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NPEAUCIOBHE K TPETBEMY H3JAHHIO

Bo BTOPOM H3ZaHMM 3TA4 KHHIa MOYTH He OTAHYANACH OT TEPBOrO
n3nanus., He BO3HHK/IO HEOGXONMMOCTH B CKONbKO-HHOYAb 3HAUMTENRbHOH
ee mepepabOTKE M NPH NOArOTOBKE HOBOTO H3aanns. Ilosromy 66abwas
yacTh KHMIH BOCIPOH3BENEHA CTEPEOTHIHO (C HCTpABNEHHEM AHINB One-
yatok). IlepepaGoTKe M IHOMOJHEHUIO, MPOHM3BEAEHHHM MHOH COBMECTHO
¢ JI. TI. TlurtaeBckuM, HOLBEPTIMCH NHIIb TOCAeLHME Naparpadn, MOCBs-
pieHHbE aaMabaTHUeCKHM HHBAPHAHTAM,

WMioup 1972 7. E. M. Jlupuuy



U3 NMPENMCIOBHUA K NEPBOMY U3JAHUIO

Hacrosiuieli Kknurofi Mu  paccuMThiBaeM HauyaTh IOC/E]OBATENBHOE
nepen3gaune scex ToMoB Hawe# «Teopetnyeckoil ¢uauxuy, OKoHYaTENb-
Hulll IJIaH ee celyac npencTasiasieTcss B CEAYIOUIEM BHIE:

1. Mexanuka. 2. Teopus noas. 3. Kpaurosas Mexanuka (HepeJATH-
suctckas Tteopus). 4. Penartusucrckas kBantoBas Tteopud. 5. Cratu-
cruyeckass ¢usuka, 6. 'maponnnamuka. 7. Teopust ympyroctu. 8. Diek-
TPOAHHAMHKA CIUIOWHHIX cpeX. 9. Puanueckas KHRETHKA.

Mut 6naromapunt M. E. IHzanommnckomy u JI. II. Tluraesckomy 3a
[IOMOULb NPH YTEHHH KOPPEKTYDPbl KHHTIH.

MockBsa, noap 1957 r, Jd. A. Janwday, E. M. Jlupuwuy



r'1ABAI
YPABHEHUS JBUXKEHWS

§ 1. O6obmensbla KOOPAMHATH

OnHUM U3 OCHOBHBIX MOHATHH MeXaHUKH ABJASETCH IOHATHE HAMeEPUA Lo~
Hoii mouru'). [Ton sTuM Ha3BaHHEM NOHUMAIOT TE/I0, PA3MEPAMU KOTOPOTO
MOXHO mpedefpedb MPH ONUCAHHU eTO ABMweHns, Pasymeercd, BO3MOK-
HOCTb TaKOro mnpeHeOpexeHHd 3dBHCHT OT KOHKDETHHIX VC/JAOBHH TOH
Al HHOHM 3aa9i. Tak, MIaHEeTH MOKHO CYHTATh MaTEPHAALHEIMI TOUKAMH
npy M3yveHud uX apmxenus BOKpyr CosHua, HO, KOHEYHO, He mnpu pac-
CMOTPEHHH HX CYTOUYHOTO BPALLEHUA.

[Tonoxenne marepuansHodl TOYKH B MPOCTPAHCTBE oOmpefeiasieTcs ee
PaAHYC-BEKTOPOM T, KOMIOHEHTH KOTOPOTO COBNAAalOT ¢ €e AeKapTo-
BHIMH KOOpAHHATaMH x, y, 2. [Ipoussoanan r no spemenn f

v_dr
T dt
d’r
Ha3blBACTCH CKOPOCTHIO, a BTOPAs MPOU3BOAHAR a—ta—ycxopeﬁﬂe.\l TOY-

ku. Huxe, kax 510 npuasrto, Mu 6yaeM 4acTo o6o3uadars suddepeHLiu-
poBaHHe MO BpPeMEHH TOYKOH Hax OykKBOIi: V==r.

Jnd onpemeneHus monoweHdst cUCTeMbl M3 N MaTepuajbHBX TOYEK
B IPOCTpaHCTBE HAAO 3axath N paguyc-BeKTOpos, T. €. 3N KOOPAHHAT,
Boofuie yucno He3aBHCHMBX BEAHYMH, 33aJaHHE KOTOPHIX HEOGXOAUMO
JUIS OAHO3HAUYHOTO ONPEfeneHUs NON0MKEHUT CACTEMB, HA3LIBAETCH UHCAOM
ee cmeneneli c60600n, B NAHHOM CJAydyae B3T0 4ucao pasHo 3N. Ira
BeJUYHHB He 00653aTENAbHO JOMKHB 6HTb ACKApPTOBLBIMH KOOpAHMHATAMH
TOYeK, ¥ B 3aBHCHMOCTH OT YCJAOBHI 3aJaud MOXET ©Kazarhes Gouee
yn06HEM BbIGOP KaKHX-1HGO APYrux KoopauHar. JIOObe s BelU4HH ¢y,
Qs -+ -, q, BHOJHE XaPAKTEPH3YIOUINE MOJIOXKEHHE CHCTeMH (C § CTene-
HiMHY CBOGOAK), HA3LIBAIOT €€ 0000uleHHbLMI KOOPOUHAMAMI, 4 TIPOU3-
BOAHbIE []i*ee 0000UleHHBMI CKOPOCMAMU.

3ananue 3HaueHUH O0GOOIIGHHLIX KOOPAHHAT elle He ONpeAeserT,
OMHAKO, «KMEXaHNYECKOrO COCTOSHHS» CHCTEMB! B XaHHbIE MOMEHT BpEMeiid

1) Bmecro tepmiiHa ¢MaTepua/ibHad TOUKa» Mbl 6y JeM 4aCTO FOBOPHTb O «4ac-
THIAXY,



10 ‘ YPABHEHHS JBHKEHIA [rn. 1

B TOM CMBCAE, UTO OHO He TMO3BOJAfNET MNPEACKA3aTh NOJOKEeHHe
CHCTEMH B nocaedylouiue MomenTs! BpeMeni. [1pn sananupix snaueHHsX
KOOPAHHAT CHCTEMA MOKET 061a1aTh IPON3BOJILHLIMI CKOPOCTSIMI, 4 B 38-
BHCHMOCTH OT 8HAueHHS NoCaeRHuX OYAET pPa3/AHUHBLIM H [10J0KEHHE
CHCTEMB! B CIELYIOUHIl MOMEHT BpeMeHH (T. €. yepe3 GeCKOHeuHO Malbil
BpeMenHoii AuTepBaa df).

OAHOBPCMEHHOE e 3aJaHie BCEX KOOPIHHAT U CKOPOCTEH NOJAHOCTHIO
OnpeneasieT, KaK MOKAa3HBAET ONKIT, COCTOSIHHE CHCTEMB M MO3BOJASET B
NpHHLMIE MPencKa3aTh maiabueiiniee ee ABmxenue. C martemaTHuyeCKoil
TOUKY 3PEHNT TO 3HAUHT, UTO 3aAaHUEM BCeX KOOPAMHAT ¢ U ckopocTelt

g B HEKOTOpHﬁ MOMEHT BPEMEHH OARO3HAYHO ONpeiaesieTCs] TaxkXe H

3HaueHne YCKOPEHHH ¢ B 3TOT MOMeHT?).

CooTHounIeHHs!, CBSI3LIRAIOIIHE YCKOPEHHS C KOODIHHATAMH M CKOPO-
CTSMH, HA3WBAIOTCH YpasrueHugnu dsuxcenits. 1o oTnomennio Kk pyHkuusm
g (f) aro— auddepenuyanbuple ypaBHEHHH BTOPOro mnopsjaKa, uHTe-
rpHpOBaHHe KOTOPHX MO3BOJAET B NPHHIKNE ONPELEINTh ITH (pyuxu.nu,
T. €. TPAeKTOPHH JBHYKEHHA MEXaHHYeCKOH CHCTeMH.

§ 2. Mpurunn HauMeHbINEro aeficTBusA

HawubGonee obmas ¢GoOpMyIHpPOBKA 3aKOHA JBHIKEHHS MEeXaHUUECKHX
CUCTEM AaeTCd TAK HA3bIBACMLIM NPUHRUNOM HaUMeHble20 Oeiicmseus
(unn npunyunon I'axnaemona). COrnacHo 3TOMY NPHHUKNY Kakaad Mexa-
nuuyeckas CHCTEMa xapaKTepuayeTCH OHDEIIQJIEHHOYI pynkuneit

L(ql, Q2y cees q.w q17 ‘72: s qs’ t)
1an, B kpatko# 3anucu, L (g, ¢, ), npHueM ABHKEHHe CHCTEMB Y/0BIeE-
TBOpSAET CJACAYIOUEMY YCJAOBHIO.

Hycts B MOMeHTH BpeMeHH f=1; W f=1{f, CHCTeMa 3aHuUMaeT
ofpene/eHHLIe MOJOXEHNS, XapaKTepHu3yeMule IBYyMsi HaGopamu 3Haue-
Buit xoopannat ¢V n ¢®, Torjga MewAy STHMH NOJOKEHHAMH CHCTEMA
ABHKETCH Takum o6pa3om, 4uToBH WHTCIPAT

2y .
S=(Lig q, nat 2,1)
t
vMea HauMeHbllee BO3MOXHOe 3Havenue?), Pynkuua L nasppaercd
gdynryueld Jazparsca RaHHOH CUCTeMnl, a nHTerpan (2,1) — Jdedcmeuen.

') Jas kpaTkocTH oGosnadeHnil Mbl Gy[eM HacTo YCJOBHO TOHMMATh NOX g

COBOKYNHOCTE BCEX KOODAKHAT Gy, 3, . - . , §g (1 1OJ § aHAJOTHYHO COBOKYITHOCTH
BCEX CKOpoCTel).

%) Cuenyer, 0AHAKO, yKasaTh, 4TO B TaKo#l QOPMYyIMPOBKE NPHHIMT HAHMEHb-
Lero JeHCTBHSI He BCETJAA CMPABEA/MB JJs BCEH TPAEKTODHM JABHIKEHHS B LEJOM,
4 JMImb A8 KaXJAOro M3 JIOCTATOYHO MaJbIX €€ YUYacTKOB; AJd Bceli e TpaekTo-
pH¥ MOKET 0Ka3arhesi, YTO HHTerpaJ (2,1} umeer Aullb 3KCTpPeMadabHoe, He o6a3a-
TEJLHO MHHHMaJbHOE 3HauyeHHe. DTO O6CTOATENLCTBO, OLHAKO, COBEPIIEHHO HE
CYUIeCTBEHHO NPH BHIBOJAE YPaBHEHWH ABMKEHHS, HCNOJL3YIOIeM JIHL YCJOBHE
BKCTPEMAaJIbHOCTH.




—
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§ 2] MPHHUHAN HANMEHBIIETO REHCTRIS

Tor daxr, uto dyuxuua Jlanrpanma coaepxiT TOALKO ¢ H (}, HO
He Oosee BBICOKIE IPOH3BOLHLIE q', g, ... , SBISAETCS BoIpaKeHHeM
YKasaHuoro Buuie ¢akra, YTO MeXaHHYeCKOE COCTOSHHE ITOJHOCTHIO
omnpejpeseTcs 3alaHUEM KOOPAUHAT H CKOPOCTEeH.

[Tepeitnem k BoiBoZy InddepedinHaIbHEX ypaBHeHul, pemaou(ux
3agayy o0 omperenenny MuHuMysa unrerpana (2,1). Hag ynponieHud
sanicu GopMyJ NPEANONOWHM CHauajsa, 4To CcHcTema oOnazaer BCEro
OAHOH CTemeHbl0 CBOGOAB, TaK 4TO [HOJAxHA OwiTb ONpejeseHa BCEro
onna Gynxuug g ().

IMycts g=g¢q (f) ectp Kak pa3z ta QyHKUus, AJ1 KoTopod S mmeeT
MHHEMYM. DT0 3HAYHT, 9T0 S BospacTaer npu 3amene ¢ (f) Ha mobyio

¢yHkinio Buna
g (f)+dq (9), (2,2)

rae 8q (7) — dyuKuns, manas BO BCeM HHTepBajie BPeMeHH OT f; IO I,
{ee nasmBaoT sapuanueil QyHKIUY g (f)); TOCKOAbKY Tpu t=F H =1,
Bce cpaBuuBaeMple QyHknuu (2,2) LOMKHB NPUHUMATBL ONHH M TE Xe
suagenus ¢V m ¢, 1o M0MKHO OBITH:

Og (¢;) = dq (2,) =0. (2,3)
Wamenenne S npu samene ¢ Ha ¢ O0¢ Zaercsd pasHoOCTHIC

t2 . . ts .
(L(g+8q, g+g, f)dt——SL(q, g, t)dt.
1 ¢

Paznoxenue 310#l pasnoctd no crenensMm 8g u 8¢ (B noguaTerpaabHOM
BLIpAKEHUH) HayMHaeTcs ¢ uyieHoB TnepBoro nopaxka. HeoGxoaumum
yenaoBueM MUHHMANBHOCTY S1) sipasieTcst 06painerue B HyJab COBOKYNIHOCTH
9THX YJAEHOB; ee HAa3uBalOT MepBoit Bapuanuefl (unu oOGBYHO MPOCTO
Bapuauyell) nurerpana. Takum 06pazomM, IPHHIUN HAUMEHBILETQ JeHCTBHUA
MOXHO 3amicaTb B BHIe

ty i
8§=08(L(g, ¢, t)at=0, (2,4)

MAH, TPOU3BENST BapbUPOBAHHE:

S(aL +— )dt:O.

1
. d
Bameuadn, 4TO 6(1:3 84, npouHTerpupyem BTOPOH WieH @O YacTIM R

MOAYYHM:

55—-_—aql+j( — 5y ) baat=0 (2,5)

1) Boo6uie —3KcTpemMansHOCTH,



12 YTABHEUHS IBIKERHA fra. 1

Ho 8 cuay ycaosnit (2,3) nepBuifl yieH B 3TOM BHIPAKEHHH HCue3aeT.
Ocraercss HHTErpat, KOTOPb nomken GuTh PABEH HYIIO NMPH NPOH3BOIb-
nex sHaveunsx 8g. DTO BO3MOWKHO TOJIbKO B TOM cayyae, eCian NOL-
HHTErpanbHOe BHPAWEHHE TOWAecTBeHHo obpauiaercs B nyab. Taxum
o0pazom, MBl [0/7y4aeM ypaBHeHHe

d oL 0oL
dt 9 04
[Tpu waauuuu HecKoAbKHX cTeneHell CBOGOIM B MpHHUHIE HAHMEHD-

nero AeHCTBHA XO/MKHE HE3aBHUCHMO BApbHPOBATHCA § PA3NHYHBIX PYHK-
nufi g; (f). OueBuano, 4TO Mbl DOAYYMM TOTJA § ypaBHenuit Bula

d aL oL .
qu—l—&f:() (lr—‘l,2,...,S). (2,6)
10— uckompe auddeperitnanbrbie ypaBHEHHs; OHH HA3HIBAIOTCA B Mexa-
viike ypaenenusmu Jazpauxal). Ecnu dynkuus Jlarpamwka nanuot
MEXAHHYECKOH cHCTeMbl H3BECTHA, TO ypasHenns (2,6) yCcTaHaBaBBaioT
CB3b MCWAY YCKOPEHHSMH, CKODOCTSIMH H KOOPAHHATAMM, T. €. Apel-
CTaRaAd0T co00H ypaBHEHUS ABHWEHMA CHCTEMDI.

C matemaTHIECKON TOUKM 3penus yparHeHus (2,6) cocTasasor
CHCTEMY § YpaBHeHH BTOPOro TNOPSAKA Adf § HEH3BECTHhX PyHK-
Wi g, (#). Obutee penreHie TaKoH CHCTEMbl COAEPWHT 28 HPOH3BO/b-
HuX mocrosnanx. st X onpenejseHus M TeM CaMblM [1OJHOTO omnpele-
JEHHs NBHKCHHA MEXAHHUCCKOH CHCTEeMbl HeOOGXO0AMMO 3HAHHE HAYaldb-
HEIX  YCIOBHHA, XaPaxTepH3YIOHIHX COCTOSIHHME CHCTeMbl B HEKOTOPHIH
3AJLaHHBHT MOMCHT BPCMCHH, HAMpHMep 3HAHHE HAYaNLHLIX 3HAYeHUH BCEX
KOOPAHHAT II CKOpPOCTe#i.

ITyctp mexanuyeckast cucreMa COCTOHT u3 JARYX uacret A u B,
KQOKAA H3 KOTOPLIX, OYAy4H 3aMKHyTOH, uMena Onl B Kauecrse QyHK-
unu Jlarpauwa cootsetctBendo ynxkunn L, u Ly Torma B npenene,
NPU pasBeleHHH uYacTeill HACTOALKO AajneKOo, 4yTOOM B3aHMOAEHCTRHEM
MEWAY HHMI MOWHO Ob0 npedHefpeds, Jdarpanyesa QyHxuus pcei cu-
CTeMBl CTPCMHTCA K mpelieny

limL=L,+Lp (2,7)

S10 cBOficTBO aamnTHBHOCTH (yHKunu Jlarpanxka Bepaxaer co6oil ToT
$aKT, uTO ypaBHeuus ABHWEHHS KaXKAOM 1i3 HEB3aUMOIEHCTBYIOILHX
H4CTEH He MOTYT COAEPWaTh BEAHUHHL, OTHOCALIHECH K APYIHM YaCTAM
CHCTEMHI,

Ouepitno, uto yauHoxenue @ynknnn Jlarpawka mexannuecxo# cu-
CTEMbl HA HPOU3BOJLHYIO NOCTOAHHYIO CaMO no cefe He OTPAXaercd Ha
vpaBHennax apmkennd. OTcroona, Ka3aa0ch Obl, MOTAA BHTEKATb CYIHECT-

}) B BapHalHOHHOM HCUNCJICHHM, paccMaTpHBalolleM BOpMalbHYIO 3akauy. o6
onpefiesielHl 3KCTPEMYMOB HUTETPanoB Buja (2,1), oHH Ha3LIBAIOTCH ypaBHEHH AME
Sitnepa.



§ 3] MPHHIUIT OTHOCHTEADHOCTH TAMWIAEA 13

BeHHAs HEONpeAeaeHnoCTh: dyHkunn Jlarpadixa pasanudbX H30J1pOBat~
HBIX MEXAHHYECKHX CHCTEM MOTJIH Obl YMHOMXAThCH HA J0OHE pasaHdHbie
nocrodnnsie, CBOHCTBO afAHTHBHOCTH YCTpaHseT 3Ty Heompepeie:-
HOCTb,— OHO AOIYCKAaeT JAlUlb OAHOBPEMCHHOC YMHOXECHIEC J1ar DaHXKeBbIX
OGyukuuil Bcex CHCTeM 1A OZHHAKOBYIO MOCTOSHHYIO, UTO CBORUTCH
HPOCTO K ECTECTBEHHOMY [MPON3BOAY B BHOOPE CAHHHL H3MEpPEHH:
3T0l Qu3NYeCKOR BeAUUHHB; MB BEPHEMCSH elle K STOMY BOmpocy B § 4.

Heo6xoanmo caenats eme caexaywinee obuiee 3amedanne, Paccmort-
pum ase dynknnu L'{g, ¢, ) u L{g, ¢, 1), oraudaiomuecs APYF OT
Apyrd Ha MOAHYH NDOH3ROAHYIO N0 BPEMEHHM OT KaKoH-1ubo yHKuuu
KOOPAHHAT H BpeMenHn f{g, #):

L'(g, ¢, H=L{g, . D+ /(@ D (2,9)

Beruncacunpie ¢ moMoitiplo oTHX aByX ¢yskuuit unrerpain (2,1) cau-
3aHbl COOTHOHIGHHEM

ts ts i,
I ’ . . ) d‘
S =SL @, 4, t)dt:SL(q, g, 1) dit - S’a%dz:-.
t

t ;1
=S+ (g?, t)—r@", 1),

T. €. OTAMYAIOTCH JAPYT OT APYra AOMOJHUTEAbHBIM WIEHOM, HCYe3aIo-
L{AM NP BAPbUPOBAHUH AEHCTBMA, TaK uTo yciaosue 0S5 =0 coBnanaer
¢ yciaosueMm 8S=0, u Bua ypasHeHUH NBHKEHHS OCTAETCH HEH3MEHHMIM.

Taxum o6paszom, pyskuug JlarpaHxka onpejenieHa ANib ¢ TOYHOCTHIO
do npubaBieHus K Hell noaHOH IPOM3BOMHOH OT M0G0 PYHKUHH KOOpP-
JHMHAT U BPEMEHH, -

§ 3. Npununn orHocmTeanHocTn lannxes

[1q uW3yYeHus MEXaHHUECKHX sIBJACHHI HAA0 BHOPATH TY HIH HHYIO
cucmemy omctema. B pasaudHbHX CHCTEMAX OTCYETA 3aKOHBI JBIKEHH
HMEIOT, BooOuie roBops, pasauydeiil Bui. Ecau B3siTh NPOU3BOJLHYIO
CUCTEMY OTCYETA, TO MOXET OKa3aThCH, YTO 3AKOHKL JaKe COBCEM IIPOCTHIX
sinednit 6yAyT BHIAAAETH B Hell BeChbMa C/10KHO, EcTecTBEHHO, BOSHUKALT
3a744a OTHICKAHUS TAKOH CHCTEMBI OTCYETA, B KOTOPOH BaKOHW Mexa-
HUKH BuIfJIsiaenH Gul Haubosiee MmMPoOCTO.

[To oTHOWIEHHID K NPOH3BOALHON CHCTEME OTCYeTa IPOCTPAHCTBO
IBJIAETCH HEOJHOPOAHLIM H HEU3OTPOMHLIM, DTO 3HAYUT, YTO €CIH KaKoe-
An6o TE/M0 HE B3aUMOMEHCTBYET HU ¢ KAKUMU APYTHMH TEIaMH, TO, TEM
HE MeHee, ero pas/uyHeE I0M0KEHHst B NPOCTPAHCTRE U ero pa3jindHhe
OpHMEHTAllUH B MEXaHUYECKOM OTHOLIEHHUH He SKBHBaAeHTHH. T0 ke camoe
OTHOCHTCS B 06iieM ciaydae H KO BPeMeHH, KOTopoe OyJLeT HEeOMHOPOI-
HBIM, T. €, €ro pas/iHuHbe MOMEHTH HEe3IKBHBAJCHTHBIMH, YClIOwHeHHe,
KOTOpOe BHOCH/IM Obl Takue CBOHCTBA MPOCTPAHCTBA U BPEMEHH B OfH-
caille MeXaHuyecKux siBaenust,—ouesnaxo. TakK, Hampumep, cBoGoauoe
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(1. €. He noxaBeprapolleecs BHEMIHIIM BO3ACHCTBHIM) Te10 HE MOFIC
Onl NOKOHTBHCSI: eCad CKOPOCThL Tesda B HCKOTOPHIT MOMEHT BpEMEHH
H paBHA HYJI0, TO YK€ B CJICAYIOUHH MOMEHT TeJI0 Hayano O JBU-
raTbCd B HEKOTOPOM HanpaB/eHHH.

OxasniBaercsi, OLHAKO, YTO BCErAa MOXHO HAaHTH TaKylo CHCTEMY
0TCYeTa, N0 OTHOMIEHHIO K KOTOPOH NPOCTPAHCTBO ABISeTCAd OLHOPOLHBIM
H H30TPONHHIM, a BpeMd—oAHOPOAHbIM. Takad cHcTeMa Ha3uBaeTCH
unepnuatpnol. B neit, B yacTHoctTH, cBoBoAHOE TeN0, noKofieecs B He-
KOTOPBIE MOMEHT BpEMEHH, OCTAaeTCst B MOKOE HEOTPAHHYEHHO HAOITO,

Mu MoxeMm Temepb €pa3dy CHenaTh HEKOTOPHE 3aK/IIOUEHHS O BHIE
Ppynxiun Jlarpanxa cBo604HO ABUKYHIEHCH MaTePHAIbHOM TOYKH B HHED-
HHaabHoi cucreme orcuerd. OxHOPOAHOCTh NMPOCTPAHCTBA M BPEMEHU
03Ha4aeT, 4TO 3TA (PYHKUHUS He MOMET COLEepPKaTb HBHLIM 00pa3oM HH
pajuyc-BeKTOpa r TOYKH, HH Bpemenn f, T. e. L sABasercs ynkuuei
JHWb OT CKOpocTH v, B cuay ke wu3orponuu npocrpaHcTsa (QyHKUKA
Jlarpanxa He MOKeT 3aBHCETb TAKWKE M OT HanpaBjeHHs BEKTOPA V,
TaKk dMTo sgpadercsd QyHKUHEH aumb OT ero abComOTHOH BeaMunHb,

T, €. 0T ¥Baapara vi=1o2
L=1L (v%), (3,1

aL
Banay neszaBucuMoctH ynkuun Jlarpauma oT r umeem 0—r———0,

notoMy ypasHenus Jlarpanmxa umelorT Bui t)

d oL
dov—%

aL oL .
oTKyJaa W:const. Ho nockonbky gy fBasercs dyuxuueit ToaLKO OT
CKOPOCTH, TO OTCIOAA CJI€AYyeT, 4TO H
v—=const. 3,2)

Taxkum ofpasom, ML MPHXOAMM K BHBOIY, YTO B HHEepUHaTbHOH
CHuCTeMe OTCueTa BCAKOE CBOOGOAHOE ABMKEHHE NMPOMCXOANT € MOCTOAH-
HOH 110 BeJUYMHE M HANPAB/IEHUIO CKODPOCTHIO. DTO YTBEPKAEHHUE COCTAB-
AsgeT COJACPKAHHE TAK HA3bIBACMOTO 3dKOHG UHephuu.

Ecan napsny ¢ umeionieficd y HaC HMHEPUHMAMbHOR cHETeMOi#l OoTCueTa
Ml BBEJIEM ADYTYIO CHCTEMY, ABMKYULYIOCH OTHOCHTENBHO nepsod nps-
MOMHIIEHHO # PAaBHOMEPHO, TO 3aKOHBI CBOOOAHOTO ABHKEHHH IO OTHO-
IIEHUI0 K 3TOM HOBOH cHcTeMe OyAyT TeMM e, YTO U IO OTHOWEHHIO
¥ IepPBOHAuUaJIbHOH: cBOGOAHOE aBMWeHUWe CHOBA Oymer NPOUCXOLHUTH
€ MOCTOAHHGH CKOPOCTHIO.

OnnIT MoKaspiBaer, 0JHAKO, YTO HE TOJABLKO 3aKOHK CBOBOJAHOTrO ABH-
WeHud OYIyT OAMHAKOBLIMH B 3THX CHCTeMax, HO uTO oHm OyAyT M BO
BCEX IPYFHX MEXaHHUYECKHX OTHOUICHHSX ITOJHOCTBIO SKBHUBAJEHTHBHIMH,

1y Ilox npoussonHOH CKaJspHOH BeJHUMBE 1O BeXTOPY NOAPa3yMeBaercs
BEKTOD, KOMNONEHTH KOTODOro PaBHEI NPOU3BOAHBLIM OT 3TOH BEJIHYMHBLI N0 COOTs
BETCTBYIOIHM KOMIOHEHTaM BEKTOpa.
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Taxum o6Gpa3om, CymecTByeT He 04Ha, a GCCKOHeYoe MIOKCCTBO
HHEPUHAABHBEIX CHCTEM OTCHEeTd, ABMWYIULHXCA APYT OTHOCHTEALHO APYyra
NPAMONHHEHHO N paBHOMepHO. Bo BCex 3TuX CHCTeMax CmoiicTBa npo-
CTPaHCTBA M BPEMEHH OJAHHAKOBH H OJMHAKOBL BCE 3aKOHLE MEXAHHKH.
ITO yTBEPWAEHNE COCTABMAIET COAEPIKANNS TAK HA3ILIBACMOTO JIpUHHUNQ
omunocumensrhocny [aauses — OAHOTO H3  BawHeHUMX MPUHIHOOB
MEXAaHHKH,

Bce crxa3aHHOEe A0CTATOYHO $iCHO CBUAETE/NLCTBYET 00 HCKIIOUHTEb-
HOCTY CBOMCTB MHEPUHA/JABHBIX CHCTEM OTCUETa, B CHIY KOTOPBIX UMEHHO
9TH CHCTCMB JIOMKHBI, Kax [IpaBH/a0, HUCMNOAb30BATHCS IPH H3YYEHUH
MeXaHHYeCKuX siBjieunit. Beane B maanueiimieM, rae 0o6paTHOE HE OTOBOPEHO
0c000, Mbl 6yIeM PaCCMATPUBATEL TOMNbKO HHEPIUHANbHLIE CHCTE@MBl OTCHETA,

[lonHas MexaHnyeckas SKBHBAJEHTHOCTb BCero GeCYHCAEHHOTO MHO-
WeCTBA TAKHX CHCTEM [OKAa3hBaeT B TO Ke BpeMd, 4TO He CYL(eCTByeT
HUKAKOH OTHOH «aGCoMOTHONY CHCTEMB OTCUETA, KOTOPYIO MOWHO OBLIO
Obl MPCANOUECTh APYLHM CHCTEMAM.

Koopausnatet r u t’ omnoHd W TOH We TOYKH B JABYX pPas/THUHBIX
cuctemax otcuyera K K, U3 KOTOPHX BTOPAs ABMIKETCH OTHOCHTEIAbHO
nepBolt €0 ckopocThio V, CBA3aHb APYr ¢ APYroM COOTHOUIEHHEM

r=r 4Vt (3,3

TMpu stoM mnonpasymesaeTcs, 4TO XOJ BPEMEHH OJIHHAKOB B OB2HX

CHCTEMAX OTCYETa:
t=t. (3,4)

Ilpennonoxenue 06 aBCOMOTHOCTH BPEMEHH JEWHT B CaMoif OCHOBE
npeacTapieHnit KiaccH4eckoi mexaHuiu 1),

bopmyant (3,3), (3,4) HasnBawT npeobpasosanuer larunes. Ipunuun
otHocutenpHocTH [anuiea mowuo cdopmynuposath Kak TpeGosanmne
HHBAPHAHTHOCTH YPaBHECHHHE JABHMEHHd MEXAHHKU 1O OTHOLICHHIO
K 3TOMy mnpeoGpa3oBaHuIo.

§ 4. Pysxuna Jiarpamka cBo6OAHOR MaTepHaTbHOH TOUKH

ITepexons k ompegenennio Buaa byuxuun Jlarpanixa, paccMoTpuM
cHavajna npocrefinuii  cayuai — cBofSoAHOE JIBHXKEHHE MaTepuanbHO#
TOYKH OTHOCHTEALHO WHEPUHANbHOH cHCTeMbt oTcyera. Kak Mbl ywe
Bugeny, Pyuknus Jlarpawka B 9TOM caydyae MOXeT 3aBHCETb JIHLIb
OT KBajApaTa BexKTOpa CKOPOCTH. J[As puisicHeHHs BHIA 3TOH 3aBUCH-
MOCTH BOCMOAb3yeMcs MNPHHUMIOM OTHocuteabHocTH [anunes. Ecan
HHepuHaibHad cucremMa otcuera K ABHXKETCH OTHOCHTENBHO HHEPIH-
ansHod cuctemu otcyera K ¢ fecKoHeyno Majaoil CKOpPOCThIO €, TO
v =v--e& Taxk kak ypaBHeHHs ABMKeHHS BO BCEX CHCTEMAX OTCYETa
LOJDKHBL MMETh OHMH M TOT Ke BuX, 10 dynxuus Jlarpamxa L (v?)
LOJKHA TIPH Takom npeoGpasoBanuu mepedtu B ¢yrkuuio L', xoropad

1) Ono He cnpaBe HBO B MeXaHHKE TEOPUH OTHOCHTEIbHOCTH.
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eciH u oramuaercs ot L (v?), To aHuUIb HA TMOJHYIO NPOU3BOANYI® OT
dyukunn kKoopauHat M BpeMmenu (cM. Kowew § 2),

Hneen:
L'=L %=L @4 2vete?).

Pasnaras 970 BoipaxkeHHe B psal 1O CTeneHaM &€ H npeneéperas Gec-
KOHEYHO Ma/JhMM BBICIUHX TMOPSAKOB, MOJYYHM:

L% =L (@) + 2 ve.

Bropo# unen mepsol yacTu 3TOro paBeHcTBa OydeT MOJAHOH npoOH3BOA-
HOH MO BPEMEHHW TOJALKO B TOM CJAYYae, €CJH OH 3aBHCHT OT CKOPOCTH V

. oL
auneitno, Tlostomy 7@ OT CKODOCTH HE 3aBHCHT, T. €. dynkuusn  Jla-

FpaHKa B paccMaTpPHBAEMOM CJyyae MPIMO NPOHOPLUHOHAIBHA KBAaLpPaTy

CKOpOCTH:
L= av?,

W3 Toro, urto Oyuxums JlarpaHmka Takoro BHAA YAOBAETBOPSAET
MPUHUHAY OTHOCHTeAbHOCTH Taiuiaes B ciayuyae OeCKOHEUHO Majloro
npeofpa3zoBanid CKOPOCTH, HENOCPEICTBEHHO CJACAYET, UTO (PYyHKIHA
Jlarpanxa WHBAPHAHTHAZ W B CJyyae KOHEYHOH CKOpoCTH V CuHCTEMB
orcuera K otnocurenbHo K'. JedcTRuTEaLHO,

L' =av'?=q (v-LV)=qav?4 2avV } V2
Hian
d
L = L-{~% (2arV - aV?4).
Bropo# uien susasgercst 1101HOH NMPOH3BOAHONH M MOXET OHTb OHYLIEH.

[Mocrostnnyio @ npuHaro 0603navath KaK m/2, TaK 4TO OKOHYATEIHHO
nanuueym ¢ysxunio Jarparmka csofomn0o Apixkynlelics TOYKH B BHAE

mu?
: L=~§—. 4,1)

Bennunua m nasniBa€TCH Maccoll MateplaibHolt ToukH. B cuny cpoiicTpa
anputnBHOoCTI DyHKLWHH Jlarpanma, AAf CHCTEMB HeB3aUMOREHCTBYIOMNX

TOYeK HMeeM !)
mgv?
L= —=. (4,2)
a

Crexyer noa4epKHyTb, YTO JHUIb APH YieTe 3TOTO CBOHCTBA JaHHOE
onpeje/nenue Maccsl npuobpertaer peaipnpft cmuicl. Kak yke Guino orme-
4eHo B § 2, BCerna MOKHO YMHOXTTH PyHKUHMIO Jlarpanka Ha 1106y10 nocTo-

* 1) B xkavecTBe HHJeKCAa; yKasblBalOLIETO HOMEP 4acTHIBI, MBI GyleM 110JIb30-
BaThCs TlepBbiMH OYKBaMH JATHHCKOTO aidabBuTa, a 114 UHACKCOB, HYMEpYIOUIHX
KOOpJAHHATE, HCMOJb3yeM OYKBH i, &, I, ...
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AHHYI0; 9TO HE OTpaxaercs Ha ypaBHeHHax ABMweHus. Jag dyskiim
(4,2) Taxoe yMHOXERHE CBONHTCH K H3MEHEHHIO €IVHHLL H3MEpPEHH:
MaCChi; OTHOLUEHHH Ke MaCcC pasiHYHBIX UACTHI, KOTOPbIE TOJbBKO H
HMEIT peanbHbifi PU3HYECKHH CMBICA, OCTAIOTCH NPH 3TOM npeobpaso-
BAHUH HEU3MEHHBLIMH.

Jlerko BuAeTb, UTO Macca He MOWKeT ObITh OTpHUATEAbHOH., B camonm
Jiele, COTJacHO TPHHLHIY HAHMeHblUIero neHcTBuf AJAA  AefCTBUTE/Nb-
HOFO JABHMKEHHS MaTepHajJbHOH TOUYKH M3 TOUKM [ IPOCTPancTsd
B TOYKY 2 HHTerpaa

2 2
S=§’1§—dt
I

umeeT MuHuMyM. Ecan Op macca 6bina OTpHIIATENbHON, TO Il TPaeK-
TOPHH, MO KOTOPHM YacTHIAa CHavana ObICTPO yjaxasercs oT [, a 3aTeM
Ghictpo nmpubnukaercd K 2, Huverpan neHcTBus npunuMai Obl  CKOJb
YroAHO BoJblide M0 abCOMIOTHOM BeAHYHHE OTPHLATENbHHE 3HayeHusd,
T. e. He umen Gbl MuHUMyMal),

[Totesno samernts, 4TO

di\z _ dp ‘
2 i .
v _—<dt> =an- *.3)

TlostoMy mss cocrasiedus gyuxiun Jlarpanxa [ocTato4no HalTH KBaA-
paT IMHBL 9jeMeHTa AYrH dl B COOTBETCTBYWillelt ClCTeMe KOOpAMHAT.

B nexaprosmXx ‘Koopamuatax, uanpumep, di%=dx?-1dy*-dz?,
HO3TOMY

L= (32 y2-27). (4.4)
B unanuapuyeckux 4% =dr? -+ ride¢® -+ dz®, orkyna
AL ) (4,5)
B cepuuecknx 42 =dr?4r?d0? +4-r?sin? 0 do? n
L= —'g— r? b 202 4 r2 sin® 0?). (4,6)

§ 5. dynkuusa Jlarpauxa cucTeMbl MaTepHAALHBIX TOUCK

PaccMoTpuyM Tenepb cucTeMy MaTepHaAbHBIX TOUYEK, B3AUMOAEHCTBYIO-
LIHX. APYr C JPYrOM, HO HHM ¢ KaKUMH MOCTOPOHHHMH Tel1aMH; TaKywo
CHCTEMY HAa3HBAIOT 3amkHymoli. OxasviBaercd, 4TO B3anmoiedcrnHe
MeXIY MaTepHAJbHBIMH TOYKaMH MOXeT ObiTb OMHCAaHO mnpubapiieHuem

Yy Cpenannast B nprmevanuy Ha cTp. 10 OroBopKa He MEIIAeT STOMY BHBEGAY,
TaK Kak npu m < 0 HHTerpaaq He Mor Gb WHMETh MHHHMYMa HH RAs KaKoro
MaJloTO yuacTKa TPaeKTOPHH. :
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k dynxinm Jlarpamka He3anmogeHcTByowx Touex (4,2) ompexrenes-
HOf (3aBHCsALIEH OT XapaKTepa B3anMOAeHCTBHA) QYHKUHH Koopauuar 1),
O6o3nauus sty ¢GyHKUHIO uepes —U, pannmem:

m,v2
L:Z 5——U(ry, 13, ..0) (5,1)
a

{r,—pannyc-sexrop a-it Touxkn). 1o ecrp obwnit Bua ¢ysxiuu Jlar-
panka 3aMKHYTOH CHUCTEMHL,
Cymmy

T:

a

HA3LIBAOT wKunemunecxoll anepeuet, a Gyuxuuw U— nomennuairsnol
aHepelteli CHCTEMb; CMbICA BTHX HA3BaHHH BuisicHUTCH B § 6.

Tot gakt, 4o noTEHIMAAbHASA SHEPT U 3aBHCHT TOABKO OT PAacCHofAo-
Wedns BCeX MATepHadbHBIX TOYEK B OAHH U TOT e MOMEHT BPEMEHH,
03HAY4ET,YTO H3MEHEHHE I00WeH s OAHOM M3 HHX MTHOBEHHO OTpaWaeTCd
114 BCEX OCTa/IbHBIX; MOXHO CKa3aTh, YTO B3AUMOLEHCTBHA «PACAPOCTPaHSI-
I0TCH» MTHOBeHHO. HewnabemxnocTs TAKOTO XapakTepa B3auMoAeHcTBHA B
KnaccHYeCKO MexaHuKe TECHO CBs13aHa C OCHOBHBIM Y IPEANOCKIIKAMH MOC-
Jieaed — aGeoMOTHOCTBIO BPEMEeHH H NIPHHILMIION OTHOCHTeNpHOCTH [ anu-
nest. Ecau 661 B3aumopelcTsie pacnpocTpaHsiioch HE MPHOBEHHO, T. €. ¢
KOHEYHOH CKOPOCTHIO, TO 3TA CKOPOCTh Oblaa Obl Pa3NHYHA B pa3HLIX (ABU-
WYHLVXCSH IPYT OTHOCHTENBHO APYyra) CHCTeMax 0TcyeTa, TaK Kax abcooT-
HOCTH BPEMEHH aBTOMATHYECCKH O3HAYaeT NPHUMEHUMOCTH OOBIYHOIO NPABHU-
Jia cnowenus ckopocrtefl ko BceM sisaenusay. Ho toraa 3akonn ABHweHua
B3aUMOACHCTBYIOUIMX Tea Obl/IH Obl Pas/AHyYHb B Pa3HbIX (MHEPLHAJbHBIX)
CHLTeMaxX OTCYeTa, YTO MPOTHBOPEUNAO Obl MPHEIHMIY OTHOCHTEABHOCTH.

B § 3 mu rosopunu TOAbKO 06 OLHOPOAHOCTH BpeMeHu. Bua dynk-
uuy Jlarpauwa (5,1) moxaseiBaeT, YTO BPEMA HE TOMBKO OXHOPOAHO,
RO W M30TPOMNHO, T. €. ero CBOfiCTRA OAMHAKOBH 10 OO6OUM Hampasie-
nuaM. B camoum mene, samena ¢ wa —7 ocrapaser dynxumo Jlarpanxa,
4 CHeLOBAaTeNBHO, M YpaBHEHHs JRIDKeHHd HeusMmeHswmH, Jpyrumu
CAOBAMH, €CAM B CHCTeMe BO3MOWHO HEKOTOPOe ABHXKEHHE, TO BCeria
BO3MOXHO H ofpartHoe ABWXKEHHe, T. €. Takoe, IpH KOTOPOM CHCTEMA
NPOXOAHUT Te ke COCTOAHUS B OOpPaTHOM nopsake. B aToM CMbicae
BCE IABUKEHHS, ITPOUCXOAALLNE IO 3aKOHAM KJIACCHYECKOH MeXaduky,
06DATHMDL,

3aas pynkuno Jlarpaska, Mpl MOKEM COCTABHTh YPaBHEHHS IBHKEHUS

SdoL _aL
Ef'év—a_a—ra" (512)

1) DTo yTBepXKAEHHE OTHOCHTCA K HM3JaraeMoil B HacTofllell KHHre KJace
CHUECKOH — HepeATHBUCTCKON — MeXaHuKe,
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[Moxcrasup cwaa (5,1), moayuum:

dv ou =
P Tl (5,3)
dt drg
YpasHenus nsymxennst B 9Toit PopMe nasmBaloTest ypaswenuamu Hew-
moHQ ¥ NPEHCTAB/BLOT COO0H OCHOBY MEXAHHKH CHCTEMH B3auMOJeHcT-
Bylowux uacrtui. Bektop

ou

F =

a or,’

crofuit B npaBoit cropoHe ypaBHeHui (5,3), naswmiBaetcd cusoll, peh-
cTByloHlell Ha -0 Touky. Bmecre ¢ U ona 3asucHT inmb OT KOOpAH-
HaT BCeX 4YaCTHI, HO HE OT UX cKopocTefl., ¥YpasHeuus (5,3) noxasw-
BAOT NIOSTOMY, YTO ¥ BEKTOPHl YCKOpPEHHd uacTul, sBasiorcd yHK-
LHMAMH TOJBKO OT KOOPAMHAT.

Horenuuanbnas sHeprust ecTh BEAUYMHA, onpenenseMas JHIb ¢ TOY-
HOCTBIO A0 npubasieHus K Heil NIPOU3BOJAbHOW HOCTOAHHOH; TaKOoe npH-
GaBnenne He M3aMeHH10 Obl ypaBHeHnd ABuwenns (yacTHeil cayuyail yka-
3aHnofl B Kouue § 2 Heognosnaunoctn Ppyuxuun Jlarpanxa). Hanbonee
€CTECTBEHHBIH H OOLYHO OPUHATHIA croco® BhOOPa 3TOH MOCTOSHHON
3aKJAI0YAETCH B TOM, 4TOOL MOTEHIINANbHAS SHEPTHSI CTPEMHAACH K HYIIO
NP yBeAWYEHHH PACCTOAHUM MEWIY 4acTHLAMH.

Ecan ans onucanusi 1BUKEHUS MCNOAB3YIOTCH HE AE€KapTOBH KOODIU-
HATH TOUYCK, a NPOH3BO/bHLIE 000GLULeHHbe KOOPARHATH ¢;, TO 1Af 1oAYy~
YeHRE J4arpanuKeBod QyHKIUUH HALO NPOU3BECTH COOTBETCTBYIOLLEE Mpe-
o6pa3oBaHue

Xy =F (@1 Ggr «vvs Q) "&azg%‘}k nT. A
[MoacraBass sTu Buipakedus B GyHKUHIO |
L=y Yo, (24 52+ U,
a
nonyuuM nckomyio Pyuxumo Jlarpanwa, xotopast 6yier uMeTh BHJX

L=%.?—:1“ik (9) 919, — U (9), (5,5)

rne a;—byHdknun ToOabKO OT KoopauHaT. Kuneruyeckas sHeprus
B 0006GUIEHHBIX KOOPAMHATAX TMO-HPEKHEMY SBJSETCAd KBaApaTHUHOH
dyHkunedi ckopocte#t, HO MOKET 3aBUCeTb TaK¥e M OT KOOPAMHAT.

Jo cHX nmop Mbl rOBOPHAM TOABKO O 3aMKHYTHIX CHCTeMmax. Paccmo-
TPUM TEMNepb HE3AMKHYTYIO cucTeMy A, B3aUMOIEHCTBYIOULYIO ¢ Apyroi
cucTeMolt B, corepwiaouleii 3agaHtoe ABixeHue. B Takom cayuae roso-
pAT, UTO cHCcTEMA A ABMKETCH B 3aZaHHOM BHEIIHEM T0J€ (CO3XaBaeMOM
cucremodt B), [Tockonbky ypaBHeHus ABHKEHHT NONYJAOTCH U3 NpHHLMOA
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HauMeHLIero AefCTBid MyTeM HEe3aBHCHMOIO BAPBHPOBAHNA KawAOH 13
KOOPAUHAT (T. €. KaK Obl CUHTAasl OCTAAbHbIE H3BECTHBIMII), Mbl MOMEM IS
naxowaenus gynxuun Jlarpanxa L, cuctemsl A BOCHOIb30BaThCdA Jar-
pawwesoll dynkumeit L Bceli cucremm A-} B, saMenns B Heit koopau-
HATH ¢p 3aJaHHBIMH QYHKUMSIMH BDEMeHIH,

[Tpennonaras cucreMy A-- B samxuyrtofl, 6yaeM HMeTh:

L=Ty@a 9+ Tglgs 95—Ugs 98
ric nepBuie 183 wJACHA NPencTaBanioT cofolt KHHeTHYeCKHe InePrHn CHe-
Tesm A n B, a Tperuil 4ies — HX COBMECTHYIO NOTEHUHAILHYIO SHEPIHIO.
ﬂo;LC'ralsng BMECTO §p 3aMdaunpe (QYHKIHU BPEMEHY M ONYCTHB wien
T{qg{t), qg(?)), saBucsiuil TOAbKO OT BpeMeHH (H 103TOMY HB/410-
uLwics noaHofl NpoU3BOAKON OT HEKOTOPOH Apyroll QyHKUWH BpeMeHN),
NOAYUnM:
Ly=TyG4 90—Ugs 95)).

Taxnm 06pa3oM, ABMKEHHE CUCTEMbl BO BHELIHEM MOJE ONHCLIBACTCH
®yuxnueit Jlarpanxa o6WYHOrO THNRA C TEM JIHIUb OTAHYHEM, UTO Tenepb
TOTEHIHA/bHAY JHEPTUf MOXET 3aBHCETb OT BPEMEHH fBHO.

Tak, o ABuwKeHus OJHOM YacTHLl BO BHewmHeM nojae oOuiu#i Buj
¢yukunn Jlarpauxa

2
L="0—Ur, 1), (5,6)
H ypasHeHHE IABHKCHHSA
. oU
MV=~'5F. (5'7)

O0KopoOHHM HA3HLBAIOT N0Je, BO BCEX TOYKaX KOTOPOTO Ha Ha-
cruuy geficrayer oxua v ta we cuna F. [Totenuuanpnast sneprus B Takom

HOJ¢ paBHad, OYCBUAHO!
=—Fr. (5,8)

B 3aknioyenue sToro naparpada caesnaem eule CACAYIOLEE 3aMeddanne
no noBoAy npumeHenus ypaBHeHuifl JlarpaHmxa K pas/iHuHbIM KOHKDET-
HHIM 3aaa4aM. HacTo NPUXOAUTCS HMETh A0 C TAKHMH MEXaHHUECKUMH
CHCTEMaMH, B KOTOPHIX B3aUMOAEHCTBHE MEXAY TeJaMH (MaTepualbHBIMH
TOUKAMH) MMEeT, KaK FOBOpPSIT, X4dpaKTep cgn3ell, T. €. OTpaHMyeHufd,
HanaraeMsiX Ha B3aNMHOe pacnonaoxeHue Tea, PakTHYCCKH Takue CBA3H
OCYHIeCTBARIOTCH NYTEM CKPEIICHU TEJ PA3AUYHBIME CTEPMHAMM, HUTAMI,
WapHUpaMin 1 T. M. To 06CTOATENBCTBO BHOCHT B JABIKEHHE HOBHIH
(PaKTOp — ABHMEHHE TED COMPOBOXKAACTCH TPGHHEM B MECTAX HX CONpH-
KOCHOBEHHH, B PE3y/IbTAaTe Yero 3a1a4ya BRIXOLHT, BOOGILETOBODA, 38 PaMKH
anctoit mexanuku (cM. § 25). Omnako BO MHOTHX Cayuyasx TpeHHe
B CHCTEME OKa3hiBAeTCHd HACTONBKO €/14a0biM, YTO €r0O BIHSHHEM Hd ABH-
WeHHe MOXKHO I0JHOCTbI0 npenebpeub. Ecaum k ToMy. e MOWHO 1ipe-
HeOpeyb MaccaMy «CKPEendIoU X 3/IeMEHTOBY» CHCTEMbl, TO POJb HOC/IEA-
HHX CBEAETCH IPOCTO K YMEHbIICHHIO 4HC/A CTenedef CBOGOAB CHCTEMbI



§ 5] OYHKILHS JATPAHXA CHCTEMH MATEPHAJBHBIX TO'EK 21

s (Mo cpaBHeHuo ¢ uncaoM 3N). Jlag onpeneaeHus ee ABHKEHHS MOKHO
npHu STOM CHOBa monb30oBaThed ynxuuedl Jlarpawwa suaa (5,5) ¢ uuc-
JIOM HE3aBHCHMbIX 000OUIEHHHX KOOPAHHAT, OTBeYaoWuX PaKTHUECKOMY
qHcay crenexei ¢zofouhnl.

3agauu

Hality dynrumo Jlarpauxa ¢J1eayoniux CHCTeM, HAXOASAIIHXCS B OAHOPOHOM
noJe TAXKeCTH (YCKOpeHHe CHJBl TAXKeCTH—g).

1. Isoitnoii nJockuil MaATIHK (puc. 1).

Pemenne. B KauectBe KOOpAMHAT OepeM yriam @, H Py, KOTODbIE HHUTH Iy
U [, o6pasyloT ¢ BepTHKasbio. Torga AN TOUKH m, HMeeM!

1 =
T1=—2—' mllf (p;. (/:—m1g11 COS 4.

Yto0n1 naliTH RMHETHUECKYIO HEPruio BTOPOH TOMKH, BHIpaKaeM ee AeKapToBH

|
]
|
(4
y i
Pue. 1. Puc. 2.

KOOPAMHATH X,, I, (Hauajo KOOPAHHAT B TOUKE oiBeca, oCh y~—MO0 BEPTHEAAHA
BHH3) 4epes yrasl @, ¢y

xp =1y sin @y -+ 1y 8in @y, Yo =1y cOS @y -+ 15 COS Py,
Hocae atoro nonyunm:
T:z—‘ 2(x2+ yz) 2[ 12 @2 12 @2 4 211y cOS (@3 — B2) GyPs |«

OKOanTem:no:

L:M‘Z_IQ'

2 4 My
9 1P

b 12 @)k malily 9y €S (9 ~—@5) +
- (my - my) gly cos @y -+ mugl, cos Pqe

2. Ilrockull ManTHHK € Maccoll m,, TOYKa NOABeCca KOTOPOTO (€ Maccol my
8 Hell) MOXeT coBepmaTh ABANKEHHE NO TOPU3OHTAJBHON mpaAMofl (puc. 2).

Pewenue, BBoit KOOPAMHATY X TOUKH m; M YroA @ MeKLY WHTbIO
MaATHHKA ¥ BEPTHKAAbIO, HOJYUHM:

L= Tl—é—ﬂ? LI e m, {12q2 - 20x @ cos @) - m,gl cos Gu
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3. Tlaockuili MasATHUK, TOYKa MM0jBeCa KOTOPOro!

a) paBHOMEPHO JABHKETCS MO BePTHKAIbHOH OKPYKHOCTH C NOCTOSIHHOH 4acTO-
Tolt y (puc. 3);

6) coBepulaeT ropu3oHTa]bLIBIE KOJEGAHHA NO 3aKOHY a Cos yi;

B) coBepuraeT BepTHKaJblble KoneGaHus MO 3aKOHY aCOS Y{.

Pewewnne. a) KoopausHaTel TOUKH m:

¥x=acosyt-Ising, y=—asinyt4{cosq,
Dyuria Jlarpamka
L :n?l- @2 - mlay? sin (¢ —vyt) + mgl cos @;

37eCh ONyWeHB YJeHH, 3aBUCALIME TOJLKO OT BpPeMeHH, H HMCKJOUYeHa NOJIHas
npouspoatas no epemeun ot maly cos (¢ —yi).
6) Koopauuars touku m:

x=acos yt - [sin @, y=1cos .
Qyukuus Jlarpamka (nocde UCK/OYEHUS MOJHBIX POH3BOIHBIX)
mi2 . .
L =—— 92 4-mlay? cos yt sin ¢ {-mgl cos @.
‘ 2
B) AHaJOrHYHEM 00pasom
mi* .

L =5 @2 + mlay? cos yf cos @ - mglcos ¢.

4. Cucrema, uzodparkenuas Ha puc. 4; TO4Ka 1, ABHKETCS 10 BepTHKAJIBHOH ocH,
a BCfl CHCTeMa Bpailaercs ¢ NOCTOSTHHON yraioBoH CKOPoCTsio Q BOKPYI 3TOH OCH,

75

Puc. 3. Puc. 4.

Pemenue. Bpoguv yroa 0 Mexay OTpe3KOM a M BepTHKAaJNbIO H YroJ Io-
BOPOTA ( BCel CHCTEMB BOKPYF ocH Bpamenus; ¢ = Q. Jlaa xamjol us Touek m,
sseMeHT nepevewenusn dif =a?dd? --a?sin? 0dg?. Il Touku m, paccTosiHME OT
TOYKH nojseca A pasio 22 cos 0, u notomy dly = —2a sin 0 d0. Oynxuus Jlarpanka

L =m;a? (92 4- Q7 sin? 0) 4 2ma0? sin? .62 4-2ga (m, 4 my) cos 0.



rTABA 11
3AKOHbI COXPAHEHU

§ 6. Oneprus

IMpu ABHKEHN MCXAHRYCCKOH CHCTEMBE 28 BETHYHH ¢ nq'l. {i=1,2,..,s),
ONpese/dIONINX €8 COCTOSHUE, H3MEHSIOTCH CO BpemeneMm. CyulecTBYIOT,
OMHaKo, Takue QYHKHUHMH 3THX BENUUYNH, KOTOPHIE COXPAHAIOT OpU ABH-
WEHNH MOCTOSHHBIE 3HAYEHUS, 3aBUCHLLHE TOABKO OT HAYAJNBHHIX YCNO-
BUH. DTN (DYHKUUH HABHIBAIOT UHIMEZPQAAGMIL OBUNCCHUS.

Uneno He3aBMCHMBIX MHTErpPajoB ABIKEHUS JJI 3aMKRYTOH Mexanu-
4eCKOH CHCTEMbl C § CTeneHsiMH ¢BoGoan paBHo 25— 1, Dro oueBUAHO
M3 CACAYIOIIMX NMPOCTHX coobpaxenuit. OObuiee peuieHue ypasHeHuit
JABHKEHUS COJEPWHUT 2§ NPOU3BOJbLHLIX HOCTOMHHMX {cM. cTp. 12). [lo-
CKOJbKY YPaBHEHHS ABHIKEHHT 3AMKHYTOH CHCTEMB! He COREPKAT BpeMeHu
1BHO, TO BHIOOp Haya/Ja OTCYeTa BPEMEHM COBEPLIEHHO MPOU3BONCH, H
0AHA U3 MPOU3BOJBLHLIX MOCTOSHHHIX B PElLIEHUH YpaBHeHUH Bceraa
MOXeT ObiTh BLIOpaHa B BuAE ANAHTHBHON MOCTOAHHON fy BO BpEMEHH.
Hewmouns £--149 u3 2s ¢yuxuuii

qi:qi (t-+to, Cp Coy vnvy Coy)s
q;,=4q; (t-+20, Cy, Cyy ovoy Czs-l):

Mbl BHIPa3uM 25— 1 Npou3BoAbHEIX NOCTOANHMY Cy, Cy, ... ,Cy _, B BUIE
¢pyuxunit oT ¢ M ¢, KOTOpHE M OyAYT HHTErpanamMu JABUXKEHHS.
Oanako Janexo He BCe HHTETPasbl ABHKEHMs HIPAIOT OAUHAKORO
BAKHYI0 poab B MexaHuke. CpeaH HUX €CTh HECKOAbKO, MOCTOSHCTBO
KOTOPHX HMeeT BechbMa riay6oKoe NPOHCXOXKIAEHHE, CBA3AHHOE C OCHOB-
HbIMH CBOHCTBAMHU NPOCTPAHCTBA H BPEMEHU — UX OJHOPOAHOC . b0 H H3O-
tponueiil. Bee 311, Kak roBopsaT, coxpaHdloUiHecs BeJHUYHHE HMEIOT Bax-
Hoe ofuiee CBOHCTBO AAAHMTHBHOCTH — HX 3HAYEHHE LA CHCTEMHI,
cocroaumed U3 uyacTedl, B3aUMOAEHCTBHEM KOTOPHX MOWRG npeHeOpeys,
PaBHO CYyMME€ 3HayeHU# And KaxAoil U3 dacTedl B OTAENBHOCTH.
MmenHO CBOMCTBO aX AN THBHOCTRIIPHAAET COOTBETCTBYIOUIMM BEJINUHHAM
0CoGEHHO BAaXKHYI0O MeXaHudyeckylo poab. [IpeanonoxuM, Hanpumep, 4To
ABa Te/jia B3aUMOAECHCTBYIOT B Teyenue HekoToporo spemeny, [lockoanky
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KaK J0, Tak 1 [OC/J€ B3AUMOACHCTBHA KAKABI 13 ajAUTUBHBIX HHTErpa-
JOB Beeff cHeTeMbl paBeH CyMMe HX 3HAa4eHmil aif ofoux Teq B OTIe/b-
HCITH, TO 3aKOHH COXPAHEHHS STHX BEJHYHH (pa3y AaloT BO3MOXKHOCTD
CAenaTh p#l 3awMouenn#t O COCTONHMH TeJ MOc/e B3aHMOLEHCTBHS, €CH
HX COCTOSIHHA 1O B3aUMONCHCTBHSE H3BECTHH.

HauneM ¢ 3a4KOHa COXPAaHEHN, BO3HHKAIOULErO B CBA3N ¢ 00HOpod-
HOCTBIO BPEMENU.

B cuiy 9TOH OZHOPOAHOCTH JarpaHikena OyHKLHS 3aMKHYTOH CHCTEMBI
He 3aBHCUT aBHO OT Bpemenun. [lostomy nosnHas npousBojHas (QyHKLMH
Jlarpanm:xa no BpeMCHH MOXeT ObiTh 3anHC4HA CJASAYIOU{HM 00pasoM:

dL oL - .
Z=zaq I+Z'_—ql
i

(ecnn Om L 3apucena fIBHO OT BpEMenH, K IIpaBol CTODOHe paBeHCTBA
T

oL
nobasuiaca Gu ujieH —07> 3aMeHas NPOH3BOIHLIE COTJIACHO YypaBHe-

0‘71'
d oL

nuAM Jlarpanwa Ha - ——, HOJAYUYHM:
dt oq;

dL « s« d oL - d /oL
7= 0E “‘Z cii=Y g (5)

i i
Hiu

d ( — + 0L
LS q-——,«—L>=O.
dt Zta b g,

Orci0la BHJIHO, YTO BEJHYHHA

E=Yg, o —1 (6,1)
= dg; :
0CTaeTCsd HEH3MeHHOH NpH JBHMKEHHH 3aMKHYTOH CHCTEMBHI, T. €. sBAfeTCH
OJHHM H3 €e HHTerpa/JoB IBHkeHHd., ITa BeNUYHBA HA3BIBACTCH IHEp-
eueldl cuctembl. ANIHMTUBHOCTH 3HEPTHM HENOCPEACTBEHHO CAEAYET M3
anaaTusHocTH  Qynknun Jlarpadka, uepe3 KOTOPYH OHa BhipawkaeTcs
cornacuo (6,1) nuneliuniM 0Gpa3oM.
3aKOH COXpaneHNs 3SHEePrHHM CNPABENJIMB HE TOJALKO JUIS 3aMKHYTHIX
cucTeM, HO W AASl CHCTeM, HAXOJASIIHXCH B INOCTOSIHHOM (T. €. He 34BH-
CAUIEM OT BPEMEeHH) BHEUIHEM IOJie; eJAHHCTBEHHOE MCIOJb30BAHHOE B
NPHBCIACHHOM BBIBOJE cBoMcTBO dyHnruun Jlarpauima —oTCYyTCTBHE ABHOM
3aBHCHMOCTH OT BpeMEHH-—HMeeTcs M B 3ToM cayyae. Mexaunuyeckue
CHUCTEMEl, 3HEPIHS KOTOPHX COXpauseTcs, HHOTJAA HaA3LIBAIOT KOHCEPEQ-
TUBHbLMU,
Kak msr Buzenn B § 5, narpamxeBa QyHKOHS 3aMKHYTOH (H/H HAXO-
Jaleics B MOCTOAHHOM [10J1e) CHCTeMbl HMECT BHI

L=T(g, ¢ —U@),
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rae T—xBagpatuuuas ynxkuns ckopocreif. TIpusmenas k ueil m3pect-
Hyio Teopemy Jiiiepa of onnopo,unmx ByHKUHAX, DOAYHUM:

- 0T
Zfll 2, ZE‘I;‘E=2T

[Toncrasaus aro suauenne B (6,1), nHaiizem:

E=T(q,q)+U@); (6,2)

B JACKAPTOBHIX KOOpAHHATAX
m o’ o
E=Y" Uy, Ty, )s (6,3)

a

Takum 0Gpasonm, 3Heprud cucTeMb MOWeT OnTh NPeNCTaBaAeHa B BHIAC
CYyMMbl JBYX CYULeCTBEHHO PAa3JIHYHLIX YISHOB: KHHETHYECKOH 3HEPrHH,
3aBuCsnied OT CKOPOCTEH, H nOTEHULHANBbHON SHEPTHH, 3aBHCHAIER TONLKO
OT KOOPAHMHAT 4YaCTHIL.

§ 7. Umnyasc

HOpyroil 3akoH coxXpaHeHHs BO3HUKAET B CBI3H C 0OHOPOAHOCHMbIO
npocmpancmsa.

B cuny stolt onHoponHocTn MEXaHUYCCKUE CBOICTBA 3aMKHYTOH cuc-
TeMBl HE MEHSIOTCH IPH A00M MapasiejbHOM MepeHoce CHCTeMH Kax
LLeIOro B MpOCTPaHcTBe. B COOTBETCTBMH € 9THM pPaccMOTPHM O6eCKO-
HEYHO Majabiff MepeHoC HA OTPe3OK € u mnorpebyeMm, dYToOW QYHKUHA
Jlarpanma ocrasacb HeU3MEHHOH.

[Tapanneasuniit uepeHoc o3Havaer npeoGpa3oBanue, MIPH KOTOPOM
BCE TOUKH CHCTEMbl CMEIMAIOTCH HA OLHH H TOT K€ OTPe3oK, T. €. HX
panuyc-geKTOpH r, —r,--&. amenenne Qysxuun L B pesynbrare
6eCKOHEYHO Maforo H3MEHEeHNS KOOPAMHAT MPH HEH3MEHHHX CKOPOCTAX

HACTUL €CTh
oL
‘5L=Za o, =2 Zdra

TA¢e CYMMHPOBAHHE NNPOU3BOAUTCSH TOBCEM MATEPHANBHBIM TOUKAM CHCTEMBEL,
Beuny IIPOU3BOJLHOCTH & TPeOOBAHUE 0L =0 »3xBUBaNEHTHO TpesHO-
Ba4HHIO

oL

= =0. 7,1
o (7,1)
B cuny ypasuenut Jlarpaunwxa (5,2) nonyuyaem orcmopa:

4oL _dgiL
dtava—dta ov,
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Takum o6pa3oM, Mbl MPHXOAHM K BHBOLY, 4TO B 3aMKHYTOH Mexa-
HHYECKOH cHCTeMe BeKTOpHasi BeauviHa

aL
p:}a‘_a—va (7,2)

ocraeTcd HeuaMednHo#t mpu aBuxenun. Bextop P mHasumBaercs umnyas-
com*) cucremn. Hubdepenunpys ¢ynkunio Jlarpanwa (5,1), naiiaem,
4TO0 MMIYJbC C1eAYIOWHM 06pasom BHPaKaeTcd uepe3 CKOPOCTH TOYEK:

P-_—-Emava. (7,3)

Ananrusnocrs uMnyabca ovesnana. Boaee Toro, B oTanune or snep-

THH MMIOYJbC CHCTEMBbI PaBeH CyMMe HMNYJIbCOB
Py=m,V,

OTHe/NbHHX YacTHl, BHE 3aBHCHMOCTH OT BO3MOXHOCTH Dpenebpemennd
B3aUMONEHCTBHEM MEXIY HUMH,

3aKoH coxpaHeHus BCeX TpeX KOMIMOHEHT BEKTOpa MMIYJbCa HMeeT
MECTO JHuIb B OTCYTCTBHe BHewmuero nonas. OAHAKO OTjenbHbie KOM-
MOHEHTH HUMMOYJAbCAa MOTYT COXPAaHATLCH M NIPH HAJAMYUM nois, €Cau
NoTeHHadbias SHepPrus B HEM He 3aBHCHT OT Kakoi-1u6o H3 AeKap-
ToBHX Koopanuar. [Ipn nepenoce BAOAb COOTBETCTBYIOWIEH KOOPAHHAT-
HOHM OCHM MexanuyecKue CBOWCTBA CHMCTEMbl, OYEBUAHO, HE MEHAOTCH,
1 TeM jKe CNoco00M MBI HAMIEeM, YTO NPOEKUHUs HMIYAbCa HaA 3TY OCb
coxpandercs. Tag, B OAHOPOLHOM fl0Jle, HANPABJIEHHOM BIOJAb OCH 2,
COXPAHAIOTCH KOMIOHEHTH MMOyJAbCa BHOAb OCedt X u Y.

Ucxoanoe pasedcteo (7,1) umeeT npocTofi ¢uamyecku#t CcMbCa.
gL au .
Iponssoanas 5 = ;. ©CTb cuia F,, neiicTeylomas na @-10 yactuuy,
a a
Taxum ofpasom, pasenctso (7,1) o3HayaeT, 4TO CymMma CuJ, ACHCTBYIO-

WHX HA BCE YACTHUB 3aMKHYTOH CHCTeMbl, PaBHA HYAIO!

2 F,=0. (7,4)
a
B 4acTHOCTH, B Cydae CHCTEMH, COCTOfALLEH BCero M3 ABYX MaTepHalib-
unx tovek, F,-+F,=0: cuna, neficTBylomag Ha nepByio 49acTHuy Co

CTOPOHH BTOPOH, paBHA IO BEJAHYHHE, HO NMPOTHBOMO/0XHA MO HANpas-
JEHHIO cuse, AeHCcTBylolleil HAa BTOPYK YacTHIY CO CTOPOHBI nepBOH.
DTO yTBep#AECHHE U3BECTHO MO HA3BAHHEM 34KOHA PABEHCTBA AEHCTBHA
B OPOTHBOACHCTBHA.

Ecan asuwenne onucpBaerca OOOOWIEHHBIMM KOOPAHHATAMM g;, TO
NPOU3BONHLA Aarpamxenofl Gyuxkund no oBOOWEHHBIM CKOPOCTHM

aL -
e 7,5
p; 5 (7,5)

1) Yerapeeiiee HasBaHMe-— KOAHYECTBO ABHKEHH,
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§ 8] LEHTP HHEPLIH

HA3KBAIOTCH 0000UeHHHMY UMNYAHCAME, A TPOH3ROIHLIE
L

™oy,

Ha3LIBAIOTCH 060buerHHuipl curani, B 3TUX 0603HAYCHHSX YDPABHEHHUS
Jlarpawka HMEOT BHI

F (7.6

pi=F. 7,7

B ACKAPTOBHIX KOOPDAHHATAX oéo(nuemmre HUMITYAbChl  COBMIAZAIOT
¢ KOMIIOHCHTAMU BCKTOPOB P,. B obiuiem e ciyvae BeAHMUHB P; ABAS-

10TCA MUHEeHHEMU ONHOPOAHLIMY QYHKUHAMH 0B06UEHHBIX CKOpocTel ¢,
OTHIOLDL He CBOASIMMUCA K TIPOM3BEACHHAM MAacChl Ha CKOPOCTL.

3anaua

Yacruua ¢ Maccofl M, ABHKYILASCST CO CKODOCTBIO Vy, MEPEXOAHT M3 MOAY-
MPOCTPAHCTBA, B KOTOPOM ee IOTeHUHAasbHAas SHeprus nocrosuHa u pasea Uy,
B NOJYNIPOCTPAHCTBO, FAE 5Ta JHEPrUsl TOMKE IOCTOsiHHA, HO paBHa (. Onpege-
JIUTL U3MeHEHHe HarnpaB/eHUS JIBUMKEHHS Y4acTHIBL.

Pewenue [loreHUHANbHAs >HeprHsi He 23aBHCUT OT KOOPAMHAT BHOB
ocefl, mapaaneNbHEIX MJOCKOCTH pasfesa Mexay NoaynpocrpancrBamu. ITosromy
coXpaiisiercd MPOEKLM S HMIYJBCA YaCcTHUH Ha 9Ty nsaockocts. Ofo3nauas mocpen-
creom O, ¥ 0, Yram MeXXay HODMaJbio K IJIOCKOCTH pas3fesia U CKOPOCTAMH Vi
H vV, YACTHHSl O M NOCJIE Tepexofa, NOJAYHUuM: v, sin 0)=0,sinf, CBasn wxe
MEXKAY Uy H Uy AA€TCST 3aKOHOM COXpAaHeHH:A 3HEPrHUM, W B DesyJbTaTe HAXOUM:

sinf; 2
m_l/urr—ng(ul_upx

A § 8. Henrp uHeprun

HMMnyasc 3aMKHYTOH MEXaHUYeCKOH CUCTEMBI HMEET Pa3qailiHbe 3Ha-
YeHUH O OTHOIIEHHIO K DA3MHYHLIM (MHEPIHANLHEM) CHCTEMAM OTCYeTa.
Ecnu cucrema orcuera K’ ABHumeTcst OTHOCHTENbHO CHCTeMn oTcyera K
€o cKOpocThI0 V, TO CKOPOCTH V) H V, YaCTHU MO OTHOLIEHUIO K ITHUM

CHCTEMAM CBf3aHbl COOTHOUIEHUEM v,,:v;—w. IToatomy cBA3b MeWAY
sHauenusMy P u P’ umnysnbca B 3THX cHCTeMax nAaercs QopmyJioi

Pzgmavazzmav;%—VZma,
a a

HIH
P=P' -V m, 8,1)

B uacTHOCTH, Beerad CyUeCTBYeT Takad cucrema orcyera K, B KO-
TOpof moadwit uMuy/asc obpaiwgaercs B ryap, [Tonoxus B (8,1) P'=0,
HalijeM, UTO CKOPOCTb 3TOH CHCTeMB OTCYeTa paBHa

P _Zmava (8,2)

Vo= g = o522,
Z’”a Zma
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Ecan rnoanml mMnynbc MexanuyeckoH CHCTEMB PaBcH HYJAO, 10 TO-
BOPSIT, 4TO OHA NOKOUTCA OTHOCHTENbHO COOTBETCTRYIOWLEH CHCTEMb
oTcyeTa. ITO SBJAMAETCS BIOOJHE ECTECTBEHHHM 0000IIeHHeM MOHATHH
MOKOST OTAeNbHON MaTepHaabHOH TOUKH, COOTBETCTBEHHO CKOPOCTh V,
nasaemas dopmynoit (8,2), npuobperaeT CMHICT CKOPOCTH «ABUWKEHIIS
KaK He/J0ro» MEeXaHHYyeCKOH CHCTeMbl ¢ OTIHUHBIM OT HYAS HMIYJAbCOM.
Mp BuauM, TakuM o6pasoM, 4TO 3daKOH COXPAHEHHd HMOYJAbCA MO3BO-
NeT eCcTecTBeHHuM o6pasoM cGOPMYAHPOBATHL NOHATHH NMOKOA M CKO-
POCTH MeXaHHuecKOH CHCTEeMB KaK LeJ0ro.

dopmyna (8,2) moxkaspiBaeT, UTO CBA3b MEKAY MMOyabcoMm P u cxo-
poctbio V. cucTeMH KAk UEJOTO Takad we, Kakas Gwlia Gn Mexay
HUMIIYJAbCOM H CKOPOCTHIO OAHON MAaTEPHANbHON TOUKH C Maccoﬁ.u,=2 mn,,
paBHOH CyMMe Macc BCEX YacTHIL B cHCTeMe, 10 06CTOATENbCTBO MOWHO
chopMyIUPOBATD Kax yTBepwiaecHue 00 addumugHocmu maccol.

[Mpasast ctopona dopmyan (8,2) Mower OnTh npefcTaBieHa Kak
NO/HAsY NPOU3BOAHAN MO BPEMEHH OT BHIPAKEHHA

Zlm(zra (8,3)

2.4’"(1 ’
MowHO ¢Kazath, UYTO CKOPOCTh CHCTCMbl KaK 1eJoro eCcTh CKOpOCTh
nepeMeUlCHid B MpOCTPaHCTBe TOYKH, PAaLHYC-BEKTOP KOTOPOH paetcd
dopmynofi (8,3). Takyio TOUKY Ha3LBAWT YeHMPOM UHePYIUL CHCTEMBI.
3aKon COXpaHeHMd UMIIyAbca 3aMKHYTON CHCTeMbl MOWHO COpMY-
JHPOBAaTh KaK yTBEPWAEHHE O TOM, UYTO €€ LEHTP HHEPUHH ABHKETCS
npsMosuHeiiHo M pasHomepHo. B TakoM Buie 3710 ecTh 060oOLICHHE
3aK0OHA HMHEePUHH, KOTOpwi Obl BuiBedeH B § 3 Aa9 oaHOH cBOGOAHOH
MATEPHaNbHON TOUKH, KIIEHTP HHEPUHUY» KOTOPOM coBnagaeT ¢ Hell caMoH.

[lpn H3yueHHH MEeXaHHUYECKHX CBONCTB 3aMKHYTOH CHCTEMbl ecTecT-
BEHHO MOJIb30BATLCH TOH CHCTEMON OTCUETa, B KOTOPOH €€ LEHTP HHEPUHHU
TIOKOUTCH. 1M CaMbiM  WCK/AIOHYAaeTCss W3 PacCMOTPEHHA PaBHOMEDHOE
M npAMOJHHEHHOE IBHXKEHHE CHCTEMbl KaK 1eA0TOo.

JHeprui0 NnOKOsLieHCs KaK 1e/10€ MeXaHMuyecKOH CHCTeMb OOLIYHO
Ha3bIBAIOT ee gHympenHeil anepeued E . Ona Brmouaet B ceGf KuHe-
THYECKYI0 BHEPrHio OTHOCUTENbHOFO ILBHXKEHUS YacTHL B CHCTEME H Mo-
TEHUHAMbHYIO SHEPrHIO NX B3auMoaeHcTBH. [TonHag we SHEPris CHCTEMR,
IBmxyuneHcd Kak ienoe <o cxopommo V, Moxker OuiTh mpeacTtapieHa

B BUIE! E“‘ -+ E (8,4)

Xota 3ta opmMyda AOBOALHO oqemmna, AaNHM ee NPAMOH BWBOX.
IAueprun £ n E' Mexannuecko#l cucTeMnl B ABYX CHCTEMAX orcueta K
n K’ cB93aHn COOTHOLLEHHEM

E:%Zmav;—l—U* S‘m (v, + VU=
a _uy Mg vk
+VZm L+ U
a

BH*
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uan
2
E=E + VP’ +%. (8,5)

Arolt dopmynoil onpeaeasercst 3akod npeofpazoBaHuHs SHEPTHR NPH
nepexoae OT OAHOH CHCTEMb OTCHETa K APYro#, n0A0GHO TOMY Kak
AN MMOyAbca STOT 3akon amaetes (opmynoi (8,1). Ecan B cuctene K
UeHTPp uHEpPuUHH noKouted, 10 P'=0, E’=F_, # Mo BO3BpaHiaemcd
ik gopmyae (8,4).

BHY

3angavua

Haiitu saxon npeoOpascBaHisi LeHCTBHS npn TNEPexOne OT OAHOH HHepuH-
aJIbHOA CHCTeMbl OTCHeTa K APYTOil. .

Pemwenue Dyuxunsg Jlarpanixa, pasnaa pasnocTV KHHETHYECKOH W 1C-
TeHUKAJbHONK sHepruil, ouesHiBO, mpeoGpasyercs cOrnacuHo Gopmyse, anano-
ruuHoit (8,5):

L:L’-}-VP’—;-%W%‘.

MuTerpupysa sTo papeHCTBO MO BpeMeHH, Halfiiem HCKOMBIE 33KOH MpeoOpasosa-
Hus pelicTBUA:

S§=8'+u VR’ 5 pVi,

rge R’ —panuyc-sekTop uenrpa unepuuu B cucreme K'.

§ 9. MomenT MMmyJabca

Iepefinem k BMBOAY 3aKOHa COXpaHeHUs, BO3HUKHOBEHHE KOTOPOTC
CBS3AHO C H30mponuel npocmpamcmsa.

Jra H30TpPONUst 03HAYAeT, YTO MeXxaHHYeCKHe CBOHCTB2 3AMKHYTOMR
CHCTEMb! HE MEHSIIoTC npH JA1060M NOBOPOTe CHCTEMb KaK LEeNoro
B npocrtpaucTse. B cOOTBETCTBHH C 9THM pPaccMo-
TPUM OGECKOHEYHO Majbil (IOBOPOT CHCTEMb M [O-
TpebyeM, 4ToOn ee (yHkuus Jlarpauwxka mnpu 3TOM
HE M3MeHHIAach.

Beenem gextop 0@ GeckoHeYHO Maloro MOBO-
pota, abCco/i0THas BeAMYHHA KOTOPOTrO papHa yray
O0¢ noBopoTra, a HampapJeHue COBINAafaeT C OCbio
NOBOPOTA (mpuyeM TakK, 4YTO HanpamjeHdHe MNOBO-
pora OTBeYaeT [IPABUAY BHHTA 10 OTHOWIEHHIO K
Hanpasaetio 8¢).

Haiigem, npewxae Bcero, 4eMy paBHO OPH TaKOM
[IOBOpPOTE MNpHpalieHHe PpamaHyC-BEKTOpd, I1POBe-
JLleHHOro H3 of6ulero Hadaja KOOPAHHAT (pacnoso-
WEHHOrO HA OCH BpauleHus) K kakoil-nu6o wua
MaTepHalbHHIX TOYEK NMOBOpauYuBaeMoll cucremul. Jlunetnoe nepeMeuenna
KOHLA PaAMyCc-BEKTOpPA CBH3aHO C YrJIOM COOTHOIUEHHEM

|0r|=rsin0-0¢

Puc. 5.
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{pic. 5). Hanpapaenie e BeKTOPA NEPHEHANRKYASIPHO K TIOCKOCTH,
upoxoasiuieit uepes r u O0@. [lostomy scHo, 4TO
or =[6¢@-r}. 9,1
HPI/I NOBOPOTE CHCTEMbI MCHHETCH HAMPABJACHHE HE TOJbBKO paanyc-BeK-
TOPOB, HO H CKOPOCTEH BCeX dacTHll, NPHYEM BCEe BEKTOPH npecbpa-
3yl0TCH 1O OAHMHAKOBOMY 3akoHy. [losaToMy upmpamieHue CcKOpOCTH
OTHOCHTEAbHO HENOABMNKHOM CHCTEMB KOOPAMHAT
v =[0¢-v]. 9,2)
IToacraBuB 3TH BBHIpAKEHHS B YyCJIOBHE HEH3MeddeMOCTH (PYHKLHH
Jlarpanxa npu nosopoTte

oL oL
oL =; (55 0t -+ 5 dv, ) =0,
3amensieM npouaroankie AL/Ov,==p,, GL/or,=p,:
2, [0 ro] 4P, [39-V,]) =0,

WA, NPOHU3BOAA UHKINYECKYIO NEPEeCTAaHOBKY MHO:KHTENeH U BHIHOCS 6(p
3a& 3HAK CYMMHL

. d
8 > ([£,p,]+ [v,p,]) =8¢ 2 3 [r,p,} =0.
a a
Beuay npoussonbHocTH 8¢ OTCIOLa CJEAYET, YTO
d
Z 2. lrp]=0,
a

T. €. MBI IPUXOAUM K BBIBOAY, YTO MNPH JABHIKEHNH SHMKH}’TOﬁ CHCTEMbB!
COXpadsiaeTcsl BCKTOpHAA BEJAHYHHA

M-—"‘—Z[rapa], (9’3)

Ha3HIBACMAS MOMEHINOM UMY L6CQ (AN IPOCTO MOMEHMOM) CHCTEMH 1).
AXAMTHBHOCTD 3TOM BEJHUYHHB OYEBHANA, MPHYEM, KK M Y UMITy/ibca, OHA
He 3aBHCHT OT HaNuYusd MM OTCYTCTBUS B3aUMOLEHCTBHH MEMAy 4a-
CTHUAMH,

ITHM HCUEPNBLIBAIOTCH ANAUTHBHEE HHTETPans ABwkenns. Taxum
00pa3oM, BCAKas 3aMKHYTAf CHCTEMAa HMEeT BCEro CeMb TAKHX HHTEr-
PanoB: SHEPrug M MO TPU KOMUOOHEHTH BEKTOPOB UMNYAbCA U MOMEHTA,

[Tocko/bKy B OTpeseneHne MOMEHTA BXOAAT PAXHYC-BEKTODH YACTHIL,
TO €ro 3HayeHue, BOOOIIE TOBOPH, 3aBHCHUT OT BHOOPA Ha“aja KOODPAH-
nar, Paauyc-BekTOpH T, W r,, OXHOK M TOH e TOUKH MO OTHOUIEHHIO
K HAYanaaM, OTCTOSILLHM HA PACCTOAHHM @&, CBA3AHH COOTHOUIGHHEM F, =
=r_-a. [Tosromy nmeem:

M= lrpol = ; [rapa]+ [a ‘?“ pa]

1) YnotpeGagiorcad Tak:Ke HA3BAHUA BPAUAMEAbHbUL MOMEHMm WIH Yy2eao6ol
MOMEHM.




<
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§ 9 MOMEHT HMIYALCA

HIH

M=M'[aP]. (9,4)
M3 atoit dopMmyas BHAHO, YTO TOJBKO B TOM CJyuae, Korjia CHCTEMa
Kaxk uence noxoutcsa (1. e. P=0), ee MOMeHT He 3aBMCHT OT BhGOpa
HavaAa KoopiaunaT. Ha 3axone cOXpaHEHHsS MOMEHTAa 3Ta Heolpeae/eH-
HOCTh €ro 3Hauenus, pasyMmeercs, He CKazHBaeTcs, TaK Kak y 3aMKHYy-
TOH CHCTEeMBl HMIYJIBC TOXE COXPaHseTcd.

Buisesem Ttaxwe ¢opMyay, CBA3HBAIGLLYIO SHAYEHUS MOMEHTA HM-
nyabca B ABYX, pasAMYHLIX HHEPUHAIbHLIX cHCTemax orcyera K u K,
H3 KOTOPHX BTOpas MBINETCH OTHOCHTEIbHO INEPBOH CO CKOPOCTHIO V.
Byzewm cuutath, 4To Hauana koopaunat B cncremax K ¥ K’ B pannniid
MOMEHT BpPeMeHH coBlananT. Torga paiuyc-BeKTOpPH yYacTHil B ofenx
CHCTEMAX OJMHAKOBEI, CKOPOCTH K€ CBS3aHH NOCHEACTBOM V, =V, V.

Hosromy umeen:

M=Nm,[t,v,]=Dm, [rav'a] + 3 m, 1, V1.

Tepras cymma B mpaBoil cTopoHe PaBeHCTRA ecTh MoMenT M’ B ccreme K73
BBeIA BO BTOPYI0 CYMMY PaZHyC-BeKTOpP LEHTpa HHEpPUHU COrJIacHo
(8,3), noayuaes:

M=M’+4-p [RV]. (9,5)

Ara ¢opmyna onpendedser 3aKOH NpeofpasOBaHAd MOMEHTA MMIYJAbCa
NpY nepexoAe OT OJHOH CHCTEeMBI OTCYeTa K JAPYro#, mompoGHO TOMY,
KaK Jis HMOyAbCa ¥ SHEPrHH 4HAJOTHUHBIE 3aKOHH Hawtcest Gopmy-
aamu (8,1) u (8,5).

Ecau cucrema orcyera K' ectb Ta, B KOTOPOH JDaHHas MeXaHHdeckas
CHCTeMa MOKOUTCH Kak menoe, 10 V eCTh CKOpPOCTb UEHTPA HMH2PUHU
nocneanelt, a pV-—ee nonnwfi umnyasc P (orwocntennuo K). Torna

M=M’ 1 [RP]. (9,6)

Jpyrumu ciaopamu, MOMEHT uMOy/dbca M MexanHmuyeckoH cHCTEMB CKia-
JAbIBAETCH M3 ee «COOCTBEHHOrO0 MOMEHTA» OTHOCHTENbHO CHCTEMLl OT-
cdetd, B KOTopo# oua nokourcd, u momenta |RP], cBsizanuoro ¢ ee
NBHKEHHEM Kax LeJoro.

XoTsl 3aKod COXpaHeHHs BCeX TpPeX KOMIIOHEHT MOMeHTa (OTHOCH-
TENbHO TMPOU3BOJBHOrO HAYaAa KOOPAMHAT) HMEET MECTO TOMABKO I
3aMKHYTOH cucreMp, B §osiee OrpPAHHYEHHOM BHIE 3TOT 3aKOH MOMET
HMETb MEeCTO W JAJAd CUCTeM, HaXOLsuiuxcs Bo BHemHeMm none. M3 nmpu-
BeJeHHOrO Bhllllé BBHIBOAA OYEBMAHO, UTO BCErJa COXPAHALTCA NMPOEKLUd
MOMEHT2 Ha TaKyW OChb, OTHOCHTENbHO KOTOPOHl HaHHOE MoJe CHMMET-
PUYHO, M TMOTOMY MeXaHUuYeCKHe CBOICTBA CHCTEMB HE MEHAIOTCH INpH
JI060M MOBOPOTE BOKPYT 3TOH OCH; MPHU 9TOM, KOHEUHO, MOMEHT JIOTKEH
ObiTL OnpenesncH OTHOCHTENbHO KaKo#-aubyiAb TOYKH (Hayald KOODIH-
Bar), Jewxauledl Ha 3TOH we OCH.



32 3AKOHHK COXPAHEHHS Ira. u

Haufosee BawHpIM CiyuaeM TaKoro poaa iBJASETC 10Je ¢ UeHTP4/Ib-
HOHl CHMMETpHEH, T. e. 101e, B KOTOPOM HOTEHUHMAAbHAs SHEPrHs 3aBii-
CHUT TOJBKO OT PACCTORAHUSE KO HEKOTOPOH OnMpeNeNeHHON TOYKH (UeHTpa)
B npocTpancTee. OueBHMAHO, 4TO NpH JBUKEHMH B TAKOM MOJe COXpa-
HACTCA TPOEKUMA MOMEHTa Ha MmoGYI0 0Cb, NPOXOAALIYIO 4epe3 LeHTp.
Jpyrumu cnoBaMmH, coxpassieTcsd BekTop M MOMenTa, HO ONPEAENEHHOTO
HE OTHOCHTEIbHO MPOH3BOJLHON TOYKH MPOCTPAHCTBA, 8 OTHOCHTEIDHO
LeHTpa moad,

Hpyrofi npumep: 0AHOPOAHOE NoJe BAOIb OCH 2, B KOTOPOM COXpa-
HsieTea mpoexuus M, MomeHTa, NPUYEM HAYAN0 KOOPIHMHAT MOXKET GHTh
BLIGpal0 NPOU3BOAbHEM 06pa30M.

OTMeTHM, 4TO Mnpoeklus MOMeHTa Ha Kakylo-1u6o ocbh (Ha30BeM
ee 2) mower OuiTh waiaena muddepeniupopanieM Gynxuun Jlarpanxka

no dopmyne
oL
M= (9,7)
o 09
rie KOOPAiHATA ¢ €CTh Yrod [OBOPOTAZ BOKPYF oCH 2. ITO ACHO y#Ke
H3 XdapaKTepa NH3J0NKEHHOTO BH{ILE BhBOAA 3dKOHA COXPAHEHUS MOMEHTA,
HO B TOM Xe MOKHO YOCIHTHCH H NPSMBLIM BHuMCieHueM. B uwanuapu-
YECKHX KOOpAuHatax r, ¢, & nMeen (fIoACTaBaAfd X,==r,CcCs@,, ¥, =
==r, 8in @,): . ) i
LI — . Y 2°
”12 - Z nza ('\‘a ya—_yaxu) - Z mnra(Pa' (9’8)
a a

C npyroit cropons, ¢yHking Jlarpanxa B 3THX HepeMeHHuIX HMCET B

1 . .ty .
L= Mo (Fi gl 2l)—U
a

H ee moactanoBka B Gopyyay (9,7) UpHBOAHT K TOMY XK€ BHpdKe-
niio (9,8).
3angaum

1. Hafitn Bmipa)kenust f1s 1eKapTOBLIX KOMIOHCHT ¥ a6COJIOTHOA BeJUYHHAL
MOMEHTAa HMOyJIbCa YacTHIB B LHJIHHADHUYECKHX KOOpPAHHATAX r, @, 2.
OrBerT:

My =msin ¢ (rz—2r) —nrz¢ cos @,
M, == m cos @ (2r —rz ) —mrzq sin @,
M;:: mr2g,

M2 = m?r2q? (r2 - 22) - m® (rz—z2r )2,

2. To xe B chepuyeckux KoopAHHaTtax r, 0, @.
Orser:
M, = —mr? (6 sin ¢ + ¢ sin O cos 0 cos @),

My, =mr(6 cos (p—cp sin 0 cos 0 sin @),
: M,=mr?sin?0-¢,
M2 == m2,4 (62 4-sin? 0 ¢2).
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3. Kaxue KOMTOHeHTH Hmuyasca P u sMoumenta M coxpausiores npyu Asi-
HEHHH B CJAeAVIONHX NOafAX:

a) noje GecKOHe4YHOH OAHOPONHON NAOCKOCTH.

OtreT: Py, P,, M, (Geckoneuinas IJOCKOCTh—— IIUCKOCTb X, y)

6) [lose GeckOHCuHOrO OZHOPOZHOTO LHUJAHHIpA.

Ormer: M,, P, {ocb umanujipa—ochb 2z).

s) Ione Gecxkoneunoll OLHOPOAHON NPH3MEL

Orrert: P, (pebpa npusmbl napaJeiblsl OCH 2).

r) Tlosne AByX Touek.

Otser: M, (TOuKH HAXOAATCR Ha OCH Z).

1) Hose GeckoHeuHell 04HOPOAHOIl NOJYNACCKOCTH.

OTper: P, (GeckoHeyHas MONYNAOCKOCTE — UaCTh MJIOCKOCTH X, Y, OTpadp-
4eHHast OChblo y).

e) Ilone opHOPOAHOrO KoHyca.

Orper: M, (och xoHyca—oCh 2).

x) ITone opHopoAHOTO KPYroBoro ropa.

Otser: M, (ocb Topa—och 2).

3) Ilose Geckoneunoil cpnoponHo#l UHAKHADHYECKOR EBHHTOBOU ANEHM,

Pemenue @yuxuna Jlarpansa He MeHAETCS NPH NOBOPOTE BOKPYT ocH
BHHTA (Och 2) Ha yroa O¢ H 0jHOBpeMEHHOM Nepenoce BLOJL 5TOR OCH Ha pac-
cTosnye 2% 6¢ (h—uwar suura). ITosromy

. JdL oL s h 3
bL:—a‘z— 62‘}—5(—’5 G(P:Tr(Pzﬁ";—/VIZ) é(P:O,
OTKYJAa !
M, 4 9n P, = const.

§ 10. Mexzasuveckoe nojaodue

Ymuowenne ¢yuxuuy Jlarpanka Ha 1000H [OCTOSAHHLIH MHOMHUTEND
OueBMIHLIM 00PA30M HE MeHseT ypaBHeHHH ABHWEHHS. 310 0GCTONTEADb=
CTBO (OTmeyeHHoe yxe B § 2) naeT BO3MOKHOCTH B pAle BAaWHBX CIy-
yaeB CJeiaTh HEKOTOPHIE CYUIECTBEHHbIE 3aKIIOYEHHA O CBOHCTRBAX ABHWeE-
HUS, HE IPOU3BOLA KOHKPETHOTO UHTErPUPOBAHUS YPABieHHH ABMKEHMUsE.

Cioxa OTHOCATCH CJIYyYau, KOrAa NOTEHUHAIbHAd 3HEPrus dBisercd
OAHOPOAHOH yHKuMeHd KOOpPAMHAT, T. e. pyunkunel, ynosaersopsiounied
YCAOBHIO
' Ular,y, ar,, ..., ar)=afU(ry, Ty, ..., T), (10,1)
rae o —mo6an  [OCTOSHHAs, a 4YHMCJI0 K-—cCTehneHb OAHOPOJLHOCTH
byuxunu,

ITpousseaem npeobpazoBanue, NMPH KOTOPOM HAPHAY C H3MEHEHHEM
BCEX KOOPAMHAT B O P43 ONHOBpPEeMEHHO H3Mensercs (8 B pas) epems:
r,—ar, t—pt.

Bce cropocrtn va———dl;—f uamensnorcs npu stom B offf pas, a kuHeru-
yeckas aveprus — 8 0.2/B? pas. [lorenunanbuas me 3HepPrus yMHONKaeTCd
na af. Ecin ceasatsh @ u B ycrosuem

1 - —
2

m=0a T, e f=a °,

ﬁz

o? 3
)
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TO B peayabTate Takoro npeofpasopanus QyHkuus Jlarpanxa LUeTHKOM
YMHOWUTCA HA NOCTORHIBIH MHOKHTEIb &F, T. . YPABHEHHA [ABIKEHIIN
OCTAHYTCH HEU3MEHHBIMH,

Vismernenue Bcex KOODAMHAT 4acTHU B OAHHAKOBOG YHCJIO pa3 O3Ha-
Yaer 1epexok, OT OXHUX TPAeKTOPHH K IpYTHM, T€OMETPHYECKH MOLOOHLIM
MepPBLIM H OTJAHYAIOUIMMCS OT HUX JHIIb CBOMMH JIHHEHHLIMH pa3mMe-
pamu. Taxum o6paszoM, MBI TPHXOAUM K 3aKAIOYEHHIO, YTO €CAM MOTEH-
LiUadbHAf 9HEPrusd CUCTeMHl ABAAETCH OAHOPOAHOH (yHKUUueH £-# cTe-
NeHH OT KOOPANHAT (NEeKapPTOBHX), TO YPAaBHEHHA ABRUWKEHUHd NONYCKAKT
reoMeTpHYeCKH MoJ06GHbLIe TPAeKTOPHH, IPHYEM BCe BPEMeHa JBIKEHHUS
(MeWAY COOTBETCTBEHHLIMH TOUKAMH TPACKTOPUH) OTHOCATCH, KaK

’ ’ l—i
-t_t—_:(_ll_‘) ’ ’ (1Or2)

rae I'Jl—orHoumesue AuHEelHLX pa3MepoB ABYX Tpaexkrtopuit, Bmecre
¢ BpeMeHaMM ONpeRefe HHHMY CTEHEHIMI OTHOUICH U /' // aBamoTCR TAKKe
3HaueHUs JIOOBX MEXAaHHYECKHX BEJAHYHH B COOTBETCTBEHHHX TOYKAX
TpaeKTORUH B COOTBETCTBEHHBIE MOMEHTH BpeMeHu. Tak, nas CKOpOCTeH,
SHEPrHH M MOMEHTAa HMeeM:

, r £ E’ v k M’ I 1+~k~. :
(5 () ()T
v l E { M {

[Mpusenem A WAMIOCTPALUH HECKOABKO NPHMEPOSB.

Kak Mpt yBuAuM gasnee, B CAy4ae TaX HA3biBAEMbX MaiWx KojeGa-
HUil IOTeMHUAaAbHAT DHEPLUA ABASFETCH KBAAPATHHHON dYyHKUHER KOOPIH-
nat (k= 2). U2 (10,2) naxonum, 910 nepuos Taknx Konaebauut ne 3aBUCUT
OT HX aMIIMTYXbL.

‘B oanoposHoM CHAOBOM MOAE NOTEHIHAIbHAY IHEPIUE — AUHERHAS
(yuxuna xoopauxar (cm. (5,8)), 1. e. k=1. M3 (10,2) umeen

t'__]/_T’_
T [

Orciona chaenyer, HampuMep, 4TO NPH MAXEHHH B MOJe THNECTH KBaj-
pPaThl BPeME@HU NaLeHUs TesJl OTHOCHTCH, KAK HX Hava/AbHble BHICOTHI.

[Ton HBLIOTOHOBCKOM MPUTAKEHHH JABYX MacC HJIH KYJIOHOBCKOM
B3aUMONEHCTBUM ABYX 3apiL0B WOTEHLMATbHAK 3HEPrus o6PAaTHO NpO-
MOPLUHOHANBHA PACCTOAHUIO MEWAY YaCTHIAMH, T. €. IBIAETCH OLHOPOA-
Ho#t ynxuueit crenenu k=-—1. B srtnx cayuasx

U\

t T\ ! !
¥ MB MOMEM YTBEPKILATb, HAPUMEP, YTO KBAAPATH BPEMEH OOpalleHHs
mo op6UTAM IPOMOPLUHOHAABHH Ky6aM HX pa3MepoB (TaK HA3bIBAEMbIH
mpemul 3axon Kenaepa).

Bcau gBukeHne cuCTeMbl, MOTEHIMAAbHAA 3HEPT U KOTOPOH fABaAeTCH
onHOPOAHOH DYHKIHEH KOOPAHHAT, MPOUCKOLHUT B OTPAHUUCHHON oBaacTH
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NPOCTPAHCTBA, CYLIECTBYET BeChbMa MPOCTOE COOTHOUIGHNE MEXAY cpel-
HUMH 1O BPEMEHH 3HAYEHUSIMH KIHETHYECKOH 1 NMOTEHUHAALHON 3Hepruu;
OHO H3BECTHO IOA HA3BAHMEM BUPUAALHOLI meopembl.

[Mockonpxy kusernueckas 3neprus 7 ABasercd KBaxpaTHuHOH QyHK-
nue#t ckopocreif, To 1o teopeme Jirepa 06 OAHOPOAHBIX QYyHKIHULX

T
AGV: vz Va=2T,

oT
WM, BBOAS HMMIYIbCH —o =P,

a
2T=Zpava=—gz—<2para>—z r.Par (10,4)
a a a

Yepeanum ato pasencrso mo Bpemend., CpeanuM 3naueHHeM Kakoit-
anbo QyHkuuu Bpemenu f(f) HaspBaeTCd BEAMYUHA

T
F—1im —]—Sf(t) dt.
T ® T
0
Jlerxo Buaeth, uTO ecan f(f) #BIAeTCH OPOU3BOAHONR nO BpeMeHu

f(t):dFd;t) OT OrpaHMyeHHoON (T. €. HE MpUHHMAaOuied OGeCKOHEUYHHX

3navyenull) Pynkuuu F(f), TO ee cpeaHee 3Hauenue obpauiaercsa
B Hyab., JleHCTBHUTEABHO,
T

= .1 (dF ,, . F(T)—F(0)

T>® Pt T—>®

0.

TpeanonoxuM, YTO CHCTEMa COBEpIIaeT JABIKEHHE B KOHEUHOH!
064aCcTH NPOCTPAHCTBA U CO CKOPOCTAMH, He 0OpalaroniuMics B 6ecKo-

vHeunocts. Torma Beanuuna Zrapa OrpaHuYyena, u cpeiHee 3HAYEHHE
NepBOTO uJeHa B npasoil cTopone pasenctsa (10,4) obpaugaerca
B Hyab. Bo BTopoM e 3amensiem p, coraacHo ypasHenusm Heiorona

ou :
Ha — =— WU Iojdydaem 1):
Org

= U
2 =Efa‘aTa- (10,5)
a

Ecan morenuuasbnas sneprud #BAfeTCd OAHOPOAHON yukumedt k-# cre-
TTeHU OT BCEX PaAuyc-BEKTOPOB F,, TO COFJaCHO Teopeme Jinepa pa-
Bencteo (10,5) mepexoAuT B HCKOMOE COOTHOLICHHE

2T = kU. o . (10,6)

1Bripaxkenue, B npasoii cropone paseHcTBa (10,5) unorja HaswBaioT BuUpAs
aloM CHCTEMBI, . : .
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Mockonbky T-4U=E=E, coortsomenue (10,6) wmoxHO Tpei-
CTdABHTb B 3KBUBANCHTHLIX (popMaX

U=~ E, T=——=E, (10,7)

pupaxaowiux U o T 4depes mOAHYIO 3HEPTHIO CHCTEMN.
B wacrHocTH, A Maanx koaeGaHuil (R==2) umees:

T=U,

T. €. CpelHHe 3HAYEHHS KUHEeTHYECKOH M MOoTeHUnanbHOH 3Hepruil con-
nafaawot. s HbIOTOHOBCKOroO B3auMogeficTua (k= —1)

2T=—U.
IMpun arom E=-—T B COOTBETCTBHU C TEM, UTO NPHU TAKOM B3anMoleH-

CTBHH [BHXEHHE MPOHCXOAHT B KOHEUHOH 006.aCTH NPOCTPAHCTBA NHMIb
opH OTpHLATeNbHON noaHol sueprun (cMm. § 15).

3anauu

1., Kak orgocarcs BpeMEeHa IABHXKeHHA 10 ONHHAKOBHEIM TPAeKTOPHAM TO4YeK
C PAa3JNUYHBIMH MacCcaMHd NpH OJMHAKOBOH TOTEHUHAJbLHON :-)Heprrm?

OrseT:
t’ I/W
[ m’
2. Kak u3MeHSIOTCA BpeMeHa ABHKEHHS 1O OJHHAKOBLIM TPACKTODHAM NpH
W3MEHEeHWH NOTeHIHaJbHOH Hepruu HA NOCTOSHHBIH MHOKHTENb?
OrseT:
t U

{ v



FJABA III
UHTETPUPOBAHUE YPABHEHUA NBIXEHWS

11. GaHomepHOe ABHXKeHUe

OAHOMEDHBIM HA3LIBAIOT IBMKEHHE CHCTEeMB C OLROf 'CTeNeHbIO CBO-
G6oapl. Hanbosee obuinit Bua narpaHkeBod QYHKUHH Takol cuUCTeMH,
HaXOAALCHCH B MOCTOMHHBIX BHCIIHHX YCJOBHAX, €CTh

L——a(q)q —-U{g), (nn

rne a(g)—Hekoropast dynkuust o6obuwenHoit koopannatel ¢. B uacr-
HOCTH, €CJAH ¢ eCTb ACKapTORAa KOOpJAHMHATA (Ha30BeM ee X},

2
Lz%—U( x). (11,2)
CoOTBETCTBYIOUINE ITUM JATPAHKEBHIM QYHKIHAM yPaBHEHHsI IBHKE-
HUSI HHTEerpupyiorcs B obuem Buie. [Ipu 3ToM Her Hake Heo6XoAH-
MOCTH BHITHCHIBATH CAMOE ypaBHEHHe ABIMKEHHUS, a CJIeAyeT HCXORHTh
Cpa3sy U3 ero MepBOro UHTErpaa-— yparHEHWs, BLIPAKAIOUIETO 3aKOH
coxpaunennsa snepruun. Tak, nan dyuwuun Jlarpanxka (11,2) nmeem:

TR U® =

310 ecTr nuddepeHiHanbHOE ypaBHeHHE 11€PBOrO NMOPRAKA, HHTErPHPY-
ieecs MyTeM pasieneHus nepesMedHHnix. Mmeew:

d ST
F=V SE-Uw),
oTKyAa
“ dx
t— V%.jﬁ—_?(_x)—l— const. (1.3

POﬂb nByx NPOU3BOJALHBX MNOCTOSAHHBLIX B PEHIEHHH ypaBHeHH'rI HBH-
HEHNA UrpalT 3AcCh noaHad sHeprud E H NOCTONHHAA HMHTErpHpoOBaHUd
const.
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TToCKOAbKY KHHETHYECKAT SHEpPrius — BEIHUHHA CYHUECTBEHHO MOJO-
WHTENbHAA, TO NMPH IBMKEHHU MOJHAS 3Heprus pceraa 6o0/blle MOTEH-
HHaIbuOH, T. €, IBHWEHHE MOMXeT MNPOICXOAHTbL TOJLKO B Tex o0/a-
cTax npocrpadctBa, rae U(x) <E.

[Mycrs, naopuMep, saBucumocts U(x) umeeT BUI, M300pameHuuil a
puc. 6. TTpoBens Ha 3TOM e rpadike rOPH3OHTAIBHYIO NPAMYIO, COOT-

BETCTBYIOULYI0 3aMaHHOMY 3HAUEHHIO MOAHOW 3JHEPruu, Mbl Cpasy xe

Puc. 6.

BHIACHHM BO3MOWHBE obnacTu npuwenns. Tax B H3o6pameHHoM Ha puc. 6
cAyyae ABUXKEHHE MOXET NPOUCXOAMTh nuiie B obnacta AB wuau B 06-
nactu cnpasa ot C.

Touku, B KOTOPHX MOTEHLMA/NbHAS IHEPrud paBHA MOMHOMH

U (x)=E, (11,4)

OnpeAeasioT rpanulel gBukenus. OHH SABIKIOTCA MOTKAMU OCMAHOBKL,
MOCKO/IbKY B HUX CKOPOCTh obpamiaercd B HyAb. Ecau obnacts nauxe-
HUs OTpaHudeHa ABYMA TaKUMH TOYKAMH, TO HABHMEHHUE MPOHCXOLUT
B orpasuyentoit o6aacTH NPOCTPAHCTBA; OHO ABASIETCH, KaK TOBOPHT,
unumunn, Ecnu we 061acTh ABHAKEHHA HE OTPAHUYEHA HIHM OTpaHu-
YeHa NUIUD C OAHOW CTOPOHBI,— JABHXKEHHE UHPUHUMHO, HACTHLA YXO-
JUT HA GECKOHEYHOCTD.

Onxomepuoe GuHUTHOE ABUKEHHE ABAATCS KONeGaTe/IbHBIM —YaCcTHIA
COBEDHUIALT MePHOAMYSCKY MOBTOPKIOIICECS NBIKEHME MEKAY ABYMA rpa-
nuuamu (Ha puc. 6 B nomernyuassnoll ane AB Mexay TOuUKaMH X, H
x,). [Ipr atom cornacHo obuiemy coiictBy obpatumoctu (ctp. 18) Bpems
ABHHEHAT OT X; A0 X, PABHO BPEMEHH 06PAaTHOTO ABHIKEHHS OT X, 4O X,.
IMosromy nepuon koneGaumii T, T. e. BpeMs, 32 KOTOpPCe TOYKA nponaer
OT X; AO X, M 00paTHO, paBeH YABOEGHHOMY BpPEMEHH I[IPOXOWIEHUT
oTpeaka x;x, wau cornacuo (11,3)

%3 (E)
dx

TE = 2m gy e E—
E)=V2m Na=1

X (

(11,5)
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npuyeM mpesensl Xy U X, ABANIOTCA KOpHaMu ypasuenus (11,4) opu aan-
HOM 3Havenun E. Jra dopmyaa onpepeaser nepuoi ABHKEHNA B 3aBH«
CHMOCTH OT IIOJHOI YHEPTHH YaCTHILL

3amnaumu

1. Onpegpenute nepnoj KoaeGanUH NJAOCKOrO MareMaTHYeCKOFo MaATHHKA
(Touka m Ha KOHIE HUTH AJANHOH [ B noJjie TAXeCTH) B 3aBUCHMOCTH OT HX aMilyu-
TYREL,

Pemwenne. JHeprus MasaTHHKA

E= n_zl_zg_ — mgl cos @ =— mgl cos @,

Ile @— yrod OTKJOHEHHS HHTH OT BEPTHKAJNH; Py~ MAKCHMATBHLIY Yrosi OTKJO-
Henna. Buuncasis nepuoi KaxK YYeTBepeHHOE BPEM IPOXOKAEHUs nuTepBana yr-
JIOB OT HYJS A0 Qg HAXOLMM:

— Qo — @
{ do l deg
T = 4 —2—- g ——— e "Ej L]
g A ¥V cos ¢ —cos g, sz Po —sin2
0 0 2
IMoncranoBko# sm~—/sm (1)20 =sin § 2TOT MHTerpaj NpUBOAUTCA K BUAY
T=4 ]/—— (sm—) s
rae

It
7
K(k)=§_L
; V1=ki%sin?E
Po__

— TAK Ha3LIBAEMBIH MOJHHN 3AAMOTHYECKHA UHTEerpaJi nepeoro ponaa. Hpu sin 9 -~

:::%’<1 (Maanle KoneGauns) pasnoxenne dyHknnu K (k) paers

T=2xn ]/g(l—l-l%cpﬁ%-... )

|
Tlepsril used 5TOro pasnoXKeHHs OTBeyaeT H3BeCTHON sieMmentapuon dopMyse,

2. Onpeznenutb nepHoj Kojebaunil B 3aBHCHMOCTH OT SHEPIHH NpH guamxexmu
YaCcTHUE MacChl M B HOJAX C NOTeHUHaJbHOH 3Heprueil:

a)y U=A) x|
OTtBeT!
1/n 1 1
(E|A) — —-=—1
r—2Vam / dx _2VomE" *® dy
- e e L]
J VE=4x" Ao J V 1—y®
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TMoacranosko#l y?=u HETerpan NPHBOANTCS K TaK NasbiBaeMomy B-uurerpany

Ditsiepa, KoTOpHi BRIpaxkaercs yepes [-pyHnkuun

2V2717n1‘<nl) ;

T = / ET 2
1/n i _1_ )
nAt" T ( - + 5 )
Sasucumocts T o& E coorBeTcTByeT 3aKOHY MexaHuueckoro noxobus (10,2), (10,3).
———-—
6y U= T Uy < E<O.
Orem: -
AT
oV IE]|
B) U=U,tgax.
OtseT: L
_n ]/2m
e VE+U,

§ 12. Onpegenenne HOTEHUHWAALHOH IHepryu MO HEPHOLY
KoJsieGauuil

Pacemorpum Bonmpoc o ToM, B KakoH CTENEHU MOMHO BOCCTAHOBHTH
BUJA NOTeHUHanbHO# 3Heprunm U (x) mond, B KOTOPOM YacCTHHA COBep-
maer xonebarTenpHOe NBHXKEHHE, 110 M3BECTHOH 3aBHCHMOCTH N€PHOAA

storo asmkenns T ot sueprun E. C MaTeMaTHYCCKOX TOUKH 3peHns

g peyb MAET O peIleHHH MHTerpalh-
Horo ypasuenusi (11,5), B KoTtopom
Ul{x) paccmarpHBaercs Kak He-
uzsectias, a T{E)—kak ussecr-
nast QyHKUUH,

[lpn stom mul OyaeMm 3apasee
ApejAnoaararb, YT0 HCKOMas PyHK-
nusg U(x) umeer B paccMaTpuBae-
Mo#l 06nacTu npOCTPAHCTBA JIHIIb
OLHH MHHUMYM, OCTaBJds B CTO-
POHe BOMPOC 0 BO3MOKHOCTH CyIiLe-

Puc. 7. CTBOBAHHA peHleHHH HHTErPa/lbHOroO

YPaBHEHHs, He YLOBACTBOPAIOLIHX

aTomy ycaosuio. Jas yao6cTra BHOepes Hayano KOOPAMHAT B M0.0-

WEHHH MHHMMYMAa MNOTCHUMANbHOH 3HEpPruu, a 3HayeHue MoC/aAefHel B
9TOHl TOYKE {I0JIOXHM PaBHBIM HYJIO (puc. 7).

IIpeo6pasyem unrerpaa (11,5), paccmarpuBast B HEM KOOPAHHATY X
kak ¢yaxumo U, Pynkuua x (U) npBysHausa-—Kaxaoe 3HaueHHe
TOTEHUHANBHOH SHEPTHH OCYLUIECTRAAETCH NPH ABYX PA3JIMYHBLIX 3HAye-
uusx x. CoorBeTcTBeHHO 3TOMY HHTerpan (11,3), B KOTOpPOM Mbl 3ame-

q.
nieMm dx Ha Ei% dU, nepeiiieT B CyMMy ABYX HHTETPaldOB. OT X == X, A0
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Xx=0uor x=0 a0 x=ux, Oyiem nucaTh 3aBHCHMOCTb X OT U B
3THX ABYyXx o6aacTax coorBeTcTBeHHO Kak x=x;{U) u x=ux,(U).
[Mpesenamu nurerpuposanus no dU Gyayrt, ouesuauo, £ u 0, Tak

YTO MoJyvaem:
0

E
T(E) :V‘Q‘,—,;jdxg O_w_ .y ijdxl W) _du_ _
[ E

U VE—U dU 1/5
—1/ ( dry  dx dxU

VQ”’E [EU ) VET
0

Pazsenum o0€ CTOPOHH 3TOTO paBeHcTBa Ha ]/a——E, TAE O - iid=
paMerp, u npoumerpupyem no E ot uyas 40 o

s‘T(E)dE Vom J‘[dxz (Uy dx, (U)] dU dE
Vo—E \ av V e—E)(E=0U)’

Wiad, MCHASL NOPALOK HHTCIPHPOBAHHIL

a
(E)dE 5 fdxz(u) dx, (U) j
5Va——-E Vm { V(a—E)(& 0’

Wnrerpan no dE Buuuc/isieTcd 3/1eMEHTAPHO U OKa3LBAETCH PABHLIM TT.
ITocne storo unrerpuposarue no d{/ CTaHOBUTCH TPUBHAAbLHHM U Aael:

%%j—i =7 Vﬂ [ (@) — x4 ()]

(mpu aToM yuteHo, 4TO X, (0) =x; (0) =0). 3ameuns rteneps Oyxsy o
Ha U, HAXONHM OKOHYATE/bHO:

: U
1 T (E)dE .

x2 (U) xl (U) T V"'g"; -V'(T'_‘—E' (1211)

o
Taxkum o6pa3om, no usBectno#t dyuxunn T (E) onpeneasieTcs pas-
noctb X, (U)—x; (U). Camu we dynxunn x,(U) u x; (U) ocraores
HEOIpee/NeHHbIMI, DTO 3HAYHT, YTO CYLLeCTBYeT He OAHa, a 6ecyuc/aeH-
Hoe MHOWecTBO KpuBbix U=U(X), npuBOAfLUIMX K 3aA4HHON 3aBHCH-
MOCTH (E€PHOAA OT 3HEPrHH H OTJIHYAIOUIHXCH APYT OT APyra TakduMu
aedopMaLUAMH, KOTOPHE He MEHSIOT Pa3HOCTH ABYX 3HauYeHH# X, COOT-

BETCTBYIOU(UX OJHOMY W TOMY e 3Hayenuio U.

MHOro3HaYHOCTh pelieHus HCUE3aeT, ecun rnoTpeGosatb, YTOGL KPH-
paft U==U(x) Opblia cHUMMeTPUYHA OTHOCHTENbHO OCH OpPAMHAT, T. €.

4T06H OBIIO:
%, (U)=—x, (U) =x (V).
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B raxom cayuae dopmyaa (12,1) paer ans x(U) oanosnauuoe BeIpa-
WMEHNE

l‘n

1 Gy T (E)dE

x(U):Qan Vi=z" (12,2)

§ 13. Npusenennas macca

Tloanoe pemienne B ofureM BMAE JONyCKaeT ype3BhMaiino BawHad
3anada O ABMXKCHHH CHCTCMbI, cocTosilled Bcerc u3 ABYX B3aHMOLECH-
CTRylOMUX uacTHy (3adata dgyx meal.

B kauecTBe NpelBapHTEIbHOTO WATa K PEUICHMIO 3TOH 3axayn noxa-
WeM, KakHM 06paszoM OHA MOXET OHTh CYLWECTBEHHO YHNPOU(eHA NYTeM
pasjoueHnd ABHKEHHSA CHCTEMBl HAa ABMXCHUE UCHTPA uMHepuuy U ABH-
KEHHS TOYEK OTHOCHTEIbHO nOC/eJHEro.

[ToreHunanpHas 3Heprud B3aUMOAHCTRBIA ABYX 4aCTHL 3aBHCUT JHIID
OT PAacCTOSHHS MEXAY HHMH, T. €. OT a6COMOTHON BENNYMHE PA3HOCTH
HX pajiuyCc-BEKTOPOB, HOSTOM)’ narpamﬂeea PpyHKiuT TAKOA CHCTEMH

s —15 ). (13,1)

BeeneM BeKTOpP B3aMMHOTrO pacCTOsHHA 00GEHX TOueK
r=r,—r,
I nNOMECTHM Hayalno KOOpAHHAT B LEHTPEC HHEPLHH, YUTO RAECT!
nmqry - myfy, = 0.
W3 1nByx nocielHHX paBeHCTB HAXOLUM:

. ms M
rl—————m_l+m2r, Ty == P r. (13,2)

ﬂonmaanﬂﬂ 3TH Bblpax(emm g8 (13,1), moayuum:

mr?

L="5-—Ufr), (13,3)
rje BBeneHO o003BaucHHue
myMy
=iy (13,4)

BeANYMRA M HadwBaercd npusedennol maccod. dynxuma (13,3) dop-
ManbHO coBnajaer ¢ ¢pynkuwmeil Jlarpauwa onHoH MaTepPHANbHOH TOUYKH
¢ maccoit m, ABMXKYuHie#ca BO BHenmHeM noie U(r), cUMMETPHYHOM OTHO-
CHTEIbHO HENOABHKHOIO Hayana KOOpPAMHAT,

Taxkum o6pa3oM, 3ajaida O JBHUXKEHHH [BYX B3aUMOLEHCTBYIOIUX
MaTepHajibHHX TOYEK CBOAHTCA K PEIIEHHIO 3aAayH O ABHKEHHH OLHOH
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TOYKH B 3anaudom Buemdesm noge U (7). ITo peuiennio r =r (f) 3roft 3axauu
TPACKTOPHU Ly =1, (f) HT, =1, (f) KA 1O H3 YACTHU M) U My B OTAENABHO-
CTH (MO OTHOWIEHHI K HX OBueMy HeHTPY HHePIUIH) 10 1yyaloTed no gop-
myaam (13,2).

3agaua

CuctemMa COCTOHT M3 OIHOH uYacTHUbsl € Maccofi M u n 4acTHL ¢ OJHHAKO-
BLIMH Maccamd m. VICKJIOYMTB JBHIKEHHe LEHTpPa HHepPUHH K CBECTH 3ajady K
3ajaye O ABHKEHHMH 7 YACTHIL.

Pemewnue, Ilycte R—paanyc-sexrop gactuusl M, aR, (a=1,2, ..., n) —
pajfMyc-BeKTOPHl HacTHIl ¢ Maccamu . Bsejem pacctoanusg or uactHusl M go
YacTHi| m

r,=R,—R
# MOMECTHM HAyaJo KOOPRHHAT B LEHTPe HHEPUHUS
%
MR +4m X R,=0.
a

M3 atux paBeHCTB HaXOXuUM:

m
R:———;L—Zra, R,=R+r,,

rae p=M -+ nm. Iloacrasus stu Bmpa}xeﬂm B dyukuuio Jlarpauxa

L _——+ 2 R:—
L=g X Qu(zvaf_u,

a

noAy4uM:

TAe V=T,
INoTeHunaNbHAS HEPTHA 3ABHCHT JHWHL OT PACCTOSHUH MeKAY 4YacTHLAMH
H TOoTOMY MoOXeT OHITh NPeACTaB/eHa KaK (YHKHHS OT BEKTOPOB I,.

§ 14. llsukenue B LEHTPAILHOM IMOJE

Ceens 3amady o ABIKEHWM ABYX T€1 K 3aj4aye O JBMKECHHH ORHOrO
Tena, Muf TMPHUILIK K BORPOCY 00 ONPEASNEHHH NBHXKEHHS YaCTHUB BO
BHELIHEM [10/1e, B KOTOPOM €€ NOTEHUHAa/]bHAasl SHEPTHS 3aBHCHT TOJBKO
OT PACCTOHUs F A0 OlNpeleNeHHONd HemOIBHXKHOH TOUKH, TAKOe Moie
HA3LBAWT Yermpaisnoiy, Cuaa

Fo U0 _ _dUr

o dr r°
aedcTRyionads Ha yactuuy, mo aGCOJNIOTHOR BRAMYUHE 3aBUCUT TNIpU
9TOM TOWE TOJBKO OT r ¥ HAmpaBjeHa B KawAOH TOYKEe BAOAL DAaIH-
yC-BeKTOpA.

Kak 6mito ywe mnoxaszaio B § 9, 1npu [BUNKEHHH B LEHTPaAbHOM
noje COXPaHACTCHd MOMEHT CHCTeMbl OTHOCHTENbHO UeHTpa mond, [Tau
OJHOH YacTHULBI 3TO €CTh

M =[rp].
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[Tockoapky RekTOpnl M 11 r B3aNMIIO NEPHEHIIKY T PHBI, MOCTONHCTBO
M osnavaer, YTO [PH JIBMAKEHNH 43aCTHILE €€ PALHYC-BEKTOP BCe BpeMd
ocTaeTcs B OAHOH MUIOCKOCTH — MJOCKOCTH, nepneHaukyaspueoit k M.
Takny 00pasoM, TPAeKTOPHs ABHXKEHHS HaCTHUL B UEHTPAIbHOM
Hojde JEKHT HEeTHKOM B OAHOH miockocTH. BBexsr B Hefl noadpHbie
Koopiunat r, ¢, Hannmes ¢@yukunio Jarpamka B Bume (¢p. (4,9)

L= G- (r*rig?) —U(r). (14,1)

Dra QYHKUHS He CONEPWHT B SIBHOM BHAE KOOPAHHATY . BCAKYIo
00GOOLIEHHYI0 KOOPAHHATY ¢;, He BXOILALLYIO fBHLM O0pasoM B aarpasd-
wery (YHKUWIO, Ha3WRAWOT Hukaudeckoll. B cuay ypaBnenns Jiarpanxa
HMeeM A TakOHf KOOpAHHATH:

d oL aL

4 oL oL _
dt ()qx dq{

]
T. €. COOTRETCTBYIOULHIT efi oGobweHHuil nMnyase p, == 0L /0§, spasercs
HHTErPaI0M ABHKEHHS. DTO 06CTOATENbCTBO NPHBOAUT K CYUIECTBEHHOMY
VIPOUIEHHIO 321441 HHTETPHPOBAHUS YpaBHeHUH ABINKCHHS NPH HAJAHYUH
NUKANYECKIX KOOPMMHAT.

B pannon ciayuae 0608ULCHHBI HMITYyabC

Py = mréq

cornanaer ¢ momentom M, =AM (cm. (9,6)), Tak ¥TO MH BO3BpalaeMCcH
K M3BECTHOMY Y®e HaM 3dKOBY COXpaHeHHs MOMeHTa

M = mrip = const. (14,2)

BHMQTHM, YTO A4 MAOCKOrO ABWMKEHHA OHHOH YacTHILl B HEeHTPAJbHOM
noJe 3TOT 3aKOH HonycCckKaeT MNMpoCTYIO reOMEeTPHUYECKYIO HHTEPNpPETalio.

Bhipaxenue 5 rer do npenctasiaser coGol

naomwanb cextopa, 006pa30BaHHOTO ABYMs
\ 7dp 6eckoHeYHO GIH3KHMM PagHyC-BEKTOPAMH
- [ H 37eMEHTOM AYTH TpaekTopuu (puc. 8),
o 2 ] Obo3naune ee Kak df, HaOumeMm MOMEHT

\ HacTHIULI B BUIe

Puc. 8. M=2mf, (14,3)

Fe MPOH3BOJAHYIO [ HA3LIBAIOT ceixmopuarsnold crxopocmeio. [lostomy
COXpdHeHHe MOMEHTA O3HAY4ET NOCTOHHCTBO CEKTOPHANbHON CKOPOCTH —
3a PaBHHIE NPOMEXKYTKH BPEMEHHM paAHyC-BEKTOp ABHKYU[eHcsT TOUKH
ONICLIBART PABHLIC IO AN (TaK BasuiBaembill 8mopoli 3axon Henaepa 1)).

1) 3akoH coXpaHeHHs MOMEHTA JJIf YaCTUHBHI, ABHXYymielics B HEHTPaJbHOM
10Je, BIOTAA HA3WBAWT unmeepasom naowaded,
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[Monnoe peuteHne 3aAauil O ABINKCHHH YACTHUL B LEHTPAILHOM MONC
NpouLe BCETO MOAYYHTh, HCXOAH H3 3aKOHOB COXPAHEHHA SHEPTHH U MO-
MeHTa, He BHNHCHLBAasg NPH ®TOM CaMHX ypaBHeHHH ABMxenusd. Bupawmas
q) qepes M u3 (14,2) u noACTaB/Adf B BhIDAwKeHHe AN DHEPTHH, MOJAY-
4iM:

m - . mr? M3
=)+ U =T g b U (14,4
Ortcona
2
LS VA NNy (14,5)
W/IH, pasaeqsas NepeMeHHble H I/IHTel‘pprHI
S — - const, (14,6)
——[E U — 5
Hanee, uanucas (14,2) B Bune
M

noiacrasus ciofda df u3 (14,5) u uATErpuUpys, HAXOAHM:

(14,7)

dopmyaw (14,6) n (14,7) pemaior B 0O6iIEM BHAE NOCTABIACHHYID
3anauy. Bropas H3 HHX ompeje/seT CBsI3b MEXKAY F U @, T. €, ypaBHe-
nue tpaektopuu. Popmyna we (14,6) onpepenser B HEABHOM BHAE
paccTostHHe r ABIKYUeficst TOYKH OT LeHTpPa Kak QYHKUHIO BpEMeHH.
OTMeTuM, YTO yroa ¢ BCerjga MeHsercsi CO BPEMEHEM MOHOTOHHBIM
o6pasom—mu3 (14,2) BUAHO, YTO ( HHKOrJAa HE MEHdeT 3HaKa.

Buipawenne (14,4) noxa3biBaeT, 4TO PaAHaALHYI0 HacTh ABHKEHHS
MOYXHO paccMaTpHUBAaTh Kak OJHOMEpHOe JBiKeHue B noje ¢ «3dpdexrus-
HOH» MOTeHiHa/AbHOK 3ncpruei

M2
Uspo =U) + 5+ (14,8)

Beauunny M?/2mr? nasuBaloT nenTpobexHol anepruei. 3uaueHus r, upy
KOTOPbIX
2

Um+£%=ﬂ (14,9)

OTpeae/siioT rpaHAN o6nacTH JIBHXKEHUA 0O PAaCCTOSHHIC OT LeHTpPa.

[Tpu euinonnennu pasencrsa (14,9) paxuanbiaa ckopocTh r o6paujaercd
B Hy/b, DTO HE 03HAYAET OCTAHOBKH 4YaCTHUB (KaK MPH UCTHHHOM OJQHO-
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MEPHOM ABHKEHIN), TAK KAK YII0Bas CKOPOCTD @ He 06paIaeTcd B Hy b,
PasenctBo 7 =0 03HauaeT «TOUKY 1OBOPOTA» TPACKTOPHH, B KOTOPOH
dyHxuust r(f) mepexOoIHUT OT YBEJAHYEHHUS K yMeHbUICHHIO HAH HAOGOPOT.

Ecan ofnacTth A00YCTHMOrO U3MEHEHHS r OFpaHMdeHa JMb OLHIM
YCIOBHEM 7 Z=r .. TO ABHIKEHHE YaCTHUB HHPHHHTHO — ee TPaexTOopHA
NPUXOAUT M3 GECKOHEYHOCTH M YXOAHT HA GECKOHEYHOCTD.

Ecan 06n1acTh M3MEHEHUA F UMEeT ABE IpaHililbl r;, M Fpo. TO JBH-
AWEHHE HBAACTCH (DUHHTHBIM M TPAEGKTOPHA LEMHKOM JEMHT BHYTDH
KOJIbIa, OrPAHHYEHHOTO OKPYWHOCTAMM r==r . U r==r ... 370, 0AHa-
KO, HE 03Ha44eT, YTO TPAEKTOPHUA HENPEMEHHO HBJIACTCH 3aMKHYTO KPH-
BOH. 3a BpeMs, B TeueHue KOTOPOIO F M3MEHAeTcs OT ry. . A0 ry. H
3aTeM 10 rp,,, PalMyc-BeKTOp TOBepHeTcd Ha yroa A¢, paBHuil co-

rnacno (14,7) .
o M mn

‘/Qm E—U ——[rl
rmm

YcaoBue 3aMKHYTOCTH TPAGKTOPHUH 34KJI0YaeTCsl B TOM, 4TOOH 3TOT

yro. b1 paBeH pauMoHAAbHON YacTH 0T 27, T. €. umea Buj A= 2nm/n,

rie m, n—uenpe uYHuLaa.

- Torna uepe3 7 NOBTOpeHHH

Phd ~Q 3TOr0  [EPHOAA  BDEMEHH

< PALUYC-BEKXTOP TOYKH, cjae-

y; Yoz naB M noaHbX 060pOTOB,

/ COBMaNAET CO CBOHM IDIEPBO-

/ HayaJIbHHIM 3HAaYEHUEM, T, €,
! TPAEKTOPHA 3AMKHETCS.

! Oanako rtakue cayvan

1 Trin ! ycxmounTenbHM, M OpH NpPoO-

nasoasuoMm Buae U(r) yroa

, A ne siBasercs pauuonann-

{5 g HO# yacThio o7 2r. [lostomy

15;«’\‘\ ‘ . V’ B o0uieM C/lyyae TPAeKTOpH

QUHHTHOTO  JABHXEHHA  HE

~ A 3amkayTa. Ona Gecuncnenroe

- YUCA0 pas TNPOXOAUT uepes

Pue. 9, MHHUMAJAbHOE H MAaKCHMalab-

HOe paccTofHue (Kak, Ha-

npumep, Ha puc. 9) u 3a

GeCKonewoe BpeMs 3aMO/HSIET BCE KOJBIO MEKAY ABYMH FPAHUYHBIMHU

OKPYKHOCTIAMH,

CymecTBYIOT JHIb [BA THIA IEHTPANbHHX MOJel, B xompux BCE

TPAeKTOPUN (MHUTHBIX ABUMKEHUH 3aMKHYTH. JTO HOAA, B KOTOPHX HO-

TEHUHaAbHAs HEPTrHA HACTHUB NponopuuoHansha 1/r man r2, Ilepamit

Ap=2 (14,10)
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H3 3THX CIyyaes pPaccMOTpeH B cjeAymoueM naparpade, a BTopoft coOT-
BeTCTBYeT TaK HA3blBAEMOMY NPOCTPAHCTBEHHOMY OCHILIANTOPY (CM. 3a-
nasy 3§ 23).

B touke nosopora kKBaipaTtHniél kopeub (14,5) (a Bmecte ¢ HUM
M nopuuTerpaibHuie Bulpawenns B (14,6) u (14,7)) menser 3znak. Ecan
OTCUYUTHEBATb YIOA § OT HaNpas/leHUs PalHyc-BeKTOpa, MPOBEIAEHHOIO
B TOYKY NOBOPOTA, TO NPHUMHKAIOIHE C ABYX CTOPOH K 3TOH TOuke
OTPe3KH TPAeKTOPHUM O6YAYT OTAHYATHCA JHIIL 3HAKOM ¢ OPH KaMIAhiX
ONUHAKOBHX 3HAYEHHAX r; ITO 3HAYMT, YTO TPAGKTOPHA CHMMETPHYHA
OTHOCHTENbHO yKa3aHHoro nanpasnennd. Hauas, ckawenm, or kako#t-muéo
H3 TOYEK F =T, Mb NPOHAEM OTPE30K TPaeKTOPUH IO TOUKH C r =
=r .. 3aTeM OyieM HMeTh CHUMMETPHYHO pacHONOWEHHHH Takod we
OTPE30K JO0 CACAYIOUEH TOUKH ¢ r==rg,, W T. L., T.€. BCI TpaeKTopud
MOJAy4aeTcd MOBTOPEHHEM B IPAMOM H OOPaTHOM HAMPABJICHHSIX OJMHAKO-
BHIX OTPE3KOB, DTO OTHOCHTCA M K HHOHUHUTHHIM TPAEKTOPHUAM, COCTOR-
UMM U3 JBYX CHMMETPHYHBIX BeTBel, MPOCTHPAIOMUXCA OT TOYKH TOBO-
poTa rp;, A0 BECKOHEYHOCTH.

Hannqne HeHTpo6GewHol aHepruu (MPpH ABHKEHUH C M;EO), obpa-
wiauleics npu r-— 0 B GeCKOHeYHOCTb, Kak 1/r2 npuBoAHT 0GBIUHO
K HEBO3MOKHOCTH MPOHUKHOBEHUS ABMHKYLIHXCH YacTHIL K LEHTPY MO,
Zawe ecnd NOCnenHee caMo No cefe HMEeT XapaKTep MpPHTAKEHHSA.
«Ilanenue» YaCTHUW B IEHTP BO3MOXHO JHLIb, €CAM NOTEHUHANbUAR
SHEPTUs LOCTATOUHO 6ucrpo cTpemurca Kk — oo npu r — 0. M3 nepasenctaa

=E—U(r)— ,2 > 0
Wi

r2lU(r) -}—2 <Er2

cJIeayeT, YTO 7 MOWKET NPUHUMATDL CTPEMSIUIUCCH K HYJIO 3HAYEHUT JIUillb
npu yCHOBV[H

2 M?

ruUn  <—s, (14,11)

r—>0

1. e, U(r) momxno cTpeMuThed K— oo Aub0 kaK —-a/r? ¢ o> M?*/2m,
6o npomopuuoHansuo —1/r* ¢ n> 2.

3angaun
1. TlpounTerpupopate ypasHeHN s IBHIK2HHS CHEPHUSCKOrO MAATHHKA — MaTe= '
pHanbHOR TOYKH M, JABHIKYLIEHCA 10 MOBEPXHOCTH cdepsl pajuyca [ e moje
TSXKECTH.
* Pemenwue B cd}epmecxﬂx KOODAUHATAX C Ha4Ya/JoM B HEHTPe chepnl ¥ no-
AAPHOU OChIO, Hanpasnennou BePTHKAAeHO BHHU3, QyHkuudA Jlarpauika MasTHuka

=5 (6’ -+ sin? 0 .@?) 4-mg! cos 6.
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Koopannara @—uuKanuecKas, No3TOMYy coxpassiercs o0oGINeHHHE HMRYJbC Py
COBNaZaionuil ¢ z-KoMnolientoll Momenta:

2620 0 M
mi?sin? 0.@==M_ = const. 1)
Oneprus
. 112
mi? mi202 M2
2 2 " 2mi*sin? 6
Onpezenaa orciona 6 u pasjensns nepevennsle, NOJYYAM:

— a9 @)

2 3
l/m [E—Uagpg (8)]
rIc BBeleHa «3(exTHRHAS NOTEHUHANBHAS 3HEPrHS»
o m?
Vs ( ):2ml2 sin?

mgl cos 0. 2)

E= (62 L sin? 0.q2)—mgl cos 6=

— mgl cos 8,

Jna yraa ¢, #cnode3ys (1), nafinem
M ” dd

=7 1/%5 5?0 VE—Usgg (0)

Finterpaau (3) u (4) npuBOAATCA K 3JJIHMNTHYECKUM HHTErpajiaM COOTBETCTBEHHO
DEePEBOrO M TPETLErO poja.

O6aacts geuxenua no yray O onpenessiercs yenosuem E>Uygq, a ee rpa-
HHLBL-— YpaBHeHueM E = U,yq. Tlocesnee npeacranaser coGoit kyGuueckoe ypap-
nenge Ana cos 0, nmeicuiee B npomexxyTke ot — 1 10 +1 aBa KopHs, onpege-
JIAIOWKX TOJOMKeHWe ABYX NapajjelbNplX OKPyxHocrefl Ha cdepe, Mexny
KOTOPLIMH 33KJI0UeHa BCS TPAEKTOPHA.

2. TlpouuTerpupoBaTh ypaBHeHHA JBHMIKEHHA MaTePHaNbHON TOUKH, ABHIKY-
iieficst 0 NOBEPXHOCTH KOHYCa {(C YrJOM 2a NpH BePIINHE), PACMOJOKEHHOM Rep-
THKAaJbHO, BePIIMHOH BHHU3, B N0JI€ TAXKKECTH.

Pewmenue B chepuueckux KOOPRHHATAX C Ha¥aJOM B BeplliHHe KOHyca i
noJaapHol ocCblo, HaNpaBJCHHOH BepTHKalbHO BBEPX, dynkuus Jlarpanmxka

4)

L= ’_;_ (72 42 sin? o - @) — mgr cos a.

Koopaynara ¢ —uukJaudeckasl, TaK 4TO CHOBa cOXpaHserca
My=mrtsin®a- .

Sueprug ’
mr2 1”3

+ o

2 2mr?sina

Tem xe cmocofoM, uro u B 3anayve I, naxomuum:
dr

= ,
]/? [E —Usgq ()]

] M, 4 dr
V= e Vo) 7 VI U )
] M2
U (1) = m—{- mgr €os o,

E =

-} mgr cos a,

le=
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Ycnosue E= U,z (r) npenctanasier coboil (npu M,#0) xgyGuueckoe ypas-
HeHHe JJIs r, UMewoulee ABa HOJOMKMTEJIbHBIX KOPHS; HMH ONpefensiercs fosjome-
HHe JABYX TOPH3OHTaJbHBIX OKPY:KHOCTell Ha MOBEPXHOCTH KOHMyCa, MEXKAY KOTo-
PHIMH 3aKJIOYeHa TPaeKTOPHA.

3. [IpounTerpupoBath ypaBHeHHs ABHIKEHHS IIOCKOrO MasTHHKa, TOYKa Noj-
Beca Koroporo (¢ Maccoil m; B HeH) crniocefia cosepluaTb JBHIKEHHE B FOPH30H-
TaJbHOM HampasaeHHH (cM. pHC. 2).

Pewenue. B naiiienHoll B 3agaue 2 § 5 dynxuun Jlarpanmxa KoopAnHaTa
X — unkanueckasn. [Tosromy coxpansiercs o0oSuleHBEI HMNYabe Py, cOBnaiaiontii
€ rOpPH3OHTAJbHON KOMNOHEHTOH TMOAHOTO HMNY.JbCd CHCTEMBI:

o ={my - my) x4 myl@g cos @=const. ih
Beerpa MOKHO cuuTaTh CHCTEMY, Kak lejoe, Hokosuleidcd; Ttoraa const=1,
W HHTErpHPOBAaHHe ypaBHeHHA (1) AaeT cOOTHOWIEHHE
(my +4-my) x -+ myl sin ¢ = const, {2}
BeIpaXKaioiee co60H HEMOABMIMKHOCThL LEHTPA HHEPLHH CHCTEMB! B IOPHIOHTAMNLHOM
HanpasJenin. Mcmonbsyd (1) MOJIYYUM HSPriio B Bijle
mql (p _my

k = my +my

it ]/ Mg /i m, sinchd
2 (my -}-my) E +moglcosy
BhipasuB KOOPAHHATH Xp=X--[sin@, y,=1[c0S @ uacTHUBl /M, C NOMCULIC
(2) uepes @, Haligem, uTo TPaeKTOPHS 3TOH YaCTHLE NpejcTaBaseT coboil oTpesox
JJIMICA € TOPH3ouTadbHOH noayocblo Im,/(m;-+msy) U pepTuKaibhoil /. Iipn

My — 00 Mbl Be3BpallaeMmMCca K OGbI‘-lHOMy MaTeMaTH4eCKOMY MAATHUKY, Kauvawuie-
MYCSl NO AYre OKPYHKHOCTH.

E =

cos%p) — mygl cos . 13}

OTtcioaa

§ 15. Kensaeposa s3anauga

BawnelumuM ciydaeM LUeHTPaAbHBIX NONed ABJAAIOTCS MOasi, B KOTO-
PLIX NOTEHIKA/bHAA 3HEpPTus OGPAaTHO NPOMOPLHOHANBHA F M COOTBEY-
CTBEHHO CHJAN —006paTHO NponopioHanbhu r2, Cioga OTHOCATCH HBIOTO-
HOBCKHE 00JSi TATOTEHH H KYJOHOBCKHE 9JEKTPOCTATHUECKUHE MOJSK
1epBhe, KdaK U3BECTHO, HMEIOT XapaKTep MPUTSMEHNA, a BTOPbIE MOTYT
ObTh KAK TOJASAMH NPUTSKEHHA, TAK M OTTAJKHBAHHA,

PaccMmorpum cnavana mose MPUTAKEHHS, B KOTOPOM

a
U= —— (15, 1)
¢ noJoWHTeALHOH noctostinolt . Fpaduk «addextusnoity notesumnann-

HOIl sHepruu

U (15,2)

a
w0 = 7 g
nMmeeT BuA, uzobpawennwit Ha puc. 10. [Ipw r— 0 oua o6pauilaercs
B -~00, a OpH r—> 00 CTPEMHTCH K HYJIIO CO CTOPOHH OTPHUATEIbHLIX
3Hauyenuii; npu r=M¥am oHa uMEeT MHHUMYM, PaBHLIi

az
(Usgg)min= - 5373 (15,3)
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M3 artoro rpaduxa cpasy ouesnano, yro npu E>>0 msmxeHie 4acTHU
6yner UHQUHUTHBIM, a NpH E<C0-—QHHUTHBIM.
dopma TPAEKTOPHUH MOJAY4YaeTcs ¢ moMoulbio obuiel dopmyan (14,7).

a
TNoncraenas B nee U= —— ¥ TNPOU3BOAA IACMEHTAPHOE HHTErpH-
- poBaHue, HOJAYy4YUM:
M ma
M
@ == arccos - const,

T g2
Y ane T

Buibupaa Hayano ortcyera yria ¢ Tak,
4yToOH const=0, u BBOAS oGO3HAYeHUT

M? JEM?
P=Tpg, ¢= 14— (15,4)

nepenuineM ¢opmyay A1 TPaeKTOPUH
£ B BHuAE

\-/- -g:l—,‘— e Cos Q. (1515)

OTO  ecTb ypaBHeHHE  KOHHUYECKOTO
Puc. 10. ceyenna ¢ QoxKycoM B Hadalze Koop-
AUHAT; p M e—TaK HA3WBACMbe napasemp W JKCUeHmpUcUmem
op6ute. Chenandsifi naM BWOOP Hayana OTCueTa @ 3aKNOYACTCH, Kak
sugHo w3 (15,3), B TOM, 4TO TOYKa

¢ ¢=0 spaserca Oamwalimed k . 4
HeHTPy (TaKk HasuiBaeMulfl nepuezeaui }
OpOHTH). 2 \

B skBuBaseaTsofi 3agave JHBYX .Y
TeN, B3AUMONEHCTRYIOWMX N0 3AKOHY 5 i z‘
(15,1), op6ura Kakiaol u3 4YacTHIL l-‘a.ea-l
TOWE MpeACTaBisgeT COGOH KoHuye-
cKoe ceueHHe ¢ GoxycoMm B HX obuleM —
LEHTPe HHEPLHUH - 20

Wa (15,4) suano, uyto mpu E<C0
axcuesrpucurer e<l, T. e, opbHTa Puc. 11,
sipngerca sanuncom (puc. 11) u amu-
wenne GUHUTHO B COOTBETCTBHY CO CKa3aWHRM B Hadasne maparpada.
Cornaceo  uzBecTHHIM OpMy/1aM aHaIHTHYECKOR IeoMeTPHUH Gonbluas
M Maxas MOAYOCH SJIHICA
am P O, P M
=&~ 27E|” Vi—e Vom|E|
Haumenpmee monycrumoe 3uavenue suweprun cosnanaert c¢ (15,3), npu
aroM e=0, T.e. aanunc obpaulaercs B OKPYxKHOCTh. OrTMetu™m, yTO
60/bIIaR MONYOCh 3JAUMCA 3ABHCHT TOABKO OT JHEPIUHU (HO HE OT MoO-
venTa) uyactuuw. Haumewbmee u naubosbliee paccTodHHA X0 WUeHTpa

(15,6)
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noast (poxyca a1amnca) pasBHbl

Fon =10 =0 (1=, rmx=ys=a(l+o.  (157)

Dtu BepaweHus (¢ a u e u3 (15,6) u (15,4)) moxso Obla0 OB, KOHEUHO,
NOMYYHTb ¥ HEMOCPEACTBEHHO Kak Kopuu ypasueuns U,g, (r)=E.

Bpems ofpaiiedus no saaunTHuyeckol opfurte, T. €. NEePHCH ABHXe-
aug T, y106HO ONpeaeduTh C [IOMOLLbIO 3aKOHA COXpaHEHHA MOMeHTa
B Q)opme «MHTErpana naowaneily -

(14,3). HMurterpupys 3TO0 paBeHCTBO 4
110 BpeMeHu OT Hyad 10 T, moayduM:
2mf=TM,

rae f— naouwtans opbutel, Jag aanun-
ca f=mnab, n ¢ noMouwsw Gopmya

le—

(15,6) naxommm: 7
T =2nad? ]/—'g— = - 1)
m
Totr <¢axr, 4YTO KBAaZpaT mnepuoja i
nomKeH OHTL MPONOPUHOHANEH KyOy Puc. 12.

JHHEHHBIX pPa3MepoB  oOpOUTH, Oua
ykasan yxe B § 10. OTMeTUM Takke, uTo Nepuos 3aBUCHT TOILKO OF
SHEPTUU YaCTHIbL.

Ilpu E = 0 aBuxenne uuunntrao. Ecau E> 0, TO SKCHEHTPHUCHTET
e>1, T.e. TPaeKTOpUd ABAAETCH rHnepGonoi, orubaooulei HEHTP NOAHA
(doxyc), kak noxasaHo Ha puc. 12. Paccrosuue nepurenns or LedTpa

Fmin= gy =a(e—1), (15,9)
rne
— P _a
C=a 1T

—- QMOJNYOCbY THNEPOOIH,

B cayuae we E=0 skcuenrpucurer e=1, 1. €. 4aCTHUA ABMXKETCHA
no napa6oie, ¢ PACCTOAHHEM MEPHTETUA Imip=p[2. DTOT cayuad ocy-
UIECTB/AETCH, €CAH YaCTHHA HAYHHAET CBOE [ABHKEHHE M3 COCTOSHUA
nokos Ha OeCKOHEYHOCTH.

3aBUCHMOCTh KOODAMHAT YACTHIULE OT BPeMEHH IIPH ABHIKEHHH IO
op6ute Mower ObIThb HalileHa ¢ nmomMouibio oGuie#t dopmyan (14,6). Oua
MoxeT GbiTb NPEACTaBAEHA B YIA0GHOM napaMeTPHYECKOM BIHAE Crie-
AynouiaM o0pasoM,
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PaceMorpuM cHavansa saauntHueckue op6uth., Beoast a u e coraacHo
(15,4), (15,6), nannwenm uarerpas (14,6), onpedeasonuit Bpems, B Buae

‘ m rdr —
= ms‘ l/ o M2
y — Y E T
1/‘% _ rdr
-V % v

C noMOIbIO eCTECTBEHHON MOACTAHOBKH

r—a=—-—aecosf

2TOT HHTErpan nNpuBoaAUTCA K BULY

f=— Efij(l—ecosg) df = ]/Fg(‘g—esing) -+ const.

Bubupas #Had4ano oTcueTa BPEMeHHM TakK, uTobw ob6paTuTh const B
HY/lb, UHONYYHM OKOHYATEeNbHO CJAEAYIOlIEe MapaMeTpuyeckoe NpeacTas-
JIeHHe 3aBHCHUMOCTH I OT 7:

ma3

r=a(l-—ecost), t= T(E——esin&) (15,10)

(B MOMEHT f==0 yacTHUA HAaXOAMHTCHA B nepurenuun). Yepes ToT Xe napa-
MeTp £ MOMHO BWPA3UTh ¥ AEKAPTOBH KOOPJAHHATH YaCTHLB X =7 COS @,
y=rsin@ (0CH X H ¥y HanpasjeHn COOTBETCTBEHHO MO GONLINOH u
Majsoit monyocsmM snaunca). Ma (15,5) u (15,10) umeewm:

ex=p—r=a(l —e?)—a(l —ecost)=ae(cos§—e),
a y uafizem, kak J/ rf—x2 OxonuatennHo:
x=a(cosE—e), y=al/ 1—esink. (15,11)

[Tossomy 06GOpPOTY MO 3/AAHNCY COOTBETCTBYET H3MEHECHUE MapameTpa §
oT Hyas A0 2m.

CoBepLIEHHO aHANOTMYHLIE BHIYHCACHHS NJd runepBOAMYeCKHX Tpa-
eKTOPUH MPHUBOAAT K pe3ynibTary

r=a(echf—1), #¢= @(ash&—&),
x=a(e—chg), y=aVe2——1 shg,

(15,12)

rae napameTrp § mpoGeraeT snayeHus OT —oo A0 - oo,
OGpatumcg K ABHKEHHIO B MOJE OTTAJNKHBAHUA, B KOTOPOM

U =% (15,13)
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(e>>0). B srom cayuae sddexkTHBHAT NMOTEHLUHAIbHAA DHEPTNs

a M2
Yasa =7+ g

MOHOTOHHO YObIBaeT OT --00 10 HYJS NPH H3MEHCHUU F OT HYJsd ARG
oo, DHeprus vacTHUH MOXKeT OblTh TOJIbKO MOJOKITENLHOR H NBHKEHNE
Bceraa wuuduautHo. Bee Buun-

CJAEHUS IJsi ITOro cayuas B .
TOUHOCTH aHAAOTHYHLI IPOH3RE-
JEeHHBIM  Bhile.  Tpaexkropus
aBaseTCs runep6oi0i

Tp:__lJrecosq) (15,14)

o)

£

(p W e OIpPeARASIOTCH Opex- —j\
Sy
uumn gopmyaamu (15,4)). Ona AN
APOXOJHT MHMO LEHTPa 1o,
KaKk rnokasado na puc, 13. Pac-
CTOAHHE MepUreans
r __ P

min — o[ =

=af{e-+1). (15,13) Puc. 13.

3apHCHMOCTD OT BpCMeHn Jdaercy napameTpnquKmm YPaBHEHHIMHU

r:a(echg—{—l), t== V"%f(eShg_*—E)y
x=qa(chf+e¢), y:a]/eQ-—]sh'é.

(15,16)

B zaxsaioyenne naparpada ykameM, 4TO npH JABIKEHHH B foi1e
U=ua/r (¢ moObiM 3HAKOM @) MMeeTCH HHTETpa’k JA8HKeHHsd, cuenndu-
YeCKUH WUMEHHO AN 3TOTO 10js. JIerKo NpOBEpPHTH HENOCPEACTBEHHHM
BLIYHMC/IEHHEM, UYTO BEJHYHHA

ar =
[vM] - — =const. (15,17)
JeficTBUTEIPHO, €€ NOJAHAs NPOW3BOJHASI MO BPEeMEHH paBHa
‘ av ar {(vr)
[VM]_l_‘,'_ P

um, noactaus M==m [rv]:
- . ar (v
mr(vv)——mv(rv)—}—‘%‘i—-—gﬂ;

00JIOHB 3/1€Ch COrJacHO YPABHEHHAM JIBMKEHUS mv=ou'/r3, MLl Hail-
AEM, YTO 3TO BbIPDAWCHHE oGpauJ,aeTcn B HYab.
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Coxpansiromnitca sextop (15,17) HampaBneH BI07b GOabIION OCH
oT (oxyca K mepurenuio, a Ino BeJHYHHE paBeH ae. B arom mpouie
BCETO MOWHO YO6eauThCH, DPACCMOTPEB €ro 3Ha4YeHHE B NEPUreIHH.

[Toguepkuem, 4to HHTerpan ABHwenud (15,17), kak u unterpans M
n E, $Basercs OAHO3HA4YHONH (yHKiuHeH COCTOSHMS (MOJAOWEHHS H CKO-
poct) yactuusl. Mul yBuAnM B § 50, 4TO NOSIB/JEHHE TAKOro AOMNOJ-
HHTQJIBHOIO ONHO3HAYHOTO HHTErpasa CBR3AHO € TAK HAa3Ll BAGMLIM
BHIDOWACHUEM IBUMKEHUT.

3anaum

1. Hafity 3aBHCHMOCTS KOODJAMHAT 4YaCTHibl OT BPEMeHH MpPHU ABHIKCHHH B
none U= —a/r ¢ snepruelt £ =0 (no napaGoue).
Pemwenue. B uurerpane
rdr
t: R ——
20, M2

—_———

m m?
JenaeM NOACTAaHOBKY

el (=L ()
2ma 2
i

U B pe3yJnabTare noJyuaem C/aACAYIOICe MapaMeTpHUuecKoe npeacrasaeHue HCKOMOT
8aBHCUMOCTH.

_r y /MmN
X=§(1——n2), y=pn.
Tapamerp m npoGeraeT 3Ha4YCHHS OT — o0 A0 - 0.

2. [IpoHHTErpupoBaTs YDaBHEHHS [BHIKEHHHS MATEPHANLHOU TOUKY B IeEH-

Tpaabuom nosae U= —a/r?, a>0.
Pewenue. ITo dopuynam (14,6), (14,7) c cooTBETCTBYIOLIHM BLIGOPOM Ha-

qyaja oTcueTa @ K [ HaxoquM:

M? 1 2mE 2ma
@ B0, e 4= s [“’ V ‘W]
M2 1 l/ omE "Oma .
0) mpu E>0, go<a 7=V gma—iph [(P WZ'IJ'
i
7

. 2m | E| 2mao,
- 2ma— M? chle Mz =1 1
Bo Bcex Tpex caydasx

1 -l/-gl/ . M2
t—~E '7 Er——ﬁ—r(l.

B cayuasx 6) u B) uacTHma (Tazaer» B UEHTP N0 TPAGKTOPHH, MpubiuKaoehcs
K Hauany KOODAMHAT npu @ —oo. [lagenne ¢ 3agaHHOrO DPAaCCTOAHHA 7 HpOHC-
XOJHMT 32 KOHEeYyHOe Bpems, paBHoe

7_12— l/g{ ]/a—gg-f—Er?— ]/-a—-gg}.

B) npu E <0, G <O
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3. Tlpu noGapienun K mnoTeHUuuanbHoll sHepruu U= —a/r majoll no6aBxu
8U (r) TpaekTopun (DHHHTHOIO ABHIKEHHH nepecTainT ObiTL 3aMKHYTHIMH H NpH
KamAoM c6opoTe nepurennii opéITH CMELIARTCA HA MAJIYIO YIVIOBYIO BETHUHHY O,
Onpeneauts 8¢ pas cayyaes a) SU=[/r3, 6) dU=vy/r3.

Pewenne, TIpH M3MEHEHHH F OT Fyin AO Fmax M CHOBA AC fyin yroa O
MeHAEeTC Ha BeJAHUUHYy, AaBaemylo dopmynof (14,10), xoTopyw npeacTaBuns
B Bije

r
max

. G 1/ M3
A(p——2—a—/ﬁ 5 2m (E—=U) —-dr

Tmin

(c nenbo n3bexkaTb HUXKE GUKTHBHO pacxoAauwluxcs wurerpajion). Tlosoxnm
U-~—a/r—f—6U M PazjioXKHM NOAMHTErpa/iblioe 3HaueHue 1o crenenam OU;
HyJieBOH Y/eH pasJoxKeHHA jaeT 271, a uJeH NepBOro nopaika-—HCKOMOE CMe~
wenne d:

"max T

2mU -dr _0_(%% A8 dq)), W

0

Sp= amg ]/2 <E+ ) Mz oM
m

rae ©T HHTETPUPOBahMs MO dr Mb NepPelJH K HHTETPHpOBaHMIi0 no d¢ BROJbL
TPACKTOPHH ¢HEBO3IMYINEHHOT Oy ABHIKEHHS.
B cnyuae a) pHTerpupobanne B (1) TpPHBHAJBLHO M JaeT:

ME T~ " ap
(p—napameTp HeBo3myluienHoro sanunca us (15,4)). B cayuae 6) 20U =vy/r,
s, B3a8 ljr u3 (15,6), moayunwm:
6naym? _ 6ny
My T gp?t



TIABA IV
CTOJIKHOBEHHA YACTHUL

§ 16. Pacmaa gacrtun

Yaue camy no ce6e 3aKOHB COXPAHEHHUS UMNY/AbCA H SHEPriud mo3BO-
JAI0T caeatb BO MHOTHX CyyasnX psja BaXHbIX 3aK/JI0YeHUH o CBOHCTBAX
Pa3MHUHBIX MEXaHU4YeCKHX mpoueccoB. [Ipy aTom 0coGeHHO CyuiecTBEHHO
TO OOCTOATEAbCTBO, YTO ITH CBOHCTBA COBEPIISHHO HE 3ABHCAT OT KOH-
KPeTHOro poJda B3aHMOLEHCTBHA MewAY YY4CTBYIOLHMH B ppoliecce
YacTHLAMH,

Hauunem ¢ mpoliecca, npeacTaB/sIoLLero co6o# «CaMonpon3BOAbHEIRY
(r. e. 6e3 BO3AGHCTBHA BHELIHUX CHJI) Pacnad 4acTHUH HA ABe «COCTaB-
Hble 4aCTHY, T. €. HA JBe APYrHe 4acTHIH, ABMKYIUIHECSH nocjie paciana
HEe3aBHCHMO IPYL OT Apyra.

HanGonee mpoCTO 3TOT mPOLECC BHIAAAHT (PH PACCMOTPEHHH €ro
8 cucTeMe OTCYeTa, B KOTOPOH uacTuua (KO pacnafa) mnoKOWIacs.
B cuay 3aKOH& COXpaHEHHS MMOy/Jbca CyMMa HMOyabCoB 06eHX 06paso-
BaBIUMXCS B pPe3y/ibTaTe pacnana uacTHIL TOXKE paBHa HYM0, T. €.
YACTHIH PA3JIETAIOTCH € PaBHHIMH H [POTHBONONOKHO HAMPABICHHBIMH
nMayabcamy. Hx ofuee abconioTnoe sHaueHne (0603HauuM €ro p)
onpeaensertd 3aKOHOM COXDPAHCHHY 3HEPTHH

2

Y r
0 0
Epy=CEp+ +E2BH +2~m—2’

2m,
rae m, H My—MaccH 4vactuy, E;,. n E, —ux BHyTpeHHHe B3Hep-
ruM, a Ej,—BHYTpeHHfsl 9HEpPTHf NepBOHayaibHOH (pacnajgarouieics)
yactulpl, O603Ha4UM NOCPEACTBOM € «IHEPIHIO pacnanay, T, €. pasHOCThb
e=Fy—E o Eson (16,1)
(o4eBHAHO, YTO 3Ta BEAHUYMHA NOMKHA ObITb MOAOWHTENbHOH AJa TOrO,
yto6u pacnaf Oun Boobuie BosMowed). Torma umeewm:
2 2
Po/ 1 1 Py
E—=—{ — — ) = ——
2 <m1+mg> 2m’ (16,2)
4yeM M onpelnenfieTcs p, (M —npHBeieHHas macca 00€MX 4aCTHL); CKO-
pOCTH e YaCTHIL Uyg==py/M;, Vgg==py/m,.



§ 16) PACNAJL YACTHLL 57

[Mepeitem Temepb K CHCTEME OTCYETa, B KOTOPOH MepBHYHAS 4ac-
THILA ABHKETCH 10 PACNAna cO CKOPOCTLI0 V. DTy CHCTEMY 0TCueTd O6BIYHO
HA3BIBAIOT ;1aGOPATOPHON: (HAH 4-CHCTEMOH) B IPOTHBOMOIOKHOCTD «CH-
CTEME LEeHTPa HHepUHH» (HAH 4-CHCTEME), B KOTOPOH MOJHLI HMOY/AbC
paBeH HYJo. PaCCMOTpHM OdHY H3 pacCnajgHblX YacTHIl ¥ NOyCTh V
M V,—ee CKOPOCTH COOTBETCTBEHHO B .- M f-cHcTeMe. M3 oueBMIHOrO
paBedcTBa v=V -} v, i v—V=v,, nmMees:

02 4- V2 — 20V cos O =v, (16,3)
rae 0-—yron BHAETAa YACTHIE MO OTHOWIEHHIO K HAMPaBAEHHIO CKO-

poctu V. DTHM ypaBHeHHEM Omnpejpendercs 3aBHCHMOCTb CKOPOCTH pac-
OAAHOH YaCTHHH OT HAafpas/ieHus ee BulieTa B Ji-cucreme, OHa MOXeT

. Q) V<u, . g V>u,
Puc. 14.

CblTh. NpeACTaBaeHa rpauyeckd ¢ NOMOUHLIBIO JHATpPaMMbl, H306pakeH-
Hoft na puc. 14. Ckopocrtb v naeTcd BEKTOPOM, NPOBEACHHBIM B KAKYIO-
4160 TOYKY OKPYKHOCTH pajiuyca v, 1) u3 Touku A, OTCTOAWIEH HA pac-
croanue V o1 uentpa okpyxHocT. Cnyvadam V<Co, n V> v, orsevaior
coorBeTcTBeHHo puc. 14, a u 6. B nepBoM caydae 4acTuia MOXeT
suieTeTs nod aobuiv yraom 0. Bo BropoM ke cayyae yacTHUA MOXeT
BBUIETETH TONbLKO Brepen, HOA yriaoM O, He npesBHIalOU(UM 3HAYEHHA
0 laBAEMOr0 PABEHCTBOM

sin 0 Zo " (16,4)

max = Y

max?

(nampaB/ieHne KacaTeJbHOH K OKPYWMHOCTH, MPOBELEHHOH W3 TOUKH A).
Ces3p Mexay yraamu Boiieta O u O, B 2- u y-cucremax oueBuaHa
M3 TOH ke puarpammpl U xaercd dopmynaof
v, sin 0,
vecos 0+ V"
1) Tounee—moGyio Touky chephl pajnyea vy, ARAMETPANbHEIM CeUEHHEM KOTO-
poil aBaseTca H3o6paxKeHHAad Ha PHC. 14 OKPYKHOCTb,

tg 0= (16,5)
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Ecan pemnTh 370 ypasHesHe 0THOCHTEABHO COs O, TO nocjae saeMenTap-
HbiX npeoGpasoBanuil NOAyUnM:

cos(%o:—lv—‘sinzeicos@]/ 1-V—:smze. {16,6)
[ U

0

ITpu v,>V cBasp meway 0, u 0 oxnosnaysa, KaK 3TO BHAHO H3
puc. 14, a. B ¢opmyae (16,6) nano npu sTom BhOPaTb 3HaK -}- nepex
KopHeM (TaK, urofh Guio O,=0 npn 06=0). Ecm we v,<<V, 10
cei3b Meway O, 1 0 HeOLHO3HAURA: KAXAOMY 3HAYEHNIO § OTBevalOT ABa
3nadenns 0y, coorBeTcTByOULNE (HAa puc. 14, 6) BeKTOPaM v,, npoBeAeH-
HEM H3 lEHTpa OKPYWKHOCTH B ToukM B uam C; UM OTBeualOT ABa
anaka neped xopuem B (16,6).

B ¢uanyecknx npuMeHeHHIX NPUXOAHUTCS OBLIYHO HMEThH J€/10 C pac-
NaaoM He OJHOM, @ MHOTMX OAMHAKCBHIX YaCTHIl, B CBA3H ¢ 4YeM BO3HH-
KAIOT BONPOCH O PAacHpeneseHHH PacnafHBIX YacTHIL NO HanpaBleHUsAM,
oneprugM # T. n. IIpn stomM Mu Oyiem npelnojarath, 4TO nepBHUYHEE
HACTUILI OPHEHTHPOBAHE B NPOCTPAHCTBE XAOTHYECKHM, T. €. B CPELHEM
U30TPOMHLIM 00pazoM.

B y-cucteme oreT nBa 3TH BONPOCH TPHBHAJeH: BCe pacnajgHue
yacThiuel (OAMHAKOBOTO pOA2) HMEOT OAMHAKOBYIO DHEPrHio, a HX
pacnpejeneHye 0 HanpaBJeHnaM BhyieTa n3orTponuo. [locnennee yrsep-
WAEHHE CBSI3aHO CO C/JeNaHHbM OPENNOJOWEeHEM O XaOTHYHOCTH OpPHEH-
Tauuil nepsuuHnx uyacrtuu, OHO O3HA4YaeT, YTO A0OAY YHCAa YacTHY,
JACTHUIMX B dJIEMEHTE TEeNeCHOro yria doy NponopuHOHaNbHA BEAHYHHE

do
9TOr0 3JEMEHTa, T. €. paBHa 71750‘ Pacnpeneaenre no yrnam 9, no-

AYYNM OTCI0AE, MOACTaBUM doy==2m sin 0, dBO, T. €.
I .
- sin 6, d9,. (16,7)
Pacnpenenenns B 4-CHCTEME QNOAYYAIOTCT MyTEM COOTBETCTBYIOUIErO
npeofpasoBanua 310ro euipawenns, Onpenenum, HanpuMep, pacnpese-
JdeHne 110 KHHETHYecKOfl SHeprun B 4-CucTeMme, BosBoas B xBagpar
paBencTBO V==V, V, naxoamm: »

v? = v -+ V24 20, Vcos 0,
OTKyna
d (v?)

dCOSB():'QTv.
[

Brons cioma xunernuyeckywo suepruo T=mv?/2 (rze m ectb m, nan
My, CMOTPH O TOMY, KAKOTO pona pacrmajlble YacTHLB MBI PACCMaTPH-
BaeM) u noacrtasass B (16,7), monyuum HCKOMOE pacnpejeseHne

dar
2mu,V* ] ) ) (16»8)
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Kuuernyeckass 3Heprua MOWCT npoferath 3HAYEHHE OT HAUMEHBLIUIETO
Tmi“:%(vo—w V) nxo nanbonbuiero mez%('vo—i— Vy2. B artoum
MHTEDBAJE YaCTHLH pacnpeneaensl coraacHo (16,8) oaunopoano.

Ilpu pacnaze yactnus Ha 60Jee 4YeM JBe YAaCTH 3aKOHH COXpaleHHd
HMIY/AbCa U IHEPTUU OCTABARIOT, €CTECTBEHHO, 3HAYHTENbHO O0AbIIUI
IIPOM3BOJ B CKOPOCTAX M HANPAaBAEHHAX pacnalHblX 4YacTHL, yeM Mpu
pacnaie Ha ABE YacTd. B 4aCTHOCTH, SHEPTHH Pa3JeTaOUIHXCF YaCTHIL
B 4-CHUCTEME OTHIOAb HE UMEKT OAHOTO onpeneneHHoro auavenuda. Cyuge-
CTBYeT, OLHAKO, BEPXHUH npefen KHHEeTHYEeCKOH IHePrHH, KOTOPYIO MOXKeT
npU 3TOM YHecTH ¢ coOOH Kawjaas H3 pacmaaHbiX YacTHIL.

Ins onpensenenus aroro npepena OyLeM pPacCMaTpHBaTh COBOKYI-
HOCTh BCEX PACmaAHbiX YACTHI{ 32 UCKAIOYEHHEM OXHOH 3aZaHHOH (C Mac-
€Ol m,) KaK OAHY CHCTeMY; ee «BHYTPEHHIOIO» 3HEPrui0 0603HAYUM
NOCpenCcTBOM E;H. Torza xuHeTnyeckas 3HepPrus 4acTHUB m,; Gyxer co-
raacdo (16,1), (16,2):

p2 M—m, ,
T10=2701=_[V1——(EBH_EIBH_EBH)

(M—macca mepeuudofi wactuus). Ouesmauno, uro T,, Oyder umeTh
Haubobillee BO3MOXKHOE 3HAYEHHE, KOTHa E;,, muuuMannua. Iag srtoro
HaLo, 4TOObl BCE PACHANHDIC YACTHULB 3d HCKAKYEHHEM YaCTHUH /2
JABHUTaMHCh ¢ OONHOU M TOH e CKOPOCTHIO; TOrma E;H CBOIHUTCH [POCTO
K CyMMe HX BHYTPEHHHX 9Hepru#i, a pasHoOCTb EM—EMH—-E}'3H ecThb
aHeprus pacrnaga & Takum o6pasou,

M—
(T1ohmax =~ &- (16,9)

3agauu

1. Hafitu cBA3h MeXAy yraaMmm Beutera 0;, 0, (B 4-cucTeme) pacmagubix
4aCTHIL NpU pacnajge Ha ABe YaCTHIBL. v
Pemenue B y-cucreme yrinl Bbiiera ofeuX YacTHll CBA3aHBI DOCPELCTROM
quzn——ﬂm. OGosnauast 0;, npocro kaxk 0, u npumenss popmyay (16,5) Kk xax-
BO# M3 ABYX UACTHUL, MHIUEM:
V +-vy5c08 0p=vy,sin 6, ctg 8y,
V—vy4cos Oy == v, sin B, ctg 0,.
M3 sTux nByx pameHcrs Halo HCK/MoYuvs 0, Jljas 3TOrD OMpenesseM CHauaja
K3 HuX cosB, u sinB, mnocse uero cocrasiasieM cymmy cos?0,- sin28,=1.
YuuTeiBasi TaKXKe, YTO Uye/Ugy==1My/My W HCIOAB3YA (16,2), Halijem B pesysbrarte
caefyioilee ypasHesue:

—%’:— sin? 85 -4 % sin? 0, — 2sin B, sin 0, cos (6; + 6,) =
2e 9
_W sin (91 +92).

2. Haiitu pacnpejenicHue pacnajHblX YyacTHI, 10 HANPAaBJACHHAM BblJeTa
B A-CHCTeMe,
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Pewenue, Mpn vy >V noacrasasem (16,6) co 3nakoa naloc nepei Kop-
neM B (16,7) 1 noayuaeM HCKOMOE pacnpelesende B Bijae

V2
14 —5 cos 26

i v
M 2v—c056+ S O a).
2 Uy Ve
| l—— sin?Q
L Uy

e

Tlpu vy <V uano yuutwiBaTh 0Ge Bo3amoxHble cBsisi 0, ¢ 0. TMockoabky npu
yeesanueRuit 6 OfHO ©3 COOTBETCTBYIOWEX emy 3uauenuil Oy pacrer, a Apyroe
yOniBaeT, TO HaJo 831Th PASHOCTE (4 He CymMy) pmipaxkennii dcosO, ¢ asyma -
sHakamu mepen xopuem B (16,6). B pesynbrare nmoaydum:

VZ
1+ —5~ cos 20

%

e

/l_Lsm?O
Vo

3. Onpenenute WHTEpBAJ 3HAUeHHH, KOTOPHE MOXeT uMmers yroa O mexay
NaNpaBJeHHsIMH BblAeTa O6eNX DACTafHBLIX YacTHI B A2-CHCTeMe,

Pewenue. Yroa O ects cymma 0p -0, yrios, onpeaensiiouinxcs QopamyJioi
(16,5) (cm. sajauy 1); mpoule Bcero BhiYHCAsercsi TaHreHc storo yraa. Mceeaego-
BAHHE 3KCTPEMYMOB HOJYYAIOMETOCH BEIPAXKEHHS NPHBOAHT K CAEAYIOILHM HHTep-
BaJaM BO3SMOXHHIX 3HAueHMl O B 32BHCUMOCTH OT OTHOCHTENLHOH BeMHYHHE V
Uig, Ugg (AN ONpellesleHHOCTH 110JATaeM BCEria Us>>Uj,)t

0<<B<m, ecomu Dy <V < vy
n—0,<0 <n, ecnn V < vy
0 <6<, ecan V> vy,

ppuyem znavenye O, Jaerca opmyJso

V (050 -+ ©sg) .
V24 vy g

sin 8 dB (0<C0<<Bhax)

sinOme=

§ 17. Yupyrue CTOIXHOSEHUS YACTHI :

CronxnoBennre ABYX 4acTHL, Ha3blBAIOT YNPYTHM, €C.1¥ OHO HE COMPo-
BOWAAETCY H3MeHEHHEM HX BHYTPeHnHero coctosuus. COOTBETCTBEHHO
3TOMY (PH MPUMEHEHHW K TAKOMY CTOJKHOBEHHIO 3aKOHA COXPaneHus
3HEPTHH MOWHO He YYHUTHIBATHL BHYTPEHHEl SHEPruH YacTHIL

[Tpouwe Bcero crojKHOBeHHE BHIAAAHT B CHCTEME OTCYETA, B KOTO-
POl LeHTP HHepUHHu 06EHX YACTHU MOKOHTCH {y-cucTeMa); GyaeM OTaH-
4yaTh, KaKk H B npeabayuleM naparpade, wHiexcom O 3HaueHHd BCIHYUH
B arofi cucreme. CKOPOCTH 4YacTHIL A0 CTOJAKHOBEHHST B 4-CHCTEME
CBA3AHK C UX CKOPOCTEMU V; H V, B Na60opaTopHofi cucTeMe COOTHOUIe-

HUAMH
my my
V= —— 2 Vygoz = L ¥
" m, 20 myfmg

e v=v;—v, (co, (13,2)).



§ 17} YHPYTHE CTOJIKHOBEHHS MACTHI 61

B CHITY 34K0OHa COXpaHeHus HMﬂyIIbCﬂ HMITY 1B CBI obenx YACTHI OCTAIOTCH
MoCae CTONKHOBEHHA paBHBIMH IO BEJIHYHHE H [IPOTHBOITOJIOAHBIMH o Hafgpas-
JIGHH0, a B CHJAY 3aKOHd COXpaHeHHS 3IHCPTHH OCTarTCd HEU3MEHHLIMH
H uX a6CcoMOTHBE BeauuHHH, Taknm 00pa3om, pe3yibTaT CTOJAKHOBEHHS
CBOLUTCA B Y4-CHCTEME K TOBOPOTY <CKopocteli o0emx 4YacTHi, octa-
UIHXCI B3aHMHO HpOTHBOﬂOJlO)KHb!MH U HEHU3MEHHKIMHY [0 BEJIHYHHE. Ecau
0003HAYUTH mocCpeacTBOM 1Ii, e IHHHYHBIH BEKTOp B HATIPABJCHHH CKO-
POCTH 4aCTHUH #, 1OC/AE CTOJKHOBEHHS, TO CKOPOCTH OGEHX YaCTHLL
[0C/i€ CTOJKHOBEHAS (OT/IHYaeM HX mTp}nou) OymyT:

Vip= Elﬁl—a—zfuno, Véo=—ﬂ—1;%;l;'vﬂo- (17,1

Yrobu BO3BpaTHTBCE K J1aDOpaTOpHOH cHCTeMEe OTCYeTa, Hano
H06aBUTH K STHM BBIPAWEHHAM CKOpocTh V wLenTpa Hurepiud. Takum
00pa3oM, LIS CKOPOCTel HacThi

: 4

B A-CHCTEME TOC/AE CTOJKHOBCHHA
MoJy4aem:
'
= g, et

+m1v1+m2v2

m1+m2 '(17,2)
k4
Vy, = n, -
2 m1+m 0
+ myVy4HlaVy

My My —
9C=muy
IDTHM HCUEPNLIBAIOTCH CBele-
HHS, KOTOpHIE MOXKHO MHOJYYHTh AO‘,,,W (R+8)
O CTOJIKHOB 1 H
< OBEHUH, MCXOA 3 0‘3—//7 . (o,+B)
ONHHX TOJbKO 3aKOHOB COXpa-
HeHHS UMINy/AbCa H 3xepruu. Yro Puc. 15.
KacaeTcs HampaBJeHust BeKTOpa
N;,, TO OH 3aBHCHT OT 3dKOHA B3aUMOLEHCTBHA YACTHU ¥ WX B3AUMHOTO
Pacro/ioKenHs BO BpeMsi CTOJIKHOBeHM .
[Tonyuyennpie pe3ynabTaThl MOMHO HHTEPOPETHPOBATh TEOMETPHYECKH.
llpu srtoM ynoGuee mepefiTi oT CKOpocTeill K MMIYAbCaM., YMHOMXHB
papenctBa (17,2) COOTReTCTBEHHO HA M, W M, HOHY‘IHNI:

pl=mvno+~——-——(p,+pa) p,= ~—rfwno+m T (PP (17,3)

(m:mlmz/(m1+m2)—npnee11euﬂaﬂ macca). IlocTpoum  okpyxHOCTH

C pazumycoM mv H IIpPOU3BENEeM YKa3aHHOe Ha pHC, 15 mnocrpoenne.
—_— —_ —_—
Ecnu equuanynnit Bekrop n, Hanpasied Broas OC, to Bektopw AC u CB

J310T COOTBETCTBEHHO HMIY/AbCHl Py M P,. IIpu 3alanHeix p, u p, painyc
OKDYXKHOCTH H I0JOXeHne TOYeK A H B HeuaMenHn, a Touka C Moxer
HMETh JIIO60@ I0/IOKEeHHe HAa OKPYXHOCTH.
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PaccMoTpuM noapofHee ciaydait, Koraa O4HAa W3 4acTHU {YCTh 3TO
GyAeT YacTHUA M,) A0 CTOJKHOBEHNS NOKOHAach, B stom cayvae anuna
m
OB——2__
my + my
na oKpyxHoctu. Bextop we AB coBmajzaer ¢ HMNyJAbCOM P, Neppoid
yacTiue 10 paccesuus. [Ipu atoM Touka A nexur BHYTPH (ecan my < my)

D, =—mvU coBNajgdaer ¢ aiuyCcoM T. €. Todka B aexur
1 )

Q) My<ily - 5)07,)@
AB=p, ; AQB=my/m,

Puc. 16.

Hny BHe (ecau m; >>m,) oxpyxsocty. COOTBETCTBYIOUINE JHATDAMME
nszobpaxenn Ha prc. 16, u 6. Ykasaunusie Ha nux yrao 6, n 0,
NPEACTaBAfIOT COOOH Yranl OTKAOHEHMS YacTHIL [OCJAE CTOJNKHOBEHHS
0O OTHOWIEHHIO K HanpaBjeHmio yjaapa (nanpasaenuio p,). llenrtpanb-
HbIH e yroa, oG03HAayeHHB HA PUCYHKAX MOCPEACTROM Y (Aarouiuit
HafnpasjieHne 1,), NpeAcTaBageT COO60H yrom NOBOPOTA NepBOH YacTHUL
B CHCTEMe LeHTpa uHepuun. M3 pucynxa odeBuaso, uro yriaw 0, n 0,
MOTYT OLITH BHIPaMeHH uepe3 yroa § ¢opmynamn
mg sin’ _a—=X

tg61=m———————-l+m2wsx, 92——2 . (17,4)
Boinmuumenm rtakwe GOpMyIn, onpenensouHe abCONOTHEE BEJHYHUHE CKO-
pocTeit 06eHX YaCTUIX MOC/Je CTOJNKHOBEHHS 4Y€pPE3 TOT Me yrona y:

y :]/mi‘-l-m:-{-lemz cos X'U o 2y X 17.5)
! my gy ’ 2 my4-my 2° o
Cymma 0,40, ecth. yron pasjera vacTHI f10c/Ie CTOIKHOBEHHS,
Ouennano, uto 8, + 0, >mn/2 npu m;<my un 0, + 0, << /2 npu my > m,.
© Cayuaio, xorxa ofe HacTHLUB MmOCJe CTOJIKHOBEHNH ABHKYTCH Ha
oxHOi npaMofi («1060BOH ymap»), COOTBETCTBYET § =1, T. €. NOJOKe-
#ue toukn C Ha JAuHamerpe ciaesa ot Toukn A (puc. 16, a; npu sTom p;
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H P, B3AUMHO TIPOTHBONOAOWHL) HAH Meway A n O (aa puc. 16, 6; npu

3TOM pP; U P, HAODABJCHB B OJHY CTOPOHY).
CropocTu 4acTHu Moc/ie CTOJAKHOBEHHS B 3TOM CJyyae paBHbl

MMy, =2 (17,6)

vy = Vo = -V,
L mmy 2T my my
3uavenue V, IIPpH 3TOM — HanboabIIES BO3MOXHOE; MAKCHUMaJbHasd dHEP-
THd, KOTOPYIO MOXET II0JYYHTbh B pe3yabrare CTONKHOBEHHA NepBOHa-
YaJbHO NMOKOHBHIAACA YacTHIa, PaBHa, CJAeA0BATCAbHO,
‘2
E' ~m2v2max__ dmymg (17 7)
2max 2 (m1+ﬂ12)2 1 4

2

mu
—i—‘-—nepBOHa‘{aanaﬁ 9HEPrua HajeTamoued YacTHIIH,

Ipu my <<m, cxopocTh nepsoi yacTHUL IN0CIE CTOAKHOBEHHS
MO¥WET HuMeTb J/Mmoboe HAMPaBlIeHHE.
Ecnu we my > m,, yrojl OTK/IOHEHUA
JeTsuledd 4acTUUB He MOMKET IIPEBHI-
ars  HEKOTOPOro0 MAaKCHUManbHOrO
3HAYEHUA, COOTBETCTBYIOUWILLO TaKO-
My nosowenuo touxku C (puc. 16, 0),
npu Kkoropom mpsmas AC kaca-
ercst okpyxwuoctu, OueBHAHO, UTO
5111 04 pax = OC/OA, uin

S0 04 oy = (17,8)

rne E, =

OcofeHuo  MPOCTO  BHITASTHT
CTOMKHOBEHHE YacTHl (M3 KOTOPHIX Puc. 17.
OJHA TEePBOHAYANBHO HOKOUTCH) €
OAMHAKOBHIMU Maccamu. B aToM cayuyae He TOARKO TO4YKA B, HO H
Touka A newat Ha okpywHocTH (puc. 17). Tlpm arowm

'x —
0, =%, B,="2%, (17,9)

. X ’ .
¥y =0UC0S 5 Uy =vsin 5.

OTMETHM, YTO YaCTHUR PA3JACTAIOTCH IOCAE CTOJNKHOBEHUA IIOL MPpAMbIM
yraoM APYyr K Ipyry.

(17,10)

3agmavua

Bripasurs CKOpOCTH 06ENX YACTHIL TIOCIIE CTONKHOBEHUA ABMKYIEHACST HacTuih
(my) ¢ HemoaBuKHON (m,) uepe3 HX YIJbl OTKJIOHEHUS B 4-CHCTeME.

Pemenwue Hs puc. 16 umeem p; =2.0B-cos 0; uau v;=20 %cos 0.
, 2
Ius umnyasca xe p, = AC nmeem ypasHenue
0C?= A0+ p*—2A0-p) cos 0,
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rN 2
v v -
U _21}1 1 cos O +tr11 me _
4 m, v my+my

,
1 my 1 -

— = 08 8 £ — m?—m? sin®
Uy my L= my 4-my 2 y Sin® 6

(npH my > my nepej KopueM AONYCTHMH o00a 3Haka, NpH My > my;—3uaK - ).

HIAH

Orcona

§ 18. Paccesnue yacTun

Kag 6L10 yKe yKasaHo B mpeasayiiem naparpade, monHoe onpeje-
JicHHE pezvabTaTa CTOJKHOBEHHS ABYX dacrtuil (onpeienenne yriaa X)
TpedyeT pelleHus ypasHe-
HUH JBHMWEHHA ¢ Y4YeTOM
KOHKDETHOFO 3aKoHa B3a-
HMOACHCTBHA YaCTHIL.

B coorBercreHM €
obmuM npasujgoM Oyae
paccMaTtpuBath  CcHavasaa
3KBHBAJCHTHYIO 3a1auy 06
OTK/JOHEHHH OLHOH 4acTH-
npl ¢ Maccot m B moje
U(r) nenoasuxHoro cuuio-
BOro ueHrtpa (pacnono-
)KEHHOrO B LIEHTPe HHep-

T ILHH 4aCTHL).
4 9:_0 ______ _,_/” _____ . Kak 6b10 ykasauo B
§ 14, TpaeKxTOpHSs YaCTHIH
Pue. 18. B LEHTPAJbHOM [ojie CHM-

METPHYHA N0 OTHOLIEHHIO
K npaMoff, npoBeAeHHOH 8 GaHkafIyi0 K HEHTPY TOYKY opoute (OA
na puc, 18). [lostomy o6e acHMNATOTH OPOGHTH MNEPECEKAIOT YKA3aHAYIO
NPAMYIO M0 OAHHAKOBEIMH yrnamu. Ecan 0603HauuTh 9TH yriw nocpen-
CTBOM (¢,, TO YIOJ ) OTKJOHEHHUS YaCTHLH IpH ee nPOJETAHHH MHMO
LenTpa ecTh, KaK BHJAHO U3 PHCYHKA,

x=|7—20]. (18,1)

Yron we ¢, ompeaensercs coraacno (14,7) unrerpanom

°3‘ M
r—z-df
Po= e (18,2)
2m [E—U (r)]—-‘—-

'min
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B3ATHIM MEKAY GIIDKAHIINM K UEHTPY M OeCKOHEeYHO YIAJeHHBLIM 110.10-
HKEHHUAM YacCTHILH. HaHOMHPIM, 4yToO rmln SIBJSIETCSI KOPHEM BhIDAXKEHHT,
CTOSMILLErO oA 3HAKOM paxmngaJa.

HDH HHQ)HHHTHO.\I JABHXEHUH, € KOTOPLIM Mhl HMEEM 3IeCbhb [1€.10,
yALOGHO BBECTH BMeCTO HOCTOSHHLIX E u M apyrue —CKOpOCTh Uy,
YacTHIbl HA GECKOHEUHOCTH M TaK Ha3biBAEMOE 7IpuljetbHOe paccmos-
nue p. [Tocnennee npescrasasier co60H AMUHY MEPHEHTHKY ALPA, ONYUIEH-
HOTO U3 LIeHTPAa HA HANIPABJAEHHE Uy, T. €, PACCTOSHHE, HA KOTOPOM YaCTHLLA
npouna Gul MUMO 1LeHTPa, ecau Ol CHAOBOL NOMR OTCYTCTROBANO {pic. 18).
OHeprust ¥ MOMEHT BHIPAKAIOTCH Yepe3 3TH BeAMUHHM COrAacHO

muv

2
E=—2, M=mpva, (18,3)

a dopmyaa (18,2) npuuumaer sun

o

I dr
_ o . (18,4)
o= s
’zin r ”“’?o

Byecte ¢ (18,1) ona onpejienseT 3aBUCHMOCTBL ) OT O.
B dusnyeckux npuMeHeHHsX NPUXOUHTCH OOHIUHO HMETh Iel10 He

¢ HMHAMBHAYa/AbHHIM OTK/JOHEHHEeM 4YacTHUB, a, KaK TFOBOpAT, C pacce-
SIHUer LeNIOT0 NYYKa OAHHAKOBLIX YaCcTHL, MAaLAIOLUIHX HA PACCEMBAIGULHT
UeHTP C OAHHAKOBOH CKOPOCTHIO V. Pasauyubte yactuusl B myuxe 06.1a-
AAIOT PA3HYHLIMH MPHLEAbHLIMH, PACCTOSHHSMU 1 COOTBETCTBEHHO PaC-
CEHBAIOTCH 0K PA3IHYHBIMH ymawnx O6o3naunm nocpencrsoM dN uucio

YacTHIl, pACCeNBAEMbIX B €LMHHIY BPEMEHH Hd YIJIB, JIQWAlHC B HHTEp-
Bate mexAy ¥ u y-+dy. Camo no ceSe 3TO 4uCIO HEYAOTHO Al4
XAPAKTEPHCTHKH [POLEcca paCcesHUsl, TaK KAK OHO 3aBHCHT OT INIOTHOCTH
nazamlero nyuxa (mponopunosansio eil). [Tosromy BBenem oTHOmIEHNS

do =4, (18,5)

TA€ 72— u¥CH0 YacTHH, NPOXOAALIHX B €LHHHILY BpPEMEHH yepe3 eAM=
HHLY [UIOL{aAH NONePeyHOro CeYeHHA NYyyKa (Mbl IPEANO/araeM, ecTecT=
BeHHO, YTO MYy4YOK ORHOPOAEH MO BCEMY CBOEMY C@YEeHHIO). DTO OTHO=
[IeHHe HMeeT Ppa3MepHOCTb [IOWAJH M Ha3blBaercd aghgdhexmusnslti
cenertien paccesrus. OHO BCRlLE/O onpeneaseTcs BHAOM paccenBalouierag
moast ¥ ABJAsercs BawHeHweHd xapaxTepuCTHKON mnponecca paccesHus,
Byaem cuuTtaTh, 4TO CBA3H MEXAY ¥ H O — B3aUMHO OLHO3HAUYHA; ITO
TaK, €CJH YroJ pacCesHHs fIBJSETCS MOHOTOHHO yGwiBaioutefl dpyuxuyei
IpHLeNBHOTO paccTosHud. B Takom ciyuae paccenBaloTcsi B 3alaHHBIL
nHTEpBAT YII0B MewAy Y W 7y -+ dy Aumb Te 4YacTHIH, KOTOPHE JNeTHT
€ NPHUEIbHBIM DACCTOSHHEM B ONPEAEJCHHOM HHTEPBAle MewAy P ()
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u p{y)+dp (x). Yucao TaKHMX HACTHL PAsHO [POU3REALHHIO 7 HA {110-
Haxb KOJAbLLA MEXK1Y OKPYXHOCTAMI C painycaMu p ¥ p+4dp, T. e.
dN=2np dp-n. flostony sddekTiBHOC Cedenie

do=2apdp. {18,6)

Yto6u HafiTH 32BUCHMOCTL 9QPEeKTHBHONO CEYSHHA OT yriaa pacces-
HHl, LOCTATOYHY MEPCIUCATL ITO BHIPANEHHE B BILS

do = 270 (3) d—Z%ldx. (18,7)

Ml mumem szaecs aGCONMIOTHOC 3HAauenue npom3soianoll dp/dy, umes
BBHAY, 4TO OHA MOKET BLITh OTPHIATENLHOH (KaK 3TO 00HUHO ShiBaeT) ).
YacTo oTHOCAT A0 HE K DJIEMEHTY ILTOCKOr0 yraa dy, a K 3JEeMeHTy
TerecHoro yraa do. TenecHbii yroa Meway KOHyCaMu € yraaMmu pac-
TBOpa X U y--dy ectb do=2msinydy. Ilostrouy nmeem us (18,7)
000 1% go. (18,8)

siit X

do =

Bosepawiadce Kk (aktnuecxkoll 3ajade o pacCesHuM Hydka 4acCTHL
HE Ha HENOABIKHOM CHJIOBOM LIeHTPE, 4 Ha APYTHX IEPBOHAYANBHO OKONB-
HUXCH 4acTHIAX, Mbi MOWEM CKasaTb, uTo opumyaa (18,7) onpexenaser
odekTuBHOE Ceveuywe B 3aBUCHMOCTH OT Yrjia pacCesHHd B CHCTeMe
venrpa udepuun. Has naxowaeuus we 3h(PEKTHBHOrO ceuyeHus B 3aBH-
CHMOCTH OT yraa paccesnus O 8 maBopaTopHOH CHCTeMe HAAO BRIDA3HTDL
B o1olf Qopmyne y uepes O coraacuo ¢opumyram (17,4). {lpu stom
T NOTYYaIOTCA BHPAWEHHd Kak J1IA
ceueHUd paccesHusd Najgalouwero
Ny4Ka yaCTull (y BbLIPAXKEHO yepes
0,), Tak W Aag wacTHL, HepBO-
Haua/AbHO NOKOHBIIHXCA () Bhpa-
weno vepes 0,).

Sagauwn

1. Onpezenuts s(hdexrTnBHOe ceye-
HHE paccedlis YacTHL OT a6COIOTHOrO
TBEPJAOro IapHka pajauyca a (r. e.

Pre. 19. OpH 3akode B3aumojedcersua U=wm
npu r <<a u U=0 npu r > a).

Pewenne, Tax Kak BHE WAPHKA 4acTHIa ABHKETCH CBODOAHO, 4 BHYTpPb
HEro NPOHWKHYTh B000me He MOMKeT, TO TPAeKTOPUA CKJAAALIBAGTCS H3 ABYX
TPSIMBIX, PACHOJOXKEHNBIX CHMMETPHIHO OTHOCHTENbHO pajdyca, TPOBEACHHONO
B TOYKY MX mepeceuedus ¢ iapuxom (puc. 19). Kak Buano H3 pucyHxa,

a— A
X:a €os

p=a sin ¢y ==a sin 5 5 -

Y Ecan dynkrua p (¥) MHOrO3Haulia, T0 HaA0, OUEBH1HO, B3SATh CYMMY TaKHX
BBIpAMEHNH TIo BceM D2TBAM 3TOR PyHKIUH.



§ 18] PACCESHHE YACTHIL 67
[Moactapnss B (18,7) uau (18,8), nonyunm:

2 2

do:n%sinxd)(: —Z—do, H
T. €. B y-cHCTeMme paccesiiie usorponso. Harerpupys do no scem yraam, Hai-
A€M, UTO MOJHOE CceyeHHe O:=ia> B COOTBETCTBHH C TeM, UTO NpPUUeAbHAS NAO=
tjadpb, B KOTOPYIO JO/MKIIa MOMacTe vacthua AIs T0ro, urofpl BooOHle pacs
CeAThCS, €CTh NJIOWAAb CeUCHHs LIapHKa.

Jasg nepexoja K 4-CHCTeMe Hajo puIpa3uth ¥ uepe3 O cormacuo (17,4).
Brraucaenus DOJTHOCTBIO aHAJOTHYHBL NPON3BeAEHHnM B 3ajave 2 § 16 (smuay
dopmansHoro cxogcrra dopuy.a (17,4) u (16,5)). Tips my << my (my—mMacca 4acTuil,
g —MacCa IAaPHKOB) NMOJYUHIM:

m?

. ) 1 +n—22 cos 26,
doy =~ 2™ cos 0, - t ldn
4 My mz
1.
l—— sin? 0,
m

2

(doy =2m sin 0,d0;). Ecan xe my < my, 10
m}
1 +— cos 29,

a2 m;

2

doy = — ———————1do,.
2 2
,nl .
1——sin%0,
2
2
[pu m; =m, nmeem:
doy=a?]cos 0, | doy,

YTO MOXKHO TNIOJYyUWTb ¥ NpaMoil noAcraHoBrofl X ==20; (corsnacno (17,9)) B (13.

[ast nepBoHayaibHO TOKOMBLIHXCS I1MapHKOB MMeeM Bcerpa X=n— 20,,
¥ nojactanoska B (1) naer:

doy=a? | cos 0, do,.

2. Jlast Toro xe cayuas BHPasuTh 3QQeKTHBHOE ceyeHHe KakK QYHKIHIO 3HEp-
THH &, TepseMOHl paccenBaeMBIMU UaCTHLIAMH.

Peuwenne JHeprusa, TepsieMass yactnueil /iy, COBNajfdeT ¢ sHeprue, npH-
ofperaemoili wactuued my. CoraacHo (17,5) n (17,7) umeem:

2m3m e
4 1773 2 . .
g=F = —"_— v sin? - =¢ sin? —-
2 (my+mg)? "> 2 max 27
oTKyJa
1 .
dg:§ Emax SIN X dX,
v, noactasaas s Qopmyay (1) sagasm 1, moayuum:
de
do=mna? ———,
€max

PacnpepesieHde paccesiHHBIX 4acTUI[ MO 3HAYeHHSAM € OKa3HBPaeTcs OJAHODOAHLIM
BO BCEM HHTEDBaJe € OT HYJAA A0 €max.
3. Kax 3aBHCHT 3()(EeKTUBHOE CeYeHHE OT CKOPOCTH U, 4aCTHI{ PU pacced-

ana B nose U wnr™ ™
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Pemeune. Coraacuo (10,3), ecan noredunaslbHas 3Heprus ecTb GAHOPOZA-
- o
Had QYHKIHA NOPAAKA k=, TO AJds NoJo0HLIX TpaekTopuit pwrv 27 wan
—2/1
p=v"F(X)
(yroel OTKJAOHEHUS ¥ 475 o A00HHX TpaexTopuil oarraxosl). [Toacrasassa s (18,6),
Halijges, uTQ
do vt " do.
4. Onpegeantd >bdeKTHRHOE CedeHHe AJs «I1a/ICHIIMy WACTHN B LEHT) N0JId

U= —a/r?
Pewenune, «flagaiors B UEHTP Te YaCTULB!, AJS KOTODHIX BBIMTOJTHSETCSH

CHOBHE 2a>nzp2zfi {cnr. (14,11)), T. e, y KOTODBIX MpHIENbHOS paccTosunde

p
He MPeRBIIIACT 3HAUEHHA Puay =} 2a/mo? . TlosTomy uckomoe apdekTHBHOE

ceueHue
Homn s 2
e . O =P pax = I
ll:.Z/QO
5 To xe B noJe =—/r? (n> 2,
o> 0).

Pemenue. 3anncumocts s3¢pdeKTHBHOM
NOTeHHHa 1LHO SHEPruH

mp¥i o

b ="z 1"

OT 7 HMeeT BH/, H300paxkeHHH Ha pic. 20

¢ MAKCHMAaAJbHBIM 3HAYEHHCM
n

-t (P
L) an )

Puc, 20. (Ua(b(b)max

N

«[lagarors B uentp T uYacTHusl, Yy xoropeix Uy, << L. Ompenenss pmax U3
yeaosust Uy =E, noaydum:

22—

— o \"
o=nn{n—2) Py .
IilZJw

6. Onpepenuty 3hdexTHaHOE CeueHHe AA NMafeHus 4acTHH (C MaccaMu my)
HA NOBEPXHOCTh CHEPHUECKOro Teaa (¢ Maccolf my u panuycoM R), K KOTOPO#H onu
NPHUTAFABAIOTCA N0 3aKoHy HbloToHA.

Pemenue VYcolopde NajCHUsS 3aKJ0Y3eTC B HEPABEHCTBE fyip < R,
roe rpin—OGauxaimas K ueHTpy cdepel Toukd TpaeKTOpHH uwactuusl. Han-
Gosplllee AONYCTHMOE 3HAUeHHE Q OMPEJEJSeTCs: YCIAORUEM rpip==R, YTO CBOLHT-
ea K pemeilnio ypashenua Uyyg (R)=E nau

2 2 2
MUs% Omax L myu,
2R® R 2
OPHYEM O ==YH My (Y—TPAaBHTAUNOHHAA [IOCTOAHHAA), K MBI NOJOXKHUIN M == iy,
CYMTas, YT0 M, > m,. Haxoma orcioja pfmx , Toayuum:

0 =nR? ( 1_’_2Ym2> .

2
Ru
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Tlp ve -+ 0 5hGeKTHBHOE CeUYEHHE CTPEMHTCH, €CTeCTBEHHO, K PeoMETDHUecKOoH
nJIomanyu cedeHns cdepel.

7. BoccranoBHTh BRA pacceuBawomiero noas U (r) no sanaunoil 3aBHCHMOCTH
3(pbeKTHBHOTO CeUeHMsI OT YIJa paccesiHHS Npu 3alanHofl sHepruu E; npeimona-
raercs, 4to U (r)—MOHOTOHHO yObIBalOmasA QYHKUHSA 7 (M01e OTTAJKHBAHHASN), MPH=
vem U (0) > E, U (0)=0. (0. 5. Pupcos, 1953.)

o Pewenune Mnrerpupopanne do no yray paccesHHs onpepender CorJacHo
opMyle

99 1y = g )

Ry
(s
ba

KBaApaT NPHILEJBbHOIO pacCcTosihufd, TaX 4To QyHKUuIo o (y) (a ¢ Hell B y (p)) TOKe
MOXKHO CHHTaTh 3aTaHHON.
BeoxuM o6o3nauenns:

1 1 U
=— =— = — 2
s=—, x o w V 1 7 (2)

Toraa Qopmyawer (18,1), (18,2) sanunyTcs B BHIE

T—7Y (x)

So
n
(2
.3 Vmﬂ 2’ ©)
0
Ile s, (x)—Kopelb ypaBHERuA
xw? (s)-— s =0.

Ypaedenue (3)-—unrterpaipHoe ypaBHeHHe LI (QYHKUHM @ (S): €ro MOKHO
PEIIMTL METOAOM, aHANOTHUHBLIM HCiOab30oBannoMy B § 12, Paszennp ofe croponn

(3) Ha V a-—x M npouHTerpHpoBaB No dx B TNpelenax oT Hyas A0 &, HaileMi

% So(x)
5‘ a—yx) dx dsdx .
5 2 Voau—x V G =55 (e— %)
So(Qt) Selct)
{'l

dx ds > ds
V ) = v
Xw? — %) (ot —x
3 < ya—n
HaH, MHTETPHpPYS MO YacTaM B JeBoil CTOPOHe PaBelCTBa:
So(2%)

aya— SVa—x HAgy—n ‘S ds
b

w

TMoayuennoe cooTHoulenue AnddepeHLNPYEM N0 &, MOc/e Yeld BMECTO Sp (X) muiueM
IPOCTO S, COOTBETCTBEHHO YeMY 3aMeHsieM o Ha sZ/w“‘ HaIlACAB PaBeHCTBO B Audr
(bepeauuanax, MOy YHM;

53/w?

2 'l
nd (i)— Ly (i—) _xAde T g
w w

s2
Y
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HIH
s2/w? )
—ndInw=d (i) S A @dx
w Vs

0 ],/ E —X

D10 ypapuenne HHTErPHPYETCs HEMOCPeICTBEHHD, NpHUEM B IpaBoil cTopone cie-
IyeT H3MCHHTL NOPSIAOK MHTCrPHpOBAUMS N0 dX u d(S/w). YuHTBIBas, UTC TpPH
§=0 (1. ¢. r - o) gomKHO OB, w=1 (1. e. U=0), 1 Bo3Bpamasc, K HCXOI-
HBIM TepeMeHHBIM 7 H P, MOJIVYHM OKOHUYaTebibld pesy’star (B8 ABYX 3KBHBA-
JIEHTHHIX opMax):

: ,(1 w_\ o g, )
w:exp{—n——SA rCth—'dpd . (4
\ ru

u U(r)) npm BceX r > ryiy, T. €. B TOH objacty 3HauenHii r, Kotopaa (akTu-
ueCKH NPOXOANTCA paccemsaeMmol vacTeuell ¢ 3aganuoll sHepruein F.

§ 19. dopmyna Pesepdopna

Oxno n3 pawHEHIINX NPHMEHCHHN MONYYeHHBIX Bhie GopMys— pac-
CefiHe 3apsMEHHBIX YACTHL B KYJIOHORCKOM T0/€.

[lonowne B (18,4) U=a/r n npou3BOIA 37EMEHTAPHOE HHTEIPHDPO-
BaHHE, TIONYUKRM:

¢4
mu’ p
¢, = arccos *_____z,
V )
mulo
OTKYyI1a
2

2 _* 2

pT= mol tg® g,
uay, BRoas cornacHo (18,1) ¢, =(m—1y)/2

g & co2 K

p "——‘m%i agi4 . (19,1)

duddepenunpysd 810 Bbpawenne 1o § M #oAcTaBasa B (18,7) uan
B (18,8), moayuns:

COos l

2
dG:n(—;%;—) — 2 4y (19,2)

v

sin® =
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Hiau

a'0=< ® > o_, (19,3)

L2
2mus ) s %

D10 rtak HaswBaewan opayia Pesepgopia. Ormeruy, 410 3¢ghexTus-
HOe ceueHHE He 34BICHT OT 3HAKA O, TAaK YTO NOJAyYeHHHil pesyabrar
OTHOCHTCA B pPaBHOH CTENEHH K KY/JOHOBCKOMY (010 OTTaJAKHBAHHY U
OPHTSIKEHHS,
dopmyaa (19,3) aaer sddexTHBHOE CeyeHHe 8 CHCTEME OTCYETa,
B KOTOPOi NMOKOHTCHA LEHTP HHEPLUN CTaJKHBalouuxcs dvacruu, [Ipeod-
pa3oBanue K naBopaTOPHON CHCTEME MPOH3BOANTCH £ MOMOLBIO ¢op-
mya (17,4). Hdas uvactuiu, neppoHaud bHO NOKOHUBLUINXCH, MOACTaBAdd
y=m-—20, B (19,2), noayunm:
d02=231< “)2%deg=<L>zﬁL. (19.4)

2 | cos36 2 cos3 b,
mu?% 2 mv?, 2

JAnst napaiouinx ke dactuu npeoGpasopaHyue UPHBOAMUT B O0UIEM C/lyuae
¥ BecbMa rpomosaxoil (opuyne. OTMeTHM JAHIb ABA YACTHHIX CAyyad.

Ecan macca m, paccensaloniedl YacTULL BEAMKA N0 CPABHEHUIO ¢ MaAc-
COH m; pacceupaemMOfl HacTuub, TO Y~ Y, a m = m;, TaK 4TO

_ a \2 dUl
dol_‘(?[‘E—l) sint 91 ’ (19)5)

rae E; =mv3/2 —sueprus naaiouieif 1acTHubL.
Ecan maccn ofedx 4acruun oamMnakosel (m;=m,, m=my/2), TO
corpacuo (17,9) y=20,, u noacranosxa B (19,2) naer:
a \2cos 0 o \ZcosHO
=27 L g0, == ) —7~do,. 19
doy E,/ st eld 1 E,/ sinfg, "1 (19,6)
Ecan se TOAbKO MAacch 00eHX 4YaCTHL, PaBHb, HO 3TH YacTHUH BOOOLLE
TOWAECTBEHHB, TO HE HMEET CMbIC/1d Pa3nuyaTh 10C/1e paccednis nepeo-
flayanpio ABHraBIIHECS OT MEPBOHAYAAbHO NOKOMBLUIMXCH dacTHi. Obliee
stdexTHBHOE CeueHHEe AN BCEX 4aCTHU MH NOAYUYMM, CKAaAuwBas doy
n do, u sasensa 0, u 0, oSuium 3nauvenuenm O

2

doz(%) (S—i;Téﬂ—m—%—B) cos 0 do. (19,7
Bepuemcst cnoBa k ofwed dopmyne (19,2) u onpemesnm c ee
TOMOILBIO Paclpeae/enHie paccesHHblX 4aCTHIL N0 OTHOLUIEHHIO K Tepi-
eMOil UMM B pe3ynbTaTe CTOJKHOBenua 3Heprun, [Ipm npousBoabHOM
COOTHOLIEHHH MEXIY MacCaM¥ paccenBaemoil (m,) u pacceusatouieil (m,)
yactui, npuobpertaemad nocjeiHed CKOPOCTb BHPAKAETCA yepe3 yroa
paccesiHus B 4-CHCTEME NOCPEACTBOM

: 2m
Ve = my —}-ms

X
Vg Sin = 5
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(cm. (17,5)). CootBetcTBenno, npuobperaenas 370 vacTHueHd, a TeM
CaMmulM It TepaeMas wacTHueH m, SHeprus pasna
0 X

Ve sin'7 .

mev's o
2v 9 Zmn
2 T my

e =

Bursasus orcmoaa sin%qepes & u noacrasus B (19,2), nonyuaen:
- 24
a? de
do =20 — = . (19,8)
Zra Qopuyas TBEUAGT HA HOCTABASHHWIH BOnpoc, onpeaeads addexTus-

HOS CQUCHIIE KaK (pyHKllH}O OT 110Tepy BHEPIrunl &, notaenHas ['IDOGGFHET
2
HPH 3TOM 3i1gUCHud OT Hyas A0 iy = 4/‘?12‘1.’;/i,"l2.

3agauu

1. Hatitu s¢dektusnce ceuenne pacceanus s none U=a/r?(ax > 0).
Pewen e, Yroa oTKJIOHEHH A
i -
A= (l —_— e !
20 .
2,2
L mp2u

QoK THEHOE CeueHUe

do — 25120t T do
- my?, ¥2(2a—x)%siny’

2. Haiitn shdexTHBHOe ceuenHe paccesnuss cdepudeckodl «MoTeHUHANBHOM
#aMofty panuyca a # «raybuusy Ug (1. e, nonem U=0 npn r >a, U=-—U,
npu r <a).

Puc. 21.

Pemenue., TlpaMonnnelinas TPaeKTOPHUS UACTHUL «IPEIOMASETCSH» MPH
BXO0Je B sIMY # npu Bhixoje w3 Hee. CormacHo 3agade K § 7 yrJinl najeHus o
u npejoMiaenua f (puc. 21) CBS3aHBI COOTHOLIEHHEM

sin o 2U
ZZ=pn, fn= 1=

sia § mo? )
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¥Yroa orkaonenus ¥=2(a—f). [Tostomy umeem:

sin (a.—~x/2) —cos L — ctg a sin x_ 1 .
sl o 2 2 n

Hekmouue @ 43 3TOro paBencTsa W OYEBHAHOFO 113 PHCYIKA COOTHOINEHHA
asino=0p,

NOJYUHUM CBA3b MEXKAY O U ¥ B BUIAE

b4

9 12 e
n* —
= st B

p2=a? .
n2-1—-2n cos%«

Hakoneu, zuddepeHunpys aro paBeHcTBo, noayunM sddexTusuoe ceyeHue

X / X
2, g (ncos——l) n—cos‘—>
atn 2 ( 2 do.

% 2 __ %N\
4cos—2— (1—}—n 2nc052)

Yron % MeHsfercd B npejesax oOr Hyaa (OpH p=0) 10 BHAYCHHA ¥Nm,y (IPU
p=a), onpejueaseMoro u3

do =

c0s Xmax ___l
2 T n’

[Tosnoe »dpdexTuBHOE ceueHHe, NMOJyYalollieecss HHTETPHPOBAHHEM dO 110 BCEM
yrjaaM BHYTPH KOHYCA ¥ < Xjnax, PABHO, pasymeeTcs, HJOMAAH TEOMETPHUECKOro
ceuenns mal.

§ 20. PaccessHue nox MmanniM# yriamu

Briuncnenne 3Q(peKTHRHOrO CeueHus 3HAUNTENBHO YIPOULaeTcs, ecau
PACCMATPHBATD JIMUIb T€ CTONKHOBEHUS, KOTOPBHIE 1POUCXOAAT Ha GOJIbINUX
APUUE/bHBIX PACCTOSHUMX, Tae noe U siznderca caabuy, TaK 4TO Yol
OTK/IOHEHUS COOTBETCTREHHO MaJnl. [IpH 3TOM BLIYHCIEGHHE MOXHO IIPOU3-
BOAHTb Cpa3y B 71a60pPaToOpHOH CHCTEME OTCYEeTa, HE BBOAS CHCTEMY
LEeHTpa HHEpUHH,

BniGepem oCb X MO Hampas/JeHUIO @PBOHAYANBHOIO HMIYJbCa pac-
CeHBaeMBIX uYacTHL (4acTHUBl #74), @ IIOCKOCTb XY -—B IMIOCKOCTH pac-

cesuua. OOG03HAYMB TOCPEACTBOM P; HMIOYJIbC YAaCTHIMW [0CTIE paccesd-
HUSl, HMeeM OYeBHAHOE pPABEHCTBO

. Puy
sin @, = 2.
1
Jas Manwx OTKJIOHEHHMH MOKHO NPUOAMKEHHO 3aMeHHTh sin6, na 0,, a
B 3HAaMeHaTeJa¢ — 3aMEHUTDH pl MnepBoHauYaJbHbLIM HMHyﬂbCOM pl::ml‘vm;
Py
my UOO

(20,1)

0; ~
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Hanee, nmockoabKy p,=F,, TO 101n0€ NPUPALLEHHE HMOYAbCA BAOAD
oci y

pro={ F,at. (20,2)
-®
[Tpu ston cuna:
Fo_U__dvo_ Uy
vy T8y dr oy dr¥*

[Tockoabxy unrerpan (20,2) ywe COAepKHT MaTyio genduuny U, to
NPU €ro BLIMUCACHHU MOKHO B TOM Xe npHOAMKERHH CUNTATH, UTO yd-
CTHUA BOBCE He OTKJIOHHETCA OT CBOErC HePBOHAYANBPHOrO UyTH, T. €.
ABHKETCH IPAMOTUReHHO (BAOAb NDPAMON Y= p) ¥ paBHOMEPHO (CO CKO-
pocrrio v, ). CootBetrcTsenno stomy noaaraed B (20,2)

0 1OJdyqaen:

Haxonen, or uxTterpuposanus no dx nepeiyjeM K HHTETPUPOBAHNIO
10 dr. [Mockonbky mas apaMmoanne#noro nyrtu r2=x2-4- o* 1o opu us-
MEHEHHH X OT —- 00 [0 --00 r HU3MEHHETCs OT 00 A0 O ¥ 3aTeM CHOBA
40 oo, [lostoMy unrerpana no dx nepefileT B yABOEHHBIH nuTerpan no dr
OT O L0 oo, npuueM dx 3amensercd Ha

rdr
YV rr—pt’

OkoHuaTensno moaydum Aad yraa paccessns (20,1) caeaywouwee
Bupakenye 1)

dx =

x

%9 (a4t _ dr 20.3
e Bt W
U

yeM ¥ ofpeleaserci HCKomas 3asucumoctbh ©; ot o mnpu craBoMm oT-
kaoHennu., DPpPexTUBHCE ceueHue paccestHuA (B 4-CHCTEME) NOaydaeTcd
no Takoit ke dopmyae, kax (18,8) (¢ 0, Bmecro y), npuden sin 0, MokHO
u 3sech 3aMenutb na 0Oy

__|dp [p 8y
a’o_} delj 5 doy. (20,4)

1y Ecau nponssecTy BeCp M3J0MKEHHbIf BEIBOL B Y-CHCTEME, TO MLl NOJNYYRM
A Y, TAKOE e BHPAayKeHWe ¢ M BMECTO M1y B COOTBETCTBHU C TeM, 4TO Majble
yrae 6; u ¥ o/subl OHTe cBf3anp coryacho (17,4) coOTHOWERHEM

m
0= -2y,
my -f— lily
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3agauwu

Monyuute dopmyny (20,3) n3 dopuyast (18,4).
Pewenne C uensio n3bexars nivke GHRKTHBHO PACXOIIUINXCA (HTErpa-
aos, npeacrasuy gopuyiay (18.4) 8 niae

R - 2
- -~ 2 U
Pp= — :(.'_ / 1 —_—— dr,
og ] r me?
o/
"min

mpiues B KauecTBE EePXHEFO mpenena miliey GOABMIYI0 KOHEWHYIC sendunny R,
uMest B BHAV mepeliTH 3atem K npereay R —soo. Beugy smamoctu U pasnaraewv
Kopeub 00 creneHam U, a rgy, 3avenseM npubIHmeHHO Ea P

R

" r2 '!/ L

Tlepsuiit unrerpan mocse nepexoza ¥ npegesy R— oo naer nf2. Bropoil e
HHTETrpasl npeaBaputesbHO npeo«Jpaa}e.,. o vyacTaM ¥ [10J1y4aeM BbIpaxeHue

Ul(rydr

S+ )1
mu? 4
0 * £

5]

'D
S

2

el
0 2(/"’/-1—1)dUr 20 (dU  dr
A=0—s2Py= \ dr - \”—,_:‘":—,
3 2 2
J /?‘Lm mz)ﬁ J d ]fr —0
0 0

sxkeuBanenTHoe dopmyne (20,3).

2. Onpegenuts 3hPexTnsHOe CceueHHe PaccesHusl HAa Malele yrJsl B I[0Je
U=a/r™ (n > 0).

Pewreuwue. Coraacuo (20,3) umeem:

0

0, = 20an 5‘ dr .

2 n+l Y T2
mul Jor |

Toxcranosrofl p?/r2==y wuurerpan npusoiutes x B-uuterpany iisepa v pupa-

xkaertca uepes I-pynxunu
r n-41
%2a Vi 2
0, = .

myl " n
wer” 1 ()

Bupaxasn otciona p uepes 0; u noxcrasasd B (20,4), mosmyunss:
—fn-+1 “:— _
2 Vﬂ r ( 2 ) a 0, 2 (1 =

7 doy.
)




TJABA V
MAJIBIE KOJIEBAHUY

§ 21, Cpob6onnnie ORHOMepHHIZ KOJeGanns

Ouetib pacnpoCTpAHEHHBIR THIT JABHXEHHT MeXaHHYECKHX CHCTEM
NPeaCTaBASIOT COGOR TaK Ha3bIBaeMble Jatble £0A4e0AHUA, KOTOPHE CHC-
Tema coBepiuraetr BOAM3H CROGrO MOJONKEHUH YCTORYHBOrO paBHOBECHS.
Paccvortpenne 3THX ABUKEHHH M HayHeM ¢ Hanbo.ee NPOCTOro CAYy-
4as, KOUJZa CHCTEMA HMeeT BCEro OJIHY CTenedb CBOGOJML.

YcerounBoMy pasrOBECHIO COOTBETCTRYET Takoe IOJOKEHHE CHC-
TeMbl, B KOTOPOM ee moteHuuanbHas sueprus U(g) nmeer MUHHUMYM;
OTKJOHEHHE OT TAKOIrO [OJNOKEHHS MAPHBOAUT K BO3HUKHOBEHUIO CHIH
— dU/dq, crpemsutefica Bepuyrth cucreMy oOpatHo, O6o3HayuM COOT-
sercrayloulee 3Hadenne 0000UleHHOH KOOPAHHATHE [OCPEACTBOM ¢g.
Tlpu MasaplX OTKJIOHEHHHX OT TMOJOKEHHS PaBHOBECHS B pas3OXeHUH
pagnoctn U()—U(g,) no cremeusm ¢-—g, AOCTATOUYHO COXPAHHTB
nepBuift HeHcuesaoui yaed. B oflieM cryyae TakOBHIM SIBASETCH YAeH
BTOPOTO MOPHiAKa

Ulg)—Ulge) = % (@—4q0)%

Tie k- no1oxurelsnniit Kosdduinedr (3navenne BTopoll npou3BoIHON
U"(g) npu g=gq,). bysem B nxasbueililieM OTCYHTHBATH MNOTEHHHANb-
HYI0 3HEPTHIO OT €& MHHHMAJIbHOTO 3Hadenus (1. e, noaowum U (g,)=0)
W BBeleM o6o3HaAueHHe

X=q—q, (21,1)
Jisl OTKJOHEHNS KOOPAMHATH OT €e PAaBHOBECHOTO 3navenus, Takum
obpasom, ’

. kx?
U (x)="5. (21,2)

Kuuetnueckas sHeprus cucTemb ¢ OXHOM CTEeNeHbIO CBOGOAW HMeeT

B ofileM caydae BHJ
1 - { .
5 alg) g’ =5 alg ¥
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B rom e npuOMDKCHIE AOCTATOUHO 3aMEHHTb GYHKUHIO @ (g) HpocTo

ee sHaueslieM IpH ¢==g, BBois# s KkpaTkocTH ofozHauennel)
a(qo):’n,

TNOAYUHM  OKOHYATEAbHO CHEAYIOULeE BHIPAMEHHE 1AS AarpadkeBoH

(QYHKUNH CHCTEMDB, COBEPIAIOUIEH ONHOMEPHHE Madie Koaedawis 2):

rix? R o
CoorsercTeyioee 3700 @ynkiny ypasHenue ABIKSHMA TaacHT:
mx - kx =0, (21,4)
HJIH
X402 =0, (21,5)
rje BBexeHo o0803HaueHne
-3
o= — (21,6)
m

JBa He3aBHCUMBIX pelienus AuHedHOro AHbbePeHIHAALHOTO YPABHCHUH
(21,5): cosw? u sinwf, TaK 4TO ero oblIee peuIgHHe

X = ¢, €08 f 4 ¢, sin wf. (21,7)
D10 BhHipaWeHue MOXKET OpiTh HaMUCaHO TAKXKE W B BUAE
x =acos (0f + a). (21,8)

[Mockonbky  €os (0f +- @)= c0s Of cOs @ —sin wf sin @, TO cpaBHEHHE C
(21,7) noxassiBaer, YTO INPOHU3BOJbHLIE MOCTOSHHBIE ¢ H 0. CBS3daHH C
HOCTOSIHHBIME €y H €y COOTHOLUCHUAMH

a=Vct4-ct, tga=— 2, (21,9)

Taxum 06pasom, BGAH3N MOT0KEHHsT YCTOHUHBOTO PABHOBECHS CHCTE-
Ma COBepulaeT rapMOHNYecKoe KonebareasHoe aenwende, Kosdpduinenr a
npu nepucandeckoM Muoxkureae B (21,8) naswmiBaercs asnaumyodoid Ko-
neGaHull, a apryMeHT KOCHHYCa—UX ¢9a30{; O eCTh HadadbHOE 3HAUC
Hue (aswl, 3aBUCALLCE, OUEBHAHO, OT BhOOpPa HAayala OTCHUETAa BPEMEHH,
Beanuuta @ Ha3blBACTCH YUK AUYECKOR xacmomoli Koaebanuit; B Teope-
THYECKOH (u3HKe, BHOpOdYeM, €€ HA3hBAIOT OOHYHO NPOCTO #ACMomol,
yto M ¥ GyaeM Jenartb B AaJbHeHineM.

Yacrtora gBASETCH OCHOBHOH XapakTepHCTHKOH Konebanuil, He 3aBH-
csingefi OT Havasbubix ycaopu# psuxenus. Cornacuo dopmyne (21,6)
OHa BCEIeJIO onpejpensercd CBOMCTBAMH MeXaHUUeCKO#l CHCTEMbI Kak
takoBo#H, [loguyepxuem, OZHAKO, 4TO 3TO CBOHUCTBO HACTOTH CBA3AHO C

Yy [loguepkHemM, 0AHAKO, YTO BeJHUUHA m COBIaJaeT ¢ Maccoft TO/MbKO, ecqad
X ecTb JleKapToBa KOOPAHHATE 4acTHILbI!
%) Takyto CHCTEMY YacTO HA3bIBAIOT OAHOMEPHBIM OCHUAAAMOPOAL.
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npeanoaaraemMofi MasoCThIO Ko1eGanuil n Hcuesaer npu nepexose K 6o-
Jdee€ BBICOKHM np}lﬁmi)i(EHHﬂM. C MaTeMaTHUeCKOH TOYKH 3PpeHHd OHO
CBSI3aHO € KBAAPATHUHON 3aBHCHMOCTBIO [OTEHLLHANBHON 3HEprun OT
KOOPAHHATH 1),

Dueprust CICTEMH, COBEpLIAIOUIeH Maiame Ko:ieGanusi, eCtb

_ mx? Bx®_ m 9.2
E=Tt5 =7 ot
1M, noAacTtasus ciopa (21,8):
1
E:gnzmzaz. (21,10)

Ona nponopiHoOHAIbHA KBAAPATY aAMIAUTYAH KOJeGanuii.

3aBHCHMOCTD KOOPAHMHATH KOAeOAOWECT cucTeMbl OT BPEMEHH
JaCTO OKasnpaeTcs YAOOHBIM [PEACTaBASTH B BHAE BelleCTBEHHOHU
4acT KOMIAEKCHOrO BHIpaMEHHs

x =Re {Ae*"}, (21,11)
rie A—xoMniaeKcHad MNoCTOsiHBafd; nanucas ee B BHIE
A=ae™, (21,12)

Mbl BepreMcs K Bhipamenuio (21,8). [NocTosinnyo A nasmBaloT ronunserc-
Holl amxniumyodol; ee MOAYAb coBnasaer ¢ oObYHOH amMnauTyno#, a
aprymMedT —¢ Havaabhoii ¢asoii,

OnepHpoBanne ¢ 9KCHOHEHUHATEHBIMA MHOAHTEASIMH B MATEMATH-
4eCKOM OTHOLIEHUH (pOoHle, 4YeM C TPHTOHOMETPHMECKHMH, TaK Kax
Aavpdeperiupopanne He MeuseT ux suaa. [lpn stom, moka Mm npousso-
MM NULb AHHEHHBIE ONePAllNH (CNOKeRke, YMHOKEHHE HA HOCTOSHHBLIE
xkoapduuuents, xuddepennnposanne, HHTErpHPOBAHNE), MOUCHO BOOGLLE
OnyCKaTh 3HAK BIATH REULECTBEHHOI 4acTH, Mepexois K nocjaenuei
b B OKOHYATEAbHOM DE3YJpTaTe BhIMHCACHU.

3apavu

1. Bripasuts aMnAHTYAY M HauasdbHylo a3y KoJjeGaHUN uepe3 HayaJbHbIE
3HAUEHUA Xg U Uy KOODAMHATHL ¥ CKOROCTH.
OrBeTs
vl
2
a= xo"‘”“mz' tgo=——,

2. Haiith oTHOIIEHYE 1ACTOT ® 1 @ KoseGaHui ABYX JABYXaTOMHLIX MOJEKYJ,
COCTOSIIUX H3 ATOMOB Pa3JIMIHbIX U30TONOB; MAaCChf AaTOMOB PABHEl COOTBETCTBEHHO
’ ,
my, My W My, M.
Peuwe Hue. [TocKoIbKY aTOME! H30TOMIOB B3aHMO/EACTBYIOT OAHHAKOBHIM 06pa-
30M, T0 B=Fk’. Poab xe x05bDHLLEHTOB M B KHHETHUECKHX 3HEPrHsiX MOAEKYJ

. 1) Ouo He umeeT nostoMy mMecra, ecan y ¢yukuun U (x) npn x =0 mMuuu-
MyM Gosee Bhicokoro nopsaika, T. e. Uwnx®, n > 2 (cM. 3anauy 2a, § 11).
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§ 21] CBOBOMHBIE OLHOMEPHKIE KOMEBAHIS

UrpaT HX NPHBEJEHHBbE MacChl. Cor.nacno (21,6) HaxodHM [O3TOAY:
nz,mg ("”1 + 1712)
= —— 2
0 ] myn, (ml—i—mq)

3. Hafitu wactory xoaefamufl Touku c maccofl m, crnocoGuofi asuratshes no
npAMOM 1 IPHRpenAe HHOM K NpYHKHHe, APV Toil Koyell KOTOPOIl 3aKkpenaeH 8 Touie A
(puc. 22) ua pacctosHuy { or mpamoil. [lpymupa, uves WIuny [, HaTaAHyTa ¢
cujoit F,

Pemenue, [loreunnasbuas SHePPUst NPpYRHHB
{C TOUHOCTHLIO [0 MAJBIX BEJHUMHE BLICLIETO NOPAAKA)
paBHa npoussejeHnw cuasl Fua yanunpewie 8/ opy-
xuHel [Ipn x <</ umeem:

s X
=V Al — =,

V2 57
tak uto U/ = Fx%/2l. T10cKOJBKY KUHETHUECKAS SHEPTHS

,
]
i
i
2 15
|
t
f
, i
ects mx2/2, To 1

/F m
0= i Puc. 22

4. To e, ecnit TOYKA m ABHKETCA IO OKPYIKHOCTH painyca s (puc. 23).
Pemene B sToM cayuae yiaanHenue npyxude (npu @ << 1)
f(H-f)

21 :

Sl=V (- —%(I+rjcosp—{~—T1U1

1.
Kunernueckaa sueprus T =— mr2g? Otcioza yacrora

2 —_—
_ Fr+1)
mﬁ]/ rim

5. Hafitu uactory KosneGaduit u3o0parkeHHOro Ha puc. 2 MafTHAKA, TOUKa
noxseca kOToporo (¢ Maccoil my B Heil) crnocofHa coBepwaTh JABHKEHHE R ropu-
30HTAJBHOM HalpaBlieHun,
Pewenne. Ilpn ¢ <1 13 noaydenuoli s 3agaue 3 § 14
| (GOpPMY Bl HAXOXLIM:

| N mymyl® -, Uz‘mggl

[ 2(my +1myy
| Orciona
U N ©— ]/ ”11+m2) )
”~
o ~
r / 6. Onpenenure ¢GopMy KpHBOIL, NPH KauaHUH BLOJb
i KoTOpOfl (B moJse THAMKEcCTH) uacToTa KoJefaHHH He 3apHCUT
OT aMOJHTYAHL.
o Pemenue. [TocTaBrenHoMy ycsaoBuo 6yaeT YAOBJETBO-

pATH Takas KpuUBas, NpPH ABHXKEHUH BAOJIb KOTOPOH IOTeHUH-
Puc. 93. anbHas 3Heprud vactTuusl 6yger U=ks?/2, rie s—aauna ay-

T'H, OTCUHTHBAEMas OT NOJIOXKEHNS pPaBHOBECHS; IIPH 3ITOM

Kunernyeckas sueprus T =ms?/2 (m—Macca uacTHuel) W yacToTa KoJeSaHud

Gyzer o=V k/m pue 3aBMCHMOCTH OT HAYaJbHOTO 3HAUCHHA S.
Ho B nose taxkectu U=mgy, rie y—BepTHKaNbHad KoopjuHata. [losToMmy
umeeM: ks?/2==mgy wid ®2 .
=5
Y 2%
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C xzpyroi cmponm ds? = dx? 4 dy*, oTKyjia
\j\ }/<ds> _ldj_(‘l/%z dy.

Wurterpuposanne ynoduo npouseecTu, CAejaB NOACTAHOBKY
14
y=-— (1 —cos §).
14 40)2 ( g)

Torga moayuum:
= 8 i
=12 (Esin).

3Ty AB4 PABEHCTBA ONpeAe/]sIOT B NapaMeTPHYECKOM BHIE YpapHeHWe WCKOMOH
KDPHBOIi; ona npeacTap/isfeT co00H IHKJIOHALY.

§ 22. BhiHyxAeHnne KoAeOanus

[lepeiineM K paccMOTpeHUio kKogebauufl B CHCTeME, HA KOTOPYIO
JAEHCTRYET HEKOTOpPOe TMEepeMeHHOoe BHeNHee moJe; Taxue KoneOaHus
HA3LIBAIOT BLIHYNCOHHBIMU B OTIH4NE OT PACCMOTPCHHHIX B Mpeabiiy-
nieM naparpade TaK HasmWBaeMuX (80000Hbx Koaebanuit. [loCKOABKY
KoMeGaHusl NPeANONaraloTca Mo-apewHeMy MaIbMH, TO TeM CaMbiM MOX-
pasyMeBaeTcd, 4YTo BHEUIHEE IOJe JOCTATOYHO ¢j1afoe, B MPOTHBHOM
cayyae 0#Ho MOrao Ool BH3BATH CJAHUIKOM OOAbHIOE CMeUleHHE X,

B stos cayuae Hapsiny ¢ COGCTBEHHOH [OTEHLHAAbHOW B3HEpPTHER

1
—2—/’3)62 cicrevMa ofrapaer eule moTenulanpiol suepruett U, (x, ), cBs-

3aHHOH ¢ nelicTBHeM BHewHero moJssf. Paznarad 3TOT LONOJHHTEIbHHIN
4yned B pijl 110 CTEGNEHAM Majaol BEMHUHHBI X, NOAYYHM:
U, (x, 1) 2 U, (0, 1) +x 2]
X=0

Tlepaoiit uiaen aastetcst QysKiHeH TOMLKO OT BPEMEHH H MOTOMY MOXET
GbiTh ONYLLEH B JarpaHmeBod QyHKIUH (KaK MoJHas NPOM3BOAHAA Mo #
OT HEKOTOpPoH mpyroi ¢yuxuuu spemenu). Bo Bropom unene—oU,/ox
€CThb BHELIHSY «CHa», AeHCTBYIOMLAA HA CHCTEMY B MOJOXKEHHMH PaBHO-
BECHS W SBJAfIOUIAACH 3aAaHHON dyHKUHell BpeMeHH; 0603HAYNM ee KakK
F(f). Takum o6pasomM, B NOTEHLUHANbHON BSHEPTHH INOABAAETCH YJEH

— xF (#), Tax uro dynkuus Jarpamwka cucremb Oyjner:
L=—% ——5--+xF(?). (22,1)

COOTBETCTBYIOULQE ypasHenue ABHWEHHH €CTh
mx -+ kx = F (i),
HJAH
. 1
x+m2x:-'7—l Fh, (22,2)

rie Mbl CHOBA BBeJH uacToTy ® CcB0OOAHHWX KoaebaHuR,
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Kax nasectdo, ofuwiee pelieHue HeoLHOPOAHOro MiHednoro nudde-
PEHILNANBLHOrO ypaBHeHHs ¢ NOCTOSHHBIMU KO3(MHILHEHTAMY OTYYdeTCH
B BHOE CYMMB ABYX BRIpaWEHHH: X = x,--x,, rae x,— obuiee pelue-
HHE OAHOPOJAHOrO ypPaBHEHHH, & X; — YAaCTHHI HHTErpan HeOAHOPOAHOIO
yparuennsd. B nanHoMm cnyuae x, mpexcrtasiseT co6ofi paccMOTPeHHbie
B npeablAyieM naparpage csoboinmie komeGaHus.

Paccvmorpuy uMeroninfi ocoOuit uuTepec cayyail, KOraa BHHYXIA10-
nian cHsaa TOwe SIBJASETCH MpOoCTOft mepuoandeckol Qyukuuefl BpemMenu
C HEKOTOPOH wacroro# y.

F (f) = f cos (v -+ B). (22,3)

Hactueil! muterpan ypasnenus (22,2) wmmem B Bute x; =bcos (yt--f)
¢ TeM e mepuoanieckuM MAowHTeaeM. [ToacTaHoBKa B ypaBHEHUE ZaeT:
b= f/m(0®—y?); npubapnsas pellesne OLHOPOLHCIO YPaBHEHUH, 1IOJY-
yuM o6 MH HHTerpas B BHAE

X ==QCos (mtJ,—oc)—}—;l—(zaéi:Wcos (vt -+ P). (22,4)
ITpousBonbHbe MOCTORHHEEE @ U O ONIPEAEIOTCT U3 HAYAAbHKX YCAORIH,

Takum o6pasoM, noj KefiCTBHEM MIEPUOLHYECKON BHHYKAAIOULEH CHIN
CHCTeMAa COBeplUaeT IBHXEHHE, IPEACTABISAIONIEe COBOH COBOKYNHOCTH
ABYX KoseGanuil —c COOCTBEHHOH 4acroTOH CHCTeMb ® H C 4ac<ToTOH
BRIHYWAAIOMIEH CUJH Y.

Peurenne (22,4) HEMPUMCHHMO B Clyyae TaK Ha3LBAEMOTO pe3oHawHca,
KOTJa 4actoTa BHHYXKIAWOUEH CH/n coBmagaer ¢ cofCTBEHHOM 4acTo-
ToM cucremul. [das HaxowiaeHud oO0uUlero peuleHys YpaBHEHHUs ABHKEHHUH
B 3TOM c/yyae rnepenuiieM BupaxeHue (22,4) ¢ COOTBETCTBYIOULHM
nepeo6o3HayenieM MOCTOSHHBIX B BH/LE
X == a Cos (a)t—}—oa)—]—n]—((—n-gi:w[cos (vt + B) — cos (@f 4 B)}.

Mpn y — @ Bropoit uyies paaeT Heonpenemennocrs Buaa 0/0. Pac-
KpuiBasg ee 1o npasuay Jlomnrtand, nonyuumm:

x = a cos ((ot—f—oc)—f—Q—”f?&tsin (@f +B). (22,5)

Takum obpasoM, B caydae pe3oHAaHca aMIauTyAa koneGauni pacrer
JHHEHHO CO BpeMeHeM (A0 Tex MOP, MOKa KoJeOaHHs§ He MepecTaHyT
OHThL MajnbMH H BCA H3JaraeMas Teopus nepecrtaHeT ObiThb NPHMEHHMOH).
BrisicuuM euie, xax BHIASAAT Manne kojebanus BOIH3H Pe30OHaH(a,
KOTAa Y=g, rie € —MaJaq Beauynna. [Ipencrapum obuiee pemenue

B KOMIIIEKCHOM BHAE, KaK
x =A™ 4 Be' TV = (A 4 Be™!) oL, (22,6)

Tax kax seanuyuna A—i—Bei't Mal0 MeHseTcs B TeueHMe mepHoia 2rtfe
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muoknTens 2! To mBmKerde BOMIIN PE3OHAHCA MOKHO PACCMATPHBATD
KaK Mansie Koaebanus, HO ¢ nepeMenHod aMmInTyxoi 1),

Ofo3HauuB mocaenHiow 4depes C, mieeM:

C=1|A+Be"™|
MpexcraBus A u B coorzerctsedno B Buae ee'” u be'3, moaywi
C2% = q% + b 4 2ab cos (8f -+ P — . (22,7)

Takuy o6paszoM, aMmidTyA2 KoaehJaeTcs NeprHoiH4ecKH ¢ yacToTod &,
MEHASCh MEWIY LBYMM TpPeaeaani
la—bi=<C<<a-b.
IT0 FBICHUE HOCHT Hazsawue OueHuld.
Ypasuenue psuwenust (22.2) soxeT OuTh OPOUHTCIPUPOBAHO H

B obueM BHAE NPH MPOH3BOJbHON BeiHywaawell cune F (£). 310 1eTKO
CAeNaTh, MEPEmHcaB ero NpPeABapHTe]bHO B BHIAC

% (%4 iox) — i (x -+ iox) = mi F(?)

unn
E_ ez =L (22,8)
dt > m ' ’
TAE BBCACHA KOMILIGKCHAS BeJIHYHHA
E=xinx. (22,9)

Ypapnenue (22,8) ywe He BTOPOro, a meproro nopsaka. bes mpasoi
YacTH Cro pemexuem OwA0 6w £ = Ae"' ¢ nocroswnoit A. Crenys 06-
LEMY RPEBUIY, HULEM pPOHICHAE HEOAHOPOAHOTO YPAaBHEHUN B BUAE
E=A(H)e™ u nan dyuxunu A(f) nonyuaed ypasueHie

Aty =2 F (e ™.

Muterpupyst ero, monyuum pewenue ypasaenua (22,9) B Buae

t
£ et {Smi F(#) e dt +§0}, (22,10
0
TAe MOCTOAHHAR MHTerpupoBanus E, BhGpaHa tak, 4TOOH MPeACTaBIATH
coboli 3nauenue & B MoMeHT mpemenu f=0. 3T0 H €CTh HCKOMOE
obuiee perienHe; QyHKUHA x () ZaeTCA MHIMOH 4acTbi0 BhIpaMEHHI
(22,10) (nenennoét Ha i®)?).
Jveprus CHCTeMbl, COBEPIIAIONIEl BHHYWICHHbE KOJIeDaHWd, pasy-
MeeTCsl, He COXPaHfeTCd; CHCTeMa MpHOBpPeTaeT SHEePrHI0 32 CYeT HCTOY-

1y Mensercst Takwke «oCTOAHHBIAY dieH B (ase Kogebanuil.
2) Tlpu stoM, pasywveercs, cuia F (f) LOTKHA GblTh HaNWCaHa B BRLIECTBEl-
HOM B e.
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HHKa BHewHe# cnaw. OupeienliM MONHYI0 SHEPrHio, MepeLaBaeMyio
CHCTEME 3a BCC BPEeMsd AEHCTBHS CHJbl (OT — 00 A0 - 00), npeanoJaras
HaYaabnylo sueprmo pasvoil nymo. Coraacho dopmyne (22,10) (¢ HUK-
HIM [peae’ oM HHTErPHPOBAHUS — 00 BMECTO nyasd u ¢ § (— oo)=0)
HMeeM npa f — oo:

:t 2
[P emiot ar|™
J
—@

mz

C llpyroﬁ CTOPOHBI, 3HEPrHd CHCTEMbI KaK TaKOBOH gaeTCd BHPAKCHHEM

E="3 (5 + 02y = ’g_,g;a (22,11

[Toncrasus cioaa | € (oo) {2, moayuns uckoMyso nepenauy sHepruil B BHIE
1| ¢ e 2.

E=.- SF(t)e it g¢|% (22,12)

OHa omnpelenseTcs KBaapaToM Monyas kommoHeuTh Pyppe cuanl F(f)
C 4acTOTOH, paBHOH COOCTBEHHOH YacToTe CUCTEMBL.

B uyacTsocTH, ecam BHemHMA Cuaa AeHCTBYET AMLIL B TEYCHHE
KODOTKOrO NPOMEKKYTKAa BPEMEHH (Majoro no cpassedui ¢ l/o), to
MOXHO TonomnTh e~*f 2 1, Toraa

E:i<SF(t)dt ®.

DT0T pe3ynbTaT 3apanee OYEBMAEH: OU Bbpaxaer coGoit ToT gakT, uTo

KDAaTKOBPEMeHHas cuaa coobuaer cHucreMe HMIYyIbC Sth, He ycnes
3a8 9TO BpeMdA NPOUIBECTH 3aMETHOTO CMelleHHd.

3anaun

1. Onpenennth BEIHYMIEHHBIE KOJe6ailis CHCTEME! N0 BARAHUeM cuabl F (),
ecay B Havadaphblfi mMoment f=0 cucreMa MOKOUTCA B NOJONKEHHY PaBHOBECHS
(x=0, x=0) ana cayuaen

a) F= const#FO

OrseT x=m—(’§(1—cos wt); peficTBie MNOCTOSHHOH CHUABH OPUBOAUT K

CMELIEHHIO TIOJIOKEHHST paBHOBECUs, BOXPYr KOTOPOTO NPOHUCXOAAT KoaeGaHus.
6) F =at.

OteeT x= (w? —sin o).
B) F=Fe~“.

OrtBer: x=

mw3

FO —at O o
e (e cos mt-{—m sin ©f |.
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r) F==Fye~"cos ft.
Ormem

— Fn -

T om (0 + a2 — B2 L 4a2f2]

+w£(co2 +a? - B2) sin of + e~ (0% -+ a—p?) cos ff —2af sin Bt]}

{— (0% +a?—B2?) cos of -

(pH pelieHMn yROOHO MHCATH CHIY B KOMIJICKCHOM Ritje F= F et~ #+@1)
2. OnpenesinTh KOHEUHVIO AMILIHTYAY KoJeSaunfi CHCTeMBl focae peficTsis
sHewmHed e, MeHstioulelics o sakony F—=0mnpui <0, F=Fyf/T npu0 <t <7,

F 17
f

|
e
i

o~
o~

7
Puc. 24, Puc. 25.

H
=
i

F=Fy npu t > T (puc. 24); no momenta f="0 cHcTeMa NOKOHUTCHA B NMOJNOKEHUH
pasHoOBECH .

Peuienune. B uureppade spemens 0 <t < T xoaeGanHd, YZIOBJIETBOPSHI-
U[M€ HaYa IbHOMY YCJOBHIO, HMEIOT BHI

x= (ot —sin o).

F,
mT w3
[Tpu £ > T uwem pewenns B Buje
Fo

x=cicos 0 ({ —T)+¢cosin 0 (t—T) -+ prreal

Y3 ycaopuli menpepuisioctTd x u x npu £ =T HAXOAMM:

Fy
Cy=— sinw7, Cy

PR = Tco3(1 cos oT).

Ilpu aroM aMmMnanTyja xoseGauuil

2F, . oT
mTe > 2

4 = "// C 3 =

OTMeTHM, YTO OHA TeM MeHblile, UeM MejJleHHee «BKIOUaeTcs» cuia Fy (1. €. uem
Goavute T).

3. To xe B cayuae ToCTOSIHHON cHiel Fy, AefictByiouiefl B TeueHHe OrPaHH-
yerHoro spemend T (puc. 25).

Pemenue MOXHO HaliTH Kak B 3ajade 2, HO elle NpOille BOCHONL30BATHCH
dopmyJoit (22,10). Ipu { > T unreem cBoGOJAHHE KojeGaHusi BOKPYT MOJIOXKEHHS
x=0; npu atom

e iwt dt_—r (1 —e—wal) g™t

g — F_@ e;mt
m tom

© Cry =3
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KBaApaT Xe MOAYAA § NaeT aMIVIATYLY corjacHo dopmyde | & [2=a?0%. B pesynn-
raTe HaXOAHM:

2F, . oT

@ =——2 §in ——
mw? 2
4. To xe B cayuyae cuJiH, AefiCTBYKIEH B Teuennme ppeMeHH oT Hyas jo 7
no saxony F=Fy/T (puc. 26).

F

J ¢

/|

Puc. 26. Puc. 27.

Pemenue. TeMm ke cnocoGOM nojyuus:

7”10)3 l/o) T2 —20T sin 0T 4 2 (1 —cos oT).

5. To ®e B cJaydae CHJAbI, MeHSIleficss B TeueHHe BPEMEHH OT HYyIs JC
T =27/w no saxony F=F,sin ot (puc. 27).
Pemwenue llogcrapus 8 (22,10)

F (t)y=F, sin of = %’ (et — =Ty

i TIPOMHTErpIPOBAB OT HYJAA JO T TOJTYYHM:

g Fapt

mw?’

§ 23. Konebanus cncTeM CO MHOTMMH CTeNeHAMH CBOGONLI

Teopust cBOGOAHHIX KOMEOAHHUIT CHCTEM C HECKONBKHMH (§) CTeneHaMHI
¢BOGOAN CTPOMTCH QHANOTHYHO TOMY, KaK Owbuti paccmorpennt B § 21
onHOMepHbEe KojgeGaHug.

[Mycrp nortenuuanpHasg sHeprud cucremb U kak dyuxuus ob6obumien-
HBX KOOPAHHAT ¢; ({=1, 2, ..., §) UMeeT MUHHMYM NPH §; == ¢;,. Broas
Majble CMemleHHs

X, =g;— G (23,1)
W pasiarasi Mo HuM U/ ¢ TOYHOCTBIO O Y/JIEHOB BTOPOTO NOPHAIKA, IONYUYHM
NOTEHLHANLHYKD 3SHEPryi0 B BHIE NOJOXKHTEIPHO onpelieleHHON KBaapa-
THYHOH GopMul ‘

1
U= 5 2 kikxixk, (23,2)
i,k

FHE Mbl CHOBA OTCYMTHBAEM TOTEHUHAJNBHYIO SHEPTHIO OT €8 MUHHMalb-
noro anauenus. [Tockoasky kosddunmental &y, u k,; Bxoxit B (23,2)
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YMHOWCHHBIMY Ha OHNHY © Ty KC BEJIAUYUHY .X'I-Afk, TO HCHO, 4YTO HX
MOWHO BCeraa CUHATATh CHUMMETPUYHBIMY (10 CBOHM HHICKCAM

kik =Ry

B KHHEeTHYeCKOH we IHEPHrU, KOTOPad HMEeT B 061&63( C.fly'l{ae BUL
1 ..
T @ (9) 9,9,
[

(cre. (5,5)), monaraem B KO3HDUUNEHTAX ¢, ==¢;, H, 0003HAYAT TOCTO-
SHHBIE @ () MOCPRACTBOM 1, ROAYYaeM €€ B BHAE NOJOKHTEIbHO
onpenensedtoll xkpaaparddHod popmml

1 ..
T D My (23,3)

i, #

Kospdunuents m,, TOwe MOWHO BCeraa CUMTaTh CHMMETPHYHMMH 00
HHARKCAM
My == My

Taxum o6pasom, narpadxera QYHKILE CHCTCMbl, COBepuralouieli cso-
6oaHple Mansle KOaeGanus:
1 .
= D (M — Ry, (23,4)
ik
Cocrasum Ttemepp ypasuesud ABmwxewnd. s ornpeneneHnd. BXOIXd-
X B HHUX NPOU3BOAHLIX Hamiiulem nOAHWA Anddepenunan QyHKunn
Jarpauxa

e
PR 4

1 . . .
AL = o D (1 %y - My Tyl — oy %, — ).

[TockoabKy BeAMUYMHA CYMMH HE 3aBHCHT, pas3yMeeTcd, OT 0003HAUYEHUs
HHAEKCOB CYMMUDPOBAHUHA, MEHHEM B MEPBOM H TPETbeM ujenax i CKoG-
Kax { Ha kR, a k na [; y4uThIBa9 0OPU ITOM CHMMETPHUHOCTb Ko3ddu-
LHEHTOB My, W Ry, noaAyduMm:

.l . .
AL = 2 (1 5y Ay — Ry,

Orciona BUAHO, 4TO

oL - 0L
-6—.=Zm[k)bk, W=~—Zkikxk.
X; A 1 b

e

ITostomy ypasuenus Jlarpanxa

2 iy - 2 by = 0. (23,5)
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Onn upeacrasasioT co6oil cucremy s(i=1,2, ..., §) JTHHEHHBIX OAHO-
poadbix AH(pgepeHunaIbublX ypasHedilll ¢ nocTofHnbME Ko3pdHLHeH-
TaMI.

fTo o6uinm npasnIaM pelueHus TAKIX yPABHEHWI HUleM § HEH3BECT-

HbIX pyuxunii x, (f) 8 BHLe
x, =A™, (23,6)

rie A, —HEKOTOpHle, MOKA HeompeleneHnse, noctosnnuie, flogcrasasa
(23,6) B cucremy (23,5), noayuaem o coxpamenmi na e cucremy
JHHEHHBIX OJHOPOAHRIX AAreGpauyecKuX YpaBHEHHH, KOTOPHIM JLOMKHLI
YAOBIETBOPATE (OCTORHHbIE A,

§(~w2mik—}- ki) A, =0. (23,7)

,HJI';] TOro 49To0h 3Ta CHCTEMA HMesd OTMHYHBE OT HyJasi pelienygd,
JOdKeEH OGDaUJ,aTbCH B HY./b €€ OIpeleauTe/]b

|kyy— @Pmy| =0. {23,8)

Ypasnenue (23,8) — TaK HA3LBAEMOC XAPAKMEPUCTIULECK0E YPABHEHIE ~—
DpeAcTaBIsieT COO0OH ypaBRHeHHe CTefleHd s OTHOcHTEdbHO w2, Ono
HMeer B o6uIeM CIydae § pPasJHYHBIX BEINECTBEHHLIX [M0J0MHTEAbHBIX
KopHedt 0, w==1,2 ..., (B 4aCTHHX CJAyuasiXx HEKOTOPHE N3 9THX
KOpHe#t MOTYT coBmanarh). OnpejaeneHnbie TAKUM 06pa3soM BENNYMHH O,
HA3BIBANOTCH COBCMBENHBIMI HACMOMAMI CHCTEME,

BewmecTBEHHOCTh M [OJOKHUTENbHOCTE KopHed ypaBhenus (23,8)
3apaHee OuYGBM/AHB yxe M3 (u3HUecKuX cooOpawenunit. JeHcTBHTEABHO,
HAJANUME Y O MHUMOR 44CTH 03Ha4ano Gul HaluuHe BO BPEMEHHCH 3aBHCH-
MOCTH KOOPIHHAT X, (23,6) (a ¢ HEMH B CKOPOCTEH X,) 3KCIORHUKHANDHO
yOLBAOIIEr0 MAN 3KCHOHEHUHAABHO Bo3pacTaioulero Muoxutesd. Ho
Halau4yHe TAKOTO MHOXHTENs B AAaHHOM CJAyuae HEAOMYCTHMO, T4K KaK
OHO npuBeao Obl K U3MEHEHHIO CO BpeMeHeM noanoh sueprup E=U-} T
CHCTEMBl B IPOTURBOPEUHE ¢ 3aKOHOM ee COXpaHeHus.

B toM ke CaMOM MOKHO yGEeAHTHCS H YHCTO MaTeMaTHYECKHM NyTeM.

* .
Ymnoxus ypasuenue (23,7) ua A; 1 1poCyMMUPOBAB 3aTeM N0 , NOAyUHM:
22— 0fmy+ hy) AiA,=0,
ik
OTKyZAa
*
Dk Ay
== "1 %
ZmikA[Ak
Kpagpatnuine ¢opMn B 4HCAHTeNE H 3HaMeHarene 9TOTO Buipa-
JHEHHS BENIECTBEHHH B CHJIY BEUIECTBEHHOCTH M CHMMETPH'IHOCTH

w2
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K03(hduueHTOB Ry, W m;,; ASUCTBITENbHO,
= * * ' * *
(lzkkikA,vAk) =%kikAiAk=§kkiAiAk=%kikAkAl.
B Ly L, i,

Onu TaKiKe CYIIeCTBEHHO HOIOKITEAbHN, 4 HOTOMY NOI0KHTeNbHO H @2 1),

Mocae toro Kkak 4acToTh (, HafiieHs!, MOACTaBIAN KawAOE U3 HHX
B ypasuenus (23,7), MOKHO HAlTH COOTBETCTBYOMINE 3HAYeHHs KO-
inenvos A, Bcan Bce xopHH ©, XapaKTepucTHYECKOrO ypPaBHEHH:
pasauudbl, TO, Kak H3BECTHO, Ko3PpduuuedTsr A, MPOMOPUHOHANbHE
MuHOpaM onpenenuteas (23,8), B kKOTOPOM o 3arencHa COOTBRTCTBYIONLIM
-3HavenneM . o603HadMM BTH MHHOpH uepes A,,. Yacrtnoe penredic
cucremn audgepcHinansHEix ypasieduil (23,5) uneer, c/ea0BaTEIbHO,
BUA

xk = A‘/?qctxelwat’

rae C, —TNpoH3BO/bHAs (KOMIIEKCHAs) MOCTORHHAL,
Obuiee xe peumeHde [aeTCi CyMMOH BCEX § YACTHHIX pPeileHHH,
[Tepexoas k BeuwlecTBeHHOHW 4aCTH, HANUIIEM €ro B BUJE

x,=Re {az_jl Ak“Cae’”’m‘} = ; G (23,9)

rie Mo BBE€JM 0O003HauerHe
@, =Re {C ). (23,10)

Taxum o06pasoM, u3MEHEHHEe Kax/JAO0H M3 KOOPAHHAT CHUCTEMHLI CO
BpeMeHeM MpeacTaniseT COGOfl HaJloxeHHe § NPOCTHIX NEPUOAHYECKHX
koneGanuit O, O, ..., 0O, ¢ npousBoAbHLIMH aMIIuTyAaMu H Dasamu,
HO MMEIOUIHX BIOJHE OnpejeseHibie YacTOThl.

EcrecTBeHHO BO3HMKAGT BONPOC, HENb3H ¥ BHOPATh 060OLLEHHDBIE
KOOPAHHATH TakuM 00pa3oM, 4To0b Kawjad U3 HHX COBEpIIala TOAbKO
oaHo mnpocroe xoneGaunne? Camas d¢opma obwero uurerpaia (23,9)
YKa3LiBACT NMYTh K PeIIeHHI0 3TOH 3amayu.

B caMom nmene, paccmartpuBas § cooTHouweHu#t (23,9) xax cucremy
ypaBHeHuil ¢ § HeM3BECTHHMH BeinumnaMu O, Ml MOWeM, paspeiis
BTy CHCTeMy, Bupasuth Beauuuns O;, 0, ... O, uepes koopaHHATH
X1, Xy, ..y X ClegoBaTensro, Benuunne O, MOXRO paccMaTPHBATD KAK

1) [TonoxkATenbHAs ONpefeJeHHOCTh KBaipaTHUHOH (OpPMBI, MOCTPOEHHOU
Ha Ko3QPUIHEHTaX R;p, OUEBHAHA M3 HX ONpefeseHHd B (23,2) Aa BelleCTBEHHBIX
3HaueHHl mepemeHHbX. Ho ecqm HamucaTh KOMIJIEKCHblE BeJHUHHB Az B SBHOM
BUJe Kak Gp--iby, TO Mbl MOJYdYuM (CHOBA B CHJY CUMMETDPHUHOCTH K;p):

* . . Y
DkinA] Ap= D by (@ — iby) (@ + iby) = D kipajay -+ ) kipbibp,
7 i i 7
T. & CYMMy ABYX HOJIOKMTEJNbHQ ONpejedeHHbIX $HOopM.
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HOBbie O0O0GULICHHBIE KOOPAMHATH, IDTH KOODMIATH Ha3bIBAIOT HOPMAA6-
HbimU (mm l‘flaBHbIMH), a COBepLIIaGMbIe HMH HpOCTbIG nepuommecxme
KOJIeﬁaHHSI—HOpMaanbIMH KO,’IG63HIIHMH CIICTEMBEI,

HOpMaJleble l{OOpZLHHaTbI @l yILOB.’IETBOmeT, KdK 3TO HBCTB}"ET H3
59,4 ox‘xpeaenemm, _VpaBHEHHﬂM

0, + 00, =0. (23,11)

QTO SHa‘H/IT, YTO B HOp.\laHbeIX 1<oopmmaTax ypaBueHug ABMXEHUs pac-
nazarTcd HA & HE34BHCHMEBIX J.[pyr OoT pryra ypaBHQHHI?'I. YCKOpQHHQ
Ka;xnoﬁ HOpMﬂJIbHOP’I KOOpiUIHaTbI 34aBHCHT TOJBKO OT 3HAYEHHH 3TOH we
KOOpILHHaTbI, N AJdd OOJHOTrO onpeneneﬂnﬂ ce BpEMQHH(’)IL/'I 3aBUCHMOCTH
HaJ0 3HAaThb HAa44aJbHblC 3HAYEHHUH TOJLKO €e XKe camoﬁ H COOTBCTCTB_\,’EO-
wei efl ckopocti. JpyruMg CAoBami, HOpPMajbHble KOJeGAHHA CHCTEMB
TIOJTHOCTHIO HE3aBHCHMEI.

W3 cxasanuHoro oyenuano, 4ro ¢yHkuus Jlarpamica, BhpaxeHHas yepes
HOPMA/ILBHIE KOOPJAMHATH, pacnajnaercsds Ha CyMMYy BHIDAWEHHH, Kawioe
Hu3 KOTOprX COOTBGTCTByeT OIIHOI\IepHOMy KOIleﬁaHHIO C O,EIHOFI U3 4acroT

(o) T. €. HMCET BUL
L=2
o4

rae ni,— NONOKHTENbHBE NocToAnHble, C MaTeMaTHYyeCcKOH TOUKH 3peHns
3TO o3bayaer, 4ro npeodpasosanuenm {23,9) ofe kpaapaTHuHbe HOPMBL —
KuHnéTHyeckas SHeprua (23,3) u norenunanbHas (23,2) — OZHOPpEMEHHO
IPHBOIATCH K JHATOHANBHOMY BHIY.

OO6BLIYHO HOPMaNbHLIE KOOPAMHATH BHIOHPAIOT TakHe 00pa3oM, UTOOH
KO3(UUHEHTH Tpu KBaApaTax ckopocTed B ¢yukuuu Jlarpawwa 6uliu
pasupl 1/2. st 3TOro XOCTATOMHO ONPENEIHTh HOPMAJBHLIE KOOPIH-
HaTh (0GO3HAYMM HX Temepsb (J,) PaBEeHCTBAMH

Q,=Vm0,. (23,13)

a?

T2 (05— 0203), (23,12)

Torna
L=5 ¥ (@50l
[04

Bce H3710%eHHOE Majno MeHdeTCs B Clyuae, KOrAa Cpein KOpHEH
XAPAKTEPUCTUYECKOYO YPABHEHHS HMEIOTCH Kpathnie Kopuu, OOmiuil BRI
(23,9), (23,10) unrerpana ypaBHeHHMH HBHXKEHMH OCTAaeTCo TaKHM ke
(C TeM e YHCJOM § Y/ICHOB) C TOH JHIUb paHuilell, YTO COOTBETCTBY-
I0lHe KPaTHBIM uactoTaM Kosdduuuentot A, yxe HE ABIAIOTCH MHHO-
paMH ONpeneuTeNs, KOTOPbie, KaK H3BECTHO, 0OpaLialoTcs B TOM CIy-
yae B HyNb1l).

1) HeBo3MoXKHOCTh BO3HHKHOBEHHA B OOLIEM HHTerpaje YJAEHOB, COAepIKAlIHX
Hapsyly ¢ SKCINOHEHUHAJbHBIMH TaKXKe H CTeNeHHble BDeMeHHble MHOXKHUTEJIH, Oye-
BHAHA M3 TeX Ke (U3AYECKHX COOSparKeHH{, KOTOphle HCK/IOYAIOT CYLIECTBOBA-
HHE KOMIIJIEKCHBIX «Y4CTOT»: HaJHYHE TaKHX 4Y/ACHOB MPOTUBOPeYHJIO Obl 3aKOHY
COXPaHeHHA 3HEPTHH,
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Kawnaol kpatHoil (11H, KaK rOBOPAT, BuPOJNCOEHHOM) 1aCcTOTE OTBe-
H4aeT CTOAbKO pPadlddHnX HOPMAJbHHX KOOPAHHAT, KAKOBA CTElEHb
¥PaTHOCTH, HO BHOOP 39THX HOPMAJbHBIX KOOPIHHAT HE OAHO3MA-
geH. [ToCkoIbKY B KHHETHUECKYIO U II0TEHILHAIBHYI0 IHEPTIH HOPMAJb-
Hble KOOPAHHATH (C OANHAKOBHIM (),) BXOAWNT B BHAE OANHAKOBO Mmpe-
00pasylomuxcs Cymy 2 Qi u 2 Qi TO HX MOAKIHO OABEPrHY Th JI0GOMY
Adneinomy npeo0pasoBaniio, 6CTaBadlouleMy HHBAPHAHTHOMH Cy MYy KBal-
paTos.

3echM1 OPOCTO HAXOWAEHUE HODPMAAbHHX KOODAMHAT AJdd TpexMmep-
HbiX KonedaHHid OAHOH MaTepHanbHOH TOMKI, HAXOASILEHCS B nOCTOSH-
HOoM BHewmxem noge. [lomeuias Hauyanso A€KapTOBOH CHCTEMb KOOPAHHAT
B TOUYKY MHHHMYMJ noTeunyadbHoil aHeprun U{x, y, z), Mbl 101y4HUM fIO-
CAE/LHIOI0 B BHAE KBAAPATHUHOH DOPMBI EPEMEHHBIX X, Y, Z, 4 KHHETIHYe-
cKag 3neprud

T=—’;i()é2 +yi4z?)

{m—macca wacTul) He 3aBUCUT OT BHIOOPA HAMPABAEHAST KOOPAMHATHHIX
oceil. IlosToMy cOOTBETCTBYIOUIMM MNOBOPOTOM OCef HajAO TOAbKO npu-
BeCTH K AMaroHaAbHOMY BHAY HOTeHUManbnyio sveprumo. Toraa

L:%()}2+)}2+z'2)—-;-(k1x2+k2y2 +hy2?),  (23,14)

1 koaebanns BAOAL oOceld X, y, 2 9BA4I0OTCY rAaBHHMH C 4aCTOTaMmi

]/ ky ka kg
U)1: —‘”;-, 0)2: 7, (03___: _”;‘.

B 4acTHOM cayuyae LEHTPalbHO-CHMMETPHYHOTO noas (k; =k, =k, =&,
U=Fkr?/2) atu Tpu 4yacToTh COBN4AAOT (CM. 3aiauy 3).

Tlonb3oBanne HOPMAABHBIMH KOOPAMHATAMH A3ET BO3MOWKHOCTh mpH-
BECTH 3aJauy O BBIHYW/AEHHHIX KoJeBaHHAX CHCTEMB € HECKOAbKHMH
ctenensiMu ¢BoOOAbM K 3ajauaM 00 OLHOMEPHBIX BRIHYXAEHHHX Koaeba-
unax, Pysxuus Jlarpanwka cuctemn ¢ yueToMm AeHCTBYIOU{HX Ha Hee
(IEpEMEHHHX BHEIIHHUX CHJ HMEeT BH[

L=1Ly+ X F, ()%, (23,15)
k

rae L,—narpamwepa ¢ynxunus ceoCoAnbiX koseBannid. Bsoas smecro
KOOPAMNAT X, HOPMAa/bHble KOOPAHHATH, MOJYyulMm:

L=%§(Q3—wiQé)+Zl:fa(t) Quwr (23,16)

rae BseaeHo o6o3nadenue

. Akq
fau)—;mt) Vet



§ 23] KOJEBAHIS CICTEM CO MHOUHMH CTENEUSIMI CBOBLOJLI 91

COOTBCTCTBEHHO yPABHCHIST JBINKEHHS

Q,+ 0iQ, =/, (1) (23,17)

OynyT coxcpwath AuHIL N0 01HOH weussecTHol dyukumn Q, (7).

3apaun

1. Omnperennts KoacGaHus CHCTEGMBI C IBYMS CTEHEHAMH CBOGOAb, eC/IH ee
dyukuusa Jlarpamka
2
20
P

1 . .
L=5 ¥ +¢)——5 (@ 4¢) Foxy

(I8¢ OQMHAKORLIE OIICMEDIEIE CHCTCMLI € COGCTBCHHON YacTOTOR ®g, CBA3ANmLIE
B3auMeJeliCTBREM — axy).
Pemenwe. ¥papueuus IBHKCHHS

2 o - 2
X-Fwox=0y, y-+oy=ax.
IMozcranosxa (23,6) naer:

Ay (05— 0% =ad Ay (@f—oh)=ad,. M

y‘l
X . ‘N ABI o 2 212 2 OTRV
apakTepHCTHYEeCKoe ypaBHeHHEe (0p—0°)7 =, OTKYAa
2 2 2 2
W)= Wy —0, W9 = Wy 0.

[pu w=0; ypasueuusn (1) aaor Ay=A4y, a nprx 0=, Ax=—-—Ay. IToaromy

1 1
=—(Q ) Y= (O —
VQ (Q1+Qs Y 1/2 (@1 —Qy)
(k03 PULLHEHTH! 1/1/-2_ COOTBETCTBYIOT YKa3aHHO# B TEKCTE HODMUPOBKC HOPMailbe

HBIX KOODIHHAT).
Ipy a <€ of (cnabas cBA3L) HMeeM:

X

;RO N - «
1~ Yo 20)0 ’ 2~ Wol 2(00 -

MsueneRne X H y NpelctaBIseT cofoit B 5TOM caydyae HaNOXKCHHE JIBYX Kosela-
Hufl ¢ GAM3KHMH 9acTOTaMH, T. €, HMeeT XapakTep OHeHH{t C 4acTOTOH My — y==0/0),
{cMm. § 22). Ilpu sToM B MOMEHT, Korja aMIIMTYJa KOODAHHATBI X MPOXOLHT uepes
MaKCUMyM, aMILIMTyZa g MPOXOINT Hepe3 MHHHMYM H HaoBopoT.

2. OnpejenuTs manble KoseGaHus ABOITHOTO MJAOCKOro MasiTHHKa (puc. 1).

Peuwenue Jas mansix KojeSauuit (¢; €1, @, <€ 1) naligensas B sajaue i
§ 5 dyukuus JlarpaHka npuHHMaeT BUX

mytmMy 900 My 22 s iy =My 9 My 2
L=-———'—-2 11([)1—!——2 12(024'”121112@1%—-—‘—‘“2 gll(Pl—_‘Q glapa-

Ypasneuus ABUIKEHI:

(5 4 ma) LGy - Molaa(ma+ma) g1 =0,
llc“dr{‘laéP.z“(‘gq?‘z:O-
Tlocne noacranoBru (23,6):
Ay (my+my) (g—1o?) — Ayw®mgl, =0,
— A w4 A, (g— 0% =0,
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Koptr xapakrepiucTHiIeCKoro ypaBHeHHs:

£ .
0] 5= m{ (my+mg) (I +15) % V(”11+ my) [(my 4 my) (I + 15)2—4my L1}

[Tpn m; — oo wacTOTH CTPEMATCA K mpejesam V g/l V g/lz, cooTBercTByOUIM
He3aBHCHMBIM KONEGaHHAM ABYX MasTHHKOB.

3. HaltTH TpaeKTOPHIO IBHKeHHS YaCTHUM B HeHTpasibHOM mnome U==kr?/2
(TaK Ha3EIBAGMBIH APOCMPAHCMEEHHbIE OCUUAAAMOP).

Peuwenue Kak n BO BCSKOM UEHTPAJbHOM NOJIE, JABHMKeHIIE NPOICXOAHT
B OAHOI IJIOCKOCTH, KOTOPYIO BhHIGHpaeM B KauecTBe NJOCKOCTH x, y. MaMeHeHne
Kax ot H3 KOOpPAMHAT X, y—TMpocToe KojebaHHe ¢ OJINHAKOBBIMH 4acTOTaMH

= Vk/rr:

Han

x=acos (0l +a), y="bcos (ot B)

x=a.c08Q, y=">bcos (p--0)=0bcosdcosp—>bsin §sine,
rje BBepeus! ofosHavenus @=of-+a, S=f—a. OnpegenuB orcoma cosQ
H S0 @ 1 COCTABHB CYMMy HX KBajJApaTOB, MONYUMM yDaBHEHHE TPAEKTOpHU
)c2 ¥ 2xy
b* ab
270—34a4Mn¢ ¢ LeHTPOM B Hauane kKoopauHaT 1), Ilpu 8§=0 wan x tpaexTopus
BLIDOIKJAETCA B OTPE3KH TIPAMOIL.

cos § = sin2d.

§ 24. KoaeGanus MoJekyn

Ecau mpl nMeem 1e10 ¢ CHCTEMOM uacTHll, B3auMOAEHCTBYIOLIMX APYT
C APYTrOM, HO HE HaXOMSHIMXCSl BO BHEIIHeM MoJe, TO He BCe ee CTe-
nesn csoGonab HMEIT KoaeGaTejqbHHH XapakTep. THIMUHLIM NpPHMEPOM

TAKHX CHCTEM ABJSIOTCS MOJEKYIHL. [Tomumo pnBHeHu#, npeacrasiId-
1OULHX COB0H K0MeBaHIA aTOMOB OKOJIO HX MOJOKEHHs PABHOBECHS BHYTPH
MOJEKYIH, MOTeKy/d KaK LeN0e MOXET COBepulaTh MOCTYNATENbHOE H
BpalaTenbHoe JIBHKEHHS.

MocrynarenbHoMy mepeMelieHHIO COOTBETCTBYIOT TPH CTeNeHH CBO-
601, CToabKO e uMeercs B o6lleM caydae BpaUlaTeAbHBIX CTeNeHeH
cBoBOAB, Tak 4TO H3 3n creneHeft CBOGOAB 7-aTOMHOH MOJEKYJH
Bcero 3n — 6 orrevaioT KonebatenbHOMY ABHKeHHIO, MckioueHue npel-
CTaBJSIOT MOJEKYJBl, B KOTOPHIX BCe 4TOMBI PACNOJ0KEHH BLOJIb OXHOM
npsaMott. [ToCkonbKy roBOPHTb O BpAaLIEHHH BOKPYT 3TOM NpsiMoit He umeet
CMbIC/Ta, TO BpallaTeabHLIX CTereHe# cBOGOIL B 9TOM C/lyuae BCEro IBe,
TaKk 4TO KojneGaTeldpHbX HMeeTCst 3m—D.

[Ipn peiienun Mexanuyeckoff 3amaun o KoneGaHHAX MOJEKYIo Uene-
€006pasHo € CaMOTO Hauasja UCKIIOUHTh U3 PACCMOTPEHHS MOCTYNATeNb-
Hble H BpaulaTebHble CTeNeHd CBOOGOIH.

Yro6k HCKIIOYHTH NOCTYNAaTeNbHOE ABHIKEHNRE, HALO CYHTATh PABHBIM
Y110 NoJjHb# nMoyasc Mouaexyasl. [TockOabKy 9TO yCa0BHE O3HAuYaeT
HEMOABHKHOCTD L@HTPA MHEPLHH MOJEKY/H, TO €r0 MOXHO BHDA3HTh

1) Tor ¢axt, uto B noJe ¢ noTenuuasbHoit sneprueft U =kr2/2 jBHXeHHe
APOHCXOANT MO 3aMKHYTOH KpuBo#, Gbla yke ynomsaHyT B § 14,
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B BILA€ HOCTOSHCTBA TPeX KovpanHar rnocaesrero. Ionoxus r,=r -4 u,
(rae r,,-— DadlyC-BEKTOP HENOABIKHOTO MOJOWKEHHH PABHOBCCHA aQ-TO
aTOMa, @ W, — €ro OTKJIOHEHHE OT 3TOTO NOAOKEHNUT), MPLACTABUM YCJIOBUE

Z m,r, =const = Z m.r .,
B Biijae Z nu, = 0. (24,1)

Y100 1CKI0MUTy BPAULEHEE MOJCKY/IH, CIeIVeT [10J10XKUTh PaBHBIM
HY/0 e¢ TOAHBIH MoMedT uMnydbca. Tax Kak MOMEHT He SIBJASeTCs Mmoa-
HOM NPGH3BOJHON MO BPeMeHH OT KakKo#-nmnbo byHKUuK KOOpaIHaT, TC
YCIOBHE €ro HCYEe3HOBEHHT HEe MOweT OHTb, BOOOUIE TOBOPS, BHPAKEHO
B BUAE papeHcTsa Hyao Taxo# ¢yawxunu. Oanako cayvaii Maaslx Koje-
Oauufl Kax pa3 mpejacraBAderT HCKJAOUeHHe, B camonm nede, cHoBa moJo-
WHB T, =T, U, ¥ npedebperas MaJbiMH BeJHYHHAMH BTOPOTO MO-
PALKAE 10 CMEIUEHHAM 11, IPEACTaBHM MOMEHT HMIY/bCa MOJEKY/H B BULE

. d
M= m, i, 2 Dm, (1,0, = 2 m, [,
yC!IOBI/IC €ro HCYL3HOBCHUA B 3TOM HPX/IGHI/I}KQHHH MOKHO, C1eA0BaTCALHO,
npeacrasuTh B BHIAC
Z my (¥ o1, = 0 (24,2

Hayano KOOPAMHAT MOXKET ObTh INpH 3TOM BHOPAHO NPOU3BOJBHBIM
obpasonm).

Hopwmaiibubie Kone6anus MoJeKyan MOryT GbiThb KiaccuGUUUPOBAHN
No Xapaxrepy ABMKEHUS ATOMOB B HHX H4 OCHOBaHMH CooOpaweHnf,
CBA3AHHHIX ¢ CHUMMeTpHEl PacnosoweHus aTOMOB (B MOJOWKEHHAX PABHO-
pecus) B Moaexynae. Jnd arofl nenu cyulectsyer oOu(HH METOX, OCHO-
BAHHBLIH HAa HCHONB3OBAHNH TEOPHH TPYII; OH H3JI0KeH B APYroM ToOMe
sToro Kypcal), 3xech e MB paccMOTPHM JHUIb HEKOTODbIE 3aeMeHTap-
Hble TIPUMCDHI,

Ecnn Bce 7 aTOMOB MOJEKY/bt JIeXKaT B OJHOH MJOCKOCTH, TO MOKHO
pazaMuath HOpMa/bHple KojdeBaHus, OCTAB/AfIONINE ATOMBE B 3TOH ILIO-
CKOCTH, M HODMAJbHbie KOJ1eGaHusl, NpH KOTODPBIX aTOMbl BLIBOAATCH H3
naockocTH. JIerko ompefenuTs YHCAO TeX W APYTHX, Tak Kak BCEro
At MJIOCKOTO JABHWKEHUS MMeeTcs 27 cremeHed CBOGOAB, M3 KOTODBIX
JiBe TOCTynaTe/bHbie 1 0JHA BpauiaTelbHas, TO YHC/A0 HOPMAJLHEIX KOJe-
Ganufl, He BHIBOATUIMX aTOMbl H3 NIOCKOCTH, paBHO 27 -3, OcTanapHbie
we (3n—06)—(2n—3)=n—3 KxonebGaTeJbHHX cTenmeHed CcBOOOAN
OTBEYAIOT K0/IeGaHHIM, BHLIBOLSUIHM aTOMbl M3 ILIOCKOCTH,

B cnyuae snuHeliHoft MOJIeKy/ibl MOXKHO PA3/nyath IPOLOJbHEE Kone-
Oanus, coxpasxsouiye ee npsmonuueiiHyio dopmy, u koaebauusd, EbBO-
pauipe atomel ¢ npamoil, Tax kak Bcero ABHKEHMIO 72 YACTHL 110 JHHUH
OTBeYaeT 72 cTeneHel cBOBOJH, M3 KOTOPHIX OAHA MOCTyrareanHas, TO
uyuca0 KoaeOaHuil, He BLIBOISLLHX aTOMbl C NpAMOH, parHo n—1,

1) Cm. «Ksanropas MexaHuKar, §100.
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TTocKOIBKY K€ TMOAHOE UHCI0 KOaeGaTedbHuX CTeneHeil cBoGOMM MiHel-
HOH MOJeKyau ecTh 372—95, TO nmeercs 2n—4 KoaeGaHnid, BHIBOASA-
LIMX aTOMBI ¢ IPAMON. DTHM KOJeSaHHsIM, OAHAKO, OTBEYAT BCCTO /1—2
Pa3MHYHLEE HACTOTH, TaK KAK KawA0e H3 TaxHx KoaeGannil MOmer
OCYHIECTBAATBCH ABYMH HE3aBHCHMBIMIL CHOCOGAMI—B ABYX B3aHMHO
NepnenInKyMPHHX II0CKOCTAX (MPOXOAAUIIX 'iepe3 OChb MOJEKY/bl);

H3 cooBpaweHHil CHMMETPHH OuEeBHIHO,

3 1 2 L / YTO Kawjas raxad napa HOPMAJdbHbIX
A B A K0.1e06aHHH HMEET OLHHAKOBLIE 4aCTOTH.
= o 3agaunl)

Il / 1. Onpeneants uwacrorsl KoJebauuil JH-
T < 8 HelHO! TPeXaTOMHOH CHMMEeTPHuHOI MoJe-
; W kydast ABA {(puc. 28). Ilpeanonaraercs, uro
[OTeHIHAAbHASL SHEPTHS] MOJIEKYJbl 3aBUCHT
Puc. 98, TOJBKO OT paccroguuii A—B y B—A v ot

yraa ABA.

Pemenune. [IpoaoauHbie CMEUEHAs ATOMOB Xy, Xp, X3 CBA3AHH 8 cuay (24,1)
COOTHOLIEHHEM
ma (xy + xg) -+ imgry=0.

C ero AOMOHIbIO HCKAKHaEM X, H3 qﬁ)yHKuHH .Harpamxa NPpOAOJABHOrO ABHIKCHHA
MOJIEKY bl

B (x5 + 5 — ‘[<xl—x2)2+(xa—xz>‘2),

fiocJsie vero BBOAWM HOBHIE KOODAHHATHI
Qa:x1+x3v Qsle_x:i‘
B pe3yabTare Nnoaydum:
malt - ’"A 2 tM ky e
L—724 2B gz _Fige
4m B 4

(w=2my+ mpg—macca moneky.as). Otciofa BHAHO, uT0 Q, H Q, ABIAWOTCA
(c TOUHOCTBIO JO HOPMHPOBKH) HOPMAJbHBIMH Koopinnatamu. Koopainata Qg
OTBEYAeT AHTHCHMMETPHYHOMY OTHOCHTEJBLHO CEPeRMHbH MOJEKYaRl KoJseGaHuio

(xy == x3; pHc. 28, a) ¢ uacTtoTol
1 3
- 'l/ i
mampg

Koopannara @, cCOOTBETCTBYET CHMMETPHUHOMY (Xy== —-X3 puc. 28, 6) kosela-

HHIO C 4aCTOTOH
0y = ]/
s17 my’

1y Pacuersl koseGaHuil Gojiee CJI0JKHBIX MOJIEKYJ MOXKHO HafiTH B KHHUrax:
M. B. Boasxenmtettn, M. A. EabssmeBnu, B. 1. Crenawnos,
KoneSanns monekys, Focrexusaar, 1949; . Tepubepr, KonedarenbHoie U Bpa-
IaTe/bHble CNEKTPEl MHOrOaTOMHbIX MoJsekya, MJI, 1949.
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lionepeunbie CMEIIGHHA aTOMOB Yy, Yy, Y3 B ciay (24.1) u (24.2) cBf3aHsml
COOTHOLIEHHAMH

ma{y; +ys) +mpy=0, yy=y
(cHmMeTp HyEne KogeGanue a3ruGa; puc. 28, 6). [loTeHunanbHYI0 SHEPTHIO u3ruba

MOMEK v bl fHIIeM B Biie ky/28%/2, rne 8 —oTkjouensie yria ABA or sxaveHHs &,
OHO BhIPAZKAETCA depes CMEeUleHH# COrJacHo

8= (s =)+ (a— 2]

Boipamas BC2 CMOHIEHHR gy, s g tepes O, monyduy ¢yuxumo Jlarpawxa
nonepeunore koneSaHud B BHIS

R 2
My g gy g e Ralo
L=-5{yi+u3)+5 v— 50
_mamp 2 62 - Ryl? a2
T 4n 2 ¢
OTKY L3 4aCTOTa
2k a1
Wgq = btk i Q)
mamg 0
2. To ke nns mosekysn ABA tpeyron-
rolt dopuer (puc. 29). )]
Pewenue B cany (24,1), (24,2) cocTa- 4 7
BASOULIe CMellennil u aToMOR 1O HampasJie-

HuaM X # Y (puc. 29) cBsi3saHH COOTHOLUIe- 6
HHAMH )

malx; + x}) + mgxy =0,
may +y3)+m8y2:0,
sin o (yy —y4) —cos & (xq 4 x4) =0. Puc 29.

Wamenennsa 8/ uw 8, paccrosunfi A—B v B— A nonyyaorcs nyreM OPOeKTH-
pOBaHUsl BEKTOPOB U; — Uy H Uy— U, Ha Hampawienus aunuit AB u BA:

&y = (%, — x3) sin & + (y; — y,) cos o,

Bl = —(x; — x3) $inl ¢ - (Y3 — o) cOS .
Mavenenne xe yraa ABA monydaercst npoekTHPOBaHWEM TeX e BEKTOPOR Ha
HanpapneHusi, MepneHAHKYJsipHOe K oTpeskaM AB u BA:

1 ‘ . 1 .

6=—l— [y —xg) cOs a— (y; — Yy ) sin a] +_l [ — (x3—x5) cos a— (y; —y,) sit af.

Qyukuua Jlarpaumxa MOJERY sl
maf - . mp . Ry kol?
=T <u§+u;) + 7 g <az§+azg>——2—az‘
BrOAHM HOBBI2 KOOpPAHHATH

Qo=x14-%3 G =x—1X3, Gea=Y; Y3
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KOMHOHQHTM BEKTOPOB U BHPa)alOTCA 4epe3s HHX coraacHo

1

ma
(Qe—951)s Xg= ~ma Qur
gy

1
xl:'2_ (Qa+qsl)» Xg =

ma
(95— Qg ctg @), Yo = ‘“@qsz»

wj~ |

1
n=50@a+Q.ctga), y=

a s QYHKIHK ./'larpamxa NOJMYUHM [OCJe BBIUHCJICHHSS
mga QmA mAu,
L=F ( U+524a +

mpg smz
k 2m 2m
2 1 A Agae —
—-QZ ( -l-sm2 ) (1 -+ Bsm oc>

q 2
_ % (ky sin® @ - 2k, cos? oc)'*ng 4*;2 {k; cos? o0 -}- 2k, sin? o) -
B .

P .
+d51 950 Iy (2k y— k1) sint O COS Ot

Orcioza BHAHO, uTO KOOP AHHATA Q, OTBEUACT HOPMAJALHOMY KOJIE0aH IO € YaCTOTOll

mi:il- (1-[—2’—”1’—1 sin‘“’oc) ,

3 !
3 4 2 { ! ma ng
¢ 8 aHTUCHMMETPHYHOMY OTHOCHTEIbHO OCH Y (X == x4,
Yy, = — ys; puc. 29, a).
Puc. 30. KoopiuHaTh Ke ¢4, Gga COBMECTHO COOT-
BETCTBYIOT JABYM KOJeGaHHUAM (CUMMETDHYHBIM
OTHOCHTETBHO ocH Vi xy== — x5, yy==Yy; DHC. 29, 6 n 6), HaCTOTH! KOTOPHX Wy,

(g ONpPEAeNATCT KaK KOpPHM KBazparHoro (mo ®?) XapaKTepHCTHYECKOro
YpaBHEeHHH :

1 2
wt—o? [—k—1<l—l—2r;n~’4cos2 oc)-}—“k (1—:————” 51n2a>J +ﬂ1—@=0.
4

2
ma B mpg mpgti 4

[pu 2e=1r Bce 3TH 4acTOTH COBNAfAlOT ¢ HalljeHHbIMH B 3ajgaue I,
3. To xe naa nneelfHOH HecumMmeTpuyHoit modekyant ABC (puc. 30).
Pewmenue IIponosbunie (¥) U nonepeunsie (y) CMeulEHHS aTOMOB CBf3aHul
€OOTHOLIEHHAMH
maxy+mpky-mexg==0, may; -+mpy,-+-mcyz; =0,
malyth = melays

ﬂoreuuuanbﬂy}o DHEPIHIO PACTAXKEHUA U u3ruba nuuleM B BHJIE

.

k
ORI

(201=1, 4 1,). BuuncaeRus, auajoruuHpie NPOUSBeJEHHHIM B 3a2jaue 1, npHBOAAT
K 3HaueHHIiO
2 2
w‘}= kot (12 i
2 g2\ T T
Bl3\mg' mag mpg
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478 9acTOTHl NONepeyHoro KoJebaHund H K xBaApaTHowy (no ©?%) ypasuensio

3 1 1 , —‘ l.‘. lk
ot — % Ry = — )+ &,
m 4 mpg mAmellC

AN 4aCTOT )y, W9 ABYX NPOIOJBHBIX honeéamm.

§ 25, 3aryxaiouue xoseGanus

1o cuX mOop Mbl BCEria MoApasyMesasin, YTo ABHKEHHE Tl MPOHCX0=
AHT B NYyCTOTE MM YTO BJAHAHMEM CDexn Ha JBHKEHHE MOXHO MpeHe-
6peub, B meiicTBUTENbHOCTH NpH ABMXKEHHH TeJa B Cpele MOCAefHAd
OKa3bIBAET COMPOTURIEHHE, CTPEMSIILEECT 3aMeLJTHTh JABHKEHHE. DHeprud
ABHXKYULIErOCsl Tejad TIIPH 3TOM B KOHIE KOHIIOB HEPEXOIHT B Tenl1o
HJHM, KaK TOBOPAT, AHCCHIMPYeETCH.

[Tpouecc ABHMXKEHMS B 3THX YCJOBHAX YKe HE ABIAETCA YHCTO
MEXAHUYECKHM [IPOLeCcCOM, a ero paccmMorpedue tpedyer yuyera Ipu-
JKEHHs CaMOH CpeAnl H BHYTPEHHErO TENJIOBOroO COCTOAHHUSA KAK Cpeid,
Tak M Teja., B 4acTHOCTH, yxe Heab3s YTBepwIaTh B oflleM ciyudae,
YTO YCKOPEHHe JBMKYLIerocs Teda fBAdeTcH (YHKUHeH QHIIbL OT ero
KOOPAMHAT H CKOPOCTH B AaHHBHIf MOMEHT BDEMEHH, T. €. He CYyilie-
CTBYET YPaBHEHUH JBUKEHHs B TOM CMbICJE, KAKOH OHH HMECIOT B Mexa-
nuke. Takum o6pasom, 3anauya O JABMNKEHHH Teja B CpPele yWkKe He fB-
JgeTcs 3anauell MexXaHHKH.

CymiecrpyeTr, OJHaKo, ONPeae/eHHas KaTeropua ciayuaes, KOraa
IBHXKEHHE B cpeie MoXeT ObITh NPHOIHMEHHO OMUCAHO C MOMOINbIO
MeXaHHYEeCKMX yPaBHeHHUH ABMKEHHUS IIyTeM BBEHACHHS B HHX ONpCieneH-
HHX JIONOJAHHTENbHHIX Y1eHoB. Clofa oTHOCATCH KONeGaHus C YacTOTAMH,
MajJHMH [0 CPAaBHEHHID C YAaCTOTAMH, XapaKTEePHLIMH JAAd BHYTPEHHUX
IMCCUMATHBHEIX mnpoueccoB B cpere. [Ipu BuimonHenun 3TOro yeaoBu#
'MOYHO CYHTaTh, YTO HA TeNO HAeHCTBYET cU.4a mpenits, 3aBUCALIAL
(ans 3aKaHHON OXZHOPOLHON Cpeln) TO/MLKO OT ero CKOpOCTH.

Ecnn K ToMy Xe 3Ta CKOpPOCTH XOCTATOYHO Maja, TO MOXKHO pasno-
WUTh CHNY TpeHus mo ee creneusM. Hyzaemo#t unen pasnoxenus pased
HY/I0, MOCKONbKY HA HEMOMBHWHOE TE/NO He AelCTBYyeT HHKaxKoH CH/In
TpeHHsi, W UEepBHH HEHUCUe3AIUH WIeH NMPONOPIHOHAAEH CKOPOCTH.
Taxum 06pasom, 06OGIUIEHHYIO CHIY TPeHHS [, AeHCTBYIOLLYIO 1 CHCTe-
My, COBEPIIAWLIYIO OXHOMEPHHE MaJnle Kojebanus ¢ 06obumenod Koop-
AHHATOH X, MOXHO HamHCaTh B BHAE

ftp= —ox,

TAe o0— NONOKHUTENbHbLI KOS(OPUILHEHT, 2 3HAK MUHYC MOKAa3LIBAET, YTC
CHsIa JeHCTBYET B CTOPQHY, HPOTHBONOJNOKHYIO cKopocTH. Jlo6asasns sty
CHAY B NPAaBYI0 CTOPOHY YpaBHeHHMd IBMxeHud, noayunm (cp. (21,4)):

mx = — kx —ox. (25,1)
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Paspenum ero ma m u pBenem oGosHaveHus

& 2 a =
— = — =2A. 25,2
n o in (25,2)
®p €CTb yacToTa CBOGOANBIX KONeGaHUH CHCTEMB B OTCYTCTBHE TPEHHUIL.
Beanunsa A HaspBaercs wosggbuyuenmos 3amyxanusl).

Taxkum o6pasom, mveeM ypasHeHie

&~—/3x*m0x—0 (25,3)

Cnenys obwuM npaBuaanm pem HHS “me}mmx ypaBueHuil ¢ mocrosH-
HBIMH KO3b@UUHeRTaMU, DoraraeM X = e’ Il HaXOXnM XIS F XapaKTepi-
CTHYECKOE YypaBHEHHE

q 2

20 - wy =0,
Obwiee peiledue ypasHeHus ‘25,3) CTb

i G S B Ve D

31ech caelyeT pasinuaTh ABA Cayyas,
Ecnu A << 0g, TO MBI HMEEM ABA KOMIVICKCHO CONPSNKEHHEIX 3HAYCHHS .
QG6uiee perieHie YPABHEHHS ABMKEHISI MOXeT ObITh NPEACTABICHO B 3TOM

clyyae, Kak
x=Re {Aexp (—At+it-‘/w3~ }ﬁ)},

rie A—npousBO/ibHAA KOMIVIEKCHARs mocrTosxHas, Muade mowuo mami-
CaTh: —_—

x=ae M cos (0t 4 a), co:l/mﬁ—?»'z, (25,4)
rie @ H O.— BeL(eCTBCHHHE MOCTOAHHbE, DBeipamaemoe stumu ¢opmy-
JaMd JBHWKEeHHe peAcTaBAseT cOG0N TaK HA3LIBACGMbIE 3AMY X QIOUILE KO 4L
Oanus. Ero MOWHO paccMaTpHBaTh KaK FAPMOHHYECKHE KOJeOaHHA ¢
9KCMOHEHIHAAbHO YOuBaomel aMnauTy10i. CkopocTh yObIBAHES aMILIU-
TYZbl ONpejgessercs [0KazaTeneM A, a 4acrora» o KoJAeGaHuld MeHbme
4acTOTH cBOGOANLIX KOosleGanuft B oTcyTCTBHe Tpenus; npu A << @y pas-
HHILA MEXAY ® ¥ Wg— BTOPOrO MOPALKA MANOCTH. Y MCHbINEHHE YACTOTH
pU TPEHHH CJAEJA0BANO OWHAATH 3apdHee, NOCKONbKY TpeHHe Boobiuie
3aJePWUBACT ABUWKEHHE,

Ecan A <€ o, TO 33 BpeMs OAHOTO MepHOAR 25t/®) aMILIUTYIa 3aTy-
xampoutero koneGaHus NOUTH He Mensercd. B atoM cayuae umeer cMmoica
paccmaTpHuBaTh CpesHue (3a MEPHOA) 3HAUCHHH KBAZAPATOB KOOPHHHATH
H CKOPOCTH, npeHedperas NpU yCpe HEHHI H3MEHeHeM MHOWHTEeAs e~ M,
DT cpemHHe KBAaApaTH, OYEBMAHO, NMPOMOPLUIOHAABHH e~ *M, TToaTomy
H 3Heprus cucremMb B cpelHeM YOblBaeT 1O 3aKGHY

A =
E=Ee~ the (23,5)
rae Eg— Haua/nbHOe 3HAYEHHE DHEPTHH.

!y Bespasmepuoe npoussenenue AT (rfe 7 = 2a/@—0EPHOJ) HA3BIBAWOTD
ZOrapuQMHUECKUM JeKDEeMEHTOM 3aTyXaHud.
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[Tycts teneps A>> @p. Toraa ofa 3nayeHnd r BEUIECTREHHB, TPHYEM
¢6a orpuuareapnn, OOCwiHiE BUI peineHus

—(A—sz—u)g) t

- p 2

+ c,e (A+th_m0) t . (25,6)
Mpl BHAHM, YTO B 3TOM CJyuyae, BO3HHKAIOLEM MIPH XOCTATOMHO GONLUIOM
TPEHNU, ABMWEHHE COCTOMT B yOLBaHHH |X|, T. €. B aCHMNTOTHYECKOM
{(npu £ — 00) DPHGIMKEHNH K TTON0WEHHIO PABHOBECH, DTOT THIT ABHKE-
HHSl HA3BIBAIOT QnepuodusecKus 3amyxarilen.

Hakoneu, B ocofoM cayudae, KOraa A==y, XapaKTepHCTHYECKOE
ypaBHeHue HMeeT Bcero oxun (ABoiiHo#i) kopenb r = — A. Kax ussectso,
ofuiee peuleHne AuddepeHUHANLHONO ypaBHEHHS MMEET B 9TOM cayuae
BHJ,

x=ce

£=1(cy + cyt) e~ M. (25,7)

10— 0COOHIH ciayyali anepuoanueckoro saryxanus. OHO Towe He UMeer
KoneBaTe/bHOTO Xapakrepa.

Ona cHCTeMB! €O MHOTHMU CTemeHIMH CcBOOOAHN OGOGHIEHIHEIE CH/IR
TPeHMsl, COOTBETCTBYIOUIHE KOOPIHHATAM X;, ABAAIOTCH ANHEHRBINY PyHK-

ILH4MH CKOpOCTeH Buaa
_ Y] \
firg = — 2% (25,8)

3 4ncTO MexanuuecKnx cOoOOpamenuil Heslb3st CAEATh HUKAKHX 3aKJII0-
yeHu#t o CBOHCTBAX CHMMCTPHU KO3(QHLUEHTOB O, N0 HHAEKCAM [ U &.
Metonamu we CcTaTHCTHUECKOH (U3MKH MOXHO MOKasaTsl), uTo BCerma

O == Ui (25,9)
[lostoMy Bolpasxennst (25,8) MoryT GbiTh HANMHCAHbL B BUAE NPOU3BOMAHKX
oF
firp= "T;Q (25,10
OT KBaApaTnyno#i GopMul
1 ..
F= ”2‘2 ;%% (25,11)
ik

HaspiBaeMoil Guccunamusnoll gynrxnued.
Cuast (25,10) momxun GniTh L06aBA€HH K NPaBoil CTOPOHE ypaBHe-
Hnil Jlarpanxa

E—a—).ct—: 5}:—— 6,{'1 . (25,12)

HJuccunaTuenan ¢ynkuud umeer cama no cebe Baxubii GU3NUECKHi
CMBICT— €10 OnpejeiseTcd MHTEHCHBHOCTb JHCCHMNALUH 2HEPTHH B

1y Cu. «Crarucruyeckas ¢usugar, § 123,
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cucreme, B stom nerko }’66111Tb€ﬂ, BBHIMHCJIHB MPOH3BOAHYIO MO BPEMECHH
OT MCXAHHYECKO# 3HEepPrHH CHCTEMBI. Mueent;

dE__ d . OL . /d oL 0oL . OF
— e vx‘_’\‘.—_L 25".”[ | = x,'-—.—.
didt\ /4 6%, bd dt dx; 0x; 0%x;
7 i i
TMockoabky F—xBanpaTnuynasg (yHKILHS CKODOCTEH, TO B CHAY TEOpeMhl
Ditnepa 00 ONHOPOAHHIX (YHKLHSIX CyMMa B IPaBOil CTOPOHE PABEHCTBA

pasna 2F, Takum oGpason,
dE

= —2F, (25,13)

T. €. CKOPOCTb H3MEHeHHs SHEePrHH CHCTEeMbl LaeTcs YABOCHHOH AHCCU-
natusdoi  ¢ynxuueit, Tak Kak JANCCHNATHBHHE IPOUECCH MPHBOLAT
K yMEeHbIUGHHIO 3HEPrum, TO AOAXKHO OubTh BCerza F >0, T. e. WBax-
partuyHas dopma (25,11) cyuiecTBeHHO MOJNOKHTENbHA,

YpasHenust Manpix KoneGaHii NPH HAJAHYHH TPEHUA MOAYHAIOTCH 1.0-
Oapieduenm cua (25,8) B npaBylo cToposy ypasHeHuil (23,5):

” O . .
gmikxk + ; RiXy= _%aikxk' (25,14)
4
TIoN0WHB B STHX YpPABHEHHUSX
. rt
X, =A,e",

nojay4um 1o COKpalleHHH Ha e’t

ypaBHenn# s NOCTOSHHHX A,
;(mik’2+aikr+kik) A,=0. (25,15)

CHCTEMY JHHeHHHX aareGpanyecKux

[TpupaBHsB HYJIO OUpPELENHTENb 3TOH CHCTEMB, HallleM XapaKTepucy-
YECKOe YPaBHEeHHe, OIpeaessIollee 3HAYEHHA 7!
|myrt—+a,r+ k| =0. (25,16)
dro—ypaBHeHue creneHu 2s otnocurenbno r. Ilockonbky Bce ero
k03¢ @UIHEHTH BelUeCTBEHHB, TO €ro KOPHH /JIH00 BelleCTBEHHHI, THOO
nonapHo KOMIUIEKCHO conpsbieHrl. [Ipn 5TOM BeulecTBEHHLIE KOPHHU Hellpe-
MEHHO OTPHUATENbHL, a KOMIUIEKCHbIE HMEIOT OTPHIATENbHYIO BEulecT-
BEHHYIO 4acTh. B NMPOTHBHOM clyyae KOOPAHHATH M CKOPOCTH, @ C HUMH
B SHEPTHf CHCTeMbl 3KCIOHEHLMaNbHO BO3pacTalH OB CO BpeMeHeM,
MEWIy TeM KaK HaJn'iHe JHCCHIATHBHBIX CHJ JOMKHO IIPHBOLHTD K yMEHb-
LICHHI0 SHEPTHH.

§ 26. BuinyxacHHbIe KoJe6GaHud NP HAJUYHHA TPeHHd

Uccnenopanue BoHY ¥ /AEHHBIX KOAeOaHuil IPH HATUYHH TPEHHUS BIIOJIHE
ataJOruYHO TPOM3BEJEHHOMY B § 22 paccMOTpeHHI0 KoneGaHui Ges
Tpedust. Mul octaHOBHMCH 3JeCh MOAPOGHO 1ia IPENCTABJSIOUIEM CaMO-
CTOATE/bHBI HHTEPEC C/lyyae NepHOAHYECKOH BLIHYXKAAIOUWIEH CH/LI
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IlpuGaBus B mnpapoH cropoue ypaBHeHus (23,1) Bueunncio cuay
JScosyt M pa3lenuB Ha m, MONYyYHM YpaBHEHHE NBHMXKEHHd B Biljle

3&+2A5¢—‘;—m§x=%cos vE. (26,1)

Peuwenne atoro ypasHesust y106HO HAXOAUTb B KOMIIEKCHOHE dopMe,
A% Uero muiieM B NpaBoft wacTn ef¥ Bmecto cOS i

x4 2Ax - wﬁx:—f"%— etvt,

YacTueifi uHTerpan wuueM 8 BHAe X=2Be!¥ u naxoaum ans B:

;S S— (26,2)
m{(o;—vy* 4 2iky)

Vlpeacrasus B B Buae bel® umeem ans b n 6:

b= ! g S 2V (26,3)
mV (@F =)+ 4rry? vi—op
HaxoHel, OTAENNB BEUIECTBEHHYIO YACTh OT BHpaXeHus BeiV = pei (vi+8),
MOJYyYHM dacTHui nHTerpas ypasuenus (26,1), a npu6asus K Hemy obuiee
peuienHe ypasHeHHft Ge3 NPaBOH 4acTH (KOTOPOE MB HAMHIIEM AJH Onpe-
LENEHHOCTH AJf CAyuas ®e>>A), NMOJAYUUM OKOHYATEIbHO!

x == ae~M cos (0t +a) -+ b cos (yt + §). (26,4)
[TepBoe cnaraeMoe 3KCIOHEHUUAAbHO YOHBAET CO BPEMEHEM, TaK YTO
yepe3 HOCTATOYHO OONBIIOH NPOMEKYTOK BPEMEHH OCTAETCH TOMBKO

BTOPON 4neH:
x = b cos (yt -+ ). (26,5)

Bupaxenune (26,3) A5 aMUIHTY AN & BHIHYKAGHHOro KoNeGaHHsl XOTH
M BO3pacTaeT OpPH MPUGIMKEHHH YACTOTH Yy K ®p, HO He OOpanlaeTcs
B 6ECKOHEYHOCTb, Kak 3TO OblJIO NpH pe3oHaHCe B OTCYTCTBHE TPeHud,
lMpu 3apaHHON aMnAMTYAE CH/M f aMIVIATYZAA KOAeGaHNd MaKCHMalabHa
npu yactoTe Y=} ©2—24% nupn A << @ 9TO 3HAYEHNE OTIHUACTCH OT
®g /AUUIb HAa BEIUYHHY BTOPOTO MOPSiJKAa MAalOCTH.

Paccmorpunm obnacth B6Au3uM pesonanca. [logowum y= oy &, rae
£~— Majas BeJauuHHa; GydeM TaKxie CUHTaTh, 4T0 A << 0. Toraa s (26,2)
MOXKHO NPHOIHKEHHO 33aMEHHTb:

V2 — g = (y + @) (y— 00) ~2w0e, 2ily=2ile,,
TaK 4TO

. f
8= T 2m (e —iM) @ (26.6)

uin

f A v
= ———————————— t 62—‘. 26,—’
2mw, l/ez—i—}»z' g ( )
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OTaMeTiM XapakTepHyo 0CoGeHHOCTh X01a H3Meneus paznocti das §
MeX 1y Ko1eGaHiteM 1 BuHYXCLaI0Mell CIIof NP1 H3MEHEH I YacTOTH [0~
cieanell. D1a Pa3sHOCTD BCerja OTPHIlATENbHA, T. €. KoJdedatie «3arnas-
JBIBACT» OTHOCHTEIbHO BHemHel ciuanl. Bilaan orT pesoHadca, co cTOpPo-
HE Y < g, 6 CTPEMUTCH K HYIIO, & CO CTOPOHB Y => W — K 3HAUEH K — IT,
Vlasenenite 8§ or HYasi 10 ~— UPOHCXOAHT B Y3KOH (HIMPUHHL ~A)

a
ofaacti qacTor, GIH3KIX K ), Yepes 3Havenne — z  pasHocTh das

MPOXOAUT MmpH y==@o. OTMETHM B 3TOH CBA43I, UTO B OTCYTCTBRIIE TPE-
HUS H3MEHeHHe (Pa3bl BHIHVWIACHROTO K0Je0aHilsl HA BENUYHHY T TMpPO-
HCXOMHT CKauKOM MpH y==4d), (BTOPO# 4aeu B (22,4) MeHAET 3HAaK); yUeT
TPEHHS «PAalMI3BBACT» 3TOT CKAYOK.

[Tpu yeTanoRHBUISMCH HRMIKEHHH, KOTAA CHCTEMA COBEPINAET RHIHY K-
Denible KoneGannn (206,5), ee sueprus ocraerca HensMenHoil. B 1o we
BDEMA CHCTEMa HEMDLPHBHO [OrJ0MAcT (OT HCTOUHHKA BHEUIHEH CHJb)
HHEPTHIO, KoTOpas AnccHnupyercs 6aaroaaps nanuunio tpenns, Odosna-
yuM nocpeacTsoM /(y) KOMMUECTBO SHCPCHH, MOTJNOLLAEMOH B cperHeM
B GXUHHIY BpeMeHH, Kax (PYHKUHIO HacTOTH BHenrHeli cuan. CoraacHo
(25,13) umeewm:

I{y) = 2F,

rie F—cpennee (o nepnony kogeGaHud) 3HAYSHHE IHCCHIATHBHON
dyuxuuy., [Ing onanoMepHoro ABHxeHUs Beipakenue (25,11) anccuna-

tusHol  Qyuxunu cpoantes K F=oax¥2=Aimx® [loncrasus ciona
(26,5), monyuum:
F="hmb?y? sin® (yf -}- §).

Cpezmee Mo BPEMEHHW 3HAUYCHHEC KBajapaTa CHHYyCa paBHO no3TOMY

1
PR
— 2412
I (y) = hmb2y2, (26,8)
B6ausu pesosanca, mnoacrasiaud
amnautyny koaebGanmust us  (26,7),
HMeeM:
7
Ie)=rr rga-  (26,9)
Tako# B 3a8UCHUMOCTH [OTJAGIIE-
HUS OT YaCTOTH Ha3mBaercs ducnep-
Puc. 31 cuonnsim. Tlonywmpuuo#t pesonauc-
HOH kKpusolt (puc. 31) HaswiBawT
3HaueHue |e|, mpu KOTOPOM BeauuyuHa [(e) ymeHswaercs BABOe
N0 CPAaBHEHHI C ee  MakcumaabHeiM 3Hadenuem npu e=0. Uz dop-
Myan (26,9) BumnO, YTO B JAaHHOM CJIyuyae 3Ta HIMPHHA COBNALAET ¢
nokasatejem 3aTyxauud A. Beicota we Mmaxcumyma

2
10)=4
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o6patHo nponopunonaisia A. Takusm o6pasoM, IpH yMCHbLIIEHHH T0OKa3a-
Tesl 3aTYXaHHS PE30HAHCHAT KPHBAS CTAHOBHTCHA YiKe M Boiufe, T. €. ee
MakCHMyM cTaHOBuTcH 6onee ocrpuim. [laomwaids ke noj pe3onaHcHol
KPUBOH ocCTaerTcs nNpH 9TOM HEU3IMEHHOI.

[Mocaennsis AacTC HHTETPaIoM

§ I{yydy= §° [(e) de.

[Tockonpky [{g) OweTpo yOwBACT NpH yBeAHUenu: | #{, Tax uTo 06racTh
60/1bIINX [a] BCE PABHO He CYLLeCTBEHHA, MOXKHO NPH HHTErPHPOBAHUH
nicath f(e) B guge (26,9), a wyxuuil npexen samennts na —oo. Toraa

el
de _ nf*

I{e ds_ . 20,10
S ) €2 A2 4m (26,10)
-

3agava
OnpenennTs BEHHYMEHHBE KOAe0aHHA NPH HaJHUdH TDEHUSA TOA AciicTRHEM

BHEWHeH cHabl = [oe4! cos yi.
Pewenne PewaeM ypaBHeille ABHKEHHSI B KOMIJEKCHOM Bije

x+2k¥+0) x == fn eat+zvt

110CJ€e 4ero oTje deM BEHIeCTBEHHYO 4yacTbhb pelneinid. B pes3yJabTaTe noJdayudaem
BBIHY2KJEHHOE KoJebaHude B BHJe

x = be™ cos (yt +8),

rae
b Jo
Y/ (@F -+ —y* + 200)° 4 4y (a 1)
tg 8= — 2y (@ 1) .

0F —y? 4 a4+ 20

§ 27. Hapamerpuueckuil pe3oHaHc

CyuiecTBYIOT TaKie He3aMKHY Thie K01e5aTebHble CHCTEMB, B KOTOPhIX
BHELIHEE BO3AEHCTBHE CBOAMTCH K H3MEHEHHIO CO BpPEMEHeM ee napa-
MeTpOoB ),

[MapaMeTpaMH OLHOMEPHOH CHCTeMH 4BJINIOTCH KO3PUUueHTH M 1 &
s ¢ynkiun Jlarpanwxa (21,3); ecau OHE 3aBUCAT OT BPCMEHH, TO ypas-

HeHue JBHXEeHHS rAacuT:
d

PT (mx) 4 kx =0, (27,1)

1) TIpocTsiM NPHMEPOM TAKOTO POJa ABAdeTCA MaATHUK, TOUKA MOJiBeCca KOTO-
pOro CoBepIUAET 3ajAHHOE NMEepHOJHUECKOe JBHMKEHHE B BEPTHKA/JbHOM Hanpas-
JerHn (cM. 3ajpaqy 3).
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[Myrem sBefeHust BMecTO f HOBOHU HC3aBUCIMOM mepeMeHHOl T cornacuo
dv=dt/m(f) 970 ypaBHeHHe NPUBOAHTCH K BILLY

d2x
—5 - mkx==0,
dt?

Tlosromy daxtryeckn, 63 BCAKOTO OrpaHnuenis o61HOCTH, AOCTATOUHO
pPaccMOTPeTh ypasHCHHE ABIHWEHHS BIAd

d?x ;

T ian ®(f) x==0, (27,2)
Koropoe noayumaock 6wl u3 (27,1) npn m=const.

Bun gynxunn o (f) 3azaerca ycaoBudAMH 3a1a4il; HPECANONOWKHEM, UTO
a7a QyHKUMst mepuHOAMHEcKas ¢ HEKOTOPOH vactoToH Yy (M nepHosoM
T=2r/y). D10 3nAUUT, HTO

o+ T)=o0f),

a moToMy u BCe ypasHenne (27,2) uuBapuaHTHO 10 OTHOIICHHUIO K IIpe-
obpazosaunio ¢ — ¢ -+ 7. Orciona cieayer, 4yto ecnn X (f) ecth pewenue
ypasuenust, To H (yHkuna x ({4 7) Towe ecTp peuenne. Hpyrumu
cnoBaMH, ecin x,(f) u x,(f)—ABa He3aBHCHMBIX HMHTETpPand ypaBHe-
nust (27,2), to npm 3amene f—f{-+ 7 oHH npeolpasylOTCi NUHERHKIM
obGpaszom npyr uepea ppyra. Ilpu stom wmowxsol) BHOpaTth X, U X,
TakHM 00pasom, 4ToOb WX H3MeHeHue npu 3amede ¢ Ha f--- 7 cBOAU-
JIOCh IPOCTO K YMHOMWEHHIO HA IOCTOSIHHLIH MHOKUTEND :

Xy (E+T)=p5(£), x5 (14 T)=pyx, (£).
Haufonee o6muit Bua ¢pyHxuuid, o6ranaomnx TakuM CBOMCTBOM, CCTL
2y (0=, (8), %, () = ot T (1), (27,3)
rae IT, (f) u II, (f) —uncro nepuosnyeckue QyHKUHE BpeMeHH (¢ nepuo-
aom T),
[Mocrosiuupe py; # Ry, B 3THX QYHKUUSX LOMAHB GbITh CBH3AHKI

Apyr ¢ Apyrom omnpeaeseHHLIM COOTHOLUCHHECM. ﬂei’iCT‘BHTeﬂbHO, YMHO-
WHE YypaBHeHUd

X+ @2 (f) Xy =0, X, + @ () x, =0

COOTBETCTBEHHO HAa X, M X; M BHMTH HX [OU/IEHHO OAHO H3 IPYyroro,
HOMYUHM:

o

X Xy —Xp X1 7= — (X1X, — X, %,) =0

d
dt
HAH

X X, — XX, = const, (27,4)
Ho npr nio6bix dyukunax x,; (f) u x, (f) Busa (27,3) Bupaxenne B nesoit
CTOPOHE ITOr0 PABEHCTBA YMHOWAETCH HA Wy W, NPH U3MEHEHHH apry-

1) Ecan TONBLKO NQCTOSHHbIE [y H My He COBNALaloT,
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medta ¢ na f-- 7. [loatomy sdcHo, uTO cobaioienne papencTsa (27,4)
BO BCAKOM cayuae TpedyeT, uToOH OBLIO

= 1. (27,5)

Hanpneiimne 3aKniouenns 0 NOCTOSHEBLIX Jy, My MOXKHO C1€/1aTh, HCXOAH
H3 (axkTa BEIeCTBEHHOCTH KO3(MEHUUHEHTOB ypaBhenus (27,2). Ecnn x (¢)
ecTh Kkakof-AnGo MHTErpaj TaKOTO YPaBHEHHSA, TO H KOMIUICKCHO COMNps-
wenHas Qynkuns x*(f) Ao/MKHA YAOBJAETBOPATL TOMY e yDPaBHEHIHO.
Otciona cneayer, 410 napa NOCTOSHHBIX iy, M, JOJIXHA COBNAL4Th C Napoi
Wi, Mg, T. e. JomxHO GuTh GO (= W3, AH6O0 [, U |, BEULeCTBEHHL.
B nepsom ciyuae, yuurwBas (27,5), mmeenm p,=1/pj, T. e. [p,[*=
= |u, [*=1; nocrosinubie W, M W, MO MOAYAIO DABHLI €IMHILE.
Bo BtopoM ke cayuae IBa He3aBHCHMBIX HHTerpana ypaBneuus (27,2)
HMMEKT BHI
X (O =piT I, (), x,(1)=p=YT T, (1) (27,6)

C OT/AHYHBIM OT EAHHHLK MOJOKHTEAhHBM H/JH OTPHLATEJbHBIM BEHIECT-
BeHHEIM yuchoM p. Ogna u3 stHx $yskunit (neppas uam BTOpas NpH
ju > 1 mmm jp|<1) 9KCHOHEHUHANEHO BO3PACTAET CO BpeMeHeM. JTO
3HAYHT, YTO COCTOSIHHE MOKOSL CHCTEMHl (B TOJIOMCHHH paBHOBeCHd X = ()
OyaeT HeyCTORYUBRM: JOCTATOYHO CKOJb YIOAHO CNAaGOr0 OTKIOHCHHS
OT 3TOr0 €OCTOsfHME, uTOCGH INOABHBLICECH CMEILEHHE X CTajJo GBICTPO
BO3DACTaTh €O BpeMeHeM. IJTO SIBACHHE HASHIBACTCH NAPAMETPUYECKUM
Pe30HAHCOM.

O6paTHM BHMMaHME -HA TO, YTO TIPH CTPOTO PABHHIX HYMIO Hauamnb-

HbIX 3HAYEHHAX X M X OHH OCTABaJHCh Cbl PABHLBIMHM HYJIO U B HanbHeil-
uieM B OTJHYHE OT OOLIMHOTO pe3onauca (§ 22), B KoTopoMm BO3pactauue
CMeleHHd CO BpemeHeM (NPONOPLHOHANLHOE f) NPOUCXOAHT H OT PaBHOTO
HYJIO HA4Y4ABbHOTO 3HAYeHHH.

BuigcHuM  yCcrORHA  BO3HHKHOBEHHS NAapaMEeTPHYECKOTO pe30HAHCA B
BaXHOM clyuae, koria @yHKUHA (f) Mano OTJHYaeTCs OT HEKOTOpOH
NOCTOSIHHOH BeJUYHHB ®, H ABASCTCH NPOCTOH IepHOAHYECKOH (ynKLiek

w? () = wi (1 4 £ cos y?), (27,7)

rae noctosHHas h<< 1 (Mbl 6ylIeM CYHTaTh A2 NOMOKHTEABHOH, 4YE€ro
Bceria MOXHO J00GHThbCH Haljaexamiuym BHOOPOM Hayajna OTCUETa Bpe-
menu). Kak Mpt yBuaum Hibke, HanGosiee HHTEHCHBHHIM 0O6pa3oM napa-
METPHYECKHH pPe30HaHC BO3HHKAET, ecan uacTora ¢yHruuu o (/) 6iau3ra
K YIBOEHHOH yactoTe ®, Ilostomy noaowum:

Y = 2(’)0 + 87
rie &< m,.
Pewenne ypaBueHust gsmkeHns )
X3 1k cos (2w, +¢) 1] x =0 (27,8)

1) ¥YpaBHeHHe TaKOro ByAa (C NPOU3BOJLHBIMH Y M /) HasbiBAETCS B MaTeMa-
THYECKOH (u3HKe ypasHenHem Marné,
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OyaemM MCKaTh B BHIE
¥ ==a(f)cos (m0+13—> £ (2 sin {0+ g—> t (27,9)

rae a(f) u b(f)—mMeldseHHO (IO CPABIEHNIO € MHOMHTENSIMNH COS M sin)
vensiournecst gyuxunu Bpemenu. Taxko#t Bua peutenus, pasymeercs, He
ABJASETCS TOYHBIM, B aeficTBHTEALHOCTH QYHKUNS X (f) COLCPIKHT TaKKe
Y/IeHH ¢ YacTOTaMH, OTAHYAWUIUMHUCH OT Og-+&/2 Ha ueaoe KpatHoe
oT {2mp-+€); 3TH uyjeHsl, OAHAKO, BHICHICTO MOPSIAKA MaJOCTH HO i,
M B neprOM nNpubIHKEHHWH MMH MOXHO npeHeOpeub {(cM. 3anauy 1).

[ToacTaum (27,9) B (27,8) m npounsseseM BHYMCIACHHS, COXpPaHad
JHIb 4JeHh NOepeoro nopsiaxka no €. IIpu 3ToM npesnonciKHM, uYTO
a~ea, b~eb (MpaBHUALHOCTH 3TOTO NPEANONOKEHNE B YCIOBRHAX pe3o-
paHca MOATREPANTCH pedyibtaroM). [Iponspesesus TPHIrOHOMETPHYECKHX
MHOKUTEAeH CaelyeT Pa3nOKHTh B CyMMb!

cos (mo —i—%) tocos (20g - €) I=
I 3e 1 g

== 5 C0S (3(004—?) t+—2-cos (wo —f—;) t
U T, 0 BB COOTBETCTRBHNA CO CKA3AHHLIM BbIIIEC OHYCTHTb 4jeHn € H4acto-
Tamn 3{w--€/2). B peayabrarte noayunm:

- hog , .
——<2a e + %526 oo sin <w0+ g) {4
: h
-{-(20 ——as—}—%a) g COS (mo —{—%—) t=40.

BuinosineHue STOTO pPaBeHCTRA TpeOyeT OAHOBPeMenHoro obpalienusd
B Hynp KO3QGUUMEHNTOB NPH KAKAOM U3 MHOKuTeAeH sin 1 cos. Orcoaa
A0AyyaeM CHCTEMY ABYX JAuHeHHBIX AH(depeninanbiinX ypasuennit anu
dynkunii @ (1) 1 b (). Carepys oSUIMM NpaBRHAaM, HILEM PELUCHHE, HPONOp-
unoHaapnoe e, Toraa

sa+~é~<s+"_‘§’°>b=0,

L (e——-%) a—sb=0,

2 2
¥ YCIOBHE COBMECTHOCTH STHX ABYX aare6pauuecknx ypagHexuii paer:
2 1 hwy\2 2
N =—4— 5 —¢E&°]., (27,10)

Y¢A0BHE BO3HUKHOBEHUS NApPaMeTPUUECKOrO Pe30HAHCA 3aKkaouaeTes
B BeulecTBeHHOCTH §(T. e. 82> 0) ). Taxkum o6pasom, OH HMEET MeCTO
B HHTEpBane

ho h
220 g I (27,11)
2 2
) Iloctoaunuasn [ B (27,6) cBsisaHa ¢ s NOCPEACTEOM W ==— ¢" %' (npu samene

t Ha t-+27/20y cos u sin B (27,9) MeHsIOT 3HAaK).
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BOKpyr uactore 2me!). Ulupuna sroro unrepsana mponopunouasinia
h, ¥ TAKOTO e MOPHAKAE OCYUICCTBIAOUINECH B HEM 3HAUYeHUd fnoxasa-
Teas ycuaenis konebanuit s,

[Mapamerpuyecknil pe3oHaHc HMECT MCCTO TaKKe MPH 4acTOTax vy
H3MEHEeHII mapaMeTpa cucreMsl, OIN3KIX K 3UAUCHIAM BlIa 2m,/7, rie
n—mio6oe nenoe uncao, OAHAKO HINPIHHA PE30HAHCHHIX O0aacrel (osm-
cTe#l HeyCTOHUHBOCTIY) C yBeauyenueM 72 ObCTPO yMedbIlaeTcea — kax i”
(cm. 3amavy 2). Tak swe yMeHbIAaoTea 0 3HAYEHHS 0KA3aTens yeiienis
KoaefaHu# B HUX,

SIpnenne mapaMeTPHUCCKOrO pe30HAHCA CYIMECTBYRT W MPH HAJNYUH
€1a6oro TREHUM B CcHCTeMe, HO 06.,aCTh HEYCTOHUIIBOCTH MPH 3TOM tie-
ckoabko cywaetcy. Kax mbl Buzeau B § 253, TpeHue HDHBOIUT K saTy-
XAHUIO AMIUTYAR xodeGaniit no saxcuy e~*. [Tostouy yenaeuue wo-
AeGapdil NpH NapaMeTPHUSCKOM pPe30HAHCE NPOMCXOANT, Kak els—A)
(C MONOKUTEALIBIM §, LaBAeMbM pelleHiey 3amadi 6e3 Tpexud), a rpa-
Huga 06gacTH HeYCTORUHBOCTI ONPEReIRCTCH PEBEHCTBONM §— A== (
Tak, ncnoarays s uz (27,10), noayyns 418 pe30KAHCHOH 06.14CTH BMECTO
(27,11) wepaseuctna

VA (e (Mo i <o < ]/m (27,12)

O6paTuM BHUMAHYE HA TO, YTO MPH 3TOM PE30OHAHC OKA3LIBACTCH BO3-
MOWHBIM HE TIPH CKOJb YTOLHO MaJoft aMpauryie /, 4 JHUIb HAYHHAN
¢ onpexeneHHoro «moporay h,, paBHoro B cayuae (27,12)

43

h,=-—.

100}
MoOXHO MOKa3aTh, YTO AAA PE30HAHCOB BOAN3N 4ACTOT 200,/77 BeaHUHHA
flopora h, mpomopuHohalbHa AL T, e. BO3pACTaeT C YBENHUYCHUEM /L.

3agauu

1. Onpegenuts rpauuust o6acTy HeyCTOHUMBOCTH npd pe3oHaHce BGAH3N
vy =20, ¢ TOUHOCTLIO /10 BeMH4YUH mopsixa h2.
Pemenne Humew pemenne ypasuenns (27,8) B Buge

x =a,cos (aw%) t by sin (%-F%) -+
+-aycos3 <coo —;——) t by sin3 ((oo-{—%)t

yuuTHBAs B HeMm (MO cpasHeHHuo ¢ (27,9)) TakKe M 49MeHB CACAYIOUIEro MopsiKa
no h. Murtepecyscer suwe rpadunasiu oGAACTH HEYCTOMYUBOCTH, MPeAmo/araem
ko3pdULHeHTE @ay, b, @y, b; nocrosaHuBIMH (B COOTBETCTBHU C 3aMeuyaxuew,

1) Ecau uHTepecoBaThcs /KWL rpanunaMu olnactu pe3oHaHca (ue uHTepe-
CYSiCh BhIPAXKEHUEM AJiF § BHYTPH HeEe), TO MOMKHO YNPOCTHTh BBIYHCICHHS, 3aMe-
THB, YTO Ha 3THX rpanuuax s=0, T. e. xeshbuuuentsr a u b 8 (27,9) nocroauHbi;
Npd STOM Mbl Cpasy MOJYYHM 3HAUCHHS &= £ h®y/2, oTBEUAUHe rpaHUIAM
obnactu (27,11).
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clejqanHbIN B cHocKe Ha c1p. 107). ITpu noactanoske B ypasnenue (27,8) npousseje-

Hist TPHTOHOMETPHUECKHX QYHKUMA pasiaraeM B CyMMbl, ONyCKast NPH 3TOM 1JeHH
g

¢ uacToTaMu 5 (00+~2—) , KOTOpbBIe HYHb! CbL T OBl Jiiib B elie 60Jee BLICOKOM

npubamkennu. [Hoayuaew:

g2\ hel ho?
[—-ao \(00 —;—71-)—}‘—_2—*610—}7 al} cos(mg»%7)t—)—

r / ho? hw?
(u),,e*m> e Oﬁ“_ziblil sin ((oo—}—%)t—k

‘hco e
-+ 5 8(0 cos3<w0+—§«>t+
lzw R €
by— 8wy by sin3< —{——2—)t:O.

B usenax ¢ yactoTaMu 0)0 8/2 COXpaHEeHpl BeJHYHHbl NEePpBOrO H BTOPOTO NOPARKaA

B

g
MaJOCTH, a B YIEH4X € UaCcTOTaMu 3 (ﬁ)o—%——\ — 4JIeHbl NIePBOro nopajika. Kamx-

Joe 13 BbipaXeHHll B KBaAPaTHEIX CKOGKAX Jo/KHO o6panlaThCsd B lYJb B OT/ieNb-
nocTH. M3 ABYX moCaepHuX HMeeM:

h
by ==z by,

1= 16

h

16 9o

[OCJIe YEro H3 ABYX NepBHIX HAXOMHM:
hof g h?

oue &= =5 =0

Pewast 370 ypaBHeHHe ¢ TOYHOCTBLIO JO 4/EHOB TOpPAAKA A%, MOJYYHUM HCKo-
ML FpaHuuHble 3HAYEHHS €!

ho, 1
g=J4 —— 2
i 2 39 a5 ®y-
2. OnpepennTb rpaHuubl O6GJNACTH HeyCTOHUMBOCTH nNpH pe3oHaHce BGaU3H

»y =W
o
Pemenue Hanucas y=w,+-&, nojsyvaeM ypaBHeHUEe ABHXKEHHS

X + @2 [14hcos (wy+e) 1] x=0
Mnesa B BuAy, uTo HCKOMble TpaHHUHbIE 3HAUEHHT € ~ h2, HlleM peilleHHe B BHAE
X =a,cos (@ -} &) ¢ -- by sin (wy - £) ¢+ a, cos 2 (0, &) t -+ by sin 2 (g +8) £ ¢4,

YUHTHIBAsl B HEM CPasy wJjeHbl ABYX MEPBHIX NMOPSAAKOB. JlJa onpejieseHus rpanun
HeyCTOHYHBOCTH CHOBA MpeAnoJaraeM KosdduiuenTs MOCTOTHHBIMH H MOJyYaeM:

X ho?
o, .
‘. —204&aq -+ - @ -}—h(oocl] cos (my €y 4~
X ho?
+ | —2me8dy 4 5 by | sin (©g -} €)Y £ -
he?
-+ ——3a)§al—}———2—a0 c0s 2 (wy+8) -

ho? ho?
+ [_30)3%-{- —29 bo]sin 2{@g+e)t+ [clmz —}——5—‘1 ao] =0.



§ 28] AHTAPMOHHYECKHE KOJEBAHIS 109

OT1ciona Haxonum:

e

h
ay= 5 Ay, bx:’ﬁ— by, ¢ =—

h
ERd
H 3aTeM LBE TpaHuubl 00J1acTH HeyCTOHUUBOCTH!
5 1
— 2 — 2
== h?w, sg‘ﬂ/z .

3. Haiitu ycsioBua napaMerpuueckoro pesoHasca AJs MaJbX KoaeSaHull nio-
CKOTO MasiTHHKa ¢ KosebJoulefics B BepTHKA/LHOM HanpaBJdeHHU TOUKOHR nojaseca,

Pemenune. Ilo nalinennofi 8 3agaue 3, B) § 5 dyuxkuuu Jlarpagxa naiizem
gas mMansix (@ <€ 1) koneGanufi ypaBHeHHe ABHIKEHUS

§ +o? <1+4 % cos (2w, &) z) ¢ =0

(rae mﬁ:g/l). Orcioga BujgHO, 4TO pOJb BBEJEHHOrO B TEKCTEe Ilapamerpa f1
urpaet orHouienue 4a/l. Ycaosue (27,11), nanpuMep, NPHHHMaET BHJ
2a VP—
lel < =55
132

§ 28. AHrapMoHuueckue KoJebGaHus

Bes uanoxennas Beile TEOPHA MajwlX Koaebauyil ocHOBaHa Ha pas-
JIOWEHHH TOTEHLNAAbHON H KHHETHYCCKON 3Hepruit CHCTEMH M0 KOOPAH-
HATAM M CKODPOCTSIM C OCTABJEHHEM JIMIIb WIEHOB BTOPOrO HOPSAKA; NPU
TOM YP4BHEHUA JABWKEHUs AWHeHHH, B CBA3W C 4eM B STOM npubianmie-
HUM TOBOPAT O AUHeHHOx KoNeOaHnuaX, XOTS TaKoe Pa3/i0meHie BIOJHE
3aKOHHO PY YCJAOBHH A0CTATOUHON MAMOCTH aMILIUTY A KoaeGaHuil, onua-
KO YUET CAeAYIOUHX NPUOIMMEeHnH (TaK Ha3bBAEMON QHeapMOHUYHOCHIL
HIN Heaunednocmu KoneOGanHH) NPUBOAHT K II0HB/JIEHHIO HEKOTOPLIX
XOTs H ¢JabhX, HO KaUeCcTBEHHO HOBBIX OCOOeHHOCTeH JABHWKEHHS.

[Tpouspesem pasnoxenne ynkuun Jlarpanxa 40 4/1CHOB TPETbEro
nopsaaka. B noreHuuanbHoi sHepruy NpH STOM NOABATCH UNeHH TPeTbe
CTeMEeHH [0 KOODAMHATAM X; B KHHETHUCCKOH e SHEPruH — WICeHH,
coAepxauine MNPOH3BENEHHH CKOPOCTeH M KOOPAHHAT BUAA XXX
3TO OT/JAMYHE OT NPEKHEro BupaweHus (23,3) cBA3an0 ¢ ocTaBleHHEM
YCHOB MEpPBOrO MOPAAKA MO X B pasnoxednd QyHkuuid a; (g). Taxum
o6paaom, dyuxuuna Jlarpauwa OyneT uUMETh BUA

1 .. )
= 5 Z (fni.,‘x,-xk — /e;,:{xixk) -k
ik

1 s 1
+‘Q‘2 Ript X XgXy — 3 Z Linixpxy,  (28,1)
oy Bkl

TAe 7, {;p, — HOBHIE MOCTOSHHBIE KO3(QPHIUHEHTHL
Ecin o1 n1pou3BoAbHLIX KOOPAHHAT X; TMEPeHTH K HOPMadbHBIM KOOp-

zunatam (dudeiHoro npudnmkenns) Qg, TO B CHAY JAHHEHHOCTH 3TOrO
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npeoGpazoBania TpeThd H yeTBepTas cyMMu B (28,1) nepefinyr B anano-
TIYHBIE CYMMbl, B KOTOPHIX BMeCTO XOOPAUHAT X; H CKOPOLTEi .;cl- oynyr
CTOATh Qg 1 Qa. O6osnauns kos3Q@UUHEHTH 8 3THX CcyMMmax 4Yepes
hopy H Mopy, nOayunmM ¢yukuio Jlarpanwka B Biae

1 2
= 2 Qi 02Q8) + g 2 Qe Q5 2o HayQu Qg Qy. (28,2)
an @B,y
MLl He CTaHeM BRIMHUCBLIBATL NOJHOCTLIO CAelyrniux 13 ITOH JAdrpan-
WeBOH Qynkunu ypastennfi apienns. CynmiecTBeHHO, YTO OHH HMEIOT
BHUR

Qu +0Ru=raQ, Q, Q), (28,3)

rae fq— OAHOPOAHHIE (DYHKIMU BTOPOrO NOPIAKA OT koopauuaT Q H
UX NPOU3BOAHLIX 1O Bpemenn,

[Tpunmensist METOZ 1OCAEAOBATEIbHBIX NPHOMHWEHNI, HILeM pelleHue
3THX ypaBHeHHH B BHAE

Qu = Q¥ +QP, (28,4)

rie Q(2)<Qu), a QyHgiu QY YAOBJAETBOPHIOT «HEBO3M yl{eHIIbIM»
YPABHEHUAM

QY + 0l =

T. €. NPCACTaBISlIOT cobo#t Oﬁbl‘{HbIe FapMOHHYCCKHE Kojaedanua
1

B = ag cos (0gf -+ ). (28,5)

Coxpansisi B caeaywouieM npnénmxe}mn B DpPaBOH CTOpOHE YpaBHe-
i (28,3) anlib yieHbl BTOPOrO MOPH/AKA MAJOCTH, MOAYUUM IS BEJH-

ann QS ypasrenus
Q&2)+ (2) = fo (QW, Q(l)’ Q'(l))7 (28,6)

rie B IPAaBylo 4acTh MOMKHL ObTb MOACTABIEHb Bhpawenusn (28,5).
B pesyabTate Mbl MoJay4uM JnHefHbie HEOAHOPOLHbE AudepeHiinaIpHbie
yPABHEHHA, MPaBpie YACTH KOTOPHIX MOXHO npeofpazoBarth K CyMMaM
NPOCTHX nepuojuueckux ¢ynxuui. Tax, nanpumep,

QY = aaag cos (wat - o) cos (wpt + o) =
1
= 5 g ap {€0s [(0g + 0p) £ -+ atg + ap] -+ €0 [(0g — 0y) £ - oy —apl}.

Taxum o6pasoM, B mpaBulX u4actdX Yypasuenudl (28,6) naxoaarcs
4JIHbl, COOTBETCTBYIONIHE KONEOaHUAM C 4aCTOTAMH, PABHLIMH CyMMaM U
pazHocTaM coGCTREHHLIX Yac10T cucTeMbl. Pelexue ypasuenuil caenyer
HCKATh B BHJE, CCAepKALleM TAKHE we NePHOANYECKHE MHOKIITEAN, H Mbl
ANPUXOLHM K BLIBOAY, YTO BO BTOPOM NPHOIMKEHHH HA HOPMA/LHEIE KOJe-
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GaHug CHCTEMHB C YaCTOTAMH w, HAKJIAALIBAIOTCA ZOUOTHHTEILUHE KO-
GaHud ¢ 4YacTOTAMH

W, -}, (28,7)
(B TOM 9YiHCJae YABOGHHHE HacTOTH 20, 1 uacrora 0, COOTBETCTBYIOMATN
MOCTOAHHOMY CMEWIEHH0), DTH YaCTOTH HA3LIBAIOTCH KOMOUH QUIOHHY ML,
AMNAuTY 16 KOMOHHAIHOHABIX KOAeGAHNH NPOTOPUHOHAAbHE IPOH3BEde-
HUAM @,a; (HIH KBaApaTay @) COOTBETCTBYIOULHX HOPMAMbHAX KOTe0a 1.

B caeaymouiux npublikeHnsx OpH yueTe uJIeHOB Go.ee BhICOKOrO
nopsiAKa B pasnowenuy Qyukunu Jlarpanixa BO3HHKAIOT KOMOITHALLIOHHME
KOHe6HHH‘H C qaCTOTH‘\!H, ABJAAIOULIIMIICH CyMl\iZ{MH I pa3IIOCTﬂ.\IH 60ﬂix<
LIETO 4HCI2 4acTOT ,. Kpome TOro, oanaxo, BO3HUKAET eule H HOBUE
ABJEHHE,

Jeno 8 TOM, 4TC yWe B TPETbeM NPHSAMKEHHH CPEIH KOMOHHALHOH-
HBIX HACTOT MONBAAIOTCA YaCTOTH, COBNAAAIOUIHE ¢ HCXOAHMMI O {0,
4 @y ). [Tou npuNMeHeHNH ONMCAHHOTO BHILE METONAd B npasofl uacty
ypasHeHH# ABIKeHHS GyAVT HAXOANTHCSH, CEA0BATEABHO, PE3OHAHCHBIE
YjeHbl, KOTOPHIE NPUBEAYT K BOIHHKHOBEHUIO B PEMIEHIN YIEHOB ¢ BO3-
pacTarueil CO BpeMeHeM aMmINTYLoH. Mewny Tex, Gu3miecKi O4eBHAHO,
YTO B 3aMKHYTOH CHCTEME B OTCYTCTBHE BHEUIHErO MCTOUYHHKA 3HEPrHH
HEe MOXET MPOHCXOAUTb CaMONPOU3IBOAbHOE HAPACTAHNE HHTEHCHBHOCTU
Konebanni.

B aelicTBHTEABHOCTH B BHLICIUINX MPHOIMIKEHIAX NPOHCXOANT U3MEHE-

HUE OCHOBHBIX HAacCTOT (), MO CPABHCHHIO ¢ HX KHCBO3MYLIEHHBLIMU» 3HA-

YeHUSIMY mﬁ{’), GUrYPUPYIOWAME B KBAaADATHYHOM BHIPAWEHUM MOTEH-

HHaJbHON 3HEPTUH. Toasnenue we BO3pacTaw X 4J¢HOB B peircHHUN
CBA3aHO C pasjOXeHUEeM THIIA

(0)

cos (0 + Aot ~ coso 0,

t —t Aoy sin oy

IBHO HE3aKOHHHIM TIPH A0CTATOUHO GONbUIUX f.

[Tostomy npn nepexoje K CAeAYIOULUIM NPHOTHNKEHHIM METOX moce-
LOBATE/MbHBIX NPHOAMNKEHHH JOMweH ObTh BiAOH3MEHEH TaK, uToGH Gu-
TYPUPYIOUIHE B DPEHIEHUH NEPHOAHYECKHE MHOWHTEIH C caMOro Hayana
cojaepianu TOYHbIC, a He MPUOGAHXEHHbe 3HaueHus dactor, Msvenenun
We YacTOT CaMu OnpefensiTCs B pe3yiabTate pellendd ypaBHeHud Kax
pa3 u3 ycJA0BUA OTCYTCTBUHl PE3OHAHCHBIX UYMEHOB,

[ponemoHcTpUPYEM 3TOT METON HA AHTApPMOHHUECKHX KoaeGauuax
C oNHOH cremeHbio cBOGOAHW, Hanucas ¢yuxkumw Jlarpatka B Bune

- 2
_mx® MmOy o ome . omP o,
2 D) X —?x —TJC. (28,8)
CooTBeTCcTBYIOLIEE yDPaBHEHUE ABUKCHUA
X+ ojx = — ax®—pi’. (28,9)

Mu Gynmem uckath ero pemiesue B BMAE pPAZAa MOC/ASE0BATEAbHBIX
npubanwenu
p xzx‘“—}—x‘z’—{—x‘s’,
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npuven

xW = a cos w! (28,10)
¢ TOYHBIM 3HAUEHHEM (), KOTOpOe caMo OyideM 3aTeM HCKATh B BHIE paAa
0=0,+ o0 +0? 4 ... (savaisayio ¢ady B x1 momuo Bceraa o6pa-

THTb B HYJb HAINEKAUHM BHIOOPOM Hayala OTcueTa Bpemenu). IIpu atoM,
OIHAKO, ypaBHeHnue ORmKkenns B Buze (28,9) He Bmoane ynobHo, Tak
KaKk npy noicTaHoBke B nero (28,10) nepas cTOpoHa paBeHCTBA He ofpa-
THTCH CTPOTO B HYAb. [lo3TOMYy FmepenuiueM €ro npeaBapHTelbHO B IKBH-
BaJIEHTHOM BHAE

0 . . . . o7\ -
Xt ojr=—ox — B — l—= ) x. (28,11)

[Moaokue 3aech x=xV-}x'¥ @@=, H onycrue wieHw
BHILE BTOPOTO MOPSAKA MaJOCTH, noayunm wis x® ypasrenue

x4 @kx'? = — 0a? cos? of + 20,60 a cos of =
aa? oa?

= — -— =5 C0s 20f + 20,0'" a cos of.

YcnoBue OTCYTCTBHS DE30HAHCHOTO 4ileHa B NMPABOH CTOpOHE DaBeHCTBA
aaer npocto @Y ==(0 B COOTBETCTBHHM C M3JOWEHHHM B Hauajle napa-
rpada MeTolOM HAXOWIEHUs BTOPOro npubamkenns. [locae 3Toro, peinas
OOBIUHLIM CTIOCOG0M HEOAHOPOAHOE JMHEHHOe YpaBHEHHE, TOMYYHM!

w2 | ad® ‘
X = 20)%—}—6mgc052(ot. (28,12)

Hanee, monoxuB B (28,11) x=xWJxP+x3  o=0,+ o'?,
noJAy4HM ypasHenne aaq x'®
,‘&(3» + m}ix“‘” = — QoxWx® __ ﬁx‘m + 20)00)‘2’)6‘”

MU, NOACTABMB B NpaBYX uvacTb Buipawenus (28,10) u (28,12) nocae
NpOCTOTO NpeoHPa3OBanue:
x93 f 03x® = — a® B 2T cos 30t -+

o 4 6(03

5a%q? 3 -
— azﬁ] cos wf.
6(1)3 4

+a [20)0(»‘2) -+

Mpupasnuas Hymo kxo3ddulUenT TPH PE3OHAHCHOM MHOKHTEE COS wf,
naiilem I1IONPaBKY K OCHOBHOH 4acToTe, NpONOPUHOHAIbLHYIO KBAIpaTy

aMIVIMTY AL KoJeOaHusn:
o = (3B __sa\ (28,13)
8o, 120} ' ’

KomOunaunonnoe e kone6aune TPeThero nopsixa

X8 = a? (511;_20_}_ .@.) cos 3wt » (28’]4)

1602 2
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§ 29. PesosaHc B HeJUHCHHBIX KoOJeGaHuAX

Yyer aHrapMOHHUYECKHX UYWIEHOB TNPH BHHYMKAECHHBX KO.1e6aHuAX CH-
CTeMbl MPHBOAHMT K TOHBJIEHHI0 CYLIECTBEHHO HOBBX 0co6enHOCTEH
B PE30HAHCHHIX ABJACHHAX.

Io6asus B mpaBoil cropoue ypaesenus (28,9) Buenrniowo nepuoau-
4eCKylo (C uacToTOH y) cuny, MOAYUHM:

¥4 2hx + 0lyx= % cos yt —ox? —fx3; (29,1}
371eCh HAIICAHA T4AKWe CHJIa TPeHus ¢ NOoKasateleM 3aTtyxanns A
(mpeanonaraevMpmy Huxe MaamM). Crporo rosops, mpH yuere Heamuef-
HBIX YJIEHOB B ypaBHeHMH CBOOONHHIX KOJeGaHMH JOAMKHL YUYHTHIBATLLA
TAKXKe WIeHH BHICHIMX TNOPIAKOB B aMIUINTYAE BHHYMKIAOWEH CHAD,
COOTBETCTBYWLiME BO3MOXHOH 3aBUCHMOCTH €€ OT CMelmleHHs x. Mul
He mulleM 3THX UYIEHOB JHUIb C LeAplo ynpouleHus GopMmya; oHu ne
MEHSIOT KaueCTBEHHONW KapTHHH fRJeHUH.
Hycrto
y=w,+¢&
(¢ Manmm g), T. e. MBI HaxojumMmcsi BGJIM3M OOHYNOTO pe3onaHca. Has
BHISICHEHUS XdpaKTepa BO3HHUKAIOUIETO ABHMEHHST MOWHO OGOHTHCH Ge3
HeNOCPEACTBEHHOrO McCieaoBaHust ypasuedus (29,1), ecau Bocnoabzo-
BATBCH CAELYIOIUMH COOOPAMEHHSMH.

B nudeiinoM npuGAMKEHUM 3aBHCHUMOCTb aMIVIMTYAB b BHHYKAEH-
HOro KoJeGaHus OT aMIVIATYAH f ¥ 4acTOTH <y BHeuwHeHd cuibl Raetcd
BOMU3YM pe3oHauca ¢opMynoii (26,7), KOTOPYWw HamuiieM B BHIE

2
b (g2 + 4 = . (29,2)

23,32
4mo30

Henuneitnocty xone6anuil mpHBOLHT K MOSBIEHUIO 33BHCHMOCTH MX

cOGCTBEHHOW 4aCTOTH OT aMINTHTY[H; HanHLieM €e B BHIE
@, + %b?, {29,3)

rie [OCTOsIHHAA % BHIPAXaerTcs onpeleneHHHM o6GpasoMm uepe3 kKo3d-
dunuent anrapmonmunocty (cm. (28,13)). CoorTpercrTReHHo 3TOMY 3a-
menseM B dopmyse (29,2) (TouHee B MaJofi PasHOCTH Y— O,) @, HA
0, - #b2.

Coxpanus ofo3HaueHue &==y— @,, MOIYyUHNM B pe3yAbTaTe ypas-
HeHue

B (e —wb?)? 4+ A% = —L (29,4)

dm2o]

— 5 h2 N g2
e=xb*+ ]/( 2m(oob) — A%

Ypapneune (29,4), xyOuieckoe npo oTHOWEHHIO K b%® u ero eeme-
CTBEHHHIE KOPHH ONPEeNeAIOT aMIVINTYAY BHHYXKAeHHWX KoaeGanuf,

HiIn



114 MAJIBIE KOJEBAHIH [ra. v

Paceyorpiat 3aBHCHMOCTE 3TOH aMOAHTYALL OT YaCTOTHl BHEMIHEH CH.IHI
TP 3a1aHHOM AMILIHTYAe cuidsl f.

[Tpu xmocrTaroyno MagulX sHauewussx f avmanTtyaa b Towe Mana,
TaK 4TO MOWHO npenedSpeub B (29,4) crenewsmum H BpIe BTOPOH,
M MH BO3BpaiitaeMcd K zasucmyocta bO{e) (29,2), usobpaxawuieficy

CHMMETPHUYHOM KPHBOH ¢ MaxCHMYy-

b soM B touke £=0 (puc. 32, ). Ilo
™, P Mepe yeeanuennd f kpupasg aedopmu-
pvercs, coxpausd cravaJda cBOH xa-

g DAKTEP —C oM MAKCHMY MOM (puc.

32, 0); mocaeasuil cmeiaercd (npu
- %>0) B CTOPOHY MOJOKUTEIbHHX €.
113 tpex xopueit ypasnennus (29,4)
[P 3TOM BEUIECTBENeH JHIb O UH.

OaHAKO, HAYMHASL C ONpPEeNLJeH-
HOrO 3HaueHnda f=f, (KoTcpoe Mu
onpeledlM HI'Ke), XapakTep KPHBOIl
MeHgercsl. [IpH KawaoM 3HAYEHHU
/>f, cyliectByeT  oOnpeleneHHas
06.3aCcTh 4acTOT, B KOTOPOil ypaBHe-
Hiue (29,4) umeerT TPH Beu[ECTBEHHLIX
KopHsd; el orpedaer yuactoxk BCDE
KpuBo#t Ha puc. 32, 8.

panuunr sto#t obGnacTa omnpene-

db
AFIOTCA  YCAOBHEM =00 B TOYKAX

D u C. Tlpoanddepennponan ypas-
Henre (29,4) mo &, moayuym:

db —egb - ub?
Puc. 32. de €2+ A% —4ueb® | 3ubt’

ITostony nonoxeuune touex D u C onpenensercs COBMeCTHBHIM perie-
HHEM ypaBHeHul

2 qub?e -+ 3%t -A2 =0 (29,5)

(29,4); coormercTRylonue 3uadyeHnd & ofa momowurenbusl. HanGonb-

db
liee 3HAYEHME AMIUIHTYI AOCTHTACTCH B TOuKe, rie —==0. [Ipu srou
ge=uxb? u us (29,4) umeem:

. (29,6)

bmax = 2mogh’
STO 3HAYEHHE COBMALAET ¢ MAKCHMYMOM, J1ABAEMHM 3aBHCUMOCTHIO (29,2),
Moo mokasarb (Ha yeM Mbl He GyieM 3xech OCTaHapauBaTbesl)y,
4TO U3 TPeX Beu{eCTBEHHWX KOpPHel yparHedus (29,4) cpemwuit (r. e.

1) oxa3aTensCTBO MOMCHO HaliTH, Hanpumep, & kuure H. H. Borouato-
6oBau 0. A, Mutponoascxoro, «ACHMOTOTHYECKHE METOABl B TEOpHU
HeJMHeHHbIX KoJeGanuit», ®usmarrus, 1958,
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yuactok CD xpusoif, nsofpaweHHplll pa puc. 32, 6 MyHKTHPOM) CCOTBET-
CTBYET HEYCTOHUYMBLHIM KOJeGaHHAM CHCTeMb: 110€0e CKOAb yroaHo cna-
€oe BO3AefICTBIE HA CHCTEMY, HAXOAAUIYIOCH B TAaKOM COCTOSIHMH, NpHBEJO
bl K nepexoay K KoneGaTeTbHOMY pexIMY, OTBeyaiolemy 6oabluemMy
unn menbineMy Kophio (T. e. yuactkanm BC nnan DE). Taxum oGpasow,
peasnbHuM KoneGaHngyM CHCTEMBl COOTBETCTBYIOT anwb BeTBH ABC n DEF.
3ameuaTeabHOU OCOGEHHOCTHIO HRJISETCH TIPH ITOM HajiHuHe 0F1acTH
YACTOT, JAONYCKAIOWIMX [Be pasinuHble aMILBITYAW Koaebanufi. Tak, mpu
MCCTENMEHHOM  YBEJAMYEHHH YacTOTHl BHEINHEH CHAB aMTINTYJA BLIHY K-
deuHbiX Kosefaunit Gyaet Bospactarth, caenys xkpusoih ABC. B rouke €
NpPON3OHAET «CPLIBY AMILIHTYAL, KOTOPAs CKAYKOM YNaieT A0 3HAUEHHS,
OTBEUAIOWETO TOuke £, u 3atem (npu na’bhediueM yBEJUUEHHIT HACTOTH)
6yner MeHsThbed BAOAb kpuBodl EF. Ecam Teneph BHOBB yMeHBHIATD
Y4CTOTY, TO AMIAUTYA BBIHYKIEHHHX KoaeGanuil Oyzer MeHsiThCS B/101D
kpusoit FD, B Touke [ ckaukom BoapactaeT 10 B i 3aTeM GyieT yMEHh-
matbest Broabp BA.

Jag Boiuucaenns 3HAuCHNUA f, 3ameudeM, 4TO 3TO eCTh TO 3naueHne f,
npH KOTOpoM offla KOpHS KBaapaTHOro (rmo b?) ypaBuenns (29,5) cosna-
JaoT; npu f=f, Bech yuactok CD CBOANTCH K 0iHOH TOuke neperuda.
IlpupaBusiB nymo JHCKPUMHHAHT KBaJApATHOTO ypapsenus (29,5), noiy-
unm 2= 3A?;, cooTBeTCTBYIOUHH KOpenb ypassenns: xb?=2¢/3. [loa-
cTarnaasd 9TH 3nauvennus b n & B (29,4), nailzew:

2 32m?wi)s 99 7
k ,/‘3|"l . (29, )

Hapsiny ¢ u3meneHneM XapakTepa PEI0OHAHCHBIX ABJIECHHH TPH 4ACTOTAX
Y& ©, HelHHEHHOCTH konseCaHuii NPUBOJUT TAKKE K TOSNBACHHIO HOBHX
PE3OHAHCOB, B KOTOPHX KOJeGaHns € YacTOTOH, GAN3KOH K ®,, E030yHK-
N410TCs BHemHed cunoH ¢ 4acTOTOH, CYLECTBEHHO OT/HUAIOULeHCS OT @

[yctp uacToTa BHEWINGH CHAB Y R 0,/2, T. €.

V="t

B nepsowm, nuneifinom, npubamkennn oHa Bo3GyuAaeT B cucreme KoseGanus
¢ TOH e uacTOTOH M € aMANMTYHOH, NPOTIOPLUHOHANBHOH AMILAUTYAE
CHJbll
4f ©
ay 0
X = ——cos | =
3mw? (2 +e )t
(cornacno Qopmyne (22,4)). Ho npm yueTe HenuHeHHBIX u/ieHOB, BO
BTOPOM IpPUOMMKERNH, 3TH KojeGanng NPHUBEAYT K NOSBJEGHKIO B NpaBoft

CTOpOHe ypaBHenus ABHweHus (29,1) uaena ¢ vacrorolt 2y &~ ©, Wmeuno,
noucrasu xW B ypaBneHue

x(Z) + 2}\4.?(:(2) + mgx\'Z) + ax(?)Z + 6x\2)3 e ax(l)z’
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BBEAS KOCHHYC VABOGHHOI'O yria M COXpaHsist B IPABOH CTOpPOHE AHLIb
PE3OHAHCHBIA UJEH, HOMYyYHM:
X0 28 x® 4 2x®) - ax(? 4 @3 =
8auf?
9.4
Sm*e

cos (w, +2¢) £, (29,8)

dro ypasHeHue orauvaercds OT ypaBHedus (29,1) auwmpe Tem, uTO
BMECTO aMILIHTYAbl CHAbL f B HEM CTOHT BBIPAQWEHHE, NPONOPUHOHATb-
Hoe kBagparty f%. 310 3HAUMT, UYTO BO3HHKAET DEe30HAHC TAKOTO Ke
XapaKTepa, KaK H PacCMOTPEHHBIH Bhille PE30HAHC BA YACTOTaX YRIG),
HO ¢ MeHbillefl HHTEHCHBHOCTBIO, 3aBUCHMOCTb b (g) noayuaercs 3same-
Ho#t f na —8af?/9mm; (u & na 2¢) B ypasueunu (29,4):
16a2f4
B2 [(26 —xb?)? 4+ 2%) = T
8lmia}
[Mycts Temepp uactora BHEHWIHEH CHJL
‘ v=2w, €.
B nepsoM npulaHXeHHH HMeEeM:
W= — 1 cos (20, L&)t
3m

0
Tlpu moacranoske x =x‘U'4 x? p ypaBuenne (29,1) Mo He moayuum
YIeHOB, KM2IOIUMX XapaKTep PE3OHAHCHOH BHeIIHEH CHJAM, KaKk 3TO
6o10 B OpeAnfylieM caydae, BO3HUKHET, OLHAKO, PE3OHAHC mapaMmer-
PHIeCKOr0 THINA OT 4YIeHA TPETbero MOPHAKA, IPONOPIHOHAABHOTO
npoussenenno xPx'?, Ecan U3 BCeX HeaMHEHHHX YIEHOB COXPAHHTh

HHilib 3TOT, TO HJs X'¥ mojayduM ypaBHenue
F2 L) 4 L @lx® = — 2qxDx®

(29,9)

Ui

FO o5 4 [1 —3% - cos (20, + €) t] =0, (29,10

0
T. . ypasuenue tuna (27,8) (¢ yueToMm TpeHH), IPHBOSIIEE, KAK Mbl YKe
3HaeM, K HeyCTOHYMBOCTH KoeGauuil B ONpeae/leHHOM UHTEPRA/IE 4aCTOT,
OaHaKo AJsS onpejeleHHUst Pe3yAbTHPYIOULEH aMOAUTYAn KOJieOanui
9TO YpaBHEHHE HEAOCTATOYHO. Y CTAHOBJEHHE KOHEUHOH aMIAHTYIh
caqsano ¢ sddexramu HeruHeHHOCTH, A/IA YUETA KOTOPHIX B YPaBHEHHH
JIBHIKEHUS HAO/KHLL OBITh COXPaHeHbnl TaKwe HeJIHHeHHble 1Mo X yjnenw:

- . 20,
KDL 2RD @i ® 4o x22 | B3 = 5 m’:z cos(20,4-8)¢-x2, (29,11)
T
0
. Mccnenoranne 270# 3a4a4M MOXHO OdeHb YIPOCTHTb, 3aMETHB CJe-
aywouee oberogrenscrso. [Tonoxus s npasoit cropone ypasneuus (29,11)

£® = b cos Kmo ++28_>t - 6]

(roe b—yckoMas aMIVINTYAA PE30HAHCHBIX xoneGanult, & — uecyurect-
BeHHBIH sl JanbHeHINero NOCTONHHMWE CABHT (a3bl) M MNPEACTABHB
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NMPpON3BEAECHHE JIBYX MEPHOAHUUYCCKHX MHOXHTEdEHR B BHIE CYMMbl ABYX
KOCHHYCOB, Mbl NOAYYHUM 31€CH YieH

sz L0073 ) =]

OOBIYHOTO PE30HAHCHOTO (N0 OTHOWIIEHHIO K COGCTBEHHON 4YacTOTE CH-
CTeMbl ®,) Xapakrtepa. [losToumy 3amaua CHOBAa CBOJAHTCA K PaccMoT-
pextoifi B Hayaite mnaparpada 3anaue 00 OOBIYHOM pe30HAHCE B HelH-
HEHHOH cucTeMe ¢ TeM JAuuib OTAMYHEM, YTO PpOJb aMIVIMTYAH BHEUI-
IS 2
neit cuam urpaer Tenepb BeawynHa ofb/3mg (a Bmecto £ crouT &/2).
ITponsseas 3ty 3ameny B ypasHenuu (29,4), moayunm:
2 a2f2p?
b2[<——-—xb2> -yxz] = 2P
2 , 36m2e?
Pewtas 310 yparHeuue OTHOCHTENBHO b, HalizeMm ciaeLylouiue BO3MOK-
vble 3HAYEHUST AMIAHTYIH:

b=0, (29,12)

VTR e
i =

Ha puc. 33 wusobpawxena mnonyuamomancs OTCI0OLa 3aBUCHMOCTb b
oT & (nas ®>0; npu <0 Kpushe
HanpasjieHH B OGPATHYIO CTOPOHY). b
Touky B u C OTBEUAIOT 3HAYCHHEM

e== 1/<3:z£) /E

CneBa OT TOYKM B BO3MOKHO JHUIb

3Havenne h=0, T.e. pe3oHaHc orcyT- ——F
CTBYeT H KOMeSaHHS € YacTOTOH ==, ————---—Cé—-ﬂ——-éj'
He Bo3Gyxpaiorci, B nurepsane mex- A 8

.y B un C uveem #aBa kopus: b=0 Puc. 33.

(oTpeaok BC Ha puc. 33) u BepakeHne
(29,13) (serBp BE). Haxosei, cupaBa ot TOuKH C CyuieCTBYET BCE TPH
kopH# (29,12)— (29,14). Oxxako He BCe 3TH 3HAYEHHH OTBEYAIOT YCTORYH-
BOMy KoJjebaTelbHOoMYy pewuMy. 3uavenHe bH==0 HeyCTOHYMBO Ha
yuacTke BC), M MOKHO MOKA3aTh TaK:Ke, YTO BCEIAA HEYCTOHYHB PEKUM,

1) Bror uHTEpPBAaN KaK Da3 COOTBETCTBYeT 0GJACTH NapaMeTPRYECKOro peso-
nauca (27,12), npuvem u3s cpasHesns (29,10) c (27,8) umeem |A |=2af/3m(o$.
Ycaorue ke 20.f

— | >4\,

3mo?d

npr KOTOPOM BO3MOKHO CYUIECTBOBAHME pPaccMaTpUBaeMOFO SIRJIEHWSA, OTBEYaeT
HepaBeHCTBY AZ>hy,.



118 MATWE KOJEBANHS [ra v

COOTBETCTRYIOULH KOPHIO (29,14) (IPOMENKYTOUHOMY MOWAY ABYMa APY-
ruyu). Ha puc. 33 neycrofidngne 3HayeHud b H300DAWEHH OYHKTIIPOM,

Ipocaeaus, wanpusep, 3a noseldeurerM [ePBOHAYAILHO (IOKOHB-
wiekcaAnl) CHCTEMM Opi [MOCTENEHHOM YMEHLUICHHH YacTOTH BHeIIHcH
cnasl. Mo goctmwenus Touxy C ocraercs h=0, a8 3arem NPOHCXOILNT
«CPHIB» 3TOTO COCTOSHUA ¢ nepexoaoy #Ha serBb EB. Tlpu aaapHeit-
eMm yMeHbLIEHHH & aMImIuTyAa KoaeOanu#l yMeHbwaercd 10 Hyad
B Touxke 3. Ilpu o0paTHOM e yBeJHYEHHH YACTOTL AMNAMTYAa KoJe-
Ganufi pacTerT Baoab Kpusoil BE %),

PaccmoTpenunte cayuan pe3odaHCOB ABSIOTCH OCHOBHLIME M3 BO3-
HUKAWOWIX B HeanuelHolt konebateabHol cucreme, B 6o.1ee BhCOKHX
NPUGIHKEHHAX OABIIOTCA Pe30Hanchl # Ha Apyrux yacrorax. Crporo
rOBOPsI, PE30HAHC AOMKEH BO3HHKATh Ha BCAKOR 4acToTe Y, A4 KOTO-
poit ny -- mw, = w, (n, m— ueavie Yucaa), T. e. NpH BCYKOM Y =pa),/q,
roe p, g—CHOBa uenne ducaa. OAHAKO C yBeaumyedueM CTENexy mpu-
OMIKEHNA HHTEHCHUBHOCTD PE30HAHCHBIX RBASHHN (a4 TaxkwkKe UIHPUHH
oOmacTelt 4acTOT, B KOTOPHBIX OHH JAO/WHbB HMETh MeCTO) CTOAL OhICT-
po yObBAaeT, 4TO PeadbHO MOryT HaGM0AAThCA UL PE30HAHCH HA
YaCTOTaX Y==P®,/q ¢ HeOOJALIIHMY 3HAYEHUNMH P U 4.

3anava

Onpene/iuTh 3aBHCHMOCTL b (8) A5 Pe30HaHca Ha U4aCTOTAX Y==3W,.
Pewmesnue B nepsoM npuSaHmKeHuH

= t cos (3w, -+ &) .
8mo?

Ilast sroporo mpubanxenns (x2) noayuaem uz (29,1) ypasueune
x(z’+27vx(2)+(Dﬁx(2’+ax(z’2+ﬁx(2’3= —-SBX“’X(”Z,
rle B mpaBolf CTOpOHe DAameHCTBA HAMKCAH MWLb 4YJIeH, NPUBOAAWIMEA K paccMaT-
£
puBaeMoMy pesoHancy. [lonoxus 8 Hem X% =5cos [((oo + ”3“) t+ 6] ¥ Bbl-

jensg K3 npousBeeHUA TpeX KOCHHYCOB p€3OH3HCHbIﬁ qJaeH, O0sAydYuM B I1pa-
BOH CTOPOHe ypaBHEHHA BbIPAKEHIE

M cos [((ol, +—8—> f—26] .
32mo} 3

1) HanoMusM, 4TO MBI PacCMartpHBaeM 3jech JAHUWL Pe3oHaHCHbIE KOMeGaHHS,
Vix oTcyTcTBHE He O3HauaeT 003TOMYy OyKBA/NbHOrO MOKOR CUCTeMBl, B KOTOPOQ
6yAyT NPOHUCXORUTH C/Iabble BbIHYKAGHHBIC KOJAe0aHHA C 4acTOTOd v.

2) CnenyeT, OGHAKO, OMHHTH, 4TO BCE BbiBeAeHHBIE (HOpMYJisl CIPaBeLNHBH
JUis 00 Tex [Oop, NOKa aMOJIUTYAa & (4 Takwke &) OCTAeTCsl JOCTATOYHO MaJIOH.
B gefictautenbnocTd Kpussle BE u CF 8 cBoewm pannHeliieM XoXe OKaHYHUBAKOT-
€A, COGAUHAACh B HEKOTOPOH TOuKe; MPH AOCTHMKEHWH ITOf TOUKM KoJefaTesnb-
Hblll pemuM CPhIBATCA» M CTanoBUTCA b=0.
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O1croaa BUAHO, YTO 3aBHCKMOCTh O OT € moJayuntcsa 3ameHolt B ypasnenuu (29,4)
f ma 3PbEf/320% n e ua &3
b® b2>2 7»2] = B bt == Ab*,
—3——7( T 1 2em:

12(136

eA A"
—AZ,
ox+ 2u? T ‘/

Ha puc. 34 nso6pamxen rpatpnueczm XapakTep 3abucHMocTH b oT & (pH % > ).
YcTollunBBIM - PEXKMMAaM  OTBeuYaloT JIHWb 7
snauenne b=0 (och abcuucc) n serBb AB. . 3
Touke A COOTBETCTBYIOT 3HAYCHHS

Kopun storo ypasHeHHs:

3R —AY) L 4eR A 4
= TTTA T T T aEd NP

KoneGarennunbill pexuM CywlecTBYeT JHIIb
NpH & > &,, NpHuYeM aMmnantyia b > by
Tlockonnky cocTosuue b=0 Beerga ycrou-
YHBO, TO JJs BO3GYXKJIeHHS KouaeGaHuii Puc.
HEOOGXOUM HAa4aJdbHBIH «TOJUYOKY.

[Tonyuennnie GopMyan! cnpaBeAsUBLH JAL NpH MaJux & Magaocts & ofecne-
UHBAeTCA MaJIOCTbIO A, €CM NMpPH STOM AaMIAHTYJAA CHJbl yIOBJETBOPsET YCJIOBHIO
}\2/0)0 \/<\ A/% < .

n

34,

§ 30. JiBuxenue B GHICTPO OCHWIMHPYHILEM XOJE

PaCCMOTpI/IM JBHKEHHE 4YaCTHILbI, Haxoaaweics OAHOBPECMCHHO TIOT
AciicTBueM nocrosnHoro noas U u cuab

f=f, cos @t + £, sin wt, (30,1)

MeHsiolLedca  co BpemeneM ¢ Gonbwofl wactotoit @ (fy, f,— dyveaxuun
TOAbKO OT Koopanuat). [lof «GONbHIORY Mbl TOHHMAEM NIPH 3TOM HACTOTY,
YAOBNETBOPAIOULYIO yeaosuio @ >>1/7, rae T—nNopaiaok BesaHulnml
nepuona IOBHKEHHS, KOTOpOe 4acTHua comepuiana 6wl B oaHom moae U,
Tlo cpoe#i Bemwuynne cuia f He mpeanonaraeTcsd caafoil 1O cpaBHEHHIO
¢ cuiamd, aedcryomumu B noae U. Mul 6yaem, 0JHAKO, Npeanosararb
ManbM  Bbi3bIBAeMOE 3TOH  CHAOH  KonebarTelbHOE CMELIEHHE YacCTHIL
(0603uauennoe nume nocpeacTBoM §).

Jaa ynpouienus BHIYHCICHAH PACCMOTPHM (CHA4a’a OLHOMEPHOE IBH-
WeHHe B M0/, 34BUCALUEM JHIUL OT OJHOH MPOCTPAHCTBEHHOH KOOpaH-
#Hatel x, Toraa ypaBHeHHE JABIMKCHHS HacCTHIE ')

mi=— 15, | (30,2)

1) Koopaunata x—He 00s3aTeJIbHO JEKaproBa, a KodbOHIHEHT m COOTBET-
CTBeHHO HE 00s3aTeJbHO €CTh Macca YacTHLUH M He 00g3aTesbHO HOCTOsAHEH, Kak
970 npeanosoxkeHo B (30,2). Takoe NpeinoJOKenne, OAIaKO, He oTpakaercda Ha
OKOHYATeJbHOM pesysbTaTe (CM, HHKE), '
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M3 xapakrepa AcHCTBYIOILErO HA 4acTHUY MO/ 3apadee 9CHO, YTO
ee ABIWeHHe Oyier UPELCTABMUThL COOOH nepeMeuieHue BaOJb HEKOTO-
POH MAaBHOH TPAEKTOPHH C OJHOBPEMEHHBIMH MaJbiMH OCIHJISLHIMU
(¢ uvactoroif ®) Bokpyr Hee. COOTBETCTBEHHO STOMY IlIpeLCTABHM
GyHxuuo x(f) B Buie CyMMHl

x () =X({)+E (), (30,3)

rae & (f) mpeacrasaser cOOOH yKasaHHbe Masjble OCIHIIALAH,

Cpearee snauenue yHxuuu § (7} 3a Bpems ee mnepuojga 2m/m 00-
pautaercst B Hyas, QyHKIHS ke X (f) 32 5TO BpeMsi MeHSETCst OYeHb
mano. O6o3Hauas takoe ycpeaHeHHe uepToH Hax GYKBROH, uMeeMm mno-
stoMy: x=X(f), t. e. dyuxuna X(f) onuceBaer YyCpepHEHHOE 110
ObICTPRM OCLM/VIANMAM «IJIaBHOEY JBMMeHHE yactuubl. Brisegem ypas-
HeHue, ompepensioniee sty Qyuxuuiot),

Honxcrasastst (30,3) B (30,2) m pasnarag no cremeHsM § ¢ TOY-
HOCTHIO JO Y/IEHOB IEPBOr0 MOPSAKA, [OAYUHM:

. . 2
mimi= =00 PV px, e (30,4)

B atoM ypaBHeHunm ¢QuUrypHpylOT usJeHB pas3sHyHOrO XapakTepa—oc-
UHAHPYIOUIHE H «IJABHBEIEY; OHH JOJWHbL, OUEBHJHO, B3aUMHO COKpA-
HIaThCAd B KawJ0#l M3 9THX JBYX IPyAn B OTAAbHOCTH. Jad ocumi-
JHPYIOUMX YJEHOB JAOCTATOYHO HAmMHCATh:

mE =7 (X, 1), (30,5)

OCTaJbHble COAEPKAT MaJblfi MHOXHUTENb § M NOTOMY Ma/ibl TI0 CpPaB-
HEHHI0 ¢ HAMHCAaHHBIMH (UTO KacaeTcd NpPOM3BOJHON §, TO OHa [po-
nopinoHaabHa Goapwlof Bennunmae ®® u nmoromy He Mazna). Marerpu-
pyst ypasuenue (30,5) ¢ dynknueir f us (30,1) (npuuem Benuunua X
paccMarpuBaeTCd KAk MOCTOAHHAN), MOTYYUM:

J— (30,6)

Ycepenunm Teneph ypaBuenue (30,4) no BpemeHu (B yKasaHHOM
Bhinie cMbicae). Tlockonabky cpennue 3HavyeHHs NMepBBIX cTemeHedh f u §
06palaloTcs B HY/Ib, MOJAYYHUM YypPAaBHEHHE

5 dU of au 1 of;
mX=—gxt+&x="ax"m/ x>

cogepxauiee ywe Toiabko gpyukuuio X(f), Ilepenuuiem ero oxonuare/b-
HO B BUJE

(30,7)

1) Unea unsnaraemoro Huxe Metoaa npunamiexut 1. JI. Kanuue (1951).
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rie «3@QexTHsHas MNOTEHUNANLHA SHCPTHIY  ONPLACAHCTCE ROCPLL-
cToM 1)

1 ) 1 o | 2 (c Q)
Uspp =U + 5o /* = U555 ([ - 2)- (30,8)

Cpasuupas 310 Bheipawenune ¢ (30,6), J€rko BUAETb, YTG JAOMOJHI-
TEJALHBIH (MO OTHOUIEHHIO K Mon {J) 4wieH npeacraBisieT coG0H ne uTo
HHO@, KaK CPEeAHIONn KHHEeTHYECKYID 3HEePTHI0 OCUWIAAHHOHHOLO IBU-
WEeHHS:

UBt})dl = (J+ —% gz—. (30,1))

Takum 0o6pazoyM, ycpemrHeHiuoe No OCUMAIHUMAN JIBHKCHHE YaCTHILL
NPOUCXOAHT TdK, KaK €CAu Obl, MOMHMO MOCTOSHHOTO monas U, nelct-
BOBA/JO €HIE M JAOUOJHHTENbHOE NOCTOSIHHOE MOJie, KBAaAPATHIHO 3aBHU-
cillee OT aMIMHUTYAB NEPEMEHHOTO 10Jd, )

[Monydyenun#i pesyaprat MOXeT O6bITh nerko o00GCileH Ha cayuaid
CHCTEMBl ¢ JHOGHIM YHCAOM CTelleHed cpoGoabl, ONUCHIBAeMOH 00obuLeH-
HLIMH KOOpAMHarTaru g;. Jad apdextnpnodl norennanbHol sHEPrun noay-
yaercs (Bymecto (30,8)) BHpawmenne

1 oy — P
Uspp = U+2_U)2‘Z W if=U+ PEE, (30,10)
ik

i, k

rie BeluuHHB a7 (Boo6ule roBOps,— PYHKUHH KOOPAHHAT) — 3/EMEHTHI
MaTpHLBl, OOGparHod MmaTpuue Ko3hOHUHEHTOB @;, B KHHETHYECKOH
sHeprum cuctemn (cM. (5,5)).

3agauu

1. OnpegenuTs MOKOKEHUS YCTOHUHBOTO PABHOBECHS MAasiTHAKA, TOYKA NOL-
Beca KOTODOro cOBepluaeT BepTHKaJbHbIe KoJjefaHus ¢ G6OJbLIOH YacToToll

v (v>Var). .
Pemenue HMs noayuennoll B szagaue 3, B) § 5 dynxuun Jlarpauxa
BHIHO, YTO B JJAHHOM CJ1ydae nepeMeHHas CHJA

f =~ mlay? cos vt sin @

(B KavecTBe BeNMHYMHL x BEIOpaH yroa ¢). TlostoMmy «stbeKTHBHAR NOTeHUHAML-
Hasl SHCPTHA»
ary?
Uypp=mgl (-~cosq7—[—Tgl sin ¢ ) |

TlonoxeHnuss yCTOHYMBOrO pPaBHOBECHR OTBEYAIOT MHUHHMYMY 5Tofl QyHKUMU.

1) Ipoussenst Hecko/abKO GoJiee JJIMHHBIC BHIYMC/AEHHA NIPH 3aBHCAILEH OT X
BeJMUHHE m, Jerko yGeiuTbecss B ToM, uTOo (opmyaer (30,7), (30,8) ocrawrca
cnpaBefMBBIME H B 3TOM Clyuae.
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Hanpabnenue BepTHKanuHo BHu3 ($=0) scerga ycrofiuuso. [Ipn BLNOJueHUH
yCJI0BH
a%y? > 2gl
yCTO{4MBEIM ABNAETCA TaKXe NOJOXKeHHe BEPTHKALHO BBEPX (P = m).
2. To e pas MafATHHKA ¢ FOPH3OHTAJLHO Konebaowedcs TOUKOH nojaseca.
Pewenue. [lo nosyuennofi s sagaue 3, 6) § 5 dyukuuu Jlarpamixa naxo-
aum f=mlay® cos yt cos ¢ u sartem
aZyZ 3
Uspp == mgl —cosq>+4—g7 costq |,
Ecnu a?y? < 2gl, To ycrofluuso nonoxeune ¢=0. Ecan xe a?y? > 2g(, 10
yCTORYNBOMY DaBHOBECHIO OTBEYAeT 3HAYEHHE
24t

oS p = el




FJIABA VI
JOBVDKEHHE TBEPIXOIOC TEJA

§ 31, Yraosas cxopocTh

Teepdoe nreso MOWHO ONPEREiNTh B MEXaHHKe KaK CHCTeMY MaTepH-
anbHLIX TOUEK, PACCTOAEHS MEKAY KOTOPHIMH uHeHsMeusn. Peaabuo
CYULeCTBYIOMIYE B HPUPO/E CHCTEMBl MOTYT, KOHCYHO, YAOBASTBOPHTD
3TOMY ycaeBuio auis npubammkenso. Ho OOJbIIHHCTBO TBEPABIX Tel
B OOHIUHEIX YCAOBHUSIX Tak Malo mH3MeHseT ¢BOIO (opMy H pasMepsl,
YTO MPU H3YYEHHU 3aKOHOB JABMNKEHHA TBEPAOLO TeNd, PaccMaTpHBaeMoro
KaK HEuTO 1eJ0e, Mbl BIOJHE MOMXEM OTBJIeUbCSl OT 3THX H3MeHeHUi.

B pansHefiiem H3Jg0WeHHH M OyfeM 4acTo paccMaTPHBATL TBep-
I0€e Teno Kak JHCKPEeTHYID COBOKYIHOCTD MAaTepHa/JbHbLIX TOYeK, ues
JOCTUCAGTCS HEKOTOPOR YHPOUIEHHe BHIBOLOB. JTO, OANAKO, HE B KaKOH
CTENeHH He [POTHBOPEYHT TOMY OOCTOATEAbCTBY, UTO B AeHCTBHTE/Db-
HOCTH TBEPABE Teaa MOXHO OOBYHO PAccCMATPHBATD B MEXAHHKE Kak
CI/OUIHBIE, COBEPIIEHHO He HHTEPecysch HX BHYTpeHHeH CcTPyKTYpoOil.
Tlepexox oT opmyn, copepxamux CYMMHPOBAHHE [0 JAHCKPETHHIM
TOYKAM, K (OpMysaMm s CIIOMIHOTO Te1a OCYIIecTBIAeTCs NpoocIo
3aMeHON Macc uwacTHI Ha Maccy p dV, 3aKTI04EeHHYIO B 371eMenTe o6bema
dV(p—ma0THOCTL MACChl), 1 HHTETPUPOBAHUEM MO BCeMY oObeMmy Tena.

HOna onucanus ABIKEHHWS TBepAOrO Tel1a BBedeM [Be CHCTEMB
KOOPAUHAT: «HEMONBHKHYIO», T. €. HHepILiMaJbHylo cucremy XVZ, n
JBUKYILYIOCH CHCTEMY KOOPIAHHAT Xy =X, X,=V, X,=2, KOTOpad
NPeAnoNaraeTcs WeCcTKO CBA3aHHOH C TBEPABIM TEI0OM M ydYacTBYied
BO BCEXx €ro ABmmeHuax. Hauano ABmwymiefici cHCTEMBl KOODPAHHAT
ya06H#0 COBMECTHTb C LEHTPOM HMHEPHHH Tela.

[Monowenue TBEPAOro Tena OTHOCHTENBHO HEMOABHWHON CUCTEMH
KOOPAUHAT BMOJHE ONpefe/Asercs 3adaHHEM IIOJOWEeHUs ABHKYHIeHca
cucremnl. [lycrs paauyc-sektop R ykasmiBaeT moaowenue Hauana O
aBUxymetca cucteMul {(puc. 35). OpueHtanus ke oceil 3Tof cHCTEMBl
OTHOCHTE/IbHO HEMOABHKHOH Ompe’essercs TPeMs He3aBUCUMBIMH
yr/iaMu, TaK 4YTO BMeCTe ¢ TPeMs KOMMNOHeHTAMH BeKTopa R Mul mmeem
BCero mecTb koopauHat. TakuMm o6pa3oM, BCHKOe TBEPJAOe Teno npei-
cTasisger cO60H MexaHudyelKylo CHCTeMY ¢ WECThIO CTereHIMH CBOGOMLL,
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PaccMOTPHM NPOM3BOJAbLHOE OECKOHEUHO MAaj0e TepeMenieHHe TBep-
aoro tena. Ero mMowHO npencTaBuTh B BHAE CYMMb ABYyX Yacteil. Oana
A3 HUX €CTh OeCKOHEeYHO MaJjbili napannenbHet nepedoc Tena, B pe-

3yJibTare KOTOPOTO 1EHTP HHep-
z UMA  [TePeXQAHT U3 HayalkHOTO
T NONOXEHNsT B KOHEUYHOE mnpu He-
H3MEHHOH OpHeHTalluu oceid nox-
BIOKHOH CHCTEMBI KOODPIOHMHAT. BTo-
pasi —O0eCKOHEYHO MaJBlii MOBOPOT
BOKDYT UEHTPA HHEepUUH, B pe-
4 3y/7bTare KOTOPOrO TBEPROE Teno
r NPHXOIUT B KOHEYHOE TOJIOWEHHE,
O6o3Haunm paauyc-BeKTop
TPOU3BOJNbHOM  TOUKH TBEPLOTO
Y Tena B MOLBHKHOH cucTeMe Koop-
AWHAT TOCPeACTROM f, a paxmyc-
% BEXTOP TOH k€ TOYKH B HENoxZ-
Puc. 35. BHHOH  CHCTEME-—IOCPEenCTBOM
vr. Torna OGeckoHedYHO Majoe cMme-
nieHue dv Touku P cknanwiBaercsa u3 nepevenienns dR BMecTe ¢ ueHTpoM
KHHEpUUH U nepeMewenns [d@-r] OTHOCMTENbHO MOCHEAHErO NpH TMOBO-
pore Ha OeckoHeuHo Maawi yroa de¢ (cm. (9,1)):

dv=dR -} [deg-r].

Pasnenus 3To paBeHcTBO Ha BpeMst df, B TeueHue KOTOPOrO NPOH30-
gi10 paccMaTpuBaeMoe nepeMelieHHe, ¥ BBelAs CKOPOCTH

dv dR _ dp
=V ‘Ez‘—vo PR =Q, (31,1)
IO1y4YHM COOTHOIUEHHE MEXINYy HHUMH
v=V - [Qr]. (31,2)

Bextop V ecTh cKOpocTbh LEHTpa WHEDPUUH TBEPAOrO Tejla; ee Ha3n-
BAIOT TAKWKE CKOPOCTBIO €ro nocmynamessrozo jaBHwenHs. Bexrtop Q
HasLIBAETCH Y2.40680# Cxopocmbio BpallEeHHs TBEPAOTO TeNla; ero Hanpas-
JAcHue (KaK W HanpaeieHue d@) coBHajaeT ¢ HaNPaBIEHHEM OCH Bpa-
nienus. Takum o6Gpa3om, CKOPOCTb v A0GOH TOUKH Tena (OTHOCHTENbHO
HEnoABMNCHON cHCTeMbl KOODAMHAT) MOXeT OuTh BHPAWeHa uyepes mocty-
NaTeAbHYID CKOPOCTb T€J1a H YFJIOBYIO CKOPOCTh €ro BpAli{eHUd.

Cneayer moayepkHyTb, uTO npH BeiBoge dopmyan (31,2) cmemudu-
yeckyue CBOHCTBa Hayala KOOPIHMHAT KAaK UEHTPA HHEDUHH Teja CoBep-
uwieHHo He Obuin HCIoAb3oBaHe, [IpeumyniectBa storo BHOOpa BHsiC-
HATCA ANUIb DO3XKE MPH BHYHCIEHHH 3IHEPTHU ABIOKYHIEroca rela.
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JonycruM Tenepp, 4TO HECTKO CBA3AHHAS C TBEPHLIM TEA0M CHCTENA
KOOpAMHAT BLIOPAHA TAK, YTO €¢ HA4YalC HAXOAMTCA HE B IleHTpe HHep-
uun O, a B Hekoropoll Touke O' Ha paccTOfHHM & 0T Touku O, CKO-
pocTh nepeMemtenns nayana O' 3TOH cHCTeMbl oéosﬂawm yepes V',
YUJIOBYIO CKOPOCTH €€ BpauleHHs —uepes @,

Paccmorpum cHoBa kakyio-aubo Touky P TBepAOro Tena u ofosHa-
YAM ee paaMyC-BEKTOp OTHOcuTenbHo Hawana O uepes r'. Toraa
r=r’--a u noigcraHoBKka B (31,2) naer:

v =V [Qa] -+ [Qr].

C apyroil cropos, no onpeaeneduro V' u Q') noaxao 6uth v=V’
- [Qr’]. TToaToMy Mu 3aKAOUAEM, YTO

"=V 4[Qal, Q@ =Q. (31,3)

Bropoe u3 3THX paBeHCTB BechbMa CYUIECTBEHHO, Mbl BHAHM, 4TO
YU70Basi CKOPOCTh, € KOTCPOH BpauiaeTcsi B KawAbH JaHHpIE MOMEHT
BPEMEHH KECTKO CBSI3aHHAsl C TeNOM CHCTEeMa KOOpPAMHAT, OKa3umBaeTcs
COBEPLICHHO He 3aBHcslel oT stoll cucremn. Bce Takme cucremw Bpa-
WAIOTC B 3aJaHHBII MOMEHT BpPeMeHH BOKDPYL MapalieAbHbIX APYT
APYTYy ocell ¢ OAMHAKOBOH 10 aGCcoMOTHOH BeauuuHe cxopoctbio Q.
310 OGCTOSTENBCTBO W [T HAM. UpaBo Haswsarts Q yraoso#i cko-
POCTHIO BpauleHus TBEPAOro Tela Kak TakoBoro. CKOPOCTDb ke HoCTyla-
TEABHOTO ABHXKEHHUA TAKOTO «a6COMOTHOrO» XapaKkTepa OTHIOLb He HMEET,

W3 nepeoit dpopmyast (31,3) BumHo, uto ecam V u @ (B mauumii
MOMEHT BpPEMEHH) B3aHMHO NEpPNeHAMKYIsipHb NPH KakoMm-aubo Bubope
Hauyana koopamear O, 1o oHu (1. e. V' n Q') B3auMHO nepnesguxy-
AMPHBH H [PH ONPEeJeNeHHH MO OTHOLICHHI0 K JI000MYy APYroMy Ha-
yany O'. U3 Qopmyan (31,2) BUAHO, YTO B 3TOM Clyyae CKOPOCTH V
BCEX TOYEK Tesa jexar B OXHON M TOH We IMJI0CKOCTH — MIOCKOCTH, fnep-
nenaukyaspuolt k Q. [pu aTom Bcerna MoxHo Buibpath Takoe vayano O’ 1),
ckopoctb V' KOTOpOTrO paBHa HYNIO, HYTO JABHMKEHHE TBEPHLOFO
tensa (B -AAHHBI MOMEHT) OyAeT HPEACTaBACHO KAaK YHCTOE BpauleHHE
BOKPYr OCH, mpoxoasuuefi uepes O'. ATy 0Cb Ha3LIBAIOT MEHOBEHHOL
ocbl0 BpawierHus tenal),

B nansuefimem wmul 6yaeM Bceria mpeanonaratb, 4T0 Havajno ABH-
Wyuleiicss CHCTEMb KOODAUHAT BHIOPAHO B IEHTPE HHEPUUH Teda, TaK
YTO H OCb BPALEHHS Tejla NPOXOAMT uepe3 3toT ueHTp., Ilpu mpuxe-
HHH Teqa MeHSIOTCHd, BOOOWIE TroBOpH, Kak abconTHas BeaududHa
TdK M HalpPaBleHHE OCH BPallleHHH,.

1) Ono MomxeT, KOHEUHO, OKas3aTbCs JEXKAlULUM M BHe ofbeMa Tesa.

2) B ofuieM e caydae He B3aHMHO NepUEHIHKYJISPHEIX HanpasieHuli V u @
Ha9aJ0 KOOPAHHAT MOXKHO BeIOpaTh TakHMM o6pasom, uTo6pl V u @ cranu napaJ-
NeNbHBIMH, T, €. ABHXKEHHE (B LaHHbii MOMEHT BpeMeHH) OyReTr COBOKYTHOCTBI
BPAUIeHHS BOKPYT HEKOTOPOft OCH H HOCT)ﬂdTe.ﬂbHOFO nepeMemeHus B}:LO.J'Ib 3TOH
e OocH,
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§ 32. Tensop wHepuuu

ﬂﬂﬂ BLIMHCACHHA KHHETHYECKOH JHEPrHH TBEPUOTO Te€ga paccMmar-
puBaeM €ro KdK JAUCKPLTHYIO CUCTEMY MAaTCPUANLHLIX TOUEK H pHilieM:

r=3",

rae CyMMHEpOBAaHH€ [IPDOH3BOAHTCA 10O BCEM TOYKaM, COCTABRAAIOHIHM
TeJ0. 34eCh H HIDKE Mbl onycxKaeM MHACKCH, HYMECPYIOU{HE 3TH TOMKY,

¢ Uenblo yupouienus zanmucu GopMmyd,
[Toacrasus cioaa (31,2), noayuum:

T=2 Z (V102 =32 v2+ 3 mvir 4 3 2 (ore.

Cxopoctun V 11 Q oannaxossl Aad BCEX Touek TBepiaoro rtena. Ilostomy
B nepsoM uiaede V2/2 BhIHGCHTCH 3a 3HAK CyMMB, a Cyvma Em ecThb
Macca Tena, KOTOPYo mH OydeM 0Go3HauaTbh MOCPEACTBOM M, B30 BTO-
DOM UEHe THIIeM:
> mV [Qr) =3 mr [VQ] = [VQ] ¥ mr.
Orcoaa BHAHQ, YTO €CJAH HAYAA0 JABMKymeHcd CHCTEMB KOOpPAMHAT
BLiOpAN0, KAK YCIO0BJAEHO, B UeHTpe HHEPUHH, TO ITOT ujien ofpaiya-
eTcst B HYJAb, TaK KaK TOraa Zmr::O. Haxoseu, B tperbem uaene
pACKpBIBaeM KBajADPAT BEKTOPHOrO MpoU3BedeHus H B pPe3y/ibTare Ha-
XOANM: 2
C =B LS m i), (32,1)

Taxum 00pa3oM, KHHETHYECKAS SHEPTHUS TBEPAOrO TENa MOKeT ObITh
npefcTagneda B sune cymmel apyx uacreil. [lepemit usen s (32,1)
€CTh KMHETHYECKAs] SHePrus NOCTYHATENbHOrO ABMKEHHH — 0HA HMEeT
Takol BWA, Kak ecau Obl BCH Mmacca tesaa Ownla cocpeloTouesa B ero
uedTpe uHepuuu. Bropofl unen ecTh KHHETHYeCKas IHeprus BpauLa-
TEABHOTO ABHNKENNS ¢ YrI0BOH CKOpoCTbio £ BOKPYT OCH, Npoxoasuiei
uepes ueHTp unepunn. [lomyepxHem, 4TO BO3MOMHOCTb TAKOrO paszie-
JeHns KHHEeTH4YeCKOH 3sHeprum Ha JABe 4acTtH ofycnoBaeHa BufopoMm
#1ayaja CBA3aHHOH C TE/OM CHCTEMH KOOPAHMHAT MMEHHO B €r0 IEHTpe
HHEPUHH.

[TepenuiieM KHHETHUECKYIO IHEPIHIO BPAWEHHT B TEH30PHHIX 060-
SHAYGHUAX, T. €. Yepe3 KOMMOHeHTH X; €; BexTopos r, @!). Mueem:

Typ = é‘z m{Q%xi — Qe Q) = %Z m{ Q08,11 — QQ,x6,%,) =
= % QiQkZ m (8 — X,%).

3aech HCnOAb30BaHO TOXAECTBO £, =10,,Q,, rae 8, —eanununnii Ten-
30p (KOMMOHEHTH KOTOPOrO PpaBHH EAMHALE 1pu i=Fk H HYyMO

1y B srtoll rmase GyksaMu [, R, [ 0603HAUYAIOTCA TEH3OPHEIE WHIEKCH, Npo-
Geraromue 3xauenus 1, 2, 3. Ipu sToM Be3fie npUMeHSETCS H3BECTHOE HPABWIO
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npu i=£k). Beens Teusop
[ip== 2 m (130, — x,%,), (32,2)

AoJy4YuM OKOHYATEJAbHOE BHIpAWEHHE IJid KIHeTHYeCKoH QHEPTHUH TBED-
JOTO Tesa B BHIAC

Ty Ao We' 39.3
T:—2‘+§' (B4 SeR, (r N )

dynkuua Jlarpanxa TBepAOTo Tena nonyyaercs us (32,3) Buuuta-
HUEM NOTEHUMANBHOH SHEPTHH
L= 100 U (32.4)
9 9 ket . VT
IMotenunanbuas sneprusd gpadercs B obuieM caydae Qysxuuell mecTy
flepeMerUbX, OUPCAeAdICUINX [OJOWKEHHE TBEPAOTO Tena, HamnpuMmep,
Tpex xoopauuat X, ¥, Z uedrpa HHEPUHH U TpeX YrJaOB, Onpeie/so-
LUK OPHEHTAUHMIO NBIKYILHXCT OCel KOOPAHHAT OTHOCUTEALHO HENo-
JABHWHBIX,

Tensop /;, HABLIBACTCH MeH30POM MOMEHMOB UHEPHUL WX MPOCTO
mensopor umepyuu tena. Kax sicHo u3 onpenpenesus (32,2), o cum-
MeTpUYeH, T. €.

— |24
It'k - ‘[kl" (32,0)

BomumieM a8 HATJASAHOCTH €ro KOMIOHEHTH B BHOM BHIE B Cje-
Lyolelt tabauue:

>m(yttzt — mxy — D mxz
lp=| — 2 myx Smxt42t —Fmyz ). (32.6)
—Zmzx ——Zmzy zm(xz_g_yz)

Komnouentul [xx, [yy, l,, 1HOTAA HA3LIBAIOT MOMEHTAMHM UHEPUUU OTHO-
CHTEAbHO COOTBETCTRBYIOUIUX OCeH.

Ten30p uHepuuH, OUEBHIHO, AAAMTHBEH — MOMEHTH WHEPLUHU Teaa
paBHbl CyMMaM MOMEHTOB HHEpPUHH ero 4JacTeH.

Ecau TtBepmoe Teno MOWHO paccMaTpPuBaTh KaK CHIOMIHOE, TO B
onpegenedun (32,2) cymma 3aMeHserci MHTErpanoM no obbeMmMy Tena:

L =S Q (784 —x0,20) AV 32,7

Kax u Bcaku#t CUMMETPHUHBIA TEH30P BTOPOTO PaHra, TEH30p HHED-
UK MOWeT OuTh TPHBEACH K AUArOHAABHOMY BMUAY TYTEM CODTBETCT-

CYMMHDPOBAHHUSA, COTMACHO KOTOPOMY 3HAKH CYMM ONYCKAIOTCH, a M0 BCeM ABAMKILI
MOBTOPAOULUMCA (TZK Ha3LIBACMBIM HEMLIM®) HHAEKCAM [OLDI3yMeBaeTca CyM-
MUpoBaH¥e 0o sHauwenuam 1, 2, 3; Tax, A;B;==AB, Aiz:AzAz:Aﬁ uoT. I
OGo3tadenye HeMBX HHIEKCOB MOKHO, OYEBHIHO, MEHSTH NPOH3BOJNBHEIM 06Pa3oM

(U Gul OHO HE COBHAJo ¢ 0GO3HaAUEeHHEM APYTLHX (BUTYPUDPYIOUHX B HAHHOM
BBIPAXKEHHH TEH30PHBIX KHJABKCOB),
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Bylouiero Bui0opa HanpaBiaenn#t oceft x,, x,, X5 ITH HanpapaeHHs
HasbiBaIOT ZAQSHBIML OCAMU UHepHquu, a COOTBETCTBYIOLLIHE 3HAUEHHA
KOMNOHEHT TEH30PA — CAABHBLMI MOoMEHMaMl UHepyuu; 06031aYHM HX
wak Iy, f,, I;. Tlpu Taxom BmiGOpe oce#t x,, X, X BpaulatelbHas
KHHETHYEeCKas 3Hepris BHIPaKaeTcsi 0COBGEHHO NPOCTO:

i
Top = 5 (4,21 -+ 1,Q; + 1,Q3). (32,8)

OTMeTHM, YTO KawIbi# 13 TpeX F[JAaBuhiX MOMEHTOB HHEpPUHH He
MOKeT ObTh OoJblle CyMMBl ABYX Apyriax. Tak,

LtL=2Xm b x22x0) = ¥m (4 x2) =1 (32,9)

Teno, y KOTOPOrO BCe TPH TABHBLIX MOMEHTA HHEPIUHH Pa3HYHHI,
HA3LIBAIOT QCUMMEMPULECKUMN BOALKOM.

Ecau ABa ri1aBnbiX MOMEHTa MHEPUHU PABHLI APYT APYTY, fy = [y=A/,,
TO TBEpPAOE TeNO HA3LBAKT CUMMemputecKum 8oatxoxm. B artom cay-
yae BHIOOD HANMPaB/AeHHH TJIdBHBIX OCEH B MIOCKOCTH XX, IPOH3BOJEH.

Ecam ke BCe TPH CAaBHBIX MOMEHTA HHEPUUM COBMANAIT, TO TEI0
HABHIBAIOT Waposvisu gosdxom. B 3atom cnydae npousBosen BHGOp BCex
TPEX TJAaBHRX OCeH HHEPHHH: B KAYeCTBE HX MOKHO B3AThH J06bie TPH
B3AMMHO IepPrHeHIUKYIADHbIE OCH.

Haxowmenne r.1aBHbX ocell WHEPLUUH OveHb YyNpPOoINAEeTCH, eCMH TBep-
noe teno obnazaer TOH HAM MHOH cUMMeTpHeH; SCHO, YTO NOJOKEHHe
IeHTPa MHEPLIHH M HAIIPaBJeHHs TJaBHBIX OCeH HHEPUHH NOMKRH 006:1a-
Aath TOH We cuUMMetrpHeil.

Taxk, ecnu teno obnamaer MAOCKOCTHIO CHMMETPHH, TO LEHTP HHEpP-
LIH AOMKEH JewaThb B 3TOH mI0CKOCTH. B Hell ke Jiewar nBe riasHne
OCH HMHEPUHWH, H TpPeTbs — MEepPNeHAnuKyaspHa K He#l. O4eBHAHBIM cay-
11aeM TaKoro pola fABJNACTCA CHCTEMA 4acTHll, PACMOJ0OKEHHLIX B OAHOM’
nrockoct. B 3ToM cayuae cymecTByeT NPOCTOe COOTHONIEHHE M@WAY
TPeMsi FJIaBHBIMH MOMeHTaMy HHepuuu. Ecin maockocts cuctemsl Bubpana
B KauecTtBe NJOCKOCTH X,X,, TO TMOCKONbKY AAd BCEX HacTHU X, =0,
nuMeeMm:

L=Xmx? L= mx? ;= mx?+x2),
TaK 4TO
Iy=1+1,. (32,10)

Ecau Teno o6nazaer oChi0 CHMMETPHH Kaxkoro-iu6o nopsika, To
IEHTP HHEepUUN JewHUT Ha dtod ocu. C neld ke coBmajaer oOAHA H3
T1aBHBIX OCeH MHepLMH, a IBe APYyrHe — MepneHAuKyAIpHu K Hell. Ilpn
HTOM, €CJH NOPSIOK OCH CHMMETPHH BHIlIE BTODOTO, TO TeJ0 SIBJASETCS
CHMMETPHUYCCKHM BOJYKOM, JleHCTBHTENBbHO, KaXAYI0 TJaBHYIO OChb
(nepreHAUKYIAPHYI0 K OCH CHMMETPHH) MOKHO IIOBEPHYTb TOrLa Ha
yroa, oranuubit o1 180° T. e. BLBOp 3THX OCell CTAHOBHTCH HEOXLHO-
BHAYHBIM, a4 3TO BO3MOMHO JHIIb B Clyuae CHMMETPHYECKOrO BOJYKA,
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OcobuiM cayuaen SIBAKETCH CHCTEM@ YacTHL, Pacloa0MeHHBIX BAOIb
oxtoit mpsmoil nunuu. Ecan BuiOpath 3Ty NpAMyI0 B KadecTBe OCH X,
TO AN BCEX 4HACTHU X, =X,==0, W A0TOMY JABa TJ4aBHEIX MOMEHTA
HHEPILMH COBMAJAIOT, & TPETHH paBeH HY.IO:

Iy =1L=Ymx? l,=0. (32,11)

Takylo CHCTEMY Ha3nIBAIOT POmMaAmopos. XapakTepHOH OCOBEHHOCTHIC
poTaTopa B OTAHYHe OT OOLIEro ciyuast NIPOH3BOJNBHOTO Tena ABANETCH
TO, YTO OH HMEET BCEro JBe (a He TPHU) BpaUlaTeNbHbie CTENeHu CBO-
60/1bl, COOTBETCTBYIOULHE BPALIEHHAM BOKPYT OCefl X; U X,; TOBOPHTh
e O BpalleHuy NpsiMoi BOKpYr camoif ceGd, OUEBUAHO, HE HMEET CMbICA,

Haxoneu, cnenaem €lge OAHO 3aMeuaHWe IO TOBOAY BBIUHCICHUS
Tensopa uHepuuu. XOTS Mbl ONpeAenilad 3TOT TEeH30D MO OTHOILIEHHIO
K CUCTEMe KOOPIMHAT ¢ HAvyaj0M B LLEHTPE MHEPUUH (TOJBKO MPH TAKOM
ofipeAeseHUN CIpaBeAJHBa OcHOBHaf ¢opmyna (32,3)), Ho ans ero
BHIUMC/IEGHHS MOXET HHOTAA OKa3aThes yA0OHBIM BHUYUCAHTDL TPeABApH-
TEeJAbHO aHaAJOTHYHBIHL TEH30p

(4 _ !2 . 4 ’

[y =2im (%28, — %[ x,),
onpejenenHsli MO OTHOWIEHUID K ApyroMy Hauaay O'. Ecau paccros-
nue OO’ paerca BexTOopoM a, 10 r=r'--a, xisx;—{—ai; YUHTHIBas
T4KWKe, 4TOo Z‘mr:O, no onpejcaenuto toukn O, Hallaewm:

— 2
[y =l 0 (a%6;, — a,ay). (32,12)
Tlo 310# Qopmyne,-3nas [y, 1eTKO BLYHCAHTD HCKOMBIH TeH30P [i,.

3agaun

1. OnpezenuTh raasBHble MOMEHTBI HHEPLUH AJH MOJIEKYJ, PACCMATPHBAEMBIX
KaK CHCTEMbl YaCTHIL, HAXOAAMMUXCH HA HEU3MEHHLIX PacCTOfHUAX LPYT OT Kpyra,
B CJCAYIOIMHKX CAyuasx:

a) Moiekyna U3 atoMOB, DacIOJOXKEHHBIX Ha OJHOH npamoil.

OTtBerT:

1 Z mymplly, 13=0,
W azxb

l1=1,=

TLE M,— MacChl aTOMOB, [, — PACCTOSTHHE MEKAY aTOMaMu @ H b; CyMMIpOBaHue
NPONU3BOJHTCA MO BCeM MapaM aTOMOB B MoOJeKyJe (IpHueM Kaxjas napa 3Ha-
deHH{l a, b BXOJHT B CyMMY IO OIHOMY pasy).

Ilna [BYXaTOMHOH MOJEKYJH CyMMa CBOAHTCA K OJHOMY uJjeHy, p#asas
sapanee OUEBHAHLIA Pe3yJsbTaT —IIPOU3BejieHie NPHBEJEHHOH MAcCH 06OHX aTOMOB
Ha KBaApaT pPacCTOSHHS MeXKAY HHMH:

I=ly=-—1"2_p

6) TpexaTtomuas MoJeKyJa B BuJe PaBHOGEeAPEHHOro TpeyroabHuKa (puc. 36).
OTrBer: LleHTp HHepLUHH JIEMKHUT HA BBICOTE TPEYTOJLHHKA HA pacCTOSIHHA
Xy =mgh/n 0T €ro ocHoBaHHs. MOMEHTH HHEpUHH:
2mym m
Lh=—— ; * h?, 12251‘12, Ig=Ily+1,
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B) YeTsipexaToMHasd MOJEKYJa ¢ aTOMAaMH, DACMOJOMNKEHHBIMH B BeplIHHAX
UpaBH/bMOH TPeXyroabnofl nupaMuael (puc. 37).

Ty

Puac. 36. Pnc. 37.

OrseT: U‘EHTP HHEPOHU JeXUT HA BBICOTE OHPaMHIbl Ha DacCTOAHHM
Xg=nyh OT ee OCHOBaHHUA. MOMeHTH HIeDHHHU:
3 2

2

3myms, K2t ma
L

IIpu my = m,, h:a]/2/3 Mbl NOJIy4aeM. TETPasipPHUECKYI0 MOJIEKYdYy C MOMEH-

TaMH HHepUUH

Iy=1,= R I3 =ma®

Iy =1y=13=m,a%

2. OupenenuTsb FIaBHble MOMEHTH HHEDLHH CIJOWIHBIX OLHOPOLHBIX Tell.
a) ToukHil cTepxeHb AJAHHONR /.

OrperT: 11=12:11‘, i, I3==0 (tonunuoli cTepXKHs nperebperaem).

6) Ilap paauyca R.
Orper:

(BpruncanTL caenyer cymmy [y +[lo+T,=2p S r2dv).
B) Kpyrosofi uumuuap pajnyca R u BHCOTOH A.
OrBeT:

,  h?
!1:/2:%—<R2+§> , 13=-2—R2

{X3—0Ch LHAHHAPA).

r) [Ipamoyroanublil mapannejenunes ¢ AnAuHaMu pebep a, b, ¢
OTBeT:

L 5
L=k @+, L= ©+a), =@+

(ocu x4, Xp, X3 mapaanenbHnl pebpam a, b, c).

1) Kpyrosoil kouyc ¢ BhlcOTO# A H pajanycoM ocHOBaHHS R.

Pewmexne. BuunciaseMm cHayana TeH30p l;k M0 OTHOIIEHHUIO K OCSIM C Haua-
JloM B BeplunHe KoHyca (puc. 38). Bbluuc/aenne Jerko npou3BOJUTCA B IHJIHHAPH-
YeCKHX KOOpAUHATaX U Jaer:

’

- R? r 3
[1212=g' M(T+h2) , 1321—OHR2.
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IIeHTp TsKeCTH HAXOAMTCS, KaK NOKa3biBaeT HPOCTOe BHIYHCJICHHE, Ha oCH KOHyCa
Ha paccroaunu a=234/4 or sepunue. [To dopmyae (32,12) naXonamm oKoHuyas

TeJAbHO 2 2
, 2 3 12\ .
/1212:11“‘!‘0‘:%M <R2+—4—): 13:13:“'1_0‘“1?2'

e) Tpexocuslll 3JJMNCOMA C TOAYCCAMH a, b, c.

Pewenne. llenTp Huepiuu CoBNajacT C HeHTPOM 3IHNCOMIA, & TJIaBHHE
OCH WHepuiH—c ero ocsMu. Hurerpupopanne no o6beMy 34JANCOHAA MOKeT OHTh
CBEJIEHO K HUTETPHPCBAHHIO TMo ofbemy cdeprl myTeM

npeoBpazopanus  KoOpAMHaT x=af, y==01, z2==c(, %
NPeBPaLIAIOLIEro  ypaBHelHe TNOBePXHOCTH  2JAHII-
conja |

br

B YPaRHeHIe MOBEDXHOCTH efuilfuHoil cdieps
B =L.

TSK, JJd MOMEHTA HWHEPUMH OTHOCHTEJILHO OCH X
neJydaen:

n o
Ii=p S&S (y2+-2%) dx dy dz:pabcj (S(b?n?—{—
1
- 202 dE dn dE = abe—I" (B 4-¢2),
e ddn 2 B Puc. 38.

rie /’—moMeHT HHepUHH [Mapa eIHHHYHOrO pajfuyca,
YuureiBas, 4To o6beM 3JIMNCOMAa paBeH 4mabc/3, NOAYYHM OKOHYATENBHO
MOMEHTBI HHepUHHU

w0, I
Lh=%@+e), L=t@+e), L=k @n.

3. Onpeneauts 4acToTy MadblX KoJeGaHili GH3HUECKOro MasiTHMKA (TBepjloe
Teso, Kauawoumeecss B N0Je TAXECTH OKOJO HENOJABHIKHOI TOPH3OHTanbHOH OCH).

Peuwenue, [lycte [—paccrosiume oT LeHTPa HHEPUHH MAasSITHHKA [0 OCH
Bpaulenusi, a o, P, y— yIJbl MeXKAy HaNPaBJeHHSMH ero IIaBHBIX Ocell HHEPUUM H
OCbI0 BpallleHHs. B KauecTBe nepeMeHHOII KOODIMHATHI BEOLHM YTOJ @ MeXKIY Bep-
THKAJBI0 H NEPHeHJUKYAAPOM, ONYIIEHHBIM H3 LeHTPa HHEPLUHH Ha OChb Bpamienus.
Ckopocrs nenTpa Huepuud V=I[p, a npoeKUHH Yr/J0BOf{l CKOPOCTH HA TJIaBHEIE
OCH HHepUMH: ¢ oS &, ¢ cosf, @cosy. Cuuras yrosa ¢ MajbM, HAXOAUM IIOTEH=
LHAJLHYIO 3HEPTHIO B BHIE '

1
U=pgl (1—cos q) ~7pglcp2.
Mostomy ¢ynxuua Jlarpanxa
2, 1 12
LU 2 2 2 p) o2 — HE
L§=—2—(p +'§‘([1 cos? a1, cos? B-- /5 cos? y) ¢ ——T@?.
Orciofa gnis uacToTH KogeGauuil MMeeM:
gl

pl24-Iycos?a+1,cos2 475 co82y”

4. Hailtn XMHETHYeCKYIO 9HeprHio CHCTeMHI, u3oGpaxenHoil #a puc. 39; 0A n
AB—ToHKHE OHOPOZHEIE CTEPIKHH IJHHOH /, INAPHHPHO CKpPenJieHHble B Touke A,

w2 =
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Crepxenp OA Bpamaercs (B HJOCKOCTH PHCYHKa) Boxpyr Toukd O, a Komew B
crepKHA AB ckoJB3UT BAOAb ocu Ox.
Pemenne CxopocTh HenTpa wuepuun ctepxust OA (uaxoasuierocs Ha

ero cepenune) ectb [Q/2, rae ¢—yron AOB. IlosToMy KuUHeTHYeCKas SHeprus
crepxust OA

2.1
T1=H—‘8 P45 ¢
(n—acca ORHOTO CTEPKHA).

31
JexapToBsl KOOpJHMHATH WEHTP3 HHEDUMU crepxkus AB: X=-§-cos Q,

I . .
Y =5 sin @. Tak xak yraoBas CKOPOCTh BpallleHHs TOr0O CTEPKHA TOXe paBHa @,

TO €ro KHHCTHYeCKass Heprus
., I . 2 ) < 1p?
=5 K474 o gr=be (4 8sineg) g2+
Mosgas KuHeTHuecKas SHEPTrUA CHCTEME!
2 .
=42 (13 sin? ) 2

(noxctanaeno [ =pi?/12 cornacuo sapaue 2, a)).

5. HaiiTH KHHETHUECKYW 3Hepruio UMJAHHApa (paamyca R), karsmerocs mna
nJA0CKOCTH. Macca umauniapa pacmpesesneHa mo ero o6beMy TaxuM o6pasoM, 4To
oANAa H3 I'JIaBHLIX OCeH HWHEDHHH MapaJjJesbHa OCH WHJIMHAPA M MPOXOANT HA
PacCTORiHKN g OT Hee; MOMEHT MWHePIUH OTHOCHTEebHO 5TOH rJjaBsHON ocu ecth 1.

14

Puec. 39. Puc. 40.

Pewenne BpoguM yron @ Mexay BEPTHKaJbIO M MepNeHANKYJ/SIPOM, ONy-
MEHHLIM H3 LEHTPA TSKECTH Ha oCb UHJAHHApA (puc. 40). JlBukenue UHAHHADA
B Kamablll MOMEHT BPEMEHH MOXKHO PacCMAaTPHBATh KaK UMCTOE BPAULeHHE BOKPYT
MTHOBEHHOH ocH, coBnajamnuiefi ¢ JuHnell €ro CONPUKOCHOBEHHR C HENMOABKIKHON
NI0CKOCTBIO; YTJ/0Bash CKOPOCTb STOrO BPAIlEHHs eCTh ¢ (YIJI0Bas CKOPOCTh BPa-
IeHHS BOKPYT BceX Mapajje/bHbIX Ocell OJlHHAKoBa), LleHTp HHePIHH HAXORHTCH

na paccrosiaun ¥ a® - R2—2aR cOs ¢ OT MCHOBEHHOH OCH M NMOTOMY €ro CKo-
pocts ectb V=0 ¥V a3 R*—2aR cos ¢. [TonHas KuHeTHUECKAs SHEPrHs

— & (@ 4 R*—2aR cos ) §* + & ¢

'6. HailTu KHHeTHYECKYIO SHepryio oLHOPOJAHOTO LMJHHAPA pajnyca a, KaTs-
merocst o BHYTpeHHell CTOpOHe UHIHHAPHYECKOH TOBep XHOCTH pajuyca R (puc, 41).
Peunienne. Brogum yrom ¢ Mexny JuHHeill, coefuHsiomell HeHTPBl 0GOHX
LHUJHHAPOB,  BepTHKaJAbI0. LleHTP uHepuuy KaTAUuleroca UU/JAHHAPA HAXOAUTCA Ha
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ocl o ero ckopocth V=@ (R—a). YrJoByl0 CKOpOCTb BLIYHCJASEM, KAK CKO=
pPOCTb YHCTOro BpalleHHd BOKPYT MIHOBEHHON OCH, coBnajatomeil ¢ JuHueHd co-
DPHKOCHOBEHHA WUHJHHAPOB; OHA paBHa

V_ . R—a
Q——?——-(P a .
Ecau 13——1\10M€HT HHEPLUHH OTHOCHTENBHO OCH UMJMHIADA, TO
L . I3 (R—a)? . 3 .
7=t R—api 2 B e 2 (r—ap

(/4—Hu3 3383un 2, B)).

7. HaliTh KuHeTHYecKYI0O 5HEPryui0 ONHOPOAHOrO KOHYCa, KaTHAINerocs mno
11JIGCKOCTH, .

Pewenne OGosnaunm nocpeacTsoM O yron mexay nunneli OA compuxo-
CHOBEHN A KOHYCA € IJIOCKOCTBIO ¥ KAKHM-JIHOO HENOABHIKHBIM HANpPaBAeHHEM
B 970 nockocTH (puc. 42). Lenrp nuepuun
HAaXOLUTCA HA OCH KOHYCA H €ro CKOpocTh
V=acosa-0, rae 2o—yrom pacTBopa
KOHyca, a a— paccrosiHue HeHTpa HHep-
IHA OT BepIlHHBL. YTJOBYI CKOPOCTb
BPAIleHHSA  BHIUHCJsEM, KaK CKOPOCTh
YHCTOrO BpalleHns BOKPYT MIHOBEHHOMH
cen OA:

v

Tasina

= @)ctg o

Puc. 41.

CpHa u3 rnaBHbIXx ocefl HHePUHH (OCh X3)

coBnajaeT ¢ OCb KOHyca, a APYrylo (0Ch ¥p) BHIOMpaeM MHePHeHAUKYAAPHO K
ocu kouyca u Jgunuu OA, Toraa npoekunn Bextopa £ (HanpaBJeHioro fma-
paanenso OA) ma raasHele ocH WHepLWE 6yayT Qsina, 0, Qcosa. B pesy.e-
Tare HaXOAHM JJf MCKOMOH KHHETHUECKOH SHeprHu:

ua? : ! : 15 costa 5, 3uh? s
=} 2. 02 1 2¢0.02 1 23 2 =" 02 (14-5cos?a
T 2c05a6+2c05a6 QSm%e 0 (14 )

(h—BhicOTa KOHYyCa, Iy, I,, a—u3 3ajaun 2, x)).

Puc. 42.

8. Haiitn KWHEeTHYECKYIO 3HEPIrul0 OJHOPOJHOTO KOHYyCa, OCHOBAHIE€ KOTOPOTo
KATHTCSA MO NJOCKOCTH, a BEPIIHHA NOCTOAHHO HAXOAHTCH B TOUKE HaJ MJOCKOCTbIO
Ha BBICOTE, paBHOﬁ paauycy OCHOBaHHA (TaK 4TO OCb KOHYCa mapadJaJejibHa nJao-

CKOCTH).
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Pemenue. Bpoaunm yroa U MexAy 3ajaHHBIM HaNpaRAeHHEM B NJIOCKOCTH
W npoekuMeil Ha Hee ocu KoHyca (puc. 43). Toraa ckopocTb ueiTpa - MHepuuu
V = ab (0o6o3HaueHHs Te e, Y70 B
3apade 7). MruoBeuuoil ocblo Bpauenns
apasercs ofpasywomas kKoryca OUA,
nposefleEHasA B TOYKY erc COMNPHKOCHO-
BeHHsA ¢ nJsockoctblo. LleHTp wHepuHH
HaXCIHTCA Ha pacCTOSHEH asina oOT
9TOH OCH H NOTOMY

14 6
Q= o=,
asing sina
Puc. 43. Tlpoekunn BexkTopa & Ha rnaBHble ocy

HHepUuH (oCh X, BRIOHDAeM IlepreHan-

KyasipHoft K ocH komyca u Jnuun OA): Qsin a=0, 0, Qcos a="0ctga. [losto-
My KHHETHUECKAs SHEepPIHs

Mt Tig y dage qor g 3 1
T 26+26+290tga_ 406 C0520(—{—5.

9. HaliTn KuHeTHUECKYIO 9HePruio ONHOPOAHOrO TPEXOCHOrO SJHNICONIA, Bpa-
WAOLErocad BOKPYr OAHOH u3 cBouX ocell (AB, puc. 44), npuuem nocaesHas cama

10 ¢5

Puc. 44. Puc. 45,

BpautaeTcsl BOKpyr HanpasneHus CD, nhepneHIUKYJASpPHOro K HeHl M mpoxons-
L{er0 Yepe3 UeHTD SUJIHICOHJA.

Pewenue ¥Yron nosopora sokpyr ocu CD ofosnauuM mocpeicTBom 0,
a yroq nosopota Bokpyr ocu AB (yrox mexay CD u ocbio WHepuuu x;, mep-
neHjAuKyaapHoit K AB)—uepes ¢, Toraa npoekunu & Ha ocH HHepuuH 6yayT:

fcosp, Bsing, ¢

(npudeM ocbh x5 cosnazaer ¢ AB). [fockonnky WeHTp HHEpUHH, COBNAZARMU
€ HEHTPOM SJIJIHICOUJA, HENOABHIKEH, TO KHHETHYeCKas SHeprus

T=%(11 cos® @ -1, sin® @) 92.+—;* 159"

10. To xe, ecnu ock AB Hak/OHEHA, a AJHICOUR CHMMETPHUCH OTHOCHTENLHO
sToll ocu (puc. 45).
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Pemenue. [Npoexunu @ na ocb AB ¥ na OepneHAURYISIPHEHE K Hell ABe
ApYTHe rJaBHble OCH HHEpIHH (KOTOpble MOXHO Bu6paTh NPOU3BOJbBHO):
 cos ez cos @, O cosasing, ¢-40sina,
KuseTnyeckas sHeprus

T:—IQLcosza-éﬁ-;—-[Z—s’ +90sin )2,

§ 33. MomeHnT ummyJasca TBepAOro Tesaa

Beauuiina MoMeHTa HMOYJAbca CHCTEMBI 3ABUCHT, KaK Mbl 311aeM, OT
BRIOOPA TOYKH, OTHOCHTEJIBHO KOTODGIH OH onpeieied. B mexanike Taep-
AOTO Tena nandojee paluyoHased BHOOP B KauecTBe 3TOH TOUKH Havala
NOABHKHOM CHCTEMB KOOPAHHAT, T. €. LeHTpa HHepuiuy reia. Hume mu
GydeMm noHuMarth 10X M MOMeHT, ompeaesenHnil HMEHRO TaKiM 06pa3o.

Cornacuo dopuyie (9,6) npu BhSope Hauaia KOOPAHHAT B LEHTpE
UHEpLIH Tena ero MoMeHT M coBnazaer ¢ «COGCTBEHHBLIM MOMEHTOMY,
CBSI3AHHBIM JHWb C ABHAEHHEM TOYEK Te1a OTHOCHTEABHO {leHTpa HHED-
guu. Apyrumn caosans, B onpenesnedny M= Zm rV] H240 3dAMEHUTE

v 1a [Qr]: ‘
M:Zm[r [Qr]]:Zm{rzﬂ-——r(rQ)},
WIH B TEH30DHBX 0603HAYEHUAX:
M=y m {7 Q—x,:0,Q,} = Q {638, — 0,1

Haxoneu, yunrsizas onpegenerue (32,2) Tensopa HHEPUHH, HOJydaeM
OKOHYATENbHO:
- paal
M;=1,9Q,. (33,1)
Ecau ocu Xy, X,, X2 RanmpasJeun BAOIb L[IABHBIX OCefi uHepiLuu
Teaa, TO Ta ¢opMyaa jaer:

My =10, My=1,2, M;=1I,. (33,2)

B yactHocTH, LA WAPOBOrO BOJYKA, KOTAA BCE TPU [/ABHBIX MO-
MEHTAZ HHEPUMM COBMIANLAIOT, MMEEM NpPOCTOo:

M= /Q, (33,3)

T. €. BEKTOP MOMEHTa [pPOMOPLHOHAIEH BEKTOPY YIrAOBOH CKOpOCTH
U MMeeT OAMHAKOBOE € HHM HalpasjeHue.

B ofuien we cayuae npouU3BOIbHOIO Tesaa sextop M, Booduie roBops,
He COBMAJaeT 10 CBOEMY HanpaBJEHHI) C BeKTOpoM L, 1 auup npu
BpaluleHud TeJa BOKPYr Kako{-1HGO U3 ero riaaRHelX occilt unepunn M
u Q uMewT OOMHAKOBOE HANpaBleHHeE,

Paccmorpum ¢BOGOAHOE ABHXKEHUE TBEPAOrO Ten2, HE [MOLBCPHKCH-
HOro AefcTBHio Kaknx-1160 BHelWIHUX cua. He npeacrarasiowiee uHre-
peca paBHOMEpHOE nOCTynaTtelbHoe JABmKEnHe Oyaem [peanocsaraTh
HCKIIOUEHHRM, TaK 4TO peub HACT O CBOGOAHOM BpALLERUH Tead,
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Kak m y Beakof 3aMKHYTOH CcHCTEMH, MOMEHT HMOy/IbCa CBOBOLHO
BPalAOWerocss rtena mnocroared. s LIAPOBOTO BOAYKA YCAOBHE
M=const npusoaur npocro ¥ Q=const. 10 3Hauur, uTO OBLIUM
ciaydaeM CBOOGOAHOrO BpauieHHst LIAPOBOrO BOJIYKA ABIAETCA IPOCTO
PAaBHOMEDPHOE BpAaLIEHHE BOKPYT MHOCTOSHHOH OCH.

Cronp we npoct cnydair poraropa. 3nech towe M=/Q, npuuyem
pextop @ nepneHamkyadped x ocu poratopa. [lostomy cBoBomHOE
BpaulleHHe poratopa ecThb
PABHOMEPHOE BpalleHHe B
ONHOA ILIOCKOCTH  BOKPYT
HaMpAaBAEHUS, TEPHEHARKY~
JAPHOTO K 3TOH MVIOCKOCTH.

3aKOH COXpaHeHHT MO-
MEHTa JOCTaTO4YeH H Jad
onpeaeneHns Gojee CAOWKHO-
Fo CBOGONHOro BpauieHusd
CUMMETPHYECKOro BOJYKA.

BocnonesosaBninehb 1po-
H3BOJIBHOCTDbIO BhIOOpa Ha-
MpaBaeHH# ThaBHHIX  Oce#d
HHEPUMK Xy, X, (mepmenpu-
KYJASpHHX K OCH CHMMETpHH
BONYKA X3), BoifepeM OCb X,
NEPNEeHINKYIIpHON K mJ0-
CKOCTH, omnpeapenanaeMoil no-
CTOSHHHM BekTOpOM M 1
MTHOBEHHBIM MOJMOKEHHUEM
ocu x3. Torna M,==0, a u3
dopmyn (33,2) BugHO, 4TO U

Q, ==0. D10 3nayut, yro HanpaBiedns M, @ u ocu BoiAuUKA B Kawsli
MOMEHT BpeMeHM Jjewart B OmHOH miockocti (puc. 46). Ho orciona B
CBOI0 Ouepelb CleAyeT, 4YTO ckopoctu V==[Qr] Bcex ToueK Ha ocu
BOJNYKA B KawIbli MOMEHT BPEMEHH MNEePNCHAUKYISPHH K YKAa3aHHOM
MIA0CKOCTH, APYTFHMH CJIOBAMH, OCh BOJYKa paBHOMEPHO (CM. HHKe)
Bpamaercs BOKpPYr uanpasienus M, omuchBag KpyroBoH KoHYC (Tak
HasblBaeMas peeyaapras npegeccin Bomdka). OAHOBPEMEHHO C Mpeluec-
cue#d ¢aM BOJYOK pABHOMEPHO BpalllaeTcs BOKPYT coGCcTBEHHOH ocu.
YraoBuie CKOpPOCTH OGOMX 3THX BpauwieHu#l Jerko Bupa3uTh yepes
3ananHyl0 BeanyuHy MmoMmenTta M W yroan HakaoHa O ocu Bosuka K Ha-
npapaeduo M, YraoBas ckopOocTb BpauieHus BOJYKE BOKPYT CBOCH ocu

ecTb npocTo mpoekuns Q, sextopa @ Ha 3Ty OCh!
st—-%’—.TM—cose (33,4)

8 8

Jins onpenenenust ke CKOPOCTH npereccud {Q Haio pasiomKHTb Bek-
Top Q@ 1m0 Opasuay mnapaanenorpaMma Ha cocrammom,ue BIOAb X3

Puc. 46.
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1 Broap M. M3 Hnx ncpmas He OPUBOAMT HH K KAKOMY NCPEMEILEHHIO
caMOHf OCH BOJIUKA, a NOTOMY BTOPAs H A2eT HCKOMYIO YIVIOBYIO CKOPOCTH

npeueccnd. M3 nocrtpoenus Ha puc. 46 acuo, uto sin 0 Q, =€, a no-
ckoapky €, =M,;/I,=Msin8//;, 10 nonyuaem:
M .
Q=7 {33,9)

§ 34. Ypassenns IBHEHHA TBepAOro Teja

[Tockonbky TBepioe Teno obaazaer B oOuieM Cayude HIGCTbIO CTe-
MEeHAMH CBOBOALI, TO 0ofulas CcUCTeMa YyPaBHEHHH JIBWKEHHT MOMKHA
COAEpWaTh IIECTh HE3aBUCUMBIX ypasHeHu#. KX MoOxHO npercTaBUTh
B BHJE, OonpeaendionleM MNPOH3BOAHLIE [0 BPEMEHH OT IABYX BEKTODOB!:
UMIIYJIbCA W MOMEHTa TeJaa.

[TepBoe u3 stux ypapueHuil noJIydyaerTcss MPOCTO MyTeM CYMMHPO-
BaHUA ypaBHeHHH ;'):f A KawJA0¥ U3 COCTaBAAIOIMMX TEJAO 4acTuu,
rie p—uMnoyabe vacTHub, a f-—aelcTBylomas ua Hee cuiaa. Baoas
MOJHBIH uMIynbe Tena

H MOJHYIO AeiicTBYylOLYI0 Ha Hero cuay X f=F, noayuum:
dp
o =F. (34,1)

Xota Mot onpegenunu F xak cymMmy Bcex cun f, geifictBylomux na
KaX/JAYi0 H3 YaCTHIL, B TOM 4YHCIEe €O CTOPOHB JAPYFHX 4YacTHI Tena,
(axruyecku B F BXOoAAT AHmWb CH/L, LEHCTBYIOUIHE CO CTOPOHH BHENI-
HHX HCTOYHHKOB. Bce CH/B B3auMOZEHCTBHS MeXAy HaCTHUAMH CaMoOro
Tella B3aUMHO COKpAllaioTCs; AeHCTBUTENbHO, MPH OTCYTCTBUM BHENI-
HHX CHJl MMIYJbC Tel1d, KaK M BCAKOH BaMKHYTOH CHCTEMB, AOMKEH
COXpaHATbcd, T. €. H0MkHO OmtTh F=0,

Ecan U— noTteHuuanbHas 3Heprist TBEPAOrO Teja BO BHEIIHEM I07E,
to cuna F Moxer 6uiTh onpenenena nyrtem nuddepennuposanus ee no
KOOpJAHHATAM LEHTpPa HHEpLHH Tenaa:

F=—2. (34,2)
Jle#cTBHTeIbHO, TpH MOCTyMaTeNbHOM mnepeMenienuu Ttena na OR na-
CTONBKO W€ MEHSIOTCS M PafuyC-BeKTOPH ¥ KawAOH TOYKH Tend, a [o-
TOMY HM3MEeHeHUEe IIOTEHIiMa/JbHOH 3Hepruu

ou oU
6U=Eﬁér=5R237=——5R2f=—~F6R~

OtMeTnM B 9TO# cBa3u, uTO ypasHenue (34,1} mower OuTbH TOMYy-
4eHO W Kagk ypasHeHue Jlarpanwa no OTHOWIEHHIO K KOOpJAHHATAM
HeHTPA HHEepLHUH d oL oL

diovV - 3R
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¢ ¢ynxunedt Jlarpanma (32,4), ans xoropo#

Smwver G-k
R JOR
[TepeiineM x BHBOLY BTOPOrO ypaBHenHs IBHKEHUT, OIPEIeMI0NIero
IIPOH3BOIHYIO N0 BpemeHd OT MmoxenTta umnyasca M. g ynpouiesnd
BHIBOAA YAO0OHO BHOPATb KHEMOJBMKHYIO» {(IIHEPUHAABHYIO) CHCTeMY OT-
cueTa Ta4KuM 00pas3oM, UTOOB B JAanubil MOMEHT BPEeMEHH UEHTD HHEepPLHH
TeJa fIOKOILICT OTHOCHTEIbHO Hee, [loayuyeHHOe TaknM 00pa3oM ypas-
HEHNE ABiHKeHIA OyIeT TeM caMuM B CHIY TadWAC2BCKOrO MPHHLHIA
OTHOCHTEIbHOCTH CNIPagelIHBo u B 11000 ApyroH HHEpURAILHCOH CH-
cTeMe OTCHera.
Wseea:

=F,

=23 rpj= 3 [rp] + 3 [rpl.

B cuay caelawsoro namu sméopa cucTesms orcuera (8 xotopol V=0)
3Hadene T B AanHn MOMENT BPEMEHII COBUALAET CO CKOPOCTBIO V==TF.
[Tockoabky ke BeXTOPW V U P=mV HUMEHT OUHHAKOBOE HANpaBleHue,
TO [rp]—O Bamenns Taxke p HAa Cuay F, mOAYUHA OKOHYATCILHO:

Mk, (34,3)

K=Y [rf]. (34,4)

Bextop [rf] nasusaerest momenmon cuast f, rax yto K ectp cymma
MOMEHTOR BCex cua, Jedctsyrowux Ha Ttedo, Kax i 8 moanoit cuie F,
B cymMmMe (34,4) QaxTHYeCKH JOKHBI YYHTHIBATHCH JAMUIb BHEIIHNE CHIB;
B COOTBETCTBHH C 3aKOHOM COXPAHEHHS MOMEHTa HMOYJIbCA CYyMMa MO-
MEHTOB BCEX CHJI, MEHCTBYIOUIMX BHYTPH 3aMKHYTOI CHCTEMH!, 101KHA
00pallaThCs B HYIb.

MoMeHT Cuakl, Kak ¥ MOMEHT MMIy/bCa, 3aBHCHT, BooGile TOBOpH,
OT BHOOpa Hauana KOOPIMHAT, OTHOCHTEIbHO KOTOPOTO OH OfipeienieH.

(34,3), (34,4) MomeHTH OnpeaeIsiOTCS OTHOCHTENBHO LEHTPa HHEp-
HHR TeJa.

[Tpn nepenoce Hauasa KOODAHHAT Ha PACCTOfHIE A HOBHE pajHycC-
BEKTOPHl ' TOYEK Te1a CBA3AHH CO CTAPLIMH f NMOCPEACTBOM r—r’' -+ a.

I1 M
e K=3[rf]= 3 [r't] + 3 [af]

' 4-[aF). (34,5)

HAN

OTciona BUIHO, B YACTHOCTH, YTO BEJHYHHA MOMEHTA CHJ He 3aBHCHT
0T BHOOpa Hayala KOOPAMHAT, ecad noJjHas cmaa F=0 (8 Taxom cay-
yae TOBOPAT, 4TO K Te1y NPHIOKEHA napa ciii).
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Ypagrenue (34,3) Moo paccMaTpHBaTh Kak ypapHedne Jlarpawixa

doL_ oL
700~ dg

IO OTHOMISHHUIO K «BPAL{ATENbHLN KOOpAuHaTaMy, JeficTanreasio, aud-
tepenuupys $ynxuuio Jlarpamxa (32,4) no kowmnodes€tam Bekropa Q,
NOJYUHM: '

oL )
EIoTh [1pQp = M,.

Msmenenne we notenunanpuoli sueprun U npu mosopore Tema na Gec-
KOHEUHO Manuii yroa 89 pasHO:

dU=—Fibr=— 1[0 .r]=— 00 3 [ri]=—K b9,

OTKYAA
oU
K - 56 ) (34)6)
TaK 4TO
oL au

Ipexnonoxum, yro sexkTopnl F 1 K B3auMHO nNepneHIUKYJIADHL,
B 3toMm cayuae Bcerpa MOwHO HAWTH Taxkol BekTop a, 4ToGH B dopMy-
ae (34,5) K’ o6patunoce B Hyap, Tak 4To Oypner:

K = [aF]. (34,7)

Tlpu aTom Beibop A HeoAHO3HaUYeH: npnbaBRACHUE K HeMY 11060T0 BEKTOpPA,
napasnenpnoro F, He mnsmenur paseuctsa (34,7), Tak 4TO ycCaoBue
K’'=0 pmact He omnpeJeneHHy0 TOUKY B MOMABHXHON CACTEME KOOPAHHAT,
a nuuib onpejeneHHyio npamyio amHuHo. Taxum obpasom, npu K | F
neficTBHe BCeX MPHAOWEHHBX K HeMY CHJA MOweT OhTb CBeAEHO K OX-«
Ho#t cune F, nefictByoweil BAOMb OnpelAeNIeHHOH NPAMOH JHHUH,
TaxoB, B 4aCTHOCTH, CAyyal OXHOPOMHOTO CHAOBOTO 10/, B KOTOPOM
ZelicTBYIOUAS Ha MaTepuaipbHyw TOouky cmiaa umeeT Buia f=¢eE, rae
E —nocrositHubIil BeKTOp, XapaKkTepuUsyOWUi mone, a BeIHYHHA € Xapak-
TepusyeT CBOUCTBA YaCTHIULI [0 OTHOLICHUIO K HaHHOMY noa 1), B atom

cilydae uMeeM:
F=EYe, K=[Der-E].

1) TaK, B ONHOPOIHOM 3JIGKTPHUYECKOM ToJIe E ecth HanpaXeHHOCTh MoJs,
a e-—3apsai 4acTHLBbI. B OLHOPOLHOM [OJIe THAMKECTH E ecTs YCKOpEeHUe CHJInI
TAKECTH g, a ¢-—mMacca 4aCTHULl m.
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[lpennonaras, uro 2e$0, BBEAEM PAaAHYC-BEKTOD ', ONMpeleNeHHni
COrJacHo

o= 2? (34,8)

Toraa wbi NOJYYHM CJHENYIoUiee NpPpOCTOE BHIPAXEHHE AJd TOAHOrO
MOMeHTa CuJl:

K = [r,F]. (34,9)

Taxkum o6pasoM, npu ABHKEHHH TBEPAOTO Telda B OLHOPOLHOM moje
BIUsIHNE TOJAA CBOAHTCH K Je#cTBMIO onHolt cunn F, «mpunoxennofi»
B TouKe ¢ paxuyc-sexktopom (34,8). [Monowenue aToil TOUKH Bceneno
onpepensiercs cBoHCTBaMHM CaMoOTO Tejaa; B MoJe THXKECTH, Hanpumep,
OH4 CoBNajaeT ¢ UEHTPOM HHEPUHH Tena.

§ 35. DitepoBEl yrim

Kax ywxe yKaswBa1ocb, A1 ONUCAHHA JBINKEHMS TBEDPAOro Teaa
MOHO HOJIb30BATHC TPEMS KOOPIHMHATAMH €ro LeHTpa HHeplHH W Ka-
KUMU-1H00 TpeMs yriaMi, OlperesiouHMH OPHEHTALUIO OCel Xy, Xy, X3

ABIKYIMEHCH CHCTE@Mbl KOOPIHHAT
\ Z OTHOCHTEJNbHO HEMNOABWKHOK cH-
cremot X, Y, Z. B kauectre aTux
VLJAOB 4acTO OKAasHBawTcsd ypob6-
HHMH TakK Ha3niBaeMhie alreposyl
Yeau.

Tak kak Hac celiuac uHrepe-
CYIOT TOJBKO Yribl MEWKLY OCAMH
KOOpAHHAT, MH BbhifepeM Hauaja
ofeux cucrem B OAHOH TouKe
(puc. 47). [loaBmknas 0I0CKOCTDb
XX, TEpeceKaeT HeNodBMKHYIO
XY no nexkotopoit npsamoti (ON Ha
puc. 47), KOTOPYW HA3HBAIOT
Aunttedd y3aros. Ira NAHHA, Odve-

Puc. 47. BUAHO, TEPNEHIMKYASPHA  KaK

K ocu Z, TtaKk U K OCH X3, ee

NOJOKHTEIbHOC HaIpABIEHHE BriOepeM Tak, YTOOH OHO COOTBETCTBOBAO

HANpaBJEHUIO BEKTOPHOTO MpousBeidenus [zXs) (rde z, X3— OpPTH B Ha-
npaBleHHn oceit Z B Xxg).

B kayecTBe BenMYnH, ONPEAENAIOULNX NONOKEHHE OCEH Xy, Xy, X3 OTHO-
cutenpHo ocedl X, Y, Z, npumem cremyioumue yrie: yroa 0 Mmexny
ocsiMH Z U X3, yron @ Mexay ocamMu X u N, yroa ) mexay ocamn N
u x;. Yrael ¢ MY OTCUHTHBAIOTCS B HANPaB/IEHUNX, ONpEeAeNfeMbX Npa-
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BIZIOM BHHTA, COOTBETCTBEHHO BOKPYT oceit Z W x3. Yroa O npoGeraer
3HAUEHHH OT HYJAd 10 M, 4 yrias ¢ H Pp—oT Hyad ao 2;l).

BeipasuM Tenepb KOMIIOHEHTH BEKTOpa yriuoso#t ckopoctu & mo
MOABIDKHGIM OCHM Xy, X,, X5 uepe3 ofIepoBsl YIVB H HUX [POH3BOLHBIE.
s atoro nano CHPOEKTHPOBATH HA ITH OCH YIIOBHIE CKOPOCTH 6, P, 117
YrnoBas ckopocth O HATIpaRieHa 1m0 MuHuH y3/710B ON 1 ee COCTaB/IAlO-
IHE N0 OCAM Xy, X,, X3 PaBHLL

0;=0cos?y, 0,=—0siny, 0;=0
YriaoBas ¢KOPOCTh (p HANPaBleHa BAOAb oCH Z; ee MPOEKIHA HA OCh X3

paBHa @z=@ cos0, a TmpoexuHs Ha I[IOCKOCTb X,;Xs paBHa ¢ sinO0.
Pagnaras mociesHion Ha cOCTaBASIOUIHE NO OCSM X; H X,, MOJYUHM:

@, =¢sin Bsiny, ¢, =0psinb cos.
Hakonen, yrnoeag cxopocrb \ HampaBieHa MO OCH X
Cobupass BCe 9TH COCTABISIOL(HE MO KawAOH u3 ocell, moayyum
OKOHYATeNbHO!
Q, =¢sin0 sin p-+-0 cosp,
Q, = sin 0 cos P — 0 sin P, (35,1)
Q3 =@ cos 8 4-.

Ecau ocu x;, Xx,, X3 BoiOpaHbn MO I1aBHLIM OCSM MHEDIHH TREPAOTO
Teja, TO BPALLATEIbHYI) KMHETHUECKYI) SHEPTHi0, BHPAWEHHYID 4yepe3
sfiiepoBsl yrael, Mbl 0oJAyunM mopcradoBko# (35,1) B (32,8).

Jns cuMMeTpuyecKoro soAdYka, y Koroporo [; =/[, 5= [;, nainem
[ocjae NpPOCTOro NPUBELEHHY:

Tap = 25 (@ sin? 0-+-0) -+ 12 (§ cos 0+ (85,2)

3aMeTHM, UTO 3TO BHPAXKEHHE MOKHO MOAY4YHTb H MPOLUEL, BOCMOAb30-
BaBIIHCh POHU3BOJBHOCTHIO BHIOOPA HAMpaB/eHU r1aBHLX OCell HHepIHU
Xy, X, Yy cumMMerpuuyeckoro Bojauka. Cuurasd, 4TO0 0OCb X; COBNAZaeT
¢ oceio y3n10B ON, 1. e. uyto P==0, 6ynem HMeTb AJd COCTABIAIOUINX
yraoBoil ckopocti 60Jee NpocThie BHpameHHd

Q, =0, Q,=¢sin0, Q=e cos0d+1. (35,3)

‘B xavecTBe NPOCTOro mpuMepa NPHUMEHEeHHs DH/IepOBLIX YIIOB ompe-
LeJUM C UX MOMOHIHI0O H3BECTHOE YiKe HaM CBOGOLHOE NBHKEHUE CHM-
METPHYECKOro BOJYKa.

1) Yrast 8 1 ¢ —mn/2 npeacraBasiiorT coG0H COOTBETCTBEHHO NMOJAPHBIE yros
M a3sUMyT HanpaBJIEeHHS x; MO OTHOWeHUIO K ocam X, Y, Z. B 10 xe Bpems O
¥ T/2—p SBJASETCH COOTBETCTBEHHO TMNOJIAPHBIM YIJIOM H a3UMyTOM HamnpasJe-
HHA Z MO OTHOWEHHI K OCAM Xj, X5, X3
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Buwbepem ock Z HenoaBHmHON CUCTEMBI KOOPAUHAT B HANPABIEHUH
HoCTOAHHOro moMenta Boauka M. OCb Xy NOABHKHOHA CUCTEMb HANPAB-
AeHa 00 OCH BOAYKA, a OCh xl nycrp coBmaagaer 8 HA4HHRIA MOMEHT Bpe-
MEHH ¢ oc¢blo y3a08. Toraa Aas KOMIOHEHT BEKTOPa M HaxoMuM ¢ 10-
molbio Gopmya (35,3):

My=1Q, =10, M,=1,Q,=1¢sin0, My=LQ=1 (¢ cosV 4 1}).

C apyrofl cTOpoHn, MOCKOABKY OCb X, (AMHIN Y3710B) 0epueninkynspHa
K ocu Z, umeem
My =0, M,=Msia0, M= Mcost.

[Tpupasnusas Apyr APYCY BSTH BuPAKEHUS, [OJAY4HM CJI€1YIOULUE
ypasnenysi:
0=0, /,¢g=M, (¢ cos0--1)=Mcos 0. (35,4)
[lepsoe u3 sTux ypasuenuid gaer O=const, T. e, (OCTOMICTBO yria
HAKAOHA OCH BOJAYKA K Ha-
- Zz apasaednio M. Bropoe onpe-
“ aeaster (8 coraacui ¢ (33,9))
YLJIOBYIO CKOPOCTh 1pEUecCHu
('p=M//1. Hakounewn, tperbe
onpeneiser YriaoBylio CKo-
POCTb  BPALLEHHSI  BOAUKA
BOKpyr cobcrTBenHoH  oCH
93 = M cos @/[3.

|4 3agaawu

1. MpugecTu K KxBaaparypam
3aja4y O JBHIKEHHH THKEN0rO
CHMMETDHYECKOro BOJYKA ¢ He-
NOABHMKHON  HMXKHENl  TOYKOH
(puc. 48).

Pemenune. CoBMecTHOR
HayaJ0 NOABHKHON U HENOABHXK-
HOUl cucTeM KOODAKHHAT BRIGHpaeM
Puc. 48. B HEeNOABHI)KHOI TOuke BoJuka O,
a othb Z HanpapJaseM [0 Bep-

Tukaau (puc. 48). ®yukuus Jlarpasxka Boauka B noJe THXKECTU

2 . . . .
L:-Ll—_—;ﬂl— (0% @2 sin26) —{-% (P -1 ¢ cos 8)* —ugl cos 6

(u—macea Bosuxka, [—paccTOsHHE OT HIDKHEHd TOUKM 1O UeHTPA HHePUHH).
KoopanHathl P H ¢ —LuKanueckue, IlosToMy nMeem Jpa uHTerpasa ABH~
WeHU:

oL .
p¢=51i7:[3 (p + @ cos ) = const = Mj, 1)
quL—,: (I sin20 4 15 cos? ) ¢ + I 3§ cos B=const = M_, ()

o9
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rie sseienHo 0503HaueHIe I =], --pi? (BeanuuHsl py M p, NpeACTABAAIOT cololt

coCTanaaou He Bpamarenbﬂoro MOMEHTA, ONpeaeneHHoro OTHOCHTeﬂbHO TOUKH O
COOTBETCTREHHO O OCAM X3 H Z} I\poue TOro, coxpausierca 3HepPrusg

I, . .
E ===t (02 4- 2 sin?0) + —2§ (¥ - g cos 0)24-pgl cos B, 3)

__'
2

W3 ypasuennst (1) u (2) naxogum:

- M,—Mgcos 0
R 4
R (Tl @
. 4 ,
»'qtzb_cose u‘ic_os_e (5)
I I sin? 0

Hckaoune ¢ MoMONIBI0 BTHX PaBEHCTB ¢ W Y U3 3Hepruu (3), nomyuum:

/
=5 024Uy ),

Tle BBejeHH 0503HayeHnd

2

, M; M,— M, cos 0)?
E :E——j—”gl, Ut (0) = Ma— M cos Oy
3

Y ugl (1 —cos 6). (6

Onpeaemm oTciona 6 u pasnendasa nepeMexHHbie, MOAyUYuM:

= do )

]/,3 (E'—Uay )

(unwrerpan —osanuntuuecknit). [locde 3Toro yrasl Y M @ BHPAKAOTCT KAK
¢yuxiun or 0 B BUAE KBAaApDATyp C NMOMOILLIO ypaBHenui (4), (5).

Oﬁnacm u3MeHeHHst yrsia 0 npu  ABMIXKeHMM oOnNpegedsiercst yCJOBHEM
E'=Uggg (8). Qynruua Uygg (6) (npy My # M) cTpemutes K o0 npH 3Ha-
yenusx 0=0 n O=gx, a B IPOMEIKYTKE MEKAY HHMH TPOXOIHT Uepes MHHHMYM,
MostoMmy ypasuenue E’ =U,pp (0) uMeeT ABa KOPHA, ONpefe/sIOUNX Npefesb-
uole yraol O; u 0, nak/oHa OCH BONYKA K BepTHKAJM.

Ipu u3menennu yrsaa 6 ot 0; 1o 0, 3HaK NPou3BOIHON @ ocTaeTcsd HeH3MEH-
HBIM HJIH MeHSeTCs, CMOTPSl MO TOMY, OCTaeTCs JH HeM3MEHHBIM HJH MeHsercd
B 3TOM HHTepBaJse 3HaK pasHocTH M,— Mg cos 0. B nepeom ciyuae ocb BOJIUKA
npeleccHpyeT BOKPYT BePTHKAJIU MOHOTOHHO, OAZHOBPEMEHHO COBepuIas KoaeGaHust
(TaKk HasbIBaeMYIO Hymayuro) BBepX ¥ BHU3 (pHc. 49, a; JuHWa u3o6paxkaeT cJjes,
KOTOPbIfi OCk BONUKA 4yepTH/aa Gbl Ha MOBEPXHOCTH cdepsl C HEHTPOM B HENOABHIK=-
Ho#i Touke BOJYKa). Bo BTOpOM cilyuae HanpaB/eHHe NPeNecCHU NMPOTHBONOJOKHO
HAa JBYX TPaHUUYHBLIX OKPYKHOCTX, TAaK YTO OCh BOJYKA IEPeMelIaeTcst ROKPYTD
BEpTHKAMU, onuchiras nerau (puc. 49,6). Haxonew, ecsu ojHO H3 3HaueHuit 0,
6, cosnajgaer ¢ HyJem pa3socTd M,— Mgzcos 0, Ha COOTReTCTBYyIOLIEH Npefeb-
HOfl OKPYKHOCTH ¢ ® 0 OJHOBpEMeHHO o06pamaloTcs B HYJb, TaK 4TO OCh
BOJIYKA OMHCHIBAET TPAaeKTOPUIO M300paKeHHoro Ha puc. 49,8 rtuna.

2. Hafitu ycsosue, npu KOTOPOM BpalleHHE BOJYKA BOKPYT BEPTHKAJIbHOA
oc OyAeT yCTOHUNBBIM.
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Pemenne. Ipu 0=0 ocu x; u Z cosnanatwor, Tak yro My =M,, E' =0,
Bpauenne Boxpyr stolf ocn GyAer ycroliuupeiM, eciun suaueHue 0=0 orpeuaer

a)

Puc. 49,

auniMyMy Gyermnn Uggg (8). Tlpu manpix O nmeem:

M2

!
U, %<___/3_&g_> 62,
= \er T

OTKYZa HaXOJUM YyCIoBHE M§> 41;}Lgl WIH

41:ngi
I

3. OHpE}IeJII/lTb JABHIKEHHEe BOJYKA B CJaydae, KOrga KHHETHUECKAs SHeprus
ero coOCTBEHHOrO BpAUICHUSA BeJHKA NO CPaBHEHHIO C SHeprueﬁ B [oJIe TAXKeCTH

- —

~——
——

-

|
1
t
I
|
|
!
|
|
|
|

Puc. 50.

——

(TaKk HaspiBaeMblil «OHICTPHIY BOJYOK).

Pemenue. B nepsom mnpuGauxke-
HHH, ecau nperHeGpeub NOJEM THAKECTH,
NPOUCXOAHT CBOGOIHAA IPENECCHA OCH
BOJIYKA BOKPYT HanpaBjaeHHs MoMeHTa M
(oTBevallasi B JaHHOM cJiydae HyTauuu
BOJIYKA); OHA NMPOHCXOAHT cornacro (33,5)
C YrJaoBof CKOPOCTHIO

M
QHYT=_7' 0]
11
B caenyoouieM npuOAHKEHHH NOABJSA-
eTcA MelJeHHas nperneccHss MomeHTa M
BOKDYr HanpapJeHust BepTuxanan (puc. 50).
Ans onpelesenns CKOpPOCTH 3TOH npe-
LEeCCHH VCpPEeAHHM TOUHOE YDaBHEHHE JABH-
xeHusa (34,3)
dm

ar =K

no nepuojy Hytaumu. MowmeHT cua TH-
JEeCTH, JNeHCTBYIOIIHX HAa BOJYOK, paBeH
K =ul [nyg], rae ny;—enuHU4YHLIA BEKTOD

B HanpasJeHuu ocH Bosuka. Y3 coobpaxeHnuil ciMMeTpUH OYEBHAHO, YTO pe3yJib-
TaT ycpeinenusi K mo «koHyCY HYyTauMus CBOJHTCH K 3aMeHe BEKTOPa my ero
npoekuneit cos a-M/M na ranpasnenne M (w—yroa Mexay M H ocblo Bojuxa).
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Taxunm 06pasoM, MoayuuM ypaBHenne
M wl
de = — (0S4 M [gM].

Ono osnauaer, uTo BekTOp M npemeccupyer BOKpYr Hanpasaenus g (BepTHKAIH)
CO CpefiHeH YrJOBOIH CKOPOCTHIO

= plcos a
an= - M g (2)
(MaJIoll O CPABHERHIO € Qpyq).
B paccmarpuBaemom npu6rmme1—um BxojAule B dopMyasl (1) n (2) BennyunHb
M B coso mocTosiHHE (XOTA M He SBJAIOTCH, CTPOrO TrOBOPS, WHTe-

rpanamu psnxenus). OHu CBS3aHEl, ¢ TOH JKe TOUHOCTBIO, CO CTPOrO COXPaHSAIO-
HHMHCA BeJHuYAHaMu E H Mg COOTHOIIEHHSMH

M;=Mcosa,

2 2 in2
E%M— cos a+smla )

2\ 1, I

§ 36. Ypasuenus 3Jitnepa

Hanucanuwe 8 § 34 ypasHeHus IBUKEHHA OTHOCATCH K Hefo-
IBHKHOR cucreMe koopamuar: npousBoxusie dP/dt u dM/dt B ypaBHe-
nuax (34,1) n (34,3) npexcrasiusior coboil uamenenns pexrtopos Pu M
HO OTHOMIEHHID K 3TOH cucteme. Mexny Tewm, Haubosee npocras CBf3b
MEWK/Y KOMIIOHEHTAMH BPallaTenbHOTO MOMeHTa M TBepioro reia u KoM-
MIOHEHTAMU YTJIOBOH CKOPOCTH HMMEeT MECTO B [OABHKHONH cucTeMe KO-
ODPAHHAT C OCHMH, HANPABJEHHBIMH MO TAaBHBIM OCAM unepuun. das Toro
y100Ks BOCMOAbB30BAThCS BTOH CBA3HI0, HEOOXOAHMMO NpeABAPHTENBHO
npeo6pasoBaTh YPABHEHH NBHWEHHHE K MOJABIKHLIM KOOPAHMHATAM Xy,
Xo, X3.

[lycte dA/df— cKOPOCTb H3MEHEHHT Kakoro-in6o Bektopa A no oT-
HOLLEHHIO K HEeMOABHWHOH cucreMe koopamHat. Ecan no oTHomenuto
K Bpauamuieiics CHCTEME BEKTOP A He H3MEHSeTCS, TO ero u3MeHeHue
OTHOCHTENBHO HEMOABMKHON CHCTEMBl 0OYC/I0BAEHO TONBKO BPanleHHEM,

u Toraa dA QA

(cm. § 9, rae 6uno ykasano, uto Takue dopmyas, xax (9,1), (9,2),
cnpaBeanussl nag aw6oro Bextopa). B o6utem cayuae k mpaBoff uacrtu
9TOr0 PaBeHCTBA HAAO IHOOABHTh CKOPOCTh H3MeHeHus BeKTopa A no
OTHOILEHHI® K MOUBIKHON cHCTEME; OGO3HAYHB 3TY CKOPOCTh, KaK
’ .

d’A/dt, nonyuum: dA_ d'A

dt — dt

C nomouisio 3T0# o6uieft GopMyJaB MBI MOMKeM CPa3y TNepenHcarh
yparsenus (34,1) u (34,3) B Buzne

2P L1epi=F, Ty oM=K (36,2)

+[QA). (36,1)
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Mockonsky anddepenniipopatie no BpeMend NPOU3BOAUTLS 31€Ch B 110-
ABUXUON cHCTEMEe KOOpAHHAT, TO MBI MOXEM HencCpPeICTBEHHO CIPOCUH-
pOBaTb ypaslieHus Ha OCH 3TOH CHCTEeMpl, Harnmcas

dP\ _ dP, IM\ _ dMy
)y a0 e \dd )y at

rae uunexco 1, 2, 3 03HAYAIDT KOMIOHEHTH N0 OCAM Xy, X,, X3.
Ipn ston B meppov ypasHesun 3amensem P Ha WV ¥ noayuaew:

dv,
( +--2 Q3V2 =F1v
("Vz+§> V,—Q,V; ) =F,, (36.3)
dv,
o (d—t&—leV‘z— szl) = F3.

Ilpennonaras ocH Xy, X,, X3 Buépaﬂnmm [0 TAABHHIM OCHM HHEDILHH,
nuLtes BO BTOPOM u3 ypaBHenuit (36,2) M, =/,Q; u T. X. 4 noayqaem:

L8 (1) Qo-_d_m,
1L, (1 — 1) ©40, = K, (36,4)

152 (1, — 1) 9,9, = K.

Ypasueuus (36,4) wasniBaor ypasuenusimu Siiepa.
Ipn  cpoBonnom Bpamennu K=0, tax urto ypasuenus Iiinepa
OPHHIUMAIOT BUA:

d91+ /2993_0

@ fimle — 1y 0,0, =0, (36,5)
dD —1, .
Bs Q,Q, =0.

B xauecTBe mpHMepa npUMEHHM STH YPAaBHEHHA K YKe paccMarpu-
BaBUIEMyCA HAMU CBOGOAHOMY BPAUIEHHI0 CHUMMETPHUYECKOro BOJUKA.

ITonoxus [, =1,, wumeeMm wu3 Tperbero ypaBuenus Qz=0, T1. e,
(23 = const. Tlocae sToro mepane aBAa YpaBHEHHA HAMUUIEM B BUAE

Q)= —0Q, Q,=0Q,
TAC BBeleHa HNOCTOAHHAA BEGJAHYUHA
o=l (36,6)

YMHOXHB BTOPOE ypaBHeHHE HA { M CIOWUB C MEPBHIM, TOAYYHM:

gz (Qi+iQ,) =i0 (Q, +iQy),
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OTKynaa Ql +iQ‘z = Aeit,

rie A—NOoCTOsiHHAs; MOCACAHION MOMHO CYATATh BeuleCTBeHHOH (3TO
CBOAHTCH K HaiqexaulesMy BuOOpY nauaja OTCYETa speMend), U roraa

£, = A cos wf, Q,=Asinwt. (36,7)

STOT pesyJbTAaT MOKAa3LBaeT, 4yTO APOEKId YTJ0BOH CKOPOCTH Ha
[I0CKOCTh, MEPNeHIHKYAAPHYIO K OCH 80.149Ka, BPAMLaeTCs B 3r0# 1110~
CKOCTH C YIJ0BO{ CKOPOCTHIO (¥, OCTazasdCh [IOCTONHHOI N0 BeanuiHe
(VQ§+Q§=A). [Tockoabky npoexuus €y Ha 0Ch BOIYKA TOWE 10-
CTOSIHHA, TO MBI 3dK.T04AEM, 4TO 1 Bech BeKTOp € pasuonepHo Bpautaercs
C YLIOBOH CKOPOCTHIO M BOKPYT OCH BOIYKA, OCTABAACH HEA3MEHHBN 10
Beauuune. Beuay csusu M, =7Q,, My=1,Q,, My= 130y nencay xou-
noueHraMu gekrtopos @ s M raxoe ke aABHiKeinle (MO OTHOUILHUIC
K OCH BOJYKA) COBepuIaeT, OUERNIHO, H BEKTOp moMcuTa M,

[Toayuennast kapruna HpeacTag.sieT coGO{, pasymeeTcd, jdulb 1Py
FOH acneKkT TOro ke ABMMEHils BOJAUKA, KOTOPOE YyKe OLLIO PACCMOT-
peno B §§ 33 ¥ 35 mo orHomeHHIO K HENOABHKHOI CHCTeMe KOODILH-
dat. B uacthocru, yraosas cKopocTh BpauleHud BekTopa M (och Z na
puc. 48) BOKPyr uampasjenus Xz COBIANAET, B TEPMHHAX 3HIEPOBHX

YFA0B, ¢ yriaosoit ckopocrbio—1p. C nomowpio ypasuenuid (33,4)

HMeeM: . 1 cos O . VAR t
P o= ‘”—;ﬂ—qp cos = Mcost ([————I—)
Han 3 - s !
—_—p = 0,3t

=02

B coraacun ¢ (36,6).
~ § 37. AcummertpuuecKkuit BOJIIOK

ITpumenum ypapueHus Jilnepa k Go/1ee C10KHOI 3amaue o CBOSOX-
HOM BPaUIEHHN aCUMMETPHUECKOro BO/IYKA, ¥ KOTOPOT0 BCE TPH MOMEHTA
HHepumy pasauuno, [as onpegenedHHocTn 6yaeM CUHTATh, 4TO

L>1,> 1. (37,1)

Ilsa unrerpaia ypaBHenuft Ditnepa u3ssecTHul 3apanee. Oun aaworcd
3aKOHAMH COXDAaHEeHUST JHEPTHUH ¥ MOMEHTA H BHPAKAIOTCS PABEHCTBAMHU
I Q%—]—]ZQ;—]~I3Q§=QE,
20)2 2()2 2{)2 —
]191—1—1292—{—13&.3 M2,
rae sueprus E um a6conioTHasg BeanuynHa Momenrta M—3agaHHuie - no-
CTOfIHHBE, OTH K€ JBAa PABEHCTBA, BHIPAMEHHBHIE YEPE3 KOMIOHEHTH
gekTopa M, nmewr Bux
M2 ME o OM3
AU PR
2 2 2 — 2 ‘
‘Ml—}—MZ—i—Ms_M. (37,4)

(37,2)



148 OBMWEHHE TBEPAOrO TEJA [t i

Ve oTC0na MOWHO caendaTh HEKOTOPhIe 3aKNIOYEHHS O xapakrtepe
ABWKEHHs Boauka. [as srToro samerum, 4yto ypasaenus (37,3) u (37,4)
DpEACTaBAAOT coBoit, reomerpuueckn 8 ocax M,, M,, Ms;, ypaBnenus
COOTBETCTBEHHO MOBEPXHOCTH IJJIHMCONAA ¢ TMOJYOCSIMHU

V 2EI,, V 2EI,, V 2EL

u chepu ¢ panuycom M. IIpu nepemeuienun BextTopa M (OTHOCHTENBHO
ocell MHepUMM BOJYKA) €ro KOHEl, ABHWETCH BAO/b JHHHU INEePeCevyeHust

Puc. 5l

yKkasanubix nosepxdHocte#t (Ha puc. 51 uzobpaken pAx TaKuUX JuHUR
nepeceyeHus MIMNCOULA Co cdepamy pa3nuunbix paauycos). Camoe Ha-
NHYHE nepeceyeHus 06eCredHBAETCHd OYEBHAHHIMH HEPABEHCTRAMH

QEI, << M2 << 2El, (37,5)

TeOMETPHUECKH O03HA4YalOUIMMH, 4TO paanyc chepn (37,4) newur mexny
HauMeHbiied ¥ Hauboabuied u3 noayocel sanuncouna (37,3).
[Tpocnenum 3a M3MeHeHHeM XapaKTepa STHX «TPAEKTOPHH» KOHIa
BekTopa M') no Mepe uameunednsn sesudunb M (npu 3agaunolt suepruu F).
Korna AM? nnmb HemHorum npessinaer 2E/,, chepa nepecekaer smun-
COMJ MO NBYM 3aMKHYTHIM MaJIeHbKHM KDUBEIM, OKPYXalOLLUM OCb X,
BOMH3H COOTBETCTBYIONIMX ABYX NOJMIOCOB sjauncouna (npu M2—-2E/,
STH KPHBHE CTATUBAIOTCS B TOYKH — noniock). [To Mepe yBeauuenus M2

2AH&JIOI‘PI'-IHHE KDUBBIE, OIMHUChIBAGMble KOHLOM BekTopa £, HasbBaOICH
nos00uaAMU,
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KpuBbie pacupsiored, a npn M= 2FJ, npeppaunfaiorcs B AR NIIOCKIE
KpHBLIE (/HICH), NepeceKalolHecsl APYT ¢ APYTLOM B NOMOCaX 3/UIHI-
conuna Ha OcH X,. [lpu naiapnedwem ysenudennu M2 BHOBb BO3HHKAIOT
ABe pasjelibHble 3aMKHYTHE TPaeKTOPHH, HO OKPYIKAIOHIUE YIKE TTOTIOCH
Ha ocH X, npu M*— 2E], OHM CTArHBAIOTCH B 3TH JBE TOHYKH.

OtMeTHM, npewxie BCEro, 4TO 3aMKHYTOCTb TPaeKkTOpHH O3HAYaeT
IIePUOAMUYHOCTh HepeMelieHnd BekTopa M no OTHOLIEHHIO K TeJy BOJUKa;
34 BpeMs nepuojaa BekTop M oONHChiBadeT HEKOTOPYI0 KOHMYECKYIO MO-
BEPXHOCTb, BO3BPAILAfiCh B MPEXKHEE NOTOKEHHE,

Hanee oTMETHM CYUIECTBEHHO pasaHYHH Xapaktep TPACKTOPHH,
6IH3KHX K Pas3JHUYHBIM NOMOCAaM sanuncounaa. B6ansu ocelt x; u x, Tpa-
CKTOPHH PACIONOKEHS! 11eJHKOM B OKPECTROCTH MOJAIOCOB, @ TPACKTOPUH,
npoxoasiiuue B6MH3M ITTO/IOCOB Ha OCH X,, B CBOeM jpaiabHefimem xoxae
vaansiorcd Ha Oonblune paccTosHus oT 3T1HX Touex. Takoe pasiauune
COOTBETCTBYET PA3HOMY XapakTepy YCTOHUYMBOCTH BpaUleHHS BOJAYKA BO-
KPYr ero Tpex oceit uHepunu. Bpaimeune RBOKPYr ocelt X, H x4 (oTBe-
YAJOULHX HAHOGOJbIIEMY H HAUMEHbIESMY H3 TPEX MOMEHTOB HHEPLHH BOJ-
4Ka) yCTOMYHBO B TOM CMBICJE, YTO NPH MA/JOM OTKJOHEHHH OT 3THX CO-
CTORHHH BOMYOK OyAeT MNPOLOMIKATH COBEpIiaTh ABHweHHe, OJH3KOE
K IIepBOHAYAJMBHOMY. BpaujeHue e BOKDYT OCH X, HEYCTOHYHBO; 1OCTa-
TOYHO MaJOro OTKJIOHeHus, YTOOH BO3HHKJO JBHKEHHE, YBOILALICE BOJ-
UOK B MOJAOKEHWS, JajJeKHe OT [EPBOHAYAIbLHOTO,

A onpeneneHus 3aBUCHMOCTH KOMIIOHEHT § (MM mPOMOPIHOHAb-
HBIX uM koMmmoHeHT M) or Bpesenu obBpatuMcs K ypaHeHusM Jinepa
(36,5). Bupasum Q; u Q, uepes Q, us nsyx ypasnenui (37,2), (37,3)
1

Q = ———— {(QEL,— M2 — 1, (I;—1,) Q3 },
! 11(":;"‘11) - 2 (37,6)
Qg:m{;(/wz"”zb‘ll)”“lz (]2_/1)92}
H TOACTARMB BO BTOPOE M3 ypaBHenuit (36,5), nafizem:
dQy  I,—1I,
= /2 £, =

= 1___{[251 — MY — 1, (I,— 1,) Q] [(M?— 2ET,) —

P

— Iy (I~ 1) Qa1} . (37,7
Pasnenss B 370M ypaBHeHHH NepeMeHHbE H HHTEIPUPYH, TIOAYYHM DYHK-
uno ¢(82,) B BHIE LIMNTHYECKOrO HHTerpania. [Ipu ppuBeieHuH ero
K CTaHIapTHOMY BUAZY GYyAeM CUHTATh AJAS ONPELeEeHHOCTH, YTO

M= 2FEI,

(B o6paTHOM ciyyae BO BCex CAeAYIOMMX HIKe (opMynax Hano nepe-
cTaButh uugexcH 1 u 3). Boanm Bmecro # u Q, HoBHE mnepeMeHHBIE

(Ug—1Ty) (M*—2E1L) IoUg—15)
=1 l/ 211 21;_—‘1’ » 5= ]/2121s (37.8)
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I noJowuTeAbHn# mapamerp k*<C1 coraacuo

(L= 1) @El,— )
W= 0Ty GF—3ETy " (37,9

Torna nonyuum:

val—ﬂﬁ(b—k%ﬁ

(Hayamo oTCYeTa BPEMEHH YCIOBHO BuOHPaeM B MoMeHT, koria 2, =0).
ITpu oOpawenun 3TOro HHTErpasa BO3HHKAET, KaK H3BECTHO, OLHA U3
saauntudeckux ¢ynxunid Hxodbu

=snT,

ueM m omnpeAenseTcs 3aBHCHMOCTs Q, OT Bpemenu. Pyuxuuu Q; (f) n
Q, (f) seipawaioTes anreGpaudecku uepes Q, (#) cornacHo paBeHCTBAM
(37,6). Yuutreizasg onpchesneHne ABYX APYLHX SMIHOTHUYECKHX PYHKUUH

cnt=}1—sn?t, dnt=)1—£k*sn’t,
MOAYy4HUM OKOHYATENbHO Ciaeayioulde (pOpMy.TIsl:
2E 1, —M?
Q= ]/—-—3—-c nr,
! Iy (I3—1y)
QET,— M?
92_ ]/mSﬂ T, (37,10)
5/ ME3EL
0= Y it
Oyukuunr (37,10) —nepuHoauvyeckue, MPHYEM HX MEPUOX IO nepeMeH-
HOM T paseH, Kak HM3BecTHO, Behanduue 4K, rae K ecTb MOJHBIH 3AMUM-

THYECKHUH MHTErpajJ MepBOTO poaa:
: /2

ds du
= : = . 37,11
K 5 V (1—s%) (1 —k=s?) Y ( )
0

Vi—k*sinfu

Uepuon We IO BPEMEHU 1aercd, CneAO0BATEIbHO, BbIPAWEHHEM

_ i,
T=4K 1/(13—12> (MR—=3ETy) * (37,12)

TIo ucreuenun 310ro BpeMenn BekTop € BO3BpaILaeTCs B CBOE HAYA b~
HOe TO/JOXEeHHe OTHOCHTENbHO oced Boauyka. (Camblil e BOMYOK MpH
9TOM OTHIOAb HE BO3BPAIULAaeTCs B CBOE IMpexHee MOJOKEHHE OTHOCU-
TeNbHO HEMOABMMHOH CHCTEMB KOOPAMHAT — CM. HHKE.)

Ipu [, =1, dopmyau (37,10), pasymeercs, npusoasarcsa x dopMynau,
NOoJyYeHHsiM B MpeAblayuieM naparpade A8 CHMMETPHYECKOTO BO/YKA.
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Heitcratensuo, npu [, —/, napamerp £* — 0, saannruueckne Qynxnun
BHIPOXAAIOTCA B KPYLOBHE:

snt—sint, cnt-—cost, dnt—1,

1 M BO3BpaulaemMca kK Gopuyaam (36,7).

Tpn WM2==2E], uveern: Q;=Q,=0, Q,=const, T. e. Bexrop Q
MOCTOAHHO HANpaBieH BAOIb OCH HHEPUHH Xg; 3TOT Clyualdl CooTBeT-
CTBYeT PAaBHOMEDPHOMY BPALIEHHIO BOJYKA BOKPYT OCH Xg. AHATOLHYHBIM
obpasom npu M2=2EJ, {npu stom T==0) nMeeMm pABHOMEPHOE Bpaie-
#HEe BOKDPYT OCH X,

[Mepeftnem k onpeiaesesuo abCcoOMOTHOrO (MO OTHOLIGHHIO K HENO-
ABMKIOH cHeTeMe Koopauuar X, Y, Z) aBuwexHd BOJAYKA B IpOCTpaH-
crBe Kak ¢ydxiud ppesenu, s 9TOro 8BOANM 3i1€POBH yTib A, ¢,
MEKAY OCSIMII BOAUKA X, Xg, X, 1 ocavn X, Y, Z, BoOpas npu 971031
HCITOABMKHYIO OCh Z BJOAL HANPAaBJGHUA [OCTO#HHOrO Bektopa M.
[Mockoabky moasgphull Yyroa H asuMyT Hampap/ieHust Z [0 CTHOLMICHHIO

K OCHM Xy, Xy, X5 PaBHL cooTBercTBedno f u -“2——“-4) (cM. mpuaeuanne
ua crp. 141}, 10, npoextupya BextTop M Ha 0CH Xy, X,, X5, NOAYHHME
Msinfsinp =M, = 1,8,

Msinfcosp =M, =1,Q,, (37,13)
Mceosfi==M, =1,Q,.
Orciona

[,Q4 1,9 :
= 133 — 11
cosf T 7,0, (37,14)

1, ncnoabdys dopuyan (37,10), naidaes:
2
cosfi== ]/%d T,
: 8t (37,15)
tgp = V 1(I3—1y) Cl’lT
T (ls—11)
yeM H OfpeeaseTcs 3aBHCHMOCTh yriaos O m 1 or Bpemenu; BMecTe
C KOMTIOHEHTAMH BeKTOpa 2 oHU ABAAOTCS MEPHOLHYECKAMH PYHKIUHAMH
¢ nepuogom (37,12).

Yroa ¢ 8 dopuyas (37,13) He BXOIHT, H A5 €r0 BuIYHC/IEHUS HALO
ofparuthbest K dopyynad (35,1), BHpamaiowus KoMnoHeHTs € uepes npo-

U3BOJAHHE N0 BpeMenu siimeposmx yraos. Mckmouas §§ na paBeHcrs
Q) = ¢ sin f sin P+ 0 cos P,
€, =@ sinf cosy —hsin,

NONYyUYHnM]

lemlp—{— 25 COS P
sin © }
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noc/ae uero, HCnoabdys ¢opmyaws (37,13), naitaew:

Q% 1,02
om0 (37,16)
120 +20°

Orcioaa dynkuns @ (f) onpelenserca KBaapaTypoii, HO MOLHHTErpaIbHOE
BHIPAxCCHUE COAEPKHUT COKHBIM 05pa3oM aanunTuyeckue pyukuuu, [lyrem
pfiia LOBOJBHO CJHOWKHHIX MPeo6pa3oBaHHit 9TOT HHTErpaq MoOweT GHTbL
BHIDAXEH Hepe3 TaK Ha3blBaeMule TITA-PYHKUHH; HE IPHBOAA BHYHCIE-
HU# 1), ykaxKeM JHMb MX OKOHYAaTEAbHBI Pe3ynbTart,

Dynxuus @ (f) MoweT ObTh MpeacTaBieHa (C TOYHOCTHIO AO NPOU3-
BOABHOH aZAMTHBHOH MOCTOAHHOH) B BHAE CyMMBl ABYX 4Y/EHOB

P () =@, () @, (4), (37,17)
OLHH H3 KOTOPLIX jaaercst GopmMynoi

2t
'&01 <T—'—'— i(l)
230 () =—5— (37,18)
9 2, .
01 (T -+ 1‘1)
rae $p; — 19Ta-PyHKIHA, a 00— BELLECTBEHHAA NOCTONHHAS, OlPe/e.sI0-
mascd paBeHCTBOM

I; (ME—3ETy)
71 QET,—M2)

(K u T—us (37,11), (37,12)). dyuxuus B npasoit cropone (37,18) —
nepuoguueckad ¢ nmepuosom I/2, tak 4To @, (f) u3Mensercd na 2w 3a
ppems T. Bropoe caaraemoe B (37,17) maercs dopmynoi

. t 1M i 4y, li0)
@y (f)=2n T'* T oml;  aT Sg(ia) °

sn (i20K) = i (37,19)

(37,20)

Ora dyHxuua ucnuTHBaeT npupaniesne 27 3a spems 7', Takum o6pasom,
IBUXKEHWE MO Yrl1y (¢ mpeincrasaser co60# COBOKYOHOCTb ABYX HEPHO-
AMYecKuXx H3MeHeHuH, npuuem oxuH u3 nepuoxos (T) comnanaer
¢ mepuoxoM wusmenenus yriaos P u 0, a apyroit (T’) —wuecousmepum
¢ nepeuiM. [TocienHee 06CTONTEABCTBO MPHBOAUT K TOMY, YTO NPH CBOEM
IBYKEHHH BOJYOK HHKOrJA He BO3BPaUlaeTcsd, CTPOro TOBOPS, B CBOE
NEepPBOHAYAABHOE TOJOKEHHE,

3anauu
1. Onpepenuts cBoGojHOe BpalleHHe BOJUKZ BOKDPYF OCH, GJIM3KOH K ocu
UHEePIHH Xg (HUJIH xq).
Pewenue. Ilyeth K Hanpasienuio M 6nuaka och x3. Torja KOMNOHeHTb!
M; n M, aBaSOTCA MaJbIMH BeJHYHHAMH, @ KOMIOHEHTa My == M (C TOYHOCTHIO

1) Mix Moxuo wafitu B kKHure E. T. Yurttexep, AHanurnaeckas gusaMuka,
OHTHU, 1937,
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JO BeJIMYHH MepBOro mopsiika sajnocti). C 370 e TOUHOCTHIO NepBble ABAa H3
ypaBHeHuil Jitnepa (36,5) nanumyTcs B Buje

dM, I\, | dM, _ (1, '
=1 )ees r=(7-1 ) o

rje Mbl BBeJH NOCTOAHHYIO Qo= M//; Crenysa ofmum npasuiaM, HILEM peileHHe
anst M;, M, B Buje, mponopuHoHasibHOM €, U AN uacTOTBL @ HOJyUaeM 3HA-

YeHHEe
ees, Y TR

Jns camux ke Beauuun My u M, noayuum

,_

MlﬁMa l/————-l cos of, My=Ma V ———-Ismmt 2

rie a— UPOU3BOJIbHAS Masasd MOCTOAHHAN. DTHMH (bopmynamn omnpejensercss ABU-
KeHue BeKTopa M oTHoCHTesIbHO BOJIUKA; B NOCTPOEHHUH Ha puc. 51 koney sekropa M
omuchBaeT (¢ 4acToToil ®) Majbi#l BJIHNC BOKPYT NOJIOCA HA OCH f3.

Jist onpesiesienyst abCoNOTHONO ABHMKEHUA BOJNUKA B NPOCTPaHCTBE Olpese-
JisieM ero 3fMepoBsl yriol. B AaHHOM cJayvae yrosa HakJoHa O ocu x; K ocH Z
(nanpaBaenuio M) maJ, n coriacHo dopmynam (37,14)

M
tgw:/_vl_:,
M: M2
62::_—2(1~—c056)=2( ——%)\_ ;;2 ;
noactaBasg (2), mosyvaem:
_ I (Ig—13)
tgp= 1_(—13T~—I—_Ctgmt’
02 =q? [(1—3— )coszmt—l—(L—— 1> sin? ml\. 3)
12 1

Jad BbIUuCJIEHHS yriia @ 3aMedaeM, YTO COrJIACHO TpeThell uz dopMya (35,1) npu
8<L1

Qp== Q=P+ .
ITosTomy

P=Qol—1p 4

(IpOM3BOJILHYIO NMOCTOSHHYIO HHTEIDHPOBaHHSA OIyCKaeMm).
bBoJiee HaraaaHoe npejcTaBleHle 0 XapaKTepe ABHKeHU ST BOJIUKA NOAyUaeTcs,
€CJIH IPOCJIeIUTh HeMOCPeNCTBEHHO 3a H3MeHEeHHEeM HalpaBJeHHS ero Tpex oceil
HHEepUHH (eMHHUYHBLIE BEKTOPH BJ0Jb 3THX Ocell 0003HAYHM NOCPEICTBOM Ny, Mg, Ng).
BexTopel n; ¥ ny paBHOMEPHO Bpamalorcsi B maockoctd XY ¢ wacroroit Q,, OZHO-
BPEMEHHO HCMBIThIBAA MaJjible KoJefaHdUs C 4acTOTOdl ® B monepevyHoM Hampase-
HHMH; 3TH KojebaHus onpeiensiotcd Z-KOMNOHEHTAMH YKa3aHHLIX BEKTOPOB, LA

KOTOPBHIX HMeeM:
M, ]/13

Nz~ —=a ~=— lcos wt,
M Iy

M I
Moz == Mzza 7:-‘1—

Jins BeKTOpa ny; UMeEM € TOf Ke TOUHOCTBIO:

— 1 sin w¢.

Nge=0sing, ny ~—0cosqp, ng==1
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(monAapHHHE yroJ 0 asuMyT HanpasjaeHHA ng 1o oTHOlIeHHo K ocam X, Y, Z paBuu 0
b1
i1 cp—-?; cM. npuMeuanue Ha crp. 141). [Hanee nuiiem (MCIOAL3YS NpH 3TOM
dopmyan (37,13)):
Nge =0 sin (Qof — 1) =0 sin Q¢ cos p—0 cos Q,¢ sin =

:% sin Qg — A—lcos Qpf =

I . /
= l/i— 1 sinQgf sin ot —a 2 —1cosQ4tcos o,
Iy Iy
LT OKONYaTeAbHo:

P e L Is Iy > Q- L
Mg == (1/—1; 14+ 7,71 ) cos (@ F o)t

+Z L3~—1—~15/[—3—-1>c05(90——m)t.
2 Iy Iy
Ananornunsim o6pasonm

a 1. I .
Hyy = — < 1/11 1 - 1;/—[9;— >sm(90+c\)) ¢+

a I3 — /5 in (0
—}——2'*< —1—1‘—1 - )S.u(..o—(x))f.

Otcioga BHAHO, 4TO [BHIKEHHE BEKTCpa Ny mpeictaner cofoil HausomeHe
ABYX BpaUleHIiil BOKPYT 0Ci Z ¢ 4acToTaMu (LO + o).

2. Onpeneauts cBofoanoe BpauleHne soauka npu M?=2E/,.

Peurenue DT0T cayuail oTBEUAET B NMOCTPOEHIM Ha PHC. Bl mepeseliennmo
KoHna BexTopa M mo KpiBoit, mpoXoasimefl depes MOJOC Ha OCH X,

Ypasuenre (37,7) npununmaer BUJ

ds | _ @ o ]/Uz—!l) (=1 2
dr__l—s, T=! ——]—1];——90, S—Qoy
rie Beeleno ofosnauenue Qg== M/[,~=2E/M. Hurerpupya sT0 ypasienue, a
ZaTeM BOCNOJAB30BABIINCL Gopmynaamu (37,6), nomyuun:
ToUs—1Ty 1
I,Uy—Tycht

0,=0,

Q,=Q,thr,
0n l/ L(,—1) 1
%= Is(s3—1I)chT
Jas onucanus aGcosioTHOrO ABHIKEHHST BOIYKA BBOANM 3HA€POBLL yTIabl, onpe-

aenusB O Kag yroa mexay ocelo Z (HanpaeieHueM M) M OCbi0 HHEDUHH BOJIYKA Xa
{a He x3, Kak B TexcTe). B dopmyanax (37,14), (37,16), cBA3LIBAOIWHX KOMIOHEHTH
BeKTOpa § ¢ 3faepoBRIMM YrJaMi, Hajo NPH 5TOM CjleaTh HHKJHUECKYIO Tepe-
CTAHOBKY UHAeKCcOB 123 — 312, TloacTaBuB 3aTeM B 3TH GOpMYJasl Bhlpaxeuns (1),
HOMyYBM:

cos0=tht, ¢=Qu--const, tg = 1/?382——?;.
1 3742

W3 nosyuennsix gopMys BHAHO, UTo BekTOp Q acuMnrornueck# (npu f — o)
npubMKaeTC K OCH X, KOTOPasd OJHOBPEMEHHO aCHMNTOTHYECKH Npubankaercs
X HenoABwxKHOH ocu Z.
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§ 38, ConmpukocHOBeHM2 TBEpabIXx Tea

Yeaosus pasnosecus TBEepAOro TeEAA, KAK 3TO BHAHO U3 ypaBHeHui
asuwenun (34,1) u (34,3), moxHo chopMyauposaTh B BHAe PABEHCTBA
HYJMIO JefCTBYIOULHX HA HEr0 MOJHOH CHAHW W NOAHOIO MOMEHTa CHJ:

Fe=Yi=0,

K= [rf]=0. (38,1)
CymmupoBsauue NpoU3BOAUTCA 34€Ch N0 BCEM NPUAOWKEHHBIM K TEAy BHEI-
HHM CHIaM, @ r— PalUyC-BEKTOPH TOUYEK NPHAOKEHUAY CHI; IPH ITOM
TO4Ka (Ha4aa0 KOOPAMHAT), OTHOCUTEABHO KOTOPO# 0npeaeasioTcs MOMeH-
T, MO¥eT OGbiThb BoIGpaHa MPOH3BOJALHLIM 06pasoM: npu F=0 3uaye-
une K He 3asucur or storo BhBopa (cm. (34,5)).

Ecny mMul HMeeM Iel0 ¢ CHCTEMOH COMPHKACAIOUUXCa APYr ¢ APYyrom
TBEPALIX Ted, TO B pasHosecuy ycaosus (38,1) ROMKHB BbHIOAHATLCS
ANf KawAOTO M3 T€d B OTAenbHOCTH. IIpw 3TOM B 4HCJIO CHA LOMKHB
O6biTh BK/IIOUEHB TAKIKE H CHJIL, AEHCTBYIOUIHE HA AAHHOE TeNO €O CTOo-
POHBI OCTA/IbHBIX COMPHKACAIIUHXCH ¢ HUM Teld, JTH CHJIb NPUAONKEHbI
B TOYKaX CONPHKOCHOBEHHH Ted H HA3WBAWTCA ciaami pearxnuy. Ode-
BUAHO, UYTO A KaAbLIX JBYX TesJ HX B3aHMHbLIE CHJb PEaxlLHu PaBHbl
N0 BeaudYillie W MPOTHBOMNOJOWKHB (10 HAMPAaBJICHHUIO,

B ofuteM cnydae kax BEJTMYHHB, TaK W HAlIPaBJEHUS pPeakuui omnpe-
AedI0TCs B Pe3YJ/IbTAaTe COBMECTHOrO PelleH s CHCTEMbBl Y PaBHeHHH paBHO-
Becus (38,1) ans Bcex Ten. B uekoTopwix ciayuasix, OAHaKO, naupapje-
HHS CHJl peakuun 3aJaeTCd e YCI0BHAMH 3amxayn. Tak, ecayu ABa Tena
MOTYT CBOBOAHO CKOJNB3HTL MO NOBEPXHOCTH APYT APYra, TO CUAH peak-
IHA MEWKJAY HUMH HArNpaBJeHb 110 HOPMAAW K IOBEPXHOCTH.

Ecnn conpukacaiouinecss teia ABUMXYTCH APYr OTHOCHTEAbHO LPYyra,
TO, KPOMe CHJ peaKUUH, MOABASIOTCS TakKKe CHJbl AHCCHIN3THBHOTO
XapaxKTepa — cuAsl Mmpenus.

Bo3MowHK ABa THNA ABIMWKEHUT COMPHKACAIOUIHXCS TE — CKOAbIICEHUE
B Kaygerue. TIpu CKONbKEHUU PEaKIHM MEPNEHAHKYIAPHB K CONMPHUKa-
CAIOUIUMCS TOBEPXHOCTAM, 8 CHJAW TPEHHS HANPABJEHH N0 KacaTeldbhHbBIM
K HHM.

Yuctoe kKaueHHe XapaKTepH3yeTcs TEM, YTO B TOYKAX CONPHKOCHOBE-
HUA HeT OTHOCHTE/JBHOrO ABMIMKEHHS Tes; APYTUMH CJI0BAMH, KaTsuleecH
TeN0 B KaXAWH MOMEHT BpeMeHUM Kak G 3aKpernesHo B TOUYKe COIMpH-
KocHoBeHus, [IpH 3TOM Hampam/ieHHE CHAL PeaKU WM MPOU3BOJBLHO, T. €.
He 0693aTebHO HOPMABHO K CONMPUKACAOULUMCH moBepxHocTam, Tpenue
We MPU KauyeHHH MPOSBAAETCS B BHUAE JOMOJTHUTEAbHONO MOMEHTa CHJ,
NPensTCTRYIONEr0 KAaYyeHHIO.

Ecnu npu CKONbKEHHUH TPEHNME HaCTONBKO MaJjo, UTO UM MOMXHO BOBCE
npeHeGpeyb, TO MOBEPXHOCTH TeJ HA3HBAIOTCA AfCOLOMHO 2AG0KUML,
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Hanportup, ecan cBoiicTBa NOBEPXHOCTH AONYCKAWT JHIUE YHCTOE Kaue-
Hie Tes1 Ge3 CKOAbKEHHUS, a TPEHIHeM NpH KayeHHH MOMKHO npeHebpeun,
TO IOBEPXHOCTH HA3BIBAKT aOCOLOMHO WePOX0BAMbLMIL,

B o6oux cayuwasx cuasl Ttpenus He QUIrypHPYIOT KBHBM o06pa-
30M B 3ajaue O ABMXEHHU Te, H MOTOMY 3a/aua siBJafeTcsd YHCTO Mexa-
Hu4ecKof. EBcin ke KOHKpeTHmle CBOHCTBA TPEHHS CYLIECTBEHHBI A5
ABHXKERUSA, TO MOCJAELHEE He ABJAAETCH yHe YHCTO MEXaHHUCCKHM Mpo-
neccoM (cp. § 23).

ConpHKOCHOBEHHE Tea yMEeHbINAeT YHCJIO HX creneHell ¢BOGOAH IO
CPAaBHEHUIO C TeM, KOTOPHM OHU 06sanaan 6u npu cBOGOAHOM ABHIKEHHH.
Jo cux mop npu paccMOTPEHHM TAKOrO POAd 3aiaad Mbl VUHTHIBAJIH 3TO
06CTONTENBCTBO Ny TEM BBEAEHHS KOOPIAHHAT, HENOCPELCTBEHHO COOTBeET-
CTBYOINHX peaJbHOMY 4HCJHY creneneii cpobomw. [lpu kaueHun ren,
0AHaKO, Taxoil BHIGOP KOOPAHHAT MOMXET OKAa3aThCd HEBO3MOMHBIM.

Ycnorne, HaknanpBaeMOe Ha ABUMKEHHE TEJ MPH KAUEHUH, 3aKJII0YaeTCs
B pABeHCTBE CKODPOCTeli compHKacalomuxcs Touexk (Tak, NPH KaYeHHH
T2/1a MO HEMOJABHWKHON NMOBEPXHOCTH CKOPOCTh TOYKH CONPHKOCHOBEHHSA
Jnoxaa ObITh pasHa Hymo). B ofuiem cayyae Taxoe ycJIOBHE BHPAKaeTCs
VpasrenuamMy 6731 BRILA

Xcad;=0, (38,2)
£

rae ¢,,— PyHKLHH TOJIbBKO KOOPAMHAT (MHAEKC o0 HYMEPYEeT ypaBHEHUS
cpii3efl). Ecau AeBble CTOPOHL! DaBEHCTB HE SBJAIOTCH MOJHBIMH IIPOH3-
BOAHBIMH 110 BpeMeHH KakKux-1ubo QyHKUMH KOOPAMHAT, TO 3TH ypaBHe-
HUSA He MOTYT ObLiTb IPOUHTETPUPOBaHH. [IpyTHMU CI0BAMH, OHH HE CBe-
JYTCH K COOTHOMISHUAM MEXKIY OLHUMH TOJbKO KOOPAUHATAMH, KOTOPLIMY
MOuMHO 6b770 6Bl BOCHIOAb30BATECS LJIS TOTO, YTOOK BHPA3UTh IOJ0XKEHHE
TeJA Yepe3 MeHbIee YHC/JI0 KOOPAHHAT B COOTBETCTBHH C PEAJIBHBIM YHCJIOM
crenenet ceo60an, Takie CBS3M HA3BLIBAIOT He20A0HOMHbLIMU (B NDOTH-
BOMOJOKHOCTD 20A0HOMHbBM, CBA3BIBAIOIHM JHIUb KOOPAHHATHI CHCTEMBI).

PaccyoTpuy, Hanpumep, KaueHue mapa no niockoi nogepxuocti. Kak
OBBIYHO, 0GO3HAYHM MOCPEeACTBOM V CKOPOCTDH NMOCTYNAaTeNbHOTO JRUKE-
HHS (CKOPOCTh LIEHTPA I1apa), a MOCpeacTBoM € — yra0BYI0 CKOPOCTh
Bpautenns ero. CKOPOCTh TOUKH KACAHUS 11aPa C TIOCKOCTBIO MOAYUUTCH,
€C/IH NOJOWHUTh F=—an B o6mel dopuyne v=V 4-[Qr] (¢ — pannyc
apa, fi—eIUHUYHBI BEKTOp HOPMAaJM K IJIOCKOCTH KAUYeHUs B TOUKe
conpukocHopenust). Vickomas cBsi3b npencTtasiaser co60H yCAOBHE OTCYT-
CTBHA CKOQJIbKEHHS B TOUYKE KacaHHWd, T. €, NaeTcd YpaBHEHHEM

V—a[Qn]=0. (38,3)
OHo He MOXKeT GbiThb POHHTErPUPOBAHO: XOTH CKOpocTh V mpeacrasiuger

co00# TOJNHY NPOH3BOAHYID MO BPEMEHH OT PajAMyC-BEKTOPA LEHTpa
1apa, HO 3aTO YIJ0Bas CKOPOCTb He gBJasiercst B 06lleM CIydae MmoaHOR



§ 381 COMPHKOCHOBEHHE TBEPABIX TEN 157

npousBoAHOH kakux-audo koopausar, Taxnm oGpasom, cBaAse (38,3}
HerojoHomHua ),

[TockonbKY ypaBHEHHST HETOJOHOMHBIX CBSI3€Hl He/b3% HCMOAR30BATDH
I/ YMEHbIIEHHs YHC/Ia KOOPIMHAT, TO MPH HANHYHI TAKUX CBA3ell Hel3-
6eWHO TPUXOINTCA MOJAb30BATLCH KOOPAMHATAMH, KOTOpDLIE HE BCe He3a-
BrcUMBL. JIng cOCTABJIEHHS COOTBETCTBYIOUHX ypasHeHHi JlarpaHia cHoBa
BepHEMCS K NPUHIHNY HAHMEHbIIero AeHcTBUA,

Hannune cpaseit Buga (38,2) wanaraer ompeneseHnbie OrpaHHyeHUs
HAa BO3MOXHble 3HaYeHHd Bapuauu# KOOPAHHAT. VIMeHHO, YyMHOXHUB 3TH
ypaBuenus Ha Of, Mpl Hafimiem, uTo Bapuauun Og; He HE3aBHCHML, a CBA-

33HBI COOTHOIUCHUAMH
2c,dg;=0. (38,4)
i

AT10 06CTOATENBCTBO LOMKHO GHITH YUTEHO NPH BaPbUPOBAHUN AeHCTBHS,
CoranacHo oGuemy metody Jlarpadxa 214 HAXOKIEHHA YCAOBHLIX KCTpe-
MYMOB, HaJO K MOLMHTETPANLHOMY BHIPAXKEHUIO BApHAUUM AeHCTRUN

b5 Son ()

npuGaBHTh YMHOMKEHHBE HA HeOMpPeReeHHble MHOXKATENN (PYyHKIUH KOOP-
nunat) A, ypasueuns (38,4), nocie yero notpe6oBaTh oGpalieHns HHTe-
rpana B HyJb. [IpH 3TOM MOWKHO ye cuMTaTbh Bce BapHaiuyH Og; Hesas
BHCHUMBIMH, M Mhl DOJY4YHM YpaBHEHHS

4L oL _ 3 ey (38,5)

Bumecre ¢ ypaBHeuuamn cBs3ed (38,2) oHUM COCTaBIASIOT MOJHYIO CHCTEMY
ypaBHEHHH I/si HEH3BECTHHIX BeNHUHH ¢; U A,.

B u3noxeHHOM WMeTOHMe CHJAB peakUuu BooGuie He QUTYPHPYIOT;
CONMPHUKOCHOBEHHE Te] UEIHKOM YYHTHIBAGTCA YPaBHEHUAMH CBL.el, Cyuye-
CTByeT, ONHAKO, W APYFOH METON cOCTaBJIEHUS YPaBHEHHH ABHKEHHSA
CONPUKACAIOUIUXES T, B KOTOPOM CHJIb PEaKIUH BBOASTCA sSBHBIM 06pa-
3oM. CymiHOCTh 3TOro MeTOlAa (COCTAB/AIOLIETO COXEPKAHHE TAK Ha3bi»
BaeMoro npunyuna 0’ Asambepa) COCTOUT B TOM, YTO AJS KAWIOTO U3
CONPHUKACAIOUIUXCH Tel nmnyrca YPAaBHEHHUs

PVt -—_Z (rf], (38,6)

npu4yeM B YHCIO0 neﬂcmyfoumx Ha Teao cua f BRAIOYAOTCS TaKKe W CHITH

1) 3amernM, 4TO Takas ke CBA3b A/ KaueHUsS LHUJNHAPA Oblia 6B COJOHOM-
Ho. B sToM cayuae ock BpauleHHS COXpaHsieT NMPH KauyeHHH MOCTOSHHOe Halpa-
BJCHHE B IpOCTPaHcTBe, U nortoMy Q=dg/di asaserca nojHOH Npou3BoAHOM OT
yria noBopoTa ¢ umanuaApa Bokpyr csoeft ocu. CoorHomenue (38,3) npu sTom
HHTETPHPYETCA W JaeT CBA3b MeXAY KOOPAHHATOH HEHTpPa HHEPUHH H yIJoM Q.
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peakunu; 3TH CHJAN 3apaHee HEeHU3BECTHH H CaMH ONPEAeNsioTCS BMECTE
C ABMWEHHEM T€1a B pPE3YJAbTaTe pellieHHs YypaBHeHu#H. ITOT METOXR
B PaBHOH CTeNEHW NPUMEHHUM KAK MNPH TFOJOHOMHBIX, TaK U MNPH HEro-
JOHOMHBLIX CBSI38X.

3anaun

1. Moassysce npuHnunoM A Anamepa, RafiTy ypaRHEHHS ABHIKEHUS ONHO-
POAHOrO nIapa, KaTduWerccs Mo MJIOCKOCTH NOj AelCTBHEM NPHJOKEHHEIX K HEMY
exewteft cuanl F u moumenrta cun K.
¥ Pemenue Ypasuennecsasu (38,3) nanucaso
y¥e B Texcte. Brona cuay peaxumnu (ofosraunM ee,
kak R), npusiomensyio B TOuKe KacaHus luapa c
0J0CKOCTbIO, Halimenm ypasHenud (38,6):

av

no—F LR, M
dQ 9
157 =K—anR] @

(31ecy yuteno, uro P=uV u gro pa1 waposoro
roauka M= [Q). Jupdepenunpys ypapHeHue cBA3H
(38,3) no BpemeHH, TONYUHM:

V=g [Qn].

Toncraens B ypansenue (1) # nckaouas @ ¢ mno-
Moulkio (2), Halflgem ypapHeHie

[;lﬁ (F+R)=[Kn]—aR --an (nR),

Pue. 52

ceaamBanmee cuiy peakunn ¢ F u K. Pacniicas 370 ypasHenue B KOMMOHeHTax
2
1 NoJCTaBHB [=—5~ pa? (eM. sanawy 2, 6, § 32), GypeM uMerb:
5 2 5 2 . _
Ry=gKy=7 For Ry=—7 K=z Fyp Ra=—F;

(n70CKOCTb X, ¥ BHOpaHa B IUIOCKOCTH Kauenns). Haxonel, noncrasus aTH Bh-
paxenus B (1), monyunM ypasHeHHS ABMHKEHWsl, COJepKaulne YXKe TOMbKO 3a~
JAHHbie BHEWIHHE CHJIYy H MOMEHT:

dVe O F K—" %___5_ F ——&>
w=m\to ) wm T\ )
Kowmnonentsl €, Q, yraoBofi cxkopoctn BhpaxawTesd uepes Vi uV, ¢ nomomsio
ypaBHEHUS CBA3H (3y ,3), a 1aa Q, uMeeM ypapHeHHe

2 dQ
ghatr =K,

(z-xoMTnioHeHTa ypasHeHusa (2)).

2. OpHopopublit crepxens BD pecom P w naunolt I onnpaercs Ha cTeny,
KaK NOKazaHO Ha puc. 52, ero HiKHuI Xoxey B yaepxupaercs HuTbio AB.
OnpepesuTh peaklUHio ONOP M HaTAMKEHME HUTH, \
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Pewemnwne. Bec cTepikHd nUpeICTaBAfeTcA NPHJIOKEHHOH K ero cepeniHe
cuqolt P, wanpasseHHofl Beprukansho Bz, CHJIH peakuny Rgu R nanpassens

D
1%
7. f
i
Al =B, |
{24 3
! A
'3
¢ 2
Pue. 53.

COOTBETCTBEHHO BEPTHKAJJLHO BBEDX H NepPAeHAHKYAAPHO K CTEPXKHI0; HATAKEHHE
nutd T HaunpasseHo or B k A. Pewenue ypasHeHHH paBHOBeCHs [aer:

RC_P—lsm 2a, Rg=P—Resina, T = Rgcosa.

3. Crepxenb AB Becom P onupaercs CBOMUMHM KOHUAMH Ha rOpH30HTANb-
HYI0 # BEPTHKAMBHYI MNJOCKOCTH (pHe., 53) H ylepKHBAeTcs B 3TOM HOJOKEHHH
IByM# TOpH3OHTanbHLIME HuTamu AD n BC,
Huts BC HaxoauTcs B OAHON (BepTHKaNbHOMH)
nJjaockocTy co crepxuem AB. Onpenesnth
peakuHu Omop W HATANKEHHA HUTell.

Pewenue Harakenus uuteit T4 K
Ty uanpasgensl or A k D un or Bx C.
Deakune Ry n Rp nepneHAHKYJAspHH K
COOTBeTCTRYIOWHM - MJocKocTaM.  Pewenue
ypaBHEHUH paBHOBeCHs JaeT:

Rpg=~P, T3=~12i ctga, Rp=Tpgsinf,
TA=TB Ccos ﬁ.

4. Jlea crepxua Aauuoft [ coeaduenst
CBePXY IIAPHHPOM, a CHH3Y CKpenJeHb HHTBIO
AB (puc. 54). K cepeiauHe oamoro wus
crepxHell npuJaoxkeHa cuja F (Becom crep-
wuefi mnpeneGperaem). Onpepenuts  Cuisl
peakuuH.

Pewewnne Haraxenne HuTdH T peil- Puc. 54.
creyer B Touke A or A x B, a B Touke
B—or B « A. Peaxuun Ry u Rp B Toukax A M B nepneHgHKYJASPHBI
K naockcctu onopst. [locpeacTsom R 0fo3HauuMm CHJAY peakuud B mapHHpe,
Jeficteyomyto Ha crepxenn AC; Torma Ha crepkeHs BC geilcTByer peax-
um{-—RC YcnosHe pameHCTBA HyJ 0 cyMmbl momeHToB cHl Rg, T u —Rg,
nefeTBYGUWUX Ha crepxeds BC, npusoautr K pesyJasTary, 4to Bektop Re
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nanpapied Broab BC. OcranpHple yc/oBHS DaBHOBECHS (A9 KamAOTO M3 ABYX
cTepxieil) NPHBOAAT K 3HAYEHHUSM

F F

3 1
R,;:IF. RB:T' Rc:‘m, T::TFctga,

rae a—yroa CAB.

§ 39. lsmkenne B HeHHepHHUAIBbHOH cuCTeMe OTCUYETA

o cux mop, paccmarpuBast ABHKEHHe JI060H MeXaHNYeCKOH CHCTEMH,
Mbl BCErJAa OTHOCH/IM €ro K HHepUHaabHON cucrteme otcuera. Tonbko
B HHEPUHANbHBHIX CHCTeMAax orcueTa Qyukunsa Jlarpasixa, Hanpumep,
0AHOM 4aCTULL BO BHEIIHEM TMO0Je UMeeT BUA

Ly="—52—U, (39,1)
U COOTBETCTBEHHO YPABHEHHE HABHIKEHUA
m¥o . oU
dt —  or

(vm OGydem B 3ToM maparpade OTIHYATH HHAEKCOM 0 BeaHYUHLE, OTHO-
cAlllNecH K HHepUHandbHOH cucTemMe orcyera).

3aliMeMcq Tenmepp BOMNPOCOM O TOM, Kak BHILASAAT yYpaBHeHus IBH-
WeHdst YaCTHIL B HEHHepuHanbHOH cHcTeMe oTcueTa, OTnpaBHbIM NYHK-
TOM TMPH PelleHuy 3TOrO BOMPOCA CHOBA SBASETCS MPUHILHI HAUMEHb-
1ero AeHCTBHA, NPUMEHHMOCTH KOTODPOTO HE OrpaHnyeHa HHUKaKUM Bbi-
60opoM cHCTeMBbl OTCUETA; BMECTE ¢ HHM OCTAIOTCH B CHIe H YPABHEHUS
Jlarpanxa

4oL o, (39,2)
di Ov or
Oauaxo ¢ynuxuus Jlarpauwa yxe He wumeer Buza (39,1), u xna ee
HAXOKJeHNs HeoGXOAMMO IIPOU3BECTH COOTBETCTRYIOlUlee npeodpaso-
panve QVHKUHH L.

310 npeo6paszoBaHue Mbl NPOU3BEAEM B [JIBa mnpuema. Paccmorpum
cHayana cucremy orcuyera K', KOTOpas ABWXKETCS OTHOCHTEIbHO HHEp-
uuanbHOR cucteMs Ko noctynatenpHo co cxopoctbio V (£). Ckopoctr vy
B Vv’ 4aCTHIB OTHOCHTeabHO cHcTeMm Ko u K’ CBsisaHbl NPYr ¢ Apyrom
COOTHOLIEHHEM

vo=V -+ V(). (39,3)

Moncrasus 310 Bupaxkenue B (39,1), noayunm ¢yukuno Jlarpasxa
B cucreme K’

L =" vV BV U

Ho V?%(f) ecTb 3anansas ¢yHKUusS BpeMeHH; OHa MOxeT GbIThb MpeAcTa-
BJ€HA KaK MNOJHas NPOM3BOLHAA 10 ! OT HEKOTOPOH Apyro# Qyuxumu,
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H 10TOMY TPETHI YJeH B HaHCAHHOM BLIDAKEHHH MOXKET OLITh ONYIEH.
Hanee, v/ =dr'/dt, rne ' —pannyc-BeKTOP YaCTHUL B ClcTeMe KOCp-
aunat K'; nostomy

ar”  d av

mV({H v =mV = — Ne—mr’ o
) ar =ar (mVe)—mrog

oacrapur ato 8 ¢yHruuio Jlarpanwa u cHOBa ONYCTHR TMOJIHYIO TPON3-
BOAHYIO MO BPEeMEHH, NOJAYUYHM OKOHUYATEeNbHO:

2

’ muv )

L'=—=-—mW({t)r' -0, (39,4)
rae W =dV/df-— ycxopeuiie nOCTYnaTENbHOTO ABHKEHHSE CHCTEMB OT-
cuera K.

Cocrasaaa ¢ nomoutbio (39,4) ypasuenue Jlarpadua, noldyuun:
dv’ oU

m = — T mW (1), (39.5)

Mbl BHIUM, UTO B CMbIC/IE CBOETO B/JHAHHS Ha yPaBHEHHS ABMKEHNs
YaCTHUB YCKOPEHHOE MOCTYNaTeNdbHoe ABHKEHHE CHCTEeMbl OTCYETa IKBH-
BAJEHTHO [IOSB/JIEHHIO OLHODPOAHOIO CHJIOBOTO NOJs, NpHYeM LeACTBY-
giasi B 3TOM ROJe CHJI4 PaBHA NPOH3BEAEHHUIO MACCHl YACTHIK HA YCKO-
penuie W 1 Hanpasnena B NPOTHBONOIOKHYIO 3TOMY YCKOPCHHIO CTOPOHY.

BeeneM Tenepb euie OAHY CHCTemy oTcueTa, K, KOTopas umeet odulee
¢ cucreMoi K Havyaso, HO BPALLAETC OTHOCHTE/IBHO HEE C YIAOBOH CKO-
pocThio  (f); 10 OTHOIIEHHUIO e K HHEpUHaAsHON cucTeme Ky cncrema K
CoRepIIaeT Kak NOCTyrnaTe/lbHOG, TaK H BpallaTenbHoe ABHIKEHHE.

Ckopocth v’ 4acTHIbl OTHOCHTEJNbHO cHCTeMw K~ CK/AAABIBACTCS H3
ee CKOPOCTH V OTHOCHTENbHO cueTeMn K n ckopoctu {fr] ee mpamte-
Husi BMecCTe ¢ cucremoil K.

v =v4[Qr]

(pamuyc-BeKTOpPH T u r’ wactuuw 8 cuctemax K u K’ cosmanaiwor).
[ToxcTarue 3T0 BhpaxeHune B ¢ynxumio Jlarpawka (39,4), noayunm:

L;-i”.zf+ mv (] + 2 [Qe]r— mWr — U. (39,6)

Ato ectb obuwuit sua dynkuun Jlarpanxa 4acTHllk B NPON3BOILHOM
HeMHepUHaNbHOH cucTeMe orcdera, OTMeTHM, 4TO BpalleHue CUCTEMb
OoTCyeTa MPHBOAHT K nosaBaennio 8 ¢Qyukuuu Jlarpanwka unena cosep-
HieHH0 0C¢o60ro BUAA — JUHEHHOrO MO CKOPOCTH HaCTHULI,

[lna BuiUHCIEeHUS MPOM3BOAHLIX, BXOAMIUMX B ypapuenue Jlarpauxa,
numeM nonaunil muddepenuuan

dL=mvdv -+ madv Q]+ mv [Qdr]+m[Qr] [Qdr]—
—mW dr—%%dr:mvdv—kmdv[gr]—kmdr [vQ]4-

+m[[9r]9]dr—der—-%]dr.
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Co6upan unens, coaepwauine dv u dr, nHafiaem:

oL = mv+m|Qr],

ov
oL U
=m v +m|[Q]Q—mW ==
TMoxcrasue 318 Bepawenus B (39,2), noayuuM HCKOMOE ypaBHEHUE
IBHIKE o
dv oU .

e = e e et W

7 o S m{rQ) 4+ 2m [vQ) L m (221 (39,7)

f»‘n;.' BN, HTO QL HHHEDIHU D, O())’C[IOB"IQHHI)KC BPALLCHICM CIICTEME
orciera, craranren 13 rtpex uactell, Cuaa mir®] ceszana ¢ #apasuo-
MEPUTCThIO BDALIEHIS, A JRe ADYTUe DPHCYTCTRYIOT U (IPH DABHOMCEPHON
spamienin. Cuia 2m (v uaswipaeres cugod Kopuoauca; B orantne ot
BCEeX paHee PACCMaTpPHBABULIXCH (HE ANMCCHIATHBHLIX) CHJI GHA 3a3UCHT OF
cKkopocti gactmsl, Cuna m (@ (r8]] waswsaercs genwmpobenroid. Ouna
HAMPagieHa B IOCKOCTH, npoxoasinell yepes r u  nepneHaiukyaapHO
K vCda ppamtenus (T. e. Haupasaenwio &), B CTOPOHY OT OCH; L0 Befdll-
yuHe LeHTpoOexwnas cuiaa pasia mp?, rae p-—paccTodgHHE HaCTHUbI
OT OCH BpaLLeHHd.

Pacesorpuy o0coBo ciayuall paBHOMEpHO Bpamiaioiedcs CHCTEMh
KOODAWHAT, HE wuMewulefl nocrynartespHoro yckopenus, [lonoxns
B (39,6) u (39,7) Q=const, W=0, noayuum ¢yuxuuio Jlarpanxa

2
L="3-+mv [Qf] + 5 QP —U (39,8)
U ypaBHeHHE IBHKEHHH
dv ou
me=—"55"+2m V@l -+ m (R rQ1. (39,9)
BoiyncnuM  Ttakwe 3sHeprui wactuus B aroM cayyae. [loacrasus
p=25— mvm (Qr] (39,10)
B8 E=pv—L, nonyunm:
E=" " Q2 U, (39,11)

O6patum BHHMaxye #a TO, YTO B SHEPrLH JAHHEeHHHH MO CKOPOCTH U/eH
OTCyTCTBYET. Bausuile Bpaumienus CHcTeMsl OTCYET4 CBOXHTCHA K AOBaR-
MEeHyio B SHEPrMH Y/AeHa, 3aBHCSLLEr0 TOMBKO OT KOOPAMHAT YaCTHUH
# [IPOMOPUHOHAALHOTO KBajApaTy YraoBoil ckopoctd. DTa AONOJHUTENb-

mn o
Has [OTEHLUHAbHAS SHBpFI/lﬁ—-7[Ql‘]2 Ha3bIBACTCH UEHMPOOLIHCHOL,
CropocTh v 4acTHUH OTHOCHTEALHO PaBHOMEPHO Bpaulaouie#ics cu-

CTEMH OTCHETA CRA33HA C ee Xe CKOPOCTbIO Vy OTHOCUTENLHO HHep-
uuanbuHofl cucteMnl Ky nNoCpescTBOM

vo=v+|2r]. (39,12)
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lMosToMy umayasc p (39,10) yacTuun B cucreme K cosnanaer ¢ ee xe
UMOYAbCOM Po==mVy B cHCTeme Kyp. BMecTe ¢ HUMM COBMajfalOT Takie
MOMEHTH BMOYAbCOB Mg== [rpg] # M ={rp]. Duepruu ke yacTHUH B CH-
creMax K u Ky pasanunsl. [Toacrasus v uz (39,12) 8 (39,11), noayuums

2 2
E=m—;c-'-~—mv0 [Qr] + U=T—2% G U—mirve Q.

Tleprele nBa usesa npeXcTaBasioT cobofi suepruio Eg B cucreme Kp.
Beoas B nocnenHuil 4aeH MOMEHT HMIYIbCa, MOAYUHM:

E=E,—MQ, (39,13)

Droi Gopmynolt onpenensercs 3aKOH NpeoGpa3oBavusd SHEPLUU NpH
niepexone K paBHOMEpDHO Bpanlaiontedicss cucreMme koopanuar., XOTs MbI
BHIBEJIM €70 A5 OAHOH 4aCTHIK, HO OUYEBHAHO, YTO BHIBON MOKET OHTh
HEMOCPEACTBEHHO 0606uieH Ha CAy4dai JMI060H CHCTEMH 4aCTHH H NPUBE-

pet k Toif we dopmyne (39,13).

Sanauu

1. HafiTu otksonenue cBOGOAHO NAJAIONIETO TeJa OT BEPTHKaMH, 06ycioB-
NenHoe BpamenuneM 3emau. (YTJOBYIO CKOPOCTE BpALlEHHS CUMTaTh MaJoH.)
Pemenue. B noae tamectn U=— mgr, rie g-—BeKTOP YCKOPEHHSA CHJH
TsXKeCcTH; npexeGperas B ypasHenuu (39,9) uentpoGexnolt cujof, comepxamei
KBaapar Q, moJyudM ypaBHEHHe NBHIKEHHT B BHJE
v=2[v¢}}g. M
PewaeM 3T0 ypaBHEeHHE NOCNEA0BATENbHBIMH NpUSIMKennaMd. Jas 310ro no-

naraeM: v=svy-hv,, FAe V;—pelleHHe ypaBHeHus Vi=g, T. . Vy=gi-tvy,
(vo—navanbHasg cxopocTe), [lojcraBasa v=v;-+v, B (I} u ocTaBnsas cnpasa
TOJNBKO Vy, NOJYUNM YDPaBHEHHE A V,:

Va=2[v,Q] =2¢ [gQ@] -2 [v,21].
Huterpupysa, nomyunm;
gt* s
r=h-+vt+ 7+?[g9]+t [vo€1], 2

rae h—BexTOp HAuaNBHOTO TOJOKEHHS YacTHILL
Brifepem och z 1O BePTHKAAH BBEPX, a OChb X-—TO MePHIHANY K HOJTIOCY}

TOT A .
gx::gy:o, g,=—g; Qy=Qcosk, Qy=0, Q,=Q sin A,

rage A-—mupoTta (KOTOPYyIo AJsl ONpefe]eHHOCTH NpeAnocJiaraem ceBepHoil). Tlo-
acxus B (2) vy=20, nahaem:

ta
x=0, y:——?gQ cOS A«
IoacTasuBs ciofa BpeMs najenns ! == V-—/E, HaiileM OKOHYATeNbHO!
1 h\3/2
x=0, y=——4 (2—> gQ cos A

3 \¢g
(OTpHU,aTeJIbeIe 3HAYCHHA ¥ COO’IBGTCTBy}OT OTKJCHEHHY HaA BOCTOK).
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2. OnpefenuTh OTKJOHEHHE OT IIOCKOCTH AJIs Tesa, GPOoLIeHHOrO ¢ mOBEepX-
HOCTH 3eMJH C Haya/JbHOU CKOPOCTBIO V.

Pewenue. BebupaeM NI0CKOCTb ¥z TaK, YTOGH MAOCKOCTD Vo JI€XKAAA B HEH,
Haganbnasg seicota h=0. /las 60K0BOTO OTKJONEHUS rofyuum u3 (2) (3azaua 1):

3
y=—73 89, + 12 (Quvgr— QUgx):

HJH, NOACTAaBHB BpeMs nonera f == 2v,,/g:

403 /1
y z_gg_z_ <? UOZQx"‘onQz> .

3. OnpexenuTh BIusAHYE, OKa3plBaeMoe BpalieHHeM 3emid Ha MaJjble KoJe-
GaHusg MasiTHHKA (Tak HasbiBaeMull Maamrux Pyxo).

Pemenue [IpeneSperas BepTHKaJMbHBIM CMelleHHEM MAfTHHKA Kak MaJoil
BeJHYHHONl BTOPOTO NMOPAAKA, MOXKHO CUHTATH JABHIKEHHE Teja NPOHCXOASLHM
B ropusoHTa’bHON miockocTd xy. Onyckas uiaeHnl, cofepxamue Q2, Hanuem
ypaBHeHHs JABHXKEHHA B BHJE

%+ o= Qsz', y +0ly=— 292)5,

rje w—uacrora Konebauuii MasTHHKa Ge3 yuera BpalleHus 3eMJn. Y MHOKHB
BTOPOE ypaBHEHHE Ha [ U CJIOXKHB C NEPBHIM, NOJYYHM OJHO ypaBHEHHE

E+2iQ, E+0%=0
I8 KoMmilekcHOH Beqmuuunl §==x-{y. Ilpn Q, < © peiiedne 3Toro ypaBHeHNs
HMeeT BHJ .
E:e-lgzt(Ale’wt—{—Aze—’“’t)
HJIH )
x+iy =% (xy i),

rie GyHKUHH X, (), y,({} AaOT TpPaeKTOPHIO MAaATHHKA Ge3 ydyeTa BpalleHHs
Bemau. Bassinue 3TOro BpaleHHS CBOJHMTCH, CJELOBATENBHO, K TOBOpOTY
TPaeKTOPUK BOKDYI BepTHKaJH C YLJOBOE CKOPOCTbIO ,.



FJIABA VIT
KAHOHUYECKHUE YPABHEHUA

§ 40. Ypasnenus lamusibToHA

$Topuyanporanne 3aKOHOB MEXaHUKH ¢ nomouibio GyHknun Jlarpanka
(1 BHIBOAMMEIX M3 Hee ypapneHuft Jlarpawwxa) npexnosaraer onucauue
MEXAKRMYECKOTO COCTOTHUSA CUCTEMBI Iy TeM 3aNanug ee 0606uleHHBX KOOp-
auHAT u ckopoctet. Takoe onmucanne, OJHAKO, He SiBASETCS €AMHCTBEHHO
BO3MOKHBIM, P npedMyurectB, B OCOGEHHOCTH [IPH HCCACHOBAHHH Pas-
JIHYHBIX OBHIHK BOMPOCOB MEXAHUKY, APEACTABAHET ONHCAHHE C HOMOLIBIO
0B06LIEHHEX KOOPAMHAT H UMNYILCOB CHCTEME. B ¢BA3H ¢ 3TUM BO3HU-
KaeT BOMPOC O HAXOWAEHWUH yPaBHEHUH ABHMEHHS, OTBEYAIOUIHX TAKO
(OPMYNIHPOBKE MEXAHHKH,

[Mepexon OT OAHOTO HAaGOPAa HE3ABHCHMHIX TEPEMEHHHX K APYroMy
MOXHO COBEPHINTh HyTeM npeoBpas3oBaHus, H3BECTHOFO B MaTeMaTHKe
04 HaspanueM apeobpasosanus Jlewanapa. B nansom caywae ono
CBOMNUTCE K CJAeAyIoUieMy.

Monunit nudgepesunan ¢ynkuun Jlarpadwa kak Qydkoun Koop-
JMHAT H CKOpocTed paBeH

aL aL -
dL=Y ZZdg,+ ¥ 2 ag.,
SJTO BHIpaKEHHE MOXHO HamucaTb B BHIAC

dl = Zzbidqi + Zpid‘},w (40,1
NOCKOMLKY MPOU3BOAHBE OL/dg; aBAIOTCS, MO onpenenednio, ofoduiet-

HBIMM HMIIYbCaMHU, a oL/aq,:,}i B CHAY ypasHenni Jlarpanxa.
ilepenucas temepp BTOpoii uned B (40,1) B Buze

2ipidg;=d (Xpg) — 2q.4p;
nepesecs noaHuit guddepenmuan d(Zpi(}i) B J/€BYIO CTOPOHY paseH-
CTBAa W M3MEHHB BCe 3Haky, noaydum us (40,1):
d (Zpié[ —L)y=— Zlaid‘h‘{‘ Zt}idp,--
Beanunua, crosmas nog suakom Andepeniinana, mpencraraset cofoil
SHEPTHIO CHCTEeMBl (¢M. § 6); BhIpaxenHas Yepe3 KOOPAWHATH H HMITY1bCh,
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OHA HA3LIBARTCH 2aAMUABMOHO080L BYHKuUEd CUCTEMH

H(p, g, )= pg,—L. (40,2)
]
N3 nuddeperunarsioro paseHcrna
dH = — 3 p; dg;+ X q,dp, (40,3)
CAEAYIOT ypasHeHus
. H - daH
= o, pp= — . 10,4
9= gp,r i aq; (40,4)
D70 — UCKOMHWE  YDIRHEHHT JBIMMCEHHT B l"xpxw,Hf.UX puog, TaK
HASLIBACHNE YPORHCHUSA Iﬂ(!,’illl/lbf oxq. Ouy cocrasias

@epesllyaNsinX VPABHCHIT NEPROTO MopuaAKa 115 2§
piafl p 4 g f). 3avensoinuy coboil & ypapnenui
ATPAOKEROTO METOZa, Bpuay X @opMainiol r';,oﬂfm
BTH VYDARUEHUR RA3LBINT TAKWE KAHOHUYLCKUMI.
[Toanan nponszonnay or dyssunyg FayuibTonz no sppeeru

dH aH = OH - 0H. -
il D Sk L S 2

<
=1

[Tpy mozcraw pke coi1a ¢; # I’f u3 ypasHeunit (40,4) nocnenuue HBa
UJEHA B3AUMHO COKPAULAIOTCS, TaK 4TO
dH  oH .
= (40,5)
dt at
B uactHocTH, ecan ¢yskuug [aMUNbTOHA He 33BHCHT OT BPEMEHH ABHO,
T0 dH/dt =0, T. e. Mbl CHOBA NMPUXOAHM K 3aKORY COXPAHCHUA BHEPIUH.
Hapsary ¢ ausamuueckumu nepeMmeHHuiMH ¢, ¢ wan g, p dyuxuun
Jlarpawwa w Iamunprona comepkar pasiuuHbe MapaMeTphl — BeJHYHHEL,
XapakTepusymwiyne cBolcTBa camMOof MexaHH4yeCckoll cucTeMbl MU AeHcT-
Byloulero Ha see BHewmnero moas. [lycts A-——rtako#i mapamerp. Pac-
CMaTpHBAs ero KaK nepeMeHHy1o BeJuuuHy, OyaeMm uMeTb BMecTo (40,1):

. . aL
dL =3 p; dg; + 2 p; dg; +i ¢
nocnae yero smecto (40,3) nmonyunwm:
. . al
dH = "‘Z p; dg; +2 ‘Iidpi"‘@_;‘dk-
Orclona HAXOAUM COOTHOWIEHUE
oH oL
e —l37 ) (40,6)
ar p.aq oA a, q
CBAI3HIBAIOULEE YACTHBIE NPOU3BONKLIE NO mapameTrpy A or ¢yHkuui Jla-
rpakwa u FaMuibTOHAa; HHAEKCH Y NMPOU3BOAHBIX YKA3HIBAIOT, YTO KU,
reperHpOBAHTEe LOMKHO IPOU3BOANTHCH B OMHOM CITy'ae NP MOCTOSHAbIX
P M g, a B /APYroM —IpH NOCTOSHHHX ¢ H (.

ITOoT pe3yasTar MOWeET OWTb TNPEACTEBJICH U B APYroM acuexre.
IMycrs dyuxuus Jlarpansa umeer sux L =Ly~ L', rae L’ npexcrasaser

Il



§ 40] YPABHEHNA TAMHIbTOHA 167

coGoit manylo noGasky k ocnouo#t dynkuun L, Toraa coorBercTBy-
ouas po6agka B ¢yuxunn Famuabrona H=H -+ H" csasana ¢ L°

fI0CPEACTBOM , ,
Hp, g=—(L") 4, ¢ (40,7)

3asxetus, uro B npeotpasoBanun ot (40,1) x (40,3) b He mucann
unena ¢ df, YUHTHIBAIOUICTO BO3MOMKHYIO %BHYI0 33RHCHMOCTH QYHKUHI
Jlarpanxa oT BpeMeHyu, NOCKOJAbKY nociaenHee Hrpano Obt B JAHHOM
acriexTe JHUillb POJb 11APaMeTpa, He MMEIOWerc OTHOLIeHHs K IPOH3BO-
AnMomy npeoGpasosannio. Anaiornuso ¢opmyae (40,6) vactebie 1po-
H3BOJHKE 10 BpeMenn orT L n or H cBs3annl COOTHOLIEHMEM

oH oL
<W>p, g —<07>q 9’ (40,8)

3anaun

1. Haittn ¢ynkunio TamuabToHa AJOS OZHOH MarepHanbHOR TOUKH B JeKap-
TOBBIX, LUHJMHADHYECKHX H chePHYECKHX KOOpAHHATAX.
OTser. B pexaptoBmx KoopagHartax x, y, z

l 2 2 2
—Tn(Px'f' Py‘]—PZ)—I'U(x» 4, 2).
B nuannapudeckuxX KoopauHaTax r, qa,

1
:2_173(‘0? + +Pz)+U(f, Q, 2).

B cdepuueckux xoopanuarax r, 0, (p

H~-—< —]— —I— )—}—U(r, 0. ¢).
2. Haittu dyuxuuio I‘amuﬂbTOHa YacTHUE B PaBHOMEDHO Bpalarmleics
CHCTEME OTCHeTa.
Pewemnne, Ha (39,11) u (39, 10) HOJYyYHM!

H————th+u

2

r2sin®0

3. Hailityn ¢ynknuio [amuabToHa cHcTeMbl W3 OAHOH yacTHUH ¢ Maccodt M
H n 4acTHU C MaccaMy 1, € HCKJIOUEHHBEIM JBHIKeHHEM LEeHTPA MHepUuH (CM.
sapauy K § 13).

Pemenne. Oneprua E nmoayvaercs n3 Hailaennoil B sagave K § 13 dyux-
uud Jlarpanxa uameHedHev 3paxa nepep U, OGoGUIeHHBIC HMAYJIBCHI

oL m? Y
Pa=75—-— mva———}; Lva.

ov
@ a

nm? mM ‘
2 Pe=m Y Ve D Ve= 1 D Ve
Pa 1
a=r -+ M Z Pa-
MoacraBus B E, HaljeM!

1 2 1 2,
H—Q—m' ~ Py +m<z Pa) TU.

a

Orciona usMeem:
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§ 41. dynkuus Payca

B HexoTopslx caAydanx MOKET OKA34ThCH 1£1eCO0OPAHBIM MPH Mepe-
X0de K HOBLIM IEPEMEHHBIM 32MEHHTb HA HMIY/bCH HE Bce 00O0GLUISHNDI
CKOPOCTH, a TOJLKO HekoTophie u3 nux. Coorpercrayloiee npeobpaso-
BaHHe BMOJHE aHAJIOMMYHO MPOU3BeNEHHOMY B IpeanaylieM mnaparpade.

Hasa ynpouennst 3amicu GopMya NpeanoIoniiM cHauala, 4TO HMeRTCH
BCEro ABe KOOPIHHATH, KOTODPbIE Mbl 0603HaYIM, KAK ¢ ¥ &, 1 Ipou3Bese

npeofpasoBanne ot nepeMenubix ¢, & ¢, § Kk nepemenuniy ¢, &, p, &,
rae p-—oBGoGUWeHHBH HUMITYILC, COOTBETCTBYIOUINHA KOOPAHHATE (.

Huddepenunan qoynxumx Jlarpam«a L(q,§ (j, ) paBeH:

L——dq+~dq+0£ dg+ Edg—

~pdq+pdrz+~d§+ ,
OTKYH.H HOJIY'-IaCM

d(L—pg)=pdg— qdp+ d§+ dt.

Bpeaem (yHKUHIO (TaK Ha3hBAEMYIO gﬁymcmuo Payca)

R(q1 P, §, é):pq"—lw (4171)
B KOTOPOIl CKOPOCTb ¢ BhipaKeHa uyepe3 HMIY/bC p (IPH HOMOLLY PaBeH-
ctea p=0L/dq. ﬂ,mp(bepemman

oL oL 2
dR= —pd ap — = df — —- dE. 41,2
R=—pdq+qdp 3 F £ (41,2)
Orciosa ciaepyer, 4to
« R  + _ 0R
q"“éﬁ) p—_(ﬁ) (4173)
oL R oL OR
e S 41,4
g o T (14
[Toscrasaaq nociendue paseHcTBa B ypasHeuue Jlarpamxa Aaas Koop-
auHatel §, momyunM:
- o 4 R _0R 41,9
at g 0g

Taxum ofpasom, Pynkuug Payca spasercs ramuabTOROBON 1O OTHO-
UICHHI K KoopAuHaTe ¢ (ypaBHenus (41,3)) u narpamkeBoH IO OTHO-
MEeHW0 K Koopaudate § (ypasHenume (41,5)).

Cornacuo obuemy onpezxeneumo 3Heprud CUCTEMBb

E_Z] —~+§ —————L

Ee mupawenue uepes cpym{umo Payca mosay4aeTcd MyTeM NOACTAHOBKH
cwoga (41,1) u (41,4)

—p_£OR
E=R gag' (41,6)
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O6o6ienue noiayyetnelx @QOpMyn Ha Cayyall, KOraa uMMeEETCd no
HECKO/JbKY KOOPAHMHAT § W &, OYEBUHO,

[Mpumenenite dyukuun Payca moxeT ObITb 1@AeCO0OPA3HBIM, B yacT-
HOCTH, MPH HaIU4HI HHKJIUYECKHX KoopauHar. Ecau xoopaunath ¢ —
IHKAHUYECKHE, TO OHU HE BXOAAT ABHbIM oOpa3soyM B pydkumio Jlarpanwxa,
a moromy u B ¢yuxumo Payca, Tak uyto mocnennss Oyxer QyHkuuei
Tonbko ot p, E, E. Ho uMmmnyabce p, COOTBETCTBYIOUIME HKAHYECKHM
KOOPAMHATAM, IOCTOSHHN (3TO CASAYET H U3 BTOPOro U3 ypasneHuit (41,3},
KOTOpOe B STOM CMbICAe He HaeT Huuyero Hosoro). [locae 3amenn
UMITYAbCOB P HX 324 aHHLIMH NOCTOSHHLIMU 3HAUEHUAMHU YypaBHeHus (41,D)

doR(p, EE_0R(p & B
I

npeBpaTaTCd B ypaBHEHHS, COLEPIKALINE TOABKO KOOPAMHATH &, Tak uto
LHKAHYECKHe KOOPAMHATH TeM CaMbiM HCKAN0YAWTCH TOAHOCTHIO. Ecnn
9TH ypaBHEeHHA peuwiensl ¥ QyHxuuu § (f) Halaeus, TO, MOLCTABHB HX
B MPaByi0 4acTb ypaBHEHUH

_ 3R (p, & §)
=
MB uafigeMm npaMpM HHTerpupopanueMm ¢yuxnuu g (f).

3agaua

Haiitn dynxuunio Payca cumMmeTpHyeckoro Bosuka o BHeutnem nose U (g, 0),
HCKJIIOUHB LUKJIHYECKYI0 KOOPAuHaTy P (¢, @, 0—>{i1epoBrl yrisl).
Pemenne O®ynkuusa Jlarpanxka

I . I, . .
L=?' (62 + @2 sin0) -{-?3 (b 4 cos0)?—U (¢, 0)

(cp. samauy 1 § 35). ®yuruus Payca
2

R:pq}b—- L= 5’;—12——}0 @ cos 8— T (82 -2 sin? 0) - U (g, 8);

nepBLIl ujeH B 3TOM BBHIPAKEHHH NpeAcTaBJser co00od NMOCTOAHHYIO, KOTOpas
MOXeT OBITb ONYLUEHJ.

§ 42. Cko0ku Iyaccona

Myery f(p, g, f) —nexoropas GyHKIHA KOOPANHAT HMAYJAbLOB &
ppemeny. CocraBuM ee NOMHYH NPOU3BOAHYIO MO BPEMEHH

f ‘{-Z( Qk‘{‘apkpk)

[MoxcraBdB CIOBAa BMECTO H P, UX Bhipawenus u3 ypasunenud Caxuan-
k k
tona (40,4), nonyuum:

a9 4 \ny), (42,1)
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rie seexpeno obosnayenue
oH 6 0f ¢
(=3 (5 e~ oL ). (42,2)
=4\ 0pg 0q;, 091 0py,
Bupawenne (42,2) nasmBaior cwobrxamnu [Iyaccona ansg peauunn H u f.
Takune dyuxuui OT AMHAMHYECKHX NEPEMEHHBIX, KOTOPbIE OCTAIOTCH
NOCTOSHHBIMH MPH JBHKEHHH CHCTEMbl, HA3LIBAIOTCH, KaK Mbl 3HAEM,

uuTerpanaMu Asmxenns. Mu BuanM uz (42,1), 4to ycaoBue T0ro, Yrobu
Bennyuna f Oblia uuTerpasoMm ABmwenus (df/df=0), MOKHO HaNHcaTh

B BHUJAe af
o H A =0. (42,3)
ECJH/I KE BHTErpan ABHXKEHHA HE 3aBUCHT OT BPEMERHN ABHO, TO
{Hf} =0, (42,4)

T. e. ero ckobkn [Iyaccona ¢ ¢ynxumeit FamuabTona mosxHu o6pa-

WaThCs B HY/b.
Hnag mo6o#t napu Beauuun f B g ckobkn [lyaccona onpenensiorcs

ananornuio (42,2):
N (9 o%g__of 9g
Vel “; (Opk 99, 091, 0py ) (42,9

Cxo6ku [lyaccona o6sanalor CAeAYOLIMME CBOHCTBAMH, JETKO BHBO-

JHMBIMH H3 OfpefeNeHn,
Bcnn mepectaButh QyHKUUH, TO CKOOKM NEePEMEHAT 3HAK; €CAM OLHA
13 GyHkuui—nocrosnnas (c), To Ckobka paBHa HYHIO:

{fg}=—{¢/} (42,6)
{fC} = O' (42)7)
Hanee,
{1+ /s gt ={r1g} +{fag}, (42,8)
{f1/fer €Y =[11/a8) + fa l/igh (42,9)
B3sis yacTHyl0 MpoM3BOIAHYI0O OT (42,5) mo BpeMeHH, MOJYHHM:
Sire={% et +{r%}. (42,10)

Ecnn oava uz dyHxkuu#t £ ain g coBnagaer ¢ OAHHM U3 HMOYJIbCOB
uan Koopamuar, To ckobku [lyaccona cBOASTCA NPOCTO K 4aCTHOH

fPOU3ROAHOMA: of
{qu}=(§,;, (42,11)
14}
{re) = — 5 (42,12)
dopmyay (42,11), nanpumep, noayumum, noaoxus B (42,5) g=4¢,; Bca

rc npi ot Y
CyMMa CBEACTCH DI STOM K ORHOMY Wi€Hy, TaK Kak 5, =0y, 8 5, = 0.
{
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Honoxus B (42,11) u (42,12) dyuxumio f pasHo#i ¢; W p,, monyuum,

B HaCTHOCTH,
{94} =0, {Pirp} =0, {Pg,} =06 (42,13)
Mewny ckob6kamu Ilyaccona, cocTaBAeHHRIMH u3 Tpex GyHkuwuii,
CYUIECTBYET COOTHOIIEHHE

{7 {ert} +{g {1t +{n{re}} =0 (42,14)

OHO HazmBaeTcs moxcdecmeorn Slwxodu.,

Has ero nokazarenbcrna samerunm caexvioutee. Coranacso onperne-
aenmo (42,5) cxobin Ilyaccona {fg} sBasiorcs GuanueliHoll ogHopoi-
HOH @y nwILIeH TPOX3BOANMX NEPBOrO NOPAAKA 0T Beanuuy fu g. IToaroumy,
nanpusep, ckobxa i {ff}} npeiactasaneT co60# MEHeHHYIO OAKOPOIHVIO
DyHKLY DPOUSBOAEMK BTGpOro nopstaka ot f u g Bes we nesas
CTopoua pasenctBa {42,14) B Heaoy eCTh arneluas OIHOPONHAS DY HKILHA
BTOPHIX MPOHM3BOAHBIX OT BceX Tpex (ynruni f, g, h. Cobepen nyvecre
YiaeHs, COJMEpPwauike BTOphe npoussoinsie oT f. [leprag crkofka Takux
4JCHOB He CONEPWHT—B Hell eCTh TOJALKO MepBHe MPOH3BOAHHE OT f.
Cymny e sropo#t n Tperseli ¢KOGOK HepennueM B CHMBOAHYECKOM
Buie, BBEAN Auuelinbie 1uddepenunanbnee onepatopul Dy u D, cOrnacHo

(@ ={g9}, D (9)={hp}.
Torna
{g{nf}} +{n {/eh} ={g{ri}—{r{ert} =
=D, (Dz 04 —D, (Dl (f)) == (Dng_Dle)f-

Jlerxo BumeTh, OAHAKO, YTO Takad KOmGHHAUMA JauHedHbx xuddepen-
LHAAbHLIX OMEPATOPOB HE MOKET COACPHATh BTOPHX IIPOH3BOAHBIX OT [,
B camom pene, ofwmii BUA muHeHHbIX AuddepeHUHaNbHHX ONepaTopon

ecTh
d i}
D, =%t D, — 2

rae §, 1),— IPOU3BOJbHbIE (pyﬂxuvm nepeMeHHhx xl, Xy, ... Torna

on,
D\D, = 2 UM Ty Oxkax +Z S 62,2 ox,’

= —_— _l -
D,D, k'Zl yrs axkaxl+§nk 0x, axl’
a pa3HOCTh STUX MNpou3BeneHui
an ok J
DD, —D,D, = Z (Eka){; M dT;) ar,

ecTb CHOBa OMeparop, conepxcauum TOMbKO oxHOKpaTunie nuddepequn-
poBannd. Takum 06pa3oM, B neBOH CTOpoHE paBeHcTBa (42,14) B3aumno
COKPAWLAIOTCA BCE WIEHB CO BTOPHMH NMPOU3BOMAHBIME OF f, 4 MOCKOIbKY
TO WC Cax0e OTHOCUTCH, O4CBUIHO, M K YHKUMSAM g W A, TO M BCe
BHIPAWEHHE TOXIECTBEHHO 00paUaeTcd B HY.ab,
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Bawnoe cmoiicTBo ckoBok Ilyaccoma cocTont B TOM, 1O ecam f
H g—Ba MHTErpaja ABHKCHHA, TO COCTAB/JEHHHE H3 HHX CKOGKH TOXe
SIBJSIOTCA MHTErPasjoM IBHWKEHHS

{fg} = const (42,15)

(Tax HaspiBaeMad meopema [Iyaccorna).
HokasaTenbcTBO 3TOH TeOpeMbl COBCEM NPOCTO, ecaH f U g He 3aBu-
caT ot Bpemenn ABHO. [TonowuB B Towmecrse fxobu k= H, HOJYUYAM:

{H{fgh} +{r{eth} +{g{Hf}} =0.

Orciona suano, uro ecmu {Hgl=0 u {Hf}=0, 10 u {H{fg}}=
UYTO H CJAENOBA0 L0KAa3aTh,

Eenu ke ndTerpann ABHXKEHMS f U g 3aBHCAT ABHO OT BpeMEHH,
TO nuuleM Ha ocHoBawum (42,1):

% {/8} =% {fg} +{H {fg}}.

Bocnoabaosasuucs Gopmynolt (42,10) u savenus ckobxy {H {fg}} nsyma
LPYTHMU TIpH MOMOUIM TOXIecTBa S1ko6H, moayuum:

s ={% e+ {1 L —1rlem — g thn)} =
=%+t g+ {0 % + 1)

Hian

d%{fg}={j';b}+{f‘f7‘;’}, (42,16)

OTKYyJa OYeBHIHO AOKAa3aTeabcTBO Teopemn [lyaccona B ofuiem cayuae.

Pasymeerca, npumenas rteopemy Ilyaccona, Mp He Bceraa Gynmem
N0Jy4yaTh HOBbLIE MHTErpafhl NBHUKEHHAl, TaK KaK UX 4ucao. Boobuie orpa-
nuueno (2s—1, rae s—uucno crenewelt csobonw). B HekoTopux cny-
4afAx Mbl MOXeM NONYYHTH TPUBUANbHEH pe3yiabtaT — ckob6kn [lyaccoua
CBEAYTCH K MocTOfHHON, B Apyrux cayyasx BHOBb NOJIYYEHHBIH HHTerpan
MOMeT 0Ka3aTbCs MPOCTO (QyHKHHEH WCXONHLIX HHTErpanoB f m g.
Ecnn we He uMeeT MecTa HU TOT, HUM APYTOH cayuall, To ckobku [Tyaccona
LAI0T HOBHIK MHTErpPas ABMWKEHUS,

3agxaun

1. Onpepenute ckobkn Ilyaccora, cocTaBieHHBle U3 J€KaPTOBBIX KOMIIOHEHT
UMNYJbCa P ¥ MOMEHTa umnyjasca M=[rp] mMarepHanbHoli YacTHILLL
Pemenue C noMombio GbopMyJss! (42 12) naxonnm:

IM,
My} =—ZE=—g (ypz—zpy) =—p,

n auanoriuyHpiM ofpasoM ewe jse (poprvlynbx
{Mxpx}r:o, {Mxpz}z_py-
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Ocranbubie CKOSKH M0JYYAOTCA OTCIOAA LHKJHYECKOfl HepecTaHoBKO# MHAEK-
coB x, y, 2.
2. Onpepenure cko0ri Ilyaccona, cocrasienHble U3 KoMnoHedT M.
Pemweunne. Tlpsavoe spusncienne no dopmyte (42,5) paer:

MMV =—M,, MM =—M, {M,M}=—M,
B Y B

[TockoasKy MMOyAsChl 1 KOOPAUHATE PAa3JHUHBIX YACTHI SBJSAIOTCA He 3aBU-
CHMBIMH IPYT OT APYyra NMepeMeHHBIMH, TO JIErKO BHJAETb, YTO NOJyUYeHHbIEe B 3aja-
yax 1 u 2 dopmysasl cnpaBelHBE U AJS MOJHBIX HMUYJAbCA ¥ MOMEHTA Ji000i
CHCTEMBI YaCTHIL.

3. [loxasate, 4T0

{oM,} =0,

rie ¢ —awobas ckansipias GYHKUHA KOODAHHAT M HMIYJ/bCA YACTHIDI.
Pewenue. Craanpuas QyHKIHS MOMXKET 3aBHCETb OT KOMIOHEHT BEKTOPOR
I B p TobKO B KomGuuauusax r2, p?, rp. Ilostomy

dp _ d¢ oQ
o o T a0 ?

1 aHajorugno aast d¢/0p. Mickomoe cooTHomleHHe npoBepseTcs NPAMbIM BHYUCIe-
HueM no ¢opmysae (42,5) ¢ yuetoM yKasasHBIX OpaBHA AnddepeHUnpOBAHUA.
4. Tloxasarb, 4TO
{IM,} =[in],

rae f—BekTopHas GYHKUHS KOOPIHHAT H HUMIYJbCA YaCTHUbl, & N—eId HHYHLIY
BEKTOP B HANpaBJEHHH OCH Z.
Pemenue IIpoussosnennll Bextop f(r, p) MoXeT ObThb HANHCAH B BHje

f=ro, -+ pes+[rpl @s, rie ¢, Pa, Pg—cKansapusle pyHkuun. Hexkomoe coorno-
lIeHHe NpOoBepsieTcs NPSMBIM BbYHC/IEHHEM ¢ NoMowmbio dopmya (42,9), (42,11),
(42,12) u dopMyasl, ykasaHHOH B 3ajaue 3.

§ 43. JleficTeue xax QYHKIHA KOOPAHHAT

IMpu dopmyanposxe MPHHINNA HAHMEHbLIETO JeHCTBHA MM pac-
CMATPHUBAMH HHTErpal

s={La, (43,1)

B3ATHI MO TPAEKTOPHH MEWKAY ABYMsl 3aJAHHBIMH mOJOwexusMu g1 g
9®’, KOTOpbHIE CHCTEMA 3AHHMAET B 3aLaHHBIE MOMEHTHl BPEMEHH f, U f,.
[Ipy BapbHpPOBAaHUM e AEHCTBUA CPABHUBAJNCH 3HAYEHHU 3TOrO HHTe-
rpaia Jaf OAN3KHX TPAEKTOPHH C OLHUMH H TEMM XKe 3HAUYCHHIMH ¢ (#)
u g (). Jlums ojHa M3 3TUX TPAEKTOPHH OTBEYAST AEHCTBHTENLHOMY
JIBHIKEHHIO — T4, AJd KOTOpPoH MHTerpan S MHHHMaleH.

PacemoTrpum Ttenepb nmoHaTHe AeficTBud B ApyroM acmekrte, Mmenno,
OyaeM paccMaTpHBaTh S KaK BEJAHYAHY, XaPaKTEPH3YIOULYIO IBHKEHNE 1O
HCTHHHBIM TPaeKTOPHUAM, H CPABHUM 3HAYEHUSl, KOTOPHE OHA WMEET AJA
TpaekTopui, Hmeomux obee Hawanao ¢ (4)=4¢", HO mpoxomgULEX
B MOMEHT f, uepe3 pas/inynble nojoxenus. Jpyrumn ciaosamu, Gy mem
paccMaTpuBaTh WMHTErpan ACHCTBUS [/ HWCTHHHBIX TPaekTopud Kak
(YHKUMIO 3HAYCHMI KOOPAMHAT B BEpXHEM INpele/ne MHTErpHPOBAHu,
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Mamenenne nefcTBus npu nepexone oT oxH0H TpaekTopny K 6aM3Ko#l
K HeHd Apyrofl Tpaextopuu paercs (Ipu OLHOH cTemesu CBOOOMbLI) BHpa-

scennen (2,5)
ty

dL t, oL d oL
682 —_— - 67(11‘.
dg q’t,+ <‘3‘/ dt éq) ‘

t

[Tockoabky TpaekTopuu AefCTBHTEBHOTO ABHKEHHUS YIOBACTBCPHIOT
ypaBtennsay Jlarpamxa, 1o crosimnil 31ech HHTErpa o6pallaeTcd 3 Hy b,
B nepson ke wiexe noaaraeM Ha Hukses npenese 8¢ (f)=0, a 3na-
yenne Og (f,) ofosnaunm npocro, kax Og. 3amenus taxwe ¢L/dq na p,
noayduM okonuarearho: 88 =p &g wau B ofwenm cayuae moforo wucaa
creneneit ¢soboanl

8S =2p; 8q,. (43,2)

M3 sroro coortHomenus cnepyer, 4YTO HacCTHHIE MPOH3BOAHBIE OT
JAeHCTBUA 110 KOOpAKHAaTaM paBHbl COOTBETCTBYIOUHUM HMITyAbCam

o= (43,3)
AnansoruuynreiM 06pasoM AeHCTBUE MOXHO NOHHMATh KaK fABHYI0 QyHK-
LU0 BpeMeHM, paccMaTpHBas TPAEKTODHH, HAYMHAIOUIMECT B 3a1aHHBIHA
MOMEHT BpEMEHH f, B 3aZauHoM nosoxennu ¢, HO 3akaHuuBamINeCs
8 3aJ4HHOM nNOJOWeHun ¢'% B pasauuHbie MOMEHTHI BpeMeHu f,=1f.
[TonumaeMylo B 3TOM CMBICJI@ YACTHYIO IPOU3BOANYIO 0S5/t MOWHO HalTH
1yTeM COOTBETCTBYIOMIEro Bapbupomanus nHrerpaaa. [Ipoute, onnaxo,
BOCIO/B30BaThCA yxe u3BecTHOH Ham dopmyraolt (43,3), nocrynus cie-
LYIOUWHM 06pasonm, )
[To camony onpejesesunio AeHCTBUI €ro NOJHAI NPOH3BOJAHAL IO
BPEMEHH B10JbL TPAeKTOPHH paBHa:
a8
E?—L' {(43,4)
C apyroit cropousl, paccMatpusas S Kak QyHKIKIO KOOPAUHAT H BPEMEHH
B ONMHCAHHOM BhIlle CMbICTe M ucnonndyd dopmyay (43,3), nmeeM:

dS oS8 as - as :
a7 =t +211qu SW‘I‘ZPKL"
H

CpasuuBan 06a BHpaweHUs, HAXOLUM:

as '
5{=L—Z P
i

UM OKOHYATE/IbHO!
5 =—H. (43,5)
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dopuynsr (43,3) u (43,5) BMeCTe MOXKHO 3aNHcaTb B BUIE BbIpa-
WeHUs ds — Zpidqi— Hdt (43,6)

ansg nonuoro anddepenunara pecifcranas xkax GyHKUHE KOOPIUHAT U
BpPEMCHII B BEpXHeM rpejene nuterpuporanns B (43,1). Ipeanoiowny
TeINeph, YTO HIMEHIIOTCH KOOSIHHATH (U Bpess) He TOABKG KOHIla,
HO H nmadasa asmwedud. QUEBNAHO, YTO COOTBETCTBYIOMLEE Ii3MeHe-
Hite S GyAeT  masaThed  PasnpocThio  Buipawenund (43,6) Ha ofoux
KOHIIAK, T. €.

< (e
HOTO,~—— BO3MOWHEN SN NV ANiie ABUMKEHE o L\)T'\)D'n\ Bhisa
B M2agoil cm;}ozae DABEHCTRA aufpdeposina-
Aoy, Takuy ofpazon, ywe cavpid $axr CyL’LLSCTLO‘SHHHn PRENSHE]
HAUMEHLIIEro AeHCTBIM, HC3A3HCHMO OT KOHKPETHOTO Buia (vHKIII
Jlarpasika, HakiaIbBaeT HA COBOKYMHOCTD BO3MOXKHBIX JABIKEHH
onpeneneHHple OrpanHyeHud. B YacTHOCTH, OKA3KBAECTCH BO3ZMOWHLIM
YCTAHOBUThL PAA OGILHK 3aKOHOMepHOCTeH (He 3aBHCHIMHX OT BHId
HMEIOUHXCS BHEUIHHX mOAed) A NMYUYKOBR YACTHIL, PA3JETAWLHXCT H3
3alaHHLIX TOYeK mpoctpaHctBa. Mayuenne 3THX 3aKOHOMEpHOCTEH cO-
CTasaseT NpelMeT Tak HazwBaeMmolt zeomemputeckol onmuwxul).
Hurepecto orMerntb, 4YTO ypasHeHns [amunbrona MOryr 6ulTh
BoBegenn PopManbHeM 0GPa3oM U3 yCAOBHT MUHHMAJAbHOCTH AEHCTBUA,
ecau Hanucarh nociaeanee, Ha ocuosawum (43,6), B Bume uHTerpana

S:S(Zpi dq[——Hdt) (43,8)

H paccMaTPUBATh KOOPAMHATE M MMIYJbCH KaK HE3aBHCHMO BAPbHpYe-
Mpie Beauuussl. [lpeamonaras cHOBa A9 KPATKOCTH, 4YTO UMeeTcCH
BCEro O/HA KOOPAMHATA (M OAMH HMIOY/JHC), NHIUIEM BAPHAILHIO JeH-
CTBHA

65’:5{6pdq+pd6q——~«6th p@pdt}
[peoGpazosaine BTOPOTO uYieHa (MHTErPHPOBAHUE MO YACTAM) AT
68:5‘6p<dq1——§7ﬁdt>—!—p6q S‘éq (dp-{———dt)

Ha rpasnuax HuTerpupoBaHUA Mbl XOMKHH Moaowuts 0 =0, 14K uTO
NPOMHTErPUPOBaHLLT uleH Boimagaer, OcCTawileecs Xe BHDAWKEHUES
MOWeT ObITb PasHbIM HYJII0 NpH MPOH3BOMbHBIX He3aBUCHMHX Op u Og

1) Cm. «Teopus moaa», ra. VIL
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JUIB TPH YCJIO0BHH OOpAUIEHHst B HYJAb MOAHHTETPANbHBIX BLIpaXKEHHH
B KaXJIOM U3 JABYX HHTErpa/oB:

__0H

d‘/"‘gp“ dt, dp=— il

0q
T. €. MHl MoJyyaeMm mnocrte feledus Ha df ypasuedns [aMuabrtoua.

dt,

§ 44. Npunusn Monepriou

TlpuHnunoM sanMeHbuwlero AEHCTBHA JABMMEHHE MeXaHH4ecKOH cw-
cTeMbl OIpelenseTcd NOJHOCTbIO! NyTeM pEINeHHs CIeiYIOWUX H3 ITOro
NPHHUHUNA YpaBHEHHH IBHWEHHH MOMHO HAaHTH kaxk ¢QopMy TpaexTo-
PHH, TAK H 3aBHCHMOCTb MOJOWEHHS HA TPACKTOPHH OT BPEMEHH.

Ecan orpannuuthes 60/ee y3KHM BOAPOCOM 06 Onpejaeidexuu Juidb
caMoi TpaekTopuM (OCTaBAs B CTOPOHE BPEMEHHYIO vYacTh 341ayH),
TO OK43HBAETCA BO3MOWKHBIM YCTAHOBHTh /S ITOH UeNH yNpOULEHHYIO
(opMy NpPHHUHMA HauMeHbIUEro AeHCTBHA.

[TpennonowumM, uro yskung Jlarpanwka, a ¢ Hew u Pynknuns [a-
MHJILTOHA He COJepwaT BpeMeHM HBHO, TAK 4YTO BSHEPrHs CHCTEMH
COXpaHseTcs:

H{p, q) = £ =const.

CornacHo NPHHUKNY HaHMEHbUIErO JEHCTBHA, BapuHalHs aeiicTBUA
I 3a0aHHBIX HAYaJbHBIX W KOHEUHbIX 3HAYEHUN KOOPAWHAT H MOMEH-
TOB BpeMenn (ckawxem, f, H f) paBna Hya0. Ecam ke nonyckarb
BapbHpPOBadHe KOHEUHOTO MOMEHTa BpeMEeHH ! HpH (UKCHPOBAHHBIX
NO-NPEKHEMY HAUYANbHBHX W KOHEYHBIX KOOpHNHATAX, TO HMeeM {cp.
(43,7)):

88 = — HOt. (44,1)

byneMm Tenmepb <CpasHUBATh HEe BCe BHPTYaJbHble LBWKEHHS CH-
cTeMbl, a JHIUbL T€, KOTOpPLle YAOBJIETBOPHIOT 32AKOHY COXPAHEHHd 3HEp-
ruu. Jdag takux TpaexTopuil Mb MOkeMm 3aMeHuTh H B (44,1) mocro-
snno#t E, uto aaer

8S 4 Edt =0. (44,2)
Hanucas neficteue 8 sume (43,8} n cuoma 3ameusa H ua E, umeem:
s={ 3y —E—1,). (44,3)

i

TlepBhill ylen B 3TOM BHPaXEHHH
So={ X, (44,4)

MUHOTAA HA3WBAT YKkOpoueHHuim Oelicmsuen. Tlopcrasus (44,3)
B (44,2), naitpem:

85, =0. (44,5)
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Taxum o6pasoM, yKopoueHHoe AeHCTBHE HMEET MHHHUMYM N[O OTHO-
HIEHHIO KO BCEM TPAEKTODHSM, YILOBAETBOPSIOMHM 3aAKOHY COXPAHEHIHST
SHEPTUH U NPOXOMALLHM Yepe3 KOHEeYHYI0 TOYKY B MPOU3BOJbLHMIE MO-
MeHT BpemenH. [ Toro 4to6b [0Ab30BATBHCH TAKHM BapHAlMOHHBIM
UPHHIINNOM, HEOOX0AHMO NPEXBAPUTEIbRO BHPA3HTbL HMITY/IbCH, & C HUMU
U BCe NMOLMHTerpajbHoe Bboipawenue B (44,4) uyepes KoopaAuHATH ¢ H
ux auddepenunans dg. Ilas 3TOoro nHamxo BOCHOAB30OBAaTLCY pased-

CTBAMH
a dg

=—:—L v T 44,6
p; 5 (q dt) (44,6)

NPEACTABAOIMMNY CcO00H OmpejgeneHne HUMMNYAbLCOB, H ypanHeHueMm
3aKOHA cOXpaueHus SHEPTHH
E <q, %%) —E. (44,7)

BripasuB w3 mocaeinero ypasHeHus auddepenunan df dyepes Koopau-
Hatet ¢ u uX auddepenunass dg u noactarus B Qopmyin (44,6), M
BHPAa3uM HMIYIbChl 4epe3 ¢ n dq, mpudem 3Heprua £ Syaer wurpath
poap napamerpa. [Toayuawumiics rakuM 06pazoM BapHallHOHHEIT MPHH-
LU oOnpejenseT TPAEKTOPHIO CHCTEMB; 3TOT MNPHHUHO HA3BIBAIOT
o6HuHO npunnunon Monepmiow (xoTst ero To4uas GopMyauposxa Gha
nana dinepoym u Jlarpaswen).

[TpousBesesM yKazaunbie AeHCTBHS B SBHOM BuUAe I OObUHOHK
opynt dyukuun Jlarpanka (5,0) xaK PAa3HOCTH KHHETHYECKOH U RO~
TeHILHaJdbHON 3Heprui;

1 . .
L= 5‘2 @, (9) 9,9, — ULg).
i,k

IIpu 3TOM UMIYALCH

oL .

Pi :5-—=Z a; Q) qp,

qi b

a 3Heprus

1 o .
E= 3,a,(q) 44, +U 9.
ik
N3 nocnenuero paBcHCTBA UMeEEM

o 2a;g dg; dgy,
dt = l/m (44,8)
1, NOACTABAfA 3TO BHIpAKEHHE B
dqp
ZP,’ dg; :Z QG 7 495
i ik
nafigeM yKOPOUeHHOe IeHCTBHe B BUIE

So=| )/ 2E=0) Jadg; dyy. (44,9)
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B uyacTHOCTH, AAS OAHOH MarTepHanAbHOH TOYKH KHHETHYECKAH

9HEDTHS
dl
=5 (&)

(rme m—Macca 4acTHIL, a d/—3jeMeuT IJAHHE TPAEKTOPHH) W Ba-
pHAUWHONHBIA TPHHLIHI Aag Onpereneis QopMbl TPACKTOPHH

6\ymm5—uwzzq (44,10)
'II TOYKAMI npDCTpﬂH-

w4410y xaer Tow-

T. €. unCTHILA ABMKETSHE 1o : i ) IDANOH,
RBepuesicsr CHOBa K BHIPAMQHUIO Tast KeficTBIs JJ)H ODOU3BeACM
H4 3TOT pas ero BapbUpoRauie Taxwe I mo napaverpy L.

85 =920 §F — (t — 1) 8E — Edt.

[Toacrasus aro B (44,2), naxoam:
as,
oE

Jns yxopouenuoro pmeficrsusi 8 dopme (44,9) sT0 paseHCTBO NPHBO-
AHUT K COOTHOIIEHHIO

=t—1, (44,11)

Za;,dg;dgy
5‘ S E—U) =t—1,, (44,12)
KOTOpPOE MpejcTaBaser co06oi He 4TO HHOe, KaK HHTErpasl ypasHewus
{44,8). Bmecrte ¢ ypaBHEHUEM TPAECKTOPHUM OHO MOJHOCTBIO Ompenenser

ABHWEHUE,
3agaua

N3 papuaunonnoro npunuunu (44,10) nmoayunts anddepennnansroe ypas-

HeHUe TpaeKTOPHH.
Pewenue. [Ipoussoas Bapr/IPOBQHHE, HMeeM:

(Vf_ﬁmu—y{ e d—VE=T U—d&}

Bo BTOpoM usene yuteHo, uyto d2=dr? w mnotomy dlddl=drd8r; npoussexs
B 9TOM ujeHe HHTerpupOBAaHHe MO 4YacTAM ¥ NDPUDPABHAB 3aTeM HYJIIO KO3hdu-
UKHeHT npi Or B MOAMHTErPasNbHOM BBIDAKEHHY, NOAyuduM jubdepenuuaisroe

ypasHeie TPaeKkTopHH
ou

2V E—T L (VE —gh ) -z,
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PackphiB npon3BoiHYIO B JeBOH CTOpoHe paBeHcTBa H BBOAs cuay F=
==-— @U/Or, MOXHO NpeiCTaBHTbL 5TO ypaBHEHHE B BHJE
dr F-—(Ft)t
di2T2(E—-U) "’
rae t=dr/dl—exunnyHBlll BeKTOp KacaTesibHOIt K Tpaektopun. Pasnocte F—(Ft)t
€CThL HOpMaJdbHasg K TPaeKTOPHH KomnouerTa cast F,. Ilponspognas xe d*r/di® =
= dt/dl, xax u3BecTHO H3 Ju(pQepeHumaabHOl reomerpuu, pasHa n/R, rae R —
pPajMyc KPHBM3HBI TPAEKTOPHH, a N—eJHHHYHBIHA BEKTOD IVIABHOH HOpMand x Heil,
3amenuB TakkKe E-—U Ha mo?/2 moayuum:
2
mu?
n——==F,

R

B COOTBETCTBHM C M3BCCTHEIM BBIDAXKCHHCM AN HOPMAJLHOrO YCKOPCHHA IIpH ABH-
JKEHRHN 110 I/ICKpHBJ'IeHHOﬁ TPaeKTOpUHU.

§ 45.Kanonnueckne mpeofpa3oBaHns

Brui6op o0GOGIICHHBIX KOOPAMHAT ¢ He OTPAHMYECH HUKAKHMMH yCJIO-
BUSIMH— MMH MOTYT ObITh JIOOHIE S BENHYHH, OIHO3HAYHO ONpeLeasiOune
nosioeHne CHCTeMsl B npoctpaHcTBe. Popmannemii BUIL ypaBhernit Jlar-
pauma (2,6) He 3aBHCHT OT 3TOro BHIOODA, M B 3TOM CMBICIE MOXKHO
CKa3aTh, YTO ypaBuenus Jlarpawxa HHBapHaHTHBH NO OTHOLIEHKIO K Tipe-
00pa30BAHHIO OT KGODAMHAT ¢y, ¢,, ... K JIOCBIM ADPYTMM HE3daBHCHMhLIM
BeauuuHam Q,, @Q,, ... HoBue xoopaunatel @ sBASIOTCH QYHKUHAMH CTa-
PbIX KOOpAMHAT ¢, Npu4YeM JOINYCTHM H Takcil ux BoifOp, IpH KOTOPOM
574 CBA3b COJEPWHUT B ABHOM BHIEC TaK)Ke M BpeMd, T, €. peyb HIET

0 npeo6pa3oBanusaXx BHIA
Q:=0Qi(g 1) (45,1)

(MX HA3LIBAIOT MHOTJAA TOwedHoLMU Npeobpa3osaruami).

Hapsaay ¢ ypasuennanm Jlarpanwxa npu npeobpasosanmn (495,1) coxpa-
HsloT, pasymeercs, cso dopmy (40,4) u ypasuenns [amuabrona. Tlocnen-
1He, OLHAKO, IOMYyCKAlT B AEHCTBHTENBHOCTH ropaszo 6oJee WIHPOKHIL
kjaace npeobpaszopasnil. D10 06CTOSATEIBCTBO €CTECTBEHHBIM O6PA3oM CRH-
3aHO C TEM, YTO B TaMHJbTOHOBOM METOAE€ HMMMYJbLCH p HIPalOT HapsaLy
C KOOpJAHHAaTaMll ¢ pOJb DaBHONPAaBHEIX He3aBHCHMbIX nepemennnx. [lo-
9TOMy HOHATHE Npeobpa3oBaHHsl MOWET ObiTh PpaclIHPEHO TaK, uToOH
BKJIQUHTL B ce0f npeoOpasoBasne BCeX 2§ HE3aBHCHMbIX NEPEMEHHLIX P U ¢
K HOBHIM nepemeHHbM P n @ no ¢opmyaam

Q[ZQ[ (p; q, t): Pi:Pi(p» q, t) (4512)

Takoe pacuinpenne knacca ZONYCTHMBIX rpecOpa3oBanuil ABAAETCS OAHHM
N3 CYULECTBEHHBIX TPEHMYWECYB raMHIbTOHOBOTO METOAA MEXAHHKH.
OaHako OTHIOAbL He TNpPH NPOH3BOAbHHIX NpeobpasoBanuax Bula (45,2)
YPaBHEeHHs JABHXKCHHS COXDAHAIOT CBOH KaHoHuuecknit BuHI. DBriBesem
Tenepb yCJAOBuS, KOTODBIM JO/DKHO YZOBAETBOpPATb Mpeobpa3oBanie,
I TOro 4toGH ypaBHenMSl JBHXKEHHS B HOBHIX IlepeMeHHbx P, Q
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HMC/MI BHI O’ . o’ :

¢ HeKoTODOI Hopoft gyuxumed Tasunsrona H' (P, Q). Taxue upeod-
PA30BAHUA HA3LIBAOT KAHOHUMECKUMU.

K ¢opmyram ais KaHOHHYECKHX 1peo0pPa3oBaHuil MOMHO NPHATH
cnedyouuy nyteM. B konue § 43 Obu0 N0Ka3ano, YTO YpaBHeHHS
FamuibTOna MOryT OuiTh HOJAYHYEHH H3 MPUAIHMMA HARMEHbLIEro mei-
CTBHUS, NMpEACTABIEHHOTO B opye

6S(Zmd%_nw>=0 (45,4)

(mpuyem BapbUPYIOTCH HE3aBHCHMO BCE KOOPIAHMHATH M MMNyaAbchl). Hdas
TOFO 4TOOL HOBME MepeMeHHnle P 1 Q TOXe yJLOBJAETBOPSIM ypapHe-
HuaM FaMunbTOHA, A4 HUX TOWE JAOMKEeH ObThb COPABEAHB MPHHILIN
HAUMEHbIIEro NedcTBHI

5S<2PMQrme)=Q (45,5)

11

Ho apa mpunuuna (45,4) u (45,5) 3KBUBAJEHTHB APYT APYTY TOJABKO
NPH YCAOBHH, YTO HX MOMHHTErPa/bHbIC BHPAWMEHHA OTIMYAOTCA MULIb
Ha [oaHbH Auddepesinan TPOU3BONLHOA QyHKuHH F KOOpAMHAT, HM-
nyAbCcOB H BpPEMeHH; TOrZa pasHOCTh MeXAy OOOMMHM HHTerpajamu
6yneT HeCcyu(ecTBeHHOH Npy BAPLHUPOBAHHM MOCTOTHHOK (pa3HocTb 3HA-
yenutt F Ha npejgenax HHTerpupoBanus). Taxum o06pa3soM, NO/KHO OLiTh:

S p; dg;— H dt =3, P; dQ;— H' di -+ dF.

Besixoe kaHonuueckoe npeobpasoBanue XapaxkTepH3yeTcs cBoed Qyuk-
uuell F, KOTOPYIO HA3LIBAIOT 7poussodsiyeli Pyniyiteli npeobpasoBarus.
Ilepenucar nonydeHHoe COOTHOLIEHUE B BHAE

dF =3 p, dg;— 3 P, dQ, + (H' — H) dt, (45,6)
MBl BUOHM, HTO
oF oF
Pizgz_a Pi:—_a—_Q—.'
AL {
IpY 3TOM I[PEeAno/araercs, 4YTo Mpou3BoAilas (GYyHKUHS 3amaHa Kak
$yuxuus cTapuix H HOBHX Koopanuat (M Bpemeun):. F=F{(q, Q, ¢).
[pu sanannod ¢ynkuuun F Qopmyast (45,7) ycTaHaBaImBalOT CBA3L
MEWY CTAPLIMH (p, ¢} W HOBEIMH (P, Q) HepeMeHHbMH, a TaKXe aoT
BLIPAIKEHHE IJs HOBO{l raMMALTOHOBOH (yHKuuu,

Moxwer okasaTeCd yROOHBIM BLIpAXaTh NPOU3BOAAULYI0 PYHKUUIO He
yepe3 nepeMeHuble ¢ H ), a uepe3 CTapble KOOPAUHATH ¢ W HOBbIE
uMnynecsl P {ag BeBoga ¢opMysn KaHOHHYeCKNX IpeobpasoBanuil
B 9TOM CJyyae HalO MPOM3BECTH B COOTHOMIEHNHA (45,6) coorBercrByIO-
niee mpeobpasosanue Jlewausgpa. ViMeHHO, nepennchiBaeM ero B BHAE

d(F4 2 P,Q) =X p;dg;+ 2 Q; dP;-- (H — H) dt.

H=H+%, (45,7)
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Buipaxenne, crosuee noia sHakom auddepenunaia s Jesoil cropone
paBeHCTBa, BhIPAKEHHOE Uepe3 mnepeMenHble ¢, P, u uBagercd HOBOMH
npousBoasmie ¢yuxunedt. O6osuaunn ee mocpexcreom D(g, P, #),
nmeenm )

o

Pi= 50

ad , o -
7 Qi:b?;’ H:H_'L_?)_t_' {43,8)

AnanorwunelM  ofpasoM MownO mnepelitn K QopuyaaM kasOHHue-
Ckux npeoOGpasoBaHuii, BRIPDAXEHHBIX Uepe3 MPOH3BOAYIINE (YHKIMH,
34BUCALINE OT TepeMeHHHX p u Q uan p u P,

OTMeTHM, YTO CBSI3b MEXAY HOBOH H CTApPOH raMiIbTOHOBBIMH
QyHKUUAMI BCETAA BHPAKACTCH OAHHAKOBHIM o06Gpa3om: pasHocts H — H
JaeTcst 44CTHOH MPOU3BOAHOM N0 BPEMEHH OT NpPOoH3BOLAUIEd (yHK-
uui, B 4acTHoCTH, ecin NOCASRHAR HE 3aBUCHT OT epeMedu, 10 H = H.
HpyraMn ciaoBayu, B 3T0M Ciaydyae AJs NOJy4YeHUs HOBOH yHruun
[aMuabTOHA A0CTATOYHO MOACTABHTh B H BeJIMUYHHH p, ¢, BHPameHHbE
yepe3 HOBhe nepemedunie P, Q.

LHupora kauwocHuueckux npeobpa3oBRaHUil B 3HAUNTE/BHOH creneni
JAWITAET B raMUJIbTOHOBOM MeTOLe MOHSITHE OOGOGINEHHMX KOOPAHHAT H
UMITYAbCOB MX TIepBOHA4AIbHOTO cMhicaad. [lockonbky npeo6pasoBannd
(45,2) cBA3HBAOT KawAyio u3 Beyuuun P, € Kax ¢ koopauHatamu ¢,
TAK ¥ ¢ UMOYJbCaMH p, TO MepPeMeHHHe ¢ yie He HMEIT CMHC/Id 4HCTO
NPOCTPAHCTBEHHBIX KOOPAHHAT. Pasaumume Mexay obeuMu rpynmnaMu
nepeMeHHbIX CTAHOBHTCH B OCHOBHOM BOMPOCOM HOMEHKJAATYPHBIM, ITO
O0CTOSITEABCTBO BeChMA HalJdsgAHO TPOABASETCA, Halpumep, B npeodpa-
zoBaHun Q;==p;, P;=-—¢;?), 1BHO He MEHTIOUIeM KaHOHHYECKHH BHI
ypaBHeHHH W CBOAALIEMCH MPOCTO KO B3AUMHOMY NOepPENMEHOBAHUIO
KOOPIHHAT M HMIYJbCORB,

BRuiy 3TOW yCJIOBHOCTH TEePMHHOJOTHH MEPEMEHHBIE p H ¢ B ra-
MHJbTOHOBOM METOJIE 4YacTO HAa3biBAIOT TPOCTO KQAHOHUHECKU CONpsi-
HCEHHBLMU BeAULUHAMIL.

Ycnosrue KaHOHHYECKOH CONPAMEHHOCTH MOYKHO BHIPA3HTh C MOMOUIbIO
cko6Gok Ilyaccona, Ilnst aT0r0 JmOKaXeM npeaBapuTenbHO OGILYIO TEO-
pemy o6 nHBapuanthoctH cko6ok Ilyaccona mo oruomeHuio k KaHo-
HUYECKUM 1peobpa30BaHUAM,

Tlycrs {fgf}],’q—~cxo61<a Ilyaccona Beauuun f u g, B xoropo#
auddepeHHpoOBaHHe TPOU3BOANTCA MO NepeMenHsM p, g, a {fg}p, 0

1) 3ameTuM, 4TO, B3sIB NPOH3BOAAMYI0 QYHKIHIO B BHJE

©= @ O P,

(rae f;—npousponabuble GyHKUAH), MBI fOJAYYHM TpeobpaszoBaHie, NMPH KOTOPOM

HOBHIE KOODAMHATH Q;={f; (g, {), T. e. BBIPAXKANTCA TOJbKO uyepe3 CTaphle KOOp-

AVHATHL (HO HE HUMIYJbCH). IJTO—TOYeUHHle Npeofpas’oBaHUs, KOTOPHE ecTecT-

BeHHBIM 06Pa30M OKa3LIBAIOTCS YaCTHBIM CJIyyaeM KaHCHHUeCKUX NpeoGpasoBaHHil.
%) Emy oTBeuaer npoussopfmas ¢pyukuua F =Zq;Q;.
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cxobka Ilyaccona Tex e Benuuyud, AudpbepeHUMPYEMBXx N0 KaHOHHYE-
ckum mepemennsid P, Q. Torga

{fé’}’p- a7 {/9)p, o (45,9)

B cppaBeauBOoCTH 3TOFO COOTHOIICHHS MOWHO yOEAHTHCH TPSMBIM
BLIMIICAGHIEM € HCNOMIB30BatHEM QOPMYT KaHORIURCKOrO Ipeodpaszosauid.
MawHo, oauu0, ofoiitich 1 Ge3 BHYNCTEHNH € DOMOUIBIO CJeTYIOUIero
pa*cx WIRHIIN.

3nganeax (45,7)

JANOYASN, 47O B KGHORIUECKHX Mpent
nanaverpa. llostony, ecanr s Iokamey
ZiQTI-’E';IHA HC 3ARNCHILNX  §BHO OT Bpe:fe.rw TO Oua

ofuz&sz

i TAMBIBTOHOBY QVHKINIO Hemmpmi q;:xlc-
i, Tor: wacro Gopuvae (42,1) {fg},, , = —d/dt

it 3poaiag dF;dt eCTh BEANYHHA, KOTOpPasT MOWET 3dBNCeTh JILLD

OT CBOKCTE ARIDKEHNS (H"u!ei". BUEKTHBHON CHCTEMB!) KAk TaKOBOTO, a e

OT TOTG HAn HHOFD BuCOpa nepemednbX. [ToaTonmy u crofixa Tlyaccona

{fe} Be MONKeT H3MEHHTBCH Ipn HEpEeXCie OT OAHHX KAHOHHYECKIIX Iie-

PeMEHHDIX K JAPYyTIM,

M3 dopuyn (42,13) # Teopensl (43,9) moayumn:

{Q[Qk}p,q:G’ {pipk}v.q:()’ {PiQk}p.a:‘Sik- (45,10)

HIUHHY

10— 3anucadusle ¢ noMowbl ckobGok Ilyaccona ycaoBusi, KOTOpHIM
AOJKHL YIOBNETBOPATh HOBLIE [eDeMeHHBe, AN8 TOro 4tobu npeodpa-
30BaHue p, ¢ — P, Q OO0 KaHOHHYECKHM.

HutepecHo OTMETHTb, YTO U3IMEHEHHE BEJHYUH p, g TIpH CaMOM JBH-
KEHHH MOWHO DACCMaTPHBATh KaKk KaHOHHYecKHe NpeoOpasoBaHust. Cubich
9TOrO YTBEPWAEHHS COCTOMT B caeayioutem. Ilycts ¢, p,— 3nadvenus
K4HOHHYECKUX TIePEMEeHHBIX B MOMEHMT BPEMEHH £, a ¢y, Py, .— HX 3Ha-
yeHns B apyroi momeut f-}t. [locnennue ABASIOTCA HeKOTOpHIMU yHK-
UMSIMH OT IEPBBIX (M OT BEJIHUMHBI HHTEPBana T Kak OT napamerpa):

G1+:=9 (@ Py Ty Pree=P (@5 Py T).

Ecnn pacemarpupats 3Td Qopuynsi Kak 1peoBpa3ozaHiie OT IMepeMeHHbIX
Gs P; K TIEPEMEHHDIM Gy, ., Py,., TO 3TO npeobpasosanue OyZeT Kawo-
HUYECKHAM. 27T0 OUEBHAHO H3 BepaweHns dS= Z(pt+,dqt+, Pt dgy)
ars mugdepenunana npehicTeus S (¢;.., ¢;), B3ATOTO BAOJIB HCTHHHOW
TPaCKTOPHY, NMPOXOLALLEl YEPe3 TOYKH gy M g;,. B 3aJaHHBLIC MOMEHTH
ppemenn ¢ u -1 (cp. (43,7)). Cpasnenne 3tofl dopmynn ¢ (45,6)
[[OKa3nBaeT, 4T0-—S eCTbh npoudBoAfuian (QYHKUUA npeofpasoBauud,
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§ 46. Teopema JinyBuais

J1s reoMeTpHUYECKOil MHTEPIPETAaUHH MeXaHH4YeCKHX ABJAEHHR uwacTo
NOAb3YIOTCA MOHSTHEM O TAK HA3LIBAEMOM (0330804 RPOCMPAHCMEe KAK
0 NpocCTPaHcTBe 2§ H3MepeHHH, HAa KOOPAMHATHEIX OCHX KOTOPOro OT-
KNapuBalTCd 3HaA4YCHUA § 0606LU,EHHbIX KOOpDpAHHAT 1§ HMIYJAbCOB
AaHHOM MeXaHu4eckoH cucremnl. Kamnmas Toyka 3710r0 mpocrpancrsa
OTBEYAET OINpeAeIeHHOMY COCTOAHHIO cHcTeMul. [Tpu ABHWEHHH CHCTEMu
usoGpaxatouiass ee ¢asopas Touka omnucelBaeT B (asoBoM NpocTpau-
CTBE COOTBETCTBYIOULYIO .IHHIIO, HashBsaemylo (a3oBoi TpaekTopuei,
Mpoussenenne auddepenunanon

dl'=dg, ...dg,dp, ... dp,
MOXHO PaccMaTPHBATh KaK «31eMeHT 06bemMa» a3oBoro npocTpaHcraa.

Paccmorpum Ttenepps uxrerpan SdI‘, B3dTHIl 10 HekoTOpo# obGaacTi

¢da3oeoro npocTpaHcTBa U n3oGpawalouui codoit ee o6bvem. [lokawxewm,
4TO 3TA BeaMYHHa obnajgaer CBOHCTBOM HHBAPHAHTHOCTH MO OTHOWEHUIO
K KaHOHHYECKUM Npeo6pa30BaHusiM: €C/IH NPOU3BECTH KAHOHNYECKOE npe-
o6pa3opaHue OT MEpPeMEHHBX p, ¢ K mnepeMeHHsM P, Q, 10 06bemnl
COOTBETCTBYIOWMX JApyr Apyry o6aacreil mpocrpaucts p, ¢ u P, Q
OJLMHAKOBBI

(.. (ag,...aq,ap,...dp,=§ .. § aQ ...aQ,apP, ...aP, (16,1)

Kak ussecTHO, npeoGpa3oBaHHe NEPEeMEHHLIX B KPAaTHOM HETerpa’ne
npou3soauTea no gopmyne

(...(a0,...aqap,...ar,=\ ... { Dag, ...dq,ap, ... dp,

rie

D@ Qo Py Py (46.2)
a(ql’ cers qJ’pl’ ""ps)
eCTh TaK HasmBaeMulll ikoGuannpeo6pasosanud. [Tosromy nokasarenscTro
Teopemsl (46,1) cBOANTEA K 10KA3aTEALCTBY TOTO, YTO AKOOHAH BCAKOTO
KaHOHHYECKOrO npeobpa3soBanus PaBeH eXHHHIE:
D=1, (46,3)

Bocnoapayeacst H3BECTHBIM CBORCTBOM s1K06HAHOB, KOTOPOE 103BOISET
06pauaThCst ¢ HAMU B ONPEJEIEHHOM CMbICAE, KaK ¢ Apobamu. «Pasnenus

qACAATEAb M 3HAMEHATEIbY HA 0{fq, ..., qs Py, .., Py}, noayunm:
D: a(QIv "-stv Plv "-’Ps)/a(qlr ""qsy P1, ---’Ps)
O(Gs oerGss Pys ooy Pg) [ 00(gy, over Gy Pyy ooy Pg) °

CornacHo APyroMy H3BECTHOMY IPABUAY AKOGHAH, ¥ KOTOPOrO B «4HCIHU-
Tede» M «3HaMmedaTene» QUIYPHPYIOT OAMHAKOBHE BEJHYMHBI, CBOLMTCH
K AKOGHAHY OT MEHBbLIErO 4YHC]A IEPEMEHHLIX, NpHYeM NPH Bcex Audde-
PEHIMPOBAHUAX B HeM BbMaBUI¥e OJMHAKOBHIE BeAHYMHE JOMKHL!
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CYHTATBCH TOCTOHHHLIMH, HO@TOMY

D={6(Q17~--st)} /{a(pl:-'wps)} - (464)
0(qy, +++»qs) | P=const O(Py, ..., Pg) | g=const ° ’
PaccMoTpum Ako6uaH, CTOSIME B YUCAUTEIE STOLO BLIPAKEHHS.

Cornacino onpejenennio 3T0 eCTh ONPEJeNHTe/Ib PAHTa §, COCTABICHHbIH
U3 31eMeHTOB 6Q;/0q, (31eMenT Ha nepeceuenun/-ficTpoxu u k-rocrondua).
[Tpencrasus KaHOHHuecKOe NpeoGpaszoBakue C NOMOULLIO IPOH3BOLALLEH
bydruun @ (g, P) 8 ¢opme (45,8), noryunm:

0Q; 0

0qr  0q,0P; "

TaxkuM ke o6GpasoM HaiiseM, uto [, £-fi afleMeHT onpeneNuTe/ds B 3HAMe-

HaTene Bhpaxenus (46,4) pasen D10 3HauuT, 4TO ofa onpede-

0D
6q,-6Pk'
JuTens OTJANYAIOTCH TOJbKO 3aMeHOH CTPOK Ha cToablibl M OOGpPAaTHO.
IToatomy onu paBHm APYT APYry, Tak 4To orHouienue (46,4) paBHO
e/lUHNIle, YTO U TPeGOBA/JOCh A0KA3aTh.

[pencrasum cebe Tenepb, 4TO KawAad TOYKA LaHHOrO yyacTka ¢aso-
BOTO IPOCTPAHCTBA NEPEMELLAETCs CO BpEMEHEM COrIaCHO YPABRHEHHUIM L BU-
WEeHNs paccMaTpUBaeMol Mexauuueckot cucTemsl, TeM caMbiM GyaeT nepe-
MeHiaThCsi M BeCh yuacToK. [IpusToM ero 06beM oCTaeTcs HEU3MEHHRIM:

{ ar = const. (46,5)

D10 yTBepwIeHHe (Tak HaswBaemas meopema JILygusas) Henocpen-
CTBEHHO CAEAYeT M3 MaBapHauTHOCTH (pa3oBoro o6beMa NPH KAHOHH-
yeCcKux NpeoOpa3oBaHHAX M W3 TOrO, YTO CaMO€ M3MeHEeHMe p W ¢ MpH
JBHKEHUR MOMHO pACCMATPHBATH (Kax OLIIO yKa3aHO B KOHIE Mpejbi-
aywero naparpada) KakK KaHOHMUYECKOe mpeoGpa3oBanue.

CoBeplIeHHo aHAJIOTHYHBIM 00PA30M MOWHO L10KA3aTh HHBAPHAHTHOCTb

MHTErpasion
S SZ dq; dp;,
7
S ‘g S S 2 dq;dp; dq, dpy,

izk
B KOTOpPLIX HHTECPUPOBAHME NPOU3BOLUTCS IO 3aJaHHBIM JIBYX-, YeTHIpex-
n T. 1. -MepHHIM MHOTOOGpasusiM B (a3oBOM NPOCTPAHCTBe,

§ 47. Ypassenne I'amnabToHa—5KOGH

B § 43 6b10 BBeeHO NOHATHE O AefCTBUM KaK QYHKUHU KOOPAHHAT
n BpeMeHd. BuI0 MOKasaHo, 4TO 4yacTHasf NMPOU3BOJAHAS 110 BPEMEHH OT
a10# yuxuuu S{g, ¢) cea3ana ¢ Gyunkunel FamnabToHa cooTHOmICHHEM

oS
'a?_}‘H(q:pr t)=0,
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a ce 4aCTHHIE MPOH3BOJHBE 10 KOOPAMHATAM COBNAAAIOT ¢ UMOYAbCAMI,
3aMeHHB B COOTBETCTBHH € 3THM HMIYJAbCH p B (BYHKILHH I‘amunmoua
NPOU3BOAHLMH 0S/0g, MBl MOJIYYHM YPaBHEHHE

as a8 s, \
aj'—H(ql, s G e G t>_—0, (47,1)

KOTOPOMY JOMKHA YJOBAeTBOPATH GyHKuun S{g, #). 370 ypaBHenue
B 44CTHBIX NPON3BOMHBLIX NIEPBOTO NMOPSAKA; OHO HA3HIBACTCHA YPAGHeHIeM
Tanmuasmona—Srobu.

Hapaay ¢ ypasdeHuaMu Jlarpanxa # KaHOHHUYECKHMH YpaBHEHHSIMH
ypaphenue amuabrona-—Akobu Ttakme gBASETCS OCHOBOH HEKOTOPOro
O0UIEr0 METOMA UHTErPUPOBAHUNL YPABHEHUH HBUWEHUH,

[lepexons K M3M0KEHHIO STOrO METO/a, HANOMHHUM TpPeIBAPHTENbHG,
yTo Besikoe AuddepedunanbHoe ypaBHeHHe B YACTHHX HPOU3BOIHHIX Mep-
BOTO MOPS/IKa HMEET PelleHne, 3aBUCALIee OT IPOH3BOIBHOM QYHKIHH; Ta-
KO€ pellieHre Ha3bBalT OOLUIHM HHTerPa/oM ypasHeHHus. B MexaHnyeckux
IpHMEHeRHAX, OAHAaK0, OCHOBHYIO POJb HIpaeT He OGUIMA HHTErpaa ypas-
nedusd [amunbrona—$ko6H, a Tax HA3BIBAeMBI 710AHbIE UHmMeEZpAA; TAK
HaspBaeTcd peutenve AndpepeHUNANBHOTO YPABHEHHS B YaCTHBIX TIPOU3-
BOLHBIX, COLEPKAlLEe CTOMbKO HE3ABHCHMBIX TIPOH3BOJIbLHBIX NOCTOAHHMIX,
CKOJbKO VMEeTCs HEe3aBHCUMBIX TepeMeHHbiX.

B yparnennu 'amunsToHa—HKOGH HE3aBUCHMBIMK NIEPEMEHHBIMH SIBJIS~
I0TCA BpeMs H KOOPAHMHATH. [109TOMY IJf CHCTEMB! C § CTemeHAMH CBO-
604b MOJIHBIA MHTErPas 9TOTO YPABHEHHs JOMKEH COAep¥KaTs §--1 mpo-
H3BOAbHLIX MOCTOSHUBIX. [Ipu 3TOM, nockoabky Gyukius S BXORUT B ypas-
HEHHE TOJbKO 4Yepe3 CBOM MNPOM3BOAHLIE, TO OLHA H3 NPOU3BOJIbHLIX
MOCTOAHHBX COMEPWHTCA B MOJAHOM HHTerpaje aalUTHBHBIM 06pa3ow,
T. €. NONHLH HHTerpasn ypasHenus [aMusbToHa—$KOOM WMeeT BuI

S=ftqy ..y @5 Qg ooey O)FA, (47,2)
TAE Uy, ..., Oy U A-—[POU3BOJbHEIE nocrosinube 1),

1) Xors o6muit nHTerpas ypasHenus amunsrona—iko6u Ham He noHago6UTCH,
HO yRameM, 4TO OH MoxeT ObiTh Haljen, ecqu W3BeCTeH NOJHBLI nuTerpan, Jas
9TOro 6y ieM CUNTATE BeJIHYHHY A 1pon3BoNbHOR PYyHKIHEH OCTANbHBIX IOCTOS HHBIX:

S=f(t gy, «ves Gg Oy vovy )+ A(Rg, .0, ).
s 'S,
3ameduB 37ech BelrUUHB & QYHKIUAMA KOOPAHHAT U BPEMEHU, KOTOPBIE HAXOMUM
K3 § ycJaoBuH YN
2 =0
600[ !

nonyuum OOGUHA MHTErpaJ, 3aBHCAIME OT BHIAa NpoOM3BOJNbHOH (YHKIMU
Alay, .. itg). HeficTBHTENHHO, A7 IONYYEHHOR TaK UM cnocoboM QYHKUMH S uMeeM:

. 88 <BS\ (68) ooy, __ (68)

©09; \09;Ja +Z 0% /q aqz ag;
Ho seaunuuun (0S/0¢;), yuosneTBomeT ypaBhenunio [amunbrona—Slko6u,
nockoJeKy GyHKUHA S (f, ¢; o) ecTb O NPeANOoJOXKEHH!O NOJHBIA HHTerpaj

otoro ypasteHug. [1ostomy yloBAETBOPAIOT eMy H mpoH3BoxHbie 0S/0g;.
/
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BhisicHUM Tenepb CBA3b MEKAY HOJHLIM HHTErpajioM ypasuenus [ aMunib-
ToHa—AKOGH H HHTEPECYIOIHM HaC pellleHHeM ypaBHenul apnwxennus. g
3TOro NpoH3BeleM KaHOHHYECKOe npeofpa3oBanne OT BEHYHH g, P K HO-
BLIM IlepeMeHHHM, npuueM ¢Qyuknuio f(f, ¢, o) BubepeMm B KkadecTBe
npouspoasueil GYHKUHH, a BEIHYKHBI Oy, X, + .., O~ B KAYECTBE HOBHX
umnyascos. Hoepe koopannate oGoanaunm nocpeactsom By, By, .. ., By
Tak kax npousBoisiuias QYHKUHA 3aBHCHT OT CTapblX KOOPAHHAT H
HOBBIX HMIYAbCOB, Mbl JOJXKHB N0Jb30BaThCH dopmynamu (45,8):

of of

— = 9 BTN
Pi=gg Bi=gey H=Htg.

Ho nockoavxy ¢yuxuus f ynosneropsier ypaswenuo aMunbrona—
fIxo6u, To Mb BuAHMM, 4TO HoBas (ynkuus [amuaprona oOpauniaeTcs
TOWAECTBEHHO B HYJb:

ST S TR
H=H+%=H+5=0.

[To3TOMY KAHOHMYECKHE YPAaBHEHMs JJsi HOBBIX NEPEMEHHHIX HMEIOT BHA
;=0, p;=0, orkyna caeayer, uTo

o;=const, f,= const, (47,3)
C apyroit CTOpOHH, § ypasHeHHH
of
oot; — B

Jal0T BO3MOXKHOCTb BHIPA3HTDh § KOODAHHAT ¢ 4epe3 BpeMd H 2§ mocTofH-
sox o ¥ B. Tem caMbiM Mbl HaliseM OOIN R HHTErpas ypaBHEHUH ABHKEHNS,
Taxum o6Gpazom, penteHue 3afayn O IBHWEHNH MEXAHHUYECKOH CHCTEMB
mMeTonoM [amuabrTona—SIKOGH CBOAHMTCS K CACLYIOWIHM ONepalisM,
ITo dynkunn Tamunbrona cocrasasiercs ypasueHue [amMunabrona—
Slko6u n naxoautcs moaHblii mHTerpaa (47,2) sroro ypasuenuns. dud-
¢epeHUHPYS €ro N0 NPOM3BOJLHBLIM [IOCTOSHHBIM G U NpHUPaBHUBAS HO-
BHIM NOCTOstHHBIM f§, monyuaem cucreMy § aareGpandeckix ypasHenui

N
9 B (47,4)

peirag KOTOPYIO, HalizeM KOOPAMHATH ¢ Kak (QYHKUHH BpemeHu H 28
IPOH3BO/bHBIX MOCTOSHHBIX, 3aBACHMOCTD UMIYALCOB OT BPEMEHH MOKHO
HAHTH 3aTeM N0 ypaBHEHHAM p,==05/dg;.

Ecan Mb nMeeM HenosHull HHTErpas ypastenus Iamuabrona—ydkoby,
3aBUCALINI OT MEHbHIETO 4€M § YHCAa NPOU3BOJbHHIX NOCTOAHHHX, TO
XOTd C ero NOoMOWbI0 Heab3s HAWTH OOWMH WHTerpaJ ypaBHeHHH ABH-
WEeHHSA, HO MOXHO HeCKOJbKO YMNPOCTHThb 3ajauy ero Haxowaenud. Tax,
ecan n3pectHa Qysxuus S, coOaepKauias OAHY NPOU3BOJBHYIO HOCTOHH

HYIO O, TO COOTHOUIEHHE )

—S = const
do

AACT OJHO YPABHCHHE, CBA3HIBAIOWLEE ¢, ,,., ¢, 4 £,
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Ypasuenne FamunbToHa—FKOOH IPHHUMAST HECKO/ILKO GO/ICE POCT VIO
dopmy B TOM cayuae, korna ydHkuus H He 3aBHCHT OT BPEMEHH SIBHO,
T. €. CUCTeMa KOHCepBaTHBHA. 3aBHCHMOCTD JMEHCTBHA OT BDPEMEHH CBO-
JUTCH TIpY 3TOM K ciaraemomy— Ef: '

8= S (g)— Et (47,5)
(cM. § 44), u moacranoskoit B (47,1) MBI moayyaeMm II YKOPOUYEHHOTO
nelictBus So(g) ypasuenune amuaprona—Skodu B Buie

( . 05 §i>>= 6
H{gu g5 5% o0 5 ) =E. (47,6)

§ 48. Pasizeneniue NepeMeHHHX

B paze BawanL¥ CIy4aeB HAXOWIEHNUE HOIHOrO HHTErPa1a YpaBueHIs
TaunanT o1a-—H K03 MOWeT OuTh HOCTHLHYTO AYTeM TAK HA3hBAeMOro
PR3CCACHUA NepeALeHHbX, CYILHOCTD KOTOPOTO COCTOUT B CACIYIOUIeM,

Jonyeruy, vro gaxad-1ud0 KoopauHata —oB603HaynM ee ¢;—u CO-
orsercrayoulas eff npousnoinan 05/dq, sxoaar B ypasuenne I aMuabro-

~ as
Ha—I$ ko6 TOIBKO B BHIe HEKOTOPOH KOMOMHAUMH @ (‘h» 5q—>, HE CO-
1

Aepkauieidl HUKAKNX JPYrHX KOODAMHAT (MM BPEMEHH) U NPOH3BOAHBIX,
T. €. YpaBHEHHE HMeeT BHI

S 89S [ 0S\| _
(I) {q[v t; a‘?‘,[! 52} (P \qli ﬁ)}_oy (4811)

rae g; 0603HAaYAET COBOKYNHOCTh BCEX KOOPAMHAT 33 MCK/IIOUSHHEM g.
Bynem mckaTe B 9TOM ciayyae peLICHHE B BHAE CYMMbl

S=58"(g;, 1)+ S (g,). , (48,2)
IloactasuB 3TO BHpaweHuHe B ypasHenwe (48,1), moayyum:
s’ o8 asi\\ _ :
(D {qiv t, 5;;,, 'é_t'y (P<q11 Eq'_l>}"—0. (48,3)

Tpegnonowum, yro pemenue (48,2) nalineno. Toraa nocne nojxcTaHoBKM
ero B ypaBHeHHSKZIS,S) noc/jeAnee AOMKHO OGPAaTHTLCH B TOXIECTBO,
CnpaBCAINBOC, B YaCTHOCTH, NPH MOGOM 3HAYEHUH KOOPHUHATH ¢,. Ho
npu M3MeHefiMU ¢; MOWET MEHSTHCH TOJAbKO (PYHKIHA () MOITOMY TOK-
AecTBeHiiocTh pasenctsa (48,3) Tpebyer, uTOOM M PyHKUMA ¢ CcaMa 00
cebe Gpina moctodansolh. Takum obpasow, ypasreuue (48,3) pacnagzaercs
Ha IBa ypAaBHEHHA:

ds
® (ql, Ei) =ay, (48,4)
AN
) {q[v fa 527:_1 '071 al} =07 (4815)

riae o, — Mpou3Bo/bHas MocToAHHad. ITepoe H3 HHX eCTh OSHIKHOBEHHOE
nuddepeHuuanbHoe ypasHeane, u3 KOToporo ¢yuxuus S, (g;) MOXer
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OLITb ofpeje’neHa NPOCTHM HHTerpupoBakueM. [locie atoro ocraercs
nuddepennnaspHoe ypaBHeHHe B HaCTHHX NMPOH3BOAHBIX (48,5), HO yxe
¢ MEHbUIMM YHCJIOM HEe3aBHCHMBIX MEPEMEHHBIX.

Ecan takum Croco60M MOXHO MOCJAENOBATE/NbHO OTIEIHTb BCE §
KOOpAMHAT ¥ BpeMs, TO HaxXOXJeHHe TOJHOTO HHTErpaia ypaBHEHUA
Famuaprona—Iko6u NeaukoM CBOANTCH K xBaapatypam. as xoHcepsa-
THBHOH CHCTeMbl peub PaKTUYECKH UIET JHIUb O pa3ie/ieHit S MepeMeHHbIX
{(koopansgar) B ypapnenuu (47,6), © NpPH MOJHOM Das3AeJEHHH HCKOMBIH
HHTErpasd ypaBHEHUS HMEeT BH]

S=3 S (g s oy ) —E (cy, +. ., 0) 1, (48,6)
k

rie xaxjaad n3 QyHKkuuH S, 3aBMCUT ML OT OXHOH M3 KOOPIHHAT,
a sHeprus E kax QYHKNHS HPOU3BOJDbHBIX OCTOSHHLIX Gy, . .., O, MOJY-~
yaeTcs NOACTAHOBKOH SO=28k B ypasHenue (47,6).

YacTHEIM CyuyaeM pasjeleHust sBJfgeTcd caydyalt HuKJIH9eCKoi mepe-
MeHHo#. llmkanueckas KoopaMHaTa ¢, BOBCe He BXOAMT B SBHOM BHIE
8 ¢yuxunio FamunbTona, a TOTOMY U B ypasdenue [amunbrona—S§Ixo6n.

oS oA
dynxuua @ <Q1, a—(ﬁ) CBOJAUTCA HpPM 9TOM NPOCTO k 08/0¢,, 1 U3 ypaBHe-
nua (48,4) umeem mpocro S;=0a,q;, TaK 4TO
S: S, (qi) t)_i—a‘]_[]l (48»7)

IocrosHnasn o, ecThb rpU 5TOM He YTO HHOE, KAK TOCTOSHHOE 3HAUEHHE
UMIYbCa py = 05/0¢,, 0TBEUAIOWETO UHKINYecKoil koopannate. OrMernm,
4YTO OTJe/]eHHE BPeMEHU B BUJAE YieHa — Ef 11 KOHCePRATHRHON CHCTEMB
TOXKe COOTBETCTBYET METOLY PA3AeeHHT NEePeMEHHbIX 1/ K HKANYECKOH
TIepeMeHROUY £,

Taxum 06pa3om, Bce paccMaTpHBAaBLUHECS] paHee CJy4aH YNpoOUieHUd
HHTErPHPOBAHNUA YpPaBHEHHI NBHKEHUs, OCHOBAHHBIC HA HCIOJb30BAHUU
LMKJIMYECKHIX MEPEMEHHBIX, OXBATHIBAIOTCS METOLOM PA3AE/ICHHS [epeMeH-
Heix B ypapHeHnu lamuabrona——$lko6u. K HAM poGasisercd eme pdan
cjAyuaes, KOrga pasje/eHue NepeMeHHHX BO3MOXKHO, XOTS KOOPAHUHATH
He SBASIOTCH IHKAMYECKHMH. Bce 9TO MPUBOAHT K TOMY, 4TO METOX
FamuabTona—yko6u seasercd Haubosiee MOrYINECTBEHHLM METOLOM Ha-
XOwAeHHus OGLIEro HMHTErpana ypaBHEHHH IBUXKEHUN,

Jlnsg pasnenerus nepeMeHHBX B ypaBHeHuu I ammabnTOHa—5IKOGHM CY-
HIeCTBEH YAQuHb BHOOP KOOpAHHAT. PaccMoTpuM HEKOTOpPhIE npuMepbi
pazje/ieHHs MepeMeHHHX B PA3JAMYHHIX KOOPJAHHATAX, KOTOPHE MOTryT
NpeACTaBHTh (DU3UYECKHM HHTepec B CBSI3M C 3aMaYaMH O JBHMKEHUH
MaTepHaJbHOR TOYKM B PA3JHUYHBIX BHEUIHMX MOJfAX,

1. Coepuyeckue xoopanHaTH. B s1ux koopaumarax (r, 9, @) pyHk-
nug amuabtona

1 i Pq
H=%‘<P?+TQ+;§§%2—§>+U(E 9, ¢)



§ 48] PABAE/JEHHE TEPEMEHHBIX 189
H pasje/edHe INepeMeHHbX BOB\lO)KHO, ecnu
9) c ()
U=alr) +r29m36’
rae afr), b(0), ¢ (cp)—nponaBoanme Pyuxunu. [TocaeaHnit 4iew B 9TOM

BHIDAKEHHUH BPSL JIM MOKET NPEACTABUTh PU3HUeCKNH HHTEpeC, H MOTOMY
MBl PACCMOTPHUM MOJe BUAA
b(9)

U=an+—

B atom cayuae ypasuenne Iamuaprona—Siobn nas ¢ynxuun Sp

1 /0S,\2 1 1 05y
om (W) +alr) +2mr“ [( ) +2mb (® )] +2mr3 sin? 6 < > =£.
YuyurhiBast UUKIUYHOCTD KOOPpAHHATHI (P/, HIU,EM peuieHue B BHIAE

So=pp+ Sy (1) + 5, (0)
U aas pyskuui Sy (r) u S, (0) nonyqaeM ypasHeHHud

(48,8)

(%) +2m o 9 )+5§2%=ﬁ,

2—1,,—,(“‘) Falr) 4+t

omrE

MHT(:‘Fpprﬂ Ux, MHOJAYYHUM OKOHUATEJbHO!

2

se—itpgt | 2w — Liaot
+§ VQm[E—a(r)l—;E—dr. (48,9)

[Tpou3BO/bHBIMH MOCTOAHHEIME 3J€Ch ABIAIOTCH P, B, E; nuddepen-
HMpyS N0 HUM ¥ [pHpaBHHBAK pe3ynabTaT nn@@epeﬂuupomﬂm HOBGLIM
NOCTOSIHHBIM, Hallnem obuiee pelieHHe ypaBHeHHH JABHKEHHHA.

2. [lapaﬁonnqecxue koopnuHaThl, llepexox K napaGosuyeckKum
koopauHataM §, 1), ¢ coBepuaercs oT HHIMHAPHIGCKHX KOOPAKHAT (KOTO-
phie B 3TOM naparpade Met 6yem 0603Ha4yaTh, Kak P, ¢, 2} no hopmynam

=g E&—m), p=VE. (48,10)

Koopaunatsr § u 1 mpoGeraor snaueHns OT Hyad 10 0O; MOBEPXHOCTH
MOCTOSAHHBIX § ¥ 1) HPeACTaBIdi0oT CcoOoH, Kak Jerxko yOexutbes, ABa
ceMelicTBa 1apaGoNOU 0B BpalleHud (C OChI0 2 B KAYECTBe OCH CHMMETPHH).
Cas3pb (48,10) MOXHO NPEACTABATH elie i B Apyro#l dopre, BBeAs paJryC

r=V@Fp= (&), sy

Tornma
E=r+tz, n=r—az. (48,12)
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Cocrasnum Qynxumio Jlarpana MaTepuanbHOM TOUKH B KOOPAMHATAX
£, M, ¢. Juddepennupys suipaxenus (48,10) no BpeMeny u MoACTaBAgd B
L= g2+ 023>+ 55— Ulp, 9, 2)

(byuxumusa Jlarpauxa B UMJAWHAPHYECKUX KOOPAMHATAX), MOJIYUHM:

&2 2
Y G R L X (L RE)
Wmnyapce paBysl
P=gE+ME  p=g G0 pp=mEng

u Qyaxuust Iamuabrona
p) Epg +npy

H=0 =t +2mgn+U§,n, ). (48,14)

du3nyecKy HHTEPECHEBIE Caydau paszpeneHnsd nepeMeHtniX B8 3THX KOOp-
JAHHatTax COOTBETCTBYIOT MOTEHIHaAbHOH SHEPTUu BuIa

a(ggiz&\) a(r-{-z);;b(r——z) (48’15)

VvMeem ypaBHenue

i () ()] () + 2820

Ininnueckast KOOPAHHATA @ OTHENSIETCS B BUAE p.@. YMHOKHB 3aTeM
ypasaenne Ha m (E-+m) ¥ NeperpynnupoBaB YACHH, MOJyYuM:
2

2 (92 )+ ma )~ mE§+2—g+2n(“°) +-mb () — mEn+ 5 =

TTonoxus
So=p, 9+ S, )+ Sz (),
Noay4uM ABA YPaBHeHMd
2
2 () ma ) —mEE+ 38 =8,
2
n (‘15—2) +mb () —mEn+ -5, fu =-—ﬁ
W, MATETPUPYH MX, HaldeM OKOHYATENbHO:

E b Py
+S V .

C NPOW3BOJbHEIMH NOCTONHHLIMU p, P, E.
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3. danunTHYecKHe KOOPAMHATHI, JTH KOOPAHHATH §, 1, ¢ BBOZATCH
cornacHo gopmynam

p=0cV(E—1)(1—7), z=0kn. (48,17)

MocTosinnasgs O sBAseTca napamerpos npeo6pasosanns. Koopauuata §
npoBeraeT 3mayenus OT ELMHHIH A0 00, a Koopamnata 7 or —1 1o
+ 1. Teomerpuueckn Gonee HArIAAHME COOTHOLIEHHUA NOTYYaIOTCA, eCau
BBECTH DACCTOSIHUS 7y H 7y 10 TOWeK Ay B A, HA OCH Z € KOOP/LiIHATAMH
z=0nz=—0l) rI:V {2z — 0)? ~—pZ r2~V 2+ 0)% - 0%
[Toacrasus cioga pepawenus (48,17), nmomyum:
r=oE—uh ry=0 "),
Fy--ry Fo—17 {48.18)

N o=

2T N E N

[pendpaszys ¢ynxuno Jarpawwa 0T WITHHAPIYECKHK KOOPAHHAT
K IATUNTHYECKHM, HAHIeM:

2 2 2\

ma- .
L== kgz—']2)<—-

mo

+5-( ) (1= ¢*—UE, n, ¢). (48,19)

Orciona nnaa Qyskuud IaMuIbTOHA TOAYYHM:

— s | D (= (e ) o] +

+UE, n, @). (48,20)

PU3UYECKH HHTEPECHLIE CIYYaH pasHeseHHA [IepPeMEeHHbIX COOTBEeT-
CTBYIOT IOTEHLUHANbHOH SHEPruu

=t (o) 0 (55)). e

rae a(f) = b(n)—nponaaonbume dynkuun, Pesyastat pasmenedus
nepeMeHubix B ypapuesvuu aMunbtoHa— Ax06H raacur:

- 2
=_~Et+p@q>+5]ﬂm025+5*§2’"f2"(§) = Po 0 4

2 2
+S ]/ch%" b :"_‘;f (“L(l %2)2 dn. (48,22)

1) JInHWH TOCTOSIHHBIX § TMPeICTAaBAFIOT COBOH CeMeiiCcTBO 3J/MHIICOUAOR
. z‘l p‘z

—m e =1

ey oy
¢ ¢orycamit B Toukax A; U Ay, a JUHUH NOCTOSTHHBIX 1] - CceMeiicTBO codoKyc-
HbIX ¢ HUMH rHIepGOTOHEOB

22 02

=)
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3agaumn

1. Hafitn noanbtét puTerpan ypasHeHust I aMuaAbTOHA — HKOGH fas JBHKEHHS
YacTHUBl B NoJje

U=2_F;
r

(Hanoxenue KyJOHOBCKOTO M ONHODOAHOTO nodefl); malfith cnennduueckym aiag
TAKOTO ABHIKEHHS COXPaHSOWYIOCsH (YHKIHIO KOOPAMHAT ¥ HMOVALCOB.
Pewenne. Jannoe nose ornocutcest k tuny (48,15), npruem

2

a@=a—ltr,  bm=atop

HMoaneiit unrerpan ypapnenna [ammibrona— Skobu paercss Qopmyaod (48,16)
¢ atumu  Oyukuuama o () # b (n).
J11st BeIicHEHUS CMbIc1a nocTostHuol [ namem
ypaBHeHns
p2
2%pg+ma {) —mEE+ -2 =8,

2

o P
anﬁ +-n1b () — mExy +-§%— =—f.

Puc. 55.

Buiutsi 0HO H3 3THX YypaBHeHMH H3 APYroro
U BBIPA3HB MMIyabchl pp=0S/0E u py=0S8/0n
vepes HMIYJbCH p,=0S/0p K p,=05/0z B UWIKHJIPHUECKHX KOOPAHHATAX, HO-
JYUMM TIOCJIe NPOCTOTQ MpUBEACHHS:
2
az | P P m oo,
=—m|—— (2p, — 52 | ——= Fp3.
p [r o @rp PP 5 Fo
Bhipaxenne B KBaJPATHBIX CKOOKax IpeAcTaBasieT colOH HHTerpan IBHKenus,
crieUupUUECKHil AJs YMCTO KYJIOHOBCKOrO moJia (2-KOMNoHeHTa Bekrtopa (15,17)).
2. To xe B noae
U1 %
rytor,

(K YJIOHOBCKOE NOJIE IBY X HENIOABHXHEIX LeHTPOB Ha PACCTOSHMM 20 IDYF OT Jpyra).
Pemenune. JaHHoe moJae oTHocHTcS K tuny (48,21), npuuem
Oy -+ Oy O —Qs
a(§)=-“0—§» b(ﬂ)z"—T—"ﬂ-

Heiicteue S (§, 1, @, {) nonydaercs TNOJACTaHOBKOH 3THX Beipamenuil B (48,22).
CMBIC/T TIOCTOSIHHOM [ BBIICHSIETCS aHAJIOTHYHO TOMY, KaK 3T0 ObJIO CAeJaHO
B 3ajaye I; oma BHIpaxkaer coG0H B JAHHOM cJydyae COXpaHEHHe CJeLylOllel Be-
JIHYHHEL

2
p=o? <pf) —{»%(g—) — M2 +2mo (o, cos 0; -+ oy cos 8y),

rae
rip?
M2=[rp]?=p22® +pp* + p;" —220 popp

a 0; n 0,—yraw, ykasanuelie Ha pHc. 55,
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§ 49. AnnaGaTuyeckue WHBAPHAHTHE

PaccMOTpHM MeXxannuecKylo CHCTEMY, COBEPINAMLLYIO ogHOMepHoe (u-
HUTHOE JBHKCHHE M XapaKTepH3ylOulylocss HEKOTOPHIM mnapaMeTpoM A,
OnpeJe/sIOLMM CBOHCTBA CAMOH CHCTEMBl HMJH BHEWIHEro noJjf, B KOTO-
pOM OHA HAXOIMTCS *).

[MpeinonowuM, YTO MApaMeTp A TOA BAHAHHEM KAKHX-Au0O BHEIUIHHX
npHYMH Meanenno (KaK roBopaT, aduabarTudecku) MEHSeTCsl CO BpPeMeHeM.
Tlog melneHHbIM TIOZpa3syMeBaeTcs TakKoe H3MEHeHHe, INpH KOTopos A
Mano MeHseTcd 3a BpeMs nepHoia ABMMEHHs cuctemu T

T &0, (49,1)

Tlpu mocroanHoM A cucTeMa Obiia 6nl 3aMKHYTOH n copepmiand 6o
CTPOTO TepHOAMUecKoe IBWKEHHE C NOCTOSHHOM sHeprueil E u snonse
onpenenennuM nepuenom T(E). Ilpn mepemedHoM napamerpe A cucrema
He ABNAETCH 3AMKHYTOH M ee 3aueprud He coxpansierca. Ho B euny npesn-

NOsMOKEHHOR MeANeHHOCTH M3MEHEeHns A cKOpOCTh £ M3MeHeHus 3Heprad
6yner Toxe mManofi. Ecnu ycpemHutn 3Ty CKOpOCTh 10 nepuonry 7T M Tew
CambiM CIJIaIuTh «GHICTpHEY KOneGanusd B ee BEJHYMHE, TO NOJyuaouieectd

TaKuM 00pa3oM 3naveHune £ onpeaenuT CKOPOCTb CHCTEMATHYECKOTO Mef-
JEHHOTO H3MEHEHusi SHEPTHH CHCTeMH; 06 3TOH CKOPOCTH MOXHO YTBEPK-

BaTh, YTO OHAa OyJeT NPCONOPHHOHANBHA CKODOCTH A H3MEeHenus napaMer-
pa A. 3TO 3HauMT, ILPYTHMH CJIOBAMH, Y4TO ITOHHMAEMAas B YKAa3aHHOM
CMbIC/IE MEAJIEHHO MeHsowlascs BennuuHa E Gyler secTH ce6st KaK HEKO-
topas QyHKUHA OT A. 3aBucumocth £ 0T A MOXKHO NpERCTaBHTh B BHIE
NOCTOSHCTBA HEKOTOpoil komGunauun u3 E u A. Takyio BeawuHHy, OCTaIo-
WyoCs MOCTOSHHOH MpPH ABHMEHHH CHCTEMH ¢ MENJIEHHO MEHSIOUIHMHCH
napavMeTpaMH, HasHBAT QOuACATUHECKUM UNBAPUAHTOM.

Uyers H (g, p; A)—ramunbronosa HyHKN¥S CUCTEMHI, 3aBMCIMAs OT
napametpa A. Cornacso (40,5) cKOpOCTh H3MEHEHHS 3SHEPIuH CHCTEMHI

dE __0H _ oH d)

A (49,2)

Buipaxenne B npaso#t ctopode 3tofi (GOpMyAH 3aBHCHT HE TOJABKO OT
Meientio  Mensiouietica nepemennoit A, #o u OT OBICTPO MERAIOUNXCH
nepeMennniX ¢ # p. Jind Bhle€HHs MHTEpeCcyiOliero Hac CHCTEMaTHYECKOTrO
X043 M3MEHEHHsl IHEPTHH HAJO, COIJACHO (Ka3aHHOMY EBbie, YCPEXHHTb
paseuctBo (49,2) no repnony ABmkedus. [Ipn 3TOM BBULY MEANEHHOCTH

1y Jlag xpaTkocTH 3anucH (opMyJsi Mbl HPeANlONaraeM, UTO HMEeTCs BCEro
Ofui TaKoH napaMeTp, HO BCe Pe3yJLbTaThl GCTAOTCH B CHJE W npu alo0oM yucne
napamerpos.
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paMeterus A (a ¢ HMM M A) MOXHO BBIHECTH A 3 3HAK YCpeXHEHNA:

dE  dh 0H
T = (49,3)
a B ycpenusemodt dynkuua GH/OA paccMaTpHBATH KAK H3MEHSAIOU[HECH
BeJIM{UHB NUIUb ¢ U p, HO He A. JpyruMu ciaoBamu, ycpelHeHHe MpPOH3-
BOANTCA MO TAKOMY JBHKEHHIO CHCTEMBI, Kakoe HMen0 OBl MeCTO IIpH
3aJAHHOM MOCTOSHHOM 3HAYEHHH A,
3anuueM ycpeaHEHHe B fBHOM BHIC Kak

CornacHo ypasuenmio [amuabtona ¢ = 0H/0p umeem

d

df = T,

0H/9p

C nOMOHIBIO 3TOr0 PABEHCTBA 3aMEHAEM MHTETPHPOBAHHE MO BPEMEHH Ha

HHTErpPUPOBAHIE N0 KOOpPAHHATE, TpHYeM M mepnoX 7 3amuchiBaeM B BHIE
T

T:Sdf: dg__. (49,4)
0

0H/op ’
3HAKOM § 31eCch 0003HAYaeTCd HHTErPHPOBAHHE IO IIOJHOMY H3MEHEHHIO

KOODAMHATH («BHiepel» M «Ha3ax») 3a Bpemsa nepuogal). Taxum oGpasom,
dopmyna (49,3) mpuHuIMaeT BUI

OH [0\ dq
dE d y 0H/op
r —__Eq_— . (49,5)
J0H/dp

Kak ywxe Obi10 YKa3aHO, HHTErPUPOBAHHA B 3TOR opMyse KOJIKHEL
TIPOH3BOXUTHCH N0 TPAEKTOPHYU JBHMKEHHS NPU JaHHOM IOCTOSHHOM 3Ha-
yeunn A. Baone Tako#i TpaektopunH @yHKUuA [aMuHAbTOHAa COXpaHsieT
NMOCTOANHOE 3Hauedne £, a uMmynbc siBageTcd onpexenensof dywukumei
NepeMEHHON KOOpPAMHATH ¢ W JABYX TMOCTOSIHHLIX HE3aRBUCHMBIX IlapaMmeT-
poe E u A. [Tonumas umnyapc umeHuHo kak Taxyio dyuxuuio p (¢; E, &) u
angpdepesnupys paBeHCTBO H{p, g; A)=E no napavmerpy A, momyusm:

+6H % o g OHOM_ O
Oh T op ok oH/op — OA

1) Ecan npuxeHue CHCTEMSBI NpefcTaBisieT coboft BpameHue, a KOOPARHATON ¢
AIBJISCTCS HEKOTOPHIE yroJ NOBOPOTA @, TO UHTETPHPOBaKMe 10 dp AOJIKHO Hpo-
U3BOZUTLCA 1O (HOJAHOMY 06OpoTY», T. €. OT HyaAd Jo 2m,
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MMoacrasuB ato B Bepxuuit murerpan B (49,5) H HanucaB B HHmHEM
nousiHTerpansiyo Qyskuuo B Buae dp/d0E, umeem:

iE_ alm op dE | 9p dh
dt————--a?———aﬂd A \¢‘<0Ed—t_‘—ﬂ3? dq—~0.
566E d

D10 pABEHCTBO MOMKHO OKOHUATENBHO MEPErUcaTbh B BHIE

dl
E:O’ (49,6)

rae I o6o3Hayaetr UHTErpan

1
I= § pdg, (49,7)

B3ATHH O TPAeKTOPWH INBIKEHHs npy 3anasueix E u A. DTOT pesyanTat
MOXA3LIBAET, YUTO BenuunHa [ OCTAeTCH B PACCMATPUBAEMOM NPHOAMMKCHHH
MOCTOSIHHON TIPH H3MEHEHWH mapamerpa A, T. €. ABJAAETCT aauabaTHHeCcKHM
HHBAPHAHTOM.

Beanuuna [/ spaserca (ynkumued adeprum cucTemu (M nmapamerpa A).
Ee uactnasg npou3RONHAs 0[O SHEPryd onpelensieT NEPHON JABHKERHS:
cornacro (49,4) nmeem

ol pdp .,
ongp=¢pda=T (49,8)
Ay Huaue:
oE
L=a, (49,9)

rae o= 2mn/T—vuacToTa KonebaHmil CHCTEMHI.

Hurerpany (49,7) moxer ObITh IPUNHCAH HATASAHBIE reoMeTpHYCcKUd
CMBICJI, €CJIH BOCHOJIb30BaThesd NOHsATHeM O Ga30BOH TPaeKTOPUM CHCTEMEI,
B nraumom ciyuae (oiHa crereHb cBoS5oibl) (Pa3oBoe IPOCTPAHCTBO CBO-
JUTCA K JIBYMEpHOH CHCTeMe KOOpAHHAT p, ¢, u ¢asoBas TpackTopud
CHCTEMBI, COBEPLUAOIIEH IlepHOIMYEeCKOe IBUIKEHHE, NpencTaBiseT CcoGoit
3AMKHYTYIO KPHBYIO B 3ToH mmockoctu. Materpan (49,7), B3sthit BIOAD
aTofi KpuBOH, NpeacTaBaser cOOOH 3ax/IOYEHHYI0 BHYTPH Hee I/IOLIAb.
OH MokeT GLITH HANHCAaH M KAK IBYMepHEI HHTerpaid MO MJIOLIAIH:

1
1=ﬂ§dp dq. (49,10)
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B kauvecrse npuMepa onpexenuMm anuabaTH4ecKHH HMHBAapHAHT A4
oasomepuoro ocuuanstopa. Ero ¢ynkuus Tamuabrona

_p me?q? '
H=2 700 (49,11)

rae @-—cofCTBeHHAs wacTOTa ocUMAAfATOpa. YpaBuenne ¢asoBOH Tpaek-
TOpUH HagetCAd 3daKOHOM COXpPaHEHHus SHCDIUH

Hip, q)=L.

310 ectb 3aamnc ¢ noayocsmu ) 2mE u VQE/mco2 H ero Iuomanhb
(oeneunas Ha 2m7)

(49,12)

Il
glm

Annabaruueckasi HHBAPHAHTHOCTh 3TOH BeNHYMHB O3HAYAET, YTO MpU MeJ-
JIEHHOM M3MEHEHHH [1apaMeTPOB OCUMJI/ISTOpa ero 9SHEPTHA MeHseT(d
MPOMOPUHOHANBHO YaACTOTE,

§ 50. KanoHWuecKHe mepeMeHHbie

[ycth Temepb mnapameTp A NOCTOfMHEH, TaK YTO paccMarpusaemas
CHCTEMA 3aMKHYTa.

lpoussenem kaHOHHuecKOoe mpeofpasosaHue MepeMeHHbIX ¢, p, BHOPAB
BennuyuHy /| B KauecTBe HOBQro «umnynbca», Ponb npoussogguiedl dyukiun
JOMIKHO TNIPH 3TOM  MIPaTh «YKOPOYEHHOe AeHcTBHEe» S, BeIpaweHHOE B
¢ysxunu or ¢ u [, HdelictBuTenbHo, S, onpenensieTcs Kak HHTerpas

Sy (g, E; 7»)=Sp(q, E; ))dq, (50,1)

B3fiTHM npu samanHom 3xaueHnd seeprum E (u mapamertpa A). Ho mna
3aMKHYTOH cuctembl [/ sBasercss (PyHKUHEH OXHOH TONLKO 3HEPTHH; MNO-
atomy S, MOKHO C TeM iKe MPaBOM BHIPa3uTh B Bume dynxuun S, (q, /; 1),
a vactHas npoussonnas (05,/0q);==p coBuagaer ¢ npoussonuol (35,/9q),
npu nocroaHdom [. [loaromy umeem

08, (q, I; A
— 5@ i (%q ) (50,2)
NTO COOTBETCTBYET meproft u3 ¢opMya KaHOHHYECKOTO Mpeobpa3oBanus
(45,8). Bropas xe c¢opmyna ompeseNHT HORYIO KOODIHHATY», KOTOPYIO
0603uauuM uyepe3d w:
_0S(g i M)

w ol .

(50,3)
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[Tepemenntie | 1 w Ha3LIBAIOT KAHOKUHECKUMU RepemeHHoimy, tpHyem [
HasmBaeTcd B 3TOH cBA3M nepemennoli dedcreun, a w—yea080i nepe-
MEHHOL.

[Mockoasxy npouwssoxswas ¢yrxuma S,(g, /; A) He 3asucut ssHo
oT Bpemeun, TO HoBast Pyskuua [amuasrona H’ comnagaer co crapo# H,
BHIDAWEHHOH uepe3 HOoBbie mepemedHnie, [pyrumu cmosamu, FH' ects
sHeprus, Bbipaweusad B yHkuuu nepemedHoft meHcrsus, E ([). Coor-
BETCTBEHHO YypaBHeHdsl [aMHABTOHA 1A KAHOHHYECKHUX IEPEMEHHBIX HMe-
0T BUA

. . dE ([
I=0, w=2E00 (50,4)

M3 nepsoro umeeM, Kak M CjAeA0Baj0, [==const—BMecTe ¢ 3Hepruei
nocTofiHHa u Beawuuda /. M3 BTOporo we BuAMM, YTO yI/iOBad mnepe-
MEHHasl SIBJASeTCA JIMHeHHOH (yHKLMU BpeMedH:

w= Z—’f { 1 const = o (1) ¢ - const; (50,5)

OHAa MpeacTaBiAsieT cofoil Ppasy xoneHanuid,

Heiticraue S, (g, [)—ueonnosnaunas yuxnus xoopausat. [lo ucreve-
HYH KaXIOTO I1eprofa 3Ta (yHKUUA He BO3BPAUIACTCH K HCXOXHOMY
3HAUECHHIO, & TONyUYaeT MPHPALLEHHE

ASO = 231:[, ) (50v6)

KaK 3To oyeBHaHO M3 (50,1) u onpenenenus [ coraacuo (49,7). 3a 3to
We BpeMs yriaoBad [epemeHHas MOJydYaeT NpUpalieHue

as 2

O6patHo, €M Mbl BBPAsUM ¢ H p (M4 MOGYI0 HX ONXHOIHAYHYIO
dysko  F{g, p)) yepes KaHOHHYECKHe IlepeMeHHbie, TO 3TH QYHKIHHA
He GyAyT MEHsITh CBOH 3HAYGHHd NPH H3MEHEHHH W HA 27 {NpH 3azau-
HoM 3maueduu [). [pyrumd cnoBamu, BCAKAA OAHO3HAUHAA  DYHKUuA
F (g, p), Oyay4u BhIpaMeHna 4epe3 KAaHOHHYRCKHE HEPeMEHHbe, fB/SETCH
nepuogiueckofl PyHxuue#l w ¢ NMepHoIOoM, PaBHHIM 2.

Ypasuenus ABHEKEHUS MOTYT ObiTh COPMYAHDPOBAHBI B KAHOHHYECKHX
[epeMeHHbX Taxkie M A/ He3aMKHYTOH CHCTeMbl C 3aBHCALIUM OT Bpe-
meHs napamerpom A. [Ipeo6pasoBanme K 9THM MNEpeMeHHHM OCYLIECTBJIS-
eTcs no-npexuemy Gopmynamu (50,2) —(50,3) ¢ npoussoisnueil dyHripel
S, onpenensemoit uaterpanom (50,1) u BhIpaKeHHOH yepe3 nepemenuyo /,
onpenensiemyio nurerpanom (49,7). Heonpeaenenuwmit nuterpan (50,1) u
onpeneseHHnid HHTerpan (49,7) BBHIYMCAAIOTCH NPH 3TOM TaK, KAK ecid
6bl 1apamMetp A {f) uMe/n 3aJaHHOS MOCTORHHOE 3HAYEeHHe; APYTHMH CJO-
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BaMH, S, (g, /; A (f))—npexusas yHKUHS, BRYHCIEHHASA NPH NOCTOSHHOM
A, 3aMeHeHHOM 3aTeM 3aZaHHoH dyHxuuefi A (£)1).

IMockonpky npousponsiuiast (YHKUMS OKA3LIBAETCS Telnepb (BMecTe C
napamMeTpoM A) dBHOH @yHkuUmeH BpemerH, TO HoBad Qynxuua [amunab-
tona H' ywxe He 6ymer coBmazath co crapol, T.e. ¢ 3Hepruei E ().
Cornacno  ofwmum  ¢opMynanm KaHOHHYECKOro npeofpasopanus (45,8)
nMeeM

E(l; ) 4+Z0=E(; 3) + A, (50,8)
rie BBeAeHO 0603HAyeHue
[0S,
A= <W>q r (50,9)

npudem A nomxsa OhTh Buwpawena (nocie ocyiuectBienus anddepet-
uupoBanud mo A) ¢ nomoumibio (50,3) wepes [ u w
YpaBrnenusd 'aMUnbTOHA NPHHHMAIOT TeNepb BHI

. oH' /A ;

]’: *‘—W K(}u)jl W /\, (50,10)
. oH' JA 5

w=Sr =0t N+ (), h (50,11)

rie == (0E/d]),—uacTota xonebaHui (CHOBa BhIMHCAEHHAA TaK, KaK
ecan 6 A GLlIO MOCTOSIHHBIM),

3agaua

Hanncars ypapHEHHS ABHMKEHHS B KAHOHHYECKHX TNePCMEHHBIX I/ TaPMOHH-
wyeckoro ocuuaiasitopa (byekuus [amuabrona (49,11)) ¢ uacrorofl, saBucsauiefr or
BPEMeHH . :

Pemenne, INockomwky B (50,1)—(50,3) Bce neficTBHS COBePIIANOTCS NPH
IIOCTOSSHHOM A (posb KOTOPOTO HrpaeT B LaHHOM CJAydYae cama 4acToTa ), TO
CBA3b ¢ ¥ p ¢ W HMeeT TOT ke BHA, 4YTO M IPH NOCTOSHHOH uacToTe (KOrja

w=0f):
g= ]/
So_——Spdf]:S‘ﬂ <j—i>1 wdw:215 cos? w dw

'

sinw= ]/—-— sinw, p=V 2lom cosw.

Orcrona

1) TMoxguepkHeM, ONHAKO, YTO onpepesenHas TakuM ofpasom dynkunsa S, yxe
OTHIOJb He COBMNajaeT ¢ MCTHHHBIM YKOPOUYEHHbLIM JeMCTBHEM JJfA CHCTEMLL C 3aBH-
csAmiell OT BpeMeHH FaMuJibTOHOBOH ¢ynxuuei!
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H 3aTeMm

[0S\ [0S, (dwN _ [
Ah( ) )4.1_( ow >1 (%_)q_aw sin 2,

Ypasuensta (50, 10), (50,11) mpunnmaror Temepb BuI

7:—1%cos2w, W= m+——sln2w

§ 51. TounocTh coxpaHeRWsl annabaTHYecKOro MHBApHAHTA

Ypastenne usmkenns B ¢opme (50,10) nosBosser cHoBa yGeauThCH
B a1Ha5saTHUYCCKOH HHBAPHAHTHOCTH IIePEMEHHOH JeHRCTBUA.

Dyukuus S, (g, [; h)—neoxro3naynas QyHKUHA ¢; MPH BO3BPALEHHH
KOOpIHHATH K TepBOHAYaAbHOMY 3HAYeHHIo K S, npubasisgercs lenoe
kpatnoe ot 2n/. Ilpousroxnas we (50,9)—oxHo3Haunas PyHKUHSA, TaK
kax AudpdepeHUupOBAHNC NPOU3BOAUTCS NPH mOoCTOSHHOM [ i npubasasio-
mpecs kS, npupauieHuss npu 3ToM ucyesawT. Kak m BCsIKas OJHO3HAU-
nas hyukuud, GyHxung A, 6yayuu BLIpaXeHa yepe3 YIJOBYIO NEPEMEHHYIO
au, Oyaer nepuonudeckod ynkuuedl s3To#fl nepemennofl. Cpenuee xe (o
nepuony) 3HaueHue mpou3BoXHOH OA/dw oT nepuoandeckol QyHKuUH
obpamaercds B Hynb. [loatomy, ycpeansss ypasuenue (50,10) u BhiHOCq
npd 9TOM A (IpH MELJEHHOM W3MEHEHHH A) H3-II0OA B3HAKA CpeIHEero,
NOJY YUM

(51,1)

-
l
I
—~
QI
A
E_/
>
l
L

YyTo U TpebOoBaNOCh.

Vpasuenus asmkenns (50,10), (50,11) mo3BORSIOT paccMoTpeTh H
BOUPOC O TOYHOCTH, C KOTOpOH coxpausieTcss aanabaTH4ecKHil HHBADHAHT.
TlocraBuM 9TOT BONPOC chAeylouiuM ofpasom: nycts napametp A (f)
CTPEMHUTCSA IipH ! —»— 00 U  —>~}- 00 K HOCTOSHHHIM TpefenaM A_ u A
3a1aH0O HavajibHOE (MpH f= — oo) 3HadeHHe J_ a1nabaTH4ECKOTO HHBA-
puanta, ¥ Tpefyercs HaWTH ero mpupamienue Af=/[, —J_ ko Bpemenu
t= 4 oo.

3 (90,10) nmeem

[=— _33 98 5. at (51,2)

Kax yxe Ow/o ykasano, BennuuHa A — nepropndeckas (C MepHoaoM 27)
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¢yuxuns nepemennoll w; pasnoxum ee B paa Pyphe:

L

A= D eitwA, (51,3)

l=— ®

(2 cuny BeutecTBEHHOCTH A k03bMUUNEHTH DPa3NOKEHHS CBA3aHL MPH
9ToM cooThowennaMn A _, = A}). Orcoaa
s npouseoanol JA/dw umeem

@

@ —g—(%: }: ile”“’Al=2ReZ ile'@wA,.

l==~w I=1
(51,4)
Uy

TpH ZOCTATOHHO MAROM A NPOH3BOAHAT W
HONOKHUTENbHA (€€ 3HAK COBNANALT CO 3HAKOM
Puc. 56. ®, cM. (50,11})), 1. e. w— moHOTOHHAS DYHK-
nuusa epemenn ?¢. [lpn mnepexome 8 (51,2)
OT UBTErPHPOBAHUN NO df K MHTErPHPOBaHMIO NO dw Npelebi OCraHyTcs

HO3TOMY NPEKHEMU]

T oA dh dt
Al = — S L Lo dw. (51,5)

~

[Moacrasum cioza (51,4) u npeoGpasyeMm uHTErpas, paccMaTpubas B
nem QopmanbhbiM 06pa3oM W Kak KOMIJEKCHYIO Nepemennylo. [lpeano-
JOKHB, YTO TMOABIHTErpPaNbHOE BHPAKEHAE HE HMEET OCOOHX TOYEK HpH
BEULECTBEKHLIX 3HAYEHHAX W, CMECTHM NYTb MHTEIPUPOBAHMA C BEUIECT-
BeHHOM OCM W B BEPXHIOI0 NOJAYIVIOCKOCTh STOH nepemenHoi. [lpu aTtom
KOHTYD «3auennsiercsy 3a ocofple TOYKH TNOILHTErPanbHOrQ BHIDAWEHHS
¥, orufas uX, TpHHMMaeT BHJ, NOKa3auHbl CXEMaTHYeCKH Ha pHC. 56,
Iycrs w,—6awkaiuas K BeuiecTBeHHOH ocH ocofast TOYKA, T. €. TOYKA
¢ HaNMEHbUIEH MO Bennuuue (MOJOMHUTENbHOH) MHHMOH uacTblo. I'naBupit
BKax B- uaTerpan (51,5) BO3HMKAET OT OKPECTHOCTH 3TOH TOYKH, IpHYEM
Kakaui M3 ujnenop psza (51,4) MaeT Bkaan, Colepxallni MHOXHTENb
exp (—/ Im wy). Coxparsa onaTh-Taku JUMIb YLeH C HAHMEHBIIUM NO ab6-
COMIOTHOM BeJHUYHHE OTPHUATENBHBIM INOKa3ateneMm (T.e. wien ¢ (=1},
nadgem, 4To 1)

Al wmexp (— Imwg). (51,6)

1) B cmenmasibHHX cJay4asix MOKeT OKalaThes, 9o pasjoxenne (51,4) ue
COAePXUT 4Yjena c I=1 (cMm., wanpuMep, sajauy X STomy naparpagy); Bo BCex
caydasx Hajxo GpaTh WIeH ¢ HaHMeHbIUHM HMEIOWHMCA B PNy 3HauenueMm /.
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Mycts #,— «MOMeHT BpeMEHHY (KOMIVIEKCHOE 4MCAO0!), OTBEYArOUMi
0co6ofi Touke W, w (f)=w, [lo mopanky Bemmumnw |#,| cosnanaer,
BOOBINE TOBOPA, € XapaxkTEPHHIM BPEMEHEM H3IMEHEHHS NapAMETPOB CH-
CTeMmbi; ofo3HauuM 9T0 Bpems uepe3 tT1'). [lopanox xe Benuuusnl noxa-
satens crenend B (51,6) Gyner

Imwo~mr~~;—. (51,7)

Hockonbky, no mpexnonowenmio, T3>7, TO 3TOT NOKa3aTenb BeJNK.
Taxum o6pasom, pasuoctb [/, —f_ yOLIBAeT SKCNOHEHUHAILHO NIPH YMeHb-
WEHHH CKOPOCTH H3MEHEHHSI MapaMeTpoOB CHCTEMH 7).

Hnsa onpexenenns w, B neppom npubrmxennn no 7/t (1. e. ¢ cOxpa-
HEHHEeM Jaulb 4leHa ~ (7/t)”! B 1okasarvene) MOWHO OTGPOCUTH B
ypasnenun (50,11} manmit uwien, coxepwaupuit A, T.e. nucats

& — o, 1), (51,8)
npudem apryment [ dynxiud o (J, A) nonaraercs MOCTOSHHEIM, CKaKeM,
pasnum J/_. Toraa

tp
W, = S o (, A(t))dt (51,9)

(B KauecTBE HMWHETO TIpejiesla MOXKHO B35Th NIOG0E BEIECTBEHHOE 3HA-
ueHHe ¢; MHTEpecylowas Hac MHHMasg 4YacTh W, OT 9TCTO 3HAYEHHd He
SaBUCUT).

Wurerpan e (51,5) ¢ w ua (51,8) (u ¢ onnuM uneHoM psza (51,4)
B KauecTBe OA/Ow) npunumaeT BUX
\dw

ST (51,10)

A]wReS ieiw

OTcloa BHAHO, YTO B KauyeCTBE KOHKYPHUDYIOIMX (npn oT6ope Gimkaii-
niefl K BEUIECTBEHHOH ocu) OCOOHIX TOYeK QUIYPUPYIOT OCOBEHHOCTH

1) Ecsiu MeneHHOCTb M3MEHEHHSl MNapaMerpa A BHpaxkaeTcss B TOM, UTO OH
3aBUCHT OT ! JMUIL B BHJE OTHOMeEHHs E=1{/t ¢ Gombumm T, TO0 f,="1§; raue
E,—He 3aBHcsmas OT T ocobast Touka dyuxumun A ().

2) OtmeTHM, YTO €cau HauaJbHOE M KOHeuhoe 3HaueHHs Gynkunu A (/) cosnma-
22107 (A4 ==A_), TO BKCTOHEHUNANBLHO Majoi GyAeT He TOALKO PasHOCTL Al, vo
BMeCTe ¢ Helo Takike M pasHocts AE=FE | —FE_ KOHe4HO{ 4 HaYaJbHOH sHeerH,
coraacno (49,9) 6yaem uMers AE = wAl.



202 KAHOHHYECKHE YPABHEHHS frn. vi

(monockl, Touku BeTBnenns) dywuxuuit A () m 1/o (f). Hanomuum B 3TOH
CBSI3H, UTO 3aKjAI0YeHHe 06 JKkCroHenlMaabHOH ManoctH AS cBfizano ¢
NPeANo/IOKeHHEM, 4YTO YKa3aHuHple (YHKIMH He HMEIOT BeLIECTBEHHBIX
0COBHIX TO4eK.

3agaua

Ouentith Al LI TapMOHHYECKOTO OCUHJJIATOPA ¢ YaCTOTOH, MEIJIeHHO MeHA-
womelics N0 3aKOHY

1 4-aet
(02:@%___}“__5_.
1-}-e*
OT 3HAUCHHA G_ ==@p MPHE{=—o00 10 @r=V aw, npa t=o (a >0, a << wy) }).

Pewewnue. [loHuMaa mof napaMeTpoM A caMy 4acTOTy ®, HMeeM

R Y
(0] 2 e—1t+a e_1t+1>'

Dra PYHKIUA AMELT TOI0CH NpH e=* = —1 1 e~ =— a. Boiuncaxs m{Terpang odf,

HaliZeMm, 4TO HauMenblllee 3HayeHue Im wy NPOUCXODUT OT OAHOTO H3 NOJMIOCOB Qfy==

=-—In (—a) ¥ paBHO
0,7/ npu a > 1,
Imwy = 0 —
0 { o, Vala opna<l

Hast rapMonnueckoro ocuuansiropa A oo sin 2w (cm. sagauy x § 50), Tax 4To psaj
(51,3) cBoaurcg K ABYM useHaMm (¢ /== 42). Tlosromy Aas rapMOHHYECKOTO OC-
LHJAATOPA

AT o exp (—2 Imwy).

§ 52. YcsroBHO-neprOIUYSCKOE JABUMEHHE

PaccMOTpuM 3aMKHYTYI0 CHCTEMY €O MHOTHMH CTEIEHAMH CBOOOIHI,
coBepIaloulylo (HHMTHOe (IO BceM KOOpAHHaTaM) ABmienue. llpeanono-
XKuM [pH ITOM, YTO 3ajaya JONyCKAaeT TIONHOE pa3jeneHne INEepeMeHHbIX
B Metoie l'amunproHa — Slxo6u, JTO 3HAYUT, YTO NPH COOTBETCTBYIOLIEM
BuiGOpe KOOPIMHAT YKOPOuEHHOe JAEHCTBHE NpercTaBaseT Coboi Cymmy

So=215:(9:) (52,1)

GynKuuHA, KaxAasd U3 KOTOPHIX 3aBHCHT TOJNBKO OT OJHOW M3 KOODIAHHAT.
Hockoabky o606uieHnble UMITY AbCH
p, =050 _dSi
tdgp dgp’

1) TapMOHHYHOCTD OCLHMJLIATOPA HPOABASEICS B HE3ABUCHMOCTH 4YaCTOTHI KO-
JeGanuii OT SHEpPTHUH.
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10 Kaxjas u3 dyskuuit S; moweT OnbITh NPEACTABIEHA B Buie

SJ': Spi dqi' (52:2)

I PyHKUHK HeoAHO3HAYHH. B cuny QUHATHOCTH JABMKEHUA Kawaas
U3 KOOPJAHHAT MOXeT npoGeraTh 3HAUEHUs JMIIb B ONIPE/NEeNeHHOM KO-
HeuHOM HHTepRane. [Ip u3MeHEHMH ¢; B 3TOM HHTEpBajle «BrIepes» i
«Hasany nelcTBUe INojAyvyaeT MDPHPAUIEHHE

ASy=AS;=2n/;, (52,3)
rae [; ectn muTerpan

1
li=5; $ Pidas, (52,4)

B3SATHH MO YKA3aHHOMY H3MEHEHHIO ¢;').

Ilpoussenem Tenepb kanoumueckoe npeoOPa30Banye aHANOFHYHO TOMY,
KaK 3TO GblAO CAe1aH0 B MpeabiyileM mnaparpade Iast cayuast OXHOH
creriedd cpofoapl. HOBRIMU nepeMedHBMH OYAYT «IEPEMERHBIE HEHCTBHIY
/; 1 «yTJIOBHIE IIepEeMEHHbIEY

_ 0S5 (g 1) _ N 0Sp(gr. 1) -
W= = Tl (52,5)

rae mpouspousfuleil ¢yukunueill cHoBa sasagercs ACHCTBRHE, BBIPAKEHHOE
B QYHKLHM KOOpAMHAT H BeAMYMH [;; ypaBHEHHS ABMKKEHHS B 3THX lie-
pEMEHHBIX

. . 0E (/
11’ =0, w; =—a—1([—-)-
1aI0T:
I, =const, (52,6)
0E (I
1= 2512 ¢+ const, (52,7)

Mup Hailzem tawke awajdoruuno (50,7), 4TO TMOMHOMY H3MEHEHMIO
KOOPHHATH! ¢, («BIEPELY H «HA3a/») OTBEYAeT USMEHEHHE COOTBETCTBYIO-
mero w; Ha 27
JpyrumMu ciosaMu, BeNHUHHB w; (¢, {) SBASIOTCT HEOAHO3HAUHLIMU (DYHK-
HUAMH KOOpAHMHAT, KOTOPHE NPH H3MEREHHM IOCTeIHHX C BO3BpALEHHEM
K [epBOHAYAAbHMIM 3HAYCHHAM MOTYT H3MEHATHCA HA JA0OOE Ledoe Kpat-
HOE OT 2%. DTO CBOHCTBO MOXKHO COPMYJAHPOBATh TAKEKE ¥ KaxK CBOH-

1) IlomuepxHeM, 0IHaKO, YTO 3gech ujeT peub 0 (POPMaJbHOM M3MEHEHHH KO-
OpAHHATHL §; BO BCeM JONYCTHMOM HHTepBa/de ee 3HauyeHHil, a He 06 H3MEHEHHH
3a NMepUOJl peasbHOro IBHKEHHA (KakK 3TO ObJIO B CJAyYae OZHOMEDHOrO JABHIKE-
uus). PeanpHoe ¢RAWTHOe JBH:KEHHe CHCTEMBI C HECKOJIbKHMHM CTENeHSMH CBO-
6o/l HE TOJLKO He fBJAETCA B O6leM cJydyae NepHOJHUYECKHM B 1I€JOM, HO JAaxe
W3MEHEHHEe €O BpeMeHeM KAaXKZOH H3 €¢ KOOpAHHAT B OTACJBHOCTH He ABJASETCS
NEePHOAHUECKHM (CM. HHIKE).
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crBo yHxuHy w;(p, g) (BHpaKeHHOX Yepe3 KOOPAMHATHI M HMIIYJ/bCH)
B a3zoBoMm npoctpancTBe cucremul. [Tockonbky camm Beamuuun [, ecau
HX BHIPA3UTh uepe3 p H g, ABASIOTCA OXHOIHAYHBIMH (DYHKLUHSAMH ITHUX
HepeMeHHniX, 10, moacrasus /;(p, q) B w;{(g, 1), Mbl moayunm GYHKUHIO
w,(p, g), kotopas npu ofxone no nieboH 3amkHyTOH KpHuBOH B (aso-
BOM TPOCTPAHCTBE MOXET H3MEHHTBCH Ha lesoe KpaTHoe oT 27 {aubo
Ha HYJIb).

Orcioza crneayer, YTo BCAKAs ONHOZHAYHAS (YHKUHA COCTOAHHA CH-
cremsl F(p, g)'), Oyayud BupameHa uepe3 KAHOHHYECKHUE [epeMeHHBIE,
SIBNACTCH NEPHOAUYecKOH (YHKUMeH YrJOBBIX IepeMeHHhX ¢ [epHOIOM
27 mo kawnaod u3 Hux. Ee MOWHO 1mO3ITOMY pasfokHTb B KPAaTHHIA PAX
dypre BuAA

@« o
F= 2 . 2 Aq g, g500 it et lsws)
=~ lg==>
L, L, ..., l,—uenste uucaa). [ToxcTaBuB e Cl0Aa YIJOBHE NEpeMeH-
1 bAg ] § y T

ubie kax QyHKUMH Bpemedd, HaligeM, uTO BpemenHds 3aBHCHUMOCTh F
ofapegenderca cymmoil suaa

< . [ OF OE
Fe= 2 .Y A, isexp {ti(lla—[—l+...—[—ls a—,:>}.(52,9)
lxz—oo ls:-—co

Kaxcnplfi 13 4neHoB 3TOH CyMMBl eCTb nepHoauuyeckads PyHxuua spe-
MeHi ¢ 4YacTOTOH »

Lo+ ... 1w, {52,10)

NPCACTaBAsOWIe COGOM CYMMy UE/BIX KpPATHHX OT OCHOBHBIX YACTOT
oE

0= 57 - (52,11)

Ho uockonbky Bce dactotsl (52,10) we sBasoTcs, BoOOLIE TrOBODH, ue-
JAbIMH  KDAaTHBIMH (M/JM PALHOHA/JIBHBIMHM YacTAMH) KaKOH-1uG0 04HO# M3
HEX, TO BCA CyMMa B LICJIOM He SBJSIETCH CTPOTO NEpHOoAMYecKol QPyuk-
nueil. DTO OTHOCHTCA, B YACTHOCTH, M K CAMHM KOODAHHATAM ¢ H HMIY/b-
caM p CHCTEMBI,

Taxkum oOpasom, ABHKEHHE CHCTeMbl He HBJACTCH B OOLieM Caydae
CTPOFrO MEPHOAMYECKHM HYM B. LEJIOM, HH 10 KakOH-1M80 H3 KOOPIUHAT.
DTo 3HAYHT, YTO €CAM CHCTeMa NOpOomiia 4epe3 kakoe-nmnGo COCTOsHME,

Yy «BpamatenpHole KOOpHWHATBIY — YIJB ¢ (CM. TpuMedaHue Ha CTp. 194) —
COAHO3HAYHO CBA3AHBL C COCTOSIHMEM CHCTeMb, TaK KakK 3HAyeHHA @, OT/IHYAi0-
H(MeCS Ha Uejoe KpaTHoe OT 271, OTBEYAlOT OFHOMY M TOMY Ke [OJIOKEHHIO CH-
cremst. [TosTomy, ecad cpei KOODAMHAT ¢ MMEIOTCA TaKHe YIVIbl, TO OHH MOTYT
Bxoauts B Qy:ukuuw F (g, p) Aumis B BHAE TaKKX BbIPAKEHMH, KAK COS ¢ Hiu
sin ¢, cBA3bL KOTOPBIX C COCTOAHMEM CHCTEMBl OJHO3HAUHA.
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TO OHa HE NpoHACT 4yepe3 Hero IMOBTOPHO HH UYEPE3 KAKOe KOHEeYHoe
Bpems. MOXHO, OAHAKO, YTBePXKIAaTh, YTO IO HCTEYEHHH JOCTATOYHO
6OMBIIOTO NPOMEKYTKA BPEMEHH OHA MPOHAET CKO/Mb YroAHO 6AU3KO OT
3TOI0 COCTOSIHUA. DTO CBOHCTBO HMEIOT B BHAY, Ha3biBas TaKoe JBHike-
HUE Y CA03HO-NEpUuodudeckum.

B pazanuubix dacTHeiX cayuyasx nase (uau Gonee) U3 OCHOBHBIX 4Yac-
TOT (; MOTYT OKa3aThCfl COM3MEPHMbIMH (IIPH NIPOH3BOJIBHBIX 3HAUEHHAX
eanuun ;). B Takux cayuwasix TrOBOPAT O HANHYMHM BbIPOXOEHUA, A
€CJI BCE § HACTOT COM3MEPHMBL, TO ABHKEHHE CHCTeMbl Ha3bIBAIOT 1104KO-
CTHi0 goiposcdenHoim. B nocneanem ciayuae, OUEBHAHO, ABHKEHHE CTPOrO
MePHOMUYHO W TEM CaMbiM TPaeKTODUH BCEX YACTHI[—- 3aMKHYTHI.

Hanuuue BBIpOXACHHS NPUBOLHT, NPENCIE BCETO, K YMEHBUIEHHIO YHCNA
He3aBHCUMBIX BeamunH (), OT KOTOPHLIX 3aBHCHT SHEPTHS  CHCTEMbI,
[ycrp nBe 4acTOTHl ®; M ®, CBA3aHH COOTHOLLEHHEM

OE oE
/115‘1—12712%, (52,12)
rae n, W n,—uennie uucna. OTcioxa cnepyer, YTO Beauuuuel fp u J,
BXONAT B SHEPTHIO /HUIb B BUAe cyMmmnl r,f, --rml,.

Becbma BawHOM OCOGEHHOCTHIO BHIDOWIEHHBIX ABIKEHHH dBJsderca
yBEe/UYEHUE YHC/IAa OJHO3HAYHBIX HHTErpPaJOB JABIKEHHS [0 CPaBHEHHIO
C UX YHCAOM B OGLUEM c/lyyae HEBHIPOACAEHHOH CHCTEMH! (C TEM e uuc-
JOM crenesedl cgofoan). B mocnennem cayyae u3 nonnoro umcaa (2s—1)
BCEX MHTErpaJOB JBHMEHHS ONHO3HAYHBLIMH SABJASIOTCA BCero § PyHkuwnii
COCTOSIHHSI CHCT@MBI; HX MOJMHHA HAaGop COCTaBAAIOT, HAMPHMEp, S BEJH-
uynn [, OcranbHeie §—~—1 HHTErpaioB MOXKHO MpEACTABHTH B BHAE pa3-
HOCTEH

oE

,.a—,k——wk%. (52,13)
[MocToAHCTBO 3THX BE/NHYHH HENOCPEACTBEHHO chaeAyer u3 dopmyan
(52,7), HO BBHUAY HEOMHO3HAYHOCTA YTrJIOBHX MMEPEMEHHBIX OHH HE SIBAfA-
IOTCH OJIHOZHAYHBIMU (PYHKUMAMH COCTOSHHSL CHCTEMBI.

[Ipn wanuuuu ke BHPONIACHHA Nojowenue Mewsercd. Tax, BBuay
cBa3u (52,12) nnrerpan

W, n,—W,n » (92,14)

XOTA W HBAAETCA HEOAHO3HAUHBIM, HO €ro HEOJIHO3HAYHOCTH CBOAUTCH
K npubasiaennto Jjoboro uenoro kparHoro 2m. Ilostomy xoctarTouso
B3ATh TPHTOHOMETPHYECKYIO (PYHKUHIO STOH BENHYHHEL, LIS TOrO 4TOOL
MOMYYHTh HOBBI OJZHO3HAYHKIK HHTETPAan [BHIKEHUH.

IMpuMepoM BHIPOXIEHHOTO JABINKCHHA SBJAETCA JIBHXKEHHE B [oJje

= —q/r (cu. 3amauy x stomy mnaparpady). Mmeuno arto ofcrositens-
CTBO NPHBOAHUT K HOfB/IEHHIO HOBOTO, CreuHdHIECKOro OJHO3HAYHOFO
uterpana Asmwennd (15,17), NOMHMO JABYX (paccMaTpmBaeM IBHIKEHHE



206 KAHOHHYECKHE YPABHEHHS [ra. vi

Cpa3y Kaxk I10CKoe) OOBIYHEIX OAHO3HAUHKIX HHTErpanoB,— momenta M
1 aueprun E,— CBOHCTBEHHRIX JBHXKEHHIO B JIOOOM HEHTPAJBHOM [OJE,

OTMeTHM TaKKe, 4TO MOSIBJAEHHE IOTOJHHTENbHBIX OJHO3HAUHBIX HHTE-
rpanoB INMPHBOANT B CBOKIO OYyepeldb €Ule K OXHOMY CBOHCTBY BHIPOMIEH-
HBIX ABHIKEHUH— OHH JOMYyCKAIOT I10JHOE pa3AejeHHe INEPEeMeHHHX IMpH
pPa3/MUHLIX, 4 HE IIPH OJHOM onpeldesnendHom!) Bubope koopanuat. [Heil-
CTBUTENbHO, BeNUUYMHBI [; B KOOPAMHATAX, OCYLLECTBISIOUIHX pa3jesieHne
IIepeMEHHbIX, ABJSIOTCS OJZHO3HAUHBIMH MHTerpanamu JAswkenus. Ho mpu
HaJNYHM BHIDOWACHHUS YHCJIO OJHO3HAYHBIX HHTErpasjoB IPEBRHLAET §, U
NMOTOMY CTAQHOBHTCH HEOAHO3HAUHBIM BHICOP TeX H3 HHX, KOTODHIE MKl
XOTHM MOJYYHTh B KayecTBe BEJMYHH [}

B kadecrse mpumepa cHOBa YNOMAHEM Kel/iepOBO IBHIKEHHE, HOMYy-
CKaioHlee pasjeicHHe IepeMeHHBX Kak B CepHuyecKnx, TaK M B mapa-
00/1YeCKHX KOODJAMHATAX,

B npennnymem mnaparpade ObjI0 NOKa3aHO, UYTO IIPH  OZHOMEDHOM
(OHUHRTHOM JIBHWEHHH fepeMenHas JAeHCTBuA sBISCTCS anHabaTHUECKHM
WHHBApHAHTOM, OTO YTBEpWKIEHHE OCTaeTCst B CHIE M JAJf CHCTEM CO
MHOTHMH CTeneHsMH cBoGoan., OHO IOKaselBaeTcsl B OoOLIEM Cayuae mnps-
MBIM 0o0o0uieHneM Cnocofa, M3JMoKeHHOro B Hadate § 51.

Ins MHOrOMepHOM CHCTEMH C TepeMeHHBIM MapamerpoM A (f) ypaBue-
HUS ABHXKEHHS B KAHOHHUECKUX TMEePeMEeHHBX JaloT ANd CKOPOCTH u3Me-
HeHHsl Kaw/A0# M3 TNepeMeHHbLIX HAeHCTBH [; BHpAXEHHE, aHaJOTHYHOE
(50,10): A

l,-=——a—w[?», (52,15)
rae mo-mpexueMy A= (0S,/0\);. YcpemHeHnue 3TOro paBeHCTBA HAAO
NpPOU3BOAUTL O [POMEXKYTKY BpPEMEHH, OOJBLIOMY 1O CPaBHEHHIO C
OCHOBHBIMH TNIEPHOJAMH CHCTEMS, HO MajbIMH IO CDABHEHHIO €O BPEMEHEM
u3venenns napamerpa A (f). [lpun stom A CHOBa BBIHOCHTCS H3-NOJ 3HAKa
yCpeIHeHus, a YCPeIHeHHe MpPOU3BOIAHHIX OA/0w; NPOU3BOANTCA TaK, KaK
ec/M G ABHKEHHE [POKCXOAHMIO IPU NOCTOSHHOM A H IOTOMY 6bLIIO
ycaosuo nepuoxnveckum. Torma A 6ylerT oZHO3HAUHOH TNepHOANYECKON
$yHKumHeH YrIOBbIX IEpeMeHHbIX 7; H CPeJHHE 3HAYCHHS €€ NpPOU3BOA-
HplX OA/Ow; 06pamanTca B HY.b.

B zaksiouedue CiesaeM HEKOTOphlE 3aMeyaHHf MO IOBOLY CBOUCTB
GUHHTHOTO IBMKEHHS 3aMKHYTBIX CHCTEM CO MHOTHMH (S) CTENEHSIMH CBO-
Goapt B HauGosee ofluem caydae, He MPEANONATAOLIEM PAa3aeJHMOCTH
nepeMeHHHX B COOTBETCTRyIOEM ypasHennn [amunbrona— SIko6u.

OcuoBubiM ~ CBOHCTBOM CHCTEM ¢ Pa3ge/sIOHMACH  [TepeMECHHBIMU
SIBASIETCH OJHO3HAYHOCTh HHTErpatoB ABHIKEHHS [; YHCAO KOTOPLIX PaBHO
yucny crenenell cBoGonn. B ofuiem ke cayyae cucrteM ¢ Hepa3Zensio-
HUMHCA TIePEMEHHHIMH Habop OIHO3HAYHBIX HHTErPanoB ABHKEHHS Orpa-

1y Mpl oTBJIEKaeMCS NP 3TOM OT TaKHX TPUBHAMBHBIX M3MEHEHHH KOOPAHHAT,
’ 4 ’ ’
KaK npeofpasosakns BHAA ¢, =q;(91), 9;=¢,{(q1).
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HHYHBAETC  TEMH, TOCTOSHCTBO KOTOPHIX €CTh BHIPAXEHHE CBOHCTB
OJHOPOAHOCTH M W3OTPONHH MPOCTPAHCTBA H BpPEMEHH, T. €, 3aKOHAMH
COXpPAaHeHHs] 3HEepPIHH, HMIYJAbCA H MOMEHTA.

$a3zoBasg TpaekTOPHST CHCTEMbl IPOXOIHT MO TeM ofnacTaMm (a3ororo
OpOCTPAHCTBA, KOTOpHE ONPEeNensiOTCS 3alaHHBIMH IIOCTOSIHHBIMH 3HAYe-
HHSMH OJHO3HAYHHIX HHTErpajoB ABIKenHsd. [N CHCTEMH ¢ pa3ensio-
LIFMHCS TEePEMEHHBHIME C €€ § OXHO3HAYHBIMH HHTErpajzaMin STHMH yCa0-
BHSIMU OMNpeAesseTcss S-MEPHOE MHOroodpasue (THIepNOBEPXHOCTh) B (ha-
30BOM IpoCTpaHcTBe. B TeuyeHue AOCTATOYHO JOJNTOTO BPEMEHH TPAaeKTO-
PHSl CHCTEMBl MOKpPOET STy TFHMNeprNoBePXHOCTh CKOJAb YTOAHO IJIOTHO.

Y cucremsl ke ¢ HepasNeAIOLIHMHUCH ICDPEMEHHBHIMH, ¢ €€ MEHLLIHM
(npH TOM e §) YMCJAOM OIHO3HAYHBLIX HHTErpanos ¢asoBas TPaeKTOpHSA
3anosusier ¢oGo#i B ¢a30BOM NpPOCTPAHCTBE (MOMHOCTBHIO HAM YAaCTHYHO)
o6nactu (MHOrooGpasus) 6OJbIIEro 4HCJAa H3MepeHHil.

Haxownen, yxawem, yTO eC1H raMHJIbTOHOBA (DYHKIHS CHCTEMBl OTJ/H-
yaeTcd OT @yHxknuH, JAONyCKalowed pasie/eHne TEPEMEHHBIX, JHUIb
Ma/JbIMH 4YJEHaMH, TO H CBOHCTBAa HBMKedHd OAN3KH K CBOHCTBAM yCJ0B-
HO-TIEPHOANYECKHX IRMKEHHH, MNpHYEM CTelenb 3TOH OAH30CTH ropasio
BhIIIE, YeM CTeleHb MaJOCTH JOIOJHHTENbHBIX 4ieHOB B dyukunu [a-
MH/IBTOHA.

3agaua

BoiuncauTe mepeMennble AeficTBHST A IIHNTHUECKOTO IBHKEHHST B roJe
U= —a/r.
Peuwenue. B noaspdslx KOOpAHHATAX r, ¢ B NJOCKOCTH ABH:KEHHS HMeeM:

2n

i
1¢—_—%S p,dp=M,
0
rm

ax
2 e —
e e St

r
min

Orciona sHeprusi, BhlpaxkeHHas depe3 nepeMeHHHBIE JeiiCTBHS:

mo?
g -
U, +1,)
Ona 3aBuCHT JHIB OT CyMMBl [,--/,, 4TO O03HAYaeT BLIPOKIEHHE ABMIKEHHT —

o6e OCHOBHBIE YacTOTHL (IO (¢ H IIO r) COBMajaloT.
[Tapametpnl op6uthi p u e (cMy (15,4)) BhIpaxatorcs uepes /., [, coraacio

2 I 2
pz_{i’.’ ez=l_<__£_> .
mo lo4-1,

B cuny aamaGaTiuecKodl MHBapHAaHTHOCTH BequwMH [,, [,, Np¥ MELJEHHOM H3Me-
HeHHU KO3GOHLHEHTa o0 MJIM MAacChl /71 SKCUEHTPHCHTET OPGHTBI OCTaeTCs HEH3MeH-
HbIM, a ee pasMepbi MEHAITCH 06PaTHO NPOMOPIHOHALHO M1 H .

E=—
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