIMHANHA B HEMATHKaX

PaBHOBeCHOMY COCTOSHHIO HEMATHYECKOH cpejpl IIPH 3aJaHHBIX
rPaHHYHLIX YCJIOBHAX He 00653aTeJbHO COOTBETCTBYET BCIOAY HeMmpe-
pHIBHOe pacnpefenenue n (r), B KOTOPOM BEKTOP n HMeJ Obl B KaxKno#
TOYKEe BIIOJIHE ONpefeleHHOe HampaBJeHue. B MeXaHHKe HEMATHKOB
HeoOXOAUMO paccMaTpPHBATh TaKkKe H JAedopManud C NOJASAMH n (r),
cojiepKalmuMy ocolble TOUKKM HJH OCOOBIe JIMHKWU, B KOTOPHIX Hampas-
JIeHHe N OKAa3bIBAETCsi HeOmpeeNeHHbIM. JluHelinbie 0COGEHHOCTH Ha-
3LIBAIOT OUCKAUHAUUAMU.

BO03MOXHOCTD BO3HHKHOBEHHS IUCKJIHHAIHMA MOMXKHO NPOHJIIO-
CTPHPOBAThL NPOCTEIMH MpuMepaMu. PacCMOTpuUM HEMATHK B JJIHHHOM
UHJHHIPHYUECKOM COCYAe, NpHYEM TrpaHHdHbiEe YCJIOBHS TpPeGyIOT
nepneHINKYJISPHOCTH N [I0BEPXHOCTH cocyha. EcTecTBeHHO OXHJATh,
Y4TO B PABHOBECHH BEKTOP N B Kaxnoil Touke GYAeT JiexkaTh B ILIO-
CKOCTH MONEPEYHOTr0 CeueHHs HHAMHJAPA H HAIpaBlieH [0 Pajguycy
B 3TOM cedeHHH (KaK 3TO n300paxkeHO Ha puc. 27, a); oueBHAHO, YTO:
Ha OCH UMJIMHApPA HalpasieHue n GYJEeT NpPH 3TOM HeoNpeJeNieHHLIM,
TaK 4TO 3Ta OCb OyJer AUCKAMHALHMeHd. Eciu XKe rpanuynble yCJIOBHsE
TpeGyoT napaj/elbHOCTH HAaNpaBjieHus N CTeHKe cocyjla B IIO-
CKOCTSIX ero MOMNEePeuHOTO CeYeHHsl, TO YCTAHOBHTCA paclpejeleHHE
¢ BEKTOPaMH N, JexalldMd Be3lie BJOJb KOHIIEHTPHUECKHX OKPYK-
HOCTeH B 5THX IJIOCKOCTSX C LEHTPaMH HA OCH UHJIMHIpa (puc. 27, 6);
U B 3TOM Cjydae HampaBjeHHe N Ha OCH OyJeT HeompefeNeHHBIM.

DT ABa NpHMepa — NMPOCTHle YaCTHHIE CJAYYaH NPSIMOJUHEHHBIX
IMCKAuHauuf. Mpl paccmoTpum ofHiy0 3ajauy O BO3MOXKHHIX pac-
npejenedusix n (f) B OpsIMOJMHEHAHBIX IUCKJHHAUMAX B HEOI'DAHH-
yeHHofl HemaTHuecKoH cpepe. OueBuAHO, 4TO pacmpeneneHHe n (r)
B TaKOH AMCKJIHHAUHH HE 3aBHCHT OT KOOPAMHATH BIOAbL €€ JJIHHHI,
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TAaK YTO AOCTaTOYHO PacCMaTPUBaTh €ro B [UIOCKOCTSIX, MNepreHju-
KyJAsSpHHIX OCH AMCKJIMHamuu. Bynem cuurarh, 4TO WM caMm BEKTOp N0
JIEXHUT Be3fie B 3TUX IJOoCKOCTAX. Takum 00pasoM, Mbl HMeeM JLes0
¢ mIocKol 3ajauell MexaHHKH HeMmaTHkoB. Hekoropwie ofuue cBO#i-
CTBa pelueHMs 3TOH 3ajayd MOTYT OBITh BHIICHEHBl yXKe U3 OOWHUX
coobpaxennii, 6e3 pacCMOTPEHHS KOHKDETHBIX YPaBHEHHH pPaBHO-
Becus. i
Bpenem UMAHHAPHUYECKYIO CHCTEMY KOOpAuHAT 7, @, z C OCbIO 2
BJOJb OCH AHCKAMHanuu. Kak yxe oTMeueHo, pacupeienesue n(r)
He 34dBMCHT OT KoOopaumHATH 2. OHO He
MOXKET 3aBHCEThb TaKxKe U OT KOOPAH-
HaTel r, IIOCKOJbKY B IOCTaBJIeHHOH
3afiaue (AMCKJAMHALKMS B HEOTPAHHYEHHOH
cpelie) HeT HUKAKHX [apaMerpoB C pas-
MEPHOCThIO AJIMHBI, C MOMOILbIO KOTOPBIX
Morvia Gbl OHITH MOCTpoeHa Ge3pasMmepHas
Puc. 28 (ragoBo#t siBasieTcss n (r)) QyHKUHS me-
pemenno#f r. Takum o006pasoMm, HCKOMOe
pacnpeneienie 3aBHCHT TOJNBKO OT YIVIOBOM NepeMeHHOH: n = n ().
Beenem yron Y MexAy n u paguyc-BeKTOPOM, NPOBEJIEHHBIM
B IUIOCKOCTH 2 == const B Jaunyio Touky (puc. 28); KOMIOHEHTH ABYX-
MepHOro (B 3TOH NJIOCKOCTH) BEeKTOpa n:

n, = cos §, A, = sin .

[Tonsipubli yron @ OTCUMTHIBAETCH OT HEKOTOPOro H3GPAHHOrO Ha-
npaBJieHHsl B IJIOCKOCTH — NOJsIPHOH ocu. BBepem rtakxe yroa &
MEXIy N M TOJSAPHOM 0Cblo; OueBHAHO, 4TO T = @ + V.

Hckomoe pemrenne onpegensiercs ¢yuxkuue#r P (9). OHO 10JKHO
VAOBJIETBOPSTh YCJOBHIO (M3HYECKOH OAHO3HAYHOCTH — IPH H3Me-
HEeHHH NepeMeHHOH ¢ Ha 27 (T. e. npr 00XOJie BOKPYT Hayala KOOpAH-
HaT) BEKTOp N IOJKEH OCTaTbCS HeU3MEHHHIM C TOYHOCTBIO 0 3HAKa
(43MeHeHye 3HAaKa JONYCTHMO BBHAY (H3HYECKOH 3KBHBAJIEHTHOCTH
HanpasjeHu#t n ¥ —n). DTO 3HAUHT, UYTO JONKHO OBITH

9 (¢ + 2n) = ® () + 2nn,

TAe n — LEeJ0e WM MOJYIEN0e IONOKUTENbHOE WM OTPHIATebHOe
yucno (3uauenue n = 0 orBeyaeT «HefeOPMUPOBAHHOMY» COCTOSIHHIO
n = const). Haa o¢ymruun ¢ (p) = O — ¢ uMeem o1cI0la

Yo+ 2n)=2n(n—1)+ ¥ (9. (37,1)
Uucso n Ha3uBaOT uHdekcom Pparka JUCKINHALHHE.
VYpaBHeHue paBHOBecHsI (KOTOpoe GYAET BBHIMHCAHO HHXKe) Ompele-
JseT NpousBopHylo dy/dp u umeer BuA
dy 1 ‘
—t-i-(’T = W ’ (37’2)
€ro mpaBasi CTOPOHA HE COJIePKUT HE3aBUCHMOH MEePEMEHHOH ¢ —
KaK CJeICTBHE TOro, UTO YpaBHEHHe AOJKHO OHThb MHBAPHAHTHO IO
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OTHOLIEHHIO K JI0GOMY IOBOPOTY Beeli cucTeMbl (HEMaTHKa) Kak lie-
JIoOro BOKPYT OCH 2z (T. €. IO OTHOLIEHHIO K NpeoOpasoBaHHIO @ —>
~> @ -+ @p); ¢OyHKIMA [ (P) NepHOAHYHA C NEePUOAOM T, MOCKOABKY
3sHaueHHs P W P -+ Gu3uuecKu ToxAecTBeHHBl. Orciona

P

= [ Fwyax, (37,3)
0

TZie MNOCTOSIHHAs HHTErpHpOBaHusl BhIOpaHa Tak, 4ro $ = 0 npu
= 0. IloxcraBuB 3T0 Bhipamenue B (37,1), HafizeM, 4TO

lll

1 P 1
F= [twdr ==, (37.4)

0 .
npu n =1 (uepra o3HauaeT ycpelHeHHe 10 NEePUOAY GYHKUMH).

Orcroia MOXKHO CJieJ1aTh BAXKHOE 3aKJIIOUeHHe O CHMMETPUY JAUCKJIIH-
HalWu: OPH MOBOPOTe BCeH KapTHHBI Ha yroa @, = 21/2 (n — 1)
BOKPYT OCH 2 YIVIBI {p MEHSIIOTCS HA I, T. €. BCe paclpeie/ieHHe OCTaeTcst
HeH3MeHHbIM. JIeACTBUTENbHO, C YYETOM MEePHOAUYHOCTH (YHKLUHH
f (4) sto0 mpeoGpasopanue HpI/IBOlII/IT K TOXIECTBY

b b+
T
o+-—1= | f dx—j f (x)dx -+ j f(x)dx =@ + Fr.

0

Takum o6pasoMm, B pe3yabraTe OAHOrO JIHIIb TPeGOBAaHHSA OLHO3HAY-
HOCTH OCh 2 aBTOMAaTWYeCKH OKasbiBaercs ocblo cHMMerpuu (C,,)

nopsiika
m=2|n—1|, nsz=l. (37,5)

«/IMHUM TOKa» HUPEKTOpPA ONpPENENSIOTCS KaK JWHHM, B KaXKAO#H
TOYKe KOTOPHIX 3JeMeHT ajuHn di (dl, = dr, dl, = r d¢) napanne-
ned n, JuddepenunanbHoe ypaBHEHHE 3THX JHHHH:

dlyjdl, = nyjn,,

T, €, d
?_
dinr gy ) (37.6)

Orciofa BuAHO, B YaCTHOCTH, YTO Cpely JHHHH TOKA MMEIOTCA
npsMonuHediHbie, Ha KOTOPHIX Y = pn (p — uen0e uucao). STu JH-
HUH INPEACTaBJsAOT cobolt 2|n — 1| panuanbHbIX Jaydeit

o= AP =0 b=pn p=0,1,2 ..y m—1. G17)

IlnockocTh IONEPEIHOI0 CEeUYEHHA AHUCKAUHALUY JACAUTCA 3THMH Jy-
9aMH Ha M OJHHAKOBHIX, MOBTOPAIOWMX JApYr JApyra CeKTOpoB.
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[lepefineM K KOHKPETHOMY MOCTPOEHHIO PellleHus JJIfl HEMaTHKa,
sHeprusi jAedopmauuu Koroporo paercs dopmyso# (36,1) 1).
a5t TWIOCKOTO pachpefesNeHds] HMeeM:

. 1 d . 1 "
len=—7- drz; + nr =TCOS¢(1+¢),
1 dn, n 1 ’
.l‘otzﬂ=—'7" 1o + ;p =75m1|’(1+1|7)»

nrotn=20

(V' = dy/dp). B cBOGOAHON 3HEPTHH OCTAIOTCS TOMLKO wieHb ¢ K
u Kg2
d —

[ Fardrdo =545 [ (1 —acos2p) (1 +yy 2L oc=11§:—+%.

Hnrerpan no dr norapudmuueckn pacxoautcsa. B peanpHbIX 3a-
Aayax OH 06pe3aercsi CBEpXY Ha HEKOTOpPOH JnHe R MOpsika Belu-
yuHBl pasmMepoB ob6pasua. CHu3y ke uHTerpan obpesaercs Ha pac-
CTOSHUSAX TOPSAKA BENHUHHB MOJEKYJADHHIX pa3MepoB 4, e ne-
pecraer ObITb NPUMEHHMOH MaKpockonudeckasi teopusi. [Ipu ormpe-
jJlelleHiH HHTepecylomero Hac pemenust Ha paccrosHusx-a L r K R
MOXKHO CUHTATh MHOXHTEJb

POCTO HEKOTOPOH MOCTOSIHHOHM, TaK 4YTO PaBHOBECHOE paclpejeseHne
Y (p) ompepensieTcss MHHHUMAJbHOCTBIO (YHKUMOHaA

27t
[ (1 — acos2) (1 + ¥'?) dp = min. (37,8)
0
YpaBHenye Jitnepa 3Tof BapHaUMOHHOH 3ajauy:
(1 — o cos 2) " = a sin 29 (1 — P'?). (37,9)
OHO wuMeeT, MpeXkJe BCEro, ABa OUYEBUIAHEIX pPelIeHHS:
Y =0 (37,10)
"
¢ = n/2. (37,11)

1y Bra 3anaua pemanace Oceenom (C. W. Oseen, 1933) u Ppanron (F. C. Frank,
1958) A/ 4ACTHOTO CTyuass HeMaTHKa, B Kotopom K, = Ks. Manaraemoe nuxe ofiiee
pemenne npunapnexut H. E. Hssaowunckony (1970).

2) B NOABIHTErpajbHOM BHIPAXKEHHH HHXKe OMyUIeHA [0JHas NPOHSBOAHAs (-
—a cos 29) 29 =(2p —a sin 2)’, uTo He BaHsAET HA GOPMYIHPOBKY BapHAIlHOHHOM
sajaun. Mbl BHBOJHM SlleCh YpaBHeHHe PaBHOBeCHd 3aHOBO, He mpuGerag K oM
ypasrenuam (36,7—8), ato dakTiuecky noTpe6oBaso Ob Gojee rPOMO3LKHX BHTHCTE-
HHL. :
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OTO — ocecHMMETPHYHbIE pEINEHHs, KOTOPbHIM OTBEYalOT COOTBET-
cTBeHHO puc. 27, a u puc. 27, 6 ). Dtu pelleHus: ONHO3HAYHBI, T. €.
uujaekce ®panka stux auckamHauui n = 1 (cp. (37,1)).

Jas Haxoxienus peieHnit ¢ n =% | 3aMmeuaeM, 4TO ypaBHEeHHe
(37,9) umeer nepBuIl uHTerpa 2)

(1 — acos 29) (Y2 — 1) = const = -;2—_ 1. (37,12)
Orciona Haxoaum peiuerue B Buje (37,3) ¢ ¢yHxuuei
1— 2 1/2
1) = Ty |- (37,13)
KOHCTéHTa q onpeneasercs ycaosuem (37,4)
n
1 —acos2y 1/2 _
(n— 1)‘7_[ [—I:WTP_J dy ==n (37,14)
0

(npu 3TOM AOMXKHO OHITh || g® <3 1). Dtu dopMyanl onpenensiior
HCKOMOe peruenue. [Ipn KaxJom n pemeHye eHHCTBEHHO: OCKOJIBKY
JeBass 4actb ycaosus (37,14) — MOHOTOHHO Bospacramomas ¢yHK-
WKl ¢, STO PABEHCTBO YNOBJIETBOPAETCA JMINb OJHHM 3HAYEHHEM ¢.
®yunxuus f(x) uerHa; mosToMy ¢ () — HederHas OGyHKuus. ITe
3HAUMT, 9TO INIOCKOCT ¢ = O SBJsIETCS IUIOCKOCTBIO CHMMETPHH
pacnpeneseHnsi; B CHJY CYIeCTBOBaHUS OocH cuMmMMerpuu C,, TeMm ca-
MEIM BO3HHKAIOT eille m -— | mpoXoasimuX uepes oCb 2z INIOCKOCTel
cummerpun. Hakownen, miockocTbio CHMMETPHH, OUEBHIHO, ABJSETCH
minockoeth 2 = 0. TakuMm o06pa3oM, MUCKAMHAUHS C HHAEKCOM n
obaajaer NONHOH CUMMETpueli Toueuno# rpymnnu Dy,;.

Ilpu n = 2 us (37,14) oueBuAHBIM 06pPa3soM CleAyeT, U4TO g = 1,
H COOTBETCTBYIOILEe peIleHHe eCcTh HPOCTO

Y=g = 0/2. (37,15)

Isi BHISICHEHMS KayeCTBEHHOIO XapakTepa IIOJyYeHHBIX pele-
HHA HCC/ELyeM NOBeJeHHe JHHMH TOKa BOGJIHM3M PaAuasbHBIX Jydels
¢ = ¢p (37,7). Ha 3tux ayuvax ¢ = pm, a BOAu3H HHX { & pn u
¢yukuus (37,13) cBoguTCs K TMOCTOSIHHOM:

l—a )1/2

=W~ A. (37,16)

Orcrona
1
Y= np X (P — ¢p).

1) Otmmerum, 910 B «BHPOXAEHHOM» cayuae Kj = Ky, & = 0 CymecTsyIoT pee-
HuA ¢ JobbiMe P = const.

2) EcaH paccMaTpHBaTh NOLLIHTErPaIbHOE Belpaxenne B (37,8) Kak QyHKUuio
Jlarpanxa ofHOMEPHOR MeXaHHTECKOR CHCTeMHl (mpuveM | MrpaeT poab oGobmeHHOb
KOOpAMHATHI, ¢ — POJb Bpemenn), To (37,12) ecTb uuTerpan sHepruu.
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JlndbdepeniuanbHoe ypaBHEHHE JIMHAH TOKAa NPHHMMAET BUJ

dinr 1 A
=cltgp~ ~ ,
de Y~ 5= ?—%p

OTKyJa HaxomuM Jjsi GopMbl JHHME ToKa BOJM3H Jy4da
r = const-|¢ — ¢p ‘ (37,17)

Ecau BBECTH i€KapTOBB! KOOPAUHATE C OCBIO X BJOJD Jlyya, TO BOIN3H
[OCJENHETO: I & X, § — @, X Y/x U ypaBHEHHE JIHHHH TOKa 3alH-
chiBaercsi B BUJe

y = const- x4, (37,18)

Jlanee Hajo paccMOTPeTb pasiauuHeie ciyyad. IIpu n = 3/2
uveem n — 1 >0, u u3 (37,14) ouesunHo, uro g >0, u mnoromy
A > 0. B 3ToM ciiyuae JIHHHHM TOKa BBHIXOJASIT M3 Hauyaja KOOpAMHAT,
Kacascb Jyua.

[lpu n = 1/2 napamerp ¢ <€0, a ¢ HAM U A <€ 0. Uncnensoe
fccaenoBanie ypastenus (37,14) nokaseBaer, 4YTo ¢ >1,a IIOTOMX
u |A] > 1. Us (37,18) Buano, uto y pacrer BMeCTe C X. O6Jiact
BOMM3M Hauaja KOOPAWHAT HENb3s DACCMOTPETb 3THM CIIOCOGOM,

n=3/2 n=1/2 VA n=-1/2
“m=1 _ m=1 m=§
Pl
,’///——\\ N ///,”"
] T
N % ,//,/ -
(R L : N \.\\\-
A \\ = VN N T
'\\ \___// ) \\ \‘\\5
~o // ~. hadad
~— ~- /
Puc. 29

Tak Kak, corgacHo (37,17), mpu A <@ 0 MajblM 3HAYEHHAM @ — @p
oTBeYajoT GOoJblINE 3HAYeHHs 7.

Hakonen, mnpu n <0 mapamerp —l €2 €0 u, corjacxo
(37,18), y = 0 npu x — oo. Jlunuu TOKa aCAMNTOTHUECKHM NDPHKH-
MaloTcda K Jayudy. ’

Ha puc. 29 cxemaTH4eCKH NOKasaHbl JUHKWH TOKA M5 AHCK/IHHA-

mwaii c n = 3/2, n=1/2 1 n=—1/2.

§ 88. HecuuryispHoe OCeCHMMETPHYHOE PeLICHHE
ypaBHEeHHI DABHOBECHS HEMATHKOB

Ocecummerpuunete Aedopmanun (37,10—11) (cm. pue. 27), npex-
CTaBJISIOMMe JMCKAHHALMH C nHiekcoM Ppamka n = 1, ABAsIOTCS
TOUHBLIMH DELICHHSIMH yPaBHEHHA DABHOBECHS HEMAaTHUECKOH Cpejsl
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€ 3aJlaHHHIMN [PaHHYHLIMU YCJAOBHAMH Ha CTeHKax cocyna. OnHaKo
OHH He fIBJAAIOTCA eIUHCTBEHHEIMH pelueHHsIMM 3THX 3azad. OuHu
€AHHCTBEHHB! TOJNBKO B KAaTerOPHH IVIOCKUX pewieHHB. Ecam xe orka-
3aTbCA OT MPEANONIOXKEHHSI O pPaclo/O:KEHHH BEKTOPOB N Be3jle B M0-
IepeyHBIX K OCH COCYAa MJIOCKOCTAX, TO BO3MOXHbI 4 ApYyrue pemle-
Hud, npuyeM He obiajaiouiue 0COGEHHOCTHIO HA OCH. Tak, ecau rpa-
HUYHBIE YCJOBUS TPeOYIOT MepUeHAHKYJASIPHOCTH N CTEHKe, TO JHHHH
TOKa JHUPeKTOpa B TAKOM peIleHHW 0e3 OCOGEHHOCTH PaclOMOXKEHH!
B MEPHAHOHAJNBHBEIX IIOCKOCTSIX M HMEIOT MOKa3aHHyw Ha puc. 30
dopmy. HaupHasnch HA CTEHKE HOPMaJbHO K Hef,
JUHHH TOKAa u3rubaiorcs, cTpeMsics K ocy r = 0, Ha é,i\‘
KOTOpOH, TakuM oO0pasoM, HampaBJieHHe N OKashH- I 1
BaeTcs BNOJHE oupejefeHHbIM. DoJsee Toro, Mul yBH-
MM, 9TO OTCYTCTBHE OCOGEHHOCTH B TAKOM PEILEHHH L
TPUBOAUT K ero 60Jblied TepMOAWHAMHMUYECKOH BHI- y !
TORHOCTH (MeHblel noaHo#t ynpyro# cBo6oaHOM \
SHEPTHH) [0 CPABHEHHIO C PElIEHHEM C 0COGEHHOCThIO \
Ha ocu (P. E. Cladis, M. Kléman, 1972). Tlpucty- B
0UM K [OCTPOEHHIO 3TOr'O PEleHHs. \
Bynem wuckaThb OCeCHMMETPHYHOE, ONHOPOAHOE
BIOJb OCH 2 DelieHHe B UUJHHAPHYECKHX KOOpIH- \
HaTax r, ¢, 2 B BUAE . !

n, =cosy (r), neg =20, n,=siny(r) Puc, 30
(38,1)
(cmpicn yriia y, nokasad Ha puc. 30). 'pasuunOe yc/ioBHE Ha CTEHKe:
y=0umopur=R § (38,2)
(R — panuyc UMJIMHAPHYECKOI'O COCYAa), 2 HA OCH MOCTABHM YCJOBHE
y = n/2 npu r = 0, (38,3)
oTBeyawllee, KaK YXe yKasaHO, OTCYTCTBHIO ocofeHHOCTH. Hmeem

AN

dy, COS ¥,
divn= —;———=-—slnxT+—r—.

CroGopuasi sHeprus AedopMauuH (Ha €AMHHUY MJIHHBEL BIOAB OCH 2)
Iaercss MHTErpajoM
pagt
| Faznrar =
4]
InR
=7 j {(Kysin®y + Kgcos?y) %2 + K cos®y — Kysin 2y-y'} dg,

-0

(38,4)
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[le WTPHX o3HayaerT AudepenunpoBanHue 0o mepemenHodr § =
=Inr?).
[MepBeift WHTErpaj YypaBHEHHs paBHOBecusi (T. e. YpaBHEHHA
Dfinepa BapualMOHHOH 3afaud O MHHMUMyMe (QYHKIMOHAJA (38,4)):
(Ky sin?y + Kgcos®y) 3% — Ky cos®y = const. (38,5)
Corntacto ycnioBuio (38,3) noaxHO OubTb j — 7/2 npu § — —oo.
OueBUAHO, YTO AJsl STOFO LOMKHO 6uTh )’ — O mpH ¥ —> 71/2; mosToMy
const = 0, tak 4ro

f_ V Ky cos

L= (K, sin?y + Kycos?y)12
Orciofa HaxXOiHM HCKOMOE pelleHHe, YAOBJETBOpsloLlee YCJIOBUIO
(38,2), B BHIE

x 2 2 ,\i/2
m2 - _L j (Kysin” g + Kocos” ) (38,6)
cos ¥

r VKIO

B nporuBomonoxHOCTh AucKauHauuu (37,10) 370 pemeHue He aBTO-
MOJIE/IbHO: B HETO BXOAMT pasMepHbIdl napametp AHHB R. Hurerpan
(38,6) BHIpaxkaercsi uepes 5SjeMeHTapHHE (YHKUMH. Brimumiem OTBET
B mOpennosoxenun, 4to Ky > Ki:

r_( VI—Rsmy —ksiny ' P .
R { Vi—Rsimty 4 £ sioy } exp {—— —- arcsin (% sin X)}
(38,7)

kz=Ka—K1 k"=1—k2=£

Ka ’ KS
[pu r — 0 pasnHocth 7/2 — ¥ CTPEMHMTCS K HYJIO MPONOPUMOHANBHO
mepBoil CTeleHu r, a JHHUH TOKa MPUOIMKAIOTCA K OCH Z MO dKCMO-

HeHLHAJbHOMY SaKOHY r ~ exp (const-z).
st cBOGOAHOM 3HEPTHH, CBA3aHHOH C 3THM pelIeHHEM, BhIYHCIE-

HHE Jaer

R
| Fa2nrdr = K, {2 + - arcsia ). (38,8)
[¢]

OTMeTHM, YTO 5TO BhIpaXkeHHMe BOOGile He 3aBHCHT OT pajguyca co-
cyaa R. Dueprus ke puckaunaump (puc. 27, a; peenue (37,10)):
R
[ Fa2nr dr = mKiL, (38,9)
0

1y [Mocnepuuft uieH B NOIZBIHTErPANbLHOM BHPAXKEHHH HeCYIeCTBEH LA ¢dopmy-
AVPOBKH BapHAIlHOHHOA 3aJauH, HO HyXeH A8 BHYHCICHHSA nosHok cBoGOAHON
9HepTHH.
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rie L = In (R/a) — Gonbuio# Jjorapudm, IpOHCXOKAEHHE KOTOPOTO
CBsI3aHO MMEHHO C OCOGEHHOCTBIO HAa OCH. MbI BHAHM, YTO pelleHHe
6e3 0COGEHHOCTH 3HepreTHueckd 6ojiee BHITOLHO M0 CPABHEHMIO C pe-
IIeHHeM C 0COGEHHOCTDIO (€CH TOJNBKO Ko3(duuueHT K; He aHOMAJILHO
Maan).

[Tone n (r) paccMOTpeHHOrO 3/1eCh OCECHMMETPHYHOIO 6e3 ocobeH-
HOCTH pelleHHsl YPaBHEHHH paBHOBeCHS MOXKeT ObiTh NOAYYeHO Hu3
noasa n (r) B AHCKAHHAUHMK ¢ n = | nyTem HenpepuiBHOH (T. e. Ge3
BO3HHKHOBEHHA KaKUX-THGO pas3peiBoB) JedopMmaluu — IMOCTENEH-
HBIM BBIBOJOM BEKTOPOB N H3 MJIOCKOCTeR z = const. I10 06cTOATEN B-
CTBO $IBJISIETCSl MpPOsiBAeHHEM BecbMa OOIeH CcuTyauuu, KOTopas
Oyner BbIACHEHa B CjelyiouleM naparpade.

3anaum

1. HafiTh ocecHMMeTpHYHOE pellleHHe ypaBHEHH DABHOBECHA HeMaTHYeCKOH
CpeAbl B LHJIHHAPUYECKOM cocylle 6e3 OCOGeHHOCTH Ha OCH, OTBEYaloliee TPaHHYHBIM
yCcaoBHAM pHC. 27, 6.

Pewewnne Mmem pemenne B Buge

n, =0, ng=-cosy(r), n,=siny ()
¢ TPaHHUHBIMA YCJOBHSAMH
L(R) =10, y%(0)=mn/2
Hmeem
rotg n=—cosx%, rotzn——-%sx—sinx—grx—, divn=0.

Co6ognasn sHeprus:

R InR

J' 2nrFydr=n J {Kg (sin y cos §, — %) + Kg costy} d§.

0 — o0
lepBLiii MHTerpasn ypaBHEHHs DPABHOBECHS:

Kgy'® — (Ky sin? g cos? y, - Kg cost y) = 0.

HurerpupoBanne 3T0T0 ypasHeHHs! NPHBORUT K pedysprary (monaraem Kg > Ky):

_L={Vl—k2sin2x —k’sinx}m,,k%:Kg—K,' b2 — K, )
R WT=Fsin®y + & siny Kg Ks

Mpu r— 0 yroa x — n/2 no saxomy

oy
7 A=W g
CpoGoanas sHeprus arofl fedopmauuu
T 1
j F2nrdr = 7K, {2 + 57 aresin k} ,
0

MeXIy TeM KaK CBOCORHAR 9HEPTHA MJIOCKOH JUCKAMHAUMH puc. 27, 6: sKgL.
2. HccnepoBath yCTORUHBOCTD RHUCKJIKHALKA C HHAEKCOM 7 == | OTHOCHTEJILHO
MajuX BoaMyuieHu#t Bupa On () (C. H. Anucumos, H. E. Hesaouwunckuid, 1972).
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Pemenne a) Heposmyulennoe nose pajiuaiphoil AMCK/iunanan (puc. 27, a):
fny = 1, ng = n, = 0. Bosmywennoe Xe nofe nHileM B BHe

ny =cos0cos O ~~ 1 —,—;— 02 + @?), nyp=costisin®~ @, n,=sin0 =6,

rie yras 8 g © — QyRKOLEA yrIOBOE KOOPAHRATH §. DHeprus, CBASaHHAs C ITHM
BO3MYLIEHHEM:

j Far dr dg = _‘;_ j (K@% 4 K + Ky — Ky) O — K,6%) do.
[yis ofwero uccaeioBaHus Hajo ObIO Ohl IOJOXHTHL

e{(p)= 2 ese“q’, <D(q)); E (Dse“‘”

S =00 SEES (X

H BHIDasHTL SHePIHIO Kak Qynxumo scex 8, M. Ho u Ges 1oro cpasy BHIHO, 9TO
paccMaTpHBacMas [BCKJIHHALNS BCETs HEYCTONYMBA OTHOCHTEILHO BOSMYyUIEHHS 8
(unen — K,0% B sHeprun).

6) HeBoamyllenHoe mnoje UMPKYAApHOR AMcKauHAnmW (puc. 27, 6): Ay = N, =
= 0, ny = 1. BosmylieHHOe NOJIE SaHCHBaeM. B BHAE

n,;vcosecos‘(-—;—-f-@) ~ — @, nw:—.costisin(—g— +CD) -

_._;_.(024.0)2), n,=sinf~0

ionpenesicHne yria @ wn3ameHeHO MO CPaBHEHHUIO € (IpEUbIAYLULIHM caydaem). Cootper-
CTBYIOILAn SHepIusi:

2
j Fyrdrdg = —[-i-—-" (Kg (03 + @'% + Ky — Kg) @ + 'Ky — 2K,) 07} dep.

Hau6osee conackb» sosmywieHun 6p u @y; ycaoBus yCTOHYHBOCTH (O OTHOLICHHUIO
K 9THM BOSMYULEHUAM:

Ky > K, Ky > 2Ky

[onyyennoe B TekcTe B B 8afave | yTBepikjcnne, uTo cBOGOAHAR JHEPrHsA Aedop-
M4lHKW B QHCKIMHANMAX ¢ N = | OpeBhillael 9HEPIHI0 HECHHTYJRPHOIO OCECHMMe-
{PHYHOIO pElleHHs O3HAYAET JIHIlb, YTO STH AHCKIHHAUAM MOIJIH Obl GhiTh B JyuileM
cayuae MeTaciabuibarmu. Tenepb Mbl BHAHM, 4TO PajHabHas AHCKJHHANMA BOOGIIe
HeyCTOMuHMBA, a LHPKy/AspHAs yCTOHUMBA (OTHOCHTEJBHO BOSMYLIEHHH YKa3aHHOrO
BHlla) Opy COOMIONEHHH OmNpeleleHHEX COOTHOWIEHUA MeAY MOAYAAMH.

3. Hemaruueckas cpeja sanoJiHseT NPOCTPAHCTBO MEXKAY ABYMs napaJjuesib-
HEMH [UIOCKOCTSIMH, MPHYeM [PaHHUHBE YCAOBHS Ha ONHOM IJIOCKOCTH TPeGyior
ieDNEHJMKYJANPHOCTH, a Ha JAPYrofi — fapajljieJibHOCTH AHPEKTOpa MOBEpPXHOCTH.
QlipejeuTh PAaBHOBECHYIO KOH(QMIypanuio n (r).

Pemwenne PasHoBecnas konpurypauus Oylier, O4eBHJIHO, MJIOCKON; BbiGe-
pEM ee IVIOCKOCTb B KauecTBe ILIOCKOCTH X, 2 C OChIO 2 NepNeHHKy/IAPHOH IPaHHUHKEM
mIocKocTAM (njockoctw 2=0 # z=h). [lonoxum

ny = siny (2), n, = cos (2).
Cao6ojiHan sHeprust AeOpMaLlHK:

dedz=-;—j {K, sin? x + K,cost 5} x* da.

TicpBuf yHTErpan ypaBHEHMS DABROBECHA:
(Ky sin? x4 Kg cos* x) x'* = const,
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OTKyAa ¢ y4eTOM PPaHUYHHIX YCJOBHA _
x np
[ tkasiob x + Ko cost 0" dy = - | astnny + Ky cost 2y,
0 0

i8]
2= hE (3, BIE (-’2‘—, k), K = (Ky — K/ K1,

rge E (y, k) — sanuntaveckuil uHTErpan BTOPOTO pPOAA.

§ 39. Tonosoruueckue cBOHCTBA AUCKIMHALAA

Daunoe 8 § 37 onpegenenye uuiekca ®panka GuJ0 CYMECTBEHHO
CBA3aHO C UPEANOJNOXKeHHeM O [JIOCKOM XapakTtepe iedopMmauny
B IMCKJIMHALAA ¥ OAHOPOLHOCTBIO BAOML ee Ainubl. [Jokaxem Teneps,
KaKHM 06pa3oM 3TO MOHATHE MOXKeT ObITb BBeleHO B ofimeM cnyyae
NPOU3BOJbHBIX KPHBOAMHEAHBIX AUCKAMHAUA B HEMATHUECKOH Cpefe. .

DHeprus HeMaTHKa He MeHSeTcsl NMPH OLHOBPEMEHHOM OPOU3BOJIb-
HOM MOBOPOTE AUPEKTOPA BO BCEX ero TOYKaX. B 5TOM CMBIC/IE MOXKHO
CKa3aTb, YTO COCTOSIHHA HEeMaTHKa BbIPOXKAEHHl [0 HaNPaBJICHHM
AUPEKTOpa; 9TH HANpPaBJeHHsl WIPAOT POJb AApamempa 8bLpOX*COe-
Hus. BBelem MOHATHE O MPOCMPAHCMee 6bipoKcdenus — o6aacT N0-
nyckaemoro 6e3 u3MEHeHHs SHEPrHH M3MEHEHHS MapaMeTpa BEIPOXKAC-
uus. UM siBasieTcs B JaHHOM CJyyae MOBEPXHOCTb Chepbl eAHHHYHOTO
paamyca, KaxJias TOYKa KOTOPOH OTBedyaeT ONpeAe/IeHHOMY Hampas-
Jaennio n. Hajlo ofHaKO y4ecThb eme, 4TO COCTOSIHUSA HEMaTHKa, OTJIH-
qajollyecs H3MEHEHHEM 3HAKAa N (H3HYECKH TOoXAecTBeHRH. py-
[UMA CJIOBamH, AMaMeTpajJbHO MPOTHBOIOJIOXNHBEIE TOUKM Ha cdepe
¢u3nyecky SKBUBaAJEHTHH. TakuM 00pasoM, MPOCTPAHCTBO BhHIPO-
KJEeHUs HemaTuka — cdepa, Ha KOTOPOM KaXkible [iBe AMAMETPajbHO
NPOTHBOIIONOKHEIE TOUKH CUHTAIOTCH SKBHBAJEHTHBIMH 1.

[MpencraBum cefe, 4TO Mbi MPOU3BOIMM B (uanuecKOM ofbreme He-
MATHKa 0GXOL BOKPYT PACMONOMEHHOH B HeM NHCK/IMHALMOHHOH JIH-
HMH [0 HEKOTOPOMY 3aMKHYTOMY KOHTYPY (HAa30BeM €r0 KOHTYPOM ¥).
Bynem cremuth 0pu 3ToM oOXofe 33 HanpapjieHHeM BeKTopa M.
Hso6paxaroniass ero TOYKa B NPOCTPAHCTBE BBIPOXKAEHHS — HA
chepe — onumer HEKOTOPHIA TOXe SaMKHYTHIH KOHTYp (nasoBeM
ero kourypom ). 31ech Hajo pasinyath IBa CHayyasi.

B onuoMm u3 Hux kKoutyp I' 3aMKayT B 6yKBaJbHOM cMbiCie. BosBpa-
masch B HCXOAHOe [0JIOXKeHHe, H3o6paxaiomas TOYKa ONMHCHBAeT
HEKOTOpOe Ue/loe YHCJAO n merenb (TaK, Ans KoHTypo I'y u Ty =Ha
puc. 31 370 uynciio pasHo 1 u 2). D10 YHCIO H ABAAETCH LENOUHCICH-
HbiM HHAekcoM PpaHka.

B apyrom cinyuae koutyp T', Beifisi 3 HEKOTOPO#H TOUKH HA cdepe,
3aKAHYNBAGTCS B AMAMETPASbHO NPOTHBOMONOKHOH TOUKE. Tako#t

1) 3romy reoMeTpHYECKOMy O6pasy OTBeqaeT B TONOJOTHH Tak HasHBACMAR
NPOEKTHBHAA [VIOCKOCTb,
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KOHTYp TOXe JOJKEH pacCMaTpHBaTbCs Kak «3aMKHYTBIH» BBHAY
SKBHBAJEHTHOCTH AMAMETPaJbHO MPOTHBOMONOXKKBIX Touek. Mupexc
‘dpauKa ONpEASIAETCs KaK MOJYLEJIOe (IHC/IO METE/bY, ONMHChIBAEMDIX
npH 3TOM H300pakaiomiell TOYKOH (TakK, A MOJNYOKPYKHOCTH T
sTO wueao n = 1/2).

JTio60f SaMKHYTHIH KOHTYP Ha MOBEPXHOCTH C(epbl MOXKET OLITH
npeBpaLieH B Jiro00# 1pyrof 3aMKHYTHIl KOHTYD MyTeM HenpephBHOH
(1. e. Ge3 pa3pbiBa KouTypa) Aedopmauuu. bonee Toro, J1060# 3aMKHY-
THI/i KOHTYP MOXKET ObITb HENpPEPbIBHBIM 06pa3OM CTAHYT B TOUKY 5.

Takxe moryT GeITh fIpeBpallleHbl APYT
B Apyra JioOble KOHTYpbl, HAYHHAIOWKECH
4 KOHuawllpecss B AHaMeTPaJbHO MPOTH-
BOIOJIOXKHKX TOuKax cdepnl. Takne KOH-
Typhl, OJHAKO, HE MOTYT ObiTb CTAHYTHI
B TOYKY: 0pH Ae(QOPMHPOBAHHM KOHIbI
KOHTypa MOTYT CMeLaThCst, HO JHIIb
ocTaBasich NpPH 3TOM HAa KOHIAX KaKoro-
au6o aumamerpa chephl.

Takum obpasoM, uHaekc Ppanka He
ABJSieTCs  TOMOJOTHYECKUM HHBApHaH-

Puc. 81 toM. ToOHOJOTHYECKH HHBAapUaHTEH JHUILb
dakT ero 1eJ10- UK MOy ENTOYHCICHHOCTH.

M3 cKasaHHOrO CJAELYeT, YTO BCe NUCK/JMHAIMH B HEMaTHYECKOH
cpele pacnajaiorcsi Ha JBE KATETOPHH, B KaxJOH M3 KOTOPBHIX BCE
IHCKJIMHALIMH TONOJOTHUECKH KBHBAJEHTHH — MOTYT OHITH NepeBe-
IeHbl ADYF B Apyra MyTeM HempepLBHOrO AeQOPMHUPOBAHHS NOJA
n(r) (C. H. Anucumos, H. E. J310uuncKOl, 1972). Onny xarero-
DHIO COCTAaBJSIOT AMCKJMHALHM C UENbiMH HHAekcamu OpaHKa; 9TH
JUCKAHHANMH K TOMY € TOMOJOTHYECKH HEYCTON4MBBI — OHH MO-
ryT GHITb BOOGIIE YCTPAaHEHH! HyTeM HEeNpephBHOrO AeopMHpOBaHUS.
HucknuHauus Ueg0ro MHAEKCa MOXKET 3aKaHUHBaTbCsi B oObeMe He-
MaTHKa.

JIpyryio KaTeropuio COCTaBASIOT AHCKJHHALMK C MOJYUETBIMA
HHJIEKCaMH . OTH JAUCKAMHAIMM HEYCTPAHHMH, OHHM TOIOJOIHYECKH
YCTOHYHBHL. .

Bonpoc 0 ToM, Kakasi U3 TOMOJOIHYECKH SKBHBAJIEHTHBIX CTPYK-
TYp AoJxHa (PAaKTHYECKH OCYLIECTBHTbCS B TeX WJIM HHBIX 3aJaHHBIX
YCJIOBHSAX, 3aBHCHT OT OTHOCHTENbHOH TePMOAMHAMHYECKOH BHITOA-
HOCTH 3THX CTPYKTYp. D70 3ajjada BHIXOAHT 32 PAMKH TOINOJIOTHYECKOTO
aHa/In3a.

Hapsany ¢ nunefiHbIME OCOGEHHOCTSIMM, AMCKIHHAUMSIMH, B HEMa-
THYECKOf Cpejle MOT'yT CYLIECTBOBaTh TAKXKe H TOUEUHbIE OCOOEHHOCTH.
[Mpocrefiuunii npumep Takofi OCOGEHHOCTH — TOYKA, U3 KOTOpO# TOp-
4ar BEKTOpHl N BO BCE CTOPOHHI (¢€XK»).

1) Nedopmaiua KOHTYpPa MOMET OTpaxaTb COGOH Kak HSMEHeHMe KOHTypa ¥
B (H3WUECKOM MPOCTPAHCTBE, TAK H H3MEHeHHe caMoro noas n (r).
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Jas BplsiCHEHMA TONONOTHYECKOH KjacCH(uKalhH TOYEUHBIX OCO-
GenHocTell cHOBa 06paTHMCs K OTOOpaXKeHMsIM B IOPOCTPAHCTBE BhI-
poxieHus Ha eIMHHYHYIO chepy. BribepeM B 3amofiHeHHOM HEMATH-
KOM (HM3HYECKOM MPOCTPAHCTBE JBe TOUKH A u B, coepuHeHHbC He:
KOTOPBIM KOHTYPOM Y, OKPYKaIOIHM 0co6y1o TOUKy 0, KaK [OKa3aHO
Ha puc. 32. Ha enunn4soil cdepe KOHTYPY y OTBedaeT onpeie/ieHHbIA
koutyp I'. ByneM rtenmepb BpawaThb KOHTYP y BOKpYr mpsmoii AB.
[ocae nonsoro o60poTa, KOr4a KOHTYP COBMECTHTCS caM ¢ cobol, OH
onuiuer B (pM3MYECKOM [IPOCTPAHCTBE 3aMKHYTYIO IOBEPXHOCTD O.
Ee orobpaxenue 2, onuchiBaemoe KOHTYpom I', IOKpOET exnHWY-
Hyio chepy, BO3MOXKHO, Oosiee ueM ONMH

pa3. Huciao N nokpuiTHH eIHHUYBOH Ccdeph! ~7
oTofpaxeHueM X SIBJSIETC  TONOJIOTHYeE-

CKO#l XapakTepucTukoil ocoGoi Touku. Oro- 0 \
OpaxkeHHe 2 MOXHO NPeACTAaBUTb cebe Kak — ]
HaTSHYTYIO Ha cdepy 3aMKHYTYIO ILIEHKY; Puc. 32

OYEBH/HO, YTO €e HHKAaK Henb3d (He MPO-

W3BOIs HA HEll KakuX-1ubO paspes3oB) CTs-

HYyThb B TOUKY. ITUM BHIpa)kaercs HEYCTPAHUMOCTb OCOGEHHOCTH.
Ecan N = 0, 1o njenka BooGule He OXBaThiBaer cdepy. ITO OTBe-
4aeT OTCYTCTBHIO OCOGEHHOCTH HJIM €€ YCTPAHWMOCTH — TaKyio MJeH-
Ky MOXHO CTSiHYTb B TOuKy. Jlns ocobuix TOuek B HemMaThke 3HAK N
He MMeer CMBIC/]A: €ro H3MEeHeHHe O3HauaeT JHIIb U3MEHEHHEe Harpas-
JeHH# n BO BCeM MMPOCTPAHCTBe Ha OOPAaTHBIE, UYTO HE OTPaXKaeTCs Ha
COCTOSIHHH HEeMaTHKa.

Uucno N, xapakTepusyioulee TOUEYHYIO OCOOEHHOCTb, MOXKET
6hITH TOJbKO LeJbiM. JIerko BHAETh, 4TO moayuenoe N o3Hauano Obl
B JeACTBHTENLHOCTH CYLIECTBOBaHHE HEYCTPAHHMOH JHHEAHOH, a He
ToueyHofi oco6eHHOCTH. Tak, ecia¥ 2 MOKPhIBaeT MOJOBHUHY ChepH
(N = 1/2), To 910 3HAyuT, YTO, MPOCJENHB 33 KAKOH-ANGO OAHOH
TOYKOH HA Yy, MEl HallieM, YTO ee OTOOpakeHHe OMHCHIBaeT Ha ctepe
koutyp Buia 'y (puc. 31), uTo CBHAECTENBCTBOBANO Obl O HANUYMY
HeyCTPaHHMOH JUCKJAMHAUMM C HHAekcom Opanka n = 1/21).

B cBsisn ¢ o6CyxJeHHEM TOMOJOIHYECKHX CBOMCTB OCOGEHHOCTEH
B HEMATHKaX OCTAHOBHMCS KPATKO Ha TONOJOIHY9€CKOM HCTOJIKOBAHHH
IHCJOKAU# — 0COBLIX JWHHE B KPHUCTaJJAHYeCKHX pemerkax. IIpen-
CTaBuM cefe HeOrPaHHYEHHYIO KPHCTAJIMYECKYIO DEIUETKY M BBELEM
OCH X, X5, X3, HampaBJeHHble BAOJbL TPEX OCHOBHEIX MEPHOMAOB pe-
WeTKH, BENHYMHB STHX NEPHOLOB NYCTb GYAYT @y, @3, ag. DHeprus
PEIeTKH He MeHsieTcsi Mpu ee mapajileNbHLIX CABHrax Ha JioOwle pac-
CTOSAHHS BIOMb ocell Xy, X,, xXg. OONAcTH H3MEHEHHA NapaMeTpoB BH-
pOXAeHUS (BENHYHH CIBHUIOB) — OTPESKH MJHHH a4y, Gy, d3, NPHYEM
Y KaXAOTO OTpe3Ka ofe ero KOHUEBHE TOYKH PAaCCMaTPUBAIOTCH Kak

Y) [pn neaom N nopoOHHE pacCyX[eHHsi He npHBeis OF K aHAJNOTHIHOMY Bbl-
BOJy, NOCKOJBKY AHCKAHHALKA UEAOT0 HAAEKCa YyCTPaHHMA, a 0To6pakeH e ¢ neatm N
OTBeyaeT HeYCTPaHHMOA OCOBEHHOCTH,
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SKBUBAJICHTHblEe (OCKOJbKY CHBHI Ha (EPHOA COBMEUWACT PELICTKY
camy ¢ cofoii, T. . OCTaBJf€T COCTOSHHE DEIIETKH TOXAECTBEHHO
Hen3meHHbM). OTpe3OK C 5KUBANEHTHbIMH KOHLAMH TOMOJIOTHYECKH
COBMAjaeT C OKPYXKHOCTbIO. Takum 06pa3soM, NPOCTPAHCTBO BLIPOKIE-
HHMsl KDHUCTA/JIMYECKOR pelierky MNpeacTaBiaser coGol TpexXMepHYIO
06aacTh, IOCTPOEHHYIO HA TPEX OKPYMKHOCTAX, Ity obaacTh MOXKHO
npeacTaBHTL cefe Kak Ky6, MPOTHBONOJIOXKHBIE [PAHA KOTOPOro MO-
[apHO SKBHBANEHTHBI, HJIM, 4TO TO XK€ Camoe, Kak TpexMepHyio 0o-
BepXHOCTb TOPa B YeTHIDEXMEPHOM MPOCTPAHCTBE 1), Ha rtakom rope
CYWECTBYIOT He CTAIrMBAEMBIE B TOUKY KOHTYPHI I', KaxAbIA U3 KO-
TOpHIX XapaxTepusyeTcsi Tpemsi UeJOYHC/IEHHBIMH TOMONOTHIECKHMH
WHBADHAHTAMA Ny, Ny, Mg — 4uCAaMu OOXONOB TPEX obpasyromux
top okpy:xHocreil. Eciu koutyp I' — o6pas kontypa ¥, o6x0on811ero
B (DM3HYECKOM (POCTPAHCTBE OCOGYIO JIMHHIO (nEcAOKaLHI), TO TPH
ero WHBApPHAHTA COBNANAIOT C TPeMs KOMIIOHEHTaMH BEKTOpa bBiop-
repca (W3MepeHHbIMH B €JMHHLAX COOTBETCTBYIOLMX NEPUOLOB 4y,
ay, ag). Takum 06pasoM, AHCHAOKALHH — TOMNOJOrHYECKH ycToRduBbIE
HeyCTpaHuMble 0COOBIe JIMHKUY, @ X BEKTOPH Bioprepca -— TOMOJOrH-
yeCKHe HHBADHAHTHL.

§ 40. YpaBHenns ABHXEHHS HeMaTHKOB

CocTosiHue ABHKYIIEHCS HeMaTHYeCKOH CpellBl onpefensercs pac-:
npejieleHUsAMM B [POCTPAHCTBE 4YeTHIpeX BeAWUMH: AMpeKTOpa M,
IIOTHOCTH MAcchi P, CKOPOCTH V H mioTHocTd sHTpomuu S. Cootser-
CTBEHHO 3TOMY [OJIHAs CHCTeMa T[HAPOAUHAMHYECKHX ypaBHeHHUH
JBUKEHHS HEMATHKA COCTOMT M3 YeTHipeX yPaBHEHHH, ONpeNe/siomnX
NPOH3BOJHbIE MO BPEMEHH OT YKa3aHHbIX BEJIHUHH (J. L. Eriksen,
1960; F, M. Leslie, 1966)2?).

Haunem ¢ ypaBHeHusi Aasi aupekropa. Eciu HeMaTHK HaXOAMTCA
B pasHoBechu (Tak uroh = 0) 4 fABHKeTCA Kak uenoe ¢ HOCTOSSHHOA
10 NPOCTPAHCTBY CKOPOCTbIO, TO 3TO yPaBHEHHE AO/IKHO BBIpAXKATb
co6ofi mpocTo TOT aKT, 4TO ¥ 3HAUYEHHs N NePEeHOCATCH B NPOCTPAH-
CTBe ¢ TOH e CKOpOCTbio. JIpyruMu c/IOBaMH, KaxKaas KuAKas qac-
THIA NepeMellaeTcs B IPOCTPAHCTBe CO CBOMM 3HAYEHHEM M. Sro
BHIPAXKAeTCsl DABEHCTBOM HYJMIO [OJHOH (w1, Kak rosopst, CY6-
CTaHUMOHAAbHON) NPOM3BORHOA IO BpEMEHH

do__ 9 | (wW)n=0. (40,1)

dt ot

B ofmem e ciyuae OPOH3BOJBHONO JBHXKEHHS B [MpaBoH 4acTd
ypaBHEHHﬂ NMOABJAAOTCH WEHB!, 3aBUCALIUE OT h unor ﬂpOHSBO_ﬂHbIX

1y [TogoGHO TOMY, KaK KBafpar C NONAPHO SKBHBANEHTHHMH (POTHBOMOJLOXHHMH
CTOpPOHAMH TONOJOrHYECKH 3KBHBAJEHTEH ABYXMEpHO} MOBEPXHOCTH TOpa B Tpex-
MEpHOM NpOCTPAHCTBE.

2) Mul, ‘9acTHuHO, caAeAyeM HsnoxeHmo D. Forster, T, C. Lubensky, P, C. Mar-
tin, J, Swift, P. S, Pershan (1971).
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CKOPOCTH (10 KOODAMHATaM; B MEPBOM HEHCYESAIOUWEM HAPOAHHAMY-
YeCKOM NPUGHIKEHHH HAAO OTPAHHUHTLCA UICHAMH, JHHEHHBIMH {10
3TUM BesvuvHaM. [Ipoussopubie Ov,/0X) COCTaBJAIOT TEH30P, KOTO-
pHIfi MOXHO pasieluTh HA CHMMETPHYHYIO ¥ aHTHCHMMETPHYHYIO
4acTu:

Uip = Yo (010 + 0ny),  Qun = Y3 (0:0n — 040y). (40,2)

Insi ycTaHOBJNEHHS 3aBHCHMOCTH OT Q;, NOCTaTOYHO 3aMETHTb, 4TO
P PABHOMEPHOM BpAUIEHHW HEMATHKA KaK UeJIOro C yrJloBOH CKO-
poctbio , ¢ TOH xe CKOPOCThiO Oyler BpamlaTbCa M BCe noje n(r).
Takoe BpaileHHe OMUCHIBACTCH YypPaBHEHHEM

—%;L = —;--[rot ven} uJu d—dnt'- = Q.
HeficTBuTenbHO, CKOPOCTH TOYEK BpAILAOMIETOC Kak Iejoe Tesja
v = [Qr]; Torga rot v = 2Q u a5 CKOPOCTU H3MEHEHHS AUPeKTOpa
nonyuaercs Takoe ke Bhipamenue dn/df = [Qn]. Unenn ke, 3aBu-
CSAIHE OF U, AOJNKHBEI OhiTh COCTaBA€HH C ydeToM TpeGoBaHUS
n dn/dt = 0, cijenyiomero u3 nocrosiucrsa Kpanpara n? = 1. Takum
o6pasoM, NPUXOAHM K clefyiouleMy oOuieMy BHAY «yPaBHEHHS ABU-
KEHUS [HPEKTOPar:

di
-71?- = Qi - M (8s; — nyny) nyvy + Ny, (40,3)

rae %) .
N = h/y. (40,4)
Unen N onuchiBaer pesakcaluio AHPEKTOpAa K paBHOBECHIO MNOA Jel-
CTBHEM MOJIEKYJPHOrc foas, a Bropoil uiaeH B (40,3) — opueHTtH-
pyroulee jieHCTBHe TPajHeHTa cKopocTy Ha pupektop. Kosdduunent v
(c pasmepHOCTbIO BA3KOCTH) 1 KOs(duurent A (Ge3apasmepHHIH) B 3THX
YleHaxX UMelOT KHHETHUECKYIO (2 HE TePMOANHAMHYECKYIO) IPUPOAY %).
YpaBHeHue A/ BpeMEHHOH MPOM3BOLHOH IJIOTHOCTH XKHAKOCTH

€CTb ypaBHEHHE HeNpepLHBHOCTH

2 4 div(pv) = 0. (40,5)

OTMeTHM, 4TO 3TUM ypaBHEHHeM, MO CYLIECTBY, ONpejesiercs rHAPO-
JAMHAMHYECKasl CKOPOCTb KaK IJIOTHOCTh NOTOKA BellecTBa, OTHECEH-
Has K eJAMHHIe ero MacChl.

YpaBdenue A1 BpeMeHHON IPOH3BOAHOH CKOPOCTH €CThb AHHa-

MHUYECKOE€ ypaBHEHHE ,
o2 —F, | (40,6)

1) O6osuauenne N BBegeHO A/ Gosiee ACHOTO BHSIBICHHS CTPYKTYPH HEKOTOPHIX
dopMyn HHXKe, a TakKe BBHAY JAaibHefimux oGoOmennit B § 43.

z31,()1!:y1‘cu’,xaxe B npasofl cTopoHe ypaBHeHHs (40,3) 4/eHOB ¢ rpaJiHeHTaMH MJIOT-
HOCTH H SHTPONHH (MM TEMNePaTypH) CBHSAHO C TPeGOBaHHAMH HWHBADHAHTHOCTH
ypaBHeHHA 10 OTHOINEHHIO K NPOCTPaHCTBEHHOR HHBEPCHH H 10 OTHOWICHHIO K H3Me-
seHHio 3Haxka n. CM. 06 stom nogpcSiee B § 43 '
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rie F — cuna, pefictByomas Ha eauHuny o6bema. B cOOTBETCTBHH
C H3JIOXKEHHBIMH B § 2 OOIMMH pacCykJeHHSMH, OGbEMHBIE CHJIbI MO-
TYyT OBITb MPEACTaBJieHb B BHJAE TEH30DHOH AUBEpPreHLHH

Fy = 0,04,
rlle 0;; — TeH3op HamnpsizkeHuH. Torma auHamuueckKoe ypaBHeHHE
3aNHUIIETCH B BuJe

do; _ Oy,
p dz; =p (—502- + (VV) v,) = 0,03- (40,7)

H

Buz Tensopa nanpsixkenufi GyleT YCTAaHOBJEH HuKe.
Hakonew, ocraercsi eume ypaBHeHHe Jaisi SHTpOMHH. B oTcyTcTBHE
JANCCHINIATHBHBIX [POLECCOB JBUXKEHHE XHAKOCTH OblIO 6h anuaba-
THYHBIM, NIPHYEM aiHabaTHUHBIM B KaXKAOM 3JIEMEHTE KHAKOCTH, KO-
TOpbl€ NepeJBHIalnuchb Obl CO CBOMMM MNOCTOSIHHBIMH 3HAUEHHSIMH
SHTPOMHHK. YpaBHEHHE, BHIPAXKAIOWEe COXPAHEHHE SHTPOIHH, 3allH-
ChIBa/IOCh Obl OPOCTO B BHJE YPAaBHEHHS! HENPEepLIBHOCTH IJS Hee:

aS .
— + div(Sv) =0,

rae S — SHTPONHS eNMHHIB O6beMa, a VS — IJIOTHOCTb [OTOKA
sutponun '). Ilpy yyeTe JHCCHIATHBHEIX NpOLUECCOB SHTPONUEHOE
ypaBHeHHE HMeeT BH]

S div(Sv 4 4) - 2R (40,8)

3pece R — Tak HasbiBaeMan JHCCHNaTBHas ¢yHkuus; 2R/T ompe-
JensieT CKOPOCTb BO3PACTaHHs 3HTPONUH ), OHA NMpeacTaBaseT coboil
KBaJpaTHYHYIO (OPMY, COCTABJIEHHYIO H3 KOMIOHEHT TEH30pa Uy,
u BekTOpoB h n rpaanenta Temnepatyphnl y 7. BekTop e q — MI0THOCTD
MOTOKA TeIvla, CBASAHHOTO C TeIIONPOBOAHOCTHIO. KOMIOHEHTH
3TOTO BEKTOPa — JIMHEAHble QYHKIHH KOMIOHEHT BEKTOpA FpajHeHTa
TeMINeparyphl

g1 = —%p0, T. (40,9)
B Hemartnueckodi cpeae TeH30p KO3((HLHEHTOB TeMIONPOBOAHOCTH

ip UMEET ABE€ HE3ABHCHMBIE KOMIOHEHTH U MOXKET OBhITh lpeacraBJien
B BHJEC

Hip == Wyiny + w, (sz -— ninkj, (40,10)

') 910 ypaBHenme MOKeT OnTb NPEXCTAB/JEHO B SKBHBAJCHTHOM BHJIE

d S o S S
@ e s e TV =0,
BHPaXAIOIEM IOCTOSHCTBO NEPEHOCHMON YaCTHIAMH XKHAKOCTH SHTDONKH, OTHECEHHON
K eJHHHIE MacChl.
2) Cama me ¢pynkuus 2R jaer (Kak u B § 33) CKOPOCTh JHCCHNIALEE MeXaHHYe-
ckolt auéprum (cp. VI, § 79),
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Fle % H %, OMNHCHIBAIOT TeMJIONPOBOAHOCTb B MNPOJOJBHOM H nore-
peyHOM (70 OTHOLIEHHIO K N) HanpaBJeHHAX.

3aKOH COXpaHEHHS 3HeprHd B THAPOJAHHAMHKE BLIPAXaeTcs
ypaBHEHHEM BHJA

-2
-2 [B;— +E] +divQ =0, (40,11)

rae E — nJotHOCTb BHYTpeHHelH 3Heprud, a Q@ — IJIOTHOCTh MOTOKA
sneprun. [lnotHocts sueprun E = E, + E,4, tae E, (p, S) oTHO-
chTcs K HeleopMUPOBaHHOH, OJHOPOXHOH cpexe, a sHeprusa E; CBs-
3aHa ¢ uckaxenHem nojs n (r). CorJacHO CKasaHHOMY B KOHUE
§ 36 Bemuumna E,; copnajaer co cBoGomHo#l sHeprued Fy (36,1),
C To#l JMIIb pasHumed, uro MoLyJu ynpyroctd Ki, K,, Ks nonpasy-
MEBAIOTCSi BBIPaXKEHHBLIMH 4Yepe3 IJIOTHOCTb H SHTPONHIO, 2 He TeM-
neparypy.

3aKOH COXpaHEHHs SHEPrHH COAEPKHTCA, KOHEUHO, B ypaBHEHUAX
IBHXKEHHs. Mbl Ke BOCHOMb3yeMcs HM JJIsl YCTAHOBJEHHSA CBA3U
MeXJly BBENEHHBIMH BhILe hyHKIHeH R, TeH30poM Oy, H BekTopoM N.

PackpoeM mpou3BoiHylo no BpemeHnu B ypaBshenun (40,11) c yue-
TOM TepMOAHHAMHYECKHX COOTHOLIEHHH

(%)p,n = T’ (%)S.n =t

rie B — XuMuyeckuil motenuuan '). Hmeem
9 [ e = o» v 98 4 (%
"aT[ 5 +E]-—T"a7+9" a thor T3 T\ & )p,s'
(40,12)

PacemorpuM oTienbHo nocneqHuil uieH. Beels 0603HAYEHHE Tty
13 (36,6), nuiuem

6E,, _ aEd ani ani .

ot )p,s‘( ony )p,S i~ T W0 27 =
_ aEd __ aﬂ.i an, . on ani
= { ani ahnki} ot + ak (nki at' = —h ot + ah (nki ot

(smecto H 3p1ech nanucano h, nockonpky npoponbHas yacTe H cpasy
BHIIAJaeT BBHAY paBeHctBa non/d¢ = 0). [MoxcraBuB ciofna on/0f us
(40,3), numem:

OE .
( - )p,S = (U Oty + Qunttp, — Avyptty) By — Nh +-div (- - +)

1) IlopuepkHeM, uro E orHOCHTCA K 3ajaHHOMY (eAMHHUHOMY) o6beMy, a mepe-
MEHHBIM fBJIseTcs uncjo N gacTui (MosexyJ) B sToM ofbeMe. B V xuMuueckuii no-
TEHI[HAJ Be3jle OTHOCHJICA K OAHON 4acTHLE, T. €. ONPRAEAAcs Kax [ = OFE/ON.
[ockonsky N = p/m (m — macca MoneKysiH), TO NPHHATOE 34eCh ONpeAeieH e OTIH-
qaeTcsi OT onpejeneRus B V JIHIIb MHOXHTeleM m. Bo Habexanue HeZOpasyMeHH#
NpH CPaBHEHHH C TEPMOZHHAMHUECKHM COOTHOWIeHHeM (3,2a), HANOMHHM, uTO 3fiech E
€CTb BHYTPEHHsISl SHEPrHusl eXHHHIH O6bEMa B TOYHOM CMHIC/IE STOTO CJ0Ba, MEXAY
TeM KaK B § 3 BesnuuHa & omnpefefieHa KaK SHEPrHs KOJH4eCTBA BEUIECTBA, 3aK/IO-
4eHHOro B efuHHNe 00beMa HeflepODMHPOBAHHOrO Teja.
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4 II0CJIe BBLAEJNEHUS ellle OJHOH HOJIHOM HJUBEPrEeHIM .

aE l 3
td )p' ——GV——h2+d1V(" -»), (40,13)
rae

Gy = — hy 0iny + %Oh (nihy, — nphy) — %‘51; (nihy + mphy). (40,14)

3Hech M HHXKe MBI HE BBINMCHIBAEM [OJIHOCTBIO BhIpaXK€HHE MOX 3Ha-
KOM JHBEPreHUHH ¢ [eJbl0 YMEHbLIEHHS TPOMO3IKOCTH (opMYyJ:
OTH 4seHBl (K KOTOPHIM MBI BEpHEMCS elle B KOHLE mnaparpada) He
CyLIeCTBEHHB [J5 pelueHHs MOCTAaBJEHHOro BOHNpOCa.

Bripaxkenue (40,14) MOXHO OpeNCTABHTL B BHJE

G; = 0,07 + (0.Ea),. s (40,15)
rae

0‘,!;:) = — Ty Oy — %(n[hk -+ nkh,-) -+ —%—(nihk _— nkh;). (40, 16)

[lpu npeoGpasoBaHnH HCHOJNB30BAHO PAaBEHCTBO

oE
(0:Eg)o, s = an: Oyny, -+ 1, 03 01114,

Onpenenenue TeH3opa Oj; HEOAHO3HAuHO!: Bepaxkenue (40,15)
He H3MEHUTCs NpU Jo6aBJeHHH K o!? mo6oro ciaraemoro Buza O1itns
Tle ¥;; — NPOH3BONBHBIH TeH30p, AHTHCHMMETPHUYHBIH IO mocael-
Hell mape HHIEKCOB (Xjp = —%Yir1). XOTs Teusop (40,16) He cumme-
TPHYEH, OH MOXKeT OHITh NMPUBEIeH K CHMMETPUYHOMY BHAY npubasie-
HYEM UWIeHA YKa3aHHOrO BHAA C HalJexamiM obpasoM MnoLobparHbiM
TEH30pOM Y. DakTHUECKOE NpOBejleHHe 5TOH, JOBOJNBHO POMO3AKOH,
onepalnud OTIOXKHMM 10 KOHIA naparpada, a cefidac OPOJOIKHM
BBIBOJl ypaBHeHHH JBHIKeHHs, npeinosarasg CHMMETPH3AIHIO ol
y&Ke IMpOoN3BeJeHHOH.

INoxncrapus (40,15) B (40,13) u BbiZensia B OXHOM U3 YIEGHOB MOJ-

)
HyIO AuBepreHnuio (C y4eToM CHMMeTPHYHOCTH ol%), nomyuum 1)

(Z2) = —Nhtoffv, — @), sv+div(-e-). (40,17)
0,8
Haxkonen, noxcraBsum B (40,12) ¢urypupyiolye TaM npOH3BOXHLIE
o BpeMenn u3 (40,5), (40,7—8) u (40,17), npuyeM gactaylo (npu mo-
CTOSIHHHIX P M S) MpoH3BoAHYIO OT E BhIpa3uMm 4yepe3 MOJIHYIO [POHU3-
BOJHYIO COTJIacHO

0,E = (aiE)p,S +wnoip + To,S.

}) Iockoapky Ey = Eq (p, S), 10 (0;Ea)p, s = (BiE) p, S\
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[locne papa apeobpasopanuil (BbIAEIEHUS MOJHBIX [AHBEPTeHLHIA)
HONyYuM B pesyJbTare

'g_t[pvn +EJ——0ikvxk_Nh+ qVT + 2R - div(s-+),

(40,18)
Fle Oy CBSI3aHO C Oy (GOpPMyJIOH

O = — pOis -+ O'i(l? -+ G;'ks (40’19)

a JaBJIEHHE BBeIEHO COrJIacHO e€ro TepMOlIHHaMPI‘IeCKOMy onpeae-
JIEHHUIO:
p=opp—E-+TS (40,20)

(op = @ — TepMonuHaMUUeCKHH MOTEHUHMAJ eIUHMLL o0beMma Be-
eCTBA); KaK H JOJIKHO GhlJIO ObITb, HM ONpelensieTcs H30TpPOoNHas
yacTb TEH30pa HanpsKeHHui.

Cpaeuus (40,18) ¢ ypaBuenueM coxpaHeHHs 3sHeprun (40,11),
MBI BHAHM, 9TO

2R = 0140ix + Nh — ——qVT. (40,21)

Sra GyHRuus omnpelesseT BHISBAHHOE JAHCCHNATHBHEIMH IIPOLECCAMH
yBe/MYeHHe SHTponuu. $lcEO mo3TtoMy, 4TO BBeneHHHH B (40,19)
TEH30p 07, MpelcTaBjseT cobol Jmccnnamsﬂylo («BSI3KYIO») 9acTh
TeH30pa HanpsxeHud. TeH30p XKe i) B (40,21) ne BXOZMT; OH mpef- -
cTaBJisieT cofof HENHCCHIATHBHYIO (HOMHMO CBSI3aHHOH C JaBJieHHEM)
yacTb TeH3opa HanpsiKeHufl '), cmeunpuueckyio I/ HEMaTHYECKOH
(B oTaHYHe OT OGBLIYHOH) KHIKOCTH.

O6paTuM Takke BHHMaHHEe HA TO, 9TO B JUCCHNATUBHYIO DYHKIHIO
He BXOAHT Ko3(pduumeHT A. XoTA onuchiBaeMbili 3TUM Oe3pasMepHbIM
Ko3(puniHenToM 3dxpeKT HMeeT GBHO KHHETHUYECKYIO (a HE TepMOAMHA-
MHYeCKYIO) MPHPOAY, OH He AHCCHIATHUBEH 2)

[lnoTHOCTE OGBEMHBIX CHJI B IBHXYIeficAa HeMaTHdeckKoH cpeze

Fi= —0;p+ 00 +- 6k0';k = —d;p4- F}"_ -+ F;.
B HemoABUXKHOH paBHOBecHOH (XoTs M JedopMHPOBaHHOH) cpene
F' = 0, a corsacHo yc/oBuio paBHoBecus (36,7) u h = 0, Coraacno
(40,14—15) npu 3ToMm cHJa
FO) = — (VEd)p. s F=—Vp— (VEd)p. S
Ecan cuntath MOAYJAH YHOPYIOCTH MOCTOSIHHEIMH, HE 3aBHCSILHMH

or p u S BenuunHamH, 10 (VEg), g = VE4 u toraa cuna F =
= —V (p + E4). Ho B paBHOBecuu 10/IKHO GHITb Takxke H F = 0,

1) Ee uBOrja HashiBal0T peaKTHBHON 4acThIO (OTCIOZa HHAEKC (7), KOTOPHM Mbi
cHabgunu ee 00O3HATEHHE).

%) Dra cHTyanus He yHHKanbHa: HanoMHHM spext Xoana B SAERTPOIHHAMHKC
OPOBOAAWMX TeA; OH TOXKe He CBASAH ¢ JHCCHmALlHeR.
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Orciofa crenyet, 4to (B YKa3aHHOM MPEANOJOXKEHHH) pacrpeleseHne

JaBleHHs BIOJNb HaXOAALleHCH B PaBHOBECHH HeMaTHYECKOH Cpelsl
Iaercs ¢opmy.oit 1)

p = const — Ej. (40,22)

ITpousBenem Tenepb B SIBHOM BHJE YNOMAHYTYIO BHIILE ONEPaIHio

CHMMETPH3ALMH TeH30pa 0. IIpexje Bcero, BHIYHCAHM B SIBHOM

BHJ€ AHTHCUMMETPHYHYIO HacCTb 3TOro TeH30pa. HpPl BBIYUCJIEHHUH

pasHOCTH Ofy — 647 Hajo yueCcTb, uUTO BHIpANKeHHE

OE
By = 4

3n, ~+ 1y 01, — 1y, Oy
i

CUMMeTPHYHO 1O HHZIeKcaM [, k. [IpoBepHTb 3Ty CHMMETPHIO HEIO-
CpeACTBeHHO Heserko. [Ipollle chenaTh 3T0O KOCBEHHBEIM IyTeM, BOC-
NOJIb30BABIUKCL TeM, UYTO HeprHs E,; — cKalfap U TeM caMbiM HHBa-
pHaHTHA OTHOCHTENbHO NPOHM3BOJLHBIX BpalleHHH CHCTEMBl KOOPIH-
Har. [Ipu GeckOHEYHO MaJioM MOBOpOTE Ha yroh 8¢ KOOpAMHATHI Npe-
06pasyloTcss Kak

' =r+0r, 6r=I[8p-r],

Ox; = ey, Bp =0 = — gy

Jlns u3aMeHeHHs1 BEKTOpPa N ¥ TEH30pa Oyf; UMEEM COOTBETCTBEHHO
Ony =eyn;,  8(0xn;) = €040, + &, 0in;.
HupapuantHocTs GyHKUuM E; npu 3ToM MNOBOPOTE O3HAYaeT, 4YTO
Bixey, = 0. TIloCKONBKY &;; — MNPOM3BOJIBHEIA AHTHCHMMETPHUHBIA
TEH30p, TO OTClofa cJjefyer, uro B;, — CHMMETPHYHBIH TEH30p, YTO

H TpeﬁoBa.nocs JOKa3aThb.
Hmesa 310 B BHAY, JErko TMNpPHBECTH AHTHCHMMETPHUYHYIO 4YacCTb

Tensopa o'x k BuAy (2,11) ¢ Tensopom
Piny = MTyp — ApTiyy.

IMocse 5TOrO CHMMETPH3OBAHHEIH TEH30p Off MOJydYaeTcs Henocpel-
ctBenno no dopmyJe (2,13). INocsae HeKOTOPHIX NPHBEIEHHHA NOJNYYHM

Ao, 1
off = — 5 (nify, + nahy) — 5 (Tns Ointy + 704 Opy) —

1 .
— =01 (R + 7us) 1y — Topgny — Tymg). (40,23)

1) Ecay He fesaTh yKa3aHHHX npefnosioxenuft, To cuny F npu nocrosHHOR
TeMnepaType MOXHO npuBects K BuAy F = —p Vi Tax, uTo ycaoBhe paBHOBeCHs
cBOAMTCH K oOO6biyHOMY Rt == const. [lefictButenbHo, zutdepeHUHpYs BHpaXKeHHe
(40,20) ans RaBnenHA H YUMTHIBAsL TepMOAMHaMuuecKoe cooTHomenue dE = T dS 4
- pdp 4 (dEg)p, s, nafigem ~Vp= —pVp — SVT 4 (VEg)p s, OTKyAa npH
T ='const u noayyaercs yxka3aHHoe Bmipaxenue zas F.
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OrmeTuM, 4TO 3TO BhIpaXKeHHe GAKTHYECKH COAEPIKUT TOJBKO monepey-
HBle (10 HHJAEKCY k) KOMMOHMEHTH TeH30pa ;. EcC/auM NpeicTaBUTh
focJefHHA B BHIE

t
T = E -+ wnn,

t ¢
(Tak uto m{pn, = 0), To B (40,23) ocTaHyTCs TOMBKO WIEHH C ik

HakoHell, BepHeMcst K 4eHaM ¢ MOJAHBIMM AMBEPTEHIUSIMH, KOTO-
prle MBI J0 cHX nop He BeinucelBaau. Cpasuus (40,18) ¢ (40,11),
BHINM, 4TO BEIpAXKEHHE, CTOsIIee Moj 3HakKoM div B COBOKYIHOCTH
3THX 4JIEHOB, ONpefenuT cofolfl MIOTHOCTb MOTOKA 3Hepruu. [IpuBenem
37eCh [MOJMydYalOUWUHCH TaKHM 06pa3soM OKOHUYATEJbHLIH pe3yJ/bTarT:

2
Q= (W + -%*) Uy — Ty {— v, Oy, + Qunty 4 Any (Vg — afinUim)} =+

+ —;— (n;hk - nkhi) v, -+ % (n[hlz —+ nkhi) Up — 07kl — %45 0T,
(40,24

rie W = p + E — tennoras ¢yurnus. [leppulit unen cosnagaer
C BbIpaXKeHHEeM [IOTOKA DHEPriH B MHAPONHHAMUKE OOBIYHON XKHAKOCTH.

§ 41. duccunatusHbie k03pPHIUHEHTH HEMATHKOB

Yaenst ¢ N B 0ix B ypaBHeHUSX IBHXKEHHs BHIpaxalT coboi
peflaKcauHOHHLIE MNPOIECCH, BO3HHKAWOIHE BCJIEACTBHE TepMOAHMHA-
MHYECKOH HepaBHOBECHOCTH CpeABl; 3Ta HEPaBHOBECHOCTb B CBOIO
ouepeslb CBA3aHA C OTJIHYHBIMH OT HyJs h u vy,. B obrianom ruaponu-
HaMHYeCKOM MNpubIHKEHUH HEePaBHOBECHOCTb MPEANOJAraercs cJja-
6oil, T. e. BeJMMUHHB h, 0U;; — B ONpENEJEHHOM CMBICJIE MaJIbIMH.
Torpa oi, aBasercs WX NHHEHAHBIMH DYHKIHSIMH.

OnHako npu npuHsTO# Hamu QopMe 3alUCH YPABHEHHUM JBHKEHHA
3aBHCAUIHX ot h uleHOB B 07, nucaTh He Hafo. JledCTBUTENbHO, TaKHe
YJeHbl, COCTaBJEeHHHI® H3 KOMNOHeHT h u n, umenn 6n BHJ
const. (n; Ay, + nxh;). Ho unen takoro BHIa yxke ecTh B Hexuccuna-
THBHOM 4YacTH TeH30pa HampsokeHH# ot (40,23); no6aBieHHe mo-
AOGHOTO 4/leHa B O, CBOLZHJOCH Obl MO3TOMY JIHIIb K Mepeonpesese-
HHIO KoapdHlHeHTa A.

O6wuit BHA JuHEAHOA 3aBHCHMOCTH O OT Uil

Ok = NikimVim, 41,1)

[IpuYeM TeH30D 9eTBEPTOro PAaHIa Mm, O6JaNaeT OYeBHIAHBLIMH CBOH-
CTBAMH CHMMETPHH (CJIICTBHSIMH CHMMETPHH TEH30POB O H Uss)
Nirim = Mrtim = Ninmi- (41,2)

Kpowme Toro, 3ot Ten3op o6aanaer u 6osee ray6okoi cuMMeTpHel,
caenyomeli ¥3 o6LIEro MPHHIHNIA CHMMETPHH KHHETHYECKHX KO3bdH-
uxenrtoB OHcarepa (cM. V, § 120; kak u B § 32, uuxe B 5TOM naparpage
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bl NOJAb3yeMCs (OPMYJAHPOBKOH 3TOr0 NPHHUKMNA, JAHHOH B V1 § 59
4 BBEIEHHBIMH TaM ONpEJeJIeHHsIMH BEJHUHH X, B X,). V3 BhIpaxe-
aus 2R/T MJs CKODOCTH YBeJMUYEHHs! SHTPONHH BMAHO '), 9TO eciu
nojl BeMUHHAME X, MOHMMATb KOMIOHEHTH TEH30pad Oik, TO «TEPMO-
NMHAMUUECKH CONpPSIKEHHBIMH» C HUMH BequunHami X, GYAyT KOM-
MOHEHTHl TeH30pa — Uyy/T ?). KoMIOHEHTH K€ TeH30P3a  Minim
HIPaloOT POJIb KHHETHYECKHX KOI(PUIHEHTOB Yqp. [IpuHIMD Oncarepa
TpebyeT PaBeHCTB Yop = Vbas T. €.

Nirim = Nimik- (41,3)
TeH30D M;p1m AOMKEH GbITb COCTABJIEH JIHWD C MOMOLIbIO €HHHY-
HOTO TeH30pa 0, U BEKTOpa N C yYeTOM yKa3aHHBIX CBOHMCTB CHMMeT-
puu. ViMeerca Bcero maTh JIHHEAHO HE3ABHCHMBIX TAKHX KOMOHHALHH!
Ny, 101+ MilOin,
131,83 + 11101 =+ MmOpr + AatmBan,y
Gihélma 6iléhm + aklﬁim-
COOTBETCTBEHHO TEH30D V;pym UMEET MATH HEBABHCHMBIX KOMIIOHEHT;
NPeICTABHM COCTaBJEHHBIA € ero MOMOUIbI0 TEH3OP HanpsKeHHH
B Buje %)
Ote = 2M10sk -+ (M2 — M) 80w +
+ (Mg + M1 — N2) CuaitmVim + MamaV1) +
=+ (s — 2my) (471001 + ARMVL) +
+ (M5 + M + M2 — 215 — 204) NN 1. (41,4)
Lleniecoo6pa3HOCTb HMEHHO TAaKOTO ONpeielieHnsl BeeX KOd(pHINEHTOB
HJUTIOCTPHPYETCS CENyIOMUM BEIPAXKeHHEM IMCCHIIATHBHON QYHKIHH,

KOTOpOe OHO NPHHHMAeT MpH BHIOOPE OAHOH W3 OCeH KOOpAMHAT
(ocu 2) BHOJB HanpaBJeHHs m:

2R =2y (Uaﬂ - "%" 6aﬂvw) ’ + MU + 200z + 21402000 +
30k + - K @OTY + % GaTV) + -1 (41,5)

1) HanomHuM, 9TO 9Ta CKOPOCTb BHIpAXaeTcsi wepes BeJmﬁmm Xq, Xaq GOpMYy-
ot 2RIT = — ) #,X,.
a

%) B uTepaType 0 BeIHUHHAX %q # X 4ACTO FOBOPAT COOTBETCTBEHHO KaK O Mep-
MOOUHAMUMECKUX NOMOKAX W Mep MOOUHAMUMECKUX CUAX.

8) JluccunaTuBHEE KOShGMHIHENTH HEMATHKOB OLIH BBeJeHEl (B ApyroM BHJE)
Jecau (F. M. Leslie, 1966) u ITapodu (0. Parodi, 1970). OCmeénpausTEHA BHGOp onpe-
JeneHHull KOo3(pdHLHCHTOB BSISKOCTH HEMATHKOB B JIHTepaType, MO-BALXWMOMY, emle .
se yCTaHOBUJCH, ‘
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TIe uuuekcH @, B, y mpoberaioT aBa 3HaueHHs X, y. I[lockoabky
TomkHo ObiTe R >0 (sHTpomHs Bo3pactaer), TO KO3(pHIMEHTHI
Q1 Me> Mss Mgy %¥g, %1, ¥ HOAOKHTEJNbHH H, KPOME TOrO,

.

07 > 13- (41,6)

Takum ofpasom, HemaTHuecKas Cpeja XapaKTepH3yeTcs BCEro
JEBSATBI0O KHHETHYECKHUMH KO(DPHUIHEHTAMH: NATHIO KO3pUIHEHTaMH
BA3KOCTH, ABYMsA KO3(bQHIMEHTaMH TeNJIONPOBORHOCTH, KO3(dHIIHEeH-
TOM Y (TOXKe HMEIOWYUM PasMepHOCTh BSI3KOCTH) H Ge3JHCCHIIATHBHEIM
6espasMepHbIM Ko{uuueHTOM A.

YHucno Gurypupyomux B ypaBHeHHX ABHKEHHUS KO3(OHUIHEHTOB
BSISKOCTH YMEHBIUAETCA B BAXKHOM CJydYae, KOTAA JBUKYULYIOCH 3KH[-
KOCTb MOXKHO CUMTaThb HECXKHMaeMo# (IJIf Yero ee CKOpPOCTb AOKHA
ObITb Majia MO CPaBHEHHIO CO CKOPOCTHIO 3ByKa). ¥YpaBHeHHe Hermpe-
PBIBHOCTH HECKHMAaeMOH XHIKOCTH CBOAMTCA K paBeHcrBy divv =
= vy = 0. B rensope Hanpskenuft (41,4) BTOpOH wieH BeImamaer
BOBCe, a Tperuii npuruMaer Buj const. 8;, (mn,01n). 3aveuaem, uTo
NOCTeHHA WIEH He JaeT BKJaja B JHCCHNATHBHYIO (YHKIHIO (OH
BbINajaeT nOpH 06pasoBaHUH NPOU3BENEHHS 074Uk, IOCKOJBKY Uit 871 =
= Upp, = 0). KpoMme Toro, OH HMeeT TaKkyIo e TeH30PHYIO CTPYKTYPY,
KaK W uleH —pd;; B NOJHOM TeH30pe HaNpPsKEHHH O;;. Mexay TeM,
B TIHAPOJMHAMHKE HECKHMAaeMOH XXHAKOCTH JaBJeHHe BHICTynaet
(Hapsny co CKOpOCTBIO) MPOCTO KaK ONHA M3 HEH3BECTHHIX (PYHKUHMA
KOODJIMHAT U BPEMEHH, ONpejesisieMblX B pe3yJbTaTe pelleHHst ypas-
HEeHUH IBHIKEHHS; OHO He ABJSeTCH 371eCh TEPMOAMHAMHYECKOH BeJIH-
YHHOH, CBAI3AHHOA G APYTHMH NOJAOGHBIMH BEAHYUHAMH YpPaBHEHHEM
cocrosinus. [Tostomy wmenni —pd;, u const 8 (mn,vm) B TeH3OpE
HanpsKeHHH MOXKHO OGBEHHUTD APYT C APYTOM, YTO CBOJHUTCS IPOCTO
K [Nepeonpeie/eHuio JaBleHHsA. 1akuM o6pa3oM, BASKHH TeH30D
HanpsKeHHH HecKHMaeMOH HeMaTHYeCKOH XKHUAKOCTH CBOAUTCH K BHI-
PpaxKeHHIo

Ois = 2m0is -+ (M — 2m1) (meniver 4 nengo) +
+ (2 -+ M — 203) mymity Uiy (41,7)
!
(rze ;= 1M, -+ M;—2n,) H COAEPKHT BCErO TPH HE3ABHCUMHIX K03(-
Gunuenta Bsaskoctd. CooTBeTCTByIOmlash JHCCHNATHBHAS (YHKLHA
(ocs z BAOJB n):
2R =2y (UaB — —%— Gasvw) ? + o0z + 20305 +
o MO o @aTR B (418)

HaTIOMHIM,. 4T0 Unq o U, = 0); NOMOXHTENBHOCTs KOd(dHIHEHTA
)3 ofecrnguuBaeTCs HepaseHcToM (41,6).
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3agaua

OnpefieAnTs CHAY, RefACTBYIOMYIO HA MPAMOMHHEAHYI0 AMCKARHARMIO (C HHAER-
com dpanka n = 1¥, JBHXYIRYIOCS B NEDPUEHAHKYASDHOM eé OCH HanpasjeHRH
(H. Imura, K. Okano, 1973).

Pemenune PaccuaTpuBaeM RHCKJIHHAIHUIO B CHCTeME KOODAHMHAT, Ilie OHa
FIOKOUTCS (M COBMAZAET C OCHIO 2), & KHIKOCTh JABHKETCA C MOCTOAHHOA CKOPOCTBIO V
BJOJL OCH X. Pacnpenesiense n (r) B JUCKIHH3IHH B 9TOH CHCTEMe CTAlHOHADHO H
Jaetcs dopMyaaMy (AA8 ZHCKIAHHANEA ¢ PagHaNbHEME «IHHHAMH TOKa ZHDEKTOpar,
puc. 27, a) :

Ny =COSQP, ny= sin @,

TJle noaspEuA yron @ == arctg (y/x). B ypasuenun (40,3) ameen ot =0n0 =0
(BBHJly OJHODOLHOCTH IIOTOKa), TaK YTO OCTaercst

on h

— T —

ox ¥

Orciopa HaxoAnM ANS BO3HHKAIOUIErO B Pe3yJbTaTe NBHIKEHHS CNaGOro MOJAEKYIAps
Horo noJad

ox '’
Tjle ¥ -— EINHUYHEI BEXTOP B HANPaBJIEHHH OCH 2 (B OoTCyTCTBHE ABHIKCHHS MOJEKY+
AfipHoe nosie h = 0, TaKk Kax HenoABHKHAA JHCKIHHAUUA NPELCTABAAET coGoi#i paBe
HOBeCHOe cocTosiHHe cpelnl). JuccunarusHas $yHKUHA

h? dp \2 )

IR = —m =y {2 = yo? __2__“/2_2_2_.

Y 0x >+
Oneprus, SUCCHANpYeMass B eNHHHIY BpemeHH (M OTHeCeHHaf K eJHHHUE JJIHHH
JHHHM JHCK/JHHAIHH), AaeTcs HHTErpaloM

. j 2R dxdy=my?L, L =In(R/a),

rie R — nonepeuntie pasmepH 08/1aCTH ABHXKEHHHA, & @ — MOJEKyAApHEIE Da3MepH.
Dra fuccHnalys JOJXKHA KOMITIEHCHPOBaTLCA paGoToit of, cosepinaemofi JleficTyomed
Ha Juckamsaumo cuaolt f. Orciona HaxoanM

f = nyvl.

Ilas RHCKARHAIME ¢ KPYrOBHMH JHHHAMH TOKa (cM. pHC. 27, 6) moayuaercs
TAKOH Xe Pe3yabTar.

h = yov [vn]

§ 42. PacnpocTpaHeHHe MaJbIX KojeGaHHA B HeMaTHKax

Tloanas cHcTeMa TOYHHIX YpaBHEHHH THAPOAMHAMHKH HEMaTHKOB
oueHb caoxkHa. OHa, ecTeCTBEHHO, YIpollaercs B ciyyae MaJbX KoJe-
Ganuki, Koraa JONyCTHMa JHHeapH3alMs ypaBHEHHH.

TIpHCTynas K HCC/eIOBAaHUIO PACHPOCTPAHEHHS MaJIbIX KoJeGaHui
B HEMaTHYECKHX CpedaX, HANOMHHM MPeIBapUTENbHO, KaKHe THIH
(Mozipi) KoNteGaHui CyLecTBYIOT B OGHIUHBIX XKHAKOCTSX. [Ipexne Bcero,
570 OGLItfbie 3ByKOBbIE BOJIHBL C 3aKOHOM JAHCIEPCHH (CBA3bIO MEXAY
4acToTOH ® M BOJHOBBIM BeKTOpPOM K) @ = ¢k M CKOpOCTbIO pacmpo-

=y (%), . @2

cTpaHenus
Kohedalma 'B 3ByKOBOH BoaHE TpojoabHH (cM. VI, § 64).
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JaJee, CyIeCTBYIOT CHJIbHO 3aTyXaloOllHe BA3KHE BOJHBL C 3aKO-
HOM JHCOEPCHH

o= L,  (42,2)

rae 1 — kosgepuuuent BA3KocTH (cM. VI, § 24). S1n BosHB nonepeyHsl
(ckopocTh V NeprneHiHKyasapHa BeKTopy K), B CBA3H C 4eM HX 4acCTO
HaskIBalOT cdsuzosoimu. OHN MOT'YT HMETh JBa He3aBUCHMEIX HampasJie-
HHUS TMONSPU3ALMH; 3aKOH RHCIEPCHH OT HanpaBJeHHf MNOJNApPH3aNHU
He SaBHCHT.

Haxouen, B HeNOABHKHOA XKHUAKOCTH MaJibie KonebaHHS Temilepa-
TYPHI (H SHTPOINHH) PacHPOCTPAHAIOTCA; KaK CTO/b Xe CHJAbHO 3aTy-
Xaiomye BOJIHB ¢ 3aKOHOM JHCIIEpCHH ‘

io = gk, (42,9)

rie y — TeMIepaTypoNnpoOBOAHOCTD cpendl (cM. VI, § 52).

BosHEl aHaJIOrHYHRIX THIIOB CYLIECTBYIOT H B HeMAaTHYECKHX cpe-
Jax. Ho Ha/mnyue y HeMaTHKOB JIONOJHHTENbHOH JHHAMH4eCKOH nepe-
MeHHO# — AHpeKTopa N — NPUBOJUT K NOABJEHHIO elle H HOBHIX,
crnenudHUecKUX AJasd HHX THNOB BoJH (P. G. de Gennes, 1968).

Haunewm ¢ o661uHOTO 3BYKA B HeMaTHKaX. Jlerko BUJETH, YTO B Ipe-
JeJie JIOCTaTOYHO JAJIMHHBIX BOJH (T. €, JOCTaTOYHO MasbiX 3Haye-
Huil k) HONmpaBKH K CKOPOCTH 3BYKa, CBS3aHHEIE C HalH4HeM HOBOH JAu-
HAMHUYECKOH MepeMeHHOH, MaJibl, TAK YTO CKOPOCTb 3ByKa HAETCS MPex-
Hell mpocroit dopmydnoft (42,1). IlpeacraBum AupeKTOp B KOJEGIO-
meficsi cpefie B Bue n = n, - 8n, rje ny — NOCTOSTHHOE BJOJB CPENBI
HeBO3MYINEHHOE 3HaueHWe, a On — MaJjas nepeMeHHas uvacTb (mo-
ckoabKy n® = n2 = 1, 10 nedn == 0), CpaBHeHue JeBOH CTOPOHKHI
ypaBuenud (40,3), ¢ nepBEIMH ABYMS YJeHaMH B ero mnpasod cropone
nokaseiBaer, 4ro @dn ~ kv, T. e. 6n ~ v/c (unen ke N = h/y B pac-
cMaTpUBaeMOM MNPHOGIMKEHHH SABJASETCA MaJoH BeJuyuHoHd OGoJee
BHICOKOTO TOPAJKa, NOCKOJBKY, corsacHo (36,9), MoJekyaspHOe 1oJe
h oo k%). TlosTomy unen E4 B IJIOTHOCTH 3HEPTHH MHUIKOCTH:

Eg ~ K (k8n)® ~ K (vk/c)?,

T. €, MMeeT MOPAZOK k% 10 CPAaBHEHHIO C OCHOBHHIM WIEHOM, KOTODBIf
~pv?, B paccMaTpuBaeMoM NPHGJMMKEHHH STOfl SHeprHeH MOXHO,
C/ef0BaTe/IbHO, NpeHeOpeyb, YeM M JOKaskiBaeTcs CAENaHHOE Bhille
yTBepXIeHHE O CKOPOCTH 3BYKa.

B cneayromeM no £ npuGAHKeHHH NOABAAETCS CBA3aHHO® G JHCCH-
fIaTHBHBIMH IIpOLiECCaMH MorviomeHue 3Byka. Cnenuduxka HeMaTHKA
(10 cpaBHEHHIO ¢ OOBIYHBIMH JKHAKOCTSIMH) INPOSIBJAETCS B aHASOTPQ-
fIHH 3TOrO MOIJIOUWIEHHS — €I'0 3aBHCHMOCTH OT HanpaBJeHug pac-
fIpOCTPaHEHHA 3BYKOBOA BOJIHH (cM. 3ajauy 1). :

OcrasbHele THNB KOJMe6aHHHE B HeMAaTHKAaX HMEIOT 3aKOH JHCIEp-
cun, nopobuuift (42,2—3) 1 @ oo &% 3ro 3HauMT, YTO MPH KOCTATOYHO
MaJHX k BO BCAKOM ciydae Gyner ® < ck. B cBoio oyepeAb OTCIOAd
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CJIelyeT, YTO B STHX KOJEGAHHAX MKHAKOCTb MOXKHO PaccMaTpHBaTh
Kak HecKHMaeMylo '), YpaBHeHHe HenpepblBHOCTH CBOIMTCA TOTAZ
K divv =0 uan an1a niockoii Bosmbt kv = 0. Takum oGpasom,
B OTHOLIEHHH KoJeGaHHH CKOPOCTH paccMaTpuBaeMble KosiebaHusi
nonepeyHsl — CABUTOBEIE KoJeGaHHs. ,

Jlns wWccaefoBanus BCeX STHX KoJieGaHHH NPOH3BENEM JuHeapH-
3aIlHI0 YPABHEHHH JIBHKEHHS, NOJNOXKHB B HHX h = g -+ on, p =
= po + Op. B nepBoM NpHOJIHKEHHH MOJIEKYJspHOE TOJe JITHERHO
110 IPOH3BONHBIM OT N M TeM CaMblM — JuHefino 1o 8n:

H = K,V div&n — K, rot (n, (ne rot 8n)) + K rot [n, [norot 8n]]. (42,4)
ITepBoiii e uleH B «PeaKTHBHOM» YaCTH TeH30pa HaNpsiKeHHH (40,16)
KBajipaTHyeH 1o On u NOTOMY HO/KeH GbiTh omymieH. JLoJuxHbI GbITb
ONyIIeHH TakXe W KBajpaTHYHBE UIEHHl, BOSHHKaiomue npu opa-
30BaHHH TEH30PHOH JAHBEPreHIHH 0,0'% B ypapuennu (40,7) u uien
(vV) v B ero seBoii cropoHe. B pesysbraTe 370 ypaBHEHHE CBOAUTCA
K CJenylleMy;

e iav%‘ =—0:5p + "é‘ (10 Orhts, — nox Oxhs) — —72"— (no: Ok -+

—l—- Nok akh,-) —I—- akO'Ek. (42,5)
B ypasnenun xe (40,3) JOCTAaTOYHO 3aMEHHTH (B mepBHIA ABYX uJeHax
B NIpaBoil CTOPOHE) 1 Ha Ny U ONMYCTHTL uJaeH (VV) 8n B seBoit cTopone:

oon; 1
a'; = Quiton -+ A (851 — Noyor) Nonln1 -+ K3 hy. (42,6)

Beuay pasencts nydn = 0, vk = 0 BekTOpel On M V HMEIOT BCero
110 7IBe HesaBHCHMble KOMIOHEHTH. YpaBHeHus (42,5—6) cocraBisior
TI0STOMY CHCTeMY YeThipeX JHHEAHHX ypaBHeHuil. iMu onpejensiorca
yeThipe KoJsiefaTeJbHEIE MOJAEI, B KaXKIOH M3 KOTOPBIX HCHBITHIBAIOT
CBSI3aHHHIE JIPYT C IPYTOM KoJieGaHHA KaK CKOPOCTb, TaK H JAHPEKTOP.
O6biyHO, OAHAKO, CHTYalldsl CYLIECTBEHHO YyIpollaercs BBHAY TOTO,
yTo Ge3pa3MepHOe OTHOUIEHHE

p = Kp/m? (42,7)

OKasbiBaeTcsl Majiol BeJHunHOR ~ 1072—107 (3gech K ¥ M — NOPALKH
BEJMUMHBLI MOAyJeH yNpyrocTH HeMaTHKa M ero Kos(duuuenTos
BA3KOCTH 1, g, Ms, 7). Kak OyleT MNoKasaHO HHXe, IPH 3TOM
MOXKHO Das/HuaTh JBa CYIIECTBEHHO Da3JIMUHBIX THNA KoJeGaHuH,
AJA KaxJOro M3 KOTOPHIX ypaBHeHus (42,6—6) HdomyckaioT ompeze-
JieHHEIe YHPOICHHA,

1) Hanemuum (cm. VI, § 10), 9To HeCrauHOHapHO ABHXYYIOCH KHAKOCTH
MOXKHO CYMTAThH HECKHMAeMOH NpH ycaoBHaX U< C H T3> l/e, tpe v u I — mpo-
MEXYTKH BDEMEHN H DACCTOAHHS, HA KOTOPEIX CKOPOCTb JKMAKOCTH HCIHITHBAET 3a-
MeTHOe H3MeHeHnHe, JIjifl KoJeGaTesibHOTO JBHMEHHS I€pBoe YCJIOBHe BCErAd BHINOJ-
“gﬂercu APH JIOCTATOYHO MaJIbIX aMIVIMTYZAaX KoJieGaHHil, a BTOpPOE yC/IOBHE KdK' pas
n osHauaer TpeGopanne Wk <Kc,, Ce L e T i

L
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B ommom M3 HHX uYacTOTa CBSI3aHA C BOJIHOBBIM BEKTOPOM COOT-
HOleHHEM BHAA ' - T L
- io ~ nk%p o (42,8)
aHaJIoruynbiM (42,2) (Mo mpuuuHe, KOTOPAs BLIACHUTCH HHUKE, 5TH
KONIeGaHHsl HASBIBAIOT ObICMPoLMY CIBHIOBBIME). B 060HX ypaBHEHHsX
(42,5—6) moxHo TOrza MpeHeGpeub BceMu UieHaMH, cofepxKaiumy h.
HefictButensno, us (42,8) BHAUM, 4TO

0n ~ kv/o ~ puink,
H MO3TOMY MOJIEKYJSIpHOE MoJie
h ~ Kk*n ~ pvkK/y.

Hcnonnaya atw onenxw, Jerko yGeautbesi, uto uiens ¢ h B ypas-
HEHHAX MaJibl [0 CPaBHEHHIO C YIEHAMH C U;;, B OTHOWIEHHH ~ . Takum
o6pasom, cHCTeMa ypaBHEHHH JJs1 GBHICTPHIX CABHIOBLHIX KoJeGaHuii
CBOAUTCA K

p 2L — 407 — 0:Bp, (42,9)
ag’;i = Qi -+ A (51 — nosnr) NV = (42,10)

Ilepsoe ypaBHeHue He comepkuT 6n u onpeenseT KoaeGaHHS CKO-
POCTH U 32KOH HHCIEPCHH, IOCJE Yero BTOPOe ypaBHEHHE HeNocpei-
CTBEHHO JlaeT CONyTCTBYIOIHE KoJeGaHus AupeKkTopa (cM. 3agauy 2).

IlepeiifeM Ko BTOPOMY THIY CABHIOBBIX KOJI€GAHHHA NMPH yCJIOBHH
p & 1 — K crenududeckuM A HeMaTHKa MedAeHHbiM KONeGaHHIM
AupekTopa. B 3TuX Kone6aHUAX MOPSANOK BEJAHYMHBI lepEeMEHHOH 9acTH
JupekTopa onpefedserca 6aJaHCOM MeEXAY IPOU3BoAHOH 06n/df
B J1eBO# cTOpoHe ypasHeHHd (42,6) u uienoM h/y B ero npasoii cro-
poue: wdn ~ h/y, u mockoneky h ~ Kk*On, 3akoH AuCHepCHH 3THX
KoJie6aHHA KaueCTBEHHO JA€TCs COOTHOLIEHHEM

io ~ Ky, (42,11)

OueBuanO, YTO NPOH3BOLHAs P OV/O ~ PV® B JMeBoH CTOpPOHE ypaBHe-
HuA (42,5) okasbiBaeTCs NIPH STOM MaJO#l IO CPABHEHHIO ¢ UIEHAMH
0k0ix ~ Nvk? B ero npaBofl CTOPOHE U NOTOMY MOXKeT GhiTh OMyIIeHa.
¥YpaBHeuue

A
— 0ip + % (no1 Oxhy — oy Oxhy) — —— (g Ol
+ Nox akhi) + 6kd§k =0 (42,12)

OnpeielIfieT CBA3b MeXAY KoJeGaHHSIMH CKOPOCTH M AHPEKTOpa, mocje
4ero 3aKOH JHCHepCHH onpejensieTcss M3 ypaBHeHus (42,6) (cM. 3a-
nauy 3).

O6paruM BHHMaHHe Ha TO, YTO OTHOLIEHHE yacTor (42,11) u (42,8)
0y/0g ~ p. Takum o6pasoM, nHpH OXHOM H TOM Xe 3HAYEHHH A
4yacToTa ©y Majia [0 CPABHEHHIO C Wg; C 3THM M CBf3aHO Ha3BaHHe
COOTBETCTBYIOMHX KOJEOaHHH ME/IEHHBIMA M GBICTPHIMH.
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Haxonel, TemMnepaTypHuie KOAe6aHHS B HENOABHXXHOH HeMaTHUe-
CKOH cpelie OTJIMYAIOTCH OT AHAJOTHYHBIX KOJeGaHMH B OOBIYHOM
XKHUAKOCTH JIHIIb INOSIBJIEHHEM AHH3OTPOIHH B 3aKOHe JHCIEPCHH,
ananornynom (42,3) (cm. sanauy 4).

3apgaun

1. Onpeneanth Ko3QQHUHMEHT NOIVIOMERNA 3ByKa B HEMaTHYeCKOH cpefie.
Pemenue, Koapdunyeny noraoumenns 1) phiuncisercss KaK OTHOHIEHHe

I' = R/cpd?

(cm. § 34), npuuem RuCCHIATHRHAs ¢yuknus gaerca dopmynoit (41,5). Ipn sToM
B Helt MOXKHO ONYCTHTD WICH h?/y. JleficTBUTEIBHO, KaK yXe YKa3aHO, MOJIEKYJApHOe
‘nione k ¢ k3, 1 ROTOMY h%/y o k%, MEXJY TeM, KaK OCTajbHhe WIEHH B R mponop-
'[HOHANbHEI GoJee HHSKOR CTENeEHH BOJHOBOTO BEKTOpA — &2, Ilpocroe BHYHC/ICHHE
npuBORHT K ClefyiilieMy pesyasTary %)

: . o
r=\2o:>cs {("1+712)+2(Tls+m—n1—nz)cos26+
+ (3 -+ a2 + N5 — 215 — 21) cos? 0 +
1 1
+ [+ (=%, ) cos? 0] (_%____c;_ }’

rae O — yron mexay k (u Tem camuM v) ¥ n. Buuucrenne TemaonpoBOXHOCTHOMH
4acTH TNOTJIOWIEHHS! MOJHOCTHIO AHAJIOTHIHO TAKOMY Ke BHIGHCJICHHIO A5 OGHIYHOH
mBIKoCTH — cM. VI, § 79 (cp, €; — TEIIOEMKOCTH eXHHHIOL Macchl BEIeCTBa),

9, Halith 8aKOH JHCHEPCHH OHCTPHX CABHTOBHX KoJeGaHHH.

Pemenmne Jas niockoi BofHE (v oo exp (ike — iof)) ypasrenne (42,9)
NpPHHEMAET BHX

-— l'pa)vi = — iktﬁp + ikkazk-

Jlas HeCXKHAMaeMOTO HeMaTHKa BSISKHH TeHSOp HanpsDKeHHH Jaercs dopmyaoit (41,7),
H npoc?e BHUHCJEHHE (C yUeTOM nonepedHoctd v, vk = () MpHBORHT ypaBHEHHE
K BHAY )

ipav = Ik8p -} agkv - a.kn (nv) 4 agkk (nv), (1))
9.0

@y = 1y + Y3 (ns — 21y) cos? 6,

8y =13 (3 —2ny) + (s + M1 — 2n) cos? B,

a3 = /5 (Ng — 2m) cos 6,

rae § — yron Mexxay k u n. Yuroxus ypassenue (1) na k, nonyism ¢popmyny, onpe-
JeNSIONLYI0 KONeGaHHA [aBJeHH NO KOJEeGaHHAM CKOPOCTH:

8p = ik (nv) (ag + az cos 0), @)

1) Mu 0Go3HauaeM 3ech STY BelHYuHy Kak I', Bo H3GexaHue NYTaHHLE C Ruc-.
CHIATHBHEM KOobhHIHEHTOM Y. :

%) IpH BHYHCACHHA KBaADATHIHEIX BeJHYHH BCe KojgeGniommpecs BEAHIHHN
JOIXHH, KOHEYHO, SANHCHBATECS B BEHECTBEHHOM BHJE ~— WX SaBHCHMOCTy OT ¢
® T Jaercd MHOXHTEIAME CoS (kr — @f). -

%) Oas yNpomieHEg 3amacH GopMyR BHIEKC Y g Be3lie HHXe B 83Janax onycxaeM,
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Hckombift e 8akon RHCIepCHH Onpefe/feTcd NOMePeMHHMH KOMITOHEHTAMH ypasn-
Hennst (I). YMHOXuB 370 ypamuense Ha [nk], moaywmm saxon ZHCTIEPCHH

k2 k2 ; 1
o, =—5—-a1 (e)=—-7)—('ql sm20+—2—n3cos29),

OTBedalomuft KoneSaHHAM V, NEPNeHAMKYNSPHHM ILIOCKOCTH, npoxoasme’ uepes
BeKTOPH k # n. 3aKoH e AuCHepCHE J1g KOJAeGAHHT, MOASPU3OBAHHHX B YKaSaHHOMI
TIOCKOCTH, MOYUHTCA YMHOXKeHHeM ypasuenus (1) Ha n u HCKMOUGHHEM U3 Hero 0p
¢ nomomgsio (2): '

: i L, B S 1.,
fa = - (a3 6) - sin* 6, @) = {1 (- ) 5in8 20 4 1 cos 20}.

O6a saKORa HAaXOZATCSH, KOHEWHO, B COIMIACHH C KAUECTBEHHON OLCHKOM (42,8).
3. HaliTh 3aKOH AHCIIEPCHH MEIIEHHHX CHBUTOBHX KOMeGaHud.
Pemenwue [aa naockoit soanu (8n oo exp (ikr — o)) nuHeapusoBanuoe
MOJIEKYyASipHOe 1oJIe

h=H —n (nH) = — K, {k — n (nk)} (kén) — K,v (vbn) — Ks (kn)? 6n,
rae .
v=[nk] (v® = £2sin? §),
Ypapnesne xe (42,12) (c o}y u3 (41,7)) NpHHHUMAET BHJ

— ik8p — ay¥ — a,4%n (V) — agkk (nv) +- i# n (kh) — § X “2L A b (ak) = 0
' )

(bynrunn a; (6), a, (6) onpegenentt B saxaue 2). YMuoRHS ero na v, HAXOXHM CBA3b
MeXAy KOJieGaHHAMH V M On, NOJISIPH3OBAHHHMH NEPTEHAHKYIAPHO MIOCKOCTH k, n:

&y (v) =_'i1—2':21 (k) () = ¢ 22 ey | (wom), ®

rae '
K, = K;sin® 6 - Kj cos? 8,
Hanee, nuntem ypasnenue (42,6), yMmHOXeHHOe HA V: .

BK
— 0 (von) = %(1 + 1 (k) (o) — —* (v8n).

Hckmouns oTciofa (vv) ¢ nomompio (2), HalifeM sakod AMCNEPCHH KOJIeGaHHMR, MONADH-
80BaHHHIX MEePHEHIHKYJSAPHO IWIOCKOCTH K, n:

1 1-4-2)2cos2b
mJ_=szl{_v_+ﬁ__4)a_l°°L__},

Jlnsa uaxoxieHns 3axOHa AWCIEpCHH KoXeSamufl, NMOASPHSOBAHHKIX B MJAOCKO-
cru k, n, npoenupyem ypasrenue (1) Ha HanpapJienue, nepneHguKyAsApHOe BeKTOpY k
{8 nuirockocTH n, k) u ymHOoXaem ero Ha n; 970 faer

(A7) (@3 + @, $10% 6) =~~~ (1 +- A cos 26) K] (k6),

rae .
Ky = Kgsin® 0 4 K, cos* 6,

Ilponspess TakAe Xe ODepalfH @ ypaBHeHHeM {42,6), monyaum
io (kbn) = -,;—k’ (1 - 2Acos 20) (av) + -’:— K] (k8a),
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Uckmouns (nv) u3 o6OMX MNOJYYeHHHX YpaBHEHHR, HaiijleM SaKOH NHCMEPCHH
' . - . 1 (1 4 A cos 26)2
iy = BK| | — + gt
v ' 4(ay+ aysin? )

O6a 33aKOHa HAXORATCA B COOTBETCTBHH C KadecTBeHHOR oueHkoi (42,11) D).

4, HaliTy saxoH JHCIepCHHM TEMMepPaTYPHHX KONeGaHHH B HEMOABHMHOM He-
MaTHKe,

Pemenune. INpeoGpasopanne ypasHenud (40,8) nas HeCXXHMAeMOro HeMaTHKA
NPOH3BOAUTCA B TOVHOCTH TaK, KaK 9TO Jie1aeTcal B Clydae OGKLIYHOK KHAKOCTH (CM.
VI, § 50) u mpuBOAHT K ypaBHEHHIO

oT KHin
—r = %00 T %in =gy = Xt + %y (8p — nittg)-
Jlas koneGannit 6T oo exp (ikr — {®f) HaXoAUM 3aKOH JUCHEPCHH

o=k (% cos? 6 + x, sin?6).

§ 43. Mexanuka XoJeCTepHKOB

Xonecmepudeckue KUIKUE KPUCTAILL (XoAecmepuxu) OTAMYAIOTCA
OT HEMATHKOB OTCYTCTBHEM CpeIU HX 3JIeMEHTOB CHMMETPHH IIEHTpa
HHBepcud. HanpaB/eHus e n W — N JHPEKTOpa NO-MPEXHEMY OC-
TaloTcsl sKBUBajJeHTHHIMH (eM. V, § 140).

OTCyTCTBHE LEHTPA CHMMETPHH NPHUBOIMT K TOMY; 4TO CBOGOAHAs
bHEpTHs AedOopMalHHd MOMKET TelePb COAepKaTh JHHEHHBIA MO MPOHU3-
BOAHBIM uJieH— nceBiocKansap nrot n. Ee ofmuit Buj Moxer OHITb
NpencTaBJed B BHJe

Kl . 2 K2 2 K3 2
Fg=—5 (divn) +T(nrotn+q) —]——2—[nrotn], 43,1)
rle ¢ — mapaMerp ¢ pasMepHOCTbIO OGpaTHOH AJMHMHEL, IDTO OTJIHYHE
NPUBOAMT K pajUKaJbHOMY H3MEHEHHIO XapakTepa PaBHOBECHOTO
(B oTCyTCTBHE BHEWIHHX Bo3AeilcTBHEl) coctoanusa cpeapl. OHO He
AIBJseTCA Temepb NPOCTPAHCTBEHHO ORHOPOXHEIM (n = const); Kak
Yy HeMAaTHKOB,

PaBHOBECHOMY COCTOSIHMIO XOJIECTEPHKA OTBEYaeT pachpelie/ieHHe

HamnpaBJeHuil AHpeKTopa, AJsf KOTOPOro

divh=0, nrotn=—¢, [nrotn]=0 (43,2)

(cBoGomnas smeprus (43,1) MHHHMaTbHA — paBHA HY/O). ITH ypas-
HEHHsl HMEIOT pelleHue:

ne = cos gz, n, = sin gz, n, = 0. (43,3)

31y cIpyKTypy (ee HasbIBAIOT 2eAuKoudarbHOE) MOXKHO NPEACTABHTH
ce6e KaK pe3yJ/bTaT 3aKPYUHBAHHS BOKPYT OCH 2 HEMATHUYECKOH CPEe,
epBOHAYaNbHO OPHEHTHPOBAHHOM CBOMMH N = const B 0JHOM Hanpa-
BJEHHH B IJAOCKOCTH X, y. OpueHTalMOHHAA CTPYKTypa XoJiecre-
pHKa OKasblBaeTcsl MePHOLHUECKOH BIO/ML OLHOTO HanpasJeHus B MPO-

1y Mpu veimecTBeHHHIX k BelecTBeHHAs BENHUHHA /@ A0MKHA GHTh NOJOKHTENbs
Hofi — RoNeGanus JOJIKHH 3aTyXaTh (2 He CaMONPOM3BOJLHO YCHIMBATHLCH) CO Bpes
meneM, Bee HafijeHHBIe B 8afauaX 2 H 3 3aKOHH! JUCNEPCHH STHM CBOACTBOM 06/1a4aI0T,
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crpancree (ocH 2). Bekrop n BO3Bpalll@aeTcs K NMPEXHEMY 3HAUEHHIO
yepea KaXAA MHTePBaX JMHHHEL 27t/ BAOJIL OCH 2, HO WOCKOJIBKY Ha-
npapJeHns N U —N 5KBHBAJICHTHE, HCTHHHLIA NEPHOJ NOBTOPAEMOCTH
CTPYKTYpH BJBOE MeHblle — paBeH 5/g. Pasymeercst, Makpockonuue-
CKOE OIMCaHWe TeJIMKOHIANBLHON CTPYKTYPHl XoJecTepHka ¢opmy-
navu (43,3) HMeeT CMBICH, JIHIIb €C/IH 1Iar CTPYKTYPHl BeJIHK HO CpaB-
HEHHIO C MOJIeKYJspHBIMH pasmepaMu. B pea/ibHBIX XOJ€CTEpHKAxX
570 ycioBHe BumosHsercs (w/g ~ 107% cm).

[lpu BeIBOje YpaBHEHMH DPAaBHOBECHA H ypaBHEHHH JBHIKEHHs
HeMaTHKOB HaJHuHe Y HHX IEHTpa HHBEPCHH He HCIOJIb30BaJOCh.
[TosToMy Te e ypaBHEHHs] B HX OOLIEM BHJe CIPaBEIJHBEL U IJIs
XOJIECTEPHKOB. B TO e BpeMs umeercs H psj orauyuii. Ilpexne
BCero, MeHfeTcs BhipaxeHHe Fg, ¢ KOTOPHIM JOKHO BBHIYHCIAATHCA,
corsiacHo onpegeenuio (36,5), Monekyaaproe nose h. anee, nanu-
4ie JWHEHHOrO NO NMPOM3BOAHLIM YleHa B cBOGOAHOH 3HEPruU MPHBO-
JMT K TOSIBJCHHIO Pas/Huds MEXLY W30TePMHYECKMMH M aguabaru-
yecKHMH 3Hauennsmu Momyasi K, (cp. xoumen § 36). B chopmysmupo-
BanHo# B §§ 40, 41 chcTeMe rMAPOJXHHAMHYECKHX YPABHEHHHA OCHOB-
HEIMH TepPMOAMHAMHUYECKMMH TEPEMEHHBLIMU SIBJIAIOTCA NJIOTHOCTH
yu suTponus. COOTBETCTBEHHO ITOMY JOJKHBI HCMOJbL30BAThCA ajna-
GaTuuecKue 3HaueHHs (KaK (QYHKUHH @ H S) MOAyJ]si yHpPYToCTH.

HaxoHell, CyIeCTBEHHOE H3MeHEHHe B rHAPOJHHAMHYECKHX ypasB-
HeHHSX XOJECTEPHKOB IO CPaBHEHHIO C YPaBHEHHsIMH AJs HeMaTH-
KOB COCTOUT B INOSIBJCHHH JOMNOJHHUTEJIbHEIX WIEHOB B AHCCUNIATHBHBIX
gacTAX YPaBHEHUH — B TeH30pe HanpsKeHUH 07, TEIVIOBOM TOTOKE ¢
u pestnunte N B paBoit cropone ypasrenus (40,3) (F. M. Leslie, 1968):

Otk = (07t nen + B (Ri€kim -+ Nelitm) im Oi T,
Ny = (N3)uew + veirattn 0iT, ‘ (43,4)
g1 = (@uens + Vi€imitsPa + P (Comifte - €rmalts) Nonlin

(uieHHl ¢ HHAEKCOM «HeM» 0603HAYAIOT BEIPAKEHHA U3 THAPOAMHAMUKY
HeMaTHKOB). JonoMHuTeIbHbIE UIeHbl B STHX COOTHOLICHHAX ABJSAIOTCA
He HCTHHHBIMH, 2 TCeBJOTEH30POM H IICEBJOBEKTOPaMH. 1€M CaMBIM
HapyllaeTcsi CHMMETPHS OTHOCHTEIbHO IPOCTPAHCTBEHHOH MHBEPCHH,
M UMEHHO 110 3TOi IPHYHHE STH WIEHH OTCYTCTBYIOT B FHAPOAHHAMUKE
HeMaTHKOB. O6paTHM BHHMAHHE Ha TO, YTO MOCTPOEHHE aHaJIOTHYHBIX
4IeHOB, KOTOphie OblAM Obl MCTHHHBIMH TEH30PAMH HJH BEKTOpAMH,
HEBO3MOXKHO B CHJIY TPe6OBaHHMs MHBADHAHTHOCTH YDPABHEHHH OTHO:
CHTeJIbHO H3MeHeHHs 3Haka n. Tak, umed puga const (n;0,T +

+ n,0;T) B 0ix unu wiaex Bufa const.h B q MeHsM bl 3HAK BMECTE
C N, MEXLY TeM KaK TeH30D HamnpsKeHHH H TEMJOBOH NOTOK AOJIAKHLL
GbiTh WHBAPHAHTHH 1O OTHOWICHHIO K 3TOMY npeoGpasosanmio. AHa-
JloruuHBIM 06pa3oM, wieH sufa const. VT B N HeBo3moxeH, NOCKOJBKY
OH MHBapHMaHTEH TO OTHOIIEHHIO K H3MEHEHHIO' 3HAKA N, MEXAY TEM
Kak BeauunHa N (ompefensiowas gpoussogHyio dn/df) jo/kHa OblIa;
6Bl M3MEHHTDH . 3HaK. ' -
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Kospdunuentst B Bhipaxkennax (43,4) cBA3aHH APYT © JApYroM
COOTHOWEHHAMH, clefytomumy #3 npurnuna Oncarepa. Has npume-
HeHMs storo npuruuna (cp. § 41) uGepem B KauecTse BEMHIHH %, —
«TepPMOJMHAMAYECKAX [I0TOKOB» — BEJHUYMHB O, qi, N;. Hs Buzia
nuccunartuBHoOll (ynkuuu (40,21) (trousee, n3 Buma ¢yskuuu 2R/T,
onpefiefaiomeil POCT SHTPONHH) BHAHO, YTO COOTBETCTBYIOIMMMH
¢TepMOIMHAMHUECKHMH cHJIaM#» X, OyAyT BeJHUHHH —vu/ T,
0,T/T?, — h;/T. Hano Takxke yuyecrb, 910 BEJHYHAH Oi UETHHI, a
g;, N, HeueTHHl 1O OTHOWEHHIO K ofpamennio BpeMeHH (KaK 3T0
BHIHO M3 MeCTa, 3aHMMaeMOro MMM B ypaBHEHHSX (40,3), (40,7) u
(40,8)). Ecau BeMHUMHBL X, H Xp UMEIOT OAHHAKOBYIO 4YeTHOCTb IO
5TOMY NpeoGpPasOBAHHIO, TO COOTBETCTBYIIHE KHHETHYECKHE KO3(}-
GUUHEHTbl CBA3aHBI PABEHCTBOM Yap = Yoe; €CJH e UYETHOCTH Xq
H X Da3IHUHBL, TO Yap = —Ypo. CPABHHUB TeNeph <IePeKPecTHHE»
KO3(HIHEHTH B COOTHOMeEHHAX (43,4) 1), nalizem paseHCTBa

vy =T, py = pT,
Takum 06pasoM, MOXKHO OKOHYATENBHO NepenucaThb (43,4) B BHZE

01t = (Oir)mem — P {1 [NVT ) -+ 1z [aVT]y),
N =Ngey + v [nVT], : (43,5)
" q = Qgey ~+ ¥T [nh] + 2uT [n(v-n)],

The cuMBOJ (v-n) 0603HAYACT BEKTOP C KOMIOHEHTAMH Ujpfly.

' Wrak, B MeXaHMKE XOJIECTEPHKOB MOSBJIAETCS 3aBHCHMOCTb TeH-
gopa HanpspkeHH# M BekTopa N OT rpajueHTa TeMIeparyphl 9.
(opMa 3TOH 3aBHCHMOCTH (BEKTODHOE NpOH3BeJeHHE [nVT]) osna-
4aeT, 4TO TPajMEeHT TeMNepaTypH NPHBOAHT K IOSBJIEHHIO 3aKpYy4H-
BAIOUINX MOMEHTOB, JefCTBYIOIINX Ha JUPEKTOP H Ha MACCY XKHAKOCTH.
B To xe BpeMsi MOJeEKyJspHOe IMoJe (COMpOBOXJalollee BpalleHHe
‘IHPEKTOPA OTHOCHTE/IBHO KHAKOCTH) H IPAJHEHTHl CKOPOCTH XKHIKOCTH
PpHBOIAT K NOABJEHHIO B HEH TEIVIOBBIX MOTOKOB.

" QpHO H3 cBoeo6pasHLIX, CeHHIECKHX LI XOJNECTEPHKOB THAPO-

HHAMHYECKHX fIBJIEHHH MOXKeT ObTh HAIVIANHO OMHCAHO, KaK &Mpo-
CaunBaHHe» MKHJKOCTH CKBO3b OCTAIOMYIOCA HENOLBHKHOM TeNHKO-
wramsuyo crpykrypy (W. Helfrich, 1972). OHo cocTouT B Cl€RyiO-
\‘e'M.

o .
e

Y) Ilpn cpaBHeHHH HEOGXOJHMO TWIATe/bHO C/AEAHTh 82 NOPAAKOM HHACKCOB
B MHOXKHTeJI® £i7)

*) HapnompiM (cm. VI, § 49), uro cymecTsoBanne CpeXH AHCCHUATHBHHIX dje-
HOB B YPABHEHWAX ABWKEHYs WACHOB C TPAXHEHTOM BTOPOH HE3ABHCAMON TepMORH-
Halmeckoll BENHUEES (HADDHMEp, JAnJieHud) 3anpelieHo TPeGOBAHHIMH 3aKOHA

Spactanus suvponud. HaaHuse TAKHX wieHOB NPHBENO OH K NOABJIEHHIO B AWCCH-
nafusaoft GyHKOBH UAHOB ¢ MpoH3BeieHuAMH VpVT, hVp, KOTopHe B OTCYTCTBHE
-meuoch KBafipaToM (Vp)* caenann Gut HEBOSMOKHKLM -ofecrieqenne MOJOKHTEN b
HQ.CI H » . .. . B
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TlpeacraBaM ceGe xonecTepHUecKylO cpelly, FeJHKOHAAIbHas
CTPYKTYPa KOTOPOH sakpenseHa B NPOCTPaHCTBE (CKakeM, 3a cuep
ONPEACACHHBIX 5(peKTOB CHeNJIeHHS © OTrPaHHYMBAIOMHMH CPeRy
CTeHKaMH). ITokaxeM, 4TO B THX YC/IOBHSIX BO3MOKHO CyHIECTBOBA-
HHE€ ONHOPOZHOrO MO NMPOCTPAHCTBY PABHOMEPHOTO IIOTOKA XKHAKOCTH
B HanpapJIeHHH OCH CTPYKTYPH (OCh z). :

Hockonpky cTpykrypa (43,3) oTBeuaeT paBHOBECHOMY COCTOSHHMIO
cpenpl, oHa ofpailiaeT B HYJb MOJNEKYAApHOe noae, h = 0. Hanuune
4npOCavHBalOIErocss» NOTOKa HECKOJLKO HCKaXaeT CTPYKTYPY H €O-
OTBETCTBEHHO CO3JaeT Majoe (BMECTe CO CKOPOCTBIO NOTOKa U) MoJie-
KyJspHoe nose. OnpeNesHM TO MOJ€ HCXOAS H3 YDaBHEHHS JBHKe-
Hua nupexropa (40,3). Ilockonbky nose n (r) (B HYJIEBOM 1O CKOPOCTH
RpUOJHIKEeHNH) HeNOABAXHO, On/df = 0, a HNOCKOJIbKY MOTOK JKHAKO-
CTH Npenno/iaraeTcss OAHOPOAHBIM (v, = v = const), u vy = Q;, =
= 0. B pesy/oTaTe ypaBHEHHe CBOZHTCA K pPaBeHCTBY

‘dn h
_ (VWWn=v z =5
C ¢yurnueit n (2) us (43,3) HaxomuM oTCIOAA p
h= YU [qn], (43’6)

FJie BeKTOp q (¢ a6COMIOTHOMN BEJIHUYHHON ¢) HampasJieH BJOJb OCH 2,
B paccMaTpuBaeMbiX YC/IOBHAX BHIpasKeHHME JHCCHIATHBHON ¢dyHK-
nun (40,21) coautes K 2R = h*y u ¢ h us (43,6):
2R = yu’g>. (43,7
OtuM naeTcst sHepTHsT, NUCCHIHPYEMas B eNHHHIY BPEMeHU B eQHHHIS
o6beMa KHAKOCTH. [IpH CTaNHOHApHOM IBHMKEHHH 3Ta SHEPTHS KOM-
NeHCHpyeTcs: paboTofi BHEIHUX HCTOYHHKOB, NOANEPKUBAIOUIUX Aef-
CTBYIOWHUA BOJbL OCH Z rpajueHT AaBienus p’ = dp/dz. FlnorsocTs
AEHCTBYIOIHX B cpefie OGBeMHBIX CHJ KaK Pas Aaercs [pajHeHToM
—Vp; pabora sTHX cH (B €NMHHLY BpPEMEHH B equguue obbema)
€CTB —p'v U NpHpaBHAB ee 2R HalileM CKOpOCTb «NPOCAYHBAHHSY
cv=|p'lv (43,8)
ITo oTHOmeEHHIO K YaCTHIE XKHAKOCTH, NMPOTEKAILiEH «CKBO3b» res-
KOMJAMBbHYIO CTPYKTYPY, AHDEKTOD R Bpaniaerest ¢ Yr/I0Boft CKOPOCThI0
vg. 310 BpalleHHe CONPOBOKAACTCS TPEHHEM», XapaKTePH3YeMbIM
KO3(pUIHEHTOM y; HM H ONpPeReNsieTcsi CKOPOCTh TEUCHHS.

B peanbHHX yClOBHAX CKOPOCTh He MOXKET GHITH HOCTOAHHON TG
BceH IIHPHHE MOTOKA — OHA JOJIKHA 06palaThCsi B HYAb HA CTEHKAX
OrpaHHTHBAIOMEA NOTOK TPyOKH. ITajeHHe CRODOCTH NpPOMCXOAHD
B cAoe HeRotopo# tomuunk 6. Ho eMHCTBEeHHBIM flapaMeTpoM JJIHHHI,
XapaKTepHbIM JJIS PacCMATPHBAaeMOTo IBHKEHHA, ABJSETCH BeHUHHA
Vg. Ecau npeuaTth, uto Bee KOI(dHUAEHTH BASKOCTH XoJecTepHKa
HMEIOT OXMHAKOBHIA HOPSANOK BEJHUHHE, TO OTCYTCTBYIOT TaKXKe H Kads
Kne-AnGo GespasMepHMe napaMerpH, KoTopeie He GObiIH Obi ~1,
OueBHZHO, YTO B 3THX YCAOBHAX BO3MOXHO AHIL & ~ 1/g. Taknm
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06pa3oM, NpH TedeHMH 10 TPYOKe GoJbIIOro Mo cpapHenHio ¢ 1/¢ pa-
auyca gopmyna (43,8) 6yner crnpaBeAJHBa Besje, 3a HCK/IOUCHHEM
JUIIL OYeHb TOHKOro (TOJLIMHA IIOpPSiAKA IlUara reJHKOUJaJbHOM
CTPYKTYpbl) MPHCTEHOYHOTO CJOS. -

i

§ 44. Yupyrue cBOACTBA CMEKTHKOB

ITo npuHsATOH TEPMHHOJNOIHH K KATETOPHH CMEKMUHECKUX MHAKHX
KPHCTAMIOB (MM CMEKMUKO8) OTHOCATCS aHH3OTPOMHBIC MXKHAKOCTH
pasnoo6pasuoii cioncroit cTpykTypHl. [lo Kpaiineil Mepe HEKOTOPBIC
M3 HHX TPEACTaBJIsAT cOGOH Tela ¢ MHKPOCKONHYECKOH (YyHKUHEH
IJIOTHOCTH MOJIEKYJI, 3aBHCALIEH TOJbKO OT OFHOH KOOpAMHATHI (CKa-
3KeM, z) H TepuOjudecKoi no Hedl, p = p (z). Hanomuum (cm. V,
§ 128), uro ¢yHKuMed NJOTHOCTH ONpeleasaeTcd pacnpeje/enue
BepOSTHOCTelH Pa3/IHYHBIX IIOJOXKEHHHA YacTHL B Teje; B JAHHOM CJy-
yae MOXKHO T'OBOPHTb O Da3jIMYHBIX IIOJIOKEHHSX MOJIEKYJ Kak Le-
Joro, T. e. pdV ecTb BEPOSITHOCTb LEHTPY HHEPLMH OTAEJbHOH MOJe-
KyJIbl HaXofuTbcs B aJemente o6bema dV. Teno ¢ ¢pynkuuedt mior-
HOCTH P (2) MOXHO MpeACTaBJsTb cee Kak cocrosuiee M3 CBOGOAHO
CMEIAIOUIHXCS APYT OTHOCHTEJNBHO APYra IJIOCKHX CJIOEB, PAcCHoJO-
3KEHHBIX HAa OJMHAKOBHIX PACCTOSHUSAX APYT OT Apyra. B kaxioM u3
C/I0eB PacloOXKEHHe LEHTPOB HHEePUMH MOJIeKYJ GeclopsilovHo,
H B 5TOM CMBIC/Ie Ka/Blfi M3 HHX INpeACTaB/ser CO00OH «AByMEpHYIO
JKHIKOCTbY, JKHAKHE CJIOH, OJHAKO, MOFYT ObiTh KaK HM30TPONHBIMH,
TaK M AHH3OTPONHBIMU. DTO Pa3jiHyHe MOXKeT ObITb CBSI3aHO C XapakTe-
POM YIOPAZOUEHHOH OpHeHTallMH MOJeKyJ B closX. B mpocreitieM
cayyae aHM30TPONMsA pAaCHpelie/leHHsl OPHEHTaUuH 3ajaeTcs BCero
ONHHMM HamlpaBjeHHeM N (CKaxeM, HaNpaBJIeHHEM «JJIHHHOH OCH»
moJiekyJsel). Ecan 3To Hanpas/ieHHe NepHeHJUKYJISPHO INIOCKOCTH
CJI0EB, CJOH H30TPOIHBI, TaK YTO OChb 2 SIBNSAETCH OChIO aKCHAJIBHOM
CHMMETDHH TeJld; TAKOBA, I0-BHAHMOMY, CTPYKTYpa TaK Ha3bIBaeMBIX
cmekmuros A. Ecnu xe HanmpaB/ieHHe it HAKJOHHO K IIOCKOCTH X, Y,
TO B 5TOH NJOCKOCTH NOSiBJfercs u3bpaHHOe HaNpaBJEHUE H OCeBas
CHMMeTpPHs HCYe3aeT; TaKoBa, MO-BHAUMOMY, CTPYKTypa TaK HasbiBae-
MEIX cmexmuxos C. :

Mer Gyaem paccMaTpHBaTh HHXKe TOJBKO GoJiee MPOCThbIe CMEKTHKH
A (¥ TOBOPHTH O HHX IPOCTO KaK O CMeKTHKaX). Bo BceX H3BECTHBIX
CMeKTHKax A, NOMMMO aKCHaJbHOH CHMMETPUH BOKPYT OCH 2z, HMeEeT
MECTO TaK¥Ke H SKBHBaJeHTHOCTb 0GOMX HanpabJjeHHH ocH z. Ecau
CMeKTHK 00JIafiaeT ellle W LEHTPOM HHBEPCHH, TO ero MakpOCKOmHYe-
CKasi cHMMeTpH# (T. €. ToueyHas IPyNNa CHMMETPHH) Takas ke, KaK
y HEMATHKOB; MHKPOCKOIHYECKasl XK€ CHMMETPHS, a C Helo H MeXaHu-
yecKHe CBOMCTBa, KOQHEYHO, COBEPUIEHHO pasHBe.,

[To noBoAy CKasaHHOrO N0 CHX IOp HajA0 CAeJaTb CJEAYIOULYIO
OueHb BaXHYIO OTOBOPKY. CylllecTBOBaHHE CTPYKTYPbI C HEMOCTOSAHHO!
BJIOJIb O6beMa TeJla pyHKUHeH MJIOTHOCTH MpejironaraeT AOCTaTOUHYIO
MaJloCTh CMEWEHHH, HCIBITHIBAEMBIX MaJIBIMH y4acTKaMu TeJjla B pE3y/ib-
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TaTe TerIoBEX GAyKTyauni. Mexay TeM 1151 CTPYKTYPHIC P = P (2).3TH
¢UIyKTyallHOHHEIE CMEIEHHA HEOrPaHHYEHHO PACTYT NPH. YBEAHYEHHH
pasmepoB Tesa (cMm. V, § 137). Crporo rosops, 3TO 03Ha4aeT HEBO3-
MOXKHOCTb CYIIECTBOBaHHS ONHOMEDHOH NepHOJMYECKOH CTPYKTYpH
B HEOTPaHHYEHHOH IO CBOMM paaMepaM cpelie. PaKTHUECKH, OLHAKO,
CMEICTT STOTO YTBepXKJIEHHS OKa3biBaeTCsi BeCbMa YCJIOBHBIM BBHAY
MepuienHocTd (Bcero JsorapudMHyeckol) BospacTarua QUIYKTyauui
NpH yBelHYeHHH pa3MepoB Tesa. OueHKH (WCHOJb3YIOMHE THIHYHLE
SHAYEHHS MaTepHajbHbIX KOHCTAHT H3BECTHBIX CMEKTHKOB) MOKa3hl-
BAIOT, YTO Pa3pylieHHEe OJHOMEPHOH NePHOAHYECKOH CTPYKTYPhI MOTJIO
6bl POM30MATH JMIUL NPH NPAKTHUYECKH HepeaJbHBIX OrPOMHHIX pas-
Mepax ¥, TakuMm obpa3oM, B Jo0OH peanbHOH NOCTaHOBKE BOMpPOCA
CTpyKTYypa P (2) OKasblBaeTcs OCYLIeCTBUMOM.

[MoguepkHeM B TO Ke BpeM#, YTO C Pa3pyLIEHHOH QIYKTyauusaMu
CTPYKTYPO# P (2) (T. . B KOTOPOH cTajI0 yKe p = const) cpesia OTHIOAD
He CTaHOBUTCH OOBIUHON KHAKOCTBIO. IlpHHUMIHANBHOE OTJIHYHE
COCTOHT B CBOHCTBaxX KOPpPeJARHOHHOH (QYHKUMH (PIYKTyaunui [J0T-
HOCTH B Pa3/JHYHEIX Toukax mpoctpancrsa: (8p (r;) 8p (rz)). B ob6bry--
HOM XUAKOCTH 514 QyHKUUSA H30TPONHA H yOBIBAET IPH 1 = |Fy—1y [ —>
—> 00 [0 3KCNOHEHUHaNbHOMY 3aKoHy (cM. V, § 116). B cucreme xe
c p = p (2) KoppensauHOHHAsA GQYHKIMS ocTaeTcsl (IpH yBeJMYEHHH
pasMepoB TeJla) AHH3OTPONMHOA H yOBIBAE€T NPH r —- 00 JHIUb [10 MeJ-
JICHHOMY,; CTENCHHOMY 3aKOHY, NpHYeM TeM MEJJICHHee, 4eM HuKe
tremneparypa (cm. V, § 138). ,

[TpucTymas K IOCTPOGHHIO MEXaHHKHM CMEKTHYECKMX Cpel, Hajo
HauaTh C OTHICKaHHS BHIPAXKEHHSA VIS IJIOTHOCTH CBOGOAHOH 3HEPrHH
ux gepopManuu. BBHAY MHKDOCKONHYECKOH ONHOPONHOCTH Cpelbl
B IVIOCKOCTH X, Y CMellleHusi ee TOYeK B 3TOH MJIOCKOCTH CBsi3aHbI
C H3MEHEHMEM SHEPTHM JHIIb HOCTOJNBKY, NOCKONbKY OHH NPHBOAAT
K M3MEHEHHIO IVIOTHOCTH BelnecTBa. Kmest 3T0 B Buiy, BHOEpeM B Ka-
YecTBE OCHOBHHIX T'MAPOAMHAMHYECKHX IepeMeHHHIX (IOMHMO TeMIle-
paTypHl, npeAnoJaraomeicsi MOCTOAHHONH BAOAb CPEAb) IIOTHOCTL O
U CMellleHHe U, = U4 TOYeK CPeAbl BAOJb OCH 2. DHepTHa Aedopmanuu
3aBUCHUT OT HM3MEHEHHS IVIOTHOCTH P—Qy (Po — MJIOTHOCTH Heaedop-
MHPOBaHHOH CPEAB) ¥ OT NPOHU3BOAHBIX CMEILIEHHUS & N0 KOOPAUHATAM.
TIpu pToM nepBbie npousBoanse du/dx, du/dy Boobwe He MOTYT BXORUTD
B KBQJPaTHYHYIO 4acTb CBOGOHOM! SHEPTUH: €C/IH NOBEPHYTD TEJIO Kak
11e/10e BOKPYT ocelfl X UAM Y, TO STH NPOU3BOAHLIE H3MEHATCH, MEXKLY
TeM Kak SHePrHs HOJXKHA OCTAThCS HeW3MeHHOH 1),

Kak Bcerfia B TeOpuH ynpyrocrs, H3MeHEHHS BCeX BeNHYHH B NPO-
cTpaHcTBe GyAYT [OPEANONarathCs AOCTaTOYHO MENJEHHBIMH, TakK
4yTO SHEPTHS JAedopMaluH OmpefesisieTcss MepBHIMH HEHCUe3aroLHMU
ujleHaMH Pa3/iOXeHHs 1O CTeNeHAM NPOCTPAHCTBEHHEIX NPOH3BOAHBIX,

-

" .%)'B ynpyryo sHEpruio TBEpAHR Tell STH NpPOH3BOAHEE BXOANT ‘B KOmOmnna-
LHAX Uyy H Uyz C NPOMSBONMBLIMH OT Uy H Uy, STH KOMOMHAIHH fIDH yKa3aHHOM
TOBOPUTE ‘ HE . HBMEHATCH, R S, \ o L
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Kpome toro, oanako, Gyner mnpeamonaratbca eme u Goaee Hajeko
HAyliee YyCAOBHE: CAMH CMeIeHHS U NPEANOJaraloTCa HACTOMbLKO
MaJIlMH, 9TO CJIOH OCTAloTCA Be3je MOYTH NapanjeNbHLIMH OZHOH
H TOH Xe INIOCKOCTH X, 4 Y).

B 3Tux npeanonoxeHusix ¥ ¢ y9eTOM CHMMETPHH CPeAn cBoSOxHas
sHeprus JedopMalnM CMEKTHKA JAaeTcsl CAeAYIOMHM BHIPAXKEHHEM:

Fy=F —Fy(T) =

O A XK

i i
+ AP, A =gm g (44)

Unen Buga ®) (Gu/02) A, u sanpemaercs npeanosaraeMoil 3gech SKBH-
BaJICHTHOCTBIO 060X HampaBaeHu# OCH 2z, T. €, CHMMEeTpPHed [0 OTHO-
LIEHHIO K Opeo6pasoBaHuI0 & — —#, 2 —> —2, X, Y —> X, Yy (oTpaxe-
HHe B INIOCKOCTH X, ) HAH U —>» —U, 2 — —2, Y => —Y, X —» X (10BO-
POT BOKPYI' IOPH3OHTAJbHOM OCH BTOPOro MOPfAAKa — OCH X); IO
»TOH JKe NMPHUYHHE OTCYTCTBYET ujeH Buia (0 — po) Aju. VYder nep-
BOTO WIEHA pas/IOXKEHMs MO BTOPHIM NPOU3BOAHLIM (OTCYTCTBYIOMM#
B TEODHH YNPYIOCTH TBEPALIX TeJ) HEOOXOAMM BBHAY OTCYTCTBHSA
B F; nepBHX NMPOX3BOJHBIX MO X M Y. YCJIOBHA YCTOAUHBOCTH Heje-
(OpPMHPOBAHHOTO COCTOSIHUA, T. €. YCJOBHS NOJOXKHTENbHOCTH SHEp-
rug (44,1), rnacar

A>0, B>0, AB>C:. (44,2)

OGo3unauenne kosppunuenta Ky 8 (44,1), coBnanamomee ¢ 0603Ha-
ueHueM B (36,1), BriGpaHo He cayyafino., JefictButenpHo, gedopmanio
CJIOHCTOfi CTPYKTYPH CMEKTHKOB MOXKHO ONMHCHIBATL pacHpefesieHHeM
IupekTopa n (r), mMOHMMAas ero Kaxk HOpMaidb K AeopMUpOBaHHEIM
cosAM, sajaBaeMbiM ypaBHeHuAMH u (r) = const, Ilpn ManoM HcKa-
JEeHHH CJ/I0eB

Ou on
aw W gy

n,~

n~1, (44,3)

n toraa (A u)® = (divn)®, r. e. KaK pa3 Ta BeluUHHA, KOTOPas
¢urypupyer B coorserctayiomem uiaene B (36,1). Koapdbuuuentu xe

1) B aToM cMuiciie 06/acTh MPUMEHUMOCTH pasBHBaeMofi SeCh MEXaHHKH CMeK-
TuKoB GoJee y3Ka, 4eM AJIsi PaCCMOTDEHHON BHIle MEXaHHKH HEMAaTHKOB, B KOTODORi
ZONYCKA/iCh NOAA ARPLKTOPA a (1), CKOAB ynoamo CHALHO OTAHYAOUWIHECH OT Hefe-

MEPOBANHONO OFHOPOAHOTO D
Sop %) Taxofi wien Qurypuposaa B % § 137
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B u C B (44,1) xapakrepHsl Z1s1 crenudHIECKON KPHCTAAMHYECKO]
NPHPOALI CMEKTHKOB, OTIHYAOWHX HX OT HEMaTHKOB 1),

O6patum BHEMaHEE Ha TO, YTO B NPUGIHKEHHH (44,3)nrot n ~
~ rof, n = 0. ITostomy wien Buga nroi n B cBOGOAHON JHEPIruu
(a TeM caMblM H XONMECTEDHUECKOE HCKAKEHHE CTpYKTYpH — § 43)
B CMEKTHKaX OTCYTCTBYET BHE 3aBHCHMOCTH OT HAQ/MYHS HJH OTCYT-
CTBHs CPeli €ro SJIEMEHTOB CHMMETPHH LEHTPA HHBEpPCHH.

YpaBHeHHS DPaBHOBECHS! CMEKTHKA IMONYYAIOTCS MHUHHMH3AIHeN
TIOJIHOH CBOGOAHON 3HEPrHH IO NMePeMEeHHbIM P U 4 NPH AONOMHHTEb-

HOM YCJIOBHH _[ p dV = const, Bepaxalomem coxpaHeHue MNOJHOH
MaccHl Tena. MuHHMH3HPYA pasHOCTB \

[ Faav —a[pav

(rae A — mocrosHHbIA MEOXHTeND Jlarpanxa) no p, HOJIYYHM paBeH-
CTBO

A 3]
- W'(P—Po)—l“c-a%—": s

CBSI3BIBaIOIIEE H3MEHEHHE INIOTHOCTH C fedopmanuei cyoes. [lonaras,
YTO P, €CThb IVIOTHOCTb Hpu 0u/0z = 0, umeem A = 0, u Torxa

i C
P—pu=—pom—, m=—t. (44,4)

Despasmepnuiit kosdduunent m cBszan ¢ xoaddumuentom IMyac-
COHA O JUIF «CTEPXKHs», BHIPE3AHHOTO H3 CMEKTHKA B HaNpaBJeHHH
ocu 2. JeiictBuTennHo,

P—0Po __ V-V, _
——po——"_"—vo_——_(uxx'l‘uyy-l—uzz)f
(em. (1,6)), rme 4y = 0u/0z, a w,,, U, — KOMIOHEHTH TeH30pa
AepopMaluH B IINOCKOCTH X, y. Ilonarast u,, = u,, umeem

1—m
Uy = — 5 Uy

1) NojuepkyenM, UTO AHDEKTOpP n (MOHHMaeMHll KaK H3GpaHHoe HanpasJeHue
OpHEHTAUHK MOJIEKYJ B CJIOSIX) He ABJAAETCS B CMEKTHKax (CMEKTHKax A) HesaBuCH-
Mot FHApOZRHaMmIecKof nepemenHofl. Jing NepeMeHHON n B rHADPOAHHAMHKe HeMa-
THKOB XapaKTepHO, YTO ONHOPOAHHl NMOBOPOT mosist n (r) BO BCEM Telle He CBA3AH
¢ H3MeHenHeM SHeprud. Mimenno nosTomy MemJieHHOe H3MeHeHHe f BEOJB Tela CBsl-
8aHO JIHIb C MAJIEIM H3MEHEHHEM SHEPTHH, MOCAENHsS 3aBHCHT TOJLKO OT MPOH3BOA-
HHIX OT Il ¥ MOXeT GHTb pasfiokeHa 0O HEM. B CMeKTHKaX e BCAKAN Takol OBOPOT
MeHAET OPHEHTAIHIO OTHOCHTENBHO CJIOHCTON CTPYKTYPH H GilA GH CBHA3aH CO 3HAYH-
TeAbHEM HSMeHeHHeM SHeprud. OTMeTHM, 4TO B CMEKTHEaX C, rfle AHDEKTOp Ha-
KJIOHEeH K HOPMaJIH MOJ HEKOTOPHM ORpefiefleHHHM YIJIOM, OZHOPOAHHR MOBOPOT
HanpasJeHuil n BOKPYr HopMajedl C COXpaHEHHEM BeJHIHHH yIrJa HAKJOHA CHOBA
He Ouln On CBsi3aH C H3MeseHHeM sHepred. IlosTomy spech cHOBa mosBAseTcs HOBAS
TUJPOAHHAMHYECKAs NePeMeHHas — HPOEKUHA N Ha IVIOCKOCTb CJIOEE,
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H, cpapuuB ¢ ompeaenenuem (5,4): SR
¢ = (1—m)/2. (44.5)

Ipu m = 0 go>pdUIHEHT ¢ NMPHUHAMAET XAPAKTEPHOE AJA KHAKOCTH
3Hauenne o = 1/2.

Hckmouus u3 (44,1) u3MmeHeHue IVIOTHOCTH € MOMOLIBIO (44,49),
MOJydMM CBOGOAHYIO SHEPTHIO, BHIDAXMKEHHYIO TONbKO uepes u:

B’ 0
Fa= 2 ()" + 5 (Gun, (44,5)

rje
B' = B—C¥A. (44,7)

Bapbupys MOJHYIO CBOGOJHYIO SHEPTHIO MO 4, HailjleM Ternephb MOC/Ie
HECKOJbKHX HHTErDHPOBAHHHA MO YacTiM:

8 [ FaaV = — [ Fdudv, (44,8)
rae R
F, = poB’ T — KidLu. (44.9)

Ouesnzno, uto F, ecTb (OTHeceHHasi K eXuHHUE oO6beMa) cuja, Aef-
CTBylOmAs B HAlpaBJeHHH OCH 2 B JeQOpMHPOBAHHOM CMEKTHKE NpH
YCJIOBHH, YTO H3MEHEHHe MIOTHOCTH Y¥Ke ¢MOJCTPOHJIOCH? MOA nedop-
Mauuio. :

B pasmosecun F, = 0, Tag 4ro CMemleHHEe U YJOBJETBOPAED
JuHeliHOMY AuGbdepeHIHaJbHOMY YPaBHEHHIO

' u

poB F-—KIAﬁ_u = 0. ) ' (44,10)

Eciu HAa Teno AEACTBYIOT elie M HPHUIOMKEHHBE K HEMY OObeMHbIe
BHEIUHHE CHJBY, TO OHM JO/KHBI OHTb AOGaBJEHBl K JIEBOU CTOpOHE
ypasuenus (cp. (2,8)).

Oruomenne (K;/B’pg)/? umeer pasMepHOCTb NIHMHBL H rpy6as
ero omenka ectb: (K,/B'py)l/? ~a, tae a — nepuon OlHOMEPHOH
CTPYKTYpH (PACCTOSIHAE MEKAY cl0siMH). Ecau CMEKTHK MOABEPTHYT
nebopmanun, CyUECTBEHHO MEHsoUlelica B MJIOCKOCTH X, Y HA pac-
crosuusax ~I, > a, to us (44,10) crenpyer, 4TO B HaNPaBJICHUH
ocH 2z AehopMauusi HCMHLITHIBAET CYLIECTBEHHOE H3MEHEHHe JHIIb
Ha paccrosimusix Iy ~ Bi/a> Iy,

B kauectBe npuMmepa HaiiieM PHHOBCKYIO (QYHKUHMIO YPaBHEHHS
(44,10), 7. e. cvemenne 4 = G, (r) = G(r) B nepeMeHHOH TOUKE T,
BLI3BaHHOE SAMHATHON COCPELOTOUEHHON CUNOf, MPUNOKEHHOH B TOUKE
r = 0 u neficTByiomell B HanpaBJeHHH OCH Z (CP. Sajady K § 8). dra
¢yHKOHA YAOBJETBOPSIET YPaBHEHHIO - B

poB' TE— KALGHB()=0.  (4411)
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Cosepuiasi Hal 3TuM ypaBHeHueM npeoGpasosanne O@ypne (r. e.
YMHOXHB €ro Ha e~'k" u NPOMHTErpupoBaB IO d®x), HaxomuMm Juist
dypbe-KomnoHeHT GyHkuuH G (r) BHPaKeHHE

Ge =[poB B2+ K& 1,

rae k% = k% -+ kL. OGpatHoe ¢ypbe-npeobpasoBaHue JaeT HCKOMYIO
byuKIHIO B BUAE MHTETpaia

ikr A3k
G(r) = — :
=] 0B B2+ K &t @)

(44,12)

Dror uHTErpan JorapupMuIeCKu pacXOAUTCs NpH k = 0. lasa npuna-
HHsl €My ONpEeAEeNeHHOro CMBIC/a HaJ0 MCKJIIOUHTD MEpeMelleHne Tesa
KaK LEeN0r0, NPEAnoOKHB 3aKPEJIEHHOH HEKOTOPYH YCJAOBHO BHI-
GpaHHYIO €ro TOUKY, I = Fy; TOF/AA B UHCAHTEJE MOLBLIHTErpajibHOTO
BHIPAXKEHUS HAJO NMHCaTh e'kf — efkfe y PaCXOXMMOCTb YCTPAaHACTCA.

Bepuemcsl ele pas K BONPOCY O BIMSHHH TEIJIOBBIX bayxTyanuit
HA CBOMCTBA CMEKTMKOB — HAa STOT pa3 Ha WX YIpYrue CBOHCTBa.
HauGonee onpesie/ieHHHM 06PasoM BONMPOC MOXKeT OblTh MOCTABJEH
C/AeAyIomHUM 06pa3oM: Kak MeHSeTCs MOA BAUAHHEM payxryanui ne-
dopmanus, coslaBaeMast MPUIOKEHHOH K Teny COCPENOTOYCHHOH CH-
70fi, T. €. KaK MeHsercs IPHHOBCKaA GyHKIUA G (r)? OkasbiBaercH,
4TO 3TO W3MEHeHHe CBOJATCA K 3ameHe B Bhipawenun (44,12) ki u

k% COOTBeTCTBEHHO Ha
—4/5 1 2/5
) n kdl (lﬂ _l-lk—) ’
L

HE

e a — BelWuMHA [OPSAKa Mepuoia CTPYKTYpH ). B cBoio ouepens
TAKOE H3MEHeHHEe MOXKHO HAIVISIAHO HHTEPIPETHPOBATh KAaK H3MEHEHHE
5dheKTUBHBIX 3HAYEHUN YIPYTHX MOAYJeH B’ u Ky nipy yMeHbIIEHHH
XapaKTepHLIX 3HauYeHUH BOJHOBOrO BEKTOpa HedopMaLHH (r. e. yBe-
JUYEHHH €e XapaKTepHOH MPOTHKEHHOCTH ~1/k), Mu BuiuM, YTO
spexrTuBHOE 3HadenHe Bsgp yObIBaET NPH K, — 0 kag [In (1/ak;) 1-45,
a Kypp pacrer mpu kg — 0 xak [In (1/ak,) 5. ®axTHyecKu, Oi-
HaKO, 5Td 5(deKTH MOIIH OB CTaTh CYILECTBEHHBIMH JIMIUbL NPH Ipa-
. KTHYECKU HepeaNbHbIX OrPOMHBIX pasMmepax.

VkameM B 3aK/MOUeHHe 3TOro maparpada, uto Buipaxenue (44,6)
ANSl yIpyroil SHEPrHH CMEKTHKA MOXKHO HECKOJIbKO 0600IMHUTE BKJIIO-
yeHHEM B HEro HEKOTOPHIX W/eHOB GoJjiee BLICOKOrO NOpsAKa, HO 6e3
BBeJieHHs NpPH 5TOM JONOJHHTENbHBIX KO3(QPUIHEHTOB.

Jlns STOro 3aMeTHM, 4TO BKJaj B SHEPTHIO, onucHBaeMbifi nep-
BHIM wieHOM B (44,6), Gu3HYECKH CBA3aH C U3MEHEHHEM pacCTOAHUA 4

1
ak,

T

1) Grinstein _G., Pelcovits R. A. — Phys. Rev. Lett., 1981, v. 47, p. 856;
Phys. Rev, 1982, v. A26, p. 915; E. H. Kay. — YX3T®, 1982, . 83, c. 1376.
Tlpa mcciefOBaHHA HEOGXOXHMO YIHTHBATL TaKiKe H WICHH TPeThero # 4eTBepToro
HOPARKOB [0 & B Pa3IOKEHHH cBOGOAHON @HEprHH,
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MeXAy CJI0SIMH; NPOU3BOJiHAA Gu/0z COBIAfAeT C OTHOCHTENbHEIM H3Me-
HEHHEM STOTO PaCCTOSHUSA NPM CMEUIeHHH M4, = #, H NOTOMY 3TOT
WIeH MOXKHO 3anucath B BuAe Y/, poB’ (8a/a). Ho paccrosnue mexny
CJIOSIMH MOXKET H3MEHHTBCSl He TOJbKO H3-3a 8aBUCHMOCTH CMEIICHHS &
OT KOODAHHATH 2, HO M OT €r0 3aBHCHMOCTH OT X H ¥. DTO Jerko no-
HATb, NPEACTaBHB CeGe BCE C/IOH OXHOBPEMEHHO MOBEPHYTHMH, CKa-
eM, BOKPYT OCH y Ha Yroa 6 TakuM o6pasoM, YTO BeJHUHHA NEPHOAA
CTPYKTYPHI BIOJIb OCH 2 OCTA€TCS PAaBHOH Q; PACCTOSTHHE ke MEXIY
CJI0AMH (M3MEPEHHOE 10 HANPABJIEHHIO HOPMA/el K HUM) OKa3BIBaeTCs
TIpH STOM paBHbiM g cos . Ilpn mannx yraax 6 usmenenne paccros-
HHA MeXAY CJIOSMH

8a = a (cos 0 — 1) =~ —al?/2.

ITockombKy B TO Ke BpeMsi CMEUIeHHEe & NPH PacCMaTpPHBAEMOM I10BO-
pore ectb u == const - x tg 6 ~ const -} x0, To

da 1 ( ou )2

a 2 \aox/ °
B Takom Buje 8TO BhIpaxeHue CNpaBeHBO NPH JI0G0H 3aBHCHMOCTH
U OT Xx; €ClE e U 3aBHCHT TAaKXKe H OT Y, To BMecto (u/dx)? Hapo
nucarb (V u)?.

Takum ofpasom, ¢ yuerom onucanHoro adgexra cBoGOAHYIO

snepruio (44,6) Hajo nucate B BHie

_ PoB [ 0u 1 Ou N2 __ 1 (0u\2]2, Ky 2
Fo=—5— [—a‘z‘ - (5) = ('ay—) ] +- (AP (44,13)
D10 BHIpaXeHHE HCIOAB3YeTCs B 3ajaue K sToMy mnaparpady.

3anaua

Cuoit cwexTHKa (TOJIMHHH h) ¢ OJIOCKMMH TPaHHUAMH, Napa/UIeLHEIMH 1110
CKOCTAM CJIOHCTOH CTPYKTYPH, TOXBEPTHYT OLHOPOAHOMY DAaCTSKEHHIO BJOJL IHep-
TNIEHRHKYNAPHOR eMy ocu 2, HaliTh KpHTHUECKYIO BEIHTHHY PACTSIKEHUSA, 324 KOTOPHM
CJIOHCTAs! CTPYKTYPA CMEKTHKA CTAHOBHTCS HeyCTONYRBON 1O OTHOWICHHMIO K DOmeped-
HuM BoamymeruaMm (W. Helfrich, 1971) 1), '

Pemenne. OnHOpoAHOe. pacTsikeHHe O3HaYaeT AedOPMAlHI0 U = Y2, Ifeé
nocrosindas ¥ > 0. Ias uccnefOBaRHA YCTOHYHBOCTH mosiaraem u = yz -l 8u (x, 2),
rae Ou — Manoe BOsMymieHHe, YROBIETBODAIONEE TPAHWYRAHM YCIOBHSIM Ou = 0
NpH 2 = :h/2 (LIOCKOCTS X, § BHOGpaHa mocepenuue c1os1). C TOGHOCTHIO JO WIEHOR
BTOPOTO NOPsJKA, HOJNHAS YNPYTas SHePrus BOSMYHMICHHS (OTHeCeHHaA K eAHHHNE
JJIHHEL BJOJNb OCH Y):

1 , d8u \2 , 08u \2 028u \ 2
jap,,dxdz_Tj{B po (5 )’ — 5oy (2 ) + K, (5 }dxdz )

(anen ¢ y d6u/0z srnagaer npH MHTErpHPOBAHHY. 10 dZ B CHAY TPaHRIHHX YCAOBHI),
Bynem paccmaTpHBaTh BOSMYMIEHHS BBja

8u = const-cos kyz-coskyx, ky=mna/h, n=1, 2, .

-~ 1) Dra weycroiiunBOCTh aBanOrgYHa paccMotpenHol B § 21 -meycroiiauBoCcTH
© CHHMAEMOTO MPAMOTO CTEPXHA, . . - : B A
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(nonepeunas MOZYMAMHMA COHCTOR CTPYKTYpH), YC/IOBH® YCTOAYHBOCTH CTPYRTYpPH
COCTOHT B HONOKHTENLHOCTH SHEPTHH 1), 3aMeHHB BCE MHTErpHpyeMble MHOMKHTENH
sin?, cos® uX CpefHHMH 3HaYeHHMAMH 1/2, nomyuuM 8TO yCJIOBHE B BHAE
) 4
B'py (K3 — vk3) + K 45 > 0.
I'panuna ycroffamsocTH (MO Mepe yBeJHIEHHS Y) ONpeReIACTCA noOABJEHHeM Beme-
CTBEHHOrO KOpHA k2 TpeXwieHa B JIGBOH CTOPOHE S8TOTO HEPABEHCTBRA (ROMILIEKCHBI

sHauensa k, ne YAOBAETBOPSIOT YCHOBHIO KOHEYHOCTH BOSMYMEHHT BO Bcelt mio-
CKOCTH X, y). ITepBoe Taxoe nosiBJeHNAe NPOHCXOJAT AJIsl BOSMYMICHHA € A = 1. Jas
HEro HaXOLHM KPWTHUECKOE PACTSKEHHe H COOTBETCTBYIONIEE SHAUEHHE Ky = kgp 1)

2 1/2 B’ \l/2
T Kl ) , k!q):: o Po ) R

Yoo =5 \5B" T\K

§ 45. JduchokauuH B CMEKTHKax

TlouATHe AUCAOKALMH B CMEKTHKe HMEET TOT XKe CMHCHA, 4TO H
B OGLIUHOM KpHCTa/ie. PasHuLa COCTOMT JHIIb B TOM, YTO BBHIY OfHO-
MepHO# (BAOJb OCH 2) NEPHONHYHOCTH MHKPOCKOMAYECKOH CTPYKTYPHI
CMEKTHKOB BeKTOp Dioprepca AHCAOKAUMH B HHX BCErAa HANpaBJeH
0 OCH 2, & NO BeJHUMHE PaBeH LEJOMY KpaTHOMY OT NepHOA2 &
CTPYKTYPH.,

C yuerom sToro sameuaHus Ais JedopMamud BOKPYT AMC/IOKAUHH
B CMeKTHKE OCTaeTcsi crpaBefjuBoil monmydensas B § 27 ¢opmyna
(27,10) — npu HajpsexalEM ONIPEeASICHHH TEH30pa MOAyJEeH yIIPYFOCTH
Aipim. Jl1S STOro BBELeM TEH30D HANpPsKEHUH B CMEKTHKE 0y, B COOT-
BEeTCTBHH C OGBIYHBIM ONpesesNeHHeM, T. €. 10 dopmyne

F, = 040, (45,1)
rae F, — oObeMHas ¢CHAa BHYTPeHHHX HaNpsKeHHi» (44,9). Bse-

IeM TaKkxe TeHsop Aedopmanuil, OTBedAIOWMA CMEUIEHHIO U, = U;
OTJIHYHEIE OT HYJsi €ro KOMIOHEHTHI!

ou 1 ou - 1 auf
Uze = 33" Uy = 5~ 5z~ ? uyz'—"‘z‘"—a;'f (45,2)

Cuna (44,9) Moxer GulTe npeicTaBiena b BuAe (45,1), ecnn BHIPasuTh
TeHsOp HANPsDKeHHHA Yepe3 TeH30p Aeopmauun QOPMYNaMH O =
= MiptmOim C ¥)’
A'zzzz = POB’S A’zm = lgyy = — KAy, A'zaczy =
= s = My = 0 (45:3)

HEKOTOpHIE H3 3THX KOMIIOHEHT — OIIepaTophl,

1) 3nauenne kgp onpegenser JNHWDb aGCOMOTHEYIO BeIHUHHY &BOJIHOBOTO BEK-
TOpa» BOIMYWIEHHS B IVIOCKOCTH X, J, HO He DOJHYIO CHMMETPHIO BO3HHKalomeR Ae~
¢opmanun, OnpefiesienHe mocjepneRr TpeSyer BHXOHA 8a TpaHHIN npuGIHKEHH,
oTBevaonero Ausefinnn (no 8u) ypasHeHHAM PaBHOBeCHA (CHTyalHs SAech aHAJO-
ruguo TO#, KOTOpas HMeeT MeCTO L8 KOHBEKTHBHOK HEYCTOAYHBOCTH IIOCKONApaj:
1!154712501“0 6c610ﬂ xiigsxlocm — ci, V1, § 57). Cu, Delrieu J, M. — Journ, Chem. Phys.,

, V. 60, p. . . - )

%) Ocranbmee KOMNOHEHTH Agapm MOXKHO BHOpaTh TaK, YT00H OBiIO Fy=
w= Fy = 0; B Qopuyay (45,4) oTH KOMUOHeHTH He BXORST, -
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@opmyna (27,10) ang cmemwieHHst 4, = 4 NPUHHMAET BHA

@) =—Awd [ mp—Ge—rydf,  (45.4)
4 Sp
rie G = G, — dyukuus (44,12).

Paccmotpum aBa wacTHHIX ciyyast AHCAOKALHE — NpAMOMMHE!-
Hbl€ BUHTOBYIO ¥ KpaeBylo. B mepBoMm ciyuae ocb AMC/IOKALUK COBNa-
A2er ¢ HanpasJeHHeM BekTopa bBroprepca, T. e. ¢ ocbio 2. dror cay-
yail BOOGIIE He TpPeGyer KaKuX-au60 HOBHIX BHIUHCJEHHI, 3apanee
ICHO, 4T0 JedopMauusi ¥ GYAET 3aBHCETh TONLKO OT KOODAMHAT X, Y.
Ho B nnockoctn x, y cpena nsorponna. Ilostomy MoxHO cpasy Boc--
NOJIb30BATLCA Pe3yJbTaToM 3ajauu 2, § 27, corJacHo KOTOpomy

TZe @ — NOJNAPHBIA YroJ pajnyc-BEKTOpPa B INIOCKOCTH XY.

O6patnmcsa K Gojee CJIOKHOMY C/y4al0 KPaeBOH AUCJIOKALHH
(P. G. de Gennes, 1972). B stom cayuae ocb JAHCAOKAUMH nepned-
AuKynspHa BeKTOopy Dioprepca; mycTs oHa COBMajaer ¢ OCbio .
Torna B kauectse noBepxHOCTH Sp, B HMHTerpase (45,4) MOXHO B3ATb
[IPaBYIO MONYIVIOCKOCTD X, Y, @ BEKTOP N HOPMaJH K Hell GYAeT Jexarh
BJIONIb OTPHLATENIbEOrO HalpaBJeHHsi ocH 2. M3 BcéX KoMmoHeHT
BHAA Ay, OTNIHYHA OT HYASA TOAbKO b4, = B’p,, Tak uro ¢op-
Myna (45,4) npuHuMaeT Buj

u(r) = bB’p, I j —Q-G—(%z:Q—dx' dy'.
=c0 .
TloacraBasiem ciona dynkuuio G us (44,12). Huddepennuposanne
N0 2 JaeT MHOXHTeNb ik,, MHTETpHpOBaHue mo dy maer 2nd (k,),
8-pynkuus ycTpaHsercs 3aTeM HHTErPHPOBaHHEM MO dky. B uHTe-
rpane

0 -
J. e=—tkyx" dx'
0
AJjsi ofecriedeHus CXONMMOCTH Hajo NMOHHMATh k, kak k, — i0., Ta-

KHM 00pasoM, NOC/Ie BEHIIOJHEHHS HHTETPHpOBaHuE mo dx'dy dk,
nosiyyaem

@) =—b | ngp—g-k%‘ll(kx, 7).,

rae
(=
N . kyexp (ik2) dk, a__ Ky
”(kf"z)— j AIVE Tt M= e

Q0

- Tlocnepunit mHTErpan BBHUKC/AAEICS NYTeM SaMBIKAHHS KOHTYpa
HHTErPUPOBaHKS GECKOHEYHO YAAJICHHON NONYOKPYKHOCTHIO B -BepX-
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Helt (npy z > 0) unu Huxuedt (npu 2 << 0) NONYMIGCKOCTH KOMIJIeKe-
HO! MepeMeHHOM k, B B3ATHA BblYETa B IOJIOCE k, = iNk; uiu k, =
= —i\k}: :
{
I =1 —-exp(—Mi]2]),

Tle BepXHui WM HUXKHHH 3HAK OTHOCATCS COOTBETCTBEHHO K 2 >0
H 2 <3 0, Takum oOpasom, cMelleHHE

00

u(t, )=t | exp {—xk§|z1+ik,¢x}—kxi’§_%0— (45,6)

—00
Bonee uHTEpECHO, OAHAKO, HE CAMO CMeIleHHe, a8 €ro MPOu3BOJHBIE M0
KoopAuHatam. s NPOH3BOAHOH 1O X HMEEM
b oo
= j exp {— M| 2|+ ikux} dRy =

=00

ox

-t o
= i 4(313}:!21)‘/2 exp{ 4}“|Z—I}. (45’7)

Cornacuo (45,6) npousBojHas MO 2 CBS3aHa C NPOW3BOAHBIMH 1O X
topmyaofi '

ou 0%u
5 = &= b
OTKYyla
ou bx b
G =~ gy P {— aeT) (15.8)

JedopManus GLICTPO (9KCHOHEHIHMANBHO) CTPEMHTCH K HYJIO MpPH
| x| = oo u ropasno mMepeHHee (MO CTENEHHOMY 3aKony) npd |z|—
—> 00, '

§ 46. YpaBHeHHs JNBHKEHHS CMEKTHKOB

MexaHHKa CMEKTHKOB HMeeT TO ofljee ¢ MeXaHHKOH HEMaTHKOB,
yro B 0GOHMX C/lyYasX peub HUET O FMAPOJHHAMHKE C AOTONHHTEIb-
HEIMH (IO CPABHEHHUIO C OBbLIYHOH JKIJKOCTBIO) NepeMeHHbiME, B ciy-
yae HEMATHKOB 5TO# MEpeMEeHHOH fABJAETCH AHPEKTOp n, a B Ciaydae
CMEKTHKOB — cMelenue 4 cioes (P. C. Martin, O. Parodi, P. S. Pe-
rshan, 1972). Tlocaemmee Ttpebyer mnoscHenus. Cxopoctb omnpe-
Xeasiercsi B THAPOAMHAMHKE KaK MMIYJbC €IHHHUBI MacCel Belle-
crBa. Ee KOMNOHeHTa v, OTHiOAb He ofs3aHa COBNAAaTh B JAaHHOM
ciydae ¢ npousBofHof du/dt. Tlepenoc Macchl (B HAMPaBIEHHH OCH 2)
MOKET OCYLIECTBJATLCA B CMEKTHKE He TOMbKO 3a cyeT jedopMmupo-
BaHuUA CJOeB, HO H IyTeM «IPOCAYHBAHHMA» BelleCTBAa CKBO3b OCTalO-
my1ocst HelOABHKHOH OfHOMEPHYIO CTPYKTYPY (mopo6HO ONMHCAHHOMY
B § 43 ananorudHoMy 3(pexTy B xoJecTeprkax). Jro sBJIEHHE He
cenuduuHO ANA MUAKHX KPHCTa/IJIOB, aHANOrHYHOe SBJIEHHE BO3-
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MOXHO M B TBEPAHX KPHCTalnax, Tle OHO CBssano ¢ mu¢pdysmed
AedekToB (cM. mpumedanne Ha ¢. 124). Ho B cMektukax oHO B npumn-
uuIe HEYCTPaHHMO BBHAY OOJbleH «PasMBITOCTH» NEPHOAHUYECKOR
CTPYKTYPH (Kax Obl COepiKallell 3HAYHTEJbHOE UHCJIO JedeKTOB —
BakaHCHH) ¥ 6OJbINEH MOABHIKHOCTH MOJIEKY.I.

Ilpr apnabGaTHUeCKOM JBHUXKEHMH KaxkIbifi SJIEMEHT >XHAKOCTH
NIEPEHOCHT CBOE IIOCTOSIHHOE 3HAUeHHE SHTPONHH S (OTHECEHHON K efy-
HHIle MaCChl); €C/IH B KaKOH-1H60 HauaNbHbIA MOMEHT BPEMEHH SHTPO-
fius s Gblla NOCTOSIHHA IO BCeMY OGbeMy CpPeibl, OHA OCTAHETCH MOo-
CTOSIHHOM H B JanbHeiinrem. [lockonbKy ycnosue s = const cmpa-
BeUINBO HMMEHHO JJIsi SHTPONHH EAUHHHBI Macchl, OYAeT yAOGHBIM
OTHOCHTb CHaYaja K eJHHHIE MacChl TaKXe W BHYTPEHHIOO SHEPTHIO
cpean; o603HayuM ee wepe3 e. Jlas medopMHPOBAHHOrO CMEKTHKA
STa BeJHYHHA BHIpaxkaercs ¢opMyJiof, anHanoruyHoll (44,1):

A ’ C Ol
ea =2 — &(s) = 53 (0 — po)* + —— (0 — ) 5+

By 0u \2
+g(5) + 5By, (@61
Fle po — MAOTHOCTE HenedopMupoBanHO# cpennl; Koapduuventsr A,
B, C 3jec He COBIAJAIOT C TAKOBHIMH B (44,1) — OHM HpeACTaBJSIOT
coGoit Tenepb aauabaTHyecKHe 3HAUEHHS MOJYJeH yupyrocTa (u npef-
f10712raloTCA BHIpaXkKEHHLIMH B (YHKIHH OT S), a He H30TePMHUYECKHE, .
kak B (44,1); uto xacaercs Kosdduuuenta K;, T0 €ro usoTepMuYECKoe
H apnabaTHYECKOE SHAYEHHMSA COBNAJAIOT N0 TeM XK€ IIPHYHHAM, YTO
M LIS HeMaTHKOB (cM. Komel § 36) ). :
Enuuuna maccel Bemectsa 3anuMaer o6beM 1/p. Tlostomy Tepmo-
AHHAMHYECKOEe COOTHOINEeHHEe AN Ju(depeHiunana sHepruu:

de = Tds——pdV==Tds+Bp,—dp.

HaBnenne B cpefie MOXHO, ClefoBaTebHO, Hafth Auddepeniuposa-
‘HueMm BhipaxeHusi (46,1)

0
p=p”(g—f,)s~z4(p_— P)+pCgre  * (46,2)

Hanbuefimee nocTpoenne ypaBHeHH! ABUKEHHS CMEKTHKOB OYeHb
6MU3KO HO MCHOMb3YyeMON IOC/HEeNOBATENbHOCTH ONEpalHil NMpousBe-
IZennoMy B § 40 BHBOAY ypaBHeHHH ABHXKeHHS HeMaTHKOB. Jlisi ycu-
Jlenust 5T0f anasoruy cHoBa (kak M B § 40) GymeM monb30BaThCS

~ 5

xg“C'rporo rosopn, B (46,1} Hago Grio 6u nucars du/dz — 8, (s) eMecro Auldz,
rae § (s) — sHaucHHe Ou/dz B GTCYTCTBRE BEEMHEEX CHA OpH suTponkx s. PaccMa-
fpupasi EPHeHHe NPM SaRAHHOM 8, MH MOXKeM BHODATH B KaUeCTDe HexedOpMAPOBaH=
HOTO' HMEHHO 8T0 cocTogHHe R mnojoxuTh Oy (s) = 0. IToguepxmem, oasaxo, uro
focae STOTO YXKe Heab3sd, HanpaMep, nnqxpepeﬂua;onan Buipakenne (46,1) no s
C ‘MeALio. ONpeReNeHns TeMnepaTyput no dopmyne T = (Je/ds))! R
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sHeprueit E = pe W SHTpomHeH S = pS, OTHECEHHBIMM K EAHHHNE .
o6bema.
YpaBHeHHe HeMpEepHBEOCTH HMeeT OOHuHBEA BuA ')

Dot div(pv) =0. (46,3)
ﬂHHaMI/I‘IECKoe ypaBsHEHHC JJisl CKOPOCTH JAOJIKHO HMETH BUA
d;
p - = 0x0m (46,4)

(cp. (40,7)); BuA TeHsopa HampSKEHHH OyZieT YCTAHOBJIEH HHIKE.
Eme OJHO ypaBHeHHE CBSI32HO .C HAJMYMEM AOTOJNHUTEJLHOMH
nepemMeHHofil W Boipaxaer coGoil oTiMuUMe U, OT ouldt:
du
w5 U, = N. (46,5)
Bennuuna N npencrapisier co60# CKOPOCTh «NPOCAYUBAHUSA> —
CKODOCTb KMAKOCTH OTHOCHTEJNLHO ONHOMEDHO#l PEIeTKH; OHA HMEET
KMHeTHUYECKYIO NPHPOLY, H € BHpaxeHne GyJeT yCTAHOBJICHO HHIKE.
Haxouell, ypasueHue A8 SHTPONMH, YUHTHBAlOMlee AMCCHIIATHB-
HBIE IpolieccH B cpege, umeer BuA (40,8)

aS . q ) __ 2R
2+ d1v(Sv+—7,—) =2 (46,6)

Kax u B § 40, BRUnc/sieM NPOM3BOAHYIO [0 BPEMEHH OT noauo# suep-
Uy eIMHunb ofbeMa cpein, (UTYPHPYIOUIYIO B YPaBHEHHH SaKOHA
coxpanenns 3Hepruu (40,11). Ornuune BO3HHKACT TOJNbKO B BHAE
nocaennero unena B (40,12). Mveem Teneps 2)

—

OEg\ _(9%Es) 0 0u oy _
ot ps'“(_a(azu) .S 02 O + Ki(A.4) (Al at)

_ _h%‘-;— +divi-es} (46,7)

(kak u B § 40, UNEHH ¢ NOAHLIMH AMBEPTEHIHAMH HE BBHIIHCHIBaEM),
rje BBejeHO 00O3HayeHHe ‘

g 0 0E,4 _ 2., Bu 0(p—po) __ 2
‘h-——g(m 0.8 K;A-,_u -—poB 32 +C——-————az 2 K]A‘Lu.
(46,8)

Ec/in paccMaTpuBaTh f K4K 2-KOMIOHEHTY BEKTOPHOH BeJHYHHH
h = nh (n — eXuANYHBI BEKTOP BJOAb OCH' Z), TO JIETKO y6ennTnCH,
YTO 3TOT BEKTOP MOMKeT GHITh NpPeJCTaBJeH B BUAE AWBEPreHudM .

h; = 8x0{%, (46,9)

1) Xora MBl HHTepecyeMcs B KOHETHOM CYET® JHUMDb JUHEAPHIOBAHHLIMH ypas-
HeHHAMH ABIKEHHS, MH He NPOMSBOJHM JHHeADH3ANHH HA KAXKJOM STame BHBOAOB,
TaK. KaK 5T0 YCAOMKHHAO OH sanuch GopmyX. .

%) 35iech B _HHKE H3MeHEHHeM MOAYACR yupyrogTH BAQAb Cpeinl n_Peueﬁperaw-
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Te CHMMETPHYHBIH TeHSOp ofy

o =0l = KiA, -2, oD =pB-L 4.Clp—py),

pMeer c.neilyxomue KOMIIOHEHTHI!

46,10)

. ou
0-(‘;)=—K1A.L % ° GL;)=—K1ALTy" Ugl,":o-

IToncraBus B (46,7) 0u/dt us ypasuennst (46,5) u CHOBa BHIEJIHB
B OJHOM M3 WIEHOB MOJHYIO AUBEPreHHHIO, NHIIEM

‘/\a’aEtd DS hN—viako.l,k +dlv{‘dc}=

= — hN + vl ++ div{.++).

210 Bhipaxkenue orinyaerca or (40,17) aumb cMmeicaioM 0Go3HaueHu
h n N1). Ilocrynas nanee TakxkKe, Kak 310 Gblno of6bsicHeHo B § 40,
nonyuuM Inpexsee Belpaxkenne (40,21) paa AnccunaTHBHOH (QYHKIMHU

2R = oiVse + Nh — -V T, (46,11)
Tle G;; — BSI3Kasd 4YaCTh TEH30pa HanpsaxKeHnH:
Oip = — pdip + off + ol (46,12)

JunaMuueckoe ypaBHenue (46,4) ¢ 3THM TEH30pOM HaNpsKeHHH
OPHHMMAeT MOCJEe JMHeapH3anuu (omyckaeM ujeH (VV) v) BHA

Po av‘ = — 0P + Iy + 0k0izs (46,13)

rie BekTop h = nA onpenenen Bupaxenuem (46,8).

Bsiakuit Tensop Hanpsi:KeHH#l Gjr, TENJIOBOH MOTOK ¢ M CKOPOCTH
npocaunBanusg N («TepMojMHaMHYeCKHEe TMOTOKH») OGBIUHBIM OGpa3oM
HPEACTaBJIAIOTCH BEIPAXKEHY AMH, JHHEAHBIMH 110 ¢TePMOAUHAMHYECKHM
cunam» — v, /T, T-20,T, —h/T, npudeM K03bOPHUUHMEHTHL B 3THX
BLID2XKEHHSX CBSI3aHHEl JPYT C JPYroM COOTHOLIEHHAMH, CIEeAYIOUHMU
u3 npuHnuna Omucarepa. He mnoBTopsAd 3aHOBO COOTBETCTBYIOMIHMX
paccyxnaenuit (cp. §§ 41, 43), Hamumem pesyasraT. [Ipn 3ToM Gyzrem
CYHTATh, YTO (KAK 3TO OOGBLIYHO MMEET MeCTO) CMEKTHK 06/ajaeT lieH-
TPOM HMHBEPCHH (110 CHX TIOpP 3TO elile He npeAnoaaranock). Torna Basxuit
TEH30p HampsAxeHHl Aaercs ToHl xe dopmynof (41,4), 9TO ¥ A5 Hema-
THKOB, PHUEM IOJ N CJeAYyeT IOHUMATh HalpasieHne ocH 2. Tenosoi
[OTOK H CKOPOCTb NPOCAUHBAHHA JAl0TCA BBIPAXKEHUAMH

oT or
g = —mgg +ph QL= —x,VuT, N=hh—t-, (46,14

v

1) A Takxe OTCYyTCTBHeM WieHa 0; (0;F). Takoii uien, OHaKO, ABNICA Obl
B JlaHHOM CJiyuae MaJoft BeJJHUHHON TPETHETO NMOPARKA, KOTOPOH MOXHO npeHeGpeun
N0 CpaBHEHHI0O C BEJHYHHAaMH BTOPOro NOpAAKa,

’
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MpHYeM MOJOXHTEIbHOCTD JIUCCHITATHBHON (QYHKIMU Tpebyer BHINOJ-
HEHHsl HEepaBEHCTB

slBjleAne NpOCauMBaHUA JeNaeT BO3MOXKHBIM CYIIECTBOBaHHE

B CMEKTHKAX 3(«DeKTa, OIOGHOro OMHCAHHOMY B KOHIE § 43 Anst XoJe-

crepukoB. Eciu nepuopuyeckass CTPYKTypa CMEKTHKa KaKHM-TO

crmocofoM 3aKpemsieHa B TPOCTPAHCTBE, BO3MOXHO CYIIECTBOBaHHE

OJIHOPOLHOTO CTAHOHAPHOTO TEYEHHS BHOJDb OCH 2. Ua (46,13) cae-

JZyeT, uTO JISl TAKOro TedeHus dp/dz = h, a u3 (46,5) ¢ N us (46,14):

0, = — M= — Ay, (46,16)

{

K cKasaHHOMY BHIIE O KHHETHIECKHX K03pdunueHTax CMEKTHKOB

HaJl0 CleNaTh BaXKHYIO OrOBOPKY. Yke ynomuuapmascsa B § 45 pac-

XONMMOCTh (IYKTyauuit B CMEKTHKAX B OCOGEHHOCTH CHJIbHO HPO-

ABJSIETCS MMEHHO B KHHETHYECKHX SIBJICHHAX, UTO MOXKET CYLIeCT-
BEHHO M3MEHHTb MX XapakTep ').

§ 47. 3ByK B CMEKTHKax

B OGLIUHBIX KHUAKOCTAX (4 TakkKe B HEMAaTHYECKHX XHAKUX KpH-
cTajJiax) CyUIeCTBYET JIMIUb OJiHA BETBb C/1a603aTyXaloMHUX 3BYKOBEIX
KoJeGaHnil — NPOXO/bHEIE 3BYKOBHIE BOJIHBL. B TBepIbIX KpHCTaIaX
M aMOPHEIX TBEPAHX TeJaX CYIIECTBYIOT TPH SBYKOBHE (aKyCTHYE-
CKue) BeTBH JuHefiHoro 3akoHa aucmepcun KomeGauuii (§§ 22, 23).
OnnoMepHbE KPHCTAJIB — CMEKTHKH — H 3/1eCh 3aHHMAIOT NpOMe-!
JKYTOUHOE MOJIOKeHHe: B HHX HMEIOTCS JBe aKYCTHYECKHE BETBH,
(P. G. de Gennes, 1969). He untepecyscp 3sjech KO3(puIHeHTAMH
3aTyXaHHS STHX BOJH, H MMes B BuIY JIHIUb ONpeleenue CKOpocTed;
uX PacIpOCTpaHeHHs, NpeHeOperKeM B YPaBHEHHAX ABUMKEHHS BCEMH,
JUCCHTIATHBHBIME uieHamu. ITosiHas cucTema JinHeapn3OBaHHBIX YpaB-
HEeHM#l IBHIKEHHS CKJAJHBAeTCs M3 YDAaBHEHHs HENPEpPHBHOCTHA

X fpdivv=0 47,1)

(3mech M HHKe HHIEKC ¥ Py OmyckaeM; ', p' — repeMeHHble YacTH
IVIOTHOCTH K JaBjieHus), ypasnenus (46,5), Kortopoe CBOmMTCH K

) |

v, = a:t 47,2)

— npocayuBaHHe OTCYTCTBYET, H AMHAMHMYECKOrO yPaBHEHHS (46,13):%
av ’ A |

%) Cw, Kay E. H., Jlebedes B. B, — KIT®, 1983, 1, 85, ¢, 2019,
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npuvemM, corsacso (46,2),
p' = Ap' + pC "%g‘ . ‘ (47,4)

B Bupaxenun (46,8) aas h crepyer omyctuth uieH K,A%u, copep-
Kamufd IPOHSBOAHEIE BLICLIMX HOPSIIKOB, — OH OKA3aJCH Gbl CJMII-
KOM BLICOKOr0 MOPANKA IO BOJIHOBOMY BEKTOPY K, KOTODBIil A/ist 3BY-
KOBEIX BOKH C/IefyeT pacCMaTpHBaThb KAK Malyl0 BEJAHYHHY:

0% adp’
h=pB+C . (47,5)

B peanbubix cMeKTHKaX BenuuuHE B u C 0GBIYHO Mamn 10 cpas-
HeRHio ¢ A. B sTuX yc/oBHAX, KOTOpHIE Mbi M GyfAeM NpeAmonarats,
npHpoAa 06eHX aKyCTHYECKHX BETBEH B CMEKTHKaX CTAHOBUTCH GoJlee
HarIs =0,

Ecstu npene6peus B ypaBHeHHSX ABHKEHHS BCEMH WIEHAMH, cozep-
Famumu Maike kodpduuuentst B 1 C, TO OHH CBEAYTCH K ypaBHe-
HHSAM JBH3KeHHA OOGBIYHON KHIKOCTH C YDaBHEHHEM COCTOSHHS p =
= Ap’, 1. e. ¢ cxumaemocteio (9p'/Fp’), = A. CootBercTByIOMIHE
3TOMY CJy4aio KoJeGaHus NpPEACTAaBASIOT CO60fi OBhMHEIE 3BYKOBHIE
BOJIHEI — NPOJIO/IbHBIE BOJIHBL CXKATHSA M PacIUHPeHHA cpexnl. CKo-

POCTL HX pacnpocTpaHeHus
¢y = A2 (47,6)

# (B pacCMaTpuBaeMOM NPHOMMIKEHHH) HE BSaBHCHT OT Hamnpagje-
HuA.

Pa3oBast CKOPOCTh C; BOJH BTOPON aKYCTHYECKONR BETBH, KaK MEI
YBHIHM, MaJia IO CPaBHEHUIO C ¢yt ©/k = ¢; & ¢,. [losToMy 10 OTHO-
IIEHHAIO K 3THM KOJIeGaHHAM CPEAy MOXKHO CIMTATh HECKHMAEMOH (cp.
npumedanue Ha cTp. 220). YpaBHeHHe HENPEPHIBHOCTH CBOXHTCS
Tpu STOM K ycnoBuio Hecxkumaemoctd divv = 0; B (47,5) omy-
CKaeM BTOpOMi uneH, Tak 4TO ypaBHenue (47,3) nmpuHuMaer Buj ‘

ov Pu
p—67=—Vp"+an7zz—. 47,7)
TlponuddepennnpoBaB z-KOMIOHEHTY STOTO YPaBHEHHS MO 2 M MOJI-
CTaBHB B Hero v, == Ou/0t, noayunm
25 o’ i
P =— 5z +0B5>

rae 6 = Ou/dz. TlpuMenus xe. Kk ypasuennto (47,7) onepanuio div,
B CHJIY YCJIOBHSl HECKHMAEMOCTH MOJAYYHM

02 °

Haxonen, nckmounB u3 sTax ABYX ypasuennfi p’, moayuum OAHO
YpaBHeHHE AJA BedudHHB! §: '

.o A Y
A =B{— -T2+ 78} 47.8)
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3aBHCHMOCTh CMEIEHHS U OT KOOPAMHATHL Z OSHAYAeT, YTO Me-
HSIIOTCA PAacCTOSHHA @ MEXAY COCEHHMH CAosiMu: Oa = (Ou/dz) a
caMa e BeJHduHa 0 = Ou/0z Raer OTHOCHTEILHOE H3MEHEHHE 5TOro
paccrosinusi. Takum obpasoM, ypaBHeHue (47,8) omuchiBaer pacmpo-
crpanenue nonepeynoit (kv = 0) BoNHE, B KOTOPOH HCIEITHIBAIOT KOJle-
GanHus pacCTOSIHUS MeXJLy CJAOSIMH TNPH IOCTOSIHHOM KJIOTHOCTH.
Jlns niockoli BOMHHL, B KOTOpoit & oo exp {ikr — iwt}, u3 (47,8)
HMeeM *
_ 0*k* = BR' k3,
OTKYyAa HaXOAUM CKOPOCTb
¢, = B2 sin 0 cos 0, (47,9)

rie O — yroa Mexay k u ocbio 2. 21a CKOPOCTh aHM30TPONHA, IPHYEM
obpamiaercs B Hy/b AJif PacOpOCTPaHeHHs KaK BAOAL ocH 2 (0 = 0),
Tak W B INIOCKOCTH X, y (0 = n/2). Ilpm yrsax, GAMSKHX K 3THM
SHAUeHHH M, BO3DACTa€T POJb AHMCCHNATHBHHIX Sddexros. (Cm. 3a-
Jaun 2 u 3 K aToMy naparpady.)

3azaun

1. Haiitr $asoBse CKOPOCTH aKYCTHUECKHX BOJNH B CMERTHKaX INPH IpOH3+
BOJBEOM COOTHOINEHHH Mexpy mopyasmu A, B, C.

Pemeu ne, [lponuddepennuposaB ypasuenne (47,3) no f ¥ MCK/IOYHB Npo-
uasBojuEe 0p'/0f W Ou/dt ¢ momompio (47,1—2), noayumM ypaBHeHHe

v . oo, 9 v,
= AV divy — v -2 +n[—C-52-—divv+B—a—za—-].

Jns naockoll BosHH, B KoTopoli v oo exp (ikr — i0f), oT0 ypapHeHHe CBOZHTCH
K COOTHOILICHHIO ;

— 02 = — Ak (kv) 4 Ckk,v, + n[Ck, (kv) — Bklv,], 1)

TMycts BonHOBOR BexTop k pacmosoxken B mrockoery X, 2, Torna us (1) crenyer, 910
H CKOPOCTh V HAaXOAHTCH B TOH e INIOCKOCTH, & X- H 2-KOMIOHEHTH JAIOT CHCTEMY

JABYX ypaBHEHHH
v, [¢2 — (A + B —2C) ¢052 0] + 0, (C — A) sinBcos 6 =0,
v, (C — A) sin 6 cos 0 -}- v, [ — Asin? 0] =0,

rie ¢ == @/k — CKOpocTb BOJIHK, a © -—— yroa mexay k H ocwio 2. [IpupasusB Hyaio
ONpeAe/UTeIb STON CHCTEMH, NONYYHM AMCIEPCHOHHOE ypaBHEHHE

A — 2 [A 4 (B— 2C) cos® 0) L (AB — C?) sin® 0 cos® 0 = 0,

Boabumnit M MEHBIINA KOPHH 8TOrO KBajpaTHOro (no 6%) ypaBHEHHs ONPefeIfIOT CKO=
POCTH ¢j H Cy, B uwactnHocTH

. { A2 npa 0 = 7/2,

l =

: (A4 B—2C)"2 npr 6=0.

CxopocTh e C3 B STHX Hanpas/JeHHAX o6pamaercs B Hyib, -

2, C yueToM JHCCHIANMH ONPeRE]HTL 3aKOH KHCIEPCHH BTOPOR AKYCTHUECKOR
BETBH IpH PacHpOCTpaHEHHH B IVIOCKOCTH ¢/ioeB (v = 71/2), ’
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Pemenne, B ycroBHAX sajauu CKOPOCTb V Hampasjera MO OCH 2, a BCe
BeJIMUHHH 3aBHCAT OT X, IIpoeunpys ypasuenue (46,13) Ha och 2, monydaeM

— lopy = — K k*u 4 ikoy,, @
C noMompio (41,7) Haxomum
» ik
sz = _;]3 148

Jlerko npomepuTh, 4TO BBHAY MajxocTd napaMerpa K,p/mZ (cp. ¢ (42,7)) MOxHO mpe-
HeGpeub JIeBOH CTOPOHOH (2), a 3Q(EKTH MPOCAUHBAHHS [IPH MANLIX £ HECYUIECTBEHHE,
TaK 410 v == —iwy, OKOHUATeJbHO MOJyuYaeM 3aKOH JHCHEPCHH:

{®= 2Ky k2,
M3

3. To e AN pacnpoCTPaHeHHS MepHeHJHKYAAPHO IOCKOCTH ¢joes (¥ = 0).
Pemenne YcloBue HECKHMAEMOCTH NPUBOJMT B 5TOM C/Iydae K TOMY, 4YTO
v =0 1 gBHKEHHe CMeKTHKAa [POHCXOJUT TOJbKO IIyTeM IpocayuBaHus, M3 (46,5)
H (46,14) nmeem ToOrga
: 0%u

ou
o = MPB

RIH

o = ApoBk?,
Mer npene6peryin B (46,14) wieHOM ¢ TpafHeHTOM TeMIepaTypH. 10 BOIMOKHO, €CJIH
TeMneparypa pelakcupyer GeicTpee, YeM CMelleHHE U, T. €. €CIH ¥ > ApoB, B a1oM
C/Iyyae, OfHAKO, HY:KHO OHHUMATh NOJ4 B H30TepMHYECKUH MOAY/b YNPYTOCTH,
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