F1 YwucensHi MeTOIH

8.4ucernbHe iHTerpysaHH4

8.1. lNocTaHoBKa 3agavi YMCENbHOro IHTEerpyBaHHS
Hexait nam moTpiOHO 3HaWTH

= [ o) e ®

ne f —3amgaHa QyHKIS, p(x) >( — nesikuil BaroBUil MHOKHUK.
s 3agava yacto motTpedye YUCEIBHOTO BUPIIICHHS, OCKLIBKI
- 3HayHa KUTBKICTh 3a7a4 TUIy (1) HE Moke OyTH BUpIIIEHA aHAIITUYHO.
- Iadopmamis npo dhyHkIito f Moxe OyTH 3a/1aHa y BUTJISIII TaOIHIT.
HaramaemMo, o 3a 03Ha4eHHIM

1(f)=tim " p(& )1 (& )
i=1
ne Ax, =x, —x,,a {x,} ", — PO3OUTTS IPOMIKKY [a,b], X, D[a,b], ¢ 0 [xl._l,xl.],
A = max Ax, — He 3a5eXUTh Big BHOOPY X, Ta ¢,. ToMy Bi3bMeMO K HAOIMKEHHS TaKy CyMy :
1,(r)= 2 f (), )
k=0

Jie X, — By3JId KBagpaTypHoi popmynu (2), a ¢, — i Baru.

3ajaua nojsrae B ToMy, o0 BUOpaTu {xk ,C } 4= » TAK 11100 noxuOka Oy/a HaliMeHIA :

Rn(f)zl(f)—l,,(f) — min

Ksagparypny popmyiy (2) Ha3UBaIOTh K8AOPamypHoO hopmyno 3aMKHEH020 Muny, Ko
X, =aTa x, =b,16i0kpumoco muny , Ko x, >ata x, <b

Kaxytb, o kBagpatypHa popmyna (2) Mae m -uii cmenins aneedpaiyHoi mounocmi, SKII0

R,(f)=0 ©)
U, (7T, — MHOXMHA IIOJIHOMIB 71 -I'O CTEIIEH), 1 m+1( )D T, , TAKU 110
Rn (})m+1 ) 7 O :

1o yMOBY MOHa 3aMiHUTH YMOBOIO
R (x7)=0,a=0,m R (x"")%0 (5)

(BOHa OUIBII 3pyYHA JUTSI IEPEBIPKH).

Jleski miaxoau A0 moOyA0BY KBAAPATYpHUX (OPMYII.

1. iHTepnonauinHmn
— MPUBOAUTH JI0 KBaApATypHHUX (HOPMYJT IHTEPIOJIALIHHOTO THITY.

B inrerpani (1) noknagawors f (x) =L, (x) IO JIEAKUX By3JIax {xk} 1, (BY3IH SIK IPABHIIO
¢ikcoBaHi), TOAi:
1,(f) jp LACAL fokjp —w”(x? dx,
k=0 x xk)w (xk) x xk)wn(xk)
OTKE By3JIaMU L€l KBaZpaTypHOi (OPMYIIHU € By3JIH IHTEPIONIALIHHOIO MHOTOYIEHA, a BaroBi
MHOKHHUKH
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2. HanBuwLoro anrebpaiyHoro cTeneHs TOYHOCTI

Bubupaemo ogHovacHo x, 1 ¢, 3 yMOBH R, (x”)= 0 a=0,m, mo0 m Oy10 MaKCUMaJIbHUM

OTpuUMy€eEMO CUCTEMY JIIHIHHUX aJIreOpaiuHuX PIBHSHbB, PO3B’SA3aBIIH SKY OTPUMYEMO KBaJIpaTypHI
(dhopMyny HAUBUIIOTO ANreOpaigHOro CTENEHS TOYHOCTI.

3. cknageHi kBagpaTtypHi doopmynu
[Tpomixox [a,b] pO30MBaEMO Ha IPOMIDKKH (HAMPUKIIA PIBHOMIPHO), a TTOTIM Ha KOXHOMY

IPOMIXKKY BUKOPHCTOBYEMO, 3 HEBEJIMKUM cTereHeM, popMyiu 3 myHKTy 1 abo 2. Hampuknan, mis
IHTEpHOJIALIMHOTO TUITY:

; J-p dx ~;;Ckf(xk) (f)

KBaznparypHa opmyiia cKiIaieHOTro TULy [, Ma€ nopsook (cmeninb mounocmi) p no kpoxy h,
AKILIO Rh(f)II(f)—Ih(f) = O( p) (p —uuM OinblIe, TUM Kpale)

4. kBagpaTtypHi opmynu onTuMarsbHi Ha Knaci yHKLin

Bubupaemo {xk ,C k} TakK, o0 J0oCcsATaBCs {inf } SsupR, ( f ) Ile Mmu MOxkeMO poOUTH, KO 3HAEMO 3
el fOF

SIKUM KJIacOM (DYHKIIIM MaeMo CIIpaBy.

3ayBaxenHs | (mpo kBaapatypHi GOpMYITH IHTEPIOSALIHHOTO THITY)
[Tpu niABUILEHH] CTENEHs IHTePHOIALIT MOTiPIIYETHCS AKICTh HAOIMKEHHS BHACHIIOK pO301KHOCTI

W, + 0. Ame Rn(f)DnDQg 0, HampuKIa ISt fDC[a,b].Tche-

MIPOIIECY 1HTEPIOJISAILII: ||

OJTHO ILIEH HEOJIK “‘BMIIA3UTH .
O3IJISHEMO BHUITAJ0K, KOJIU KIS 3a/1aHa HETOYHO:
P , YH

;(xk):f(xk)+5k9 |5k|<59

TOM1

N=1{7)-1.(1)=2e0..

nani , akuo ¢, >0, To

A|=>"¢,8,|<6> ¢, =d(b-a)
k=0 k=0

b

(mpu p =1, axwo niacraBut f =1 , To oTpMaemMo b —a = J-dx ZCk ,
k=0

npu P #1 ZC P = J-p dx , 60 Xx04a 0 HYJIBOBHI1 CTEIIHb TOYHOCTI Oy/b-sIKa KBaIpaTypHa
k=0

dhopmyna moBUHHA SaILOBOJ'IBH}ITI/I).
Haranaemo, mo npu n — o max|ck| — 00, @ OCKIJIbKH ZCk >0,710 Lk, >0 1 [k, <0, TOMY 3
k

pPOCTOM 7 3pOcCTae |c +|, @ BIIMOB1IHO 1 BIUITMB MOXUOKH Ha pe3ynbTar. ToMy HEe MOXKHa

BHKOPHUCTOBYBATH BEJIMKI CTETICH] 1 BUKOPUCTOBYIOTh METOJ] 3 — p030MBarOTh HA IPOMIXKKH, JI€
BUKOPHUCTOBYIOTh HEBUCOKHM CTEIiHb.
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3ayBakeHHs 2. SIcHO, 110 KBagpaTypHi GOpMyu IHTEPHOIALIMHOTO TUILY MalOTh anredpaiuHuit
CTEIIHb TOYHOCTI IPUHANMHI #, 60 MU 3aMiHseMo f — L ,askmo f U7 ,to f =L ,ane
BUSIBIIIETHCS, 110 7Sl 77— MapHUX m = n +1, ToOTO anredpaiuHuii CTemiHh TOYHOCTI Ha OJMHULIIO
BUIIUH CTETICHS 1HTEPIIOJISIIIII.

8.2. KBagpaTypHi hopMynn npsAMOKYTHUKIB

a) JIIBUX MPSAMOKYTHHUKIB: KBagpaTypHa ¢hopmysa iIHTEpHOJAIiHHOTo TUITy TIpu 72 = 0,
xy=a: 1" =(b-a)fla)

0) mpaBuUX MPSIMOKYTHHKIB: /" = (b - a) 7 (b) ('Te came, ane x, =b).

B) CEpE/IHIX MPSIMOKYTHHUKIB:

_a+b
X, = 5

1,(r)= (b—a)f(“ 2 j &

['eomeTpuyHa iHTEpIIpeTaLis :

CUHIH KOJIip — a), 3eTICHUI Ta CUHi — B), BC1 TpU — 0)
CIpaBXHE 3HAYEHHS IHTErpaly — IJIOIIA 11T KPUBOIO.

3HaiemMo Tenep anredpaidHy CTeriHb TOYHOCTI IIUX KBAAPATYPHUX POpMYII:
JUist J1iBUX MPSIMOKYTHHKIB:
1*()=b-a=1(),
) b

; f X b’ —a*
I(f”‘(x)=a(b—a)¢[(x)=jxdx=7 = 5

a a

b

oTxe creninb ToyHocTi p = 0. Taka sk BoHa Oyzne 1 g ;" . A 1uis cepeHIX NPSIMOKYTHHKIB

()= (=) 22 = 1(x),

[O(xz);t I(xz),
Tomy p =1. OTOX HEto MU 1 OyIeMO KOPUCTYBATHCS.

JaBaiiTe orinuMo a1 Hel moxuoOKy. B3aram nis popmynu IHTEpHOISIIIHOTO THITY:

R ()= 10)-1,(r)= 1)~ 1(0,)= 17 - 1,)= 1(:) = ] r, ().

a

ae 7, (x)— 3QJIMITKOBHM YJICH THTEPIIOJISAIIIT.

M,
|Rn (f)| < (b —a)mftx|rn(x)| < (b —a) o max

w, (x).

Hna [:

b b b 2 _ 2
sﬂro(x)‘dxsj%h—xowx=M1I|x‘xo|dXSM1b 4a ’

ji ¥, (x )dx

a

R, ()=
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aJie 11e MoraHa OIliHKa, BOHAa HE BUKOPHCTOBYE TOH (PaKT, 1110 KBaJpaTypHa (popMyIa Ma€ CTEIiHb
TOYHOCTI Ha OAUHUITIO BHIY. OTpUMaEMO Kpally OLIHKY :

709={x =5 e+ 2 (e
(upu fDCz[a,b]), 1e ED[a,b],To;[i

R ()= ()t~ 2, (el = 1) 1 e =i[(x—xo)f'(xo)+ o) () e =

(x—x0)2 dx = f"(/7) (b—a)3.

2 24

a

Q C— >

1 (f )dx =(3a TeopeMOIO Ipo cepeane) = [ (/7)

MZ _ 3
[R,(f) =55 (b~a) @

aJie TYT Y HaC HeMa€ BIUIMBY Ha TOYHICTh (BETMUYMHY OXUOKH), TOMY BUKOPHUCTOBYIOTH (hOpPMYITY
yCcKJIagHeHoro Tumy. [laBaiite ii no6yz[yeMo (Ha piBHOMIpHI ciTIIl) :

1)=3 [rle=T)=1717),

ae X, =x | =x, ——.

Or1iHMO TOXHMOKY 11i€1 KBaapaTypHOT Q)opMme

R,(f)=1(f)- ZIU (%, Nex = Zﬂ()

zlx1

_M,n’

. b
|Rh(f)|s%;h - zh-M ®

i=1
TOOTO Ma€ CTEMiHb TOYHOCTI p =2 (10 KPOKY /) (HE CIiJI IUTyTaTH 3 aareOpaidyHuM CTereHeM

TOYHOCTI p =1 (ansa miei popmynn) ).
SIxio f DC [a b] TO1

f(x)_f(_i):f()_ci)-l-(x_fi)f,
+ (x — X, )3 A
6 24
IIpu HemapHUX CTGHGHHX iHTeraJII/I nponanyTL

x x ,, x x P ,, Nt
O R 3 A e = 0

zlx1 le1 i=1 i=

OCKUIbKHU z hf”" ( ) TO 1€ € KBapaTypHa GopMyJia CepeaHiX IPIMOKYTHUKIB Ui f ( )

(3 mOXnOKOIO O(h ) )
TO

R,(f)= z—;j:f"(x)dx +o(n*)=oln*).

RP(£)=Ri(f)+aln). @

ac
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0 2 b
Rdﬁ=5;y%ﬂw,dm=0@ﬂ-

— BUKOPHUCTOBYETHCSA U1 MOOYAOBU MTPOrpaM, 1110 aBTOMAaTUYHO OOMPAIOTh KPOK IHTErpyBaHHS.

8.3. dopmyna Tpaneuii

Hexait x, =a, x, =b, Ll(x)=f(x)
Toni orpumaemo hopmyy:

1()=222 1)+ 1) @

dopMyIa Mae CTeMiHb TOYHOCTI HIKYE ABOX, To6TO [(x%) # I,(x7)

®opmyiia 3aMKHEHOTO TUITY
3aIUIIKOBUH YICH:

(S Ea—a)x=b)  __(b-a) .
R(1)=] : dx==—"1"(¢) @
O11iHKa 3aJIUIIIKOBOTO YeHA:
(b-a)
R ()b, 3
3 reOMEeTpUYHOI TOUKH 30y 3aMIHIOETHCS IJIOLIA ‘ ﬂ Ha ‘ - b
YcknasHeHa KkBaiparypHa ¢popmya:
1(1)= 23 ) £l =3 rla)+ () + 27 0) @
X, =a+ih, h=b_a, i=0,N
N
MAWSMJﬁjy#,fDﬁbﬂ (5)
SIkmo
ractas]  &,(r)=R)(f)+aln) (6)

8.4.KBagpatypHa ®opmyrna CimncoHa

. atb
Hexait x, =a, x, =——, x, = b, BUKOpPHUCTOBYEMO L, (x)
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Tonxi orpumaemo dopmyny:

L(f)=" ;a{f(a)+4f(a 2 jw‘(b)} - M

kBaaparypHa ¢popmyrna CiMrcona

3anaua 7 JloBecTH, 110 anredpaiuHa CTeNiHb TOYHOCTI KBagpaTypHOi ¢popmynu Cimiicona p =3

3aymaua 8 JloBecTH, 110 JJIs 3ATMIIIKOBOTO WieHY KBaspaTypHOi ¢hopmyau Cimricona
Mae€ MicIie MpeICTaBIeHHS :

rctatl, ()= fe-af =22 an=2 -0y o

Ta Ma€ MicLe OL[IHKa

R, () < -2 (b - a) 3

VYcknagHeHa KBajpaTypHa popmyna:

1,(f)= i%[f (x.,)+4 f(xi_;j e )} .

i=1

> -

:%l:f(xo)+4f(xlj+2f(x1)+...+2f(xN_1)+4f(xN_1j"'f(xzv)}

Sxmo f O C4[a,b] , TO OLIIHKA:

M, (4 —
R,(f) s Sgggbal®s m=4 5)
Sxmo f O Cé[a,b] , TO OLIIHKA:
_ _
R,(f)=R(f)+alh), ne R,?(f)—mif(‘”(x)dx ;
afn)= o)

_ _ _3a+b _a+3b

3anaua/ IloGynyBatu kBaaparypHy popmyny n =3, x, =a, x, = IR X, = I

x;=b

8.5.MNpuHUmnN PyHre

Hexaii 3a1ana nesika BenuunHa [ (ciTkoBa (DyHKIS, IHTETrpasl, HerepepBHa (DYHKIIis)
Hexaii Bona / =/, Habnuxaetbesi ipu i — 0

Hexaii noxu6ka nociiioBHOCTI /, MpeACTaBIA€THCS Y BUIIIAIL

R,=1-1,=R"+a(h) (1)
ne R =C", a(h)= 0( ’"), C He 3aJIeXKHUTh Bix A
O6uncnumo [ y, :

2
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3 (1) cminye:
1=1,+Ch" +a(h), 1=1, +C—+a(h)
DT
3BiaKu
Chln
1, -1, = 2" =1)+alh
OckinbKH
1, -1
Ch" by Tk
R), = =-£2 +alh
% 2m 2m _1 ( )
TO
1, -1,
R} 2—4 +ol\h™ 2
hoooam-1 0( ) @
2m
R) = (1 —Ij
h ] A h
AJITOPUTM:
O6uucmtoemo 1,, I,,, notiM R),, nepesiproemo uu (R, | < £
" " "

SIKITIO BUKOHYETBCSI TO KiHEIh , SKIIO Hi, TO O0YHCIIOEMO fami / 0 1 W, 1 JaJi aHaJIOT14YHO
2 4

MOKU HE CTaHE BUKOHYBATHCH ‘RO <&

hzl—k

3ayBa)kKeHHSI:
1. Mu 1aeMo OIiHKY HE MMOXHOKH, a 11 TOJIOBHOTO YJICHA 3 TOYHICTIO a(h) , aJIe TIPU IOCTATHIN

TJIAJIKOCT1 BCE HOPMAITLHO
2. Ilpunnun nae 3601, 60 mporec MoOXke He 301TraTHCh:

alh) <<|R;|

6) IToxuOka 3a0KpyrieHHs

a) YMoBa 301KHOCTI

3HaX0OUMO M :
Bukopucraemo 1,, 1,,, 1, :
L2/

Ch" Ch"
I, -1, = 2" =1)+al\h), I, -1, =——2" =1)+alh
% h 2m ( ) ( )’ % % 22m ( ) ( )
PO3ALIMMO 3 TOYHICTIO a(h)
Maemo
I, -1
2m:1% Ih’
e oW
3BIJIKA
Ih _Ih
m =log, —IA +a'(h)
e oW
Ouinka R,?/ < £ - HaMGLIBII TOYHA
4

3a JOIIOMOI'OKO I'OJIOBHOI'O YJICHA MMOXHOKH MOYKHA OTpHUMATH Kpall€ 3HAYCHHA I
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1
I, =10 =1 +R’ = (2’"1 1)
by T T T by T
Excrpanonsuiiina ®@opmyna Piuapacona: 7, -1, y = a'(h)
2

AnpiopHi oyinku — 10 OOYHCIICHHS BETMYUHU
Anocmepiopni oyinku — TiJ1 9ac OOYMCIICHHS

8.6. AnocTepiopHa oLiHKa NOXNOKM YNCENBbHOro IHTErpyBaHHS

Cknanemo KBaapatypHy (hopmyiy Tpanemiit ais m = 2
1, -1,

h
1-1,=cn +oln*), R, = 43

, hy=b—-a

<&

IIOKHA HE BUKOHYETHCS ‘Rz?z"‘

MaeEMo:
- jf" dx+0(n*)=0fn*),

6o /'(b)= f"(a)
OTIXKe, SIKIIIO 3aCTOCOBYBATH EKCTpaIosiiiHy Gopmyny Pidapacona
~ 4 1
1, =—1,, —=I
o3 3!

3ayiaua.8 Hammcatw ssBHUN BT KBaIpaTypHOI OPMYIIH, sIKa OTPUMYETHCS
eKcTpanoJsiieto Pivapacona Bijl KBaapaTypHOT GOPMYIH Tpanerii

[Tokaxxemo oMy HopMyay IMPAMOKYTHHUKIB HE BUKOPUCTOBVIOTH V IpUHLMII PyHre:
HexaﬁthO,]h <—>X
2

[ToxaxeMo OOUUCIICHHS:
Jis @opmynu Tpanenii 0X0X0X0X0X0XOXOXOX0X0X—
st @opMynu NpSMOKYTHHKIB XOXXOXXOXXOXXOXXOXXOX—

1 :ﬁ(f(a)+2_2f(x,-)+f(b)j

2

— _ 1 " N-1
R PO WA e S VOISR o
OT1xe, Ha OHOMY KpoOIll MeToay PyHre KinbKiCTh OOYHCIICHB:

0" =0(N) .a 07 =00
Le#i mpuHIIUIT 3aCTOCOBYEThCS U it popmynu Cimricona m =4
["ooBHa yacTHHA 3AJIMIIKOBOTO WICHA!

1

-1
o0 o

7 15

CiTka By3JiB piBHOBIJ1aJIeHA:

~ 16 1 ~
I, =—1I1,,—-—1,, I, -1, =0\h°
o1s Tl o1s T T ( )

3anumemo GopMyiry i3 3MIHHHM KPOKOM:



F1 YwucensHi MeTOIH
N

()= 2 e+ 1) e b=, -,

i=1

Or1iHIMO TTOXHOKY a KOKHOMY 1HTEpBaJIi:

Rh,- =1, _Ih,- =x:j:f(x)dx_%[f(xi—l)-'-f(xi)] = ——[f"(xi_%)+0(hi5)

m = 3 TOJIOBHUM WJIEH Ma€ MOXUOKY:

YMOBa IPUITMHEHHS:

e 3a0e3meuye

R
e

2

ul Ne—-h b
R < L=
; h/ <;b—a gb

8.7.KBagpaTypHi hopMynn HamBuULLOIO anredpalyHoro cTeneHst TOMHOCTI
PosrasiHemo inTerpan

1(£)=] plx)s(x)ax (1)

a

ac

,O(x)>0 xD[a,b]

<00,

j.,o(x)x"dx

Posrasinemo 3amauy: moOGynyBaTtu KBaapatypHy Gopmyiry
In(f):zckf(xk)’ (2
k=1

sIKa TIpH 3a7aHoMy 7 Oyia O TOYHOIO JiJIsl anreOpaidyHoro 6araTouseHa MOYKIUBO OUTBIIIOTO
creneHs. Taki KkBagpaTypHi pOpMyIH iCHYIOTb, BOHH HAa3UBAIOTHCS KBAApaTypHi GOpMyIH
HaWBHIIIOTO anredpaiyHoro cremneHs TouHocTi abo hopmynu [Mayca (ab6o [Mayca — Kpucrodens).

B (2) HeBitoMumH € ¢, X, , k =1,n. Ix 06uparoTs 3 ymMOBH, 10 (2) TO4HA 115 OYB-AKOTO
OaratowJieHa CTeINeHs M , a 11 €KBIBAJICHTHO YMOBI, 11100 (hopmysa Oyia TOUHOIO s HYHKITIT
f(x) =x%,a =0,l,...,m .3Bizick OTPUMYEMO YyMOBHU

In(x”)=jp(x)x”dx=zn:ckx,f, a=0,m. (3)
’ =

Mu xouemo otpumatu GopMyIH A M — max
1100 KifbKICTh piBHSAHB Oysia piBHOIO KUTBKOCTI HEBIIOMHUX HaM MOTPiOHO, 11006 m+1=2n.

3amava. [ToOynyBaTu KBagpatypHy GopMyIy HAUBHUILOTO CTETIEHS TOUYHOCTI ( pO3B’s3aTH CUCTEMY
piBHsHB (3)) nnst a =—1,b = l,p(x) =1.
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Teopema 1.
Ksanparypna ¢popmymna (2) 6yae Tounoro 1yist Oyab-skoro 6ararouieHa creneds m = 2n —1,100To

f (x)D TT,,_, TOJI 1 TUIBKU TO1, KOJIN BUKOHYIOTbCSI YMOBH :
1) moniHOM a)(x) = (x - X, )(x - X, )(x - xn) OPTOTOHAJIBHUII 3 Baroro ,o(x) 10 OyIb-IKOTo

OararousieHa creneHs MeHue n Q|
b

[w(x)o,-, (x)o(x)dx =0 (4)

2)popmymna (2) € kBaapaTypHOIO (OPMYIIOI0 THTEPIOIAMINHOTO THITY , TOOTO KOE(IIIEHTH
00UHCITIOITHCS 32 (HOPMYIIOIO
I x xk xk)

— 1 —dx 5

< HeoOxinnicts. Hexait dopmyna (2) Touna mist 6ararousnena creneHst m = 2n —1.bynp-aky
¢byHKLi0 f (x) U7z, _, MO)XeMO IoJaTH y BUIIIAAL f (x) = Cz)(x)Qn_1 (x) Urm,,_, . Tobro

)= [ oo )i =3 cueds J0. ) =0,

TOOTO BUKOHYETHCH (4).
f (x) MOKEMO MOJATH Y BUTTISAL

f(x)=

a‘IX) Dﬂ EI77-2/11
X=X, ch

Otpumaemo

w(xk) _N\ _
e ¥ e e 7w XL

TOOTO OTpUMAII YMOBY (5).
Jloctatnicts. Hexaii Bukonyetncs (4) 1 (5). [Tonamo f (x) y BHUTJISI

/()= w(x)o,. (x)+ r(x)

POBFJ‘I}IHGMO
j plx) (x)ax = [ plx)edx)0, - (x )+R(x))dx=gcka(xk)gn_l(xk)+gckR(xk)[=]
Tax e R(x)= f(x)—w(x)Q,,_l( ), o
HY e (re)- e ) (m )= S ().

To6to hopmymna (2) € TounotO U1t OyB-SKOTO OaraTouwieHa crenens 2n—1. >

:'—.c-

OTxe, 3 TOUHICTIO JIO CTAJOr0 MHOXKHHMKA OaraTo4IeHH w(x) CIIIBIAAIOTh 3 OaraTo4ujaeHaMu -
TOTO CTETEHs OPTOTOHAILHOT crcTeMu OaraTtouieHiB. Llg cuctema oproroHanbHa Ha TPOMIKKY
[a,b] 3 Baroro P(x).

1)IMokaxemo, o ¢, ,X, BA3HAYAIOTHCS OJHO3HAYHO.

n

[TpencraBumo GararouseH cu(x) y BUTTIAIL a)(x) =a,+ax+..+a,_x"" +x
YMOBU OPTOTOHAIBHOCTI TPUHAMYTh BUTJISAT
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b b
jp(x)w(x)xadx = jp(x)(ao +ax+..+a, x"" +x" )x”dx =0.

b b

jp(x)(ao +ax+..+a, x"" )x”dx = —j o(x)x"xdx

a a

[Tokaxxemo, 1110 BIJIMOBIIHA OAHOPITHA CUCTEMA PIBHSIHD

jz,o(x)(a0 +ax+..+a, x"" )xadx =0, a=0,n-1

Ma€ €IMHUH pO3B’sI30K a, =a, =...=a,_, =0.

IToMHO)HUMO cUCTEMY Ha a, 1TpocymMyeMo 1o Beix a =0,n—1.

b b oatla b i ?
cza,j,o()c)(a0 +ax+..+a,x"" )x”dx = J-p( iiajaax"xjdx = J.p(x)(zzajxjj dx=0
a a a J=

a=0 j=0

n—1

a=0
3BiJCH 13 YMOBH ,o(x) > ( BummBae, mo a, =a, =...=a,_, =0. ToMy 1 BIAIIOBI/THa HEOIHOP1AHA
cUCTeMa Ma€ eIMHUHN po3B’s130K. OTKE ICHY€E €TMHUNA OaraTouieH w(x)CTeneH;I n, SKun
OpPTOTOHAJILHUM 3 Barolo ,o(x) 110 Oy/Ib-SIKOTO OaratowieHa crernens n —1.

2) [Mokaxkemo, 1110 HAWBHINHK CTEMHB TOUHOCTI hopmynu ['ayca m =2n—1.
3 TeopemMu BUILUIMBAE, O m = 2n—1.
[TokaxxeMo, 110 icHy€e OaraTousieH cTeneHs 2x , 1 SKoro Gopmysa He € TOUHO0. J[J1s 11boro

BBesemo dymxuito f(x)=ca?(x)07m,, .

Maemo
b

1)=] ol (e,
[n(f):kZ:csz(xk):

Orxe, I(f)?f[”(f).?hBiI[CI/I m<2n-1,106T0 Mm=2n-1.

3)Koediuientu ¢popmyn I'ayca nogathi, To6toc, >0.
[Toxaxxemo 11e. Po3rinsinemo 6ararousieHu

SIK1 MAlOTh CTEIHb 27 — 2 1 BJIACTUBICTD

_[,0 dx>0

Tak sk U1t nux GaraTO4JIEHIB CIIpaBeIuBI q)opMynH I'ayca, To

In(¢j)=kzn::,ck¢_/(xk)=zn:ck ‘(—w())Ck_)(_) =Zn‘,ck5_/?k =C;.

k=1 XX o X =1

3BiJicH BUILIMBAE, 110 C ;>0,j=Ln.

4)Teopema
Hexaii BaroBa ¢ yHKIIis ,0( >0 xD[a b] f oc* [a b] TOJIi iCHY€ Touka ¢ D[a b] TaKa, 1o
3aJIMILOK PIBHUI
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R, <f)=%jp<xw ()i o

< PosrasiHeMo iHTepnosnsLilinuii 6ararowien EpmiTa 3 ABOKpaTHUMU By3namu H, (x):

S0o)= () o ()= 10w ) i=Lm.

Jns aporo

3Biacu

8.8.4acTtuHHi BUNagku kBagpatypHol popmynun ['ayca

1)Po3rnsiHemMo Bipizok [O,l] 1 Bara ,O(x) =1, To6To BuBeneMo hopmynu ["ayca st oOurcieHHs
iHTerpaty

1
J. f (x)dx .
0
106 3HaliTH BY371 KBaApaTypHai GopMyinH po3risiHeMo OaraTounenu Jlexxanapa

(1 1)L, (x) = @n + 1L, (x)=nL, ., (x). L, =1 L(x)=x

bararounenu Jlexanapa 3a10BOIBHSAIOTH YMOBaM Teopemu 1 (yHKT 1), ToOTO
afx)=L,(x)

1 By3J1laMH KBaJIpaTypHoi (popMyIu € KOpeHi I1boro OararousieHa.
Ksagparypny popmyny 6ymyemo 3a popmysoro

[ ekiv=Fe ).

ITpu n =1 notpibHO 3HalTHU C|,C|, X, X, .

3aminoro  x =2¢—1 nmepeBenemMo [0,1] Ha MPOM1IXKOK [— 1,1] .

3anuiemMo
L,(r):
3., 1
L\x)==x"——,
(=20 -]
a
2
-1)- -12t+
Lz(t):3(2t21) L_1200-12042 _ oo
. _3—\/5 _3+\/§
3Bixacu ¢, = 1 = .
6 2
3a popmyroro (5) mopaxyemo
1 1
c = X~X dle, czzjx X dx:l
0 X T X, 2 0 X~ X 2

To6t1o kBaspaTypHa GpopMysIa Mae BUTIISAL
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A 3aIUIIKOBUN YI€H
22n+1 (n')2
2n+1)1(2n)! (2n)!

R,(f)= [ 1(&) (7)

I\)\»—‘

2) Po3ristHeMo BiZipi3ok [— 1,1] 1 Bara p(x) = (1 —xz) , ToOTO BUBeaeMo (popmynu ['ayca ams

00YHCIIeHHS 1HTErpalry

'[\/1 x’
i popmynu HazuBaloTh Gpopmynamu Epmira.
bararounenn YUebuioBa 3a10BOIBHAIOTH YMOBaM Teopemu 1(11.1), Tomy

mm:zL()

Bysnamu kBagpatypHoi ¢popmynu Epmirta € kopeHi 11boro 6ararouiesa, TooTo
cos(n arccos x) =0 3Bixacu

X, = cos(zk;l)n, k=Ln.
2n
BianoBiani koedimieHTH 009UCITIOITHCS 3a (bopMynaMH
I = 7—T, k=Ln.
AVl=x T (xk)(x xk) "

Otxe, popmynu Epmita MaroTh BUTIISIA

ne (x, - KopeHi 6aratousieHa Yebumona.
3aJIUIIKOBUI YWiIEH MAa€ BUTIISL

R,(f)= re(E).

227 (2n)

_.2
3) Posrisinemo Bizpi3ok [— 00,00]i Bara ,O(X) =e " , 10670 BUBenEeMO dopmyiu [ayca s
00YHCIICHHS 1HTErpalry

AHaJIOTTYHO

— Oararounenu Epmita
Koedirmientn obuunciroroThes 3a hopmynamu

2n+1 n'\/_

[H xk]

Rn(f)=%f(z")(€)-

Tak sk Garatowienu Epmita 004nCIIOIOTHCS 32 PEKYPEHTHUMH (hopMyTaMu

3aMIIIKOBUH YJICH PiBHUN
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H,, (x)=2xH,(x)-2nH, (x), H, =0,H,=1,

TO IpH 1 =1 Hl(x):2x. Kopinb x, =0,
Cy = je_xzdx=\/7_7.

KBanparypna popmyna
1,(x)=rf(0)

4) PosriistHeMO BiApi30K [0,00] 1 Bara ,O(X) =x%e™, 10670 BUBEIEMO dbopmynu ["ayca s
00YHMCIICHHS IHTETpaTy

Tx”e‘x £(x)dx

AHaJoriyHo

n

W)= L5 (v)= (1) e L (ee)

dx
— O6ararowrenu Jlarepa.
KoedirienTu 06uncmo0Thes 3a GopmynaMmu
Pln+1)P(n+a+1)

X, [L" xk )]2

ck
3anuIuKoBuil wieH piBHUH mpu @ =0
R (=20
6)KBanpatypni popmynu I'ayca —Kpucrodens — Jlabarro.

[HKOIM mEsiKi TOUKK TpH MOOYI0B1 KBaapaTypHUX (GopMyI 3a7aHo (HalpuKIIag KpaidoBa 3ajiaqa),

TOIl X, = a— 3ajaHuii By3o1, X,,k =1,n— HeBinoMmi, x,,, =b— 3a1aHuii By30IL.

KBanparypna popmyna mMae BUTIISAA

1,(7)=eof () Y £l )+ 5,0) @
OO6uHCITII0EMO IHTETpa
1(£)= [ p(x) £ (x)ex 2

a

Hesinomumu € koedinientu c,, k =0,n+1 i By3mua x, .k =1,n. Ix 3Hax0onumo 3 MipkyBaHb

1(£)=1,(f) , fOm,, m - max.

3 Toro, 1o 11e KBaz[paTypHi q)opMme THTEPIOJIALIIHOTO THUITY OTPUMAEMO
)dx L
Tle :ﬂ"Q:‘ —x..).
j (c-x, w(xo) ) w(x) ZI(X x ), Q(x) = (r —x, Jlx = x,.)

o a;(x)Q(x)dx
Con = !p(x) (=, Jalx,, )2 v,
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b

_ ( \ a)(x)Q(x)dx r=1
T el Jal )
x—x, Jax, )Qlx,
Cucrema opTOroHaIbHUX OaraTo4ICHIB, IO BIIMOBIIa€ KBaApaTypHUM dopmyrnam ["ayca —
Kpucrodens — JIabarto Mae BUTIIAL;

n.

a

Ksagparypna ¢popmyna Oyie TOUYHOO, KOJIH

b

J Al)Rx)P, (x)o, (x)ax =0, k=1.n-1

a

Ilo3znaunmo

plx)alx).

)=
)=1.10 plx)=(x=x,)(x—x,) = (e +1)(r-1)=x" -1

BIZIIOBIIa€ cucTeMi ObaraTowieHiB ko001 P(” A )( ) npu a =1,5=1.

plx

Hamnpukinan, skmo BizeMemo a =—1,b =1 ,o(x

3anayva 11
[ToGynyBatu siBHUI BUTIIAA KBapaTypHOi hopmynu ["ayca — Kpuctodens — JIabarto npu
a=-1,b=1p(x)=Ln=1,n=2.

7) InTerpyBaHHs MIBUIKO OCUMITIOIOUNX (PYHKITIH

Posrasinemo inTerpan

b

1(f)=[ £ (x)e™dx, > =-1.

a

[Ipobnema B 1or0 00UMCIIEHHI 32 TOMOMOTOIO 1HIKUX KBaapaTypHux dhopmyn (Hamp. CiMIicoHa) B
TOMY , 110 He Oy i€ 3a10BOJILHATH YMOBH 3015KHOCTI KpoK. PosrisHemMo e/“" sik BaroBuii koe(ilieHT,

=2 l b adl,dD[ ll]z ln(By?,Jm

10610 o(x)= €. 3aminmmo [a,b]ma [-1]]: x

MOXYTb OyTH HE PIBHOBiAJAJICHI, SIKIO PIBHOBiAAANEH], TO d;, =—1+i—,i=1,n ).
n

3aminumo f (x) Ha IHTepnossLiiiHuil 6ararounen Jlarpamka L (x) 3 By3JlaMH X; 1 OTPUMA€EMO
bopmymy

b

1,(f)=[ L, (x)e ™ dx, &)

a
Ska Oyze TOYHOIO 715 BCiX OaratowieHiB He Bule 7 —1° cTeneHs .

Tobto, ko B (2) mocraButu OararouneH Jlarpanxa, To MOXKHa OOUHCIIUTH 1HTETPal 1 OTPUMATH
KBaApaTtypHy Gopmyiry

201)="3 el 0 22130 @3¢ (s p)=[| [1 5% lexplimelie. @

3l k=l d,- _dk
k#i
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Ilpu n=3,d, =-1,d, =0,d, =1 — e popmyna PinoHa, MoxkHa OpaTH 1 OLIbILE TOUOK, HATPUKIIA]

n=5d =-14d, :—%,d3 =0,d, :%,ds =1.

3ajaua 12

[To6ynyBatu siBHU BuTisLn Ghopmynu DijoHa npu n =3, ,O(x) =/,

3ayBa)K€HHS

He notpi6HO 3acTocoBYBaTH 11l POPMYITH, KOJU HEMAE MIBUAKO OCIFIIIOI0YOTO MHOKHUKA.

8.9.064ncneHHa HeBnacHuX iHTerparnis

OOuwncIIeHHsI IHTETPaIiB 3 TAKUMHU OCOOJIMBOCTSIMU :

a) IHTEerpajn Ipyroro poay, To0To

b

1=[F(x)ax Fx) - o,

0) iHTerpaIy NepuIoro poxy

1= TF(x)dx,

a

B) CHHTYJISIpHI IHTerpayiv (1HTErpajiu, siki He 0epyThCs — pO30IraroThCs).

a) pO3TIISTHEMO 1HTETPAJIHU APYroro Poay, TOOTO

b

1 :J.F(x)dx F(x) - )

x-alx-b
a

1) MynbTHILUTIKATUBHHM CITOCIO

[IpencraBumo migiHTErpanbHy QyHKIO y BUTISAL F (x) = p(x) f (x), IpU4IoOMy p(x)—ocoGnHBa, a
f (x)— rinajika. BUukopucToByeMo oMH 13 Crioco0iB OOYHCIICHHSI IHTETPAIiB 3 Barolo:

1=1(f)=[ plx)f (x)dx.

a

Hpuknan 1
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[ToTpiOHO OOUMCTUTH IHTETPAT

x =1— ocobsuBa TouKa.
[IpencraBumo migiHTErpanbHy QPYHKIIIO y BUTIISII:
1 1

i i)

plx) £(x)

Flx)

OTPUMAEMO THTETPaJ BUTIIATY

N 1 dx
N e s

1

1-x

ne px)=

!
Bbynyemo 6ararouwrenu ko061 P(()’zJ (x), xU [O,l] 1 00YHCITIOEMO THTErpall.

n

ITpuknan2
OOuncnuTH IHTETpa

1= J.ln(sin x)dx .

0
Oco06muBi Toukn x =0,x =71.
3BenIeMo 1110 0COOIMBICTh 10 CTENEHEBOI:
1
plx)=——.
Jx(r=x)
TOI
f(x)=x(m-x)In(sinx) O @ 0.
J11 3HaXOJKEHHS IHTETPaly 3 TAKUM p(x) 3aCTOCOBYEMO KBa/IpaTypHi popmynu Yeduiona.
HenpuemHOCTI BUHUKAIOTh TIpU f (x) U [ co(xBagparTypHi popMyiH J1aBaTHMYTh HAOIIKCHE
3HAYCHHS).

Tomy npyruii crocid po3B’si3aHHs MPOOJIEMH:

2) AnuTuBHUI

[IpeacraBumMo migiHTErpaabHy QYHKIIIO y BATIISAII
Flx)=flx)+w(x),

MIPUIOMY l//(x)—oco6nHBa, f (x)— rinaaka. Posousaemo interpan Ha aa: [ =1, +1,.
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b
I, = I f (x)dx— 00UYHCITIOITH YKCENIbHO (Hanpukiaa, popmynn CiMIICOHA YM Tparmelii),

a

b
I, = .[ (//(x)dx — poOYIOTh OOUUCIUTH aHATITUYHO (MOXKIIMBO alPOKCUMYBATH (HAPUKIA[, PSIIOM )
byHK1LI0 l//(x) )
Ipuknan 3

OO6uHCIUTH IHTETpAIT 3 IPUKIATY 2:

I= Iln(sin x)dx .
0

7
1=2 jln(sin x)dx .
Posknanemo
ln(sin x) =1 " 4y
x

OTpumaemMo iHTErpanu

b .
I, = J.ln SR dx obumcioemo YHCEIIBHO,

x

7 .
I, = jlnxdx = (xlnx —x)( 7 = I—T(lnl—T—lj

0 o 20 2
0) po3rasAaeEMO IHTETPAIIH MEPLIOTO POAY

1= .[ F (x)dx

3)a>0.

: _x—a __ a
Pobumo 3aminy ¢ = , X =——.
X

Toni

— iHTerpaJ APyroro poay (IUB. MYHKT a)

a=0 Pobumo 3aminy ¢t =e ", x =—Int, Tomi
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1 dt
1=[F(- 1nt)7

0

— TEX 1HTETpaj APyroro poay.

a<0 He MOKHA 3pOOUTH 3aMiHy ¢ = , TOMY 1110 BUHUKA€E 0COOIUBICTH B Toulli X =0 .

Tomy po36uBaeMo iHTerpai Ha JaBa:

1= }F(x)dx + TF(x)dx

a

1 00YHCITIOEMO 32 JOTIOMOTOIO TOTIEPEIHIX MYHKTIB.

4) MyJIBTUTITIKATUBHUT

AHAJOTIYHO MPEACTaBUMO HiIHTErpabHy (QYHKIIIO Y BUIJISII
F(x)= plx)f (x),
e, HalpuKJIa,
,O(x) =x%™, x[1[0,).
Taxwuii BaroBuii koediuieHT Binnoinae 6aratouwieHam Jlarepa.

IIpu x (— 00, 00), ,O(x) =e¢™ — GaratouneHam Epwmira.

5) oOpi3aHHs BEPXHBOI TPAHUILL.
[HTeTpan 3amumemMo y BUIIIAII
o0 b 0
I= IF(x)dx = IF(x)dx +jF(x)dx .
a a b

b 0GUUCTIOIOTH 3 YMOBH 301)KHOCTI1 IHTETpaITy

00

IF(x)dx <§,

b

e £ —3a7aHa TOYHICTb.

b
Jlnst oGuucieHHs .[ F (x)dx BUKOPUCTOBYIOTh KBaJIpaTypHi (JOPMYNIH BKIIAJEHOTO THUITY.

a

6) Interpanu tumy Kori.

M po3risiiaeMo BUMAI0K, KOJIM 1HTETpaj € HeBIaCHUM. Po3ristHeMo po30ixkHi, CHHTYIISpHI
1HTErpay.

b
I(g):jf(—_xzdx a<c<b

Sxmo g(c) # 0 = MaeMo CUHTYJISIpHUH iHTerpall, BiH He 6epeThes (BiH po30iraeThes).
Bin po3ymieTses, K
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(CONNN ()

I(g)= %mg( J. EY) o + J. g—dxj

5;() a xX=c¢ cto x=c

— TOJIOBHE 3HAYECHHS

SK11o0 1151 TpaHULs ICHYE, TO 1€ CUHTYSIpHUH 1HTerpan tuny Komri.(By3nmu noBuHH1 OyTH
CUMETPUYHHUMH).

OO0uKCIIeHHsI IHOTO THTETPATy MOKHA 3BECTH JI0 OOYMCIICHHS 1HTETpaay BHIY

ooy = (EEAE]
@) j - [
c=0 c+d b
(é=x-c I(g)= J""j + J. (113 — BracHi iHTEeTpaNN)

Tpeba moOynyBaTH CiTKY, ajie Ko po30uTH iHTerpan Ha 2 1 & 3aMiHuTH Ha — &, TO )

0 — _
(8 -8=9),
[ ]! ]
Sxmio 11 g 3amanHa ymosa I'bonbaepa
8O -g(=d<4d" a>0

TO Tpeba 3acTOoCOBYBaTH KBaApaTypHy hopmyny ["aycca.

8.10. O6uncneHHs KpaTHUX iHTerpanis
[Bonkos, 125-129; Kanutkus, 108-113, 121-123]

1) sxmo D npsIMOKYTHHK
PosrasineMo iHTerpan, sikuif 3BOAUTHCS 10 TOBTOPHOTO (B MIPSIMOKYTHHUKY)

bd
1= ][ x.y)dxdy ()
Le#t inTErpat 3BOJUTHCS 10 TIOBTOPHOTO, SIKITIO BBECTH
d
F(x) = [ f(x y)dy 2)
Toni
b
I=[F(x)dx 3)

( MO>KHa 3aCTOCYBATH KBaJIpaTypHy (HOpMyIy CEpeaHiX MPSIMOKYTHHKIB)

1=1,=(b-a)F @) =(b-a)[ f(F.y)dy=(b-a)d ~0)f(F.5), = ”;b y= C;d
Ky6aTopna dhopmyna, skino q)oph;yna Tparnerii:
1=1,= 82D a0y + fib.c) + flasd) + S (b0

TouHICTh 3a7€KHUTH BiJl MOBEMIHKK (DYHKIIIT, Bi iHTEepBaTy. HeMae MOKIIMBOCTI TOYHO
nipaxyBaTu TOYHICTb.

D :UD,.j
1]

x,=a+ih, i=0,N,_ y;=c+jh, j=0,N,
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D,
§
Byl )
& L -
a W 2
hx:b—a ’ hy:d—c
N, N,
Tomi
X NY
1= [[ £ x,y)dxdy =
i=l j=1 Dy
(A7t KOXKHOTO 1HTErpary o KOMIpLi 3aCTOCOBYEMO BIINOBIIHY KBagpaTypHy dopmyny [,/ )
N, N,
=Ly, =22 (5, 5)
i=l j=1
___ _h h,
xi_xi_? yj_yj_?

Skmo f(x,y) D C*(D), 10 I-1,, =0(h; +h})

CremniHb TOYHOCTI — 2.
CKIaHICTh METOIY TPOIOPIIiiiHA KUTBKOCTI KOMIPOK

0=O0(N,,N,)=0(N?)
N=N, =N,
B 3-BumMipHOoMy mpocTopi

_ 3
f(x,p,z) Q=0(N")
[Ipu 3MeHIIeHH] O KOKHOMY IHTEpBaIy B 2 pa3y TOYHICTb 3aJIMIIAETHCS OJHAKOBOIO, a
CKJIQ/IHICTD 301BIIYETHCS B 4 pasH.

2) skmwo D He NpsIMOKYTHHUK
=[] £(x, y)dxdy
D

=
]
[
. ¥
[
|~

pO30MBa€EMO Ha OJTHAKOBY KITBbKICTH MPOMIKKIB
(aye et mpuitoM BKe HE BUKOPUCTOBYIOTH )

1) 3amictp f

- | f(xy), xOD
f(x’y)_{o, xOI\D

1 — nailiMenmmit oxorurorouniit D npsimoxkytuuk /7 U D

1= ”f(x, V)dxdy

a
\_/
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Henoniku:
- Moke OyTH marana (pyHKIIis, BOHa MOXe OyTH pO3PUBHOIO
- HHU3bKA TOYHICTh

2) 3HaiiTH BiANOBIAHY 3aMiHy 3MIHHUX

x=x(&m y=y&.n D -1
1= [[ £ (&), 9 (&, m)dédn

J(é,n)— Sxobian mepexoay

ko o61acTk TIaKa, TO MPAMOKYTHUK OyJIe HETJIAIKUM, sIKoO1aH Oye MaTH 0COOJIMBOCTI, 110
3HWXKYE IIBUAKICTD 301KHOCTI.

3) TpuaHTaOBaHHS 00JIACTI.

1=%1, 1I,= [[ £ e, y)dxdy

3actocyemo Ky0aTopHi GOpMYIH 10 KOKHOTO TPUKYTHHKA.
SO, y) UL (x,y) = A+ Bx+Cy

3agaya 13
[ToGynyBatu siBHUI BUIIIAA KyOaTOpHOT (hopMyiH, sKa J03BOJIs€ HAOIMKEHO 00UUCauTU [, 11O
TPUKYTHUKY D, , skmio 3amiHuTu f(x,y) UL(x, y) (IHTepHOsALiIHHNNA MHOTOWIEH 1-rO CTENeH!0).
[TobynyBaTu 1o 3-X TOYKaMu — BEPIIMHAM TPUKYTHHKA.
Sxmo D po30UTH HA TPUKYTHUKH, TOUHICTb

-1, =1-21,=0h")

N
k=1

h= max diamD,

Cxnannicts Q = O(h™). MoyHa 3TyCTUTH, MOAUIMBIIA 1 TPUKYTHHUK Ha 4 &.
B R 0=0(17)
B R Q=0(")

4) Meton crtatucTUyHUX BunpoOyBanb (Meton Mounte-Kapiio)
OO6uncnumo iHTerpat

=] £(x, y)dxdy
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- 1 -
1= IHI F(x,y)dxdy = ﬁ;f(é,m) ChnesIl

¢&,,1, - He3anexHi peasizanii BUIIaIKOBO pO3NOALIEeHNX Ha [a,b] Ta [c,d] & Ta n

CknaiHiCTh
Q=0(N)
b
I-1,=0(N ?)
— OIlIHKAa HOCUTh WUMOBIPHOCHHUI XapakTep
[To3uTHBHA CTOPOHA METOJY — HE3AJIEKHO BiJl PO3MIPHOCTI OJJHAKOBA CKJIAHICTb.

HeratuBHa — HU3bKa TOYHICTD.




